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Abstract

D ensity Functional Theory of Molecular Conductivity

by

Sergey N. M aximoff

This thesis is about current-density functional theory. Current plays a role in three 

im portant types of physical systems: molecular electronic devices (MED), broken 

current-symmetry states of atoms and molecules, and states of atoms and molecules 

in external magnetic fields. Developments in these three areas of current-density 

functional theory are presented in this thesis.

First, the thesis proposes an extension of conventional density functional theory 

th a t accounts for the direct current flow through a MED under a voltage bias. The ir

reversible current flow in a MED is introduced by coupling the MED to  a pair of reser

voirs at two distinct local equilibria. This coupling defines a model non-Hermitian 

Hamiltonian whose eigenfunctions correspond to  the coherent current carrying modes 

of the MED. A stationarity principle for the irreversible state  of MED is constructed 

th a t resembles the variational principle of conventional quantum  mechanics. As an 

application of the stationarity principle, a generalization of Kohn-Sham density func

tional theory suitable for MEDs is derived. The developed current density functional
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theory is applied to  a di-thiol benzene molecule under a voltage bias. The new ap

proach agrees w ith the established non-equilibrium Green’s functions method.

Second, this thesis develops an approximate functional th a t accounts for the cur

rent dependence of the exchange-correlation energy in systems w ith broken current 

symmetry. S tarting from the Perdew-Burke-Ernzerhof generalized gradient approx

imation, first principle conditions are employed to  built a non-empirical exchange 

functional. Matching the correlation functional to  th a t for exchange yields a current- 

dependent approximation for correlation. The resulting functional is given in a simple 

closed form. The benchmark of this functional against the broken current symme

try  ground-states of open shell atoms indicates an improvement, as compared to  the 

current-independent generalized gradient approximations.

Third, this thesis presents a current-dependent approach to  magnetic response 

properties of atoms and molecules. The NMR shielding tensors computed for a bench

mark set of molecules indicate a superiority of the novel approach over the common 

generalized gradient approximations and hybrid functionals for strongly deshielded 

nuclei.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



A cknow ledgm ents

I am grateful to  my advisors, Prof. Gustavo Scuseria and Prof. M atthias Ernzer- 

hof, for their guidance. I am also indebted to  Dr. Juan Peralta and all other members 

of Scuseria and Ernzerhof groups for numerous enlightening conversations.

During the years at Rice, I have been financially supported by Rice University, 

the Departm ent of Energy (Grant No.DE-FG03-01ER15137), the National Science 

Foundation (Grant No. CHE-9982156), the Welch Foundation, and the National 

Science and Engineering Research Council of Canada (Grant No. NSERC-238404- 

03).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



C ontents

Abstract ii
Acknowledgments iv
List of Tables vi
List of Figures vii
Preface viii

1 Introduction 1
1.1 Computers Classical and Computers Molecular ....................................  1
1.2 Structure of The W o r k ...................................................................................  3

2 Current and M olecular Electronics 6
2.1 Model of Non-Equilibrium M E D ................................................................... 6
2.2 Model H am iltonian..........................................................................................  15
2.3 Variational Principle for E n erg y ................................................................... 17
2.4 Density Functional Theory Formulation.....................................................  19
2.5 Application to a Di-Thiol Benzene M E D .................................................. 23

3 Current and Broken Sym m etry Ground-States 25
3.1 Current-Carrying Degenerate M u lt ip le ts ..................................................  25
3.2 Derivation of jPBE Functional......................................................................  29
3.3 Application to Atomic Ground-States........................................................  38

4 Current and N M R  41
4.1 Gauge Invariance of Orbital-Dependent F unctionals.............................. 41
4.2 Implementation of the M ethod......................................................................  44
4.3 Application to Molecular NMR Shielding T e n so r s .................................  46

5 Conclusion 49

Bibliography 55

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Tables

1 Spurious energy separations of degenerate terms in open shell atoms . 51
2 Absolute isotropic shielding constants........................................................... 52
3 Absolute shielding anisotropies ..................................................................... 54

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Figures

2.1 Model of molecular electronic device.............................................................  24

3.1 Current-dependent exchange enhancement f a c to r s .................................. 35

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Preface

This thesis presents the results of the research th a t I have conducted under the 

supervision of Prof. Scuseria (Rice) and Prof. Ernzerhof (University of Montreal). 

The presented m aterial has been published or is being published in the following 

papers.

•  Sergey N. Maximoff, M atthias Ernzerhof, and Gustavo E. Scuseria 

Current-dependent extension of Perdew-Burke-Ernzerhof exchange correlation 

functional

J. Chem. Phys. 120, 2105 (2004)

• Sergey N. Maximoff and Gustavo E. Scuseria

Nuclear magnetic resonance shielding tensors calculated with kinetic energy 

density-dependent exchange-correlation functionals 

Chem. Phys. Lett. 390, 408 (2004)

•  M atthias Ernzerhof and Sergey N. Maximoff 

Density functional theory of molecular conductivity 

(in preparation)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1

C hapter 1 

Introduction

1.1 Computers Classical and Computers Molecular

A computation in a classical computer is a flow of charges over a network whose 

nodes are logical switches and whose edges are leads th a t guide the charge current 

from switch to  switch. An ideal lead is an entirely passive element th a t only guides 

but never changes the intensity or profile of the charge flow. An ideal switch must 

have enough states, the logical states, th a t depend robustly on the charge flow in the 

feeding leads but does not depend directly on the states of the leads and switches 

th a t are not immediately adjacent to it. A classical computer is a network of switches 

th a t respond predictably to  a certain pattern  of charge flow, a program, by responding 

with another charge flow, the result of computation.

A classical computer whose switches and leads belong to  microscale or even meso- 

cale are m anufactured using a flavor of the lithography technology. Prom theorist’s 

point of view, the lithography technology has literally to  do with imprinting the 

blueprint of a computing network in a physical media in a way th a t this imprint be

comes a functioning computer. Leaving aside the formidable technological challenges 

th a t m arred the dawn of the microcomputing industry, the lithography technology 

works amazingly well, as proven by the breathtaking advances in the computer in
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dustry within last two decades.

An implicit assumption th a t a computer is a network of spatially separated and 

stably interconnected switches is the necessary condition for applicability of lithog

raphy technology. While it holds true over the microscale, and, in lesser extent, over 

the mesoscale, it becomes unjustified when the dimension of the computing networks 

goes further down. Several reasons for this unfavorable opinion exist.

Any change in the state of a classical computer is irreversible, hence it produces 

heat. The heat causes the therm al fluctuations in the switches, eventually leading 

to  uncontrollable changes in their logical states. The efficiency of the heat dissipa

tion decreases with the increase in the density of computing elements. The therm al 

motion in the computing elements intensifies, and eventually its amplitude becomes 

comparable with the separation between the individual computing elements, render

ing the very notion of the computational network meaningless and the computation 

unpredictable.

The growth in the heat production foreshadows another serious problem, the quan

tum  indeterminacy in the states of the computing device th a t finalizes the demolishing 

of the classical notion of computational network of localized elements, a t least in its 

simplest form. The difficulties of technological origin signify merely a tip  of emerging 

iceberg of unanswered question marks. A strong experimental evidence supports an 

opinion th a t the road th a t leads from the realm of classical computers to  the realm of 

hypothetical molecular computers passes through the poorly understood semiclassical
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transitional region where the physics is already not classical but not yet quantum.

The conventional lithography technology in microcomputing has been steadily 

following the collision course towards the impasse set by the heat dissipation and 

is projected to  hit it in coming years, unless a viable technological alternative is 

proposed [1]. This challenge has been diligently faced by the scientific community, and 

molecular electronic devices (MEDs) [2] have become the subject of intense research.

1.2 Structure of The Work

A simple model of an equilibrium MED is a molecule connected to  finite metallic 

contacts whose size is much larger than  the size of the molecule. While electron 

correlation may play a significant role in the physics and chemistry of MED, the large 

size of the system renders ab initio methods of quantum  chemistry th a t are successful 

for small molecules inapplicable. The ground state  density functional theory (DFT) 

[3] is the computationally feasible in the case of MED alternative to  these methods.

A MED, however, becomes a non-equilibrium system at a non-vanishing voltage 

bias. This is a realm where the ground state D FT is not applicable anymore. In 

spite of this fact, the exchange-correlation effects are routinely treated  within ground 

state D FT in transport models, e.g, in the non-equilibrium Green’s function method 

[4, 5] (NEG), where the Kohn-Sham non-interacting Hamiltonian is used to  construct 

the needed in the m ethod interacting Green’s functions. Thus, a non-equilibrium 

formalism th a t inherits rigor, reliability, and modest com putational cost of the ground
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state  DFT needs to be developed. The Chapter 2 of this thesis faces this challenge 

and presents a generalization of the ground state D FT to  the realm of non-equilibrium 

MEDs.

The correlation effects in the m ethod of Chapter 2 lurk in the unknown exchange- 

correlation functional th a t depends on the current and on the charge distribution. 

Chapter 3 and Chapter 4 proposes two distinct approaches to  developing current- 

dependent density functionals.

Chapter 2 notes th a t physical systems exist th a t have non-vanishing current in 

the ground-states even at zero voltage bias. As the ground-state density functional 

is still applicable to  these systems, the ground state energy E[p] can be w ritten in 

terms of the charge density p only. On the other hand, the current-density functional 

theory states th a t there exists a different functional E'[p, j] th a t depends on the charge 

density and the current density j. These functionals are related by the equality

E'[p,i ] = E\p] (1.1)

th a t we use to  derive an approximate current-dependent exchange-correlation func

tional th a t we call jPBE.

Chapter 4 takes advantage of another mechanism of generating a current in equi

librium systems. Current arises in atoms and molecules in the presence of external 

magnetic field. The energy functional E[p, j] in presence of magnetic field must de
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pend on the current density j  and on the charge density p. An orbital-dependent 

functionals E'[{(f)k}] depends explicitly on the current-carrying Kohn-Sham orbitals 

{4>k} in such a way th a t the equality holds

E\p, j] =  £ ' [ { « ] .  (1.2)

Since E[p, j] is gauge-invariant, so needs to be E'[{(j)k}}. Thus, the gauge invariance 

is a constraint on the form of the orbital-dependent functional. We employ this 

constraint to  construct approximate functionals th a t explicitly depend on the orbitals 

but implicitly on the current density j  and the electron density p.
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C hapter 2 

C urrent and M olecular E lectronics

2.1 M odel of Non-Equilibrium MED

A molecular electronic device (MED) is a molecule absorbed on metallic leads as 

shown in Fig. 2.1. The quasi continuum energy levels of the leads couple upon ab

sorption to  the discrete levels of the molecule. This coupling results in broadening 

and delocalization of the molecular states over the entire MED. The MED in the 

state of equilibrium is described by a wavefunction T  th a t satisfies the stationary 

Scrhrodinger equation

=  E W (2.1)

with the non-relativistic Hamiltonian

H q =  T  -(- v  +  Vee,

which is the sum of the kinetic energy operator T,  the external local potential v, and 

the electron-electron interaction Vee.

Application of a voltage V  to  the MED causes two effects. First, the electric field 

th a t arises in the MED polarizes the electron distribution. Second, the polarized elec
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trons start moving in the direction of the electron deficient contact. Hence, the MED 

under a voltage bias V  becomes a non-equilibrium quantum  system, the description 

by the Hamiltonian Eq. 2.2 is no longer valid, and a different approach needs to be 

used.

Two qualitatively different responses of MED to  an applied voltage are encoun

tered in experiment. In coherent transport, the charge travels collectively over an 

extended current carrying state, while in non-coherent transport the many-particle 

state  suffers decoherence and single-electron tunneling events dominate the physical 

picture as in, e.g., the Coulomb blockade regime.

An adequate theory of a MED must trea t these two events on equal footing. This 

means th a t an adequate theory of a MED must account for decoherence.

The decoherence causes quantum  states in a MED to have a finite extent. This 

means th a t a wavefunction of the MED state  is confined within a coherence domain 

M  th a t has a boundary dM .  Although several coherence domains may form along 

the MED, as in the Coulomb blockade regime, we assume for the sake of clarity tha t 

the entire MED is enclosed into a single coherence domain.

The interior of the coherence domain is described by a single wavefunction T. In 

the immediate vicinity of the boundary d M , the applied voltage causes the wave

function T to  undergo decoherence and to  become a statistical mixture. For this to 

happen, the boundary must have a m ultitude of current-carrying states th a t decay 

rapidly in the interior of the coherence domain and couple to  the wavefunction T at
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the boundary, causing the decoherence and confinement.

For a current to  flow through the MED, an irreversible physical process must cre

ate the states at the boundary th a t causes the entropy production. The only known 

irreversible force in nature is the gravity [6]. Thus, the application of an effective 

gravitational field at the vicinity of the boundary d M  is the simplest physically plau

sible way to account for the decoherence and the voltage. The fluctuation of this field 

induces spontaneous changes in the geometry of the boundary d M  and therefore in 

the boundary condition th a t is imposed on the wavefunction T. Application of the 

voltage, to the coherence domain causes an asymmetry in the fluctuating field across 

the boundary. This asymmetry is the force th a t causes the current to  flow through 

the coherence domain. We construct now a model th a t quantifies this argument.

We construct a space-time M  th a t comprises the entire history of the coherence 

domain. The gravitational field is applied to a layer of finite thickness th a t surrounds 

the boundary of this space-time and vanishes in its interior to  ensure th a t the wave 

function T provides an adequate description of the interior of the MED.

The presence of the gravitational deformation makes the covariant description 

m andatory inside the coherence domains in the proximity of the boundary, i.e., every 

point must be assigned a local tangent frame th a t at a point x  is given by the te trad  

eo(x), e i (x ) , C2 (x) , e3 (x) , and the law of quantum  mechanics need to  be cast in this 

local frame. The vectors of the te trad  parallel transport from frame to  frame according 

to  the affine connexion, which defines the gravitational field. The presence of the
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gravitational deformation makes the notion of global wavefunction poorly defined in 

the vicinity of the boundary. The correct construction is the sheaf of wavefunctions, 

i.e., a family of local wavefunctions th a t are defined over multiple areas th a t cover 

M ,  satisfy local dynamical equations, and are patched together in the overlap region.

The action functional tha t describes the MED within the coherence domain has 

the form

I  — I d  +  I e M +  I g +  lint +  Imisc, (2-2)

The first term  describes the Dirac electrons coupled to  the gravitational deformation 

and the external electromagnetic field. The second term  accounts for the external 

electromagnetic field due to  the voltage and the attraction of electrons to  the nu

clear charges. The th ird  term  is the gravitational contribution. The fourth term  

corresponds to  the Coulomb non-relativistic interaction of electrons deep within the 

MED. If the boundary has a definite position, the uncertainty principle forces a wide 

velocity distribution, which means th a t the average kinetic energy is high close to  the 

boundary. This fact suggests th a t the Dirac electrons do not interact close to the 

boundary and 7jnt should lead to  a screened Coulomb interaction th a t vanishes where 

the confining gravitational field has appreciable magnitude. The fifth term  accounts 

for the higher order effects.
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The Dirac action in the presence of deformation has the form

Jv  = \ j  C0T7fcV ai/> -  Vfc7kip -  mipT ip) . (2.3)

Here the spinor wavefunction has a presentation

ip = ipkek. (2.4)

in the local frame, ipT is the Dirac conjugate of ip, and 7 ° ,7 1,7 2,7 3 are the 4 x 4  

Dirac matrices.

The covariant derivative acts on the spinor ip and its complex conjugate ip* as

V kip =  dkip +  iAip  +  A g ip (2.5)

V kiP* = dkiP -  iAip* + A*gip* (2.6)

The vector potential A  couples the wavefunction to  the external electromagnetic field 

due to the voltage and the nuclear charges. The complex operator A g reflects the 

coupling to  the gravitational deformation. It is a complex 2 x 2  traceless m atrix from 

the Lie algebra of the Lorentz group. It mixes the spinor components.

The quantum  partition function [7] for the action Eq. 2.3 is given by the Euclidean
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path  integral

Z  = tre~ /3H = J  exp[i/], (2.7)

where the integration is taken over all physically feasible geometry configurations of 

M.  around the boundary dM .  Here (3 — is the therm al factor w ith the tem pera

ture T, the Boltzmans constant k. H  is the Hamiltonian. The partition function Z  in 

particular must include topologically non-trivial contributions to  the partition func

tion th a t arise from creation and evaporation of virtual black holes [7]. It is known 

fact th a t accelerating quantum  relativistic particle appears as if it were in a heat bath 

at the Unruh tem perature, which equals to  Tu =  ^  for uniform acceleration a. This 

Unruh tem perature becomes in fact the Hawking tem perature Th  a t the event hori

zons of the holes, which is the tem perature of the black body radiation in equilibrium 

with the holes. This black body radiation is the consequence of the dissipation and 

the entropy production a t the boundary of the coherence domain due to  creation of 

the virtual black holes th a t is caused by the applied voltage. The entropy S  is related 

to  the area of the event horizon by the formula S  = \A .

For a single virtual black hole of charge Q and of the entropy S  the first law of 

black hole mechanics relates the infinitesimal change d E  in the internal energy E  to 

the infinitesimal change dS  in the entropy and in the infinitesimal change in charge
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12

dQ by the formula

dE  — T n d S  +  fidQ. (2.8)

Here, /i is the electrostatic potential at the event horizon.

The electric field due to applied voltage bias polarizes the left and right side

of the boundary d M  differently, which corresponds to  the asymm etry in the values 

of the electrostatic potentials /i of the black holes across the boundary dM .  At a 

constant voltage, the polarizing electric field remains constant and quasistationary 

average distribution of electrostatic potentials fi of the black holes establishes a t dM.  

Assume for simplicity th a t the boundary d M  =  d M i  U 5 M r can be divided into 

two components dMi,  and dMji  where the distributions of the black holes are grand 

canonical distributions at distinct chemical potentials hl and hr whose partition 

functions are given by

where the path  integrals are taken over the geometry fluctuation around the individual

fj-L ~  /Ar is naturally proportional to  the voltage applied to  the coherence domain M.

P(h l +»l n )

Z r  — t r  e P(h r+vrn ) — f  6xp[iJ] (2.9)
J R

fragments d M l and dMR  of the boundary. The difference in the chemical potentials
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This difference in the chemical potentials causes the current flow of Dirac electrons 

from higher to  the lower chemical potential and the heat production th a t is reflected 

in the growth of the area of the virtual black holes as given by the second law of the 

black hole mechanics

dS  > 0. (2 .10)

Thus, we conclude th a t the dissipation in a MED under a voltage bias hl — Hr 

occurs at the boundary of the coherence domain M  where the polarizing electric field 

causes creation and evaporation of virtual black holes.

Variation of the action I  with respect to  all degrees of freedom, including the 

gravitational leads to a pair of Dirac equations th a t are coupled to  the electromagnetic 

field A  and the gravitational spin-connexion A g

(
V T  iA  -j- Ag 

0

0

V -  iA  +  A*
/

(
e 0 

0 e*

\ ( \
(2 .11)

This equation defines a local non-Hermitian eigenproblem. The local flow of Dirac 

electrons is given by the current

J  =  'ipT'yip. (2 . 12)
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It must be understood th a t ip is a local wavefunction and the eigenvalues e depend on 

the position. The global wavefunction T  is given by the sheaf of local wavefunctions. 

The sheaf T may in fact fail to extend over the entire coherence domain. In th a t 

case no coherent current flows through the MED occurs. This corresponds to the 

Coulomb blockade regime of the MED. If, however, the sheaf T  extends over the 

entire coherence domain, the coherent current flows. This case corresponds to a 

resonant mode of the MED. This happens only if the eigenproblem Eq. 2.11 has the 

solution, i.e., e = e* everywhere in the coherence domain.

The eigenproblem Eq. 2.11 has a simple topological meaning. It is a pair of time- 

reversed Dirac equation coupled to  a Yang-Mills connexion over the coherence domain 

M.  The Yang-Mills connexion defines a gauge bundle over M ,  and the wavefunction 

T  belongs to  the sheaf of sections of this bundle. This sheaf of sections extends 

over M ,  i.e., a coherent state exists over M , only if the Dirac equations has local 

solutions everywhere in M.  On the other hand, the sheaf T extends only when the 

first cohomology of the twisted gauge bundle vanishes [8] . Thus, it is the topology 

of the gauge bundle th a t determines whether the MED has a coherent mode or not. 

The topology of the gauge bundle is given by the topology of M ,  which depends on 

the applied voltage, and by the structure of the vector potential A , which depends 

on the structure of the molecule within M.

This topological condition is the same as the condition th a t the local Dirac equa

tions Eq. 2.11 have the solutions with real e everywhere in M .  Instead of pursuing this

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



15

construction further, we explain now how it defines a variational density functional 

theory approach to  current transport through a MED.

2.2 M odel Hamiltonian

A model non-relativistic Hamiltonian

H  = T  + v + Vee + t  + iA

= Ho + i A  (2.13)

corresponding to  the system in Fig. 2.1. H  contains a complex one-particle operator

t  = f  + iA ,  (2.14)

where T and A are restricted to be real symmetric. This operator arises from the

gravitational connexion A g in the terminology of the previous section. Vee is the 

modified electron-electron interaction (that is zero in the non-interacting region of 

the contacts), and f  is the artificial potential th a t accounts for the polarizing electric 

field.

The continuity equation for states T (t) evolving according to  the Hamiltonian 

Eq. 2.13

V J (r) =  ~ ~ PQf  ^  +  2 { A r'7(r i r/) } r=r, (2T5)
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shows [9] th a t the imaginary operator allows for the generation and absorbtion of 

probability current density

J ( r )  =  ( ^ ( t ) |J ( r ) |^ ( t ) ) ,  where

. N

j  =  -  r ') V ;+ v ^ r  -  • (2-16)
i

7 is the spin-averaged one-particle density matrix. We exploit this relation to  generate 

current in the left and to absorb it in the right contact. We divide E into two parts

E =  EL +  E*, (2.17)

th a t are non-zero in the left or right non-interacting contact, respectively. By ad

justing E appropriately, we ensure th a t current-density generation and absorption 

exactly cancel each other, i.e., the electron density is kept stationary (dp/d t  =  0). In 

m athem atical terms, this conservation of the probability density is expressed as

J  d3r V J(r)  =  2(# |A |^ )  =  0. (2.18)

As a consequence of Eq. 2.18, the energy E  = (\k|.f/o|'If) +  z('&|A|1E} is real as it 

should be for a stationary state. Eq. 2.18 represents a constraint on E, we need 

further conditions to  determine this potential. Therefore, E is chosen such th a t it 

maximizes the current.
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2.3 Variational Principle for Energy

While our Hamiltonian is non-Hermitian, we have retained im portant physical impli

cations of Hermiticity. The eigenfunctions of interest have real energies and thus the 

integrated probability density is preserved over time. Therefore, an interpretation of 

the wave function as probability am plitude is justified.

Our goal is now to  construct a real functional E[T] whose stationary wave 

functions are the solutions of — E\& with a real energy. We start from the 

eigenvalue equation (^Hq +  zA j T =  E'E and combine it with its complex conjugate 

to obtain

Ho +  iA  0 

0 H 0 — i A \T>* I n  E* I Ilr*\  /  V u /  V /
(2.19)

If we assume th a t E  = E*, Eq. 2.19 yields a conventional eigenvalue problem. The 

real eigenvalues are given by

E[tf] = (2 .20)

where T  is an appropriate eigenfunction of H.  Employing E[\&], we can formulate a 

stationarity principle for the lowest real eigenvalue,

E  =  mst E[\E]. (2 .21)
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The symbol mst  in Eq. 2.21 indicates th a t we search for the stationary points of 

the functional, and among these stationary points we choose the one w ith the lowest 

energy th a t we assume to  be non-degenerate. The choice of the lowest energy state is 

motivated by an imagined adiabatic procedure in which the voltage is slowly turned 

on and the zero-current ground state  evolves into the lowest energy current carrying 

state. Direct minimization of E ^ ]  is not possible since E[fy] is unbounded. This 

is because the denominator in Eq. 2.20 can become zero even if (\&, 'E*) ^  (0,0). 

Despite the unboundedness of E[\&], its stationary points are bound from below. If 

is a stationary point of E[\h] then H^f  =  E ^  and E  = Since

('h|A |'E) =  0 we find E  = (^f|iJo|^f) /(^ r|^f). The r.h.s. of this equation is bound 

from below by the lowest eigenvalue of H 0.

The variational equation (i.e. <5E['If] =  0), of Eq. 2.21, becomes

/
Hq +  iA  0 

0 H q — i K

\  (  \

\Ii*
\  /

( \

V * - /
(2 .22 )

By construction, the eigenvectors are restricted such th a t the lower component is the 

complex conjugate of the upper one. As a consequence, depending on E, Eq. 2.22 

might not have a solution since only real eigenvalues can be obtained. As announced 

above, the m atrix Hamiltonian in Eq. 2.22 is pseudo-Hermitian. In the physical 

region our model wave function imitates the exact wave function of the infinite system. 

Properties th a t are local, such as the current density, are thus obtained by calculating
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the conventional expectation value (\&|0 |'l/) of an appropriate operator O.

2.4 D ensity Functional Theory Formulation

The variational principle developed above might offer advantages over the NEG for

malism. Many of the techniques used in electronic structure theory require for in

stance the validity of the Hellman-Feynman theorem th a t holds in our approach. 

Maybe the most successful electronic structure m ethod is Kohn-Sham D FT [10]. As 

we will dem onstrate now, the variational nature of our theory allows us to develop a 

generalization of Kohn-Sham DFT for our model systems. In Eq. 2.21 we separate 

the contribution form the external potential u(r)

E  =  mst ( j < P r  v(r)p~(r)  +  ((*  ^ )  . (2-23)

where we used the abbreviation (T * |. . .  |^ )+ c .c . =  ((^*| • • • |^ ))- P- (r) =  

defines the pseudo-density, p is the electron density operator. The complex conjugate 

contribution is abbreviated by c.c. For the purpose of generating a functional of p~ , 

the search for the stationary point in Eq. 2.23 is performed in two steps. In the first 

step, we consider wave function variations 5T th a t do not change p~. Thus the first 

term  in Eq. 2.23 stays constant and we can ignore it in the search for the stationary

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



20

point. We define

* V - J ,  M  j <(*  'r ((+̂ S|lP>>- (2-24>

In addition to  p~, we also introduced j as variable in F.  In the search over wave 

functions in Eq. 2.24 only 'E’s are considered th a t yield a certain p~ and j. Although 

E th a t acts only in the boundary region is non-unique, the forward going wave function 

is unique, neglecting the boundary region. Therefore, F  in Eq. 2.24 depends only on 

^Li Hr and not on E. The domain of the functional F  for a given pair of p i  and 

Pr  consists of the values of p~ and j th a t are obtained from wave functions tha t 

make F  stationary. In the second step of the search p~ and j are allowed to  change 

implying th a t all wave function variations are considered (an analogous two step 

search procedure has recently been employed by Gorling [11] in a different context). 

We obtain a reformulation of Eq. 2.21

E  =  mat d3r p“ (r)v(r) +  F [ p ~ p L, p R]^  . (2.25)

Apparently, the functional will minimize (in the lowest stationary point sense defined 

above) for the true p~ and j. Following the Kohn-Sham idea [10], we substitute the 

interacting system by an artificial non-interacting one (i.e., Vee = 0). We assume 

the existence of a single Slater determ inant $  th a t yields the same p~ and j as the
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interacting wave function and th a t makes the expression stationary. We

define a functional for a non-interacting system by

e s k r , j ,  W ,  M ]  =  ^ J  ( 2 .26 )

Again following the conventional Kohn-Sham approach, we assume th a t there is an 

external potential vs and a vector potential a xc th a t yield the given p~ and j  upon 

solution of

E s = mst j y  d3r(vs(r)p~(r) +  a xc(r)j(r)) +  ©s|  . (2.27)

vs and a xc can be viewed as Lagrangian multipliers th a t tu rn  the constrained search

for a stationary point Eq. 2.26 into an unconstrained search. Defining U[p~] =

|  f  d3rd3r 'p \  we partition the energy in the usual Kohn-Sham manner

E  = 0 s + Jd3r v ( t ) P ~ ( t )  + U + £ xc, (2.28)

where

Exc =  Exc[p : j> P L i  P r ] =  F  — 0 5  — U. (2.29)
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The determ inant $  th a t makes E s in Eq. 2.27 stationary is solution of the Kohn- 

Sham-type equation

(  „

T  +  v s +  E -  f  axcj 

 ̂ J  a xcj T  + v s + E*

\  /  \  
$

/ <f>*
V /

( \  
$

<f>*

V /

(2.30)

The Lagrangian multipliers ys and axc can be determined by taking the derivative of 

Eq. 2.25 and Eq. 2.27 with respect to  p~ and j and by comparison of the resulting 

two equations. We obtain

v s(?)

axc(r)

=  ^(r ) +  J +
8E-XC

r —r'| 8p~{ r)’
5EX
<5j(r)'

(2.31)

The independent electron problem in Eq. 2.30 yields by construction the same j as 

the interacting system. Consequently, the electrical current I  and the conductance g 

of the interacting system can be found by solving a non-interacting problem.

Our goal is to  cast the non-equilibrium transport problem into a form th a t enables 

us to take advantage of developments in stationary-state methodology of interacting 

systems. The stationarity principle Eq. 2.21 meets this goal, it offers a new approach 

to  the problem of molecular conductance th a t includes electron correlation effects. 

While NEG theory in principle accounts for correlation, the calculation of interact

ing non-equilibrium Green’s functions is a difficult problem. By reformulating the
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stationarity principle Eq. 2.21 in term s of p~ and j and by reducing the interact

ing system to  a non-interacting one, we provide an alternative formulation to  the 

NEG formalism. Our theory recovers the conventional Kohn-Sham m ethod in the 

limit where E is zero and where reduces to  a non-degenerate ground state. In 

this case p~ is identical to  the electron density p and j is zero. Consequently, the 

new E xc[p~,j, p l , Hr ] functional introduced here reduces to  the conventional E xc[p} 

functional. Note th a t our derivation shows th a t the exchange correlation energy of 

a MED cannot be expressed in terms of the electron density p alone. We stress this 

point because presently conventional functionals of the electron density are used in the 

calculation of the molecular conductance. Many conventional wave function methods 

and codes should be adaptable to  deal with the stationarity principle presented here.

2.5 Application to a Di-Thiol Benzene M ED

As a proof of principle, we implemented the described Kohn-Sham equations. The 

molecule considered is the di-thiol benzene molecule tha t, after removal of two hydro

gen atoms, is attached to  two finite chains of gold atoms containing 400 atoms each. 

The diagonal Kohn-Sham m atrix elements of the term inal 20 atoms are modified by 

adding quartically decreasing (increasing) imaginary terms in the left (right) contact 

th a t are scaled in order to  maximize the forward current [9]. The KS calculations are 

performed using a very simple approximate functional building on the conventional 

LDA approximation [12] E xc =  E ^ A[\p~\}. This functional recovers the correct
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Figure 2.1 : The insert shows a finite model for a MED. The system is divided into a 
physical part in the center region, comprising of two finite contacts (gray squares) th a t 
surround the molecule. To the left and right, non-interacting contacts axe added. At 
the border of the non-interacting region complex potentials E i  and T,R are acting to 
generate and absorb current, respectively. The blue curve shows T(e) obtained with 
the proposed Kohn-Sham scheme, while the red curve is obtained from a conventional 
Green’s function method.

on-top value of the non-equilibrium exchange-hole. From the calculated current, we 

obtain the transmission probability T(e) (Fig. 2.1). Also shown in the Figure is T(e) 

calculated with the Green’s function formalism [13, 14, 15]. In this calculation, the 

Kohn-Sham LDA Hamiltonian of the same finite model system, has been used to  ob

ta in  the necessary Green’s functions and self energies. The two curves, representing 

to different approximations for the same quantity, are quite similar.
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C hapter 3

Current and Broken Sym m etry  G round-States

3.1 Current-Carrying Degenerate M ultiplets

Following Hohenberg, Kohn, and Sham [16, 10], the ground-state energy of an inter

acting many-electron system with external potential v is expressed in term s of the 

electron density p

E  =  T,\p\ +  J  d3r v(r)p(r)

+ l f d>r d V e £ r n + E x M  p.!)
2 J |r — r  |

Here Ts is the kinetic energy of a fictitious non-interacting system th a t yields the 

exact electron density p. W ithin the Kohn-Sham approach, all the term s in Eq. (3.1) 

are known except the exchange-correlation functional E xc[p\. For practical purposes 

E xc has to  be approximated. The original theoretical justification [16, 10] for the 

representation (3.1) requires th a t the ground state  is non degenerate. However, ex

cluding degenerate ground states eliminates an im portant class of systems with a 

finite current density. The current density j is defined as the expectation value of the 

current density operator

j =  \  [lr >(r |P +  P lr ) ( r |] , (3.2)
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where p =  —zV is the momentum operator.

A non-vanishing j  necessitates a complex wavefunction T. Provided th a t we have 

a Hamiltonian with a real potential, complex conjugation of 'L yields a second eigen

function \L* of the same energy. Thus, a non-vanishing j  implies th a t the ground state 

is degenerate and the original Hohenberg-Kohn version of D FT is not valid. Levy 

[17, 18] argued th a t Eq. (3.1) remains valid even for degenerate ground states, but 

in Levy’s formulation p does, in general, not uniquely determine the wave function. 

Ensemble density functional theory [3] can handle degenerate ground states, but rel

evant approximate functionals are difficult to  construct and are until now not well 

developed [19].

Approximations to  E xc are usually explicitly or implicitly derived from models 

for the exchange-correlation hole [20, 21], which in tu rn  is defined in terms of the 

wave function. We saw above th a t the wave function is, in general, not determined 

by p for a degenerate ground state, e.g, a state  with a non-vanishing j. Hence, it is 

plausible th a t approximate functionals are less reliable for degenerate ground states 

than  for non-degenerate ones, because for degenerate states the hole is, in general, 

not a functional of p.

One might think th a t ground-states w ith finite j  are not abundant. However, 

there is an im portant and simple example for the outlined problem th a t has recently 

received attention [22], To provide a self-contained account, we review it briefly.

Various open-shell atoms have degenerate ground-states and approximations to
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E xc should reproduce these degeneracies. As an illustration, consider the boron 

atom whose configuration l s 12s12pl gives rise to  a threefold degenerate ground state 

(omitting the spin degrees of freedom), characterized by occupying either the P-i~. 

Per, or the p+i-orbital. The existing local and gradient-corrected approximations to 

E xc yield a lower energy for l s 22s22p j compared to  l s 22s22p±. This artificial splitting 

introduces a considerable ambiguity in the calculation of chemical properties such as 

atomization energies since it is not clear which atomic state to  choose.

As explained above, this problem can be understood in term s of the exchange hole 

associated with the various atomic configurations. For the states with an electron 

residing on p+1 or p_i, the curvature of the exchange hole depends explicitly on j  [23, 

22] in addition to  the electron density and the kinetic energy density. A vast majority 

of existing approximations [24, 25, 26, 27] to  E xc does not include a dependence on 

j. Consequently, E xc of states exhibiting a finite j  is not well approximated.

Apart from the problem of degenerate ground states w ith finite j, new chal

lenges have emerged for DFT th a t warrant the development of j-dependent func

tionals. Presently, considerable interest is being devoted to  modeling electron trans

port through molecules [28, 1, 29] and nanostructures. This transport is associated 

with a finite j. Increasingly, existing local and semi-local approximations axe applied 

[13, 14, 30] to  molecular electronic devices th a t do not depend on j. As exemplified 

by the boron atom, the mechanisms of exchange and correlation depend on j, however

[31]-
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In view of increasing interest in this particular subject, we feel th a t a novel j- 

dependent functional might tu rn  out to  be a useful tool for future research. The 

current-dependent functional developed here can for instance be used in conjunction 

with the non-equilibrium transport theory proposed recently by one of the authors

[91-

In this work, we present approximate functionals th a t are non-empirical: j  is 

introduced by enforcing an exact condition on the exchange hole. The same condition 

has recently been used by Becke [22] to derive j-dependent functionals. The details 

of our construction are however quite different as are the resulting functionals. We 

develop our non-empirical j-dependent functional starting from the Perdew-Burke- 

Ernzerhof (PBE) generalized gradient approximation (GGA) proposed in Ref. [25]. 

The resulting approximation is still inside the theoretical framework laid down by 

Levy. We simply regard j  as a tool to  enforce an exact condition th a t is difficult to 

satisfy by using the electron density alone. In our interpretation, the j  does not play 

the role of a fundamental variable such as p.

This approach has to  be contrasted to  the current density functional theory by 

Vignale and Rasolt [32]. In this theory, the Hamiltonian of the system depends on an 

electromagnetic vector potential, and it is in response to  this vector potential th a t a 

non-vanishing j  is obtained. The current density appears as a fundamental variable 

th a t serves to  eliminate the vector potential in the energy formula. The theory by 

Vignale and Rasolt, however, does not seem to  be directly related to  the electron
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transport in molecular electronic devices, since in the la tter case j  is not directly 

associated with an electromagnetic vector potential but is a consequence of having 

two electron reservoirs with different chemical potentials [9].

3.2 Derivation of jPB E  Functional

The PBE exchange-correlation energy functional E™e consists of the exchange £ £ BE 

and the correlation term  E™E. We start the development of our j-dependent extension 

by considering the exchange part

Here £l̂ k is the exchange energy density per particle of the homogeneous electron 

gas, and the PBE enhancement factor for exchange

is a function of the dimensionless density gradient s — \Vp\/2kpp  giving the rate at

The param eters in Eq. (3.4) have the values p  =  0.21951 and k =  0.804 th a t are 

determined by certain physical conditions [25].

While Eq. (3.3) yields E El3E directly in terms of the enhancement factor, without

(3.3)

which p varies on the scale of the Fermi wavelength 27t/&f, where kp = (37r2p)1//3.
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explicit reference to  an exchange hole px, the construction of E XBE relies nevertheless 

on insights about px . The exchange energy in terms of px is given by

Ex = J  S r  A  +  (3.5)

where the vector u  =  r  — r ' connects the reference point r ' and the electron at r. It is 

often convenient to introduce the simpler angle- and system-averaged exchange hole

(Px){u) = ^  J  d3r p{r ) / ^ ( r K ( r , r  +  u ), (3.6)

where the angle f)u defines the orientation of u. This average is sufficient to  recover 

E x of an iV-electron system

roc
E x — 2 n N

poo
/  d u u ( p x )(u). (3.7)

Jo

Following the construction of the PBE functional, Ernzerhof and Perdew [33] 

developed a model for {px} of the PBE functional. In this model, the angle- and
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system-averaged hole is expressed in terms of a dimensionless function

y 2 1 +  (4/9 )A y 2

+ ( ^ r  + B + C\l + s( ~ 1  + B  + C[ 1 +  s 2̂ ) ] ? / 2 +  ^ t1 +  G(s)s2]y4 ĵ

x exp[—Xh/2] exp[—s2Xf(s)?/2] (3.8)

as

« “ >(“ ) =  ^  / . f r p ’ W n a r u ) (3.9)

The constants *4, ...,£  and functions J^(s) ,Q(s), and Xf(s) are determined from 

various conditions satisfied by the PBE exchange hole [33].

Here, we modify J PBE(s,y) in Eq. (3.8) to  obtain a j-dependent generalization 

of the PBE functional. We want to retain the exact conditions th a t proved to be 

essential for the success of PBE and to add an additional constraint: the correct 

dependence of (pPBE)(u) on j.

The angle- and system-averaged exchange hole Eq. (3.6) for a system with non

zero current possesses the Taylor series expansion around u  =  0 [31]

(Px)(u) = ^  J  d3r p2(r) ~  + (kFu)2(C(s) + £q2) (3,10)
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where C(s) = 1/10 — s2 /27  +  ... is an approximation to the currentless part of the 

curvature th a t is correct in the slowly-varying limit [33] and the j-dependent correction 

to  it is proportional to the square of the reduced current

« = p f .  (3.1.1)kp

with the coefficient £ =  — The exchange hole Eq. (3.8) reproduces the cor

rect system-averaged curvature for currentless, slowly-varying systems, but it fails in 

systems with finite j.

To remedy this shortcoming, we propose the simple j-dependent ansatz

J ( s , q , y ) =  ( J PBE(s,y) + y 2£q2exp [ - ( V  + H (s ) s2)y2])

X (1 +  {y /yo f )  exp [ -  {y /yo f]  , (3.12)

i.e., we add a term  quadratic in y  to  the PBE hole to  enforce condition Eq. (3.10)

. This modification destroys the normalization of px unless we introduce the cut-off 

factor ( l  +  (y / y 0)2) exp [— (y/y0)2] . This factor depends on the cut-off radius y0 th a t 

is found from the sum rule

—  j  dy y 2J (s ,q ,y )  = - 1. (3.13)

The introduction of q2 in the curvature of the exchange hole deepens the hole close
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to  the reference electron. Therefore it is guarantied th a t the normalization condition 

Eq. (3.13) can be restored by the employed cut-off factor th a t reduces the radius 

of the exchange hole. Obviously, yo is a function of q2. Since Eq. (3.13) yields an 

involved equation for y0, we expand l / y 0(q2) in powers of q2 around q2 = 0. Up to 

first order this yields

— —  = ,~yq2  ̂ (3.14)

with 7 =  191.870.

Having determined yo to lowest non-vanishing order, we obtain a new model for 

(px) th a t is correct to  first order in q2. The hole in tu rn  yields a new j-dependent 

enhancement factor analogous to  Eq. (3.4)

8 f°°
Fx(s,q) = - -  J  ̂ dy yJ(s ,  q,y)

= 1 +  vq2 + y s 2 +  ..., (3.15)

where v  =  194.472. We note th a t the value of v  does not depend on the coefficient 7 

in Eq. (3.14) . A dependence of Fx in Eq. (3.15) on 7 appears only in higher order 

of s and q. This demonstrates th a t the coefficient v  is insensitive to  the details of the 

procedure used to  restore the normalization of the exchange hole.

In general, the variable q2 is not always small and we need an extension of the
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enhancement factor in Eq. (3.15) to encompass large s and q values. Since Eq. (3.15) 

reveals th a t a finite j  lowers the exchange energy, the extension can be devised by 

substituting the reduced gradient s in F BBE(s) with a j-dependent quantity s' such 

th a t s' > s. A suitable choice for this renormalized variable is

s' = J s 2 + —q2. (3.16)

Plugging Eq. (3.16) in the expression for the PBE enhancement factor Eq. (3.4) 

leads to the jPB E  enhancement factor

Fx BE(s ,Q) = l  +  « --------------- T ---------- v  (3' 17)
1 + h / k (s2 + Jq2J

which reproduces the expansion Eq. (3.15) up to  the second order in s and q. The 

jPB E j-dependent exchange energy is

= y'<i3r(9(r)£“ * (p (r ) )^ “ (S, 9). (3.18)

Since the exchange energy of the homogeneous gas in presence of j  is not described 

by LDA, the enhancement factors Eq. (3.15) and Eq. (3.17) at s = 0 differ from 1 

for <7 ^ 0.

Equation (3.18) represents a simple modification of the PBE exchange functional 

th a t can be implemented readily into existing D FT programs. The exchange func-
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Figure 3.1 : Current-dependent exchange enhancement factors as functions of s at 
fixed q.

tional resulting directly form the j-dependent hole Eq. (3.12) is however rather 

involved and not representable in a closed form. Note furthermore, th a t the enhance

ment factor F ^ BE(s,q) in Eq. (3.17) respects the Lieb-Oxford bound whereas the 

model Eq. (3.15) , in general, violates it for a finite q. The two q-dependent enhance

ment factors Eq. (3.15) and Eq. (3.17) are compared in Fig. 3.2. For small q

and s bo th  models are very similar, but the difference between them  becomes signif

icant when s and q leave the domain where the truncated Taylor series Eq. (3.15) 

is justified. However, we argue below th a t small q values are prevalent in practical 

applications.

Approximations (3.15) and (3.17) are derived for spin-unpolarized system. The
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extension to  the spin-density functional theory is straightforward via an obvious spin- 

scaling relation

Ex \pa , ja , P/3,ip] = ^  (Ex [2Pa, 2}a] + E x [2pp, 2j/3] ) . (3.19)

Equation (3.19) concludes the construction of the j-dependent exchange functional. 

Now we tu rn  to the development of a corresponding correlation functional.

The PBE correlation energy [25] is w ritten as

E ™  = J d 3r p  M p )  +  H ™ ( p ,  C. ()]. (3.20)

In this equation, the homogeneous gas correlation energy density £c (p) is corrected for 

effects of inhomogeneity by the function H  of p, the spin polarization £ =  (pa — Pp)/P, 

and the reduced gradient t. The la tter is a rate of change of the electron density 

gradient on the scale of the Thomas-Fermi screening length l / k s =  (Akp/n)-1^2. t 

can be expressed in terms of the reduced gradient s by

f  =  »  ( 3 ' 2 1 )

Here 0(£) =  [(1 +  £)2/3 +  (1 — £)2̂ 3] /2  is a spin-scaling factor. The correlation en

ergy is, in general, only a fraction of the exchange energy, thus we expect the j- 

dependent correction to  be less im portant in practical applications than  the correction

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



37

to  the exchange energy.

To the best of our knowledge, there is no simple relation between j  and the corre

lation hole similar to Eq. (3.10) . Thus, in order to  obtain a j-dependent correlation 

functional, we have to  invoke less rigorous but nevertheless well justified arguments. 

It is well established (see, e.g., [34] and references therein) th a t approximate density 

functionals take advantage of error cancellation: E x and E c considered separately 

are usually much less accurate than  the sum of exchange and correlation. Local and 

semi-local density functionals lack the long range part of the exchange and of the 

correlation hole. Since these long-range parts of the exact hole tend to  cancel, the 

sum of the approximate exchange and the correlation hole is more accurate than  the 

individual components. In order to preserve this fortuitous cancellation, the ranges 

of the approximate exchange and correlation holes have to  match. Since the range 

of the PBE exchange hole depends strongly on the variable s th a t we replaced by an 

effective s', we propose to  replace s by s' in the correlation functional as well. This 

choice of the renormalized gradient also ensures th a t the exchange and correlation 

second-order gradient corrections cancell each other (as in PBE functional). The 

outlined simple procedure yields a new j-dependent extension of the PBE correlation 

functional.

Even though the j-dependent extension was constructed for the PBE functional, 

the described approach can be applied equally well to  any other GGA functional tha t 

has an associated exchange hole. Note tha t, in contrast to  the approximation put
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forward by Becke [22], our approach does not yield the correct curvature of px at any 

point in space; rather we improve the curvature of (px)-

3.3 Application to Atom ic Ground-States

As described in the introduction, im portant examples of systems with non-vanishing 

j are atoms with partially filled p-shells. In general, p-shells can be classified into 

two categories distinguished by the number (one or two) of p-electrons residing in a 

partially filled a-  or /5-spin subshell. Neglecting the spin degeneracy, all these atoms 

have triply degenerate ground states. Provided a term  is labelled by the quantum 

numbers L  =  1 and M l  — —1, 0, 1, the three Kohn-Sham determ inants th a t describe 

the multiplet components must be built from the spherical harmonics p_, p0, and p+:

for one p-electron on a partially filled spin-subshell (B, O, Al, S atoms), and

'I 'i  =  | [core] p i  |;

=  I [core] p j |;

=  | [core] p+1 (3.22)

'k i  =  |[core] p i  Pol;

=  I [core] p i  pj. |; 

=  | [core] Pq p]j_ |, (3.23)
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when there are two p-electrons (C, F, Si, Cl atoms). Here, all the electrons occupying 

the completely filled a-  and /3-spin subshells are included into the core. We omit the 

superscript where it does not lead to confusion.

As expected, the PBE functional reproduces the degeneracy of the configurations 

T±. However, the state T 0 yields a lower energy. T 0 is often regarded as the right 

answer because of the variational nature of the Kohn-Sham scheme. The determ inants 

T± generate non-zero and equal j  whereas To is currentless. If a j-dependence is 

properly incorporated into the PBE functional, the states T± should be lowered in 

energy toward the level of T 0.

In order to  a ttest this conjecture, we evaluate the splitting E ( M l =  1) — E ( M l =  

0) using a development version of the Gaussian suite of computer programs [35]. 

The configurations Eq. (3.22) and Eq. (3.23) are obtained by minimizing the PBE 

energy in the Dunning’s aug-cc-pv5z basis set [36]. For one p-electron, the occupation 

numbers of the valence px, py, and p2 are set to  1, 0, 0 and 1/2, 1/2, 0 for T j and 

Tj_, respectively. In the case of two p-electrons, these are 1, 1, 0 for Tq and 1/2, 1/2, 

1 for T±. The current-carrying states are constructed by forming the complex linear 

combinations, (px ±  ipy) / \ / 2, of the optimized px and py orbitals. Note th a t this 

procedure is equivalent to  performing a PBE self-consistent calculation employing 

complex orbitals.

Both j-dependent functionals Eq. (3.15) and Eq. (3.17) dramatically reduce 

the artificial level splitting observed with PBE. For the systems studied here, our
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functionals are as accurate as the exchange-correlation functional recently proposed 

by Becke [22], Note tha t, for systems with vanishing j ,  jPB E  trivially reduces to the 

conventional PBE approximation.

In the construction and in the interpretation of ^-dependent approximations it is 

useful to  know the range of q values th a t are im portant in real systems. We computed 

values of q for the second- and third-row atoms to  conclude th a t 0 <  q <  0.02 in 

the physically significant region 0 <  s < 3 [37]. According to  Fig. 3.2, the range 

(0 <  q < 0.02) of significant q values falls inside the small current regime where the 

models Eq. (3.17) and Eq. (3.15) are essentially equivalent. This explains why 

they both  perform very similar.

In light of these results for atoms, we would expect th a t the j-dependence of 

E xc of conducting molecules is also well described by our new functional. Similar 

to  atoms, the current transport in molecular electronic devices usually takes place 

in the valence orbitals. Consequently, molecular currents are comparable to  those in 

atoms. Note furthermore th a t our construction of jPB E  relies on general principles 

th a t apply to  all systems described by Coulomb hamiltonians, therefore we expect to 

observe a uniform performance of our functional.
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C hapter 4 

Current and N M R

4.1 Gauge Invariance of Orbital-Dependent Functionals

Whereas the performance of the local spin-density approximation, generalized gradi

ent approximation (GGA), and hybrid density functionals for NMR shielding tensors 

has been thoroughly investigated [38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 

51, 52, 53], the kinetic energy density-dependent (r-dependent) exchange-correlation 

functionals [27, 54, 55] have not received nearly as much attention. The sole excep

tion is the work of Arbuznikov and Kaupp [56] who computed NMR shieldings with 

the r-dependent PKZB functional [55] using an approach th a t violates gauge invari

ance. Thus, the objective of this letter is to  present a gauge-invariant theory and to 

benchmark r-dependent functionals.

The local exchange-correlation energy is usually approximated as

E xc = J  d3r f { p a , p/3, t tta, 7 /3 /3 , 7 a /3, Ta , Tp )  , (4.1)

which is a local or semilocal functional of the Kohn-Sham orbitals p a n̂ (cr = a, (5).
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The exchange-correlation energy density /  may depend on the electron density

P* = '52<Pl,n(P'r,n, (4.2)
n

its first derivatives

laa’ =  Vp^.V/fV , (4.3)

and the non-interacting kinetic energy density at zero magnetic field

^  =  <4 -4 )
n

A key principle of electromagnetism is the invariance of all observable quantities 

(e.g., the to ta l energy) with respect to  gauge transform ations of the vector potential

A  —► A ' =  A  +  V A (r) , (4.5)

where the function A(r) defines the gauge. It implies th a t E xc must also be gauge-

invariant. This requirement can be fulfilled in two ways: either all arguments of /  are

gauge-invariant or some of the arguments of /  depend on the gauge, but the function 

/  is such th a t the exchange-correlation energy remains gauge-independent. Upon the
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transform ation (4.5), the Kohn-Sham orbitals gain a phase factor

T,n y Wcr,n e (4.6)

The electron density and its derivatives remain intact under this transformation, but 

the zero-field kinetic energy density ra of Eq. (4.4) changes *

is the paramagnetic current density. Since existing r-dependent approximations to 

the exchange-correlation energy do not compensate for the gauge dependence of r CT, 

they inherit it. In order to  correct this unphysical result, we propose replacing the 

zero-field kinetic energy density ra of Eq. (4.4) w ith the finite external field kinetic 

energy density defined by

(4.7)

where

(4.8)
n

nn

*Any variable of the form ^ n(L(t>crirl)*L4>ân, where the linear operator L does not commute with 
A, is gauge-dependent.
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which is gauge-invariant. The vector potential Ao due to the external magnetic field 

B  has the form

(4.10)

For zero magnetic field, Ta and ra coincide. Therefore, all r-dependent approximations 

to  E xc designed for the zero field remain unaffected by the substitution r CT —> f a.

4.2 Im plem entation of the M ethod

In order to  calculate shielding tensors, we employ gauge-including atomic orbitals 

formalism (GIAO) [38], where the coupled-perturbed equations are projected onto 

the field-dependent London basis functions

Here is the position vector of the basis function, and is the field-independent

specific to  the f-dependent theory is the derivative w ith respect to  the external field

Xo(B) =  x l  exp - t B x R , ) . r  . (4.11)

am plitude (assumed to  be real). The only term  in GIAO coupled-perturbed equations

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



45

of the exchange-correlation contribution to  the Fock m atrix

g ^ 1 = J d s  {|£ [x;xu]Bl 

, d f

B,

df„ + ^Ao(r) j x*- f iV  +  ^Ao(r) ) x^
Bi

(4.12)

Here

[x lx v ]8' = ^ (B P xr JixJxS;

v  [x lx A  B‘ = Yc { (R<“- X r),'V [xSx2] + x l x l  [B x R„„]B‘}  ,

(4.13)

where R Ml/ =  R M — R„ and

[(iV  +  l A 0(r)) x ’„. ( -« V  +  (Anfrj) Y „ ] =  

A [(R,,„ x rJiVxJ.VxJ 

+  x2((r -  R„) x V X“), -  X?((r -  R„) x VxJ)J

(4.14)

The coefficients in the coupled-perturbed equations th a t are common for GGA, hy

brid, and r-dependent functionals are specified in detail elsewhere [38]. Note tha t 

Eq. (4.12) is invariant with respect to translation of the system as a whole (trans

lation is a gauge transformation). This is not true when r CT is used instead of f CT;

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



46

i.e., magnetic properties in the approach based on r  depend on the position of the 

molecule in space.

We have implemented the GIAO algorithm for f-dependent functionals in a de

velopment version of the Gaussian  suite of programs [35].

4.3 Application to Molecular N M R  Shielding Tensors

Several T-dependent functionals were selected for benchmark calculations of NMR 

shielding tensors. The semiempirical VSXC approximation [27] is one of the most 

successful functionals for thermochemical properties devised until now [27]. PKZB 

[55] and the non-empirical TPSS [54] are also included in this study.

In order to  compare these approximations w ith other functionals, we also include 

in our investigation two GGA and two hybrid functionals. The semiempirical fit to 

thermochemical properties HCTH/93 seems to  be one of the best models for molecular 

magnetic chemical shieldings among general-purpose GGAs [51, 57]. Here we consider 

a more recent HCTH/407 GGA from the HCTH family [58], The GGA KT2 [50, 51] 

is a functional fitted to  the experimental shielding constants th a t yields remarkably 

accurate molecular absolute shielding constants. Non-empirical PBEO [59, 60] and 

semiempirical B3LYP [35] are widely used hybrid functionals offering high accuracy 

for many molecular quantities.

We rank the performance of approximate methods based on their mean error 

(ME), mean absolute error (MAE), and standard deviation (STDEV) with respect
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to  the experimental data. Whenever the sign is im portant, the experimental values 

are subtracted from the theoretical ones.

The NMR shielding tensors axe notorious for slow convergence w ith respect to 

basis set. We employ the modified IGLO IV basis set of Ref. [57] to  compute absolute 

isotropic shielding constants and shielding anisotropies. The NMR shieldings are often 

sensitive to  the quality of molecular geometries. We used experimental or nearly 

experimental geometries [61].

The exchange-correlation potential originating from kinetic energy-dependent terms 

of the functionals is approximated here by differentiation of the energy with respect 

to  the orbitals [62],

The absolute isotropic shielding constants for a representative set of 21 molecules 

(32 nuclei) considered previously by Wilson and Tozer [61] are compared against the 

experimental and high-level nonempirical values in Table 2. All approximate func

tionals studied in this work tend to yield the absolute isotropic shieldings th a t are too 

deshielded in comparison to  experiment. KT2 gives the lowest MAE, comparable to 

th a t of wavefunction-based methods. Among the functionals th a t are not specifically 

designed to  reproduce experimental NMR shieldings, VSXC and PKZB overall per

form best and are followed by TPSS. The MAE of the semiempirical HCTH/407 func

tional is twice as large as th a t of the most accurate r-dependent functional (VSXC). 

The hybrid functionals B3LYP and PBEO perform worse than  HCTH/407 but still 

better than  the Hartree-Fock method. We note, however, th a t the accuracy of hybrid
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functionals can be substantially improved by using the local Kohn-Sham potential 

instead of the integral operator [52, 53].

The shielding anisotropies computed for a set of 9 molecules (11 nuclei) are pre

sented in Table 3. The MAEs for the shielding anisotropies largely follow the trends 

exhibited in Table 3 for the isotropic shielding constants.
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C hapter 5 

C onclusion

We sumarize the developments presented in this thesis.

In C hap ter 2, we have cast the non-equilibrium transport problem into a form 

th a t enables us to  take advantage of developments in stationary-state methodology 

of interacting systems. The stationarity principle Eq. 2.21 meets this goal, it offers a 

new approach to  the problem of molecular conductance th a t includes electron corre

lation effects. While NEG theory in principle accounts for correlation, the calculation 

of interacting non-equilibrium Green’s functions is a difficult problem. By reformu

lating the stationarity principle Eq. 2.21 in terms of p~ and j and by reducing the 

interacting system to  a non-interacting one, we provide an alternative formulation 

to the NEG formalism. Our theory recovers the conventional Kohn-Sham method in 

the limit where E is zero and where T  reduces to  a non-degenerate ground state. In 

this case p~ is identical to the electron density p and j is zero. Consequently, the 

new E xc[p~, j, p i ,  p r ] functional introduced here reduces to  the conventional E xc[p] 

functional. Note th a t our derivation shows th a t the exchange correlation energy of 

a MED cannot be expressed in terms of the electron density p alone. We stress this 

point because presently conventional functionals of the electron density are used in the 

calculation of the molecular conductance. Many conventional wave function methods
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and codes should be adaptable to deal with the stationarity principle presented here. 

As a proof of principle, we implemented the described Kohn-Sham equations.

In  C hapter 3, we starting from a current-dependent exchange hole model, devel

oped a non-empirical current-dependent generalization, jPB E, of the PBE exchange- 

correlation functional. We dem onstrated th a t jPB E  eliminates the erroneous splitting 

of degenerate states of open shell atoms. We deem a major area where our functional 

can be applied belongs to  molecular electronics. The simple functional form and the 

reliance on exact conditions inherited from the popular PBE functional can make 

it a useful tool in molecular electronics. In contrast to the j-dependent functional 

developed by Becke, only first derivatives of the orbitals are required to  evaluate E xc.

In C hapter 4, we have shown th a t kinetic energy density-dependent functionals, as 

commonly defined, depend on a gauge in the presence of magnetic field, and therefore 

yield meaningless NMR shielding tensors. We have proposed an extension to  the 

kinetic energy density definition th a t recovers the gauge invariance. Since the response 

properties are computed at vanishing external field, the energy expression and Kohn- 

Sham equations for the r  and f  based approaches are identical, but additional terms 

arise in the coupled-perturbed equations of the latter.
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Table 1 : Spurious energy separations E ( M l =  1) — E ( M l =  0) (in kcal/mol) of 
degenerate terms in open shell atoms.

Atom PBEx PBExc Eq. (3.17) * Eq. (3.15) 1 jPBExc
B 4.2 2.9 -0 .4 -0 .1 0.1
C 4.1 2.7 -0 .7 -0 .4 -0 .2
0 7.6 6.1 -0 .6 0.1 -0 .7
F 7.0 5.5 -0 .6 -0 .2 -0 .7

A1 2.4 1.7 0.2 0.5 0.3
Si 2.1 1.3 -0 .1 0.1 -0 .1
S 4.0 2.8 0.7 1.1 0.2
Cl 3.4 2.2 0.3 0.6 -0 .2

*jPBE exchange functional.
tThe j-dependent exchange functional devised from the hole model Eq. (3.12) .
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Table 2 : Absolute isotropic shielding constants (in ppm) calculated with the IGLO IV basis set.

Molecule Nucleus VSXC PKZB TPSS HCTH/407 KT2 B3LYP PBE0 HF WF* Expt.
HF F 426.2 420.8 411.0 410.8 411.5 411.1 412.6 414.3 418.6 419.7
h 2o O 339.3 337.6 327.8 328.3 329.4 327.6 330.1 328.6 337.9 357.6
c h 4 C 194.7 194.9 188.7 190.2 195.0 188.7 192.7 195.0 198.9 198.4
CO C 1.8 2.4 -5 .6 -8 .8 6.5 -19.1 -17 .4 -23 .7 5.6 2.8

O -53 .0 -58 .4 -65.1 -66 .2 -57 .1 -81.1 -82 .4 -84 .3 -52 .9 -36 .7
n 2 N -65.9 -65 .8 -75 .1 -79 .0 -60 .7 -92 .4 -92 .0 -110.2 -58 .1 -59 .6
f 2 F -234.4 -216.5 -228.6 -274.4 -209.5 -250.5 -238.3 -166.2 -186 .5 -192.8
o3 O terminal -1339.3 -1328.6 -1329.7 -1454.4 -1281.1 -1694.0 -1737.6 -2819.3 -1208.2 -1290.0

O central -839.1 -822.5 -841.2 -868.1 -811 .0 -1129.3 -1170.1 -2740.1 -754 .6 -724.0
PN P 55.6 21.9 8.7 -13 .0 52.0 -50 .3 -50.9 -76 .3 86.0 53.0

N -370.3 -373 .0 -386.8 -384.9 -365.8 -431.6 -429.6 -482.8 -341 .0 -349.0
H2S S 746.8 741.7 710.5 715.5 734.1 700.2 722.1 715.3 754.6 752.0
n h 3 N 267.3 267.8 259.5 261.0 264.4 259.8 263.0 262.2 270.7 273.3
HCN C 81.8 82.2 76.4 74.7 85.5 69.1 70.7 71.9 86.3 82.1

N -24 .0 -24 .2 -31 .0 -34 .5 -1 9 .7 -49 .5 -47.1 -48 .5 -13 .6 -20 .4
C2H2 C 117.3 117.6 112.8 111.7 120.1 106.9 109.0 115.7 121.8 117.2
c 2h 4 C 59.8 60.6 55.3 52.8 62.9 47.2 50.9 59.8 71.2 64.5
h 2c o c -9 .6 -7 .8 -12 .9 -19 .3 -5 .0 -24 .5 -21 .5 -6 .0 4.7 -4 .4

0 -383.8 -390.9 -387.0 -415.3 -378 .7 -452.0 -452.9 -436.8 -383.1 -375.0
NNO N terminal 103.0 104.5 93.5 94.3 101.7 81.8 84.3 63.9 100.5 99.5

N central 11.5 14.2 4.3 7.4 11.5 -11 .4 -6 .8 -32 .4 5.3 11.3
O 187.4 184.9 173.7 174.9 176.8 173.0 174.5 175.4 198.8 200.5

co2 C 60.9 62.3 55.6 55.6 62.7 48.9 52.3 51.9 63.5 58.8
O 228.3 224.0 214.2 215.4 221.0 213.4 214.0 223.3 236.4 243.4

o f 2 O -570.6 -544.5 -553.0 -620.3 -533.6 -583.0 -556.8 -439.9 -465 .5 -473.1
h 2c n n c 166.5 167.7 160.9 161.7 166.4 159.3 163.1 163.2 171.9 164.5

N -41.1 -37 .8 -50 .0 -49 .9 -3 9 .7 -57 .3 -48 .6 -4 .7 -31 .6 -43 .4
N terminal -142.5 -140.0 -159.5 -164.6 -146.5 -201.8 -195.9 -318.0 -142 .4 -149.0

HC1 Cl 968.0 966.0 938.9 938.1 950.8 931.7 946.0 947.3 962.3 952.0
so2 S -147.3 -166.2 -193.4 -207.8 -149.3 -262.7 -254.1 -320.6 -134 .2 -126.0

O -237.1 -245.3 -257.0 -264.0 -251.6 -283.5 -281.9 -279.8 -170 .4 -205.0
p h 3 P 608.4 596.5 569.7 575.7 597.5 561.4 582.0 585.1 594.0 599.9
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Table 3 : Absolute anisotropies (in ppm) calculated with the IGLO IV basis set.

Molecule Nucleus VSXC PKZB TPSS HCTH/407 KT2 B3LYP PBE0 HF WF* Expt.
HF F 104.7 106.7 104.7 106.1 111.2 105.8 103.3 101.2 94.3 93.8
CO C 408.5 407.3 418.1 422.6 404.6 437.7 435.2 442.1 401.0 406.1

O 706.9 713.9 715.4 714.8 706.6 737.4 739.0 742.4 694.6 676.1

n 2 N 613.6 612.9 623.2 628.1 605.5 648.1 647.3 673.2 596.5 603.0
f 2 F 1101.5 1069.1 1074.5 1143.7 1052.7 1108.3 1089.6 981.7 1011.7 1050.0
PN P 1382.2 1419.4 1435.7 1469.7 1379.5 1525.0 1525.8 1562.6 1334.0 1376.0

N 1075.9 1086.1 1096.9 1090.4 1066.4 1160.3 1157.1 1235.6 1023.0 1048.0
n h 3 N -48.9 -48.2 -51 .2 -46.5 -48 .9 -39 .3 -49 .9 -46 .6 -43 .8 -40 .3
h 2c o C 160.0 159.2 162.7 168.3 155.2 178.3 182.3 184.9 158.3 158.8
HC1 Cl 302.6 310.4 316.0 316.8 304.5 325.7 304.2 302.2 279.8 298.0
p h 3 P -70.1 -61.4 -65.1 -65 .7 -66.1 -38 .8 -71.1 -66 .2 -64 .5 -64 .5
ME 12.0 15.5 20.5 31.2 6.0 49.4 41.6 46.2 -10 .9
STDEV 17.9 17.3 21.4 34.2 11.6 44.8 49.4 79.1 18.2
MAE 14.6 16.9 22.6 32.6 8.8 49.4 44.6 60.1 14.4

‘wave function ab-initio data as defined in Ref. [61]
cn
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