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Abstract 

Filtering Random Layering Effects 
for Imaging and Velocity Estimation 

by 

Fernando Gonzalez del Cueto 

Imaging compactly supported reflectors in highly heterogeneous media is a challenging problem 

due to the significant interaction of waves with the medium which causes considerable delay spread 

and loss of coherence. The imaging problem consists in finding the support of small reflectors using 

recorded echoes at an array of sensors. The thesis considers the case of randomly layered media, in 

which significant multiple scattering by the layered structures and quick loss of coherence is observed. 

These strong, backscattered echoes from the layers can overwhelm the weaker coherent signals due 

to the compactly supported reflectors. This signal-to-noise problem must be addressed to image 

effectively. Using techniques routinely used in exploration seismology, filters (layer annihilators) are 

designed to remove the primary reflections of the stronger layered features in the medium. However, 

it observed that these filters also remove the incoherent signal that is due to the fine, random layers. 

The main achievement of this thesis is the theoretical and numerical analysis of this phenomenon. 

Additionally, the applicability of the layer annihilators for velocity estimation is presented. 
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Chapter 1 

Introduction 

Estimating the location, size, or shape of remote, concealed objects using measurements of scattered 

wavefields at an array of sensors can be a challenging problem. Ever since the invention of sonar 

and radar in the first half of the twentieth century, an immense variety of commercial, scientific, 

medical and military applications for remote sensing have been found. To give a few examples, 

military facilities seek the position of aircraft using radio waves, geoscientists use seismic waves to 

study the structure of the Earth's crust, while physicians visualize the interior of the human body 

using ultrasound [Elachi and van Zyl, 2006]. In many such applications, the waves propagate in 

richly scattering media, and their interaction with the inhomogeneities impedes the imaging process. 

When the waves travel no more than one or two scattering mean free paths, the data recorded at 

the array of sensors maintains some residual coherence. The challenge is how to extract efficiently 

the coherent part of the data and image with it. 

In this thesis we study imaging of compactly supported objects buried deep in finely layered 

media. We consider acoustic waves and the setup for remote array imaging is illustrated in Figure 

1.1. The data is collected at an array of N sensors placed in the set 

A= {xV = (x r ,0) SR d , x r e R d - \ r = l,...,N}. 

We look at the problem in d > 2 dimensions and we introduce the system of coordinates x = (x, z), 
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Figure 1.1 Schematic of the setup for imaging scatterers buried in a layered medium with sound 
speed v(z). The array of transducers is located on the top of the cluttered medium. The source 
and receiver locations are denoted by x s and x r , respectively. The medium is finely layered and it 
has some strong scattering interfaces at depths z = -Lj, for j = 1,2,... 

where z is the axis normal to the layers, and is called the range or depth coordinate. The remaining 

x € fld_1 are called the cross-range coordinates. The array lies on the surface z = 0, and it is 

contained in a disk of diameter a, called the array aperture. The transducer located at x s e A plays 

the dual role of source and receiver. It emits a temporally short pulse and then, each receiver records 

the acoustic pressure P(t,xr) in the time window t 6 {h,t2). The inverse problem is to use these 

time traces for imaging compactly supported scatterers buried at depth L in the layered medium. 

The medium has sound speed v(z) with a slowly-varying, smooth (or piecewise smooth) part 

denoted by c(z) and a rough part, that scatters. This rough part consists of fine layering on the 

length scale £ and a few strong scattering interfaces at depths -Lj, j > 1, due to sudden and 

large jumps of v(z), as illustrated in Figure 1.1. We consider a scaling regime that is typical of 

exploration seismology [White et al., 1990], where the waves penetrate to large depths L - 5-10km 

in the medium, the probing signals have wavelengths A = 100-200m and the wave speed has strong, 

sub-wavelength fluctuations on the scale of £ = 2-3m. We model this regime with the assumption 

of separation of scales 

£ < A < L, A < Lj - Lj-! ( l . i) 

and we suppose that the medium is known partially or not at all. By partial knowledge we mean 

that, at best, we can know the smooth speed c(z) and the depth of the strong interfaces. The 

speed c(z) determines the kinematics (travel times) of the data and if it is not known, it must be 
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estimated with a separate, velocity estimation process [Carazzone and Symes, 1991, Chauris, 2001, 

Fomel et al., 2007, Landa et al., 1989, Mulder and ten Kroode, 2002, Schultz and Claerbout, 1978] 

However, the sub-wavelength fluctuations of the sound speed cannot be estimated and this is why 

we model the uncertainty about them with random processes. 

Wave propagation in randomly layered media, under the assumption (1.1) of separation of 

scales, is studied in detail in [Asch et al., 1991, Fouque et al., 2007]. Note that (1.1) is a high 

frequency regime with respect to the large scale variations in the medium, but it is a low 

frequency regime with respect to the small-scale fluctuations. Because the waves have wave

lengths A » £, they do not interact strongly with the fine layers, although the fluctuations 

are strong, of order one, and the fluctuations average out over a few wavelengths. How

ever, as the waves travel to depths L 3> A, the effect of multiple scattering accumulates and 

we observe a significant backscattered field, in the form of noisy, long-tailed coda at the ar

ray. The coherent part of the wavefield is described by the O'Doherty-Anstey (ODA) the

ory [Fouque et al., 2007, Asch et al., 1991, O'Doherty and Anstey, 1971, Clouet and Fouque, 1994, 

S0lna and Papanicolaou, 2000, Banik et al., 1985]. The ODA theory states that the pressure field 

P(t,xr), observed in a time window of width similar to that of the probing pulse, and centered at 

the travel time corresponding for the smooth (uncluttered) part of the medium, is essentially deter

ministic, except for a small random shift in the arrival time. However, the coherent energy decays 

as the waves travel deeper in the medium, due to multiple scattering that transfers the energy to 

the incoherent, backscattered field. The decay of coherent energy is exponential with depth and it 

occurs on a length scale Lioc, called the localization length. The localization length is shorter at 

higher frequencies in the bandwidth, and this is why a pulse broadening effect is observed. 

Objects buried at shallow depths in the random medium create strong coherent echoes and 

they can be imaged with well-known techniques such as Kirchhoff migration and its variants 

used in radar [Borden, 2002, Curlander and McDonough, 1991, Stolt and Weglein, 1985], seismic 

imaging [Biondi, 2006, Claerbout, 1985, Bleistein et al., 2000], etc.. This has been noted in 

[Borcea et al., 2006c, Borcea, 2006] in the context of imaging sources embedded in finely layered 

media. These methods create an image by migrating the data traces P(t,xr) to search locations ys 

in an image (space) domain, using the travel times r (x r , y* ,x s ) from the source at x s to the image 
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point y s and then back to the array at receiver x r . The Kirchhoff migration function is 

J K M ( y s ) = £ P ( r ( x r , r , x , ) , x r ) (1.2) 

and its focusing properties are understood [Bleistein et al., 2000] in known and smooth media, as

suming that any two points are connected by a single ray with travel time r . 

However, when the objects are buried deep, at L ~ Lioc, the array data is dominated by the 

incoherent backscattered field (noise), and the coherent echoes that are useful in imaging are weak. 

This is a serious signal-to-noise (SNR) issue that must be addressed when imaging in strongly 

backscattering media. To deal with this problem we propose to filter the data prior to the imaging 

process. We call the filters layer annihilators, because they are designed to suppress the echoes from 

the layered structures but not the echoes from compactly supported scatterers. 

In the geophysics literature there are similar ideas for the separation of echoes due to layered 

structures from the echoes due to small diffractors. Examples are the so-called plane-wave destruction 

filters [Claerbout, 1992, Fomel, 2002, Fomel et al., 2007] designed to remove a sequence of plane-like 

waves arriving from different directions from the data. The layer annihilators described in this thesis 

(Chapter 3) are based on the fact that the arrivals from the small scatterers and the arrivals from 

the strong layers have a different signature in the time and source-receiver offset space. Their design 

is based on ideas encountered in well-known techniques in exploration geophysics such as normal 

move-out, gather flattening [Biondi, 2006, Claerbout, 1985, Bleistein et al., 2000] and differential 

semblance velocity estimation [Carazzone and Symes, 1991, Symes, 1999]. All these techniques are 

based on the single scattering approximation. Explicitly, they are designed to annihilate the primary 

echoes that have been scattered once at some layer in the medium. However, we note with numerical 

simulations that the filters are surprisingly efficient at annihilating incoherent echoes backscattered 

by the random medium, where multiple reflections dominate. The main goal of this thesis is the 

theoretical and numerical analysis of this phenomenon. 

We study first, in Chapter 4 the annihilation of the coherent echoes produced by strong layers 

above the compact supported scatterers that we wish to image. The analysis is based on the ODA 

theory and we assess the results with extensive numerical simulations. In Chapter 5 we study 

theoretically and numerically the annihilation of the incoherent, backscattered echoes due to the 
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random layering. 

While all the analysis in this thesis assumes perfectly layered structures, the robustness of the 

annihilators is demonstrated in numerical simulations in media with additional isotropic fluctua

tions, with diameter similar to A0. In such media, the pulse stabilization described by ODA does 

not hold anymore, and a new step, in addition to the annihilation must be taken for extract

ing the coherent data. The loss of coherence due to scattering by the isotropic inhomogeneities 

is dealt with efficiently by the coherent interferometric (CINT) imaging method introduced in 

[Borcea et al., 2006b, Borcea et al., 2006a, Borcea et al., 2007a]. 

CINT imaging can be understood as a statistically smoothed migration method, where the 

smoothing is done by cross-correlating the data traces over carefully chosen space-time win

dows. The size of these windows is determined by two key parameters that reflect the clutter 

effect on the data: the decoherence length X4 and the decoherence frequency ild. These can 

be much smaller than the array aperture a and the bandwidth B, respectively, and they can 

be estimated during the image formation process with the adaptive CINT method introduced in 

[Borcea et al., 2006a]. The resolution analysis and proof of statistical stability of CINT with re

spect to the random clutter (i.e., inhomogeneities) are given in [Borcea et al., 2007a]. It is shown 

there and also in [Borcea et al., 2006b, Borcea et al., 2006a] how the smoothing is needed for sta

tistical stability and also how, as a side effect, blurring is observed in the image by a factor in

verse proportional to Cld in range and by a factor of X0L/Xd in cross-range. All the results in 

[Borcea et al., 2006b, Borcea et al., 2006a, Borcea et al., 2007a] are for isotropic clutter in a smooth 

background. 

This thesis is organized as follows. Chapter 2 describes de mathematical model of the recorded 

acoustic wavefield at the array. It explains how the unknown fine layering is incorporated into the 

model as a random process and it describes the scaling regime. The expression of the recorded 

scattered wavefield can be written as a series of powers of reflection and transmission coefficients, 

that characterize the way the waves travel through the random medium and interact with the strong 

interfaces. We separate the series into its coherent and incoherent parts. The coherent part of is due 

to scattering at the strong layer interfaces and at the compactly supported scatterer that we wish 

to image. It is modeled with the ODA theory. 
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The annihilator filters are introduced in Chapter 3. We describe two versions of the filters. Both 

are designed with the same objective: to reduce the contribution of the primary reflections from the 

layered structures while preserving the signal from the compactly supported scatterers that we wish 

to image. We study theoretically and numerically the effect of the filters on the coherent part of the 

signal in Chapter 4. We also present a velocity estimation method based on the minimization of the 

energy left in the data after annihilation. In Chapter 5 we study the annihilation of the incoherent, 

backscattered field due to the random medium. We prove that, in the constant background case, 

the layer annihilators reduce dramatically, by an order of magnitude, the intensity of the incoherent 

echoes. We also show with numerical simulations that the annihilation occurs in the case of variable, 

but smooth backgrounds. We end with a summary in Chapter 6. 



Chapter 2 

Wave propagation in randomly 

layered media 

This chapter describes the mathematical model of the recorded scattered wavefield at the array. We 

show that the data can be described as a sum of its coherent and incoherent components. The 

coherent part of the data comes from the scattering of the strong layers and, most importantly, 

the small scatterer being sought. The incoherent part is due to the significant interaction with the 

fine, random layering. We arrive at the end of this chapter to the expressions of both parts. The 

derivation is long, so we present here a brief outline. First, we write in section 2.1 the the acoustic 

wave equations in layered media. We also introduce the random model for the fine layering. We 

introduce the important scales in the problem (wavelength, distance of propagation, strength and 

correlation length of the speed fluctuations) and describe the scaling regime in section 2.3. 

We write the backscattered field as a superposition of up going plane waves and we model with the 

Born approximation the echoes from the small scatterer that we wish to image. This approximation 

involves the incident field on the scatterer transmitted from the array through the random medium. 

We write in section 2.5 the up and down plane wave decomposition in the random medium and 

define in section 2.6 the random reflection and transmission coefficients of the medium. Since the 

medium contains a few strong layers, we partition it into random sub-slabs separated by strong 

7 



interfaces. Then, we derive in section 2.8 the series expressions of the reflection and transmission 

coefficients of the medium. These are series of powers of the reflection and transmission coefficients 

of the random sub-slabs and the strong interfaces. We obtain in section 2.8.3 the mathematical 

model of the scattered field and describe the ODA model of the coherent echoes. The incoherent 

part is analyzed in detail later, in Chapter 5. 

2,1 The forward model 

The acoustic pressure P(t,x) and velocity u(i, x) satisfy the first order system of partial differential 

equations 

A i , x ) + V P ( * , x ) = F ( i , x ) , 
! gp x e t f , t>0, (2.1) 

- ( t , x )+pV-u(* ,x ) = 0 , 
v2(Z) at 

where p is the medium density and V is the sound speed [McOwen, 2003]. The source is modeled 

by T(t, x) and it acts at times t>0. The medium is quiescent prior to the source excitation 

u(t, x) = 6, P(t, x) = 0, t < 0. (2.2) 

For simplicity, the density p is assumed constant, but its variations can be included in the analysis 

as shown in [Fouque et al., 2007, Asch et al., 1991]. 

The sound speed V(x) encompasses both the background and the scatterer, and it is modeled as 

1 1 
V2(x) v2(z) + "(*)> (2-3) 

where v(z) denotes the background speed and v(x) is the reflectivity of the scatterers that we wish 

to image, compactly supported on S. The center of the scatterer is assumed to lie at a depth (range) 

z = —L and its diameter is small compared to the array aperture a. 

The medium consists of fast fluctuations on top of a smooth (or piecewise smooth) background 
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c(z): 

sky [1 + <r/i (f) ] f o r 2 ; G ( - L j , - L j _ i ) , j = l , . . . , M , 

v2(z) 
c 2 ( z ) L • " " .- - • (2.4) 

for z > —L0 — 0. 

The rough part consists of the fine layering at scale l c A „ , modeled with the random process 

n(z), and of the strong scattering interfaces at depths z = —Lj, for j = 1 , . . . , M. These strong 

interfaces could be the result of jump discontinuities of c(z) at z = —Lj, in which case case we say 

that c(z) is piecewise smooth. Otherwise, c(z) is smooth in the whole half-space z < 0 and the 

interfaces arise because of large, sudden changes in v(z), as illustrated in Figure 1.1. For z > 0 the 

sound speed is constant and equal to c0. 

The random process fi(z) that models the fluctuations of v(z) in (2.4) is assumed mean zero, 

bounded and statistically homogeneous, with correlation function 

C(z) = E {n(0Mz)} . (2.5) 

The process lacks long range correlations, which means that C(z) decays at infinity sufficiently fast, 

so it is integrable. We normalize the process by 

/

oo 

C{z)dz = 1, (2.6) 

-oo 

which implies 

J™ E{»(0)n(j)}dz = t. (2.7) 

where I is called the correlation length of the fluctuations. The intensity of the fluctuations is 

*{h(!)f}='2' <2-8» 
and we control it with the dimensionless parameter a < 0(1). We cannot have a ~3> 1 because of 

the bound constraint 

<r|//(z)| < 1 for all 2 < 0 , (2.9) 

which ensures the positivity of the sound speed. 
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For z > 0 w e take the matching condition 

c{z) = c(0) = c0, z>0, (2.10) 

to avoid a reverberating interface at the surface of the array. 

2.2 The scattered field 

The pressure field P(t,xr) recorded at the receivers can be expressed as the sum of the direct arrival 

at time |x r — x s | /c„ from the source at x s , and the scattered field p(t, x r ) . The direct arrival carries 

no information about the medium and it can be removed by muting the data for t < |x r — xs\/c0. 

Let us call Ct the maximum depth of penetration of the waves, up to time t, and define 

rc
s = min r c ( x s , y , x r ) , (2-H) 

yes, xreA 

using the travel time TC(XS, y, x r ) at speed c(z), from the source x s G A to point y G S and back to 

the array, at receiver x r € A. We have Ct < L for observation times t < TS and p(t, x r ) is the field 

backscattered by the random medium above S. It can be determined by solving the wave equation 

p | ( t , x ) + VP( t ,x) = F(f,x), 
1 dp° x e R d , 0<t<rs (2.12) 

- ( i ,x )+y9V-u(< ,x)=0 , 
v2(z) dt 

with initial conditions (2.2) and then removing the direct arrival. The reflectivity u(x) can be ignored 

for times t < TS', due to the causality of the wave equation. 

For t > TS the scattered field contains the echoes ps(t,xr) from the reflectivity ^(x). The Born 

approximation for the scattered field is 

ps(t,Zr) * -J dyv{y) d2P^l,y) *t G(t,xr,y), (2.13) 

where *t means time convolution and G is the causal Green's function of the wave equation in the 
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layered medium, 

1 d2G(t,x,y) 
AG(t,xj) = i(x-y)«(t), 

v2(z) dt2 

G(t,x,y) = 0 * < 0 . (2.14) 

In (2.13), Pl(t,x) denotes the "incident" pressure field, that is, the field in the layered medium 

without the reflectivity. It satisfies equation (2.12) for all times t > 0 or, equivalently, it satisfies 

1 B2Pi(t xl 
o r [z, x , _ A p l ^ £j = _ v . p ( t > ^ t > Qj v2(z) <%2 

P ^ x ^ O £ < 0 . (2.15) 

Note the similarity of equations (2.14) and (2.15). Both have as a source term a distribution 

supported at a point (at x s in (2.15) and at y G <S in (2.14)). This observation and (2.13) allow 

us to reduce the calculation of the scattered field to solving a generic problem for the pressure in a 

purely layered medium and for a point source excitation. 

2.3 Parameter scalings 

Let us consider the following model for the source excitation 

F ( « , x ) = ( 5 ( x - x s ) 
V(i)^ 

imj 
(2.16) 

where 

f(t)=e^f(^j, F-(t)=e^P0) (2.17) 

and / is the pulse shape emitted downwards and F G Md~1 is the pulse in the remaining d— 1 cross-

range directions. The parameter e, assumed to be small (e <C 1), is used to maintain the relative 

scales in the problem, as stated in the introduction. It arises by scaling the width of the pulse with 

the longer travel time TS of the waves from the source to the scatterers in <S and back. The pulses 

are multiplied by e(d _ 1)/2 to obtain O(l) coherent echoes at the array. The incoherent echoes are 
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weaker by a factor of e1^2, and we will amplify them later, in Chapter 5, where we analyze their 

intensity before and after the layer annihilation. 

In the frequency domain, we have 

fig) = Jdtnt)e^ = e<?J±fQe*»i = e*?f(U) (2.18) 

and similarly for F£ ( j ) . Therefore, assuming that the base-band pulses f(u>) and F(o>) are sup

ported in an interval of size O(l), centered at w0, we obtain that the source excitation is supported 

on the high 0(l/e) frequencies. The wavelengths are 0(e) and the propagation length L is O(l) . 

Following the terminology in [Fouque et al., 2007], the scalings assumed in this thesis are known 

as the high-frequency, white noise regime, the scaling indicated in (2.16) implies that the wavelengths 

are of order O(l) . 

f » 1 , ^ » 1 , <r = 0 ( l ) , (2.19) 

which arises in applications of exploration seismology [White et al., 1990], where Ao ~ 100m, L = 

5-15km and £ = 2-3m. The regime 2.19 considers strong fluctuations (a ~ 1), but since Ao » £, the 

waves do not interact strongly with the small scales, and the fluctuations average out over distances 

of order Ao. It takes long distances of propagation (L 3> Ao) for the accumulated scattering effect 

to become an important factor in the problem. 

The regime 2.19 is realized by taking 

A ^ ^ o ^ £ « i ! a = l , L , - L j _ 1 = 0 ( l ) , j = 1,2,... (2.20) 
Ao L 

(2.21) 

to emphasize that it is an 

(2.22) 

Let 

be the rescaled correlation length of 0(1) . 

From now on, we change the notation of the central wavelength to A ,̂ 

0{e) length scale, 

^ = 0 ( £ ) « 1 . 
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We also rename ££, and we assume it is 0(s2), while keeping the strength of the fluctuations a — 0{1). 

Explicitely, we write 

J E[(Jn(0)<7fi{z/££)] dz = £sa2 = e2£, (2.23) 

with £ = (j2£e/e2, the rescaled correlation length of 0(1). 

Our model of separation of scales is 

— ~ ^ ~ £ < 9 , < r ~ l , (2-24) 

and we let the remaining length scale a, the array aperture, be much larger than Ag and independent 

oie. 

We remark that this regime is called high frequency because the wavelengths are small in com

parison with the large-scale variations of the medium (i.e. L and the distance between strong layers 

Lj — Lj-i). It is, however, a low frequency regime with respect to the small scale (Ag 3> £e) and 

the effect of the random fluctuations takes the canonical form of white noise in the limit e —> 0, 

independent of the details of the random process /x, [Fouque et al., 2007, Asch et al., 1991]. 

2.4 Plane wave decomposition 

It is convenient to analyze (2.12) in phase space, using the following scaled Fourier transforms, with 

respect to time t and cross-range variables x € R d _ 1 , where x = (x, z) and u = (u, u), 

p ( - , K , z ) = 'fdt fdxP{t,x.,z)eiW-K-x\ 

fi ( - , K , * ) = fdt fdx. u(t,x,z)e'7(f-Kx>. (2.25) 

The dual Fourier variable to x in the plane wave decomposition is called the slowness vector K € 

Rd _ 1 , with units of time over length. 
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After eliminating u from the Fourier-transformed equations (2.12), we obtain the equations 

iu> 
IKI v2(z) 

A 9u 

IUJ „ dP 
fm+—- = 0, 

£ OZ 

zei-Lji-Lj-i), j = l,...M, (2.26). 

for each random slab. These are one-dimensional systems of ordinary differential equations for plane 

waves propagating in the direction of K at speed v(z)/y/l — v2(z)\K\2. At z = 0 we have the jump 

conditions 

p ( ^ K , 0 + ) - p ( ^ K , 0 - ) = 5 ^ / M e - « * K -

« ( j , K , 0 + ) - « ( p K , 0 - ) = e ^ K - F ( w ) (2.27) 

due to the source excitation (2.16) at x s = (x5,0). The scattering interfaces at z = —Lj, for 

j — 1 , . . . M, are modeled later using transmission and reflection coefficients. 

2.5 T h e up- and down-going waves 

To study scattering in the layered medium, we decompose the wavefield into up- and down-going 

waves. The decomposition is done separately in each random slab — Lj < z < — Lj-\ and then, the 

fields are mapped between the slabs via scattering operators at the separation interfaces z = —Lj, 

for j = l , . . . , M . 

For the slab —Lj < z < —Lj-i, the ansatz for P and u is written as 

p ( - , K , * ) = ^y/-r{K,z) [a e(w,K,«)e i"T^A ' '^ -/3s(w.K.sJe-**7-'<*•*>] 

u l - . K . z ] = — . 
Ve' ) 2^[I^z) 

d e (a ; ,K,2)e i * T ^^ 2 ' + / 8
£ ( a ; , K , Z ) e - i T ^ ( ^ ) ] , 

(2.28) 

where ae and /?£ are the amplitudes of the up- and down-going waves. These amplitudes are random 

variables, but the remaining coefficients in (2.28) are deterministic. Explicitly, 

•y(K,z) = pc{K,z), 
pc(z) 

^/\-c2{z)K2' 
(2.29) 
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is the acoustic impedance of the plane waves propagating in the direction of K, in the smooth 

background, at speed 

c(K, z) = c{z)/y/1 - c2{z)K2, (2.30) 

with K = |K|. The exponents in (2.28) are the travel times computed in the smooth medium, 

relative to the top of the slab 

T>vc-')-Ll.,&Tr (2'31) 

By substituting (2.28) in (2.26), we obtain a coupled system of stochastic differential equations 

for ae and 0e. These equations can be written using a matrix-valued function WAu),K,z), called 

propagator, satisfying 

dFe 
VJ) 

e "(?)&+s-^ (2.32) 

Pf = 7, at z = -L+ 

where 

1 _ e - 2 i ^ T j ( K , z ) 

e2ifTj(K,z) _i 
and 

0 e-2i^Ti{K,z) 

e2ifTj(K,z) 0 

The propagator P£(UJ,K,Z) maps the amplitudes at the bottom of the slab z = —L^ to the 

amplitudes at an arbitrary depth z in the same slab: 

a£(u,K,z) 

P£(u,K,z) 
= Mw,K,z) 

a£(u,K,-L+) 

0£(cj,K,-Lf) 
(2.33) 

The boundary conditions at z = —iA are not known a priori, and they are to be determined 

recursively, as it will be explained in the following sections. However, the boundary conditions are 

known at the surface 2 = 0, where the source and the array are 

a£{u>,K,0+) = a£(ui,K,0-) + 

d+1 —jULTC.Te £ 2 g « £ ^ X 5 f{u)-l<W±K.f{u) 

P(u,K,0-) 
£ 2 e J e A X ^ 

v/r(^o) / H + 2(MK.FH 

(2.34) 

(2.35) 
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These equations follow from (2.27), (2.28) and the identity 

/3£(w,K,0+) = 0, (2.36) 

which states that there are no down-going waves above the source in the homogeneous half-space 

z > 0, 

The amplitude of the incident waves impinging on the layered medium is given by 

P(U,K,0-) = e^">*K-iiK~., (2.37) 

where 

<p(u, K) = f{u) + 7 ( ^ ' 0 ) K • F(w). (2.38) 

The up-going wave amplitude a£(w, K, 0+) consists of two parts: the direct arrival (which is to be 

removed from the data) and the scattered part: 

a £(w,K,(T) =KS(LJ,K)I3£(UJ,K,0-), (2.39) 

where TZe(u>, K) is the reflection coefficient of the layered medium. 

The pressure field scattered by the layered structure is obtained by Fourier synthesis, 

p(t, H) = £-^-J^-JdK ( ^ ) d _ 1 # w , K) Ks(u, tf)e-<?(«-K-(x-x.»? ^ = (X) 0 ) ( 2 4 0 ) 

It remains to write in the next sections the reflection coefficient TZ£(ui, K) in terms of the reflection 

and transmission coefficients of the random slabs and the interfaces z = —Lj, for j = 1 , . . . , M. 

Analogously to (2.40), we obtain by the inverse Fourier transform the incident field Pl(t,y) at 

a point y in the support S of the reflectivity (recall Born formula (2.13)). The layered medium 

appears in P%{t,y) in the form of transmission coefficient Te(u>,K) between z = 0 and z = —L, 

where y = (y, —L). This transmission coefficient is determined by the propagators P£ of the random 

slabs and the scattering operators at the interfaces z = —Lj, for j = 1 , . . . , M, as we show in the 

following sections. 
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2.6 The transmission and reflection coefficients in the ran

dom slabs 

It can be shown, from equations (2.32) (see [Fouque et al., 2007]), that the propagators Pe(uJ, K, z) 

are of the form 

q 1 I , (2.41) 

where C?(w, K,z) a n d VjWi ^> z ) a r e complex-valued fields satisfying 

detFfa,K,z) = \q(oj,K,z)\2-\r)e(uj,K,z)\2 = l, -LjKzK-Lj-L (2.42) 

The bar on top is the usual notation for complex conjugate. 

Instead of working directly with the entries of P£, it is more convenient to work with the "trans

mission" and "reflection" coefficients IJ(w,K, z) and Rj(u>,K,z), defined by the relation 

?£(UJ,K,Z) 

T£(u,K,z)J 

* 'RUu),K,z)'t 
3 ' (2.43) 

V 

This definition can be thought as follows: Consider a random slab in the interval (—Lj,z), 

between two homogeneous half-spaces, as illustrated in Figure 2.1. If a down-going wave with 

amplitude equal to one is sent from the top, then a down-going, transmitted field with amplitude 

Tj(ijj,K,z) is observed at the bottom of the slab —Lj, and similarly, an up-going, reflected field 

of amplitude R£Aw,K,z) is observed at z. Since there is no scattering below the slab, there is no 

up-going field at —Lj. 

Equations (2.41) and (2.43) give 

T?(w,K,z) = = = = , R){u,K,z) = ^ = = L (2.44) 
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\R](z) T*(z) 

T](z) j-Rfc) 

Figure 2.1 Schematic of transmission and reflection by an imaginary random slab in the interval 
(-Lj,z), with homogeneous half-spaces above and below it. Illumination of the slab from above 
and below the slab is shown on the left and right of the sketch, respectively. 

and by (2.42), we obtain the conservation of energy identity 

\T?(u>,K,z)\2 + \Rs
J{w,K,z)\2 = 1, (2.45) 

for all z € {—Lj, —Lj-i), and any jf = 1 , . . . , M. 

We can also define the analogous coefficients Tj(w, K, z) and R^(u, K, z), corresponding to illu

minating the random slab from below (see Figure 2.1), 

/ 

Ffa,K,z) 

These coefficients are given by 

\ 

\Rj{u),K,z)J 

T?(u>,K,z) 

0 

ff(w,K,z) = Tf(w,K), R£AuJ,K,z) 

and they also satisfy the energy conservation identity 

tf(w,K,z) 

\eMK,zY 

(2.46) 

(2.47) 

f?(w,K,z)\ + L R J ( O ; , A : , 2 ) 1. (2.48) 

The asymptotic statistical distribution (when e —* 0) of the random transmission and reflec

tion coefficients is well understood, and we quote from [Fouque et al., 2007, Asch et al., 1991] the 

following results relevant to our analysis. 
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(1) The transmission and reflection coefficients of different random slabs (that is, for different 

indices j) are statistically independent. 

(2) Let z be fixed and consider Uiq(uj,K,z) = [TJ(LO,K, z)] [Rj(w,*K, z)]q , for any non-negative 

integers /, q. Then, 

E [Wj,(w, K, 'z)Ui^{u',Kf,z)] -> 0, (2.49) 

provided that q ^ q' or q = q' > 1 and \w — u/| > 0(e), or \K - K'\ > 0(e). An analogous 

result holds when replacing Rj(v, K, z) with RJ(UJ, K, Z). 

(3) The multiple frequency and slowness moments of the transmission coefficients do not vanish 

El]\Tj(wq,Kq,z)\-+El]lT?°*(Ll,q,Kg,z)\, (2.50) 

and they converge to the moments of the ODA kernel, denned as 

3 \ 2J_L.Li0C(ui,K,s) 2 J_L. L1OC(UJ,K,S) J 

Here W is standard Brownian motion and Lioc(u>, K, z) is called the localization length, because 

it is the scale of exponential decay of the coeherent field modeled by ODA. It depends on the 

frequency, slowness and the scaled correlation length / = l/e2 = 0(1) as 

T / ~ x ic2(z)(l-c2(z)K2) 
Lloc(u,K,z) = V A ^ V ; '-. (2.52) 

2.7 The strong scattering interfaces 

The scattering at the interfaces — Lj is modeled with propagators hj that map the up- and down-

going waves below the interface to those above it. See [Fouque et al., 2007] for a definition of hj in 

the case of an interface due to a jump discontinuity of c(z). This map is expressed by the relation 

a e (w ,K , -L+)eW c - - L ' > > 

/9
e(«,K,-Lt) e-*f^(«.-^) 

, Q £ ( W , K , - L 7 ) 
= L j(w,K) | 3 , (2.53) 

> ( « , K , - L : 
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where, in the left-hand side, Tj(K, —LJ) accounts for the travel time (2.31) that starts from zero in 

each random slab. As in §2.6, the transmission and reflection coefficients are defined as 

/ 
L,-

0 

V T ^ 

R 

1 

\ / 
L, 

1 ™ \ 

Rj 0 
(2.54) 

corresponding to illuminations from above and below the interface. These coefficients satisfy the 

indentities 

T = T Ri -Rj, Tf + R2j = l, (2.55) 

and we note that they do not depend on e, because the interface is independent of scaling. 

2.8 The scattering series 

Let —Cf be the maximum depth of propagation of the waves in a time window bounded above by 

t*. Then, the causality of the wave equation can be used to set the speed c(z) to the constant value 

c(—Cf), for z < —Cf, since further events will be unobserved. Recall that lZs(u),K) and T£(LJ,K) 

are the global reflection and transmission coefficients of the layered medium in the interval (0, —Cf), 

at scaled frequency ui and slowness K, with K = |K|. By iterating equations (2.33) and (2.53), we 

obtain 

g-^nCK-.-LO 0 
LiPKw. / f . -La) -

eifTM(K,-LM) 

gifnCiC-LO 

\ 

L M P E
M + 1 ( w , X , - A . 

/ 

(2.56) 

It is assumed here that there are M strong scattering interfaces above z = — Cf and, due to the 

perfect matching at z = —Cf, there are no up-going waves coming from the homogeneous half-space 

z < -Cf. 

Equation (2.56) define implicitly 1Z£ and Te. We invert them next to obtain the scattering series 



21 

for 1Z£ and Te. For the sake of readability, the following shortened notation is used hereafter: 

a?+= a^K,-Lf), 

v £ ' - — ^v£ a£Aoj,K,-Lj ), 

# + = / 3 ? ( w , K , - L + ) . 

^ • - = ^ ( w , K , - L 7 ) . 

Analogously, 

Tf=T?(w,K,-Lj-1), iK=iS(w,A: ) -L J -_ 1 ) , TJ =Tj(K>-Lj)-

2.8.1 The scattering series for 7££ 

Equation (2.33), with the shortened notation, becomes 

e,-\ 
fl; , J - l 

/3 e '~ 
^•-iy 

= p? j 

/ e,+\ 
a,-j 

V* 1 
: aJ' + PJ 

>R 
+ (pr-mn 

V \ T / 

and using definitions (2.43) and (2.46), we get 

= a . + i^r-^^/^i+/3e 
-mm l/Tf 

(2.57) 

for j = 1 , . . . , M + 1. Similarly, we obtain from (2.53) that at z = — Lj 

, / 3 7 + e - ^ 
= a,-

7} - RjRj/Tj 

-Rj/Tj 
+ fi 

Rj/T> 

) VTS ) 
(2.58) 

for j = 1 , . . . , M. The boundary conditions are 

'£> + 
R- > Po' ~~ 1' a M + l ~~ 0' £\M+1 — •* (2.59) 

and we set LM+I = A* • 
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Starting from the bottom in (2.57)-(2.59), we get 

* — PM ^M+i! 
a M 

P 
= R M + l 

M 

(2.60) 

and then using (2.60) in (2.58) for j = M, we obtain 

a 

P\ 
M_ _ p-2if TM 
e,+ 
M 

O-M (^M — RMRM/TM) + PM RM/TI M 

PM /TM - ®M R-M/TM 

e ~ 2 ^ RM + R ^ T M T M 

1 — RMR£M+I 

(2.61) 

The equations of conservation of energy (2.45) and (2.48) ensure that the reflection coefficients 

are less than one in magnitude, and therefore (2.61) can be expanded in terms of a convergent series: 

PM 

-2ifrM 

oo 

RM + RM+\TMTM 2_J ( R M R £ M + I ) 
q=0 

(2.62) 

This series essentially states that, as illustrated in Figure 2.2, the reflected field at — LM consists 

of three parts: first, the direct reflection at the interface z = —LM {RM in (2.62)); second, the 

transmission through the interface and the reflection by the medium below, followed by another 

transmission from below the interface (TMRM+I^M in (2.62)); and third, multiple iterations of the 

latter. Due to reflections at —LM, there are multiple illuminations of the medium below z — —LM-

These are the terms TM{RMRM+i)qRM+ITM, for q > 0 in (2.62). 

The series for 
0fc-i 

is obtained in a similar way: 

*M-l 

P6' M-l 

n£ , % T e /fie V I R£ M 

PM 0=O V PM , 

Iterating for all indices j , we get the full scattering series 

a 
,e.+ 

% 
£,+ = e 

-2i± 
OL: 

Ri + ^T&Y, 
q=0 % 

(2.63) 
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M+l 

*=-Lj. 
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a: 
i 

a: 
i_ 

(b) 

Figure 2.2 Diagram of the first few 
terms in the series (2.62) (a), and series (2.65) (b). 
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for j = 1 , . . . , M. At j = M we have (2.60) and 

^ - ^ + ^ T 3 7 f / E * h £ + • J = 1,...M. (2.64) 

Finally, (2.59) gives ft£ = 2§ll. 

2.8.2 The scattering series for T e 

The derivation of the series for T£ is analogous to that for 1Z£. The final result is that for j = 1 , . . . M, 

00 ( c/ '+V 

9=0 V Pj } 

The first terms in (2.65) and (2.66) are the direct transmission through the j'-th random slab and 

interface, respectively. In both equations, the series arise because of the multiple illuminations of 

the slab and interface, due to the reflection by the layered structure below —Lj. See the diagram in 

Figure 2.2 for series (2.65). At z = 0 we have the initial condition (2.37) and Te = /3Jî +i-

2.8.3 The scattered pressure field 

First, we consider only "early" times t < TS, that correspond to the echoes due to the layered 

structure, and not the small scatterer that is below. The pressure field at the receivers is given by 

(2.40), in terms of the reflection coefficient TZe defined by the scattering series derived in section 

2.8.1. The series involves random reflection and transmission coefficients I J and Re, with moments 

given in §2.6, in the asymptotic limit e —> 0. 

Note, in particular, statements (2.49) and (2.50) that involve powers of the reflection coefficients. 

These imply that, when computing the expectation of p(t,x), all terms in Vf that involve reflections 

by the random slabs vanish (asymptotically) and the transmission coefficients I J can be replaced 
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by the ODA kernels T?DA. In other words, 

£ [p ( i ,x ) ]«£[p O D A (* ,x ) ] , (2.67) 

where 

O D A , -

with x = (x, 0), and 7?.ODA = J^UA,- is determined recursively from 

(2.69) 

Moreover, due to the rapid decorrelation of the reflection coefficients Rj over frequencies and 

slownesses K, we get from (2.40) and (2.49) that, in a time window (of width of the same order as 

the originating pulse) centered about the coherent arrivals, 

E {\p(t,Z)\2} = £ { b O D A ( i , x ) | 2 } + 0 ( £ ) . (2.70) 

It is important to underline that the ODA field (2.68) describes the coherent echoes recorded at 

the array. They are due to scattering by the strong interfaces at z = — Lj, for j — 1 , . . . , M but not 

to scattering in the random medium. Scattering in the random medium produces what we call the 

incoherent field. It has zero expectation and 0(s) variance (see second term of (2.70)). The coherent 

field pODA (t, x) consists of a series of coherent arrivals along scattering paths that we denote in short 

by V. See Figure 2.3 for an illustration of coherent paths V. Each such arrival can be analyzed with 

the method of stationary phase [Bleistein et al., 2000]. 

For the purpose of illustration, take for example the shortest path VL1 , corresponding to a single 

a 
O D A , + 

/S 
a„ 

P. •j-i 

% 
a O D A , -

-2i*T< 
iODA,+ 

ODA,— OO / O D A , -
Ctj ~ T-^ ( ~ a j 

Rj + aODA,-TjTj 2_^ I Rj „ODA,-

Pj 9=0 \ "j 

% 
O D A , + Pi 

ODA"! 2 

i = i,- ,M, 
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= 3 ^ 

Figure 2.3 Examples of coherent paths from the source at x s to a receiver at x r . Left: Path 
between the layers without "seeing" the scatterer at y. Right: Path through the scatterer at y. 

reflection at —L\ and assume that c(z) = c0 and d — 3. Then, we obtain 

P™(*,*) = y / ^ / « ( ^ ) a ^ , K ) l l 1 | 2 ? - ( a , l i f ) | V ' ¥ ( ^ ) + ' fK-(x-xB) 

with kernel T1
ODA(w, K) given by (2.51), for j = 1 and 2 = 0: 

r l
O D A (o ; ,K)=exp. 

W2/L! ;>// 

and the travel time is 

8 C 2 ( 1 - C 2 X 2 ) 2 C o V / l - C 2 * : 2 
W(L!) } 

Let us introduce the source-receiver offset vector 

h = x — x . (2.71) 

Then, the leading term in the integral over K comes from the neighborhood of the stationary point 

K 
c<V|h|2+4L?' 

K=\K\ = 
COS01 

and it corresponds to waves propagating along a straight path from the array to the interface at 

- L i and back. The reflection at -L\ obeys Snell's law, as indicated in Figure 2.4. Applying the 
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Figure 2.4 Diagram of Snell's law for reflection at z = ~LX. 

method of stationary phase we obtain 

P°?A(*,x) 
4V|h|2+4L? ij2;K-tT—KfM+^2Lr) R 

y sin2 0i sin 0i y/L 

(2.72) 

2.9 The multiple scattering series representation of the pres

sure field 

From the result in the previous section, we have that the pressure field at the array at the surface 

x = (x, 0) e A has the following multiple scattering series representation 

p(*,x) = D(t,h) = Y,®v\t ? ( h ) ~ <Mh), h + Af(t,h). (2.73) 

where D(t,h) denotes the data recorded at the array, parametrized by the offset h. For convenience 

in the analysis, the separation between the receivers is assumed small enough to view the array as 

a continuum aperture. This means that h varies continuously in a compact set of diameter a, the 

array aperture. 

The data D(t, h) consists of coherent part and an incoherent "noisy" part Af(t, h) . The incoherent 

part is due to scattering by the finely layered, random medium between the strong layers and is 

studied in Chapter 5. 
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2.9.1 Illustration 

For the purpose of illustration, let us consider for a moment the following simplification of our 

problem: suppose that the source at xs has directivity along the z axis, (i.e., F e — 0 in (2.16)) and 

that the smooth background has constant speed c(z) = c0. Then, let us observe the pressure field 

P(t,x), for times t < 2L\/c0, so that we can ignore the scattering interface at z = —L\. If there 

were no random fluctuations, the pressure field would be 

* « ( * , * ) = - ! 
/ e ( t - T ( x , X 8 ) ) 

47r|x 
x = ( x , z ) e M 3 . (2.74) 

We would observe the emitted pulse / centered at travel time r(x, x s) — |x —x s | /c0 , and the ampli

tude change due to geometrical spreading. The ODA theory says that the transmitted field through 

the random medium is given by [Fouque et al., 2007, Asch et al., 1991, O'Doherty and Anstey, 1971, 

Clouet and Fouque, 1994, S0lna and Papanicolaou, 2000] 

P - ( « , x ) « - | 
(f- *t KODA) (t - r(x, x,) - £5T(X,ZS)) 

4TT|X - x . 
(2.75) 

Pulse spreading is observed due to the convolution of / £ with the Gaussian kernel 

,w^r,A,x sin0(x) f t2sin2^(x)"l . „,_. \z\ ,„ „„x 
K {t) = 7S±)^Y^Wi' •"•v-tt ("6) 

and a random arrival time shift c(Sr(x,xs). The spread is proportional to tps(z), a parameter with 

units of time that depends on the correlation function C(z) of the random medium and the depth z, 

and it is more pronounced for waves propagating at shallow angles #(x). The time shift <5T(X, XS) is 

given by 

d T ( X ' X * j - s i n 0 ( x ) ^ ' {2J7> 

in terms of the standard Brownian motion W(z). 

Figure 2.5 shows the pressure field computed with numerical simulations in two dimensions. 

The numerical method and setup are described in §4.3. On the left, the sound speed v(z) which 

fluctuates at length scale i = 0.1 A0 around the constant value c0 = 3km/s. On the right we 

show the transmitted pressure field to five different depths ranging from 14A0 to 68A0. The ODA 
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20 

68.13 

60 80 100 

time scaled by pulse width 

120 140 160 

Figure 2.5 Top: The sound speed v(z) as a function of depth measured in central wavelengths. 
Bottom: The transmitted pressure field for different depths traveled in the random medium. The 
depth for each trace is measured in central wavelengths. 

formula (2.75) describes the coherent fronts but not the incoherent long tail or coda. The the

ory [Fouque et al., 2007, Asch et al., 1991, O'Doherty and Anstey, 1971, Clouet and Fouque, 1994, 

S0lna and Papanicolaou, 2000] states that the amplitude of the coda is smaller then the coherent 

front, by a factor of 0{e1f2). This is observed approximately in Figure 2.5. 

In imaging we do not observe the transmitted field plotted in Figure 2.5. The array of sensors 

sits at the top surface z = 0 and it records the scattered pressure field. We show in Figure 4.4 the 

pressure at the array, for the numerical simulation setup shown on the left of the figure (see section 

4.3 for details). We have a cluster of three small scatterers buried deep in the layered structure, 

below some strong scattering interfaces. Note the two strong coherent arrivals of the waves scattered 
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by the top interfaces. Ahead of these arrivals we observe the incoherent signal due to the scattering 

by the fine layers. This signal is weak, consistent with the theory which says that the incoherent 

amplitudes are smaller than the coherent ones by a factor of 0{e1^2). The echoes from the small 

scatterers buried deep in the medium are also weak and they cannot be distinguished in Figure 4.4 

from the echoes due to the layers. This is a serious SNR issue. It says that unless we can filter the 

data to enhance the "signal" (echoes from the small scatterers) with respect to the "noise" (echoes 

from the layers), we cannot image the scatterers. These filters are the topic of the next chapter. 



Chapter 3 

Layer annihilator filters 

This chapter defines and analyzes data filtering operators called layer annihilators, proposed for 

SNR enhancement. The performance of these filters depends on how well the background speed c(z) 

is known. The easiest and most favorable case is that of a homogeneous background, considered in 

§3.1. The general case is discussed in §3.2. 

3.1 Constant background 

We begin by analyzing the arrival times of the coherent events in the series (2.73). The paths V 

that do not involve scattering in S can be classified as the "primary paths" Vj, that involve a single 

scattering at an interface z — —Lj, for j — 1 , . . . , M and the "multiple paths" that are scattered 

more than once by the interfaces. See Figure 3.1 for an illustration of these paths. The red line is 

for a primary path, the blue line is for a multiple path and the green line is for a path Vy scattered 

at a point y in <S. 

The travel time along paths Vj is (see §2.8.3) 

T_(h)=T(A,L J-) = - ^ — - , (3.1) 
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h 

* / 
V 

Figure 3.1 Illustration of a primary path (red), a multiple path (blue) and a path through a point 
scatterer (green). At background speed c0 the multiple path maps exactly to a primary reflection at 
a ghost interface drawn with dotted line. 

where we let h = |h|. Consider next a multiple path V. Each reflection in V satisfies Snell's law, as 

shown in §2.8.3. It also follows from §2.8.3 that the transmission through the random medium and 

through the interfaces does not bend the coherent paths, because the background speed is constant. 

This implies, after a straightforward geometrical argument, that any multiple path V has the same 

length as a primary path, reflected at a ghost layer z = — Lghosti 

7v(h)=T( / i ,L g h o s t ) . (3.2) 

See Figure 3.1 for an illustration, where the multiple path shown in blue is mapped to the primary 

path (blue dotted line) reflected at the ghost layer shown with the black dotted line. 

The arrival times along paths Vy, for y = (y, —L) € «S have a different dependence on the offset. 

Take for example the path that scatters at y, but involves no reflection by the layered structure (like 

the green path in Figure 3.1). The arrival time along Vy is 

TV. (h) = - (V|x s - y|2 + i 2 + V\*s + h - y|2 + LA = T (h, T/(h)) (3.3) 
y c0 \ / 

and using the monotonicity in the second argument of (3.1), we can always equate it to the arrival 

time T(h, r/(h)) of a primary from depth — 77(h). However, unlike Lghost in (3.2), this depth depends 
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on the offset 

.(h) = { ^ +
( X - - y ) - (

2
X - + h - y ) ^ [ ( | x s - y | 2

 + ^)(|x, + h - y P + ^ ) ] ^ . (3.4) 

It is only in the case of y below the midpoint between the source and receiver (i.e. y = x s + h/2) 

that 77(h) is independent of h. Considering that the source is fixed in our data acquisition setup, 

this is a special situation that can arise for at most one offset h. 

The layer annihilators are data filtering operators intended to suppress all coherent arrivals 

at times T(h,z), for arbitrary depths z < 0. We study theoretically and numerically two such 

annihilators. Since the background speed c0 may not be known, we define them at a guess speed c0. 

We then show in section 4.2 how to use the annihilators for imaging and velocity estimation. 

Definition 3.1.1. Consider a guess c0 of the true background speed and define function 

7 U M ) = ^ ^ (3.5) 

and its inverse 

Ca0(M) = ^ - ^ , (3.6) 

where 

TSo(h,Cc0(h,t))=t, Qo(h,T-Co(h,z)) = z. (3.7) 

We propose as a layer annihilator the data filtering operator Qe0 

lSoD](t,h) = ±D(T£o(h,z),h) (3.8) 
J z=Cc0(h,t) 

The layer annihilation can be thought of three steps: 

(i) The mapping of the data from the time and offset space (t, h) to the time and depth space 

{t,z), via function Tc0(h,z). This is called normal move-out in the geophysics literature 

[Claerbout, 1992, Biondi, 2006], 
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(ii) Annihilation via the derivative with respect to h. The derivative is expected to be small if we 

have indeed echoes at times T(h,z), for some z, because the normal move-out eliminates by 

subtraction the strong variation of $ p in h (see (2.73)). 

(iii) The return to the (t, h) space with the inverse function Cca-

The annihilator introduced in Definition 3.1.1 works well in ideal situations of low instrument 

noise and for perfectly layered structures. This is shown with numerical simulations in section 4.3. 

We also study there the more complicated problem of a layered structure with additional isotropic 

fluctuations of the sound speed, due to small inhomogeneities. In that case Definition 3.1.1 is not 

the best choice of an annihilator, because the derivative over the offset h can amplify significantly 

the "noise" due to the isotropic clutter. The following alternative is proposed: 

Definition 3.1.2. Consider a guess speed c0, and let Tc0 and (g0 be as in Definition 3.1.1. The 

data filtering operator Qa0 given by 

[Q£oD]{t,h) = lD(TSo(h,z),h)-± [2
bD(T£o(h',z),ti)dti\ (3.9) 

I 5 ' z=Ci0(h,t) 

is a layer annihilator if c0 = c0 + 0{e). Here, b defines the size of the integration interval, which 

specifies how much averaging is to be done. 

3.2 Variable background 

Definitions 3.1.1 and 3.1.2 extend to the case of variable backgrounds in an clear manner. Instead 

of (3.5) we take Tc(h, z) to be the travel time of a primary reflection at depth z < 0 in the medium 

with guess speed Hz), 
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with horizontal slowness K^ given by equation 

£ = * , / • * > *• (3.11) 

Note that because the right hand side is monotonically increasing with Kc, we have a unique slowness 

satisfying condition (3.11) and therefore, a unique Tc(h, z) for each z. Furthermore, Tg(/i, z) increases 

monotonically 1 with |,z|, so the inverse function (c(t,h) satisfying 

T£(h,^(h,t))=t, Cs(h,Tc(h,z)) = z, (3.12) 

is also uniquely defined. 

Note also that we have the identity 

Kc=^Tc(h,z). (3.13) 

The slowness Kc cannot be written explicitly in general, but in the homogeneous case c(z) — c0 we 

recover (3.5): 

K k 

« ° v W + 4 * 2
 ( 3 1 4 a ) 

h 
= c*0TCo(h,z) 

and 

Jh2 _|_ Az2 
TCo(h,z) = -Vtl +*Z . (3.14b) 

The annihilator operators are as in Definitions 3.1.1 and 3.1.2, with Tg(h,z) used for the normal 

move-out and Cc(t, h) for the mapping between depths z and time t. The performance of the anni-

hilators is expected to be worse than in the homogeneous case, because the multiple paths do not 

map exactly to primaries from ghost layers (i.e. Lghost independent of h) at the correct speed. The 

degradation in performance depends on how much c(z) varies along the multiple paths and on the 

LIt follows from (3.10) and (3.11) that dTe/d\z\ = 2/c{z)^l - c2(z)K? > 0, with z = -\z\. 
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depth where the stronger variations occur. We show with numerical simulations in §4.3 that when 

the variations of c(z) are not too large, the annihilation of the multiples is almost as good as in the 

homogeneous case. 



Chapter 4 

Annihilation of the coherent layer 

echoes 

This chapter studies analytically and numerically how annihilator filters described in chapter 3 

effectively filter the coherent signals due to layered structures in the data. 

4.1 Analysis of Annihilation 

Recall from section 2.9 that the multiple scattering series for the coherent part of the signal can be 

written as 

P(t,h) = j^$ V 

V 

t-Tv(h) " 
: *7V(h), h (4.1) 

We have then the following result: 

Lemma 4.1.1. Operator QgD is a layer annihilator, in the sense that it suppresses the echoes from 

the layered structure ifc0 = c0 + 0(e). The operator does not suppress the echoes from the compactly 

supported reflectivity, no matter what the guess speed is. 

Proof: The result follows easily from the discussion at the beginning of this section. The goal 

of the annihilator is to suppress the coherent paths that involve scattering by the layered structure. 
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According to (3.1) and (3.2), the arrival time along these paths is of the form TCo(h,Lv), for some 

layer at a depth — L-p, 

* , ^ - ^ - ^ ( h ) , h = * „ ^ - l U ^ - ^ h V h 

After normal move-out, we get 

* , 
T5o(h,z)-TCo(h,Lr) - STV {h),h 

with z to be mapped later to time t, using (c0{h, t). Now take the derivative with respect to h = |h|. 

We have 

\edhlTs' 
dh 

(h,z) - TCo(h,Lv)\ - — • VSr^h) \ ^ T '}!< 
T£o(h,z)-rv(h) 

dh 
dh 

V h $ , 
Tdo(h,z)-rv(h) 

- 6TV(h),h 

STV (h),h 

(4.2) 

where we denote by §i<&v the derivative of $ P with respect to the first argument and by V h $ P the 

gradient with respect to the second argument. Recall from §2.9 and §2.8.3 that $T,(-,h) and 8TV(\\) 

vary slowly in h. The leading term in (4.2) is 

I A. 
e dh 

1 d [TSo(h,z)-TCo(h,Lv)]-$ Tdo(h,z)-rv(h) 
STV {h),h 

h 

clT5o(h,z) cgr„(h) m T 
T£o(h,z)-rv(h) 

- STV (h) ,h (4.3) 

and after mapping z = (c0(h,t), it becomes 

h h 
c2

0t c2
0Tv{h) at 

$ . 
t-Tv(h) 

STV (h) ,h (4.4) 

Since §v has 0(1) support, the leading order term can be observed at times t = rv(h) + 0(e), 

_ / l / c g - l / c g \ 'l/cl-l/cl\ h_d_ 
,(h)dt v 

t-Tv(h) 
- ^ ( h ) , h + 0(1) 

and then, only if \c0 — c0\ > 0(e). 
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Let us consider next the coherent arrivals along paths V^ scattered at points y € S. We focus 

attention on the stronger paths1 that involve no scattering in the layered structure. Using an 

analogous calculation to the above, we get 

-1* 
dh v* 

1 

4 

TUM-r^(h) 
e 

' h h 

_& c2rPj.(h)_ 

2 dh „ 
—^ TT^-TT • V 

<5r„_(h),h 

^=Cc0(/i,t) 

dt v* 

d 

t-rvJh) 
«T„_(h),h 

e ^ . ( h ) d f c - V ^ ( h ) ' ^ 
t~Tv(h) 

STV (h) ,h 

(4.5) 

Here we used equation (3.3) for rp_(h) and we wrote explicitly the 0(l/e) terms. The first term 

vanishes as before at the correct speed, but the second term is O {l/e) independent of c0 (recall 

(3.4)). D 

The first and last steps involved in (3.9) are the same as in Definition 3.1.1. It is the annihilation 

step that is different. Instead of taking derivatives with respect to the offset as in (3.8), we subtract 

the average of the traces with respect to the offset, after the normal move-out. 

We omit the analysis of the annihilator (3.9) because it is very similar to that in Lemma 4.1.1. 

We discuss next the general case of smooth background speeds c(z). 

4.2 Imaging and velocity estimation 

We now use the layer annihilators for imaging the compactly supported reflectivity and for velocity 

estimation. We begin in section 4.2.1 with migration type imaging. Then, we discuss coherent 

interferometric (CINT) imaging in section 4.2.3. 

1These paths are stronger than those that scatter in the layered medium because: (1) Each scattering at an 
interface reduces the amplitude of the echoes by multiplication with the reflection coefficient. (2) The longer the path 
is, the more it is affected by geometrical spreading and the ODA diffusion kernel due to the random medium. 
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4.2.1 Migration imaging with layer annihilators 

Under the idealization of a continuum array aperture, we define the migration imaging function with 

the annihilated data2 

J(ys;c)= / d h [ Q £ D ] ( r ( x s , y s , ( x s + h ,0)) ,h) . (4.6) 
JA 

Here Qg is one of the annihilators introduced in section 3 for a guess speed c(z). and "r(x s ,y
s ,x s + 

(h, 0)) is the travel time computed at the guess speed between the source at x s = (xs, 0), the image 

point at ys and the receiver at (xs + h, 0). 

As we have seen in §3, the layer annihilators suppress the echoes from the layers above the 

reflectivity support <S if the guess speed c{z) is close to the true one. Take for example the annihilator 

in Definition 3.1.1 and use equations (3.10) and (3.11) to deduce that the primary arrival times satisfy 

-±-T5(h,z)=K5, (4.7) 

with horizontal slowness Kg given by (3.11) or, equivalently, by 

K£ = K£[T£(h,z)}. (4.8) 

The map Ka cannot be written explicitly in general, unless we are in the homogeneous case c(z) = c0, 

where 

K*°'Twhw'w^)=Ki-mh-z)]- (4-9) 

Nevertheless, it is unambiguously defined, as explained in section 3.2. 

We have from (2.73), (4.6)-(4.8) and Definition 3.1.1 that 

J(ys;~c) = E / T {Kc[r(x5,r,(xs + h,o))] - j-Mh)} 

a^r.(xs,y-,(xs + h,o))_!z(h)_^(h)ih 
ut S 6 

(4.10) 

+ •• 
2The continuum approximation made in (4.6) is to be understood in practice as having a very dense array of 

sensors. This is in fact required in Definition 3.1.1 to approximate derivatives in offset. Definition 3.1.2 makes sense 
for receivers that are further apart, as well, in which case the integral over h in (4.6) should be replaced by a sum 
over the receivers. 
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where we denote by the ellipsis the lower-order terms. We have computed already the derivatives 

±rV]{K) = fhTc{KL3) = .Ml (4.11) 

for the primary paths Vj. For the other paths we write 

~r7,(h)=Kc{rv(h)] + 1pv(h), P^Vj, j = l,...M, (4.12) 

where the remainder ipv(h) may be 0(1), independent of the guess speed c. 

Remark 1. In the most favorable case c(z) = c0, the remainder ^v(h) vanishes for all paths that 

do not scatter in the reflectivity support S, when c = c0. However, the remainder does not vanish 

for paths Vy that involve scattering at points y in the reflectivity support S (see Lemma 4.1.1). 

In the general case of variable c(z), the remainder Vv(h) does not vanish for the multiple paths. 

However, it can be small if the variations of c(z) are not too significant, as illustrated with numerical 

simulations in section 4-3-

Returning to equation (4.10), and using (4.11), we obtain 

J{ys\c) = Y/J~{K- K*-ys> (x* + h'°))] - Kc Mh)] + v„(h)| 

| ^ ( x s , r , ( x , + h,o))_ Ig |h)_^ (h ) ;h |+ -

(4.13) 

Since $ p has O(l) support, we get a large 0(l/e) contribution at the image point ys if there is a 

path V for which 

T ( x 8 , y * , ( x 8 + h , 0 ) ) = 7 v ( h ) + O(£). 

Each such path is weighted in (4.13) by the amplitude 

Ke [r(xs, y
s, (x, + h, 0))] - Kc [r^(h)] + ^v (h) « Kg [rp(h)] - Kc [rP(h)] + W ( h ) . 

The first two terms in the right hand side are the horizontal slownesses at speeds c and c, respectively. 

They cancel each other when the guess speed is right and then, the image is determined by the paths 

with remainder ip = 0(1). As stated in Remark 1, all paths that scatter at the reflectivity in S 
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have large remainder. We have now shown the main result: 

Proposition 4.2.1. Assuming a homogeneous background c0 and a guess speed c0 = c0 + 0{e), the 

migration imaging function (4-6) peaks in the supports of the reflectivity and not at the layers above 

it. If the guess speed c0 is not close to c0, the top layers in the structure obscure the reflectivity. If 

the background is not homogeneous, but the guess speed is right, the annihilator obscures partially 

the top layers by eliminating the contribution of the primary paths Vj in the image. 

4.2.2 Algorithm for imaging and velocity estimation with layer annihila-

tors 

Using Proposition 4.2.1 we can formulate the following algorithm for imaging jointly with velocity 

estimation: 

1. Choose a guess speed c(z). 

2. Form the image (4.15) at points y s £ S, using the data filtered by the layer annihilator Qg-

3. Compute the objective function 

m = W£§£&. (4.14) 
max \J(ys;c)\ 
y»eS 

4. Adjust the speed c using optimization over a compact set C of admissible speeds 

minJF(c). (4.15) 
cGC 

This algorithm returns a speed c(z) that produces an image of small spatial support, as measured by 

the sparsity promoting Ll norm in the objective function (4.14). It is expected to work well when 

imaging scatterers of small support S, because the images at incorrect speeds are dominated by the 

top layers, which involve more pixels in the image than those contained in S. 

Remark 2. We can simplify the optimization by taking the L2 norm in (4-14) and replacing the 

division by the maximum of J with an equality constraint. The L1 norm should be better in theory 

for getting a sharper image, but we have not seen a significant difference in our numerical setup. 
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Remark 3. As an alternative algorithm for velocity estimation, we can seek c(z) as the minimizer 

of the L2 norm of the annihilated data traces 

LdbI dt\[QcD](t,h)\ . (4.16) 

In practice, this should work best with the annihilator in Definition 3.1.2, because the simple sub

traction of the average of the traces after move-out would give an approximate monotone behavior 

of (4-16) with respect to the error in the speed. The offset derivatives appearing in Definition 3.1.1 

may lead to unpredictable behavior of the energy function (4-16) in the presence of instrument or 

clutter noise. 

4.2.3 CINT imaging with layer annihilators 

Coherent Interferometry (CINT) was introduced in [Borcea et al., 2006b] as an imaging method 

that aims to reduce the adverse effect of the random clutter in the images. In essence, it involves 

a statistical smoothing process and this is done by taking cross-correlations of the data traces over 

carefully chosen windows in frequency and space. The CINT imaging function with unfiltered data 

is given by 

J C I N T ( y s ; 5 ) 

e x p | - ^ ^ + ^ V ( x s , r , ( x s + h + n / 2 , 0 ) ) + ^ ^ - ^ V ( x s , y ^ ( x s + h - h / 2 , 0 ) ) | , 

(4.17) 

where D the Fourier transform of the data with respect to time and the frequency is scaled by 1/e, 

as explained previously in §2.3. We use the window xt('^d) to restrict the scaled frequency offset 

Co by Qd, and we limit |h| < e/(u)Kd) with the window xh (7S K2*)• 

CINT creates images by migrating the cross-correlations of the data with the travel times com

puted in the smooth medium with background speed c{z). The support Q^ and K^1 of the windows 

Xt and x h must be chosen carefully to get good results. This can be seen since (4.17) can be rewritten 
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as (see [Borcea et al., 2006a, Borcea et al., 2007a]) 

Xh ( V h r ( x s , y s , (xs + h, 0)) - K; Kd), 

in terms of the Wigner transform of the data 

W ( W > K > * , h ) = | c t f | d h D ^ + | I h + | ) D ( ^ - | , h - | ) e ^ - £ * ) . (4.19) 

Note how the windows xt and xh
 a r e u s e d m (4-18) for smoothing the Wigner transform. Such 

smoothing is essential for getting statistically stable results, that are independent of the realiza

tion of the clutter [Borcea et al., 2007a]. CINT is a trade-off between smoothing for stability, and 

minimizing the image blur. The blur in range is determined by Q^, and the blur in cross-range is 

determined by Kd, the support of window \ h . Parameter fid is called the decoherence frequency and 

Kd is the uncertainty in the horizontal slowness. They both depend on the statistics of the random 

medium, that is typically unknown. However, we can determine them adaptively, with optimization 

of the image that they produce, as shown in [Borcea et al., 2006a]. 

The results in [Borcea et al., 2006a] apply to a smooth medium cluttered by small inhomo-

geneities. In this thesis we have the additional layered structure that creates strong echoes at the 

array and we improve the SNR by replacing the data in (4.18) with the filtered one [QcD] (t, h). The 

velocity estimation can then be done jointly with CINT imaging, by using an algorithm analogous 

with that in §4.2.1. 

Remark 4. The ODA theory used in this thesis says that simple migration of the annihilated data 

should give very good results in layered media. This is an asymptotic result in the limit e —• 0. In 

practice we find that migration images can be noisy and that they can be improved with adaptive 

CINT, as noted in [Borcea et al., 2006c] and $4.3. CINT simplifies in layered media, because there 

is no spatial decoherence in the data, i.e., no uncertainty over the horizontal slowness. It is only 

the smoothing over arrival times that affects the results, and even this smoothing is not dramatic. 

The adaptive algorithm returns an 0(1) value of fi<;, which makes the range resolution of order 

e, as in ideal migration. In layered media with additional fluctuations of the speed due to small 

inhomogeneities, smoothing over the horizontal slowness is typically needed. 
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range 

Figure 4.1 Setup for numerical simulations with sources buried in a finely layered structure. We 
show in this figure the case of four point sources located at (74,0), (74,4), (78,2), (78, -2) . The 
units are in carrier wavelengths A0 and the distance d is 4. The perfectly matched layer surrounding 
the domain is shown in pink. 

4.3 Numerical simulations 

We present numerical simulations for migration and CINT imaging in layered media. We show by 

comparison with the simpler problem of imaging sources that SNR is a serious issue when imaging 

scatterers buried deep in layered structures. Then, we illustrate the SNR improvement with the 

layer annihilators. 

The array data is generated by solving (2.1) in two dimensions, with the mixed finite element 

time domain method. The used code is called ACOUST2D, developed by Ghrysoula Tsogka, is based 

on the numerical method described in [Becache et al., 1997] and the finite elements are analyzed in 

[Becache et al., 2000]. The infinite extent of the medium is modeled numerically with a perfectly 

matched absorbing layer surrounding the computational domain [Collino et al., 1996]. Both the 

mesh and time step sizes utilized are in concordance with the tests done for numerical convergence. 

4.3.1 Sources buried in finely layered s tructures 

We recall here the simulations with sources buried in layered media done in [Borcea et al., 2006c], 

as shown in Figure 4.1. The array used consists of 41 receivers at distance A^/2 apart from each 

other. The sources are at depth L ~ 78AJ. The sound speed is plotted on the left in Figure 2.5. It 

fluctuates around the constant value c0 — 3km/s. The source has directivity along the z axis and 

it emits the pulse /(£) given by the derivative of a Gaussian. While everything is scaled in terms 

of the central wavelength, for illustration, the numbers are chosen similar to those that appear in 
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Figure 4.2 Traces recorded at the array for a single source (top) and four sources (bottom). 

exploration geophysics. The central frequency is u>0/(2ir) = 30Hz, and AJ = 100m and L = 7.8km. 

The bandwidth is B = 20-40Hz (measured at 6dB) and the correlation length is £e = 10m. 

Figure 4.2 shows the data traces for one and four sources buried in the layered medium. Note 

the strong coherent arrivals of the signals from the sources and the trail of weaker incoherent echoes 

from the finely layered structure. The Kirchhoff migration and CINT images with these data are 

shown in Figure 4.3. Although in theory migration should work well, we see how the smoothing in 

CINT improves the images, especially in the case of four sources. 

4.3.2 Scatterers buried in finely layered structures 

We present numerical simulations for layered media with constant and variable background speeds. 

We also consider media with isotropic clutter in addition to the layered structure. 

4.3.2.1 Simulations for a constant background speed 

Consider first the simulation with setup shown in Figure 4.4. The source is now at the center point 

in the array and it emits the same pulse as before, with central frequency cu0/(2n) = 30Hz and 
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Figure 4.3 Top: images with the traces in Figure 4.2 top for a single source. Bottom: images with 
the traces in Figure 4.2 bottom for four point sources. Left column: Kirchhoff migration. Right 
column: CINT. The correct location of the source is shown in each figure with a green dot. 

bandwidth 20 — 40Hz. The array has 81 receivers distributed uniformly over the aperture a = 40A^. 

The sound speed v(z) is as in Figure 4.4. It has a constant part c0 = 3km/s, rapid fluctuations 

with correlation length ££ = 0.02AJJ = 2m, and five strong blips (interfaces) separated by distance 

IOAQ = 1km. The reflectivity v(x) is supported on three soft acoustic scatterers (i.e., pressure is zero 

at their boundary) that are disks of radius A .̂ They are at depth L ~ 60A^ = 6km and at distance 

2.5A„ = 250m apart. Note that the setup is in agreement with assumption (2.19) of separation of 

scales, for e = 0.02, because 

i_ = o.02 ~ ^ 
AS L 

0.017. 

The change in v(z) at the interfaces is close to 100% and the rapid fluctuations have an amplitude 

of 10%. 

We generate a particular realization of the medium using random Fourier series, and use a Gaus

sian correlation function with correlation length ££. Then, the data is then shifted and normalized 

to ensure that the particular realization of [i satisfies the statistical requirements, such as having 

zero mean and desired standard deviation. The sound speed is discretized in a mesh with square 

cells. The size of each cell is essentially the same size as the inhomogeneities, ££, to capture all the 

fluctuations in the medium. 

The data traces are shown in Figure 4.4. The reflectivity is masked be the layered structure 
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Figure 4.4 Top: Simulation setup with a cluster of three scatterers buried in a layered structure with 
speed v(z) plotted below the computational domain. Bottom: Data traces plotted as a function 
of time (abscissa) and source-receiver offset (ordinate). The distances are scaled by the central 
wavelength and the time is scaled by the pulse width. 
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above it and it cannot be seen with migration or CINT (Figure 4.5). 

The results improve dramatically when imaging with filtered data [QCoD](t, h) at the true speed 

c0, as shown in Figure 4.6. The annihilators in Definitions 3.1.1 and 3.1.2 give similar results in this 

case, so we show only the plots for the first one. Note that the scatterers are too close together to be 

resolved by migration or CINT. The images could be improved, in principle, if we had more source 

locations, using optimal subspace projections such as it is described in [Borcea et al., 2007b]. 

In Figure 4.7 we illustrate the estimation of the background speed c0 using the layer annihilators. 

We form the image with migration of the filtered data [Qc0D](t,h) and we plot its L2 norm computed 

in the same domain as in Figures 4.5-4.6. The maximum of the image is kept constant during the 

optimization. Note the monotone behavior of the objective function near the optimum c0 = c0. The 

decrease noted at the ends of the trial speed interval is to be discarded as it is due to c0 being so 

wrong that the image peaks are pushed outside the image domain fixed in the optimization. 
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Figure 4.5 Images with the traces in Figure 4.4. Left: Kirchhoff migration. Right: CINT. The 
small scatterers (whose true position is indicated with circles) are undetectable in both images. Both 
range and cross-range are scaled by A0. 
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Figure 4.6 Images with filtered data [QCoD](t,ti). Left: Kirchhoff Migration. Right: CINT. 
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2-norm of the image formed from annihilated traces 
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Figure 4.7 Plot of the L2 norm of the image normalized by its maximum, as a function of the trial 
speed c0. 

4.3.2.2 Simulations for a variable background speed 

In the next simulation we consider the variable background speed shown in Figure 4.8. All other 

parameters are the same as in §4.3.2.2. We compute the travel times Tc(h,z) by essentially solving 

equations (3.10)-(3.11). The actual implementation uses the Fast Marching Toolbox for Matlab 

[Peyre, 2004], which computes the viscosity solution of the eikonal equation using level sets and the 

fast marching algorithm. 

Figure 4.8 shows the traces before and after annihilation. Note the emergence of the echoes 

from the small scatterers after the annihilation. The images with the annihilated data are shown 

in Figure 4.9. Note that the small scatterers are virtually undetectable in the images with without 

annihilation. 

Let us take now a finely layered medium with the speed as in Figure 4.8 but without the five 

strong blips. The traces and the Kirchhoff migration image are shown in Figure 4.10 on the left. 

We see that the SNR problem persists even in the absence of the strong interfaces. The echoes due 

to the layered structure are now just the incoherent ones denoted by Af(t, h) in equation (2.73). We 

did not present in this thesis any theory for the annihilation of such incoherent echoes. This will be 
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done in a different publication [Borcea et al., 2008]. However, we illustrate with numerical results 

on the right in Figure 4.10 the SNR enhancement and the significant improvement of the migration 

image obtained with layer annihilation. 

We also show in Figure 4.11 the recovered background speed c{z) via annihilation, using the 

optimization method explained in §4.2.2. For this experiment, the trial background speed c(z) was 

modeled with a 10-node spline and the initial guess was the constant speed c(z) = 4. The recovered 

speed is shown with a dashed line, and the spline nodes are indicated with small circles. Note that 

the recovered speed is close to the true one until it reaches the depth where the small scatterer is 

located (approximately z = 60). There are two reasons for this: first, the hyperbolas of the deeper 

layers flatten out with increasing depths, so it is more difficult to recover deeper speeds, and second, 

the scatterer itself, not being a layer, is not annihilated and therefore the algorithm has difficulties 

finding the correct speed for that depth. However, because of the causality of the wave equation, 

only the speeds above the scatterer matter for imaging it, so it is not a problem in this case. 
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Figure 4.8 Left: Sound speed v(z). Right: Traces before (top) and after (bottom) annihilation. 
The echoes from the small scatterers are overwhelmed by those from the layers in the top traces, 
but they are clearly emphasized after the annihilation. 
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Figure 4.11 Velocity estimation via annihilation. The solid black line is the real speed. The dotted 
line is the recovered speed. 

4.3.2.3 Simulations for layered media with additional isotropic clutter 

In our last simulation we return to the setup considered in section 4.3.2.1 and add isotropic clutter 

to the medium. This is modeled with a random process generated with random Fourier series. We 

take a Gaussian correlation function, with correlation length equal to A0. The standard deviation 

of the isotropic fluctuations of the sound speed is 3%. 

We show in Figures 4.12 and 4.13 the traces before and after filtering with the annihilators QCo 

given by Definitions 3.1.1 and 3.1.2. We plot for comparison the traces for both 3% and 1% standard 

deviation of the isotropic clutter. We note that the first choice does not work well, in the sense that 

it magnifies the effect of the isotropic clutter at the early times. This is due to the offset derivative 

in Definition 3.1.1. The layer annihilator given by Definition 3.1.2 works much better, as seen in 

the bottom plots of Figures Figures 4.12 and 4.13. The emergence of the echoes from the small 

scatterers is seen more clearly in the weaker clutter (bottom right plots in Figures 4.12 and 4.13). 

Before the annihilation we can image only the top two strong scattering interfaces (left plot in 

Figure 4.14). After the annihilation, we can image below these interfaces. However, we still have to 

deal with the loss of coherence of the echoes due to scattering by the isotropic clutter. This makes 

the migration image speckled and difficult to interpret, as seen in the middle plot in Figure 4.14. 

The speckles are suppressed in the CINT image (right plot in Figure 4.14) because of the statistical 

smoothing induced by the cross-correlation of the annihilated traces in appropriately sized time and 
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Figure 4.12 Top: Raw traces for the layered structure plotted in Figure 4.4 and additional isotropic 
clutter. Middle: Traces filtered with the annihilator in Definition 3.1.1. Bottom: Traces filtered 
with the annihilator in Definition 3.1.2. Isotropic clutter with 1% standard deviation. 
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Figure 4.13 Top: Raw traces for the layered structure plotted in Figure 4.4 and additional isotropic 
clutter. Middle: Traces filtered with the annihilator in Definition 3.1.1. Bottom: Traces filtered 
with the annihilator in Definition 3.1.2. Isotropic clutter with 3% standard deviation. 
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z (range) 

Figure 4.14 Top: Migration image with the raw traces shown on the top in Figure 4.13. Middle: 
Migration with the annihilated traces shown on the bottom in Figure 4.13. Bottom: CINT image 
with the annihilated traces shown on the bottom left in Figure 4.13. 
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offset windows (see §4.2 and [Borcea et al., 2006b, Borcea et al., 2006a, Borcea et al., 2007a]). The 

CINT image in Figure 4.14 is obtained with the decoherence frequency Q^ = 3% of the bandwidth 

and decoherence length Xd = 15.9A. We note that the image peaks at the small scatterers and 

slightly behind them. This is because of the strong interface that lies just below the small scatterers 

(see Figure 4.4). The layer annihilator is not designed to suppress the echoes that have been multiply 

scattered between the small scatterers and the interfaces. These are coherent echoes that are not 

eliminated by the statistical smoothing in CINT either, and this is why we see their effect in the 

image. We expect that the result can be improved if we had more data (more source locations), 

using optimal subspace projections as in [Borcea et al., 2007b], 



Chapter 5 

Annihilation of the incoherent part 

of the data 

The annihilation of the coherent echoes produced by strong scattering interfaces embedded in ran

domly layered media was the topic of Chapter 4, using the ODA theory. This chapter analyzes the 

annihilation of the incoherent signal due to the backscattering in the randomly layered medium. As 

in the coherent case, the efficiency of the annihilator filters depends on the background speed c(z). 

The effect of the annihilation in the incoherent part of the data is quantified by the variance of 

the signal before and after annihilation. The mean value of the incoherent signal is zero. The theory 

is in sections 5.1-5.4 and the numerical results are in section 5.5. 

5.1 The integral representation of the scattered field 

Since this chapter is concerned with the annihilation of the incoherent backscattered part of the 

data, we assume that the strong layers and the small scatterer are deep enough that they are not 

observed in the time considered. Let t* be small enough so that the waves penetrate to depth 

-Cf > -Li > -L. 

61 
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Recall (2.25), (2.28), the mathematical model of the backscattered field recorded at x r € A is 

(2.34)-(2.35), 

P(t^r) = ̂ J ^ J d K ( | ) 2 ^ , K ) 7 e f , ( o ; , ^ , 0 ) e - i ^ + ^ K . ( x r - x a ) 5 t < e ( { U ) 

Here we amplified the pulse by a factor 1/y/e, in order to obtain an O(l) intensity of the incoherent 

field, as shown by the calculations in this chapter. 

Equation (5.1) involves the reflection coefficient 7£f, (w, K, 0) of the random medium above depth 

—Cf • Because of our choice of t*, this is part of the first random slab, above the depth — L\ < — £ t . . 

5.2 Asymptotic analysis of the reflection coefficients 

The definition of TZf,(uj,K, z) and equations (2.26), (2.28) give a Riccati equation for the reflection 

coefficient [Fouque et al., 2007, Asch et al., 1991], 

= - o, ^7/{Z2<MS2 U~2lfTiK'Z) ~ 2KM«, * , * ) + e * * ^ . « ) [lZU^K,z)f\ (5.2) 
2c(z)y/l — c1\z)Ki •• > 

with initial condition (since there are no up-going waves at — Ct»), 

T%.{u>,K,-Ct.)=Q, (5.3) 

and with the random driving term 

M e(*)=M^). (5-4) 

The second term in the right hand side of (5.2) averages out in the limit e —> 0, because of the 

0 ( l / e ) phases [Fouque et al., 2007, Theorem 6.4], so we can neglect it. For fjbe we have by the central 

limit theorem that as e —* 0, 

/ ne(s)ds -* VlW(z). (5.5) 
J-ct, 
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where W(z) is standard Brownian motion and the convergence is weak, in distribution. Thus, 

the random fluctuations in the medium take the canonical form of white noise as e —• 0, and 

we can calculate all the limit moments of Vft. using the white noise (diffusion) limit theorems in 

[Fouque et al., 2007, Section 6.5]. 

Our analysis in section 5.4 requires the first and second moments of Vft, (w, K, 0), which we quote 

directly from [Fouque et al., 2007, Asch et al., 1991], in the following lemma. 

Lemma 5.2.1. The reflection coefficients have mean zero and decorrelate rapidly over frequency 

and slowness offsets, 

E {ftf. (w, K, 0)TZe
t, (LJ;, K', 0)} -v 0, as e - • 0, (5.6) 

if l-^^ > 0{s) or CQ\K - K'\ > 0(s). Furthermore, 

ds dxW1(w,K,s,x,0)exp\iu;(s-Kx)-iujKx\, 
J—oo J—oo 

(5.7) 

where WN(CJ,K,S,X,Z), with integer index N > 0, are the solutions of the system of transport 

equations 

dWN , 2N 8WN , 2Nc(z)K dWN N2 

dz c(z)y/l -c2{z)K2 ds yJ\-c2{z)K2 dX Lloc
K N+1 i y ' 

WN(w,K,s,x,z = -£r)=o'o,NS(s)5(x), 

(5.8) 

where SQ,N is the Kronecker delta symbol. 

5.3 Intensity of the backseattered field 

As in Chapter 4, we parametrize the data by the source receiver-offset, and we make the continuum 

approximation of the array 

p{t,x) = D{t,h), x = x s + (h,0) &A. (5.9) 
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and we call D(t, h) the data, because it is what we record at times t satisfying |h | /c0 < t < t*. Recall 

that E{D(t, h)} = 0. This is why we actually call it the incoherent field. We call the intensity of the 

data the variance E{[D(t, h)]2}. This has been computed in [Fouque et al., 2007, Asch et al., 1991], 

but we rederive it here as a particular case of the cross-correlation of D(t, h), needed in the analysis 

in section 5.4. 

Lemma 5.3.1. Let h and h' be two source-receiver offsets and suppose that they are collinear and 

they point in the same direction. Let alsot andt' be two observation times. The backscattered fields 

at distinct offsets and observation times are decorrelated, 

E{D(t,h)D(t',h')}^0, as s^O, (5.10) 

if |h - h'\/a > 0{e) (i.e. |h - h' | > X£
0) and/or \t - t'\/t* > 0{e). For nearby offsets h ' = h + e£ 

and observation times t' = t + et, with t <t*, we get 

E{D(t,h)D(t + ei,h + s£)}=——2 duu2 dK- \<p(cj,Ke0)\
2 

4(27r) J-oc Jo h (5.H) 

W^u, K, t, h, 0) cos [w{i - K£)] + 0(e). 

Here h = |h|, ^ = |£|, eg = (cos^, sin^) and the upper bound Kt* = 1/ max c(z) of the horizontal 

z>-Ct. 

slowness magnitude ensures that we have propagating plane waves with real and positive vertical speed 

c(K, z). The intensity of the backscattered field follows from (5.. 11), in the case t = 0 and £ = 0, 
I r°° rKf is 

£{[£>(t,h)]2} = — ^ j dwu;2 J dKj\^(uJ,Keo)\2W1(u,K,t,h,0) + 0(s). (5.12) 

Proof: We begin with the expression (5.1) of the data, which we rewrite in polar coordinates 

D(t,h) = nM , 3 . . . / du dKuj2K d6<p{u,Ke9)Tll.{oj,K,0)e-^t+^Kh™e, (5.13) 
2(27r)ci£d/2 V-oo Jo Jo 

with angle 6 measured with respect to the direction of h. Recall from Lemma 5.2.1 that the reflection 

coefficients decorrelate over frequency and slowness offsets that exceed 0(e), and assume a smooth 

pulse shape <p, to get with angle 6 measured with respect to the direction of h. Recall from Lemma 

5.2.1 that the reflection coefficients decorrelate over frequency and slowness offsets that exceed 0(e), 
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and assume a smooth pulse shape ip, to get 

E{D(t,h)D(t',ti)} 

A r s - l - d w / dKuj4K2 <fo dK E{nsJu;+~,K + ^-,0) 
"*)b£ J_oo Jo J-oo J-oo I 

r2w i-2-K 

n :(W-Y^-^-,6\\ f d6<p{u),Keg) J d8'<p(u;,Kee>)expl-i-{t-t') 

£L rsru . „ a W „ „ „>N , u. . r> , .-. r^ (h C 0 S * + h' C 0 S ^ , .-. (* + *' 

' e' 
+ i^K(hcos9-h'cos9') + i{wK + u)K)v"^'J'' *o" """" ; - w v " | / H ' + 0 ( e ) . 

We deal first with the 0(l/e) phase, and then take the limit (5.7) of the second moment of Rf,. 

The fast phase depends on the variables w, K, 9,9' and the leading order contribution to the cross 

correlation comes from the vicinity of the stationary points satisfying equations 

t-t'-K(hcos9-ticos9') = 0, 

u(hcos9 — h'cos9') = 0, 

uKh sin 6 = uKti sin 9' = 0. 

It can be seen here that there are no stationary points if \t — t'\/t* > 0{e). In the case \t —1'\* < O(e), 

but \h — h'\/a > 0(e), the stationary point is at w = 0 and K = 0 and it makes no contribution to 

the cross correlation, because of the amplitude factor wAK2. Thus, the cross correlation is small for 

|h - h' | > 0(e) and/or \t - t'\/t* > 0{e). Let then 

h ' = h + e£, t' = t + ei, 

and observe that in this case we have stationary points for 9 = 9' = 0 or -K, with no restriction on w 

and K. The integration over 9 and 9' gives 

-i roo fKt* IS _ /»oo #»oc 

E{D(t,h)D(t + ei,h + e£)} = — — ¥ du dK\cj\3- ] T \<p(u,,qKeo)\2 / du, dK 
4^Z7TJ J _ o o Jo-' "• „=±i J-oo J-oo 

£ ^. | W 4 ( J f 4 i 0 u L . ^ 4 , 
exp Uu)[t - qK£] + i{wK + £JK)qh - iut\ + 0(e). 
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Now, use Lemma 5.2.1 for the limit e —> 0 of the second moment of the reflection coefficients 

E{D(t,h)D(t + £t,h + e^)} = - p n s / da; / dK\uj\3~ V ftfaqKeotfe^-oW / dCo 

4(^7TJ J-oo Jo M q==±i J-oc 

/
oo y»oo /*oo -

d ^ / ds dxWi(u,K,s,x,0)exp{iw(s-Kx)-iuKx + i(uK+ uK)qh-iwt\+0(e) 
-oo J — oo J — oo J 

and integrate over a) and K to get 

£J {£>(*, h)D (t + rt, h + e£)} = ^ 3 y_ dw |uf j dK - £ | ^ , g # e o ) | V " ( f - < ^ 

/

OO /-OO 

ds / dX Wi(w, A-,«,x,0)*[a - t + K(qh - x)} S[co(qh - X)\ + O(e). 
-oo J~ oo 

It turns out (see section 5.4) that W\{u,K,s,x,0) is even in w and that it is supported on x > 0, 

so only q = 1 contributes in the sum. The result (5.11) follows from the properties of Dirac 6 

distributions. O 

5.4 Intensity of the backscattered field after the annihilation 

Let us recall the definition 3.1.2 of the annihilator filter Qa: 

QsD(t, h) = {D (Te(h, z), h) - 1 / 2 D (T£(ti, z), h') dh' \ (5.14) 

where h and h ' are collinear offset vectors with magnitudes h and h'. We replaced b in definition 

3.1.2 by be, a local aperture that may depend on e. The choice of b£ is discussed later in this section, 

where we show that the annihilators work when be = 0{e). In light of our scaling, this means that 

the average in (5.14) extends over an interval length of order A0, around the offset h. If the array 

aperture is a ~ A„, then we may use an entire cross-section of A in (5.14). Otherwise, the filtering 

is done locally, around each receiver location. 

The goal of this section is to compute the intensity E < [Q5D(t, h)] > of the filtered data and to 
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compare it with (5.12). We say that the annihilator filters work if we have 

E{[QeD(t,h)]2}<^E{[D(t,b)]2}, 

and this result will depend on how close the trial c{z) is to the true speed c(z). 

Let us define 

Vs{t,h,h,) = lD(Te{h,z),h)-D(Tc(h',z),ti)}- (5.15) 

for collinear offsets h and h', so that 

1 fh+b-T 
QdD(t,h) = - V5(t,h,ti)dti. (5.16) 

Then, it is sufficient to estimate the intensity E i [T>c(t, h, h')] >, because 

E{[Q£D(t,h)}2} < ^ J J E{\V5(t,h,ti)f}dh', (5.17) 

by the Cauchy-Schwartz inequality. We have the following result: 

Theorem 5.4.1. The annihilation filters require local apertures be ~ Ag in definition 3.1.1, because 

E {[Ds(t, h, h')]2} « E {[D (T£(h,z),h)}2} + E {[D (Ts{h',z), h ')]2} , 

if In the case |h — h' | S> AQ. When h ' = h + s£, and £ is collinear with h, we have 

f , i I f°° fKt* K 

E{[Dd(t,h,h + £0}} = ^^J_ ^ ^ l dK-\v{u,Ke0)\
2 

Wl{Lj,K,t,h,0){l-cos[wt{Kc-K)}} + O(e). (5.18) 

so the success of the annihilation depends on the spread of the support of W\ around the slowness 

Kc. In particular, in the case c(z) = c0, we get perfect annihilation in the limit, because 

YimE{[V5o(t,h,h + eZ)}2} = 0. (5.19) 
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Moreover, we can estimate Cn by minimizing over c, the energy after the annihilation 

f dt f dh\Q£D(t,h)\2 

Jt<f J\h\<a/2 

since 

l i m £ { | Q £ > ( * , h ) | 2 ) = 0 ( 7 ) . (5.20) 
£—•0 I. ) 

for trial speeds satisfying the uniform error bound \c{z) — CQ\/CQ < 7 for all z < 0. 

Before proving the theorem, we note by comparing (5.18) with (5.12) that the effect of the filter 

on the mean intensity is given by the amplitude weight {1 — cos [LU£(KC — K)}}- The integral over 

the horizontal slowness extends over the K support of Wi(u, K,t, h,0), and if this is concentrated 

near Kc, we get the desired annihilation for trial speeds c that are close to c. Our proof of the 

annihilation relies on the explicit, probabilistic representation of the solution Wi(ui,K,t,h,0) of 

tranport equations (5.8). This takes a simple form in the homogeneous case c(z) = c0 analyzed here. 

In the general case of smooth speeds c(z), we use numerical simulations to illustrate the annihilation 

(see section 5.5.) 

Proof of Theorem: That no annihilation occurs when |h — h' | 3> AQ, can be seen easily from 

definition (5.15) and the rapid decorrelation of the incoherent field stated in Lemma 5.3.1. Take 

then h' = h + e£, with collinear £ and h, and use equation (3.13) to write 

Ts(h
,,z)r*Ts(h,z)+eKi£, £ = 1*1. (5.21) 

for z = Q(h,t). We obtain from Lemma 5.3.1 and the smoothness of the intensity function (5.12) 

of time and offsets1 that 

E[[D(T5(h,z),h)-D(Te(h,z)+eK£Z,h + e&}2} = ^y;J^ dwu2 J dK-\<p{w,Ke0)\
2 

Wi(w, K, T&(h, z), h, 0) {1 - cos [u£(Ke - K))} + 0(e). (5.22) 

Equation (5.18) follows by setting z = Q(h,t), since Tc(h,Cc(h,t)) = t, by definition. 

1 The smoothness of the mean intensity E I [D(t,h)] \ with respect to time and offsets, can be inferred from the 

results in [Fouque et al., 2007, Asch et al., 1991] and from the calculation below. 
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To complete the proof, we look at the dependence of W\ (u),K,t,h, 0) on the slowness K, using the 

probabilistic representation of the solution of transport equations (5.8). Let us define {n(Z)}z>z ^, 

a Markov jump process with state space on the positive integers, and with dimensionless depth 

argument 

*<«>-jfw£b)' (5'23) 
scaled by the localization length Lioc(u>,K,s). Here z > —Cf and Zf = Z(—£t*). The process 

n(Z) has an absorbing state at• N — 0 and it jumps from states TV > 0 to N ± 1, with equal 

probability 1/2. The jumps occur at random depths, with exponential distribution and parameter 

2N2. 

The probabilistic representation of Wi in terms of n(Z) is in the next lemma. The re

sult follows from Feynman-Kac's formula [Breiman, 1993] and it is derived in [Asch et al., 1991, 

Fouque et al., 2007]. We review the derivation briefly in section 5.4.1. 

Lemma 5.4.1. The solution W\ (u), K, s, x, 0) of transport equations (5.8), evaluated at z = 0, is 

given by 

\ ' ( J [ J-ct. c{z')^/l-c2(z')K2 \ [_ J-ct. sjl - c2(z' 

where E\ denotes the expectation conditioned by n(Zt*) — 1. 

r° 2n(Z(z'))Kc(z') AJ 

(5.24) 

Note that W\{UJ, K, s, x, 0) depends on UJ2 through the localization length Lioc, and it is supported 

on the positive x a n d s» 3 s stated in the proof of Lemma 5.3.1. Note also that n{Z) must be in the 

absorbing state 0 when Z — 0 (i.e., z = 0), in order to participate in (5.24). The artificial depth £ t . 

is introduced for technical reasons and we conclude from its definition that 

t* > 2 
r° dz' 
I . for all K G [0,Kt-]. 

J-ct. c(z')^l-c2(z')K2' L J 

In Theorem 4.2.1 we need Wi(w,K,s,x,0) at s = t < t*, so the first Dirac S in (5.24) acts on the 

trajectories n(Z(z)) that are absorbed by state 0 at some depth z < 0. Thus, we may drop <50jn(o) in 

(5.24), and note that W\ is independent of t*, as long as we observe it at times s <t*. In particular, 

we may let t* —• oo and work with the process n(Z) in the half space Z < 0. 
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When the background is homogeneous, (5.24) simplifies to 

Wi(u,K,s,x,0) = E1ls 
co-y/l - <?0K* 

nKc0 

\/l-cl)K* 

and it depends on a single random variable 

,o 
2 / n(Z(z'))dz', 

that can be eliminated from the second Dirac S to obtain 

,s,X,0)=E1h 
C0y/l - CZK2 

Thus, W î(u>, K, t, h, 0) is supported on the slowness 

•S[x-Kc2
0s] 

* = * = * « " 

and (5.18) becomes 

i?{[Pa(i,h,h + ^ ) ] 2 } = J^^-^^^m{^KCo,t){l - cosK(^c - KCo)}} + 0(e), 

with Wi given by (see [Asch et al., 1991, Fouque et al., 2007] and section 5.4.1) 

W1(u>,KCo,t) = E1l6 
c0S/\ - clK'l 

w2l 

2coy/l - ciK'i 
2 + 

UJ2lt 

4co V / l - clKl 

This is assuming that h < c^t, so that KCo is in the domain of integration. If this were not the case, 

then the intensity before and after annihilation would be zero in the limit. Now let c = c0 + O^CQ) 

and recall from (3.13) that Kc changes smoothly with c. We conclude that 

E{[V5(t,h,h + e(i)}2}=0(<y), 

as stated in the theorem. • 
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5.4.1 Probabilistic representation of the transport equations 

We review briefly, from [Asch et al., 1991, Fouque et al., 2007], the probabilistic representation of 

the solution of the transport equations (5.8). 

Let us begin with the change of variables (5.23), and remark that Z(z) is a monotonically 

increasing function of z. Thus, we may define the inverse map z = g(Z), satisfying 

g(Z(z)) = z, ^p-=Lloc(u;,K,g(Z)), (5.25) 
aZ 

and we let 

cg(Z) = [cog](Z)=c(g(Z)). (5.26) 

The transport equations (5.8) become 

^ — 
Lioc dWN LioccgK dWN 

H — N2 (WN+1 - 2WN + WN-t), Z>Zt*, 
cgSj\-c\K2 ds y/l - cjK* dX 

WN = 80,N6(s)d(x), Z = Zr, (5.27) 

and we wish to solve them using the Markov jump process {n(Z)}z>z ^ defined in section 5.4. 

To compute the infinitesimal generator G-p of the jump process, 

Gri>(N) = lim - [E {V (n(Z + r,)) \n(Z) = N} - ^(N)}, 

we recall the following basic facts: (1) The jump times must be exponentially distributed for the 

process to be Markovian [Feller, 1971, section XVII.6]. In our case we let 2iV2 be the parameter in 

the exponential distribution of the jump times, from state N > 0. (2) The probability that we have 

one jump in the interval [Z,Z + rj\ is 2N2r) + o(r}), as shown in [Feller, 1971, section XVII.2]. The 

jump is to N ± 1 with equal probability 1/2, by definition of the process. (3) The probability of 

more jumps is O(T/) and the probability of no jump is e~2N v = 1 — 2N2r) + o(r)). Using these facts 
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in the definition of G-p, we obtain 

Gvi){N) = lim - [ip{N + l)N2r] + i{,(N - l)N2r] + if>(N) (l - 2 ^ ) + o{rj) - ^(N)]{5.28) 

= N2 [tp(N + 1) - 2ip{N) + ip(N - 1)]. 

Now define 

S(Z) f 2nLl° 
.9yfl-#gK> 

dZ' and X 
fz 2nLlc 

(Z) = X ~ / —j= 
Z 2nLiocC^dZ,^ ( 5 2 g ) 

and note that the joint process {n(Z),S(Z),X(Z)}z>z, is Markovian, with infinitesimal generator 

G~vm,s,x) •= lim - [E{i>(n(Z + r,),S(Z + r,),X(Z + r,)) \n(Z) = N,S(Z) = s,X(Z) = x] - 1>(N,s,x)] 
T\—>o rj 

= limn-\mN + l,s,X) + m-l,s.,x)}N2v + ^\N,s- ^NL}oc_x_2r]NL}^K 

GV-2N 
Lioc _d^ LiocCgK d 

,y/l - c2K2 ds y/l-cjK29* 

The solution of (5.27) is given by the Feynman-Kac formula [Breiman, 1993] 

(l-2N2r,)+o(V)-?p(N,s,x)} 

il>(N,a,x). 

WN(w,K,a,x,z{Z)) = E{Wn[z)(e>,K,S(Z),X{Z),Zt.)\n(Zr) = N,S(Zt.) = 8,X(Zt.) = X} 

E < SQn(z)fi 
_ fz 2nLlo 

Jzt. c„Jl-t vy/l-fgK2 

dZ' 
r 2nLloccgK 

Jzt. Jl-c2K2 V 1 - clR2 

and the result stated in Lemma 5.4.1 follows after returning to the depth variable z, 

dZ' n(Zt.) = N 

WN(LJ, K, s, x, z) = EN I S0tn{z{z))S s - / 
2 ^ ( y ) ) dz> 

cy/l - c2K2 s\x 
J-ct. 

2n{Z(z')cK , / 
—, =dz 
y/\ - C2K2 

(5.30) 
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5.4.2 Homogeneous background 

In the case c(z) = c0, (5.30) simplifies to 

WN(u,K, s,x, z)= EN\ 8OMZ{z))5 | < W ( ^ s' c Jx-c^Lc n{Z{z'))dz' \&[X-K<?08], (5.31) 

as we remarked in section 5.4. We are interested in evaluating WN at the surface z = 0. As we 

explained in section 5.4, WN{U,K, S,X,0) is not affected by the precise choice of t*, as long as we 

observe it at times s that are smaller than t*. This means that we may let t* —> oo or, equivalently, 

Cf —* oo and Zf —• —oo. 

To take the limit, it is convenient to shift coordinates and introduce a new process 

» ( 0 = n ( - Z t - + 0 . £ € [ 0 , - Z t . ] , (5.32) 

where 

i(z) = Z{z) - Zt. = f dz' u2l 
L10C(UJ,C0,Z>) 4cg(l - C2^2) 

(z + £t«)> -Ct.<z<0. (5.33) 

The new process satisfies the boundary conditions 

m(0) = n(Zt.) = N and m ( - 2 , . ) = n(0) (5.34) 

and we use it to define the random variable 

4 = 2 f n(Z(z'))dz' = 2 f m{i{z'))dz'. (5.35) 
C0y/1 - CJ,KZ J-Ct. C0yjl ~ c£KZ J-Ct, 

Now we can let t* —• oo, so that £ is in the half space [0, oo). The process {m(£)},> 0 is recur

rent [Feller, 1971], which means that m(£) always reaches the absorbing state 0 for some bounded, 

(random) value of £. Thus, (5.35) has a limit 

I>N = lim vN. 
t* —>oc 

(5.36) 
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and WN(W, K, S, X, 0) is given by 

WN(oj,K,s,x,0) = E{S[S-uN}\m(0) = N}6[x-Kc2
0s}. (5.37) 

It remains to compute 

fVN(a) = E{6[8-vN]\m(0)=N}, (5.38) 

the probability density function of u^. 

The density / ^ ( s ) follows from the Feynman-Kac formula [Breiman, 1993], as before. Here we 

need only the process S(^), which is basically the same as that in (5.29), except that it depends 

on the shifted coordinate £. To avoid singularities, we compute first the cumulative distribution 

•F"VN (s) — Jo f"N (t)dt, which satisfies 

coy/l - c*K* ds 

Fus(0) = <W- (5.39) 

This simple equation can be solved explicitly, and we obtain 

FvN{s) = 
N 2 J 

UTiS 
1 [ ° - ) ( S ) ' 5 = 4 c o V / l - c ^ ' ( 5 - 4 0 ) [2 + s 

where l[o,oo)(s) is the Heaviside step function. The result 

w2lN s1*-1 

E{S[s - uN}\m(0) = N} = fVs(s) = 2 c / 1 _ c 2 g 2 ( 2 + §)iv+iVoc)(^) (5-41) 

follows from (5.37), after differentiating (5.40) with respect to s. Furthermore, we have from (5.36) 

and (5.41) that in the particular case N = 1, 

Wx(u>,K,s,X,0) = flN ^ " f f a i x - Kcls}. (5.42) 
V A ' 2c0y/l-c2K2 (2 + s)2 tA ° J ! ; 

This is the formula used in the proof of Theorem 5.4.1. 
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5.5 Numerical simulations 

In this section we complement the numerical results shown in the previous chapter with the annihi

lation of incoherent signals. We use the same numerical setup as explained in Section 4.3, but the 

medium consists solely of fine layering, so that we focus on the annihilation of incoherent signals. 

5.5.1 Constant background 

Figure 5.1 illustrates the intensity of the backscattered field before and after annihilation, in the 

case of a constant background speed of 3km/s. The non-annihilated (raw) traces, shown in blue, are 

normalized to maximum value one. In the top plot, we use the values h = 2.5A„ and h! = H = 5.0A„, 

so that we have a separation of order A*, as required in Theorem 5.4.1. Note the significant reduction 

of the amplitude of the traces after annihilation, shown in red. In the bottom plot, we show the 

results for very different offsets h = 2.5A„ and b! = H = 17.5A„. Note that the annihilation is bad, 

as predicted by Theorem 5.4.1, for the early times, but it does work at later times. 

5.5.2 Variable background 

In the variable background case, we use the same setup as in Figure 4.8, but without the strong 

layers and without small scatterers. Figure 5.2 shows the same kind of plots as explained in the 

constant background example §5.5.1. Note that the annihilation in the variable case deteriorates 

more quickly as h and H grow apart. 

To illustrate this difference in between the constant and variable cases, we show in Figure 5.3 a 

plot of E{\Af(t, h) —Af(t, H)\2} for several values of H, while keeping h = 2.5 fixed. To estimate the 

variance, we have computed 10 independent realizations of the medium, with the same statistical 

distribution. We note from this plot that the reduction in variance occurs for surprisingly large 

values of |h — H| in the constant background case. In the variable case, \h — H\ cannot be larger 

that 6A0. 
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-0.5 

100 120 
time 

-0.5 

100 120 
time 

Figure 5.1 Traces before and after annihilation using top: h = 2.5, H = 5.0 and bottom: h = 2.5, 
H — 17.5. Constant background case. 
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-0.5 

100 120 
time 

-0.5r 

- raw trace 
-annihilated trace 

100 120 
time 

Figure 5.2 Traces before and after annihilation using top: h = 2.5, H = 5.0 and bot tom: h — 2.5, 

H = 17.5. Variable background case. 
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Chapter 6 

Summary and conclusions 

The focus of this thesis is on the SNR improvement via data filtering operators called layer anni-

hilators for imaging small scatterers buried deep in finely layered structures. The annihilators are 

designed to suppress the echoes from the layered structure ("the noise") and enhance the arrivals 

from the scatterers that we wish to find ("the signal"). We have shown with analysis and numerical 

simulations that the layer annihilators can improve significantly the images if we know the smooth 

part of the sound speed in the medium. This determines the kinematics (i.e., the travel times) of 

the data that we record with an array of sensors placed at the top of the layered structure. 

If we estimate travel times with the wrong background speed, then the annihilators do not 

suppress the echoes from the layer structure and the resulting images are poor. Because of this 

we can use the annihilators for velocity estimation. We have shown how to do velocity estimation 

jointly with imaging using optimization of an objective function that measures the quality of the 

image as it is being formed with the filtered data at a trial background speed. 

We note that the imaging methods discussed in this paper do not require any knowledge of the 

rough part of the background speed. This rough part may be due to strong scattering interfaces 

or to fine layering at the sub-wavelength scale, which we model with random processes. We may 

also have additional isotropic clutter due to the presence of small inhomogeneities in the medium. 

We have shown that we can mitigate our lack of knowledge of the rough part of the sound speed 

79 
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for the purpose of imaging, using: (1) Layer annihilators for SNR enhancement and (2) Coherent 

interferometry (CINT) for stabilization of the images with a statistical smoothing process that 

involves cross-correlations of the annihilated data traces, over carefully chosen time and source-

receiver offset windows. 

Our analysis is concerned with the annihilation of the coherent echoes due to strong scattering 

interfaces in the medium and of the incoherent echoes backscattered by the fine layering. The 

mathematical formulation of the layer annihilators discussed in this thesis is based on commonly 

used techniques in seismic imaging such as normal move-out, gather flattening [Claerbout, 1992] and 

differential semblance velocity estimation [Carazzone and Symes, 1991, Symes, 1999], which are all 

based on the single scattering approximation. The annihilation filters are designed to remove the 

primary echoes that have been reflected once at some layer in the medium. However, the filters 

can be surprinsingly efficient at annihilating the incoherent echoes produced by randomly layered 

media, where multiple reflections cannot be disregarded. The main accomplishment of this thesis is 

the theoretical and numerical study of this phenomenon. 
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