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Abstract 

Gauss Integral as a Structure Descriptor of Proteins 

by 

Yuan Mei 

Protein is one of the most important macromolecules in structural biology. Its three-

dimensional structure is uniquely determined by its amino-acid sequence. Due to 

large number of degrees of freedom and enormous diversity, it is important to seek 

universal geometric measures to describe the overall structure of proteins. 

Gauss Integral and its related quantities are shown to be capable of describing 

important features of protein structures on different levels. On the atomic level, 

the Gauss Integral provides a simple measure to illustrate the orientational relation 

between different atom groups. It can be viewed as a generalization of the Ramachan-

dran map, and it also reveals several novel relations between backbone atoms. On 

the other hand, Gauss Integrals can be treated as a set of collective quantities that 

capture the overall shape of proteins. By comparing the values of Gauss Integrals, 

different types of proteins can be classified in accordance with the results of manually 

classified structure database. 
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Chapter 1 

Introduction 

Structural Biology, the study of the architecture of biological macromolecules, such 

as proteins and nucleic acids, plays an important role in bioscience. Also, Structural 

Biology asks the question why a macromolecule with certain constitution, or sequence, 

always folds to a unique structure, almost without any exceptions. This question leads 

to the study of Protein Folding, and the final goal of protein structure prediction and 

protein function prediction. 

Due to the advances in DNA sequencing or genome project, a lot of genes which 

correspond to proteins have been identified. However, due to the limitations of pro

tein structure detection methods, i.e., X-ray crystallography and Cryo-Electron Mi

croscopy and 3D Reconstruction, the number of available protein structures is much 

smaller than the number of identified genes. Therefore, the theory of protein structure 

prediction directly from its sequence is highly demanded. 

Before the direct relationship between sequence and structure is revealed, the 

structure and the relationship between structures need to be studied first at various 

levels, which requires structure descriptors. In this work, a multi-level structure 

descriptor candidate, Gauss Integral, is studied. 

1 
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1.1 Protein structure 

Most of the material that follows in this section is considered as standard text 

book content, however, it is still useful to be present here. In order to create a useful 

structure descriptor, conventional ideas like bond angle, dihedral angle etc. should be 

reconsidered with special care, since nothing is "intuitive" to be used as a structure 

descriptor before a suitable coordinate is found. 

The way of describing a protein structure depends on from which perspective 

of view it is looked at. Chemically, protein is synthesized via dehydration reac

tion between carboxyl and amino groups of adjacent amino acids. Since the main 

chain of each amino acid has one amino group and one carboxyl group, the dehydra

tion reaction happens on both ends of an amino acid, resulting in a chain of amino 

acid residuals (the remainder part after dehydration) linked with peptide bonds (see 

Fig. 1.1). 

Ri 0 

H2N / 
Ca-

R2 O 

X ca-
! OH HrNH 

/ 

'H 2 0 

X OH 

Ri 0 R2 0 

H 2 N X NH OH 

Figure 1.1: Peptide 

Naturally, there exists 20 amino acids, all of which share the same main chain 

structure, while differ in side chains (see Fig. 1.2), and amino acids are named by 

3-letter and 1-letter codes as listed in Tab. 1.1. 

A chain of amino acid residuals is called a Poly-peptide chain. Usually, a protein 
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G\y(G) Alo(A) Val(V) Ile(I) Uu(L) 

4\ 3* 

Asp(D) Glu(E) Lys(L) Arg(R) Cys(C) 

Met(M) Phe(F) Trp(W) His(H) Pro(P) 
Courtesy of Mingyang Lu (Baylor College of Medicine), created with author's help. 

Figure 1.2: Amino acids 

Atom N is in blue, atom O is in red, atom S is in yellow, atom H is in white and atom C is 
in black. Color of residue names show their properties: green shows hydrophobic, yellow 
shows hydrophilic, red shows basic and blue shows acidic. 



Amino Acid 

Alanine 
Arginine 

Asparagine 
Aspartic acid 

Cysteine 
Glutamic acid 

Glutamine 
Glycine 

Histidine 
Isoleucine 
Leucine 
Lysine 

Methionine 
Phenylalanine 

Proline 
Serine 

Threonine 
Tryptophan 

Tyrosine 
Valine 

3-Letter 
Ala 
Arg 
Asn 
Asp 
Cys 
Glu 
Gin 
Gly 
His 
H e 
Leu 
Lys 
Met 
Phe 
Pro 
Ser 
Thr 
Trp 
Tyr 
Val 

1-Letter 

A 
R 
N 
D 
C 
E 
Q 
G 
H 
I 
L 
K 
M 
F 
P 
S 
T 
W 
Y 
V 

Table 1.1: Amino Acids 
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with moderate size (a few hundred residuals) is constituted with several poly-peptide 

chains, while in between chains there are hydrogen bonds or di-sulfur bonds connect

ing each other. 

1.2 C a t race and backbone 

There are many ways to visualize protein structures. As in Fig. 1.3(a), all the side 

chains are removed, and the remainder is plotted. 

(a) Backbone 

(b) Ca trace 

Figure 1.3: PDB code lctf residue 2-6, rendered by VMD [Humphrey et al., 1996] 

The remainder is called the backbone of the poly-peptide chain. If everything 

except for C« atoms on each residue is further removed, and neighboring C« atoms 

are connected by line segments, A C a trace is obtained, as shown in Fig. 1.3(b). 

Seemingly, the way of visualizing protein structures is only a matter of clarity. 

However, visualization of protein structures is essentially a coarse graining process. 

The intuition and understanding of protein structures largely depend on how the 

protein is represented. This topic will be revisited later. 



6 

Poly-peptide chain is oriented. A poly-peptide chain has a direction. Convention

ally, the direction is defined as from N-terminal to C-terminal, which means from the 

amino group of the left-most side amino acid to the carboxyl group of the right-most 

side amino acid, if writing the chain down linearly. 

1.3 Secondary structure 

When a poly-peptide chain grows longer, it tends to form stable secondary struc

tures instead of random coils as other types of polymers. 

Fig. 1.4 displays a fraction of protein lctf, the sequence DDAEALKKALEEA forms an 

a-helix. This secondary structure was proposed by [Pauling et al., 1951]. 

Another type of secondary structure is (5-sheet. As in Fig. 1.5, strands with 

sequence DVIL and VEVK form a "sheet", with hydrogen bonds connecting nearest 

nitrogen-hydrogen and oxygen between strands. 

Finally, a global view of protein lctf is shown in Fig. 1.6 

This global view is essentially the assembly of secondary structures connected by 

random coils between ends. This assembly is called the tertiary structure of a protein. 

1.4 Protein structure descriptor 

In this section, a conventional set of protein structure descriptors is summarized. 

1. Bond length 

The chemical bond is considered as localized and shared electron densities in 

between atoms, introducing attraction between atoms and stabilize them. In 

proteins, covalent bond, as carbon-carbon bond and carbon-hydrogen bond, is 

the majority form of chemical bonds. Since a covalent bond behaves like a 

spring with force F = — fc(r — r0) between the two bonded atoms, as suggested 
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Figure 1.4: a-helix, PDB code lctf, residue 49-61, rendered by VMD 
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Figure 1.5: /5-sheet, anti-parallel, PDB code lctf, residue 3-6 and 65-68, rendered by 
VMD 
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Figure 1.6: PDB code lctf, rendered in cartoon and lines by VMD 



10 

from the light spectra, it's evident to define a length |r0| as the bond length. 

And chemical bonds are normally visualized as line segments connecting atoms. 

2. Bond angle 

As for carbon atoms, if it is in sp3 hybridization, and all four bonded atoms are 

the same, the four bonds going towards the four vertices of a regular tetrahedron, 

resulting in the bond angle « 109.5° = arccos (—§). 

/Con; C 

Figure 1.7: Bond angle 

3. Dihedral angle 

The dihedral angle of chemical bonds is defined upon three consecutive bonds 

connected by two atoms, as shown in Fig. 1.8. If we consider the four atom 

chain 1—2—3—4, 1—2—3 and 2—3—4 form two different planes, the dihedral 

angle is defined as the angle between these two planes. 

Figure 1.8: Dihedral angle 

4. Ramachandran map 

If a single residue of a poly-peptide chain is viewed, as in Fig. 1.9, the main 

chain N—Ca and Ca—C bonds are relatively free to rotate. The torsion angle of 

bond N—Ca is defined as ip, and the torsion angle of bond C«—C is defined as 

i\). By plotting i\) against <p on the same figure for each residue, a Ramachandran 

map [Ramakrishnan and Ramachandran, 1965] is generated as in Fig. 1.10. 
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0 

npa. QrC v , 

• N / ( ^ N 

Figure 1.9: tp and tp angles 

V 

Left-handed helix 
a 

n 
a 

9 

Figure 1.10: Ramachandran map of protein PDB code lctf, rendered by VMD 
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This is a way to visualize dihedral angles tp against <p, which makes it a coarse 

grained structure descriptor. 

Generally, for each residue, tp and tj) angles has no correlation to each other 

since they are relatively free to rotate. However, in the case that one residue is 

part of a secondary structure, ip and ip angles show strong correlation as blue 

and green regions in Fig. 1.10. In the diagram the white areas correspond to 

sterically disallowed regions where atoms collide into each other (only glycine 

which has no side chain is allowed in this region). The blue regions correspond 

to allowed (strictly) conformations of a-helix and /3-sheet. The green areas show 

the allowed regions with certain grace in the calculation of atomic clash, which 

reveals an additional region corresponding to left-handed helix. More detailed 

discussions can be accessed at [Kleywegt and Jones, 1996]. 

The determination of all the bond lengths, bond angles and dihedral angles defines 

the structure of a protein uniquely. 

In contrary of the structure descriptors stated above, as an example, electron 

density map, which is commonly used in X-ray crystallography, can also be used as 

the structure descriptor, especially when the elasticity of proteins is of interest. 



Chapter 2 

Topology and Gauss Integrals 

In this chapter, several topological quantities are studied, in order to find a good 

structure descriptor of curves. It is achieved from studying topological invariants, 

borrowed from which the final structure descriptor, Gauss Integral, is obtained. 

2.1 Topology in mathematics 

It is intuitively convenient to treat objects in topology as elastic rubbers. One 

can deform a rubber object in whichever way possible, except for cutting or breaking 

it, and/or gluing it. 

Hence, "topology" is the study of geometrical properties of objects that do not 

change under these deformations, such properties are called topological invariance. 

This is the major aspect that topology differs from geometry. 

Since proteins are three dimensional objects, the study of topology of no more 

than three dimensions is concerned, which involves knots, links and ribbons. 

2.2 Knots 

A knot in topology theory is defined as a closed curve in R3. 

Two examples of knots are illustrated in Fig. 2.1, where Fig. 2.1(a) is essentially 

a simple ring. 

13 
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(a) Trivial knot (b) Trefoil knot 

Figure 2.1: Knots 

By continuously deforming the curve without breaking it, it is impossible for one 

knot configuration to be changed to the other. In other words, deforming the curve 

of a knot continuously does not change certain invariant quantities of the knot. 

Therefore, it is important to identify the types of different knots, and to find an 

invariant quantity of which knots of the same type share an identical value, while 

knots of different types do not, and vice versa. 

In addition, it is possible to study the relation between knots, a concept "link" is 

introduced. 

2.3 Linking number 

A link is a set of disjoint knots. 

To study a link, it is helpful to make a projection onto a two-dimensional (2D) 

plane, instead of looking at it in the three dimensional space directly. 

A simple example is demonstrated in Fig. 2.2, where two closed loop curves (knots) 

are linked together. In this projection view, there are two crossings e(l) and e(2). 

The value of a crossing, called crossing number, can be determined by the following 
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Figure 2.2: A link with two crossings e(l) and. e(2) 

right-hand law: assuming one holds a small segment of one curve in palm around the 

crossing region, such that the thumb lies in the same direction of the curve, if the 

direction of the other curve agrees with the rest four fingers, the crossing number is 

equal to 1, otherwise - 1 . In Fig. 2.2, e(l) = e(2) = 1. 

A quantity linking number of a link is defined as 

Lfc(£i,£2) = ^ Y, e(p), (2.1) 
pGcrossings 

which is essentially a sum of the crossing numbers and directions on a projection view 

of a link. 

In the example of Fig. 2.2, Lk = 1. 

It is easy to see that the linking number is a topological invariance, i.e., it is 

independent of the direction of projection. 

However, the method of counting crossings on a projection becomes inconvenient 

when a link is complicated. A slightly sophisticated example is shown in Fig. 2.3, 

where the coil wires up twice of the big circle, resulting in 4 crossings and Lk = 2. 

A method which calculates the linking number directly from the equations of 

curves, known as Gauss Integral is introduced in the following. 
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Figure 2.3: A link with 4 crossings 

2.4 Physical derivation of Gauss Integral 

From the theory of magnetostatics [Jackson, 1999], Biot and Savart law states: 

dB 
pbQ Id\ x x 

A-K I x l 3 (2.2) 

which relates B(magnetic induction) to /(electric current). Here d\ denotes a line 

element of the current / , and x is the coordinate vector from current element Id\ to 

the observation point P , as shown in Fig. 2.4. 

Figure 2.4: Biot Savart Law: dB due to the current element Id\ 

Due to Kirchhoff's law, static electric current is always a closed loop. (Since 

moving charges are not created nor annihilated, constant electric current requires the 

circulation of charges, which forms a closed loop of circuits.) Therefore, to calculate 

the total magnetic induction B at observation point P, line integration §cdB over 

circular path C is required, which is the line integral over the closed loop of current. 
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The result is 

as shown in Fig. 2.5 

4TT JC |X 

X X 

3 
(2.3) 

Figure 2.5: B as the line integral over the closed loop current 

Interestingly, the static magnetic induction B also forms a closed loop (regardless 

of the hypothetical magnetic monopole), as shown in Fig. 2.6. 

Figure 2.6: B and / linking together 

Here a physical example of a topological "link" is observed. 

Since B also forms a closed loop, line integral §M B • die over the closed loop of 

magnetic induction (denoted as M) can be calculated. The result is 

JM 4 7 r JM JC 

Id\M • (dlc x x) 
(2.4) 



18 

Meanwhile, Ampere's law gives 

B-dLM = fjL0I, (2.5) 
JM 

where J is the total current passing through the enclosed surface of loop M. 

Combining these two equations, a constant is revealed 

4TT JM JC 

d\M • (d\c x x) = 1 

Ixl3 

If the two loops are not linked, which means in Eq. (2.5) no current is passing 

through the enclosed surface of loop M, or J = 0, the right hand side of Eq. (2.6) will 

equal to 0. Combining these observations, the equation 

4?r JM JC 

d\M • (die x x) _ \ h C and M are linked 

c | X | ' 0, C and M are not linked 

is obtained. 

Eq. (2.7) is the mathematical form of Gauss Integral of two loops, which is a link 

invariant indicating whether two loops are linked or not. The original idea of link 

invariant was formed in a small fragment written by Carl Friedrich Gauss [Gau£, 

1867] in a slightly different way as described above. 

This equation is purely geometrical since no physical quantity is inside. Also, 

this is a formula of computing the linking number for two closed curves. Therefore, 

generally Lk = GI. 

It is worthy noting that the value of Gauss Integral can be greater than one. In 

Fig. 2.3, if the big circle is considered as B and the small coil is considered as J, the 

electric current / passing through the enclosed surface of B is in fact 21, which gives 

a value of 2 to the Gauss Integral. Therefore, Gauss Integral could serve as a device 



19 

of computing the linking number. 

A space curve can be expressed in parametric form as 

or x = f (s), 

X 

y 

z 

= 

/*(«) 

fy(s) 

/.(«)_ 

(2.8) 

therefore, elemental line segment can be written as d\ = f'(s)ds, which allows the 

Gauss Integral to be written in terms of the integration of parameters SM and sc'-

- f f {i'M x rc) • rMC 

SM J SC \*MC\ 
dsMdsc = 

Lk, C and M are linked 

0, C and M are not linked 
(2.9) 

2.5 Writhe and self-linking number 

Since two different spatial curves can be parametrized by scalars SM and sc where 

specific SM and sc denote two points on different curves, two different points on the 

same curve can also be denoted by two parameters. This allows the observations and 

equations from links to be applied to knots. 

L 

Figure 2.7: Writhe 

As in Fig. 2.7, two points S\ and s2 are on the same closed loop curve L, and ri2 

denotes the vector between them. 
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By doing this, a equation slightly different from the above definition of Gauss 

Integral is obtained, 

a(L, L) = -L f I ^ O x f ' M - r ^ ^ , (2.10) 
4?r JS1 JS2 \T12\

2 

which is the Gauss Integral of closed loop curve L and itself. 

Intuitively, Eq. (2.10) should be called self-linking number, which is also expected 

to be an invariant. However, it's not the case. For example, taking a circle which is 

embedded in a "flat" plane as L, there's no doubt that from Eq. (2.10), GI(L, L) = 0, 

however, if this circle is twisted to form a shape like oo, GI(L,L) « 1. Detailed 

explanation about this will be discussed later, nevertheless, Eq. (2.10) is not a knot 

invariant. Instead, this quantity is refered to as Writhe, Wr(L), which shows how 

much a spatial curve wires around itself. 

Writhe can also be calculated following Eq. (2.1), counting the crossings of a closed 

curve with itself on a projection of this curve. It is easy to see that writhe is not an 

invariant. As in Fig. 2.8, if a local piece of a knot's projection undergoes a movement 

* a 

Figure 2.8: Reidemeister move I 

from a to b, the knot itself does not change the type, however the crossing number 

changes by 1. This movement is called Reidemeister move I. Though this observation 

rules out the possibility that writhe is an invariant, on another aspect, writhe could 

be a promising structure descriptor since it is sensitive to certain geometrical changes. 

In order to find a knot invariant, two cases in Fig. 2.9 are studied. 
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(a) Wr = l,Tw = 0 (b) Wr = 0,Tw = 1 

Figure 2.9: Writhe exchanges with twist 

Fig. 2.9(a) shows a ribbon made out of rubber with two edges, and arranged onto 

a "flat" plane, as "flat" as possible. If the two edges of the ribbon are considered as two 

spatial closed loop curves, a link is obtained, since these two loops are linked together. 

The calculation of GI(L,L) or writhe on each edge gives Wr(L) — GI(L,L) « 1 for 

each of them. 

Another quantity, twist number, Tw(R), is defined here. Twist number is a 

quantity indicating how much a ribbon is twisted around its own central line, as 

in Eq. (2.11), 

Tw(R) = -!- f t x v - d v , (2.11) 
27T JL 

where t is the unit tangent vector along curve L, v is a unit vector that perpendicular 

to t and also pointing from one edge of the ribbon to the other edge. It is easy to 

see that from Fig. 2.9(a), v is always in the plane, thus t x v is always perpendicular 

to dv. Therefore, Tw(L) = 0, which means the ribbon does not twist around its own 

central line. 

If the ribbon from Fig. 2.9(a) is deformed to Fig. 2.9(b), and is still put on a flat 

plane, as "fiat" as possible, both edges are nearly circles that do not intersect with 

themselves on the projection, therefore the writhe of both edges are 0. Meanwhile, 

on the top part of Fig. 2.9(b), the ribbon is twisted around its own central line by 

2TT, thus Tw(R) = 1. 

The deformation from Fig. 2.9(a) to Fig. 2.9(b) does not break the ribbon itself, 
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so the topology of the ribbon is conserved. Along this deformation, the writhe of 

the ribbon is reduced, but more of twist is introduced into the ribbon. An extensive 

study [Fuller, 1971] shows that the along the topological deformation of a ribbon, the 

change of Wr(L) is exactly compensated by the change of Tw(R), therefore Wr(L) + 

Tw(R) is conserved. 

Self-linking number of a knot is defined as the linking number of both edges of 

a ribbon based on curve L. Such a ribbon is obtained by shifting curve L by an 

infinitesimal amount in the direction perpendicular to L at every point. It is proved 

above by making analogy to the linking of magnetic field line and current loop, that 

linking number of two distinct closed curves is preserved from deformation, self-linking 

number is also preserved as a knot invariant. 

Due to the fact that in this document only single curves are studied, and an 

invariant is not favoured since it is not sensitive to geometrical changes. The non-

invariant writhe is studied. For consistency, the writhe of curve L is denoted in terms 

of Gauss Integral GI(L). This convention will be followed through out the rest of this 

document. 

From Eq. (2.10), Gauss Integral is not necessarily computed over closed loop 

curves, while it is feasible to be calculated over open curves by setting sx and s2 

running from one end of the curve to the other. This allows GI(L) to be applied to 

protein structures since main chains of proteins are all open loops. 

If the protein structure is represented as C a trace, the curve is constituted by 

many line segments, forming a polyline. Therefore, it is useful to develop a method 

to calculate the Gauss Integral of such a polyline. Also, more features of Gauss 

Integral can be studied by examining line segments and polylines. 

First, we calculate the Gauss Integral of two line segments. 



23 

2.6 Gauss Integral of two line segments 

Taking two oriented line segments, li and I2, as shown in Fig. 2.10(a), there is an 

easier and computationally more efficient way to calculate the Gauss Integral of these 

two line segments without doing real integration. 

\ 

V 
c 

/ \P .N 
1 / ~ ~ - -

(b) Two line segments 
span a pentahedron 

s 
-' 0 

and r 

1 2 

(a) Two line segments 

Figure 2.10: Two line segments 

To make it clearer, li is translated from O to share the same vertex as I2 at A, 

as shown in Fig. 2.10(b), from solid line \i to dashed line 11# Also, this translation 

vector is defined as r. 

In vector form, the equation of an oriented line segment can be written as 

1 = lo + Is 0 < s < length, (2.12) 

where lo is the starting point of the line segment, 1 is the unit vector indicating the 

direction of this line segment, and s is a parameter driving point 1 to go through the 

line segment. 

Therefore, an elemental line segment d\ can be written as Ids where ds is a scalar 

elemental length and 1 is the unit vector indicating the direction of the oriented line 

segment. Thus the integral kernel of Gauss Integral from Eq. (2.7) can be rewritten 

as: 

d\M • (dlc x x) (li x i 2 ) - r ( s i , s 2 ) J , f o . Q s 
i~~n = n \i5 asids2 . (2.13) 
x 3 r ( s i , s 2 ) 2 
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Change of si and s2 results in the change of positions of both ends of vector r on 

line segments li and 12. Or in other words, it changes the position of the arrow end 

of vector r on plane ACDB while holding the other end of vector r fixed at 0. Also, 

n = li x I2 is a constant unit vector perpendicular to parallelogram ACDB, while 

dS = dsids2 is the elemental surface area of plane ACDB. The Gauss Integral of 

two line segments can be written as 

^ J ACDB l r( s l> s2) |2 

In fact, JACDB uL Jw ^ ls s^mP^y the s°tid an9^e that parallelogram ACDB span 

in space with respect to 0 as center. 

The solid angle of parallelogram ACDB span in space with respect to 0 is equal to 

the sum of solid angles that triangle ACB and DBC span in space with respect to 0. 

For triangle ACB, together with point O forming a tetrahedron, three dihedral angles 

can be defined as: a = ZC-AO-B, (3 = ZA-BO-C and 7 = IB-CO- A. There 

is an important conclusion that the solid angle that triangle ACB span in space with 

respect to 0: 0 = a + f3 + 7 — TT, which comes from the study of spherical triangles 

[Wolfram Research, Inc., 2004]. Therefore, given three vectors vi,V2,v3 from O to 

A, B, C respectively, one can calculate all the three dihedral angles through standard 

vector operations, and get the solid angle. As a reference, an assembled formula is 

provided here: 

o 0 , |vi-V2 x val /„ , ^ 
S2 = 2arctan ; r ; 4 ; r—. (2.15) 

v1v2v3 + (vi • v2)v3 + (vi • v3)t>2 + (v2 • v3)vi 

Another way to describe the geometrical meaning of Gauss Integral here, is how 

much solid angle that vector r sweep in the space while arbitrarily move si and s2. 

This description is not only true for line segments, but also true for any spatial curves. 

In terms of projections of knots, Gauss Integral can also be expressed as the solid 
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angle averaged crossing number on projections. That is, do projections of a knot in 

all the directions, and count the crossing number on each projection, then average 

over the solid angle. 

A few observations are also obtained: 

1. GI of one line segment and itself is zero. The cross product li x 12 = 0. 

2. GI of any two co-planner line segments is zero. Co-planner line segments in

cludes parallel line segments and line segments with common vertices, but in

tersection is not allowed. 

3. GI of any two nearly-intersecting line segments is ± 1 . It is easy to see that if 

two spatial line segments are nearly intersecting each other, vector r can sweep 

the whole space. 

4. GI of two far away line segments is zero. If two line segments are far away from 

each other (r > > I), the term l / | r (s i , s2)|2 gives 0 regardless of the orientation 

of line segments. 

2.7 Gauss Integral of spatial polygonal lines 

To calculate the Gauss Integral of a spatial polyline, a matrix of every pair of line 

segments that constitute the polylines has to be calculated. Due to the observations 

above, the tri-diagonal lines of this matrix are zero, and this matrix is symmetric. 

Afterwards, the Gauss Integral is the summation as 

for( i=0; i<N-2; i++) 

for( j=i+2; j<N; j++) 

GI += m a t ( i , j ) ; 
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where N is the number of line segments that constitute the polyline and mat(i, j) is 

the matrix storing GI of the line segment pairs (i, j). Also, a normalization coefficient 

might be applied. 

2.8 High order Gauss Integrals 

From the code snippet above, GI of a polygonal line is calculated as 

G/(i,2)= Yl mat( ii> i2), (2.16) 
0<u<i2<iV 

where ( i i ,^) is an ordered pair. As suggested in [Rogen and Bohr, 2003], high order 

Gauss Integrals can be defined with more ordered variables. For example, 

G/(i,2)(3,4) = Y mat(«i,«2)mat(«3,«4), (2.17) 
0<i i<i 2 <i3<*4<JV 

which defines (2/(1,2)(3,4)- Also, high order Gauss Integrals of partial absolutes are 

defined in the fashion as 

G/|i,2|(3,4) = J ] \ma.t(i1,i2)\ma.t(i3,i4). (2.18) 
0 < i l < i 2 < l 3 < » 4 < N 

Therefore, up to six variables but only do absolute once or twice up to 4 vari

ables, which are proven to be useful in [Rogen and Fain, 2003], 29 Gauss Inte

grals are defined: GZ"(i,2), GT|i,2|, GT(i,2)(3,4), GZ|i,2|(3,4)> GT(i,2)|3,4|, GT|i,2||3,4|, GT(i,3)(2,4), 

G/|l,3|(2,4), GJ( l i3)|2,4|, GZ|i,3||2,4|, ^(1,4)(2,3), GT|1,4|(2,3), GT(1,4)|2,3|, G^|l,4||2,3|, Gf(l,2)(3,4)(5,6), 

GT(1,2)(3,5)(4,6), GT(1,2)(3,6)(4,5), G/(i,3)(2,4)(5,6), GT(1,3)(2,5)(4,6), Gf(l,3)(2,6)(4,5), GT(1,4)(2,3)(5,6), 

G/(i,4)(2,5)(3,6), G/"(ii4)(2,6)(3,5), G/(l,5)(2,3)(4,6), GT(1,5)(2,4)(3,6)» Gf(l,5)(2,6)(3,4)> ^(1,6)(2,3)(4,5), 

G/(i,6)(2,4)(3,5)) G/(1)6)(2,5)(3,4). They are denoted as GU later for convenience. 

These quantities are correlation functions of Gauss Integrals. In terms of writhing, 
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it tells given a writhe for certain portion of a curve, what's the writhe of the rest of 

the curve. 

Since the detailed geometric meaning of high order Gauss Integrals is not very 

clear, to simplify the representation, in the following text, "Gauss Integral" or GI is 

only referred to the first order G7(i?2), and high order Gauss Integrals are explicitly 

noted. 



Chapter 3 

Tests and Applications 

In order to study the detailed features, Gauss Integral is tested on a model and a 

decoy set. 

3.1 Helix model 

As in Section 1.3, a-helix is an important secondary structure that constitutes a 

protein. A model, build based on the typical a-helix parameters (3.6 residues and 

5.6A translation per turn), is studied and Gauss Integrals of C a traces are computed 

and compared as in Fig. 3.1. 

From this test, it is seen that GI is sensitive to the screw (self spin) of helices 

(Fig. 3.1(c)) rather than distance changes (Fig. 3.1(b)) or large orientational changes 

(Fig. 3.1(d)). 

3.2 Tests on a decoy set 

A decoy set (structural) is a set of protein structures with the same amino-acid se

quence but different structures, of which only one is the native structure of the protein 

while other structures are non-native and are generated through certain methods. 

For clarity, A reasonably small protein, PDB code lctf, is chosen from 4state_reduced 

set [Park and Levitt, 1996]. From the decoy set description, "The 4state_reduced set 
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(a) GI = 5.52754 (b) GI = 5.45735(A = -0.07) 

(c) GI = 5.87716(A = 0.35) (d) GI = 5.5776(A = 0.05) 

Figure 3.1: Helix model with different configurations 

(a) shows two helices; (b) shows two helices with slightly larger distance between 
each other; (c) shows the left side helix spun around itself by it comparing to (a); 
(d) shows the left side helix felt down so that it is perpendicular to the right side 
helix. GI is calculated for each case, and the difference of GI(A) is calculated with 
respect to (a). 
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contains decoys for seven small proteins. The CA positions for these decoys were 

generated by exhaustively enumerating ten selectively chosen residues in each protein 

using a 4-state off-lattice model. All other residues were assigned the phi/psi value 

based on best fit of a 4-state model to the native chain. In the unreduced version of 

the set, a vast majority of the conformations generated were eliminated using steric 

and compactness criteria. In the reduced version, only conformations that had a 

low score using a variety of scoring functions, and those having low RMSD are used 

All-atom models were built from the CA atoms with the program segmod." 

Root Mean Square Difference (RMSD) is defined as 

RMSD 
\ 

1 N 

- V l r - - r ' . | 2 (3.1) 

where r; and r̂  denote the coordinate of the same residue on two different structures 

but have the same sequence . RMSD is commonly used as a measure indicating the 

differences between two structures with the same amino acid sequence. 

Since Gauss Integral is also a measure of structures, it is necessary to test the 

relationship between Gauss Integral and RMSD. 

RMSD-GT Relationship 
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Figure 3.2: RMSD and Gauss Integral relationship 
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The plot of Gauss Integral against RMSD (with respect to the native structure) 

is in Fig. 3.2. The leftmost point, for which RMSD= 0, is the point representing the 

native structure (lctf.pdb). From this plot, there is no obvious correlation between 

RMSD and Gauss Integral. The structures of two special cases, that a structure has 

small RMSD but big difference in GI, and has big RMSD but small difference in GI 

is examined in Fig. 3.3 and Fig. 3.4, and differences in GI with respect to the native 

structure (G/native = —3.59624). 

In Fig. 3.3, Cot trace of lctf.dl0961_r is drawn as a thin tube while Cct trace of 

lctf is drawn as a thick tube. The majority of these two structures are overlapping, 

which give a small RMSD. For the difference (in orange color for both of them), 

the thick orange tube is in front of the tail of the trace, while the thin orange tube 

is behind the tail of the trace, therefore, one additional crossing is created for the 

non-native structure, which gives high GI. 

In Fig. 3.4, Cct trace of lctf.cll248_r is drawn as a thin tube while C a trace of 

lctf is drawn as a thick tube. The majority of these two structures are different, that 

even the secondary structures are not conserved (ohelix turns to be random coil), 

which gives a big RMSD. However, the general trend of writhing is similar, which 

gives small differences in GI. 

From the tests above, it is seen that Gauss Integral is non-sensitive to certain 

local changes (allowing the change from helices to random coils and the change of 

distances and orientation between helices) but captures the global writhing. However 

in certain circumstances, Gauss Integral is also sensitive to local changes, such as the 

self-spin of a helix and the twisting of the two ends of a trace. 
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Figure 3.3: lctf.dl0961_r, lctf comparison; RMSD= 2.395, GI(1,2) difference is 
(-6.72023) - (-3.59624) = -3.12399. 

Cct trace of lctf.dl0961_r is drawn as a thin tube while Cct trace of lctf is drawn as 
a thick tube. The majority of these two structures are overlapping, which give a 
small RMSD. For the difference (in orange color for both of them), the thick orange 
tube is in front of the tail of the trace, while the thin orange tube is behind the tail 
of the trace, therefore, one additional crossing is created for the non-native 
structure, which gives high GI. 
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Figure 3.4: lctf.cll248_r, lctf comparison; RMSD= 8.902, GT(1,2) difference is 
(-2.85359) - (-3.59624) = 0.742645. 

Ccc trace of lctf.cll248_r is drawn as a thin tube while Ca trace of lctf is drawn as 
a thick tube. The majority of these two structures are different, that even the 
secondary structures are not conserved (a-helix turns to be random coil), which 
gives a big RMSD. However, the general trend of writhing is similar, which gives 
small differences in GI. 
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3.3 Fold identification 

In protein science, the word "topology" has been used to describe the general 

direction or patten that protein poly-peptide chain goes. It is difficult to have a 

rigorous definition for this "topology". 

According to Johann Benedict Listing [Listing, 1848], all the proteins have the 

same topology (mathematically), since they are all open threads, and any tied "knot" 

of an open thread can be untied without breaking the thread. However, practically, 

people agree that a tied shoe lace is different from a loose one. 

Gauss Integrals, which describe the overall shape of proteins, and are especially 

sensitive to identify how a thread is "tied", can be used as measure of protein "topol-

ogy". 

To human judgement, the "topology" of proteins can be classified hierarchically. 

Databases like CATH1 [Rengo et al., 1997] (highly dependent on automation) and 

SCOP2 [Murzin et al., 1995] (highly dependent on human judgement) have been 

created and studied for years. Noticeably, in SCOP database, proteins are classified 

into "classes", "folds", "superfamilies" and "families", where "classes" are groups of 

"folds". 

An observation exists that proteins share certain revolutionary ancestors have 

similar structures and certain sequence identities, meanwhile, proteins without rea

sonable sequence identity also can have similar structures. 

The property that proteins have considerable structural similarities but have no 

evolutionary (sequence) relationship is referred to as the proteins sharing a "fold" 

only. The goal of the following test is to assess the ability that Gauss Integrals 

identify folds, since fold identification is an important step in protein classification 

and protein structure prediction. 

1Class(C), Architecture(A), Topology(T) and Homologous superfamily (H) 
2 Structural Classification Of Proteins 
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It has been reported that Gauss Integrals can be used in classifying protein struc

tures into CATH category quite successfully [Rogen and Fain, 2003], however, its use 

on SCOP database, which was classified much more dependent on human judgement, 

has not been tested yet. 

In SCOP database, proteins are classified into "folds" by their structures without 

ruling out sequence identities. Therefore, to exercise the test, a special protein struc

ture set has to be generated. Lindahl set [Lindahl and Elofsson, 2000] is built with 

976 proteins chosen from SCOP database with no two proteins have sequence identity 

more than 40%. Statistics of Lindahl set is in Tab. 3.3 (regenerated from [Murzin 

et al., 1995]). 

Description Number 
Protein structures 976 
Families 597 
Superfamilies 443 
Folds 330 
Possible correct hits on family level 555 
Possible correct hits on superfamily level 434 
Possible correct hits on fold level 321 

Table 3.1: Statistics of Lindahl set 

Essentially, this test is a classification test, the goal is to find a "distance" between 

protein structures, and proteins belong to the same "fold" have to be classified (or 

clustered into the same cluster) upon the distances. 

3.3.1 Distance between protein structures 

One commonly used 'distance' is RMSD, however, RMSD cannot be calculated for 

two structures with different lengths. Moreover, when RMSD is reasonably large, it 

can tell nothing but "they are different". Therefore, RMSD is not a suitable quantity 

for the "distance" between protein structures. 

From section 2.8, weighted twenty-nine Gauss Integrals together with the number 
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of residues (N) forming a 30-dimensional vector G € M30 is used as the structure 

descriptor for each protein, and the distance is defined as euclidean distance 

30 

£(Gi " Gtf, (3.2) 
i= i 

where G and G' are Gauss Integral based structure descriptors. And 

G=[w1N,{wi+1GIi\ie{l,...,29}}} , (3.3) 

where Wi denotes the weights. 

To address the length of poly-peptide chains, 1/N, 1/N2 and 1/N3 are included 

in the weights for first, second and third order Gauss Integrals, respectively. That is, 

i.e., calculate GIQ/N, GIQQ/N2 and GI^QQ/N3. 

The weights can be calculated in several different ways. One can do self-contained 

weighting, which is normalizing the vector G such that |G| = 1 for each structure. 

For the set-dependent weights, one way is to make each of the 30 elements has norm 

1 over the whole set, while the another way is to train a set of weights from certain 

structure sets. 

3.3.2 Results on Lindahl set 

To test the sensitivity of Gauss Integrals on folds, a distribution is plotted in 

Fig. 3.5. Structures in Lindahl set of the first five SCOP classes3 (number of structures 

3From [Murzin et a l , 1995]: 

1. all alpha (for proteins whose structure is essentially formed by a-helices) 

2. all beta (for those whose structure is essentially formed by /3-sheets) 

3. alpha and beta (for proteins with a-helices and b-strands that are largely interspersed) 

4. alpha plus beta (for those in which a-helices and b-strands are largely segregated) 

5. multi-domain (for those with domains of different fold and for which no homologues are known 
at present) 

r = | G - G ' | = 
\ 
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are 190, 213, 217, 190, 19) axe chosen for the distribution, and G7(li2)/iV is used as x 

axis. The representative structures of these 5 classes are shown in Fig. 3.6. 

Distribution of Gauss Integral in SCOP Classes 
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Figure 3.5: Distribution of GI{h2)/N in SCOP Classes 

From Fig. 3.5, distributions of GI(\$)/N only are fairly separable from class to 

class, which shows certain capability of Gauss Integral in clustering similar fold 

classes. For the overlapping part, other 29 elements of vector G would help in distin

guishing. 

Lindahl set testing works as the following: A distance matrix d.ls(i,j) is first 

calculated, where each element is the distance (Eq. (3.2)) between two structures in 

the set labeled as % and j , as shown in Fig. 3.7. Apparently, when i — j , the distance 

is zero. Then, for a given structure labeled as i, all the other structures are sorted 

according to the distances to i. The number of "hits" is defined as the number of 

nearest structures of the same "fold" as i, without any other structures of a different 

"fold" nearer. As an example, if the final sorted list is: z(e"foldl")—"foldl", "foldl", 

"fold2", "foldl", • • •, the number of hits is 2, since the last "foldl" is ruled out being 

preceded by a "fold2". Finally, the total "hits" is the sum of number of "hits" for all 

i's. 



1, all alpha, 
PDB code: laab 

3, alpha and beta, 4, alpha plus beta, 
PDB code: laba PDB code: laar 

5, multi-domain, 
PDB code: lad2 

Figure 3.6: Five Representative Structures in SCOP Classes, rendered by VMD 
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2, all beta, 
PDB code: labr 
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Distances in Lindahl Set 
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Figure 3.7: Distances in Lindahl Set 

x and y axes are number labels of structures in Lindahl set (sorted according to the 
SCOP classification), and color shows the distance between the structure pair at the 
point. Each G is normalized to have norm 1. 
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The test result depends on different weights, as listed in Tab. 3.3.2. The best 

achievable "hits" is 132 out of 321, where the weight was trained in a Monte Carlo 

fashion within Lindahl set. The purpose of this training procedure is to see the best 

achievable "hits" rather than doing real validated classification. 

To compare with available literature, group member Jialin Li (Baylor College 

of Medicine) tested a structure alignment method "TM-align" [Zhang and Skolnick, 

2005], using the alignment score between each pair of structures as the distance 

between the two structures, gives 157 (out of 321) total "fold" hits, which is so far the 

best result in literature when performed on Lindahl set. 

Weight "Hits17" 
|G| = 1 112 
Each of the 30 elements has the same norm 1 128 
Trained within the set 132 

Table 3.2: "Hits" with different weights 

The number of "hits" from Gauss Integrals method is lower than that from the 

structure alignment method, the reason could be that structure alignment method 

takes the information of secondary structures, while the human judgement of SCOP 

classification also largely depends on the secondary structure contents. However, the 

requirement of computation of structure alignment is much higher than that of Gauss 

Integrals, which enables the use of Gauss Integral into a broader region where large 

number of proteins are presented. 

3.4 Regeneration of Ramachandran map 

Gauss Integral can be applied to the whole chain of a protein as a polygonal line, 

it is also useful to be applied on portions of a protein to reveal certain localized 

structural information. A scheme is tested in the following: Line segments N—Ca 

and Ca—C are chosen from each residue of a protein, and Gauss Integrals (G/(i,2)) 
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are calculated between N—Ca on residue i and i + A, denoted as G/N—C«(M + A); 

similarly, Gauss Integrals between Ca—C on residue i and i + A are calculated and 

noted as GIcn—c(M + A). Afterwards, the correlations between G/N—c«(M + A ) and 

G7ca—c(M + A) are plotted. A = 1,2,3 are concerned in Figs. 3.8, 3.9 and 3.10. 

Proteins from the whole Lindahl set are used. 

Correlation of Gl with A=1 

0.1 

0.05 

o8 

t o 
o 

<5 

-0.05 

-0.1 

-0.1 -0.05 0 0.05 0.1 
Gl Of C„-C 

Figure 3.8: Correlation of G/N—C« and G7cK—c with A = 1 

When A = 1, the Ramachandran map is regenerated, as shown in Fig. 3.8. The 

reason can be explained as the following: When A = 1, two consecutive residues i 

and i + 1 are concerned, as in Fig. 1.1 (bottom half). Due to stereo-chemical reasons, 

O—C—N is a fairly rigid plane that the bond C—N is not free to rotate, therefore, the 

rotation of bond N—Ca (change of if angle) on residue i + 1 results in the movement 

of the whole residue i, including the bond C«—C on residue i, so that the orientation 

between the bond Ca—C on residue i and the bond Ca—C on residue i + 1 depends 
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on the if angle. Similarly, the rotation of bond Ca—C (change of ip angle) on residue 

i results in the movement of the whole residue i + 1, including the bond N—Ca on 

residue i + 1, so that the orientation between the bond N—Ca on residue i and the 

bond N—C a on residue i + 1 depends on the tp angle. Since Gauss Integral is sensitive 

to the relative orientation of two line segments, G/N—c«(M +1) resembles the t(j angle 

while GIca—c(i,i + 1) resembles the <p angle, which regenerates the Ramachandran 

map. 

Correlation of Gl with A=2 
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Figure 3.9: Correlation of G/N—ca
 a n ( i GIca—c with A = 2 

When A > 1, residues i and i + A are not correlated as strong as when A = 1, 

however, the longer range correlation reflects more global structural information, such 

as secondary structures. For example, for a-helix, both G/N—CK
 a n d GIca—c are con

served (at values (—0.07,-0.07)) when A = 1,2,3, which gives a persistent spot in 

the lower-left part of each plot, however, for /3-sheets, the correlation between G/N—c« 
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and GIcK—c changes when A changes, which gives a moving spot from top-left part 

(A = 1) to top-right part (A = 2) to the center (A = 3). This observation allows the 

use of Gauss Integral in secondary structure identification and related applications. 

Therefore, Fig. 3.9 and 3.10 are considered as generalized Ramachandran maps. Ad

ditional maps with A = 2 and 3 are supplementary to the map with A = 1, to cancel 

out certain ambiguities of structural descriptions. 
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Figure 3.10: Correlation of G/N_c<x and GIca—c with A = 3 

3.5 Use in Replica Exchange Simulation 

As suggested by Cheng Zhang (Rice University), Gl can be used as a "volume" 

like parameter in the partition function of Replica Exchange Simulation, 

Z = £ e x p ( - 0 E - 7 G D (3.4) 
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In Eq. (3.4), 7 is a "pressure" like parameter which tunes the fraction of Gauss Integral 

energy in the Hamiltonian. The acceptance probability for a proposed exchange is 

calculated as 

min(l,exp[(7l - 72)^1 - E2)]). (3.5) 

Applying the Gauss Integral guided Replica Exchange on a 34 beads "AB" model, 

as in Fig. 3.11, we could see that the system visits wider range of states more efficiently 

than the conventional Replica Exchange methods. 
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0.08 
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Figure 3.11: Replica exchange simulation of AB model 
34 beads, 7 = -0.3 ~ 0.3, step=0.05; GI step=0.1 

As a consequence, the method could find the global minimum of the 34 beads 

;'AB" model. 



Chapter 4 

Conclusions 

The representation of a protein determines the structural description and intuition 

of the protein. If a protein is described as a C a trace, the Gauss Integrals can 

be calculated for the whole trace, generating a vector which can be used for fold 

identification. 

For the use of Gauss Integral in fold identification, although the testing result on 

Lindahl set is not as good as that of the currently best structure alignment method, 

the computational cost of Gauss Integral is much less than that of the structure 

alignment, which allows the use of Gauss Integral on large scale of databases for the 

classification purpose. More over, the Gauss Integrals are intrinsic for each single 

protein, that is, a single structure has a corresponding 30-dimensional vector, while 

structure alignment method can only give scores (distances) between protein struc

tures, but not for each single structure. This opens a way for the structure descriptor 

vector to be related to the sequence of the protein, which enables the structural 

classification of proteins directly from their sequences [Nielsen et al., 2006]. 

If details like chemical bonds as line segments are used to represent a protein , 

chemical bonds on the backbone can be used to calculate the Gauss Integrals contain

ing local correlation information, then generalized Ramachandran maps are generated, 

which can be used for secondary structure identification. 

For the future, more detailed tests and fine tunes have to be performed. Especially, 
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the geometric meaning of high order Gauss Integrals is not clear, thus exhaustive 

studies are demanded. Also, the use of Gauss Integrals into other fields involving 

structure comparison and identification can be investigated. 

Gauss Integral, originated from a topological invariant of links, is modified to be 

a geometric descriptor and applied to protein structures. 
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