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A bstract

Fast Algorithms For Total Variation M inimization  
with Applications to Image Deconvolution and 

Compressed Sensing

by 

Yilun Wang

This thesis presents two fast algorithms for total variation based image restoration. 

As an important branch of imaging sciences, image restoration aims to recover the 

original images from the degraded observations or measurements and usually some 

kind of regularization techniques are required for numerical stability and reducing 

aliasing artifacts of the recovered images. As a non-smoothing regularization tech

nique, total variation minimization has been widely used in many image restoration 

fields because it allows for discontinuities in the images but at the same time disfavors 

oscillations. Moreover, total variation minimization can exploit the spareness of the 

gradient of the recovered images in many fields such as medical imaging to reduce the 

aliasing artifacts of the recovered images.

In spite of the outstanding performance of total variation minimization in mod

eling many natural images, it is still a great challenge to develop efficient algorithms 

for it because of the high nonlinearity of total variation. Many progresses have been 

made to develop efficient algorithms for total variation minimization but the existing
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algorithms are still far from satisfying in many fields.

In this thesis, we present two fast algorithms for total variation minimization in 

two important applications: image deconvolution and image reconstruction in com

pressed sensing. In image deconvolution, we present a simple algorithmic framework 

for recovering images from blurry and noisy observations when a blurring point-spread 

function is given. This framework introduces an augmented variable and construct 

a new functional based on the original variable and the augmented variable. We al

ternatively minimize the new functional based on these two variables alternatively. 

Basically, our algorithm is an iterative procedure of alternately solving a pair of easy 

subproblems associated with an increasing sequence of penalty parameter values. The 

main computation at each iteration is three Fast Fourier Transforms (FFTs). For im

age reconstruction for compressed sensing, our new algorithm is a fixed point itera

tion algorithm that is based on two powerful algorithmic ideas: operator-splitting and 

graph-based algorithms. The operator-splitting technique allows us to solve one easy 

subproblem and a relatively hard subproblem in each fixed point iteration associated 

with an increasing sequence of penalty parameter values. The newly emerging graph- 

based algorithms efficiently generate solutions of the hard subproblem. For both 

algorithms, global convergence is well established and their practical performances 

are also demonstrated by several typical numerical experiments.
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C hapter 1

Introduction

1.1 Total Variation Based Image Restoration M od

els

This thesis presents new algorithms for total variation regularized image restoration 

model, which is widely used in image deconvolution and compressed sensing.

Imaging sciences have been widely used in such diverse fields as computer vi

sion, compressed sensing, medicine development, astronomy, microscopy, seismology, 

homeland security, industrial quality control, and the publication and entertainment 

industries [13, 35, 67, 41]. They mainly consist of three relatively dependent but 

integrally related components: image acquisition, image processing and image inter

pretation. Image acquisition mainly studies the origins of images, i.e. the physical 

mechanisms generating these images, which could be degraded due to poor imaging 

conditions or problems during storage and communication. The image process com

ponent is an input-output system. The inputs are images by image acquisition. The 

output are some other desired images. The design of the input-output system varies

1
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depending on different applications and different purposes. For example, in situations 

where the observations are seriously degraded, one wishes to restore or enhance the 

degraded observations in order to gain high-quality images. Image interpretation is 

trying to give the physical nature of the output images of image processing. For 

example, in magnetic resonance imaging (MRI), doctors can get useful information 

about the disease based on processed images.

This thesis mainly discusses image restoration, an important branch of image 

processing. In image restoration one attempts to reconstruct or recover an image 

that has been degraded by using a priori knowledge of the degradation phenomenon. 

Thus the restoration techniques are oriented toward modeling the degradation and 

applying the inverse process in order to restore the original image. We mainly focus on 

restoring 2-dimensional gray-level images even though many ideas here can be applied 

to higher-dimensional or color images without much extra efforts. Let Q i 6  R 2 and 

u : i —> R  € L2{Vt\) be the original image. Let Q2 € R 2 or R 1 and /  : R  €

L2(Qi) be the degraded observation. Mathematically, the degradation process can be 

modeled as a degradation functional K  € L2(fix) —> L2(Q-[ ), together with an additive 

noise term 77, that operates on the input image u and produce the observation / ,  i.e.

f  = K u  + r) (1.1)

Given /  and some knowledge about the degradation operator K  and the additive 

noise term 77, the objective of image restoration is to obtain an estimate u of the 

original image u. We want to the estimate u  to be as close as possible to the original 

image u and in general, the more we know about K  and 77, the more chance tha t 

we can make u closer to u. We assume that K  is known and we restrict 77 to be 

i.i.d. Gaussian white noise, whose mean variance a2 > 0 are also known or can be
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estimated. The main difficulty of image restoration is that it is often an ill-posed 

inverse problem, i.e., K  is ill-conditioned or not invertible. That is to say, recovering

fails to give a satisfactory estimate of the original image even if the noise 77 is very 

small. The solution of (1.2) may not be unique, even though the observation is noise 

free (77= 0 ). Or seeking the solution of (1.2) is not stable, i.e. small noise 77 gets 

amplified a lot by the inverse system so that it eventually dominates the solution of

(1.2), which is no longer a good estimate of the original image.

One strategy to remedy ill-posedness is to incorporate various forms of a priori 

information into (1.2) as a regularization functional, which impose stability while 

retaining certain desired features of the solution. That is to say, regularization is much 

more than a mere stabilization technique. More important, it brings into account the 

characteristics of the desired image. In many applications, we have already known 

that the original images have many edges, which are places where there is a sharp 

change (discontinuity) in image intensity. These edges are important features and 

should be preserved well [63, 47]. Traditional Tikhonov regularization functional is 

quadratic and involves directives of u. While it makes computation much easier, it 

often assumes the image to be smooth and continuous and correspondingly can not 

help preserve the edges well [75]. So in such cases, we turn to the total variation 

regularization method, which can remove noise while preserving the edges.

L e t  T V ( « )  b e  t h e  t o t a l  v a r ia t io n  o f  u .  w h ic h  fo r  s m o o t h  fu n c t io n  u  c a n  b e  d e f in e d

the original image u by simply solving the following standard least squares problem

mm I
ueL2(n 1) Jq2

( 1 .2)

as follows:

(1.3)
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where u is differentiable and ||Vw,(.t) || is usually the Euclidean norm (or 1-norm, 

sometimes) of the gradient vector Vu(x) E M2. We note that in general functions of 

finite total variations are not necessarily differentiable (see the book [81] for details). 

However, since we are only interested in solving (1.6) in a discrete domain for digital

image processing, we can tacitly assume differentiability of u and use the expression

fQ || V?i(.x)11da; without loss of generality. If u € Mnx”, TV has two kinds of discrete 

forms [23, 32]. One is isotropic, which can be written as follows:

n n

T v w  =  E E i i v “ iw>n (1A>
i= 1 j = 1

where V('Ujj) E M2 is the spatial gradient of the image, computed by finite differences 

and || • || is 2-norm.

The other one is anisotropic, which can be written as follows:

n n

T ^ )  =  E E l l v ^ l l i  (1-5)
i = 1 j = 1

where V(uij) E M2 is also the spatial gradient of the image, computed by finite 

differences and || • ||i is 1-norm

Besides the aspects of numerical stability and preservation of prior information of 

the original image, there is another important meaning of total variation regulariza

tion. In many cases, total variation can produce much less aliasing artifacts in the 

restored images than many other regularization methods, especially for images which 

have some blocky features [42, 47].

The corresponding image reconstruction model with to tal variation being the reg-
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ularization term is as follows:

mm
ueL2(Qi) TV(m) + \  f  \(Ku)(x) -  f( x ) \2dx

*  J  On

( 1 .6)

where A > 0 is the given Lagrange parameter, which is closely related with the noise 

level. About how to determine A, one can refer to [69, 65, 39, 5]. The well-poseness 

of problem (1.6) has been well studies in [12, 1, 75, 47]. Under certain reasonable 

conditions, (1.6) is well-posed, i.e. its solution uniquely exists and is stable with 

respect with the perturbations in the / .  As we have seen, the objective function of

(1.6) is convex, but not necessarily strictly convex. In order for the uniqueness of 

solutions of (1.6), strict convexity must be imposed on the objective function.

The theme of my thesis is to present new fast algorithms for this widely used 

model (1.6). In different fields, K  may have different structures and features and we 

can make use of them to develop faster algorithms for (1.6) in these specific fields. In 

this thesis, we will focus our attention on two important fields: image deconvolution 

and image reconstruction in compressed sensing.

In image deconvolution, =  0,2 = and the degradation operator AT is a linear 

convolution operator defined as follows:

where the function h is called the Point Spread Function (PSF). The following image 

deconvolution model is as follows:

In image reconstruction for compressed sensing, we consider the discrete form of

(1.7)

mm
«eL2(n)

(1.8)
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(1.6), which is basically a total variation regularized under-determined linear system.

mmnTV(u) +  ^ | | ^ - / | | 2 (1.9)
Ugfnxn 2,

where K  E RmxJV, f  E Rm, N  = n 2 3> m .  u  E R”xri, but in the second term of (1.9), 

u is rewritten in in its column-wise vector form, because in compressed sensing, 2-D 

images is measured as a 1-D long vector. || • || is 2-norm.

In the following parts, we will mainly focus on these two models (1.8) and (1.9) 

and present two new fast algorithms for them, respectively. Even though (1.8) and 

(1.9) can be derived from the same model (1.6) in the mathematical point of view, 

their emergences in fact are based different motivations in practice. Therefore, we 

will introduce them separately and present different algorithms for them based on 

their own features.

1.2 Image Deconvolution

Image deblurring has been widely used in such diverse fields as computer vision, medi

cine development, astronomy, microscopy, seismology, homeland security, industrial 

quality control, and the publication and entertainment industries [41, 22, 67, 28]. 

Mathematically, the problem of image deblurring is to recover the true image 

L2(Q) from an observed image /  : Q —> R E L2(Q) through the relation,

i.e.

/  =  K u  (1.10)

where $7 is an open bounded domain in R2 and K  is a known linear blurring operator 

on Hilbert space. Among all linear blurs, the most frequently encountered type is 

shift-invariant. A linear blur K  is said to be shift-invariant if for any shift a E R2,
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7

uq(x ) =  Ku(x)  implies that uq(x — a) =  Ku(x  — a).

It is well known in signal processing as well as system theory [54] that a shift-

invariant linear operator must be in the form of convolution:

K u =  / h(x — s)u(s)ds = h * u (1-H)
J o .

where the function h is called the Point Spread Function (PSF). In my thesis, we 

only consider the linear shift-invariant blur, i.e. K  can be written in the form of

convolution (1 .1 1 ) and we assume that the corresponding h is known.

Gaussian white noise is often unavoidable and we take it into consideration here,

i.e.

/  =  K u  +  7? (1.12)

where 77 is Gaussian white noise, whose mean and deviation could be estimated. The 

natural way to recover u from (1 .1 2 ) is the least squares model:

min \\Ku — / | | |  (1.13)
U

However, the problem (1.13) may be ill-posed. The possible illposedness derives from 

the compactness of i f  on a Hilbert space, where the spectrum of K  must accumulate 

at 0 if the dimension of the given Hilbert space is not finite [51, 36, 80]. Therefore, 

the direct solution of the least squares problem (1.13) may lead to an image that is 

severely contaminated with noise. This can also be understood from distinct angles. 

From the point of view of statistical mechanics, deblurring is a process to increase
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information, or equivalently, to decrease entropy, which can not be done naturally, 

i.e. extra work is required. Thus proper regularization is required in order to make 

the problem (1.13) less sensitive to the noise. Richard Hanson and James Varah 

suggested a method of regularization by truncating the singular value decomposition 

(TSVD) of K,  i.e. setting small singular values of K  to be zero [40, 74, 38, 39]. That 

is to say, TSVD has so called “sharp cut-of” behavior and may cause some antifacts.

The second category of regularization for (1.13) consists of truncated iterative 

deblurring methods (with limited iteration times), which are widely used where little 

priori information about the original image u and noise n  is assumed. The wan 

Cittert (1931) method is one of the earliest and simplest iterative methods. It neglects 

additive noise and reduces the model (1.13) into the following linear problem.

K u - f  = 0. (1.14)

The basic iterative procedure is as follows:

u n + l =  Un +  X ( f - K u n )

u* = /;

where A >  0 represents a constant that controls the convergence. The van Cittert 

method exhibits severe noise ampliation and the iteration must be terminated prior 

to convergence [6].

The Landweber method is also known as ’’reblurred” van Cittert. It is a gradient 

descent method for original model (1.13). Its basic iteration procedure is as follows:
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un+1 =  un +  \ K * ( f  -  K u n) 

u °  =  /;

The advantages of Landweber over the van Cittert are better convergence rate and 

less noise sensitivity [44].

Richardson-Lucy [58, 46] is another iterative method based on (1.14). It uses 

multiplicative correction and its iterative procedure is as follows:

where K* is the adjoint operator of K  and the multiplication and division are point- 

wise.

problems like 3 — D images. But they usually only work well for images with small 

noise and sometimes suffers slow convergence. Since iterative deblurring do not pre

vent noise amplification during the iterations, restored images are usually monitored 

at each iteration and the iteration must be terminated prior to convergence. (The low- 

frequency components of the image tend to converge faster than the high-frequency 

components. In order to control high-frequency noise in the solution, the number of 

iterations plays the role of regularization parameter.) It is a big challenge to deter

mine when to stop the algorithm in order to suppress the noise-related artifacts.

u,n+ 1

U,0 /;

The iterative schemes above are easy for implementation and fit for large-scale
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These different regularization techniques mentioned above are usually easy for im

plementation and computationally efficient. However, this kind of regularization tech

niques may focus on numerical stability and control of noise amplification, and do not 

assume some prior information of the restored images, for example, their smoothness 

or the sharp contrast of edges. Therefore, for serious deblurred images, the restored 

images by these kinds of algorithms do not look good or natural visually. In the 

next parts, some other regularization techniques will be introduced. Their schemes 

may be a little more complicated and can deal with serious deblurring for many cases.

The third category of regularization procedure is Tikhonov regularization [71, 70], 

which assume the original image is smooth to some degree. It stabilizes the solution 

in face of noise and suppresses the noise-related artifacts [9]. Typically, Tikhonov 

regularization computes a solution of the damped least-squares problem:

m m \ \ K u - f \ \ l  + ^\\Lu\\l (1.15)
u Z

The extra term | | |L u || | imposes a penalty to reduce the effect of small singular 

values. The common choices for operator L  are identity and first order and second 

order differential operators [53].

The minimizer of the damped least-squares problem (1.15) can be expressed as 

normal equations:

(K*K  +  \L*L)u  =  K * f  (1.16)

Tikhonov regularization-baded deblurring model can be efficiently computed in Fre

quency domain. One of the most important question is how to choose the A. In the
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framework of Tikhonov regularization, Long-existing Wiener Filter and Kalman are 

two typical algorithms for the damped least-squares problem where L is an identity 

operator. Wiener filter is direct method in Fourier domain while Kalman Filter is a 

recursive method in spacial domain [77, 43]. The operator L in the regularized filter 

of MATLAB is second order Laplacian operator. The choice of an appropriate regu

larization parameter A is crucial, and many methods have been proposed to compute 

A [34]. Tikhonov regularization is of ’’smooth roll-off” behavior because damping in 

effect raises all of the singular values of i f  by a fixed amount, the smallest singular 

values being substantially raised, while TSVD has ’’sharp cut-off” behavior because 

small singular values are cut off directly .

Tikhonov regularization schemes whose penalty functions are smooth functions 

of the image tend to perform poorly when the underlying true image contains sharp 

edges. In order to speed up computation, Tikhonov regularization can also be done 

in the Fourier domain. In other words, Tikhonov regularization schemes are Fourier- 

based methods and can control the amplification of noise during the inversion. But 

if the image presents spatially localized features such as edges, these features can 

not be well represented with Fourier basis functions, which extend over the entire 

spatial domain [66]. Several algorithms have been developed to remove noise as well 

as keep sharp edges. Neelanmani, Choi and Baraniuk proposed an hybrid Fourier- 

wavelet regularized deconvolution (ForWaRD) algorithm restoring edges of images 

well while removing additive noise via scalar shrinkage via both Fourier and wavelet 

domains [52], The Fourier shrinkage exploits the structure of the colored noise in

herent in deconvolution, while the wavelet shrinkage exploits the piecewise smooth 

structure of real-world signals and images. The code ForWaRD has exhibited impres

sive performance for image deblurring in all aspects except contrast preservation and
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artifact control. The restored images often have slightly lower contrast compared to 

the originals, as well as some ripple artifacts, but its computation is very fast.

Total variation was first introduced by Rudian, Osher, and Fatemi (ROF) for 

image denoising [63, 62], Minimizing total variation has the property of explicitly 

preserving sharp edges while removing noise and other unwanted small-scale details 

[17]. Therefore it is suitable space for image deblurring considering that denosing is 

the process of reducing image noise by image smoothing while deblurring is reducing 

image blur by image sharpening. Edges are intrinsic features of images and are im

portant in image understanding and visual communication [16]. Naturally, we obtain 

the deblurring model (1.8), where A > 0 is controls the trade-off between goodness of

fidelity and the total variation of the restored images. A theoretical analysis of the

deblurring model (1.8) can be found in [1],

For the deblurring model (1.8), several algorithms have been proposed. Most of 

the algorithms solve the Euler-Lagrange equations of (1.8).

v ' ll ^ f  } - \ I C { K u - f ] = 0  (1.17)

with the Neumann conditions along the boundary dVl. Because of existence of singu

larity, (1.17) is often regularized as follows:

V - [ ^ - l - A X * [ X « - / ] = 0  (1.18)

where the notation |a;|a denotes sjx1 +  a2 for some fixed positive parameter a.

Rudin and Osher proposed artificial time marching for image deblurring [62]. This
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amounts to assuming u is a function of time t (as well as space) and the solution of 

the original problem (1.8) is the steady state of u of the following differential equation

du _
dt

U =

g(u), t > 0 

u , t = 0
(1.19)

where g is a nonlinear elliptic partial differential operator with homogeneous Neumann 

boundary conditions

S(«) =  V • [twzt] — \K*[Ku  — /], x e nI Vu|

= o, x g on
(1.20)

After spatial discretization, explicit (forward Euler) time marching is applied to yields

uh+l = ut - T kg ( u ^ ) ,  k = 0 ,1 , . . . ( 1.21)

A line search can be added to select the step size t* in a manner which gives suffi

cient decrease in the objective functional to guarantee convergence to a minimizer. 

This is equivalent to the steepest descent of the objective function. This algorithm 

is easy to implement and converges to the unique minimizer. However, it may has 

rather undesirable asysmptotic convergence properties and result in very slow con

verge for many cases due to stability constraints. Obviously, one may apply other 

standard optimization methods with better convergence properties like nonlinear con

jugate gradient method or Newton’s method when near a minimizer. However, These 

methods assume that the objective functional depends smoothly on u and the serious 

nonlinearity and non-differentiability of the total variation term may often result in 

a loss of efficiency and robustness for higher order methods like Newton’s method.
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Lagged diffusivity fixed-point procedure devised by Vogel and Oman [76, 18] was 

presented to overcome the serious nonlinearity of diffusion operator by solving the 

following linearized equation instead of (1.18)

does not work satisfactorily, in the sense that its domain of convergence is extreme

Golub and Mulet [15] was introduced to overcome some of the singularity of the 

Euler-Lagrange equation caused by the non-differentiability of the total variation 

term. The key idea is to remove some of the singularity caused by total variation 

term and then apply Newton’s method. A new variable Tv — is introduced and 

(1.17) can be replaced by the following equivalent system:

and then linearize it by Newton’s method. In practice, the method is globally con

vergent and the local convergence rate is quadratic [10]. These methods give good 

results when treating pure denoising problems, but the algorithms may become ill- 

conditioned and suffer from the undesirable staircase effect, namely the transforma-

Vu(n+1)
‘ W h O  la

] -  AK*[Ku{n+1) -  f] = 0 ( 1 .22 )

with the Neumann condition. This method is a fixed point iteration and linearly 

convergent. It usually has practical robustness.

Due to the presence of the highly nonlinear term V • ( r Vu =), Newton method
- i / | V u | 2+ a '

small for small a. Interior-point primal-dual implicit quadratic method by Chan,

V • w -  \K*[Ku  -  /] =  0 

Tv |V«| — Vw =  0

(1.23)

(1.24)
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tion of smooth regions (ramps) into piecewise constant regions (stairs) in the cased of 

deblurring [49, 14]. Marquina and Osher proposed a new preconditioning technique 

to cancel the singularity of the Euler-Lagrange equation and their algorithm could 

reduce staircase effect for many cases [49]. Recently, Chambolle [11] devised an effi

cient algorithm solely based on the dual formulation of ROF model. It has proved to 

be efficient in purely denoising. However, it has not yet been applied to simultaneous 

deblurring and denoising.

Recently, Goldfarb and Yin [33] proposed a second-order cone programming (SOCP) 

method for total variation-based image denoising on 2005. This method can also be 

extended to image deblurring and give an very accurate solution. This method refor

mulated the original problems (1.8) as an SOCP model. A primal-dual interior point 

Newton algorithm can be applied to solve this SOCP problem. Standard interior-point 

methods for second-order cone programs require K*K  to be explicitly expressed, and 

a matrix involving K  and K * to be factorized at every iteration. Thus this approach 

requires excessive memory and becomes impractical for large-scale problems. How

ever, this method yields highly accurate solutions that can be used as references for 

evaluating solution qualities of other methods. Recently, iteratively reweighed norm 

algorithm for minimization of total variation functionals was proposed for image de

noising [60, 64]. While it works well for image denoising, its performance for image 

deconvolution has not proved to be very efficient as well.

In sum, for the deblurring algorithms based on Euler-Lagrange equation (1.17) and 

SOCP, their computational cost usually is quite large. In this paper, we propose a 

simple algorithmic framework for solving (1.8) that does not require any modification 

to the non-differentiable term || Vu||. We first replace the gradient Vu by a new 

variable w, and then penalize the discrepancy between w and Vu by the quadratic
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penalty term ((3/2) f Q ||w — V u||2dx. Our method then alternately updates w and 

u with an increasing penalty parameter (3 until “convergence” . At each iteration, 

the dominant computation is three fast Fourier transforms (FFTs), or alternatively 

three discrete cosine transforms (DCTs). The proposed framework is so simple that 

our MATLAB implementation contains only a few dozen lines. Yet, in numerical 

experiments our MATLAB code competes comfortably with C /C + +  implementations 

of two state-of-the-art algorithms.

1.3 Compressed Sensing

For a two-dimensional image u £ Rnxn, we treat it by vectorizing it into a long one

dimensional vector £ M.N, where N  = n2. A basic imaging reconstruction task in 

compressed sensing is to recover u from a series of linear measurements. Mathemati

cally, it can be restated in the language of linear algebra: the recovery of the original 

image u from the observation

f  = Au  (1.25)

where A £ R'mXjV and /  £ Mm are known and u £ M.N is unknown.

For compressed sensing, the number of measurers is far less than the dimension 

of the original signals, i.e. m  N.  That is to say, equation (1.25) is an under

determined linear system with fewer equations than unknowns and correspondingly 

it usually has an infinite number of solutions. Therefore, it is apparently impossible 

to identify which one of these candidate solutions is indeed the "correct” one if no 

additional information is provided.

But in many applications, the signal u we want to recover are sparse or compress
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ible under some transformation '■I', i.e. there exists a th £ RNxN such that

'Fit =  s (1.26)

where s E RNxl is the coefficient sequence under the transformation 'I' and only k 

components of s are non-zeros, where k <C N.  That is to say, the unknown image u 

depends upon only a smaller number of unknown parameters than N.

For example, natural images tend to be compressible in the discrete cosine trans

form (DCT) and wavelet. The DCT is central to the JPEG image compression 

standard and MPEG video compression, and is used billions of times daily to repre

sent images and videos. The wavelet transform is used in the JPEG-2000 compres

sion standard. The wavelet transform is a multi-scale representation of the image. 

Coarse-scale wavelet coefficients represent the low resolution image components and 

fine scale coefficients represent high resolution components. Each wavelet coefficient 

carries both spatial position and spatial frequency information at the same time. Au

dio signals and many communication signals are compressible in a localized Fourier 

basis.

Mathematically speaking and under sparsity assumptions, one may want to re

cover a signal u E M.N, whose coefficient sequence s of under an appropriate transfor

mation T is sparse, by solving the following combinatorial optimization problems.

min ||^u||o subject to Au = f  (1-27)

where ||s ||0 =  |{* : x% A  0}|. Since (1.27) is nonconvex and generally impossible to 

solve as its solution usually requires an intractable combinatorial search, one turns to

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



18

another common alternative by considering the following convex problems:

min ll^ulli subject to Au = f  (1-28)
ueRN

where || • || is /i-norm here. Models (1.28) and (1.27) differ in the choice of objective 

function, with the former using an l\ norm as a proxy for the literal Iq sparsity count.

A recent work has shown that perhaps surprisingly, there are conditions guaranteeing

a formal equivalence between the model (1.27) and its relaxation (1.28).

In the processing of measurement, noise are often unavoidable, i.e.

f  = Au  +  n (1-29)

where n is the added noise. Here we just consider Gaussian white noise with mean 

being 0 and standard deviation being a. The corresponding image reconstruction 

model becomes:

min ||tfu ||i subject to ||Au — / 1|2 < a2 (1.30)
u € R n

Instead of consider model (1.30), which is a constrained optimization problem, we 

consider its unconstrained alternative form:

min ||tfu ||i +  ^ \ \ A u -  f \\2 (1.31)ueRN L

where A > 0 is the Lagrange parameter which control the balance of fidelity of the 

reconstruction and /1-norm constraint, and is closely with the noise level.

If we make measurement matrix A abide by some uncertainty principle, we can 

recover the original image by incomplete measurements, i.e k < m  < N.  We will not

go into details about how to choose measurement matrix A  here. Readers interested
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in this topic can refer to [3, 27] and therein. 

If $  is invertible, we can rewrite (1.31) as

m j n  | | s | | i  +  - | | A t  — / | | (1.32)

where u — ^  bs. Model (1.32) have been being widely studied in many applications 

of compressed sensing [27, 3, 79, 19, 37].

We will consider an important special case of (1.31), where is the first order 

forward finite difference operator, which is not invertible. The corresponding recon

struction model is as follows:

where | • |i is 1-norm.

Model (1.33) is being widely used in Magnetic Resonance Imaging (MRI, in short) 

reconstruction, where compressed sensing is playing a more and more important role 

[48]. As many other natural images, most MR images are sparse in an appropriate 

transform domain. To begin with, consider angiograms, which are images of blood 

vessels in the body. These images contain primarily contrast-enhanced blood vessels 

in a sea of void and look sparse to the naked eye. Equivalently, they are already sparse 

in the pixel domain, so here the sparsifying transform is the identity transform. Some 

brain images are piecewise smooth and their gradient field is sparse; the sparsifying

mm
iieR"x

(1.33)

where total variation use the anisotropic discritization as follows:

n n

i= 1 j = 1
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transform is spatial finite-differences. More complex imagery can be sparsified in more 

sophisticated domains, such as the discrete cosine transform domain or the wavelet 

domain. The enthusiasm of MRI researchers for compressed sensing is mainly driven 

by two factors. First, MRI is very well suited to compressed sensing in the sense 

that the assumptions behind the compress sensing theory are easy to justify in MRI. 

Second, the proposed applications in MRI offer quite significant benefits in imaging 

speed, which will improve patient care and reduce costs a lot

There have been many existing algorithms for (1.33). As far as we know, some 

of them rewrite (1.33) as some kind of second order cone programming formula, 

then applies various interior-point algorithms to solve the resulting second order cone 

programming problem [29, 33, 45]. This kind of algorithms may work well for small 

or medium problems, but are often inefficient in terms of computing costs for large 

scale problems. Therefore, faster algorithms for (1.33) are required, at least in case 

of large scale problems.

In my thesis, a fixed point iteration algorithm based on operator splitting for (1.33) 

is presented. It belongs to the family of iterative-thresholding algorithms, which has 

been widely used to solve (1.32). The specific idea of our algorithm is similar with 

that of solving (1.32) in [37] except that the soft-thresholding (shrinkage) operator is 

ROF model instead, which was first presented for image denoising in [63]. The succuss 

of our fixed point iteration owns a lot to the newly emerging efficient graph based 

algorithms [30, 23, 32] for the ROF model. The global convergence of our algorithm 

will be proved and its practical performance will be demonstrated by several numerical 

experiments.
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1.4 Thesis Structure

The rest of the paper is organized as follows. In Section 2, we propose an alternative 

minimization algorithm for the image deconvolution model (1 .8 ) and prove its global 

convergence. In Section 3, we propose a fixed point iteration algorithm for image 

reconstruction model (1.9) emerging in compressed sensing and also prove its global 

convergence. In Chapter 4, for the image deblurring case, we compare the proposed 

alternative minimization algorithm with some other existing algorithms. Its superior 

performance will be demonstrated through several numerical experiments. In Chapter 

5, for case of image reconstruction in compressed sensing, we compare the proposed 

fixe point iteration algorithm with second order cone programming by conducting 

several numerical experiments and present its outstanding performance in practice.
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C hapter 2 

Fast A lgorithm s for Total 

V ariation-based D econvolution

In this chapter, we present a new algorithm for the deblurring model (1.8), which is 

restated as follows:

min [  || Vu(x)||da: +  ^  f  \Ku(x) -  f (x ) \2dx
u e L 2(ti) J n  i  J n

where /  and u are real valued functions in Hilbert space L2(£l); A > 0 is Lagrange 

paremeter; A  is a linear convolution operator and || • || is 2-norm.

2.1 A Family of Approximated M odels

In this section, we will present a family of models, whose solutions are approaching 

that of (1.8). In the next section, a fast algorithm algorithm will be presented for 

this family of models.

By introducing a new variable w to represent the gradient term V u  in model (1.8),

22
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we get its an equivalent, constrained convex minimization problem:

min f  ||w||da: +  ^  [  \Ku — f \ 2dx  (2.1)
“ >w  J n  2 Jn
s.t. w(x)  =  Vu(x), x € fl.

We consider the following family of models, which is associated with the parameter 

/ ? > 0 .

min f  ||w||dx +  -  [  \Ku  — f \ 2dx  +  ^  [  ||w — V u||2da; (2.2)
w >“  J n  2 J n  2 J n

where (3 > 0 is the penalty parameter. It is well-known (see [2], for example) that as

(3 goes to infinity, the solution of the convex minimization problem (2.2) converges to

that of (2.1), or of (1.8). In practical computation, we can not let (3 to be infinitely

large. However, if we can let (3 be large enough, the solution of (2.2) can be a good

approximation of the solution of (1 .8 ) to a requested accuracy.

Let (U, W ) denote the set of stationary points of (2.2), which coincides with the

set of optimal solutions of (2 .2 ), because its objective function is convex.

2.2 Alternating Minimization

Choosing a very large j3, we can expect that the solution of (2.1) is a good approxi

mation of our image deblurring model (1.8). In this section, a new algorithm to solve

(2 .1 ) will be presented.

Let us consider the discrete form of the problem (2 .1), since in practical appli

cations, people use its discrete form, instead of its original continuous form. We let 

matrix /  € R"x" represent a two-dimensional gray-scale digital image, where each 

component fij is the intensity value of pixel (i, j )  for i, j  € {1,2, • • • , n}. Similarly, we 

let matrix u G Rnxn represent the unknown image to be restored. For simplicity we
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have tacitly assumed that the images are square images, though rectangular images 

can be treated in exactly the same way.

Let us define the forward finite difference operator d+ : Rnx" —» ]gmxnx2 dy

(d+u). (  ( d t u h  ^

(d£u) *7

( _ \
î+1 J IHj

U,i,j+ 1 U%j
(2.3)

for i, j  =  1, • • • , n with appropriate boundary adjustments for i = n and j  = n. We 

mention that other finite difference operators also work in the proposed algorithmic 

framework as long as they can be represented as discrete convolution operators. 

Under the above definitions, the corresponding discrete form of (2.2) is

n a n \
min l|wy || +  -  Y  W(d+Uh  ~  wb f  +  ~\\K u  ~  f  II2

F! (2.4)
* * 7 = 1

where K  : Mnxn —> Mnx” is a discrete convolution operator, || • \\p is the Frobenius 

jnxnxa andnorm, w €

w,
/

V ( w 2 ) i j

\

/

€ R2, i , j  e {1 , 2 , • • • ,n}.

Notice that in the first term, || • || here can be 2-norm or 1-norm, i.e. we can use either 

the isotropic or anisotrpic discretization of total variation. Since the choice of the 

way of discretization does not effect the main idea of our algorithm, we can choose 

either discretization. Here we use the isotropic discretization as demonstrations, i.e., 

|| • || is 2-norm. In the middle term, we use 2-norm. As we have said, the last term 

uses the Frobenius norm.

We will solve problem (2.4) by alternately minimizing the objective function with
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respect to w while fixing u, and vice versa. As such, we need to solve two types of 

subproblems. One is the so-called “w-subproblem” for a fixed u:

min J 2  || +  |wy -  , (2.5)
i , j= 1

where we observe that the objective function, which consists of the first two terms in 

(2.4), is separable for each w i j .

The other subproblem is the “u-subproblem” for a fixed w:

m in^ ||K u  -  f\\% +  ^ \ \d fu  -  uq ||% +  | | | ^ u -  tu2| | |  (2.6)
U  I  I  I

where d fu  =  [id^u)ij] G E nx”, w\ = [(rui),j] G M”xn, and so on. It is easy to see that 

the above objective function is just another expression of the last two terms in (2.4).

Obviously, the effectiveness of our alternating minimization approach will largely 

depend on how fast we can solve the two subproblems. We now show that indeed 

these two subproblems can be solved by very fast procedures.

It is not difficult to verify that the w-subproblem permits a closed-form solution:

w ij = max |̂|(<9+-»)»J -  -^,0^ |||g +^ , | | » 1 < M  < «, (2-7)

where we follow the convention 0- (0/0) =  0. The calculation in (2.7) has a linear-time 

complexity of order 0 (n 2) for an n  by n image. Hence, the w-subproblem can be 

solved quickly.

The u-subproblem is a linear least-squares problem with a special structure; that 

is, the three involved linear operators, K ,  A/ and A/, are all discrete convolutions. 

Hence, according to the well-known convolution theorem (see [?], for example), these 

operators become point-wise products under the Fourier transform (as well as under
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a number of other transforms).

Let J-'(u) denote the discrete Fourier transform of u, and similarly for other quan

tities in R"x". Since the Fourier transform does not change the Frobenius norm 

(Parseval’s theorem) and converts convolutions into point-wise products, the least 

squares problem (2.6) takes the following form in the Fourier frequency domain:

min ||^(h)oJF(u ) —^ ( / ) | | | + 7  (11^(3+) o T(u) -  T ( Wl)\\2F +  ||T { d t)  o ^ (« ) -  H w 2)\\2F)

(2 .8)

where “o” denotes element-wise multiplication and 7  =  /3/A. After solving the above 

problem for T (u), we take an inverse discrete Fourier transform, (•), to obtain 

the solution to the u-subproblem (2.6) in the image space, that is,

=  ( H h y  o h d + t  ( n s t r  °  H m ) + n a t r  ° h *»)) )  , ,
o :f u ,) +  7 [ F W i r  o T ib * )  +  r m y  o r ( a } ) )  j  '

where denotes complex conjugacy and the division is element-wise.

For any given (3 > 0, we will solve problem (2.4) by applying formulas (2.7) and 

(2.9) alternately, starting from an initial u.

We observe that in the right-hand side of (2.9) only w\ and W2  change at every 

iteration. Hence the solution of the u-subproblem (2.6) requires two fast Fourier trans

forms and one inverse transform and a total complexity in the order of 0 (n2 log(n2)) =  

0(n? log(n)). Clearly, the discrete Fourier transform T  can be replaced by the dis

crete cosine transform, which also avoids the use of complex conjugacy. The discrete 

cosine transform entails the same complexity 0{n2 log(n)) as the discrete Fourier 

transform, but implies an even extension of the data rather than a periodic extension 

with the discrete Fourier transform. This difference in boundary conditions may af

fect the accuracies of image processing. For further discussion on this topic, we refer
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the interested reader to the book [57].

2.3 An Alternating M inimization Continuation Al

gorithm: FTVd

How well the solution of (2.4) approximates that of (1.8) or its constrained equivalent

(2.1) depends on the magnitude of (3 which determines the amount of penalty applied 

to the discrepancy between Vu and w in the squared L2-distance. In order to achieve 

satisfying approximation, we usually set ,6 to be a very large value. However, there 

are some difficulties coming up with large /?. It should be clear from the w-updating 

formula (2.7) that the larger the (3 is, the less the amount of update applied to 

w (and subsequently to u), making the algorithm take tiny steps and many more 

iterations. However, if we can efficiently get a good starting point which is very close 

to the solution of (2.4), then our algorithm can still achieve satisfying performance. 

We obtain a good starting point by using a continuation strategy, which generates 

an increasing sequence of (3. That is, we start with a small (3 value and gradually 

increase it to the set value, while using the approximate solution obtained for the 

current 3 value as the initial guess for the next (3 value. To test the viability of

the proposed continuation (or path-following) algorithmic framework, we choose to 

implement a most basic version of the framework, which we call “Fast Total Variation 

de-convolution” or FTVd, as is given below.

Algorithm  FTVd:

In p u t:  / ,  tol > 0, A >  0

Initialize: f3 > 0, u = /  and up = 0, Select 0 < f3\ < /?2 < • • • < (3l =  P-

For 0  =  pi, fa, ■■■, Pl Do
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W hile ||u — up\\p > tol ||w p | | f , Do

1) Save the previous iterate: up = u.

2 ) Compute w according to (2.7) for fixed u.

3) Compute u according to (2.9) for fixed w.

End Do

End Do 

Output: u

This procedure contains two loops of iterations where each outer iteration corre

sponds to a fixed (3 value. One can easily modify the above framework to make it 

more flexible. For example, one could implement an adaptive tolerance that varies 

with (3 from one outer iteration to another, or use some other stopping criterion for 

the inner iterations.

In our numerical experiments, we used the following “default” parameter setting. 

For model (2.4), we set the value of f3 to 220. For FTVd, f3\ = 22, /32 =  23, . . . ,  (3l = 220 

and the inner-loop tolerance to tol — 5.0 x 10~ 4 constantly. This very basic version 

of implementation has proved to be sufficiently effective to serve the purpose of our 

proof-of-concept experiments.

2.4 Global Convergence Analysis

We will study the global convergence of FTVd applied to the following problem:

n  (3  n  \

min s(w ,u) := ^  ||wy || +  - J  ||(3+u)y -  wi:,-||2 +  - \ \K u  -  f  | | | ,  (2.10)
i , j= 1 1

i.e. whether or not the sequence of {u} generated by FTVd is approaching the exact 

solution of (2.4).
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For simplicity of analysis, we will not take continuation scheme into consideration, 

i.e. we just use a single (3 in FTVd. We can do this, because continuation scheme only 

efficiently provides a good starting point and does not effect the global convergence of 

FTVd. In the following parts, we will mainly use Frobenius norm and its extension, 

i.e. when we consider the norm of u, f  € R"x” and w, d+,u t  Rnx”x25 we use the 2 - 

norm of their corresponding 1-dimensional long vectors. For example, as an extension 

of Frobenius norm, we define a norm for w € nxnx2 as follows:

IMI = Ilw(0 ll2

where w(:) is a long 1-dimensional vector reshaped by w, and || • || is 2-norm.

FTVd belongs to the family of alternative minimization algorithms, which has 

been well studied in [8 , 7]. [8 , 7] showed that without the following assumption, there 

can be no convergence theory in any case. With the general convergence theory about 

alternative minimization in [8 , 7, 73], we also know that the limit of every convergence 

subsequence of {'«} sequence generated by FTVd is a solution of (2.10). If the solution 

of model (2.10) is unique, then the convergence of FTVd is also correspondingly 

proved. However, the solution of model (2.10) may not be unique. In such cases, the 

theory in [8 , 7, 73] fails to show the convergence of FTVd. However, by considering 

FTVd as a fixed point iteration, we can go further and prove that the sequence of 

{«} converges, i.e. all the subsequences of it have the same limit even though the 

solution of (2 .1 0 ) is not unique.

Since g(w, u) is convex in terms of w and u, its optimal conditions can be written
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as follows:

Sm. =  o
du u

$9- =  03w u

which is equivalent to the following form:

u = ((d+)*d+ + jjK*K) +  (<9+)*w) := h(w)
(2 .11)

w =  argminw YTi,j=i (llwy II +  I I I ~  (d+«)q-||2) := s(u)

Therefore the optimal conditions of (2.10) for u is

u = ho  s(u). (2 .1 2 )

The optimal condition of (2.10) for w is

w  — s o h(w) (2-13)

Notice that the w-subproblem and u-subproblem in FTVd algorithm corresponds 

to w  =  s(u) and u = h(w), respectively. Therefore, FTVd can be considered as a 

fixed point iteration algorithm derived from (2.12) or (2.13).

Divide the operator s(u) into two operators, i.e. s = Si o s2, where

”  ̂ /  Q \
w =  Si(y) = arg min ^  ( ||wy || +  - | |w y -  y ^ f  J

i , j = 1 '  2

y = s2(u) = d+u
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Therefore, (2.13) can be rewritten as

w =  si o S2 o /i(w) (2-14)

You can see later that (2.14) is a more convenient form to prove the global conver

gence than (2.13).

The following theorem is a fundamental theorem in my thesis. The contract of 

many operators can be derived from it.

T heorem  2.4.1. Given a Hilbert space H  and any monotone operator T  : H TL,

T | := (I +  7 T)~x is a well-defined and non-expansive operator for 7  > 0, i.e.,

WT^v1) - T ^ ( v 2)\\ < {{v1 -  v2\\, 'iv1,v2 £ H .  (2.15)

When (2.15) holds with equality, T ^ v 1) — T^iv2) = v1 — v2.

Proof. Let v% £ u% +  7 T(ul) =  (I +  7 T)(u*), i — 1,2. Then, there exists pl £ T(u l)

such that

vl =  ul +  7 pl, i ~  1 , 2 . (2.16)

Therefore,

Hv1 — u2 ||2 =  IKu1 — u2) +  (7P1 — 7P2) ||2

=  Hu1 — u 2 \\2 +  2 (7p 1 — 7p 2 , u l — u 2) +  H7P1 — 7P2||2

=  ll̂ x1 — a2||2 +  2 ( 7 p1 — j p 2,v} — u2) +  W'yp1 — 7P2||2-
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In the last line of the above equation,

H7 P1 - 7 P 2 ||2 > 0, (2.17)

and since T  is monotone,

(7 P1 ~  7 P2, ul ~  v?) >  0 . (2-18)

Therefore, Hu1 — u2\\ < Hu1 — n2||. First, this shows that T 1' is an operator since 

v1 — v2 necessarily means u1 = u2. Second, as it* =  T^(vl), i — 1,2, the inequality 

indicates that is non-expansive.

Clearly, when (2.15) holds with equality, (2.17) also does, and thus p1 = p2. 

Finally, T^(v}) — T^{v2) = v1 — v2 follows from (2.16). □

Let /(w) := llwoll) T  = dl and 7 — where dl is the subderivative of I.

The contract of the operator Si can be derived directly from Theorem 2.4.1 as follows:

Lemma 2.4.1. si(-) is non-expansive, i.e.,

||s1(u1) -  S l (u2)|| < Hu1 -  u 2 ||, Vu1, v2 € R n x"x2. (2.19)

When (3.11) holds with equality, si(u1) — Si(u2) — v1 — v2.

Now we begin to prove the contract of the operator s2oh(-) in the following lemma: 

Lemma 2.4.2.

||s2 O h(w *) -  s2 o /t(w2)|| <  llw1 -  w 2||, Vw1, w 2 e Rnxrix2. (2.20)

Moreover, s2 o h fw 1) — s2 0 h(w 2) =  w 1 — w 2 whenever the equality holds in (2.20). 

Proof. Define K  E R"xn such that Ku{\) =  (K u )( :), where u E R nx”
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Define P  € R2nxri such that Pu(:) = (d+u)(:), where u G R nx”

| s 2 °  h(wi) -  s 2 o h(w2)|| =  ||<9+((<9+)*<9+ + ~3 K *K) ] (3+ ) * ( w i  -  w2)||2

= ||p(p*p + |i?*A:)-1p*(w1(:) -  W2 (0 ) II2

< ||P(P*P + ^/CJfJ-'P-lblKw,):) -  w2(:))||2

< l|P(P*P + jK * K Y 'P '\ \2\\w-i -  w2||

< | |w x -w 2||

Let the symmetric positive semi-definite G have the eigenvalue decomposition 

G =  Q* Q, where Q*Q =  I  and is diagonal matrix. Then 

Assume that

||s2 o h^w1) — s2 o h(w2)\\ =

=>

HGCw1 - w 2)|| =  || w 1 — w 21|. 

^ ^ ^ ( w ^ w ^ l H l l w ^ - w 2!!

H ^ Q l w 1 -  w 2)|| =  HQCw1 -  w 2)||

y ;  (^(w1 — w 2) =  <2(w l — w 2) Because 0 <  < 1

Q* ^ 2  Q(ul ~ u2) = Q*Q(.ul — u2)

G{w 1 -  w 2) =  w 1 -  w 2

s2 o ^(w 1) — s2 o hiw 2) =  w 1 — w 2
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□

The following lemma presents a sufficient condition for determining a fixed point. 

Lem m a 2.4.3. Let w be a fixed point of the operator T, i.e. T (w) =  w. If

||w — w|| =  ||T(w) — T(w)||, (2-21)

then w is also a fixed point o fT .  i.e.,

w =  T(w). (2.22)

where T  = si o s2 o h.

Proof. Recall that Si is non-expansive and s2 ° h is non-expansive in || • ||.

||w —w|| =  ||T(w)— T(w)|| =  ||sios2o/i(w))—Sios2oh(w))|| < ||s2o/i(w)—s2oh(w)|| <  ||w —w

Therefore, | | o  s2 ° h(w) — o s2 o h(w)|| =  ||s2 o h(w) — s2 ° h(w)||, and it follows 

from Lemma 2.4.1

Si o s2 o h(w) -  Si o s2 o h(w) =  s2 o h(w) — s2 o h(w).

Rewriting this equation, we get

Si o s2 o h(w) =  w +  s2 o h(w) — s2 o h(w). (2.23)

||s2 o h(w) — s2 o h(w)|| =  ||w — w|| (2.24)

From Lemma 2.4.2, we have s2 o h(w) — s2 o h(w) =  w — w. Therefore, T(w) =
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6x0 52° h(w) = W. □

With all these lemmas above, we are ready to prove the following two convergence 

theorems, which are concerned with the fixed point iterations (2.13) and (2.12), re

spectively.

Theorem 2.4.2. The sequence {w fc}, generated by FTVd, i.e, the fixed point itera

tions (2.13) from any starting point w°, converges to a fixed point w.

Proof. To show that {wfe} converges, we first show that {wfc} has a limit point, then 

argue that the limit point is a fixed point according to Lemma 2.4.3, and finally prove 

its uniqueness.

Since T  := s o h := Sx o s2 ° h is non-expansive, {wfc} lies in a compact set and 

thus has a limit point, denoted by

w =  lim w kj.
j-* OO

Let w* to an arbitrary fixed point of T, i.e. T(w*) =  w*. Then we have

||wfc -  w*|| =  {||Twfe_1 -  Tw*|| < Hw*-1 -  w*||

i.e. the sequence {||w fc — w*||} is monotonically non-increasing. Therefore it has a 

limit. Let w be an arbitrary limit point of {wfc} and we have

llw -  w*|| > lim ||wfc -  w*|| > llw -  w*||
k —to o

Therefore

||w -  w*|| =  lim ||wfc -  w*|| (2.25)
k —>oo
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In other words, all limit points, if more than one exist, have an equal distance to w*. 

By the continuity of T,

T(w) =  lim T (w kj) =  lim w**+1,j—>00 j->oo

so T (w) is also a limit point of {wfc}. Therefore, we have

||w — w*|| =  ||T(w) — w*|| =  ||T(w) — T(w*)||,

which allows us to apply Lemma 2.4.3 to conclude T(w) =  w and equivalently, w is 

a fixed point.

Finally, the convergence follows from (2.25) with w* replaced by w. □

Theorem 2.4.3. The sequence {ufc}, generated by FTVd, i.e, the fixed point itera

tions (2.12) from any starting point u°, converges to a fixed point u.

Proof. Let {uk} be the u-sequence generated by FTVd. Since u =  /i(w) is continuous, 

we have

lim uk+1 =  lim h(wk) = h( lim w fc) =  h{w) =  u G U.
k —>oc h — ^ 0 0  k — > 0 0

where w is a fixed point of (2.13) and k — 0 ,1 ,2 ,__  □

From theorems 2.4.2 and 2.4.3, we know that the sequence {uk, w fe} generated 

by FTVd converges to a solution of the model (2.10), whose u-solutions are good 

approximations to the solution of the original deconvolution model (1.8) if ft is large 

enough.
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C hapter 3 

F ixed Point C ontinuation  

A lgorithm  A pplied in Com pressed  

Sensing

In this chapter, we will present a new fast algorithm for the image construction model 

(1.33) emerging in compressed sensing, which is restated as follows:

m i n TV(u)  +  ^ I I M O  -  / I I 2wgR- 2t

where N  — n2; u £ R”xn and f  £ Mm is the original image and the observation, 

respectively; A  £ WmxN is the measurement matrix; u(:) £ M.N is the column-wise 

vector of u. || • || is 2-norm.

n n

T r ( a )  =  ^ 5 Z | |V u iJ ||i
i=1 j=1

37
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where V u ij  E R2 can be computed by first order finite differences

f  \
Ui+ij Uij

for i, j  = 1, • • • , n  with appropriate boundary adjustments for i = n and j  = n. || • || 

is 1-norm, i.e. we use the anisotropic discretization of total variation here.

For simplicity, we will write u(:) as u in the following parts because their distinct

ness mainly lies in dimensions and we can easily which one is used in the context of 

dimensions. Therefore, (1.33) can be further rewritten as

m inTV(u)  +  ^ \ \ A u -  f\\2
u 2

Note that for simplicity we have tacitly assumed that the images are square images, 

though rectangular images can be treated in exactly the same way.

3.1 Fixed-Point Iterations

Let U denote the set of stationary points of (1.33), which coincides with the set of 

optimal solutions, because the objective function of (1.33) is convex. Let dT V (u ) 

denote the set of subgradients of the convex functional T V  at u, and let p(u) G 

dTV(u). g(u) =  A*(Au — / ) ,  where A* is the adjoint operator of A. Using these 

definitions, we have

u  E U 3 p ( u )  G dTV(u), p ( u ) +  Ag ( u )  = 0. (3.1)
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We start by stating a different stationary condition for problem (1.33) in the following 

proposition.

P ro p o sitio n  3.1.1. For any scalar r  > 0, u € U if and only if

3 p{u) € dTViu), such that r  o p{u) +  A{u — hT(u)) =  0, (3.2)

where hT(u) = u — rg{u).

Proof. The proof is almost trivial: It is enough to notice the equivalence between 

r  o p(u) +  (u — hT(u)) =  t  o (p{u) +  \g(u)) —  0

and p(u) +  Ag{u) =  0, and then apply the stationary condition (3.1). □

Since the condition (3.2) is the optimality condition for the unique solution of the

following ROF model [63] with the input v =  hT(u), which is assumed fixed:

minrTV'(u) +  ^ ||u  — v||2 (3.3)
u 2

we can immediately get the following proposition.

P ro p o sitio n  3.1.2. For any scalar t > 0, u £ U if and only if

u = sv o hT(u) (3.4)

where

hr{u) =  u — rg{u) (3.5)

sT{v) — t min TV(u) +  ^ ||u  — u||2 (3.6)
u 2
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Then, proposition 3.1.2 motivated us to suggest the following fixed-point itera

tions:

uk+1 ■= TT(uk) =  sr O hT(uk), T  > 0, k  = 1 ,2 , . . . .  (3.7)

The stationary condition (3.4) can also be derived using forward-backward split

ting operators [37]. By letting Ti := d T V (•) and T2 =  g(-), we can establish

u G U  <=> 0 € (T i+ T 2)(«)

4=4- 0 G (tTx +  tT2)(u)

4=4 0 € — (rTi + tT2)(u)

4=» (I + r T i )u € (I - r T 2)(u)

<{=> « = ( I  + rT1) - 1( I - r T 2)(M).

It can be easily seen that sT = (I +  rT i)~ ' and hr = l — tT 2.

Our idea of deriving (3.4) and applying (3.7) to solve the problem (1.33) was 

motivated by the recent discovery of super fast methods for solving the ROF model 

(3.3) in [30, 23, 32], These methods are based on the idea of slicing the ROF energy 

into gray-scale levels, using max-flow/min-cut algorithms to identify the binary so

lutions at all levels, and reconstructing the ROF solution as the sum of the binary 

solutions according to the level set theory [55]. The computation is further sped 

up by applying the tricks of divide-and-conquer [24] and parametric max-flows [31]. 

The authors and the scholars at UCLA who performed numerical tests reported that 

the MATLAB/C++ code [32] is roughly 50 times faster than their PDE-based and

second-order cone programming-based codes for generating visually indistinguishable 

solutions of the ROF model (3.3). In particular, the fast code allows to process large- 

scale three-dimensional brain MRI images in a reasonable amount of time. However,
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the code does not directly solve, for example, the TV-based images reconstruction 

problem (1.33) since the data fidelity term involving the non-identity operator A  can

not be modeled by a simple flow network on which the max-flow/min-cut algorithms 

works. [56] also shows us that the graph-cuts algorithm can not be directly applied 

to most deblurring kernels. Therefor, we propose the fixed point iterations (3.7) 

as a solution to this difficulty by decoupling the operator A  with the ROF energy 

minimization so that the fast max-flow/min-cut based code can be applied. Among 

various max-flow/min-cut algorithms, we use the parametric maximal flow algorithm 

presented in [32] in my thesis.

3.2 A Fixed Point Continuation Algorithm: FPC_TV

In compress sensing application, A is typically very large. Using a single large A is far 

from desirable because theoretical analysis and practical experiments show that larger 

A results in a slower convergence rate and even worse, larger A slows down the speed 

of our max-flow/min-cut algorithm solving the subproblem u =  hT{y). To overcome 

this issue, we present a continuation strategy for A. In particular, we propose solving 

a sequence of problem (1.33) defined by an increasing sequence {A ;}^. We start 

with a small Ai and use its solution of the problem (1.33) associate with Ai as the 

starting point for the next problem associated with A2 , and so on until we come the 

problem (1.33) associated with Al , which is equal to A. Basically, the continuation 

scheme here share the same idea with that used in FTVd introduced in last chapter 

and is trying to efficiently find a good starting point for our fixed point iteration.

As for the param eter r ,  we always choose

r  e  (0,2/Amax) (3.8)
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where Xmax is the largest eigenvalues of A*A. (3.8) guarantees that fyr) =  /(•) — rg(-) 

is non-expansive on M.N. The convergence analysis of our fixed point iteration in the 

next section assumes that (3.8) holds.

Intuitively, hT(-) is a gradient descent step for the fidelity term || |A u —/ | | 2. It may 

be not wise to set a constant r  € (0,2/Xmax) during all the fixed point iteration steps, 

since fixed point iteration itself can not guaranteed fast convergence rate. Therefore, 

we adopt the Barzilai-Borwein (BB) approach [4] to choose r  instead. BB approach 

uses gradient direction as search direction and chooses step size such that a certain 

quasi-Newton property is achieved. One popular variant of BB step is proposed as 

follows:
(u(fe+1) — u{k))T(u(-k+1'> — u ^ )  S-k T̂ dXk^

T =  («(*+D -  u ^ ) TA*A{u^k+l) -  u « )  =  d(k)TA*Ad(k)

BB approach has proved to be an efficient way of choosing step size in many 

gradient-based algorithms and it also greatly accelerates the convergence of our fixed 

point iteration according to our numerical experiments. The BB step size r  of each 

iteration is often beyond (0, ) and therefore the global convergence of the fixed

point iteration can not be guaranteed in the theory of my thesis. However, in practice, 

BB step works very well. A further investigation of BB step’s distinguished practical 

performance is necessary and worthwhile.

A basic framework of our fixed point continuation iteration for total variation 

minimization (FPC.TV, in short) can be described as follows:

A lgorithm  FPC_TV

Input: / ,  u° and A > 0.

Initialize: Select 0 < Ai < A2 < . . .  < XL =  A. Set u = u°.

For A =  Ai, A2, . . . ,  XL Do

W hile ’’not converged” , Do
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Select r  and u <— sT o hT{u).

E nd  Do 

E nd  Do 

O u tp u t: u

Each iteration mainly consists of computing v — hT(u) and u — sT{y). The time 

complexity for solving v = hT(u) is in the order of 0 (n 2m), which can be further 

reduced if some fast algorithms for the matrix-vector products are available. The 

time complexity for solving u =  sT(v) with the parametric max-flow algorithm in [32] 

is in the order of 0 (n 2 log n +  2pn log n), where p is the bit number of gray-scale level 

and p = 16 in our numerical experiments. Therefore, the total time complexity of 

each iteration is 0 (n 2m  +  n2 log n +  2pn log n ).

3.3 Global Convergence Analysis

In this part, we will prove the global convergence of FPC_TV, i.e. its generated re

sequence converges to a fixed point of our original image restoration model (1.33). 

We will not take BB-step into consideration here and it will be further investigated in 

our future research. For simplicity of analysis, we will not take continuation scheme 

into consideration, either, i.e. we just use a single A in FPC-TV. We can do this, 

because continuation scheme only efficiently provides a good starting point for our 

algorithm and does not effect its the global convergence.

Recall that [21] has already gave a complete analysis of global convergence of fixed 

point iteration algorithms with forward-backward splitting operators and proved its 

weak convergence. Global strong (norm) convergence is proved in [25], but just for a 

specific r . In the following part, we will prove the strong convergence of our specific
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fixed point iteration algorithm for all r  € (0, 2/Xmax).

First of all, we restate a lemma which has been proved in [37]. It is concerned

with the contract of the operator hT(-) and will be used to prove our main global

convergence theorem later.

Lemma 3.3.1. / / r e  (0,2/Xmax) where Xmax is the largest eigenvalue of A* A, then 

hT(-) =  I — rg(-) is non-expansive, i.e., for any € R N,

||hT(ul ) — hT(u2) || < Hu1 — u2||. (3.10)

Moreover, giu1) =  g(u2) whenever the equality holds in (3.10).

The following lemma presents the contract of the operator sT. It can be derived 

from Theorem 2.4.1 with T  =  d T V  and 7 = j-

Lemma 3.3.2. sT(-) is non-expansive, i.e.,

Hs^n1) -  sr (u2)|| <  Hu1 -  d2||, \/v\ v2 e  Rnx”. (3.11)

When (3.11) holds with equality, sT(^1) — sr (v2) = v1 — v2.

Making use of the contract property of operators hT(-) and .sy(-), we can prove the 

following lemma, which provides a sufficient condition for determining a fixed point.

Lemma 3.3.3. Let u is a fixed point. I f

| | n - n | |  =  ||TT( u ) - T r (ii)||, (3.12)

then u is also fixed point (hence a stationary solution of problem (3.7), or an optimal 

solution of problem (1.33). i.e.,

u = Tt(u). (3.13)
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Proof. Since both of the operators sr and hT are non-expansive, we have

||u — ti|| =  \\Tt(u) — Tt («)|| =  ||sT(hT(u)) — sT(hT(n))|| < ||h(u) — h(u)\\ < ||u — €t||.

Therefore, ||sT(/iT(u)) — sT(hT(u)) || =  \\h(u) — h(u) ||, and it follows from Lemma 3.3.2 

that

sT(hT(u)) — sT(hT(u)) =  hT(u) — hT(u). (3-14)

Similarly, we have \\hT(u) — hT(u)\\ = \\u — n||, and it follows from Lemma 3.3.1 that

g(u) -  g{u) =  0 .

Since u is a fixed point, we have

sr (hT(u)) = u

Rewriting the equation (3.14), we get

sT(hT{u)) = u -  r{g(u) -  g(u)) =  u. (3.15)

Therefore, Tr (u) = sT{hT{u)) = u. □

With all the three Lammas above, we can prove the global convergence of our 

fixed point iteration algorithm (FPCLTV) as follows:

T heorem  3.3.1. The sequence {uk}, generated by the fixed point iterations (3.7) from 

any starting point u° e  M”x” ; converges to a fixed point u e  U, if r  € (0, 2/Xmax) 

where Xmax is the largest eigenvalue of A* A.

Proof. To show that {uk} converges, we first show that {ufc} has a limit point, then

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



46

argue that the limit point is a fixed point according to Lemma 3.3.3, and finally prove 

its uniqueness.

Since Tt is non-expansive, {uk} lies in a compact set in and thus has a limit 

point, denoted by

fi = lim ukj.
j-K ’O

Let u* to an arbitrary fixed point of T, i.e. T(uk) =  u*. Then we have

||uk -  u*|| =  {||T u 1*-1 -  T V || < Hu*"1 -  u*||

i.e. the sequence {||«fc — fi*||} is monotonically non-increasing. Therefore it has a 

limit

||u* — fiH =  lim 11it* —uk||, (3.16)k—too

where fi can be replaced by any limit point of {uk}. In other words, all limit points, 

if more than one exist, have an equal distance to u*.

By the continuity of Tt ,

Tt(u) =  lim TT(vkj) = lim
j  too j ^ o o

so 7V (fi) is also a limit point of {uk}. Therefore, we have

||u* -  fi|| =  ||Tr (fi) -  u*|| =  ||Tr (fi) -  7V(«*)II,

which allows us to apply Lemma 3.3.3 to conclude Tr (fi) =  fi and equivalently, f i e f / .  

Finally, the convergence follows from (3.16) with u* replaced by fi. □
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Chapter 4

N um erical R esu lts o f FT V d

4.1 Numerical Experiments

In this chapter, we want to demonstrate the effectiveness of FTVd to solve the fol

lowing image-deconvolution model:

min T V (u )+  ^ \ \ K u - f \ \ 2F (4.1)
u 2

where A > 0, u, f  € Mnxn, K  is a linear convolution operator, || • ||^ is Frobenius 

norm, and
n

TV(u) = IKV^-II 
i , j= 1

where (Vu)jj € K2 is the spatial gradient of the image, computed by first order 

forward finite differences and || • || is 2-norm.

As we explained in Chapter 2, FTVd actually solves an approximating model of

47
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(4.1) as follows:

n a  n \

min llw«ll +  j E  ll(Vu)y “  wb IP + ^ K u  ~ ^  ^
i , j = 1 i , j= 1

By setting the parameter (3 to be large enough, the u solution of (4.2) is a good 

approximation of that of (4.1).

In model (4.1) (or (4.2)), the parameter A controls the amount of penalty applied 

to the /Adistance square between K u  and / .  According to (1.12), the squared L2- 

distance between K u  and / ,  where u is the true clean image, is equal to the variance 

of the additive Gaussian noise rj. Therefore, an appropriate A should give a solution 

u of (4.1) satisfying \\Ku — f \ \  &  \ \ K u  — f \ \ .  In our experiments, we have observed, as 

others have, that when A was too large the restored images were noisy; when A was too 

small, the restored images were blocky and had small-scale details missing. The issue 

of how to select A is important but beyond the scope of this work. In our experiments, 

we used the formula A =  0.05/ max(cr2,10“12) for images with intensity scaled to the 

range [0,1], where a is the standard deviation of the Gaussian noise in (1.12). This 

formula is based on the observation that A should be inversely proportional to the 

noise variance, while the constant 0.05 was determined empirically so that the restored 

images had reasonable signal-to-noise ratios (SNRs) and relative errors (their precise 

definitions are given in Subsection 4.1.4). This formula is sufficient for the purpose 

of our experimentation, but not meant for general use. For one thing, it cannot be 

applied when the value of a is unknown, which is normally the case in practice. More 

practical techniques exist for choosing A, often by testing on a small window of image. 

The reader interested in the topic of selecting A is referred to [68] for a study on the 

relationship between A and the geometric scales of u.

In order for the solution u of (4.2) be a good approximation of the solution of (4.1),
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we have choose very large j3. Due to different accuracy requirements and different 

feature each image may have, it is not easy to present a uniform formula of choosing 

(3. In our experiments, (3 is set to be 220 and it works well in our experiments.

4.1.1 Overall Im pressions w ith  Various A lgorithm s

We mentioned several popular algorithms for solving the TV deblurring model (??) 

in the introduction, and tested all of them except the algorithm (PD) by Chan, Golub 

and Mulet [15] based on the primal-dual equations (1.23) and (1.24) due to technical 

difficulties. Here we briefly describe our experience with these algorithms. In the 

next subsection, we present in greater details the comparison results between FTVd 

and the lagged diffusivity algorithm (LD) and between FTVd and ForWaRD.

The artificial time-marching algorithm [63] can be easily implemented in MAT- 

LAB. It is a good choice if one is satisfied with below-average solution accuracies. 

When higher accuracies were required, it took a large number of iterations, each with 

a small step size governed by the CFL condition. The second-order cone programming 

(SOCP) approach on the contrary attained solutions with at least five digits of accu

racy but took longer times and a large amount of memory for processing mid/large

sized images. The size 512x512 is close to the limit of what the SOCP solver Mosek

[50] can handle on a workstation with 2Gb of memory. The paper [33] presented 

a comprehensive comparison between the artificial time-marching algorithm and the 

second-order cone programming approach. We did not test PD, but expect its perfor

mance to be similar to SOCP since PD also solves large systems of linear equations in 

the framework of Newton’s method. We also tested the recent method [61] based on 

an iterative reweighted norm algorithm, and obtained consistent speed and accuracies 

as reported by the authors. In particular, it was slower than the lagged diffusivity
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algorithm (LD) for solving the TV deblurring model (4.1) (though faster on a pure 

denoising model, as well as those with the Li-fidelity). Therefore, the algorithm LD 

was most efficient among those described in the introduction for solving model (4.1) 

besides our new algorithm. The algorithm ForWaRD dose not solve model (4.1), but 

utilizes sophisticated techniques based on the Fourier and wavelet transforms. It is 

very fast, but generate outputs with somewhat different characteristics.

Clearly, there are many other deblurring algorithms that are not included in our 

discussion and comparison, but a more exhaustive comparison is beyond the scope of 

this work.

4.1.2 Codes and Test Platform s

From our computational experience, we consider the LD algorithm to be a good 

representative for those algorithms that solve the TV deblurring model (4.1), and 

ForWaRD to be one for other deblurring algorithms. Therefore, we chose to compare 

FTVd with LD and ForWaRD on both quality and speed. We mention that while 

FTVd is written entirely in MATLAB, the cores of LD and ForWaRD are written in 

C /C + +  with MATLAB calling interfaces.

All comparisons between FTVd and LD were performed under Linux v2.6.9 and 

MATLAB v7.2 running on a 64-bit SUN workstation with an AMD Opteron 148 

CPU and 3GB of memory. The C + +  code of LD was a part of the library package 

NUMIPAD [59] and was compiled with gcc v3.4.6.

Since we could not compile ForWaRD under the same environment as LD or vice 

versa, we had to run all comparisons between FTVd and ForWaRD under Windows 

XP and MATLAB v7.0 running on a Dell Laptop with a Pentium M 1.70 GHz CPU 

and 512 MB of memory. The pre-compiled code of ForWaRD was downloaded from
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the webpage of the Rice DSP group at h ttp ://w w w .d sp .rice .ed u /so ftw are /w ard . 

shtml.

4.1.3 Original, Blurry, and N oisy Images

We obtained two gray-scale images, France (512x512) and Man (1024x1024) given 

in Figure 4.1, from the Internet at h t tp : / /d e c s a i  .ugr.es/cvg/dbim agenes/index . 

php. The image France has sharp texts with a simple background that is smooth in 

the upper half. In contrast to France, the image Man consists of complex components 

in different scales, with different patterns, and under inhomogeneous illuminations. 

Both image are suitable for our deblurring experiments.

Banking'hours vary an d  some 
banks d o se  for lunch between 
noon and 2:00 pm

(a) France: 512x512 (b) Man: 1024x1024

Figure 4.1: Original Test Images

We first scaled the intensities of the original images into the range between 0 

and 1 before we began our experiments. We tested two typical types of blurring 

effects: motion and Gaussian (out-of-focus), applying motion blurring to France and 

Gaussian blurring to Man, each with two levels of severity. Specifically, we used the
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functions “fspecial” and “imfilter” from the MATLAB Image Processing Toolbox with 

the types “motion” and “gaussian”, and then added to the resulting blurry images 

the Gaussian white noise with a mean 0 and a standard deviation l.e-3. With the 

“motion” blurring, we set the angle parameter “theta” to 135 and the motion distance 

parameter “len” to two different values 21 and 91 corresponding to the medium and 

severe levels of blurring, respectively. With the “medium” Gaussian blurring, we set 

the blurring window size “hsize” equal to 21 and the standard deviation “sigma” 

equal to 5, and with the “severe” Gaussian blurring, 41 and 10, respectively.

We summarize the information on the four test images in Table 4.1. The test 

images themselves are given in the first rows of Figures 4.4 and 4.5. It is worth 

mentioning that we use the terms “medium” and “severe” primarily for convenience 

of reference, knowing that the severity of these levels may be interpreted differently 

by others.

Table 4.1: Information on Test Images

Test Image Original Image Size Blurring Type Location
1 France 512 x 512 “medium” motion Figure4.4
2 France 512 x 512 “severe” motion Figure 4.4
3 Man 1024 x 1024 “medium” Gaussian Figure 4.5
4 Man 1024 x 1024 “severe” Gaussian Figure 4.5

The blurring kernels were applied to the two original images by the MATLAB 

function “imfilter” with the “circular” option. In this setting, images are assumed to 

be periodic, so the pixels outside the left part of the image boundary are assumed to 

be identical to those on the right and the same applies to the top and bottom. The 

“circular” boundary with the blurring kernels is assumed by FTVd in calculating the 

finite differences at the far-ends of the boundaries where either i =  N  or j  = N. 

We are not entirely certain what boundary condition has been implemented in the
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LD code. However, we conducted tests with different boundary conditions applied to 

blurrings, and observed little difference in overall deblurring quality or running time 

by any of the codes, apparently due to the fact that the test images are much larger 

in size than the blurring kernels.

4.1.4 Comparisons in Quality and Speed

The quality of restored images are measured by their SNRs and relative errors to the 

original clean images. SNR stands for the signal-to-noise ratio, defined as 10 times the 

10-based logarithm of the ratio of signal variance to noise variance. The relative error 

is defined as the norm of error over that of the clean image in Frobenius norm. The 

higher the SNR or the lower the relative error, the better the quality of restoration. 

The SNRs and relative errors of the restored images are plotted in Figures 4.2 and 

4.3, respectively.

3 0
I  ForW aRD  
IL D  
J FTVd

1 2  3  4

Figure 4.2: SNRs (higher is better) of restored images by ForWaRD, LD and FTVD: from left 
to right, bar groups 1,2,3 and 4 correspond to the tests on the input images with medium motion, 
severe motion, medium Gaussian, and severe Gaussian blurrings, respectively.
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Figure 4.3: Relative errors (lower is better) of restored images by ForWaRD, LD and FTVD: from 
left to right, bar groups 1,2,3 and 4 correspond to the tests on the input images with medium 
motion, severe motion, medium Gaussian, and severe Gaussian blurrings, respectively.

For motion deblurring, the TV-based algorithms FTVd and LD yielded images 

with higher SNRs. While FTVd computed the solutions of (4.1) with satisfactory 

accuracies in both tests, LD ran into numerical difficulty in the second test on the 

image France with severe motion blurring. As it stagnated before meeting its con

vergence tolerance, LD generated an output with an SNR lower than that of FTVd, 

and a higher relative error compared to that of the ForWaRD output. In the third 

and fourth tests on the image Man with two levels of Gaussian blurring, ForWaRD 

and FTVd performed equally well and were only slightly better than LD. However, 

the bar charts do not tell some visual differences between their restorations.

The input and restored images are given in Figures 4.4 (France) and 4.5 (Man), 

where the first rows contain the input images (with the more severely blurred on the 

right), the second and third rows contains corresponding restored images by ForWaRD 

and FTVd, respectively. The restored images by LD are not included in the figures

ForW aRD  
LD
FTVd
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as they are visually similar to those by FTVd.

By carefully examining the images in Figure 4.4, we can visualize some important 

differences between the restored images by ForWaRD (in the middle row) and those 

by FTVd (in the bottom row). Generally, the artifacts of ghost texts or rings can 

be found in the outputs of ForWaRD. This is especially evident in the image on the 

right of the second row in which a ghost copy of the word “France” is clearly visible 

on the background. In that image, the upper half of the background also significantly 

loses smoothness. Contrary to ForWaRD’s loss of recovery quality due to increased 

motion, little difference can be found in the two output images by FTVd in the third 

row. These test indicate that FTVd is likely more robust in correcting the motion 

blurring than ForWaRD.

In the two Gaussian deblurring tests presented in Figure 4.5, both methods per

formed well but differences can still be found. The results of ForWaRD have reduced 

contrast compared to the blurry inputs while those of FTVd do not lose contrast at 

all. Comparing the two recoveries of Man from severe gaussian blurring (the second 

and third images on the right column), the one from ForWaRD contains multiple rings 

(or ripples) parallel to the object edges in the image, while that from FTVd looks 

shaper but more blocky. By purely eyeballing the restored images, our preferences 

are given to the results of FTVd.

Tables 4.2 and 4.3 give computer running times on the four tests. As is already 

mentioned, FTVd was tested on both the Windows and Linux platforms since we 

were unable to make either one of the third-party codes LD and ForWaRD to work 

cross-platform. From the two tables, we see that ForWaRD ran about twice as fast as 

FTVd under Linux. On the other hand, FTVd was orders of magnitude faster than 

LD under Windows, with the performance gap widening as the image size increased.

We can safely draw a few definitive conclusions from our numerical comparison
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Table 4.2: Running Time in Seconds of FTVd and ForWaRD on Windows Platform

Code Test 1 Test 2 Test 3 Test 4 Language
FTVd 27.5 43.3 165.1 184.2 MATLAB

ForWaRD 17.5 17.6 89.2 91.1 C
Ratio 1.57 2.46 1.85 2.02 Mean 1.97

Table 4.3: Running Time in Seconds of LD and FTVd on Linux Platform

Code Test 1 Test 2 Test 3 Test 4 Language
LD 167.6 1305.2 9304.9 43972.4 C ++

FTVd 11.7 19.4 85.9 93.7 MATLAB
Ratio 14.3 67.3 108.3 469.3 Mean 164.8

on both quality and speed. FTVd clearly wins over LD for better quality and faster 

speed. Since LD compares favorably to many other existing algorithms for solving 

model (4.1), the lead of FTVd obviously extends over to those algorithms. Compared 

to the Fourier/wavelet-based algorithm ForWaRD, FTVd appears superior in solu

tion quality for the tested cases and, in the meantime, is not far behind in speed, 

especially after taking into consideration the efficiency differences between MATLAB 

and C/ C-|—b languages.

4.1.5 More on FTV d

As is mentioned, the per-iteration computation of FTVd algorithm is dominated 

by three fast Fourier transforms (or Fourier-related transforms), each at the cost of 

0 (V 2 log(lV)). The question is how many iterations are needed in general for FTVd 

to attain a required accuracy and how they vary with the size of input image.

For tests 1 through 4, the total inner iteration numbers taken by our simple version 

of FTVd (with the given “default” parameter values) are, respectively, 41, 67, 58 and 

65. These total inner iteration numbers are very reasonable, given that there were 19
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outer-iterations corresponding to the given /3-sequence {22,23, • • • , 220}. On average, 

the inner iteration number needed for a single (3 value falls approximately in the 

range of 2 to 3.5. Given that three FFTs are required by each inner iteration, the 

total numbers of FFTs taken range from 120 to 200 for the four test cases.

We note that the two cases of “severe blurring”, tests 2 and 4, required more 

iterations than those required by the corresponding two cases of “medium blurring”, 

and the gap is more pronounced from test 1 to test 2 where motion blurrings were 

used. This observation indicates that more severe blurrings, corresponding to larger 

blurring kernels in convolution, may require more FTVd iterations, which should 

perhaps be expected. To further investigate how the number of iterations is affected 

by the size of input, we also tested FTVd on images of different sizes while fixing 

blurring kernels. In these tests, the number of iterations stayed at a constant level as 

the image size increased from 128 x 128 to 1024 x 1024.

Naturally, the number of iterations varies with parameter values of the algorithm. 

We have experimented with different values and observed that, within the given basic 

framework, there is generally a tradeoff between number of iterations and solution 

accuracy. Our “default” parameter values seem to achieve a reasonable balance.

Upon examining detailed timing information for FTVd, we see that over two thirds 

of computing time was spent on solving the u-subproblem, i.e., on FFTs and related 

calculations in (2.9), while the rest one third was shared by solving the w-subproblem, 

finite-defferencing on u, checking stopping criterion for inner iterations, and so on. In 

particular, FFTs alone consumed about 63% of total computational effort in FTVd.

Our experiments indicate that FTVd is capable of producing highly accurate solu

tions, relative to many other iterative algorithms, in a moderate number of iterations. 

FTVd appears to be numerically stable and insensitive to badly scaled data because, 

for one thing, it does not require, explicitly or implicitly, any (n2 by n2) matrix op
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erations like some algorithms do such as lagged diffusivity. Our experiments have 

shown that even as /3max continues to increases beyond 220, the relative error contin

ues to decrease with no sign of numerical instability, until machine precision is almost 

reached.

4.2 Conclusions

We have demonstrated that FTVd is a simple yet computationally efficient algorith

mic framework for solving the TV deblurring model (4.1). The algorithm is based 

on replacing Vw in the total variation term by a new variable w and then penalizing 

the discrepancy between the two, as measured by L2-norm square. The resulting 

functional can be easily minimized with respect to either w or u while fixing the 

other, leading to our alternating minimization procedure. The convergence of this 

procedure readily follows from existing results.

In our tests, FTVd produced restored images with either similar or better quality 

in comparison to that of two state-of-the-art algorithms. To the best of our knowledge, 

the simple version of FTVd implemented in this paper already appears to be the 

fastest algorithm developed so far for solving the deblurring model (4.1) with total 

variation regularization, as it requires a relatively small number of iterations at the 

cost of roughly three FFTs per iteration. In addition, the algorithm can be easily 

extended to cases of total variation of higher-order differential operators, as well 

as to other transforms such as discrete cosine transform. Given its simplicity, speed, 

numerical stability and extendibility, we believe that FTVd is a promising algorithmic 

framework for numerical de-convolution with various total variation regularizations. 

Of course, further theoretical and computational studies are certainly needed for us to 

better understand the convergence properties of the FTVd framework and to develop
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Figure 4.4: The first row contains images with medium (left) and severe (right) motion blurrings. 
The second row contains corresponding restored images by ForWaRD, and the third row by FTVd.
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Figure 4.5: The first row contains images with medium (left) and severe (right) Gaussian blurrings. 
The second row contains corresponding restored images by ForWaRD, and the third row by FTVd.
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C hapter 5 

N um erical E xperim ents o f  

FPC _TV

5.1 Numerical Experiments

In this chapter, we will demonstrate the effectiveness of our iixed-point continuation 

algorithm to solve the following image-reconstruction model emerging in compressed 

sensing:

min TV(u) + ^ \ \A u -  f\\2 (5.1)
u Z

where N  =  n2, u G M”x”, A G MmxiV, f  G Km and m  <C N . Notice that in the second 

term of the objective function, u is considered as a long vector in R N. We use the 

anisotropic discretization of total variation here, i.e.

n n

T V (u) = Y ,  E l lV u y ll!
i= 1 j = 1 
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where V ujj € R2 is also the spatial gradient of the image, computed by first order 

forward finite differences and || • ||i is 1-norm.

In model (5.1), the parameter A controls the amount of penalty applied to the L2- 

distance square between Au  and / .  According to the linear relationship /  =  Au  +  rj, 

the squared L2-distance between Au  and / ,  where u is the true clean image, is equal 

to the variance of the additive Gaussian noise r/. Therefore, an appropriate A should 

give a solution u of (5.1) satisfying ||Au — f\\ ~  ||Au  — / | | .  In our experiments, we 

used the formula A =  50/ max(<r2,10~12) for images with intensity scaled to the range 

[0,1]. Like FTVd in Chapter 4, this formula is based on the observation that A should 

be inversely proportional to the noise variance, while the constant 50 was determined 

empirically so that the restored images had reasonable signal-to-noise ratios (SNRs) 

and relative errors. This formula is sufficient for the purpose of our experimentation, 

but not meant for general use.

5.1.1 Basic Im pressions w ith Existing Algorithm s

As far as we have known, one important family of algorithms for solving (5.1) is the 

second order cone programming (SOCP) [29, 33, 45]. Specifically, (5.1) can be first 

written as an SOCP formula, and this SOCP problem can be solved by many existing 

algorithms. Depending on different SOCP formulas and different algorithms to solve 

them, different SOCP algorithms for (5.1) may have quite different performances in 

practice. We will compare our FPC_TV with one of SOCP algorithms, which was 

first proposed in [33] for the following denoisng model.

min TV(u) + ^-\\u — f\\2. (5.2)
w  2 11 J 11 v ’
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We extended their idea to the case (5.1) where A  is not an identity matrix any more. 

We first rewrite (5.1) as the following SOCP formula.

This SOCP problem can solved by calling MOSEK optimization toolbox for MAT

LAB. MOSEK is a commercial software developed for solving several classes of lin

ear and convex optimization problems. Its trial version can freely downloaded at 

http://www.mosek.com/. This SOCP algorithm for (5.1) is relatively computation

ally expensive. However, it yields very accurate solutions, we used it to produce 

reference results to check how accurate our new algorithm FPC-TV is.

min 1 < i , j < n , j ^ n  i,j

S.t. (d£u)ij ~  (Ui+i j  -  Uiyj) =  0, 

(d y U ) i j  +  ( u i , j +1 — U i j )  =  0 ,

for i — 1 , . . . ,  n  — 1, j  = 1 , . . . ,  n 

for i = 1 , . . . ,  n, j  — 1 , . . . ,  n — 1

for * =  1, . . .  , n  — 1, j  — 1, . . .  ,n

for i =  1 , . . . ,  n — 1, j  =  1 , . . . ,  n

for i =  1 , . . . ,  n, j  =  1 , . . . ,  n — 1

for i =  1 , . . . ,  n, j  = 1 , . . . ,  n — 1

Au — v — f  

2 s^S2 ^  ^3 

(s4; v) € X7"+1.

(rotated quadratic cone) 

(quadratic cone)
(5.3)
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5.1.2 Codes and Test Platform s

As far as we know, the SOCP algorithm is a good representative for those exist

ing algorithms that solve the total variation based image restoration model (5.1). 

Therefore, we chose to compare FPC-TV with SOCP on both quality and speed. 

We mention that the interface of FPC and SOCP are both written in MATLAB. As 

we have mentioned, The core graph-cuts algorithm called by FPC-TV was written 

in C /C + +  and the MOSEK optimization toolbox for MATLAB was also written in 

C /C ++ .

All comparisons between FPC-TV and SOCP were performed under Windows XP 

and MATLAB v7.0 running on a Dell laptop with a Pentium M 1.70 GHz CPU and 

512 MB of memory.

The quality of restored images are measured by their SNRs and relative errors to 

the original images. SNR stands for the signal-to-noise ratio, defined as 10 times the 

10-based logarithm of the ratio of signal variance to noise variance. The relative error 

is defined as the Frobenius norm of error over that of the original image. The higher 

the SNR or the lower the relative error, the better the quality of restoration.

5.1.3 Testing Problem s

We used checkerboard and Magnetic Resonance (MR) images as testing images. The 

total variation minimization has been widely used in Magnetic Resonance (MR) imag

ing reconstruction [72, 78].

There are many kinds of measurement matrices. Our experiments will not cover all 

of them, but be restricted to three types of them: Gaussian matrices whose elements 

are i.i.d. standard normal (randn(-) in MATLAB), partial Fourier transform matrices 

whose m  rows are chosen at random (uniformly) from the N  x N  discrete Fourier
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transform matrix, and 2-D partial Fourier transform matrices whose m  rows are 

chosen at random (uniformly) from the N  x N  2-D discrete Fourier transform matrix. 

The latter two are widely used in MRI,

One key factor for the performance of FTVd-TV is choice of step size t  for each 

iteration. As we have showed in Chapter 3, if the step size of each iteration of 

FTVd_TV is always less than 2/Xmax where Xmax is the maximal eigenvalue of matrix 

A*A, then global convergence can be guaranteed. A typical method is to let r  be 

a constant for each iteration. For example, r  =  2/Xmax -- e, where Xmax is the 

largest eigenvalue of ATA  and e is a very small positive number (10-15, for example), 

r  =  2 / \ max — e is the largest step size we can use in order for theoretical global 

convergence and is expected to achieve a faster convergence than any other constant 

step size, for example, r  =  1/Amax.

As we have mentioned, another way of choosing step size r* is based on the Barzilai- 

Borwein (BB) approach [4], where r  is the step size in the f-th iteration of FTVd_TV. 

Because BB steps can usually achieve faster reduction of fidelity term ||Ait — /  ||2 then 

setting a constant step size r  =  2 /Xmax — e, better performance of FTVd_TV is 

expected. In practice, as far as we have tested, BB approach indeed works much 

better at least when the measurement matrix A is a Gaussian matrix. However, the 

size of BB steps may be much larger than 2/Xmax and subsequently violate sufficient 

condition for global convergence of FTVd_TV. More investigation is required to study 

the convergence of FPC-TV with BB-steps.

As for the continuation scheme, we use a basic version in our experiments. Specif

ically, we choose such a A-sequence as {^rr, ^ , . . . ,  A}. The continuation scheme

may be not far away from optimality. However, it works well in practice, at least in 

our experiments.
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5.2 Numerical Examples

In this part, we will demonstrate the performance of FPC-TV by three numerical 

experiments. The first one is for comparing FPC_TV with SOCP using checkerboard 

as the example. The second one and the third one reveal its performances by an MRI 

image with different measurement matrices whose rows are randomly chosen from 

FFT transform matrices and 2-D FFT transform matrices, respectively [78, 72].

For each experiments, the Gaussian white noise r/ added in the measurement 

process /  =  Au  +  rj has mean 0 and standard deviation IE  — 2.

For convenience of simplicity, we use FPV-TVJBB and FPC_TV_2 to denote 

FPC_TV algorithm with BB step size and constant step size 2/Xmax — e, respectively.

Example 1 In this example, we compared FPC_TV_BB and FPC_TV_2 with SOCP 

using checkerboard as our testing image. Since SOCP is computationally intensive 

for my laptop, we let checkerboard to be as small as 32 x 32. Here the compression 

ratio ^  =  0.4 and the measurement matrix in M496*1024 is a random matrix.

Figure 5.1 includes the original image and recovered images by SOCP, FPC_TV_BB, 

FPC_TV_2, respectively, from left to right and from upside to downside. Visually, 

both SOCP and FPC_TV_BB produce satisfying recovered images while FPC_TV_2 

fails to produce a good recovery. From table 5.1, we can see that FPC_TV_2 takes 

almost the same iterations as FPC_TV_BB. Notice that if we let FPC_TV_2 take 

much more iteration, it may produce a better result since its global convergence is 

guaranteed. However, this example indeed shows that FPC_TV_BB achieves a faster 

convergence rate than FPC_TV_2. SOCP gives the most accurate results in terms of 

both SNR and relative errors. FPC_TV_BB is a little bit less accurate than SOCP,
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but runs much faster than SOCP. In balance, FPC_TV_BB may be the best among 

these 3 algorithms.

5 10 15 20 ;_ 30
■  ■

5 10 15 20 L i 30

M u r n ^ r n  

■ ■

"■V
10 15 20 25 30

Figure 5.1: The first row contains original image (left) and the recovered image by SOCP (right). 
The second row contains the recovered images by FPC_TV_BB (left) and FPC_TV_2 (right).

Table 5.1: Performance comparison of three algorithms

Algorithm Running Time (s) SNR (dB) Relative Errors Iteration Number
SOCP 633.5 45.7 0.0037 N/A

FPC_TV_BB 7.8 43.8 0.0046 183
FPC_TV_2 8.4 14.1 0.14 195

Example 2 In this experiment, we used an image from MRI as large as 256 x 256 

as our testing example. Here the compression ratio =  0.3 and the measurement
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matrix in R19661x65536 js partial Fourier transform matrix. We did not obtain results 

from the SOCP code since it reported “insufficient memory” .

Figure 5.2 includes the original image and recovered images by FPC_TV_BB, 

FPC_TV_2, respectively, from left to right. Both FPC_TV_BB and FPC_TV_BB pro

duce satisfying recovered images. From table 5.2, we can see that FPC_TV_BB takes 

a less iterations and less running time than FPC_TV_2 and the recovered image by 

FPC_TV_BB achieves a higher SNR. In this example, the advantage of FPC_TV_BB 

over FPC_TV_2 is also well demonstrated, even though their difference is not as large 

as that in Example 1.

Recovered by FPC-TV-2

Figure 5.2: The first row contains original image (left) and the recovered image by FPC_TV_BB 
(right). The second row contains the recovered image by FPC_TV_2.
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Table 5.2: Performance comparison of three algorithms

Algorithm Running Time (s) SNR (dB) Relative Errors Iteration Number
FPC_TV_BB 101.5 51.9 0.0026 134
FPC_TV_2 140.8 46.7 0.0040 188

Example 3 In this experiment, we used the same image as Example 2, which is 

as large as 256 x 256 as our testing example. Here the compression ratio ^  =  0.3 

and the measurement matrix in R19661x 65536 is 2D-partial Fourier transform matrix, 

instead. We did not obtain results from the SOCP code since it reported “insufficient 

memory”.

Figure 5.3 includes the original image and recovered images by FPC_TV_BB, 

FPC_TV_2, respectively, from left to right. Both FPC_TV_BB and FPC_TV_BB 

produce satisfying recovered images. From table 5.3, we can see that FPC_TV_BB 

takes less iterations and less running time than FPC_TV_2 and the recovered image by 

FPC_TV_BB achieves a higher SNR. The advantage of FPC_TV_BB over FPC_TV_2 

is also well demonstrated as Example 1 and Example 2.

Table 5.3: Performance comparison of three algorithms

Algorithm Running Time (s) SNR (dB) Relative Errors Iteration Number
FPC_TV_BB 96.9 55.7 0.0015 139
FPC_TV_2 136.9 48.8 0.0033 179

5.3 Conclusions

The fixed point continuation algorithm is a promising fast algorithm by our experi

ments. Even though we just compare it with SOCP so far, its superior efficiency is 

still well demonstrated. BB-step stands a good chance to accelerate our fixed point 

continuation considerably. However, the theoretical analysis about why BB-step may
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Figure 5.3: The first row contains original image (left) and the recovered image by FPC_TV_BB 
(right). The second row contains the recovered image by FPC_TV_2.

perform well in practice requires further investigation. [26, 20] may provide some 

useful related ideas.

Another important thing is the choice of A, which effects the performance of 

FPC_TV to a considerable degree according to our experiments. How to choose an 

optimal A and implement its continuation scheme also require serious investigation.
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