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ABSTRACT 

NUMERICAL MODELS OF SUBDUCTION DIP ANGLE 

WITH VARIABLE VISCOSITY 

PETER KIN WONG 

Many models have been used to examine subduction dip angle but 

none of which is both, dynamic and time dependent. Numerical models 

are developed to follow the thermal evolution of the subduction zone. 

The energy equation includes advection, the adiabatic gradient, 

viscous dissipation, radiogenic sources and variable diffusivity. 

The pressure is eliminated by combining the two momentum equations 

into a fourth, order stream-function equation. Both the energy and 

stream-function equations are solved numerically on a special 

non-uniform offset grid using the Altemating-Directon Implicit 

method. 

In a convection cell with Herring-Nabarro viscosity, circulation 

will be restricted to the left side of the cell while the descending 

limh is on the right. Altering the aspect ratio by changing the 

depth, has a much more pronounced effect on the total circulation and 

velocities than by changing the width. A convection cell will 

reorganize its circulation pattern to achieve steady-state when a 

highly viscous block, is "inserted” into the cell to disrupt normal 

circulation. Finally, the convective pattern in a system in which 

the boundary conditions are perpetually changing is determined by 

both its present boundary conditions and also by those preceding 

it by several millions of years. 
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NOTATION 

Symbol Definition 

a Thermal expansivity 

n Viscosity 

c Specific heat 

c 
P 

Specific heat at constant pressure 

c 
V 

Specific heat at constant volume 

d Depth 

E* Activation energy 

g Gravitational acceleration 

H Radioactive heat generated per unit volume 

HP Heat flux 

k Thermal conductivity 

*3 
Boltzman's Constant 

K Thermal diffusivity 

V Kinematic viscosity 

P Pressure 

* Stream function 

Ra Rayleigh number 

P Density 

P 
. o 

Density at 0°C 

t Time 

ô Temperatures C°C) 

U 

V 

Horizontal velocity ^ 

Vertical velocity - gx 

X Horizontal coordinate, pointing east 

y Vertical coordinate, pointing down 



INTRODUCTION 

It is a well-known fact that subducting slabs at oceanic 

trenches are not vertical. With the exception of the Marianas 

Trench system (Isacks and Barazangi, 1977), most slabs tend to 

descend into the mantle at angles considerably less than 90°. 

However, this observation is still very poorly explained. The aim 

of the present research was to try to shed some additional light 

on this matter by the use of numerical models. This aim has not 

been entirely realized. 

Models of Subduction Dip Angle 

Frank (1968) explained the dip of subduction angles by the 

"punctured ping-pong ball" model. He suggested that a flexible but 

inextensible spherical shell can only be bent inward in such a way 

that the small circle describing this arc has a radius of curvature 

equal to %R0, where R is the radius of the sphere and 0 the dip of 

the subduction zone. Le Pichon et al. (1976) showed that the radius 

of curvature can also be equal to %R(ir-0), with a different concavity 

in the subducting plate. This was also discussed in Laravie ' s 

work. C1975). 

Luyendyk (1970) suggested that the angle of dip depends only 

on the convergence rate of the plates and thus the length of the 

slab, provided the lithosphere is heavier than the asthenosphere 

and tends to sink to the equilibrium (vertical) position. The 

flexural rigidity Cits resistance to bending) of the subducting 

plate should also be considered an important factor influencing 

the dip angle. 

1 
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Jischke (1975), using a slip zone model with the lubrication 

theory, explained that a plate adheres to the continent and descends 

at an angle dominated by the geometry of the over-riding block. 

But his model includes neither a temperature-dependent viscosity 

nor a slip zone which broadens with depth (Yuen e£ al., 1978). 

This would limit the model to the first few hundred kilometers only. 

Davies (1977) suggested that the moving lithospheric plate will 

draw a horizontal flow along the mantle. This flow will deflect 

the sinking slab from the vertical position toward the direction 

of the plate motion. 

The kinematic model of Kanamori (1977) follows the evolutionary 

history of a subduction zone. An oceanic lithosphere is strongly 

coupled to the continent at first, resulting in a shallow dip. 

Decoupling may then proceed and the oceanic lithosphere breaks off from 

the continent resulting in a nearly vertical dip. A new episode of 

subduction will then begin. This model is in agreement with the 

work of Molnar and Atwater (1978). Another kinematic model by 

Hager and O’Connell (1978) calculates three-dimensional flow in 

the. mantle with the flow- induced by the motions of the moving 

plates. However, their model only calculates the velocity vectors 

and does not represent the dip of a descending slab. In fact, 

the dip of a slab is inferred from the dip of the streamlines 

below converging plates. 

The two-dimensional corner flow model has quite often been 

used to explain the flow in a subduction zone. Andrews and 

Sleep Ç1974) used it to model the flow induced by a downgoing 
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slab. This induced flow could explain the phenomena In back arcs and 

marginal basins. Stevenson and Turner (1977) used a Newtonian fluid, 

while Tovish et al (1978) used both Newtonian and non-Newtonian 

fluids to investigate the angle of subduction. In these models, 

induced flow pressures produce a negative torque which lifts the 

slab from the vertical. Tovish et al. (1978) found that a minimum 

dip of 63° for a Newtonian fluid, and a minimum dip of 52° for a 

non-Newtonian fluid would be required for stable equilibrium. 

The 63° minimum for a Newtonian fluid matches the results by 

Stevenson and Turner (1977). 

Purpose 

The purpose of the study is to develop a numerical model 

(or models) for the development of a subduction zone through time, 

wth Newtonian corner flow. The two-dimensional Newtonian corner 

flow has been discussed by Batchelor (1967). In developing 

the model, we look at the convective system as a whole within the 

mantle, placing more emphasis in the trench area. Three models 

are limited to a width, of 2,000 km in which two have depths of 

1,4Q0 km, the third has a depth of 700 km. In order to retain 

adequate resolution while minimizing the effect of the lower 

boundary, we choose the depth of 1,400 km for two models. This 

depth, has also heen used by Davies (1977). The other two models 

have dimensions of 4,QQQ km x 700 km. 
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Equations to be Solved 

The convective system is similar to those of Houston (1973) 

and Houston and DeBremaecker (1975). Using a modified Boussinesq 

approximation in which the adiabatic gradient and shear heating are 

taken into account (Andrews, 1972), the energy equation in two 

dimensions is: (see Notations, p ). 

30 _ .. 30 ... M , 1 , i « 88, . 3 „ 38. , , . , 32^ .2 
" " U 3x ” V 3y + p C ^ 3x W + 3y 3yJ + 4 n ^ 3x3y * 3t 

2 2 
+ n ( - -^-f- )2 + g v p o 0 + H] 

3y 3x 

The stream function equation is: 

C4n Irt ) + C 1 
3x3 y 3x3y 3 2 

y 

2 2 2 
3 N , r 9 9 N , T 

—9 ) [ n ( —y T ) ^ 1 
3x 3y 3x 

3_ 
3x (PQ g a 0) 0 

The energy and stream function equations are solved within a 

rectangular box, while the boundary conditions are specified. 

These equations have of ten been derived by many workers: a 

detailed treatment is given by Turcotte et^ al. (1973). 

Thermal Boundary Conditions 

The sides have zero horizontal temperature gradient, i.e. 

30 
3x sides 0. The top surface is constant at 0 C. The heat flux 

39 1 
through the bottom is specified: — =* - — • flux at bottom. 
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Velocity Boundary Conditions 

Along the sides, the horizontal velocity gradient of the vertical 

velocity is zero: they are surfaces of free-slip (no shear stress). 

The top surface is also a surface of free-slip. Here, the vertical 

gradient of the horizontal velocity as well as the vertical velocity 

are hoth zero. All velocities along the bottom are zero, i.e. a 

surface of no-slip. 

Following the above conditions, the boundary conditions on the 

stream function are easily imposed. At the bottom, the no-slip 

condition requires and equal to zero. At the surface, the 

X ^ 32ib 
vertical gradient of the horizontal velocity is zero, or -r—± = 0; 

ay 

the vertical velocity is zero, or -|^ =0. On the sides, the zero 

horizontal velocity sets = 0 while the zero horizontal gradient 

of the vertical velocity is equivalent to -|^r = 0. Moreover, ÿ = 0 

on all boundaries. 

To summarize, the boundary conditions are as follows: 

Thermal Boundary Conditions 

Top 

0 - Q 

Top 

3x 
Q 

Sy2 

Bottom Sides 

Bottom heat flux =» -k — — = 0 

Stream Function Boundary Conditions 
ij) = 0 on all boundaries 

Bottom Sides 

!*-o 
9y 

M M = Q 

a* 9y a** —r-= o 
3x2 



Numerical Solution of the Equations 

The numerical solution is obtained following closely the 

finite-difference method of Houston (1972). 

The Coordinate System 

A two-dimensional coordinate system is used. The x-coordinate 

is positive eastward, while the y-coordinate is positive downward. 

The grid system has equal intervals in the x-direction and non-uniform 

intervals in the y-direction. This allows a better representation 

of the temperature profile, especially near the top where large 

temperature gradients exist. This special mesh was introduced by 

Kalnay de Rivas 0-972) and the grid points satisfy the relationship 

2 
y = x . We use an offset grid taken from the MAC (marker and cell) 

Method of Welch et al. 0966), and also used by Andrews (1972). 

(See Figure 1). 

The temperature is defined at the geometric center of the 

material volume defined by four adjacent ip nodes. The position of 

0 . . is at TK-U - .1 -• The velocity positions are defined according 
i»J It’Sg, JT^ 

to the relationship between the velocities and the stream function. 

Since u * , u. . is defined at iji. .; similarly, v. . is 
3y * i,j i, i.j 

defined at ip. 
i+’S* j 

With, an assumed temperature distribution in the mantle, we solve 

the stream function equation by the alternating direction implicit 

(ACT) method by Conte and Dames 0958, 1960) whose method solved 

the biharmonic equation in the rectangular region with mixed boundary 

conditions. The energy equation is then solved by the ADI method 



7 

HI 

Figure . The relative spatial positions of 0 and ij» 

(from Houston, 1973). 
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of Douglas and Kachford 0-9561. This provides new temperatures 

to calculate new values for the stream function. This process 

continues until the desired age is reached. 

The convergence criterion is defined by the root mean square 

change (EMSCl : 

KMSC = 

» * 11 1 * n .2 
13 C

*I,J -+1,^ 

1 j > 

1/2 

The superscript denotes the number of double-iterations sweep by 

columns and then by rows using the ADI method. For the stream 

function, the BMSC determines how close the numerical solution is 

to the actual solution, indicating the validity of the solution. 

To follow the "actual" conditions of the Earth, only one iteration 

is made on the temperature; the KMSC is then not used for the energy 

equation. 

Time-Step Determination 

To determine the time-step, we first look at an individual 

zone within the network (see Figure 1). We define the 

horizontal distance between two ip nodes as fix and the vertical 

distance between two ip nodes as 5y. For each zone, we divide fix by 

the greater horizontal velocity, u^, and fiy by the greater vertical 

velocity, v.. Hence, for each zone we have two values of 

minimum time, fi" We then move through all the zones in 
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the network, and calculate all the values of Finally, we 

compare all dt^ and choose the smallest value. The time-step 

is obtained by multiplying the smallest Stm^n by a pre-determined 

factor, usually between 0.01-0.10. A small time step would give 

a more accruate representation of the temperature change in .the 

Earth. 



MODEL PARAMETERS 

The models to be discussed have variable viscosities. All 

have viscosities varying as a function of depth except for one in 

which the viscosity is a function of both temperature and depth. 

Depth 

Two depths have been used: one 700 km and the other 1,400 km. 

The 700 km depth was based on the absence of earthquake foci at 

greater depth and also on the geochemistry of the mantle. 

Tozer (1967) and Torrance and Turcotte (1971) have all used this 

depth, for their work. The 1,400 km depth was based on the work 

of Davies (1977) who thinks that flow in a fluid half-space should 

penetrate to a much greater depth than 700 km. 

Viscosity 

For the models with depth-variable viscosities, the profiles 

are based on the non-linear profile of Weertman (1970, p. 160). 

Figures 2 and 3 show the viscosity profiles of the models as a 

function of depth only. For the model in which the viscosity varies 

with both depth and temperature (Herring-Nabarro viscosity), the 

viscosity is represented by a Newtonian viscosity due to diffusion 

creep (Herring, 1950; Nabarro, 1967): 

kg (0+273) R2 E* + pV* 

H. = ;  exp   
10D V k (9+273) 

o a. 

Consistent with inferred viscosity values and with experimentally 

determined crystalline parameters, we have chosen E* = 4.5 eV, 

10 
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Figure 2• Viscosity Profile for Models Pl-2 and PL-3. 
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Figure 3. Viscosity Profile Models PL-3 and PL-4. 
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-24 3 2 
V* = Va -15 10 cm , DQ » 20 cm /s and R = 0.05 cm (Torrance 

and Turcotte, 1971). Furthermore, replacing p by p gd and 

converting to SI units, the expression for viscosity now becomes: 

E* /k_ + 38.04d 

n - 115 (9+273) exp  -  
9 + 273 

The activation energy of 4.5 eV corresponds to the viscosity 

derived from creep experiments using 'dry* mantle-like material 

(Carter and Avê Lallemant, 1970). 

Radioactivity and Bottom Heat Flow 

All the models have a steady-state heat flux at the surface 

equal to 1.1 HFU, and a heat flow through the bottom equal to 

0.3 HFU. The radioactivity of the material in the box is assumed to 

be uniform, and is adjusted to satisfy the above requirements. 

Initial Temperatures 

The initial temperature distribution used to calculate the 

stream function is a guess. Clark and Ringwood (1964), Stacey (1969), 

and Roy et al. 0-972) have all calculated temperature profiles in 

mantle. Our temperature distribution is similar to that of 

Houston Q-Î73). Table I is a summary of the parameters used for the 

various models. 



TABLE 1. PARAMETERS FOR THE MODELS 
14 

Model 

PL-1 PL-2 PL-3 PL-4 PL-5 

Depth. Cion.) 70Q 700 700 1,400 1,400 

Width (Jem.) 4,QQQ 4,000 2,QQQ 2,000 2.000 

3 
Density Qcg/m ) 3.5xlQ3 3.5xlQ3 3.5xl03 3.5xlQ3 3.5x103 

Specific Heat 
(j/kg- C) 

1.3xl03 1.3xl03 1.3xl03 1.3x103 1.3xl03 

Coefficient of 
Thermal 
ExpansivityC/°C) 

3.7xl0~5 3.7xl0-5 3.7xl0-5 3.7xl0-5 3.7xl0-5 

Thermal 
Conductivity 
(W/oC-m) 

3 3 3 . 3 3 

Heat flux 
through 
bottom (HFU) 

0.3 0.3 0.3 0.3 0.3 

Viscosity 
Herring- 
Nabarro 

Depth 
Variable 

Depth 
Variable 

Depth 
Variable 

Depth 
Variable 



RESULTS 

In all the models, we do not attempt to examine the processes 

that Initiate subduction. We only follow the development of the 

phenomenon after subduction has begun. Work on initiation of 

subduction has been done by McKenzie (1977) and Turcotte et al. (1977). 

We first start with, the steady-state solution of a convection cell 

which turns clockwise. The mid-ocean ridge will be on the left side 

of the. cell while the descending limb is on the right. We then 

’insertr a cold slab into the cell and follow its development. This 

section presents the results of the numerical solutions to the various 

models through, time. 

Model PL-1 

This model has as aspect ratio of 5.6: a 4,000 km width and 

a depth of 7Q0 km. It also assumes a Herring-Nabarro viscosity 

(both temperature and depth dependent) which is a Newtonian viscosity 

due to diffusion creep. The key parameter is the activation energy. 

Figures 4 through 7 show the evolution of the model in which the 

activation energy, E* * 4.5 eV corresponds to 'dry' mantle material. 

Figure 4 shows an assumed temperature distribution and the corresponding 

stream function. At this stage (400,000 years after subduction), 

the maximum surface velocity is 1.4 cm/yr and the maximum horizontal 

velocity is 1.6 cm/yr. The slab penetrates to a depth of 131 km, 

as shown by the isotherms. But the effect is hardly noticeable in 

the streamlines. Moreover, convection begins to slow down. This 

condition persists for four million years (Figure 7) and circulation 

almost comes to a complete stop. The maximum surface velocity 

15 
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is now Q.3 cm/yr while the maximum horizontal velocity is 0.4 cm/yr. 

The isotherms show that the slab is at a depth of 94 km. It is also 

clear that as time goes on, the streamlines and thus convection are 

increasingly restricted to the left side of the cell. The slowing 

down of convection is a consequence of the high viscosity which 

results from too low a temperature in the mantle. The restricted 

circulation of a convection cell with Herring-Nabarro viscosity 

is consistent with the results of Houston and DeBremaecker (.1975) ; 

it is due to the fact that heat transfer processes (such as convection 

and conduction), in two dimensions do not bring in enough heat to the 

upper mantle to lower the viscosity and sustain convection. Hence, 

some form of additonal heat transfer is necessary. Richter (1973), 

using a three-dimensional, model, suggested that the necessary heat 

transfer mechanism can be provided by convective cells (longitudinal 

rolls or small-scale convection) whose axes are in the direction of 

spreading. Due to budgetary restrictions, we did not attempt to 

run experiments in three dimensions because of the tremendous amount 

of computer time involved. In any case, it did not seem worthwhile 

pursuing the experiment beyond the time shown in Figure 7. 

Model PL-2 

The viscosity of this model varies only with depth 

CWeertman viscosity). The viscosity profile is illustrated in 

Figure 2. Figure 8 represents the isotherms and streamlines of 

a convection cell 200,000 years after subduction initiated. The 

cold slab penetrates to a depth of 175 km. The maximum surface 
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velocity is 1.4 cm/yr while the maximum horizontal velocity Is 

2.7 cm/yr. The streamlines show that the dip angle is about 65°. 

On the whole, the system turns as one cell but contains two minor 

cells on either side of the subduction zone, turning in the same 

direction. Right behind the trench area, there is an insignificant 

counter flow. The system remains quite stable with the slab 

descending to 224 km depth after 530,000 years. There is little 

change in the dip angle (Figure 9) . After one million years 

(Figure 10), the slab is now at 380 km depth and the dip angle has 

increased by no more than five degrees. 

Figure 11 shows the system after two million years of 

evolution. The isotherms show the slab is still at 280 km depth. 

The maximum surface velocity is 1.3 cm/yr and the maximum 

horizontal velocity remains at 2.7 cm/yr. The dip angle is 

approximately 70°. It is clear from the stream function that 

the overall circulation has increased, if at all, by a very small 

amount. Moreover, the theoretical and observed heat flow values 

(calculated but not plotted) are close to each other. Hence the 

system is close to steady-state. The experiment was interrupted 

at this stage since the dip of the subduction zone remained very 

steep. 

Model PL-3 

The width of this model is decreased by half and all other 

parameters remain the same as in Model PL-2. Thus its aspect 

ratio is now 2.8. Figure 12 shows the isotherms and convection 
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TEMPERATURE 

C°c) 

STREAM 
FONCTION 

(rnm^/s) 

Figure 12 Model PL-3 130,000 years after subduction began 
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pattern 130,000 years after subduction began. The isothermal 

structure is not greatly different from that of Model PL-2. 

The maximum surface velocity is 0.6 cm/yr while the maximum 

horizontal velocity is 1.8 cm/yr. The circulation has decreased 

by almost 40% when compared to PL-2. The dip angle is in the 

order of 60°. The slab is at a depth of 224 km. Figures 13 and 

14 show the isothermal structure and circulation pattern after 

1.6 and three million years respectively. It is easy to see that 

the slab gradually sinks to a depth of 343 km. On the other hand, 

the dip angle hardly changes at all (perhaps steeper by 5°). In 

Figure 15, which shown the situation four million years after 

initiation of subduction, the slab maintains its depth at 343 km. 

The maximum surface velocity is 0.6 cm/yr and the maximum 

horizontal velocity is 1.7 cm/yr. The dip angle is approximately 

68°. The stream function indicates that the total circulation has 

increased by 14%. As we follow the thermal evolution of the slab 

through time, we see that both the 875°C and 1,000°C isotherms do 

penetrate to considerable depth. However, all other isotherms tend 

to flatten out, indicating that the slab is heating up and 

vanishing. The experiment was therefore stopped at this stage. 

Although this was not the aim of our experiment, we note that 

the increase or decrease of the aspect ratio by altering only 

the width of a convection cell has little effect on the thermal 

structure, convection pattern, or dip angle. Furthermore, even 

though the total circulation decreases by about 25% when the width 
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Figure 13. Model PL-3 1.6 million years after 
subduction began. 
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Figure 14. Model PL-3 three million years after subduction 
began. 
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Figure 15. Model PL-3 4.3 million years after subduction 
began. 
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is reduced by half, the maximum velocities display little 

significant changes. 

Model-PL-4 

The viscosity of this model is lowered by a factor of four 

(compared to PL-2 and PL-3) and its profile is presented in 

Figure 3. The aspect ratio is also decreased by half to 1.4 by 

doubling the depth of 1,400 km. As explained previously, the 

steady-state surface heat flow is kept constant. Figure 16 

shows the isotherms and streamlines of the model 120,000 years 

after subudction began. The slab sinks to a depth of 262 km at 

an angle of approxiamtely 70°. The maximum surface velocity is 

2.3 cm/yr and the maximum horizontal velocity is 9.5 cm/yr. 

There is a small counter flow right behind the trench area. 

The total circulation has increased six to eight times 

over all the previous models. This can be attributed to two facts. 

One is due to the lower viscosity of the model and the other is 

related to the Rayleigh number, which determines the relative 

stability of a fluid. For an internally heated fluid with 

constant surface heat flux, the Rayleigh number is governed by 

the value of depth raised to the fourth power. The Rayleigh number 

number is a dimensionless ratio defined by: 

R 
a 

g a J d 
2 

C K v 

5 

2 
o o 

Assuming, as a first approximation, that all the heat is produced 
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Figura 16. Model PL-4 120,(100 years after subduction 
began. 
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by radioactivity, we have J S — # This is not strictly true 

because of the bottom heat flux. But as a first approximation we 

can say: 

R 
a 

gad5 HF 
2 2 

CK v d 

g a H F „ 2 2 
CK v 

d 
4 

o o o o 

A two-fold Increase in depth will thus lead to an increase of 

the Rayleigh number by a factor of approximately 16. Hence, 

the increased circulation is quite reasonable. 

Figure 17 shows the convection pattern after 750,000 years. 

The counter flow has disappeared and the slab penetrates deeper 

(350 km). Such conditions persist up to 3.5 million years after 

subduction initiated (Figure 19). Neither the isotherms nor the 

streamlines have changed very significantly. The dip angle tends 

to be steeper at 75°-80°. The fact that the 1,000°C isotherm 

does not follow the 1125°C isotherm to great depths is probably 

due to shear heating. This will be discussed again in Model PL-5. 

The maximum surface velocity is 2.6 cm/yr and the maximum 

horizontal velocity is 6.8 cm/yr. The observed and theoretical 

heat flow values are almost the same. This, together with the fact 

that the convection pattern does not change much with time, 

indicates the system is close to steady state. The flattening 

of most of the isotherms is also considered in terminating the 

experiment at this stage. 

A similar experiment was run with a viscosity five times 

greater than thatof;PL-4, The higher viscosity results in a 
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Figure 17. Model PL-4 750,000 years after subduction 
began. 
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Figure 18 Model PL-4 1.7 million years after subduction 

began. 
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Figure 12. Model PL-4 3.5 million years after subduction 
began. 



smaller velocity. The results of this experiment are almost 

identical to those of PL-4 and therefore will not be presented 

here. 
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Model PL-5 

This model has the same viscosity as that of model PL-4. 

In order to simulate a more realistic situation such as the 

collision of the oceanic lithosphere with a "continent", the 

viscosity of a block, at the top right hand corner of the box 

(from 1,480 km to 2,000 km and from the surface down to 188 km) 

has been increased by a factor of ten compared to the "normal" 

viscosity at the same depth elsewhere. For comparison, the 

isotherms and streamlines in the original cell without the 

viscous block is presented in Figure 20. 

The high viscosity "continent" (enclosed by thick lines in 

Figure 21) causes the convection to slow down drastically. 

Consequently, the slab remains fairly stable for a long period 

of time. Figure 21 shows the circulation pattern and thermal 

structure 12 million years after the initiation of subduction. 

The maximum surface velocity is only 0.6 cm/yr and the maximum 

horizontal velocity is 1.0 cm/yr. The dip angle is approximately 

55° but the streamlines flatten out under the "continent". 

Figure 22 shows the situation 18 million years after subduction 

began. The only significant change is that the dip angle at the 

trench, has become steeper at 60°. The total circulation has also 

increased by 10%. After 24 million years (Figure 23), the slab 
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Figure 20. Isotherms and streamlines before 
subduction (for Model PL-5). 
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Figure 21 Model PL-5 12 million years after subduction 
began. 
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Figure 22 Model_PX-5 18 million years after 
subduction began. 
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Figure 23. Model PL-5 25 million years after 
subduction began. 
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has moved down ahout 80 km, to a depth of 340 km. The circulation 

does not change much and the dip angle is now 65°. Note that the 

circulation continues to flatten underneath the "continent" but 

clearly less so than in Figure 21. 

A few significant changes can be detected in Figure 24, 

35 million years after subduction began. The 1125°C isotherm seems 

to "pull" away from the rest of the isotherms in the region 

where the viscosity of the material is increasing rapidly (marked 

by A in the figure). The viscous block creates an obstacle to 

the normal circulation. As a result, there is a fairly intense 

—6 3 
shear heating in this region (10 W/m or three times the radio¬ 

activity) and the 1,000°C isotherm is raised at the top of the 

slab. 

Right behind the trench, the isotherms have a dome shape 

configuration, with the 1,125°C isotherm as shallow as 260 km. 

This is due to the fact that circulation below the highly viscous 

region is small, allowing the region to be gradually heated up 

by conduction. The size of the cell is also getting smaller as 

the cell reorganizes its circulation to achieve steady-state. 

The dip angle is now much more uniform and approximately 70°. 

Figure 25 shows the isotherms and streamlines 76 million 

years after subduction initiated. The total circulation at this 

stage, remains fairly stable. A small counter flow exists right 

beneath the viscous block. The maximum surface velocity is 

1.1 cm/yr and the. maximum horizontal velocity is 3.3 cm/yr. The 

effect of shear heating is even more prominent as the 1,125°C 
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Figure 24. Model PL-5 35 million years after 
subduction began. 
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Figure 25. Model PL-5 76 million years after 
subduction began. 
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isotherm reaches 450 km depth while the 1,000°C isotherm is at 

188 km. Reorganization of circulation is nearly complete and 

the system is now near steady-state. The almost vertical position 

of the slab is a direct consequence of the reorganized convection 

pattern. 

Kanamori (1977) presented a kinematic model in which the 

oceanic lithosphere is coupled strongly to the continent at first. 

Decoupling then proceeds and the dip angle increases. The slab 

eventually breaks off and a new episode begins. Our results 

partly agree with this model: the dip angle in our models 

increases with time but no breaking off of the cold slab or new 

episode could be detected. 



CONCLUSIONS 

1. For a mantle with Herring-Nabarro viscosity, the 

effect of an additional subducting cold slab is insignificant: 

in order to sustain convection, it is necessary to bring up more 

heat from the lower mantle. One mechanism for transferring 

enough heat to the upper mantle is by longitudinal rolls (small- 

scale convection cells) as suggested by Richter (1973), but less 

organized forms of convection mught also accomplish this 

purpose. 

2. Altering the aspect ratio by changing the width has 

only a slight effect on the thermal structure or the convection 

pattern. If the aspect ratio is increased by increasing depth 

while keeping the same surface heat flow, then the total 

circulation and velocities greatly increase; the reason is that 

the increase in the Rayleigh number is proportional to the depth 

raised to the fourth power and it is this number which 

determines the stability of the fluid. 

3. If the circulation pattern of a convection cell 1,400 km 

deep by 2,000 km wide is altered by inserting a viscous block 

of roughly 500 km wide and 200 km deep near the descending limb, 

simulating a collision with a continent, the whole system first 

slows down drastically because the cell has to reorganize its 

circulation pattern in order to achieve steady-state under the 

new boudary conditions. Although the reorganization is a rather 

lengthy process (on the order of 50-60 million years), it is 

46 
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only about 1/5 of the characteristic time (time for a particle 

to make one complete turn within the cell) . A consequence of the 

reorganization is that the dip of the subduction zone increases 

gradually with time. The lithospheric slab becomes almost vertical 

as the system approaches steady-state. 

4. Shear heating does not greatly alter the general thermal 

structure but is quite important locally, affecting the thermal 

structure in the trench area to a depth as great as 340 km. 

5. In very large bodies, body forces (such as thermal 

expansion) are more important than surface forces (such as 

coupling and decoupling) in influencing dip angles; in addition, 

the temperature distribution determines the viscosity which in 

turn affects the flow pattern. 

6. All things being equal, the shallowest dip should be 

under the part of the plate farthest from its pole of rotation 

(Luyendyk, 1970). Model PL-5 also suggests that the Eurasian 

plate is over-riding the Pacific plate moving towards the Pacific 

rather than away from it. 

7. The temperature distribution changes only slowly with 

time. Thus the convective pattern in a system like the Earth, in 

which the boundary conditions are perpetually changing, is never 

determined by its present boundary conditions, but also by those 

preceding it by several hundreds of millions of years. This may 

greatly complicate the problem of understanding even some simple 

aspect of plate tectonics such as the angle of subduction. 
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APPENDIX A 

MATERIAL CONSTANTS 

The material constants used in the models were chosen after 

going through various works concerning the related subject. The 

values and sources are listed in the tables below. No 

evaluation or judgement is made on the values used by individual 

authors. The tables can be used as a reference to commonly 

accepted values of the material constants. 

Density. The mean density profile in'.the mantle has been 

calculated with great precision using P and S wave velocity 

distributions, as well as surface wave phase velocities. 

Table A-l lists several sources and values for the denisty of 

3 3 
the upper mantle. The values used here is 3.5 x 10 kn/m . 

Specific Heat. Birch (1952) estimated that and 

differ at most by 10% in the mantle. In the Eossinesq approximation 

when deriving the energy equation, they are always the same and 

thus used interchangeably. Table A-2 lists the values and the 

3 
sources for some specific heats used. The value of 1.3 x 10 

J/kg-°C is used here. 

Thermal Expansion. Birch (1952) has shown that the 

coefficient of thermal expansion decreases from about 

5.6 x 10-5/°C at 96 km depth to 2.7 x 10~5/°C at 857 km. We 

have taken the coefficient of thermal expansion to be constant 

with a value of 3.7 x 10 ^/°C (as shown in Table A-3). 

Thermal Conductivity. The conductivity in the Earth might 

be expected to increase with depth because of radiative 

conduction. However, work by Schatz (1971) on olivine 
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Source 

Table A-l 

DENSITY VALUES FOR UPPER MANTLE 

3 
Density (g/cm ) 

Birch (1952, 1969) 3.2 - 4.1 
Clark and Ringwood (1964) 3.4 
Langseth et al. (1966) 4.0 
Andrews (1972) 3.4 
Houston and De Bremaecker (19.75) 3.5 

Table A-2 

Source 

SPECIFIC HEAT 

Heat Capacity ÇJ/kg °C, x 10 ) 

Birch (1952) 1.25 
Langseth et al. (1966) 1.25 

Minear and Toksoz (197Q) 1.30 
Andrews (1972) 1.30 
Houston and De Bremaecker (1975) 1.30 

Table A-3 

Source 

COEFFICIENT OF THERMAL EXPANSION 

Thermal Expansivity C/°C, x 10 ^) 

Birch (1952) 
Torrance and Turcotte (1971) 
Andrews (1972) 
Houston and De Bremaecker (1975) 

4.0 (average value) 
3.0 
4.Q 
3.7 
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has shown otherwise. It is still a subject of uncertainty. The 

value chosen is 3 W/°C-m. Table A-4 lists different values used in 

the literature. 

Viscosity. The viscosity of the Earth's mantle has been 

determined by such methods as post-glacial rebound indicating 

that a low velocity layer exists at a depth between 20Q-4T3Q km, 

20 
with a minimum viscosity of about 10 poise. The viscosity 

23 
then increases gradually to about 10 poise in the lower mantle 

(Cathles, 1975, p. 3; O'Connell, 1971). In high-temperature 

creep experiments, Carter and Avë Lallemant (197Q) show a 

viscosity profile showing the low viscosity zone. The minimum 

21 
value of approximately 10 poise occurs at 2QQ km. As a first 

approximation, one can assume that minimum effective viscosity to 

21 23 
be about 10 poise, increasing steadily to approximately 10 poise 

in the lower mantle. 



Table A-4 

THERMAL CONDUCTIVITY 

Source Thermal Conductivity ÇW/°C-M) 

Birch (1969) 2-4 
Clark and Ringwood (1964) 2.5 
Langseth et al. (1966) 2.1 

Andrews (1972) 2.4 
Houston and De Bremaecker (1975) 4.6 


