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Abstract 

Disturbance Observer Based Closed Loop Control 
of Haptic Interfaces 

by 

Abhishek Gupta 

Traditionally, control of haptic interfaces is achieved using open-loop impedance 

or admittance control. During open-loop control, the quality of haptic feedback is 

limited by the dynamics of the haptic device. Further improvements in quality of 

the haptic feedback require the use of closed-loop control techniques. Closed loop 

control of haptic interfaces is limited due to stability and cost considerations associ

ated with closed loop force control. In this work, a non-linear disturbance observer 

for estimating human-machine contact forces during haptic interactions is presented. 

These estimated forces are then used for closed loop impedance control of the hap

tic interface. Globally exponential stability of the disturbance observer under the 

assumption of slowly varying disturbances is demonstrated. Finally, simulation and 

experimental results corresponding to disturbance observer based closed-loop control 

of a haptic interface are provided. Qualitative as well as quantitative comparison 

of the performance of disturbance observer-based control with traditional open and 

closed loop controllers is presented. In addition to control of haptic interfaces, the 

disturbance observer can be employed for contact force estimation between the slave 

and environment during teleoperation. 
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Chapter 1 

Introduction 

The ability to interact mechanically with virtual objects through incorporation of 

haptic feedback allows users to manipulate objects in the simulated or remote envi

ronment with ease when compared to a purely visual display. This makes a haptic 

display suitable for a variety of applications like remote operation in hazardous envi

ronments, training and rehabilitation of motor skills [1-3] and simulators for surgical 

training [4-6]. Added advantages of haptic simulators include increased repeatability, 

scalability, safety and control over environmental conditions. Accurate realization of 

physical environments is desirable for such simulators. The performance of a haptic 

interface in accurately displaying various virtual environments can be improved using 

closed loop control techniques. 

In this work, disturbance observer based closed loop control of haptic interfaces is 

presented. A nonlinear disturbance observer for force estimation during haptic in

teractions is developed. These estimated forces are then employed for closed loop 

impedance control of the haptic interface, and results are validated both in simu

lation and experiments. The performance of the controller is investigated via both 

qualitative and quantitative measures. Qualitatively, the controllers are compared for 

presence of vibrations at the human-robot interface, whereas quantitatively the con

troller performance is characterized through transparency bandwidth, and impedance 

accuracy. 
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1.1 Haptic Interfaces 

Haptic or force-reflecting interfaces are the robotic devices used to display touch or 

force-related sensory information from the haptic environment to the user. Human 

perception of touch can be classified as tactile or proprioceptive. Tactile perception 

refers to the various cues we sense through skin. Some examples of tactile sensation 

include human perception of texture, surface roughness or temperature. Propriocep

tive perception on the other hand helps us maintain our sense of the positions of limbs 

and joints and the forces acting on the same. These are sensed through mechanorecep-

tors situated in our joints, muscles and tendons. Typically touch and proprioceptive 

feedback from a haptic environment provide very different sets of device design cri

teria. Hence, separate haptic devices are usually needed for tactile or proprioceptive 

feedback. The haptic displays corresponding to the two are categorized as tactile 

[7, 8] or kinesthetic displays [9-12]. 

A haptic interface should be capable of displaying a wide range of forces over a 

range of frequencies in a controlled manner. The quality of force feedback from a 

haptic interface can be improved through better design of the robotic device or by 

using advanced control techniques. Prom a design perspective, a high quality haptic 

interface device is characterized by low inertia and friction, high structural stiffness, 

minimal backlash, absence of mechanical singularities and force isotropy throughout 

the workspace [13, 14]. These parameters define the mechanical characteristics of 

the device that cannot be physically altered after the design stage. Additionally, 

application related constraints such as the desired workspace size or the desired force 

output may limit improvements to feedback quality that can be achieved through 

better mechanical design. Further improvements to the performance of the interface 

can only be achieved through active control. 

2 



1.2 Haptic Rendering 

According to Salisbury et al., haptic rendering refers to the process by which desired 

sensory information is imposed on the user to convey information about a virtual 

haptic object [15]. This information pertains to physical attributes of the objects 

like stiffness, mass, texture and shape. The feel of a haptically displayed object is 

dependent upon the rendering technique used. An object that is rendered with a 

simple penalty function feels different if high frequency vibrations are overlaid on 

contact to represent transient dynamics. 

In comparison with other modes of human-computer interaction, such as audio and 

visual displays, haptic rendering requires high computational rates for stable ren

dering of the virtual environment. The rendering algorithms compute the interaction 

between the representation of the haptic interface within the virtual environment and 

the virtual objects. 

There are three main components of a typical haptic rendering algorithm [15]: 

• Collision Detection algorithms detect collisions between the haptic interface 

and the virtual objects. These algorithms determine the time, position and 

extent (like depth of penetration, and contact area) of contacts. 

• Force Response Algorithms utilize the information generated by the collision 

detection routines to compute interaction forces between objects. The force 

response algorithms attempt to approximate the contact forces that would arise 

in an interaction of real objects. 

The simplest force response algorithms are geometry-dependent. They compute 

interaction forces based upon the object's geometry, its stiffness, and the geom-
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etry of the haptic interface. Various other algorithms exist for more accurate 

rendering of physical interactions like surface texture and friction. 

• Control Algorithms are responsible for ensuring the forces and torques computed 

by the force response algorithms are reproduced at the human-robot interface. 

The forces and torques computed by the force response algorithm are utilized 

by the control algorithms to command the actuators of the haptic interface. 

Hardware limitations inhibit exact reproduction of the computed forces at the 

interface. Additionally, the discrete-time nature of the haptic system can con

tribute to system instabilities, as explained in chapter 2. 

Common control algorithms for haptic interfaces include impedance and ad

mittance control. During impedance control, the user imposes motion on the 

haptic device and the force at the human-robot interface is controlled through 

the computer simulation. Conversely, during admittance control the user ap

plies forces to the device, and the position of the robot is controlled by the 

haptic interface. 

1.2.1 An Example Haptic System 

A haptic interface comprises of the human operator, the haptic device and the virtual 

environment simulation as shown in Figure 1.1. A visual interface to the environment 

may also be present. The human operator imposes motion on the haptic device, 

which exerts forces back to the operator. Sensors on the device measure position and 

these position signals are then used to compute changes in the virtual environments. 

The model of the virtual environment computes desired forces at the human-robot 

interface based upon the position of the robot and environmental properties. The 

haptic controller determines motor torque based upon sensed position and/or force 



and the desired interaction forces as computed by the virtual environment model. 

Thus, the haptic interface behaves as an impedance operator, measuring position 

and controlling forces at the operator-robot interface. The human operator, on the 

other hand, behaves as an admittance. Note that the opposite architecture, where 

the haptic interface acts as admittance and the human operator as impedance, is also 

possible. 

v X (S> 

F(s> 
Admittance 

force f Human \ motion 
.Operator 

HAPTIC INTERFACE 

Manipulator 

motion 

Computer Simulation 
of 

Environment 

Impedance 
z _ F(s) 

X(s) 

Figure 1.1: Haptic Operator-Interface Loop 
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1.3 Scope of Current Work 

Control of haptic interfaces is typically implemented through open loop impedance or 

admittance control as described in the previous section. The fidelity of force-feedback, 

in such cases, is limited by the dynamics of the haptic interface device. Closed-loop 

control techniques are required for further improvements in the performance of haptic 

interfaces. The performance of closed loop force-feedback haptic systems is limited 

both due to the bandwidth limitations of force sensing and the associated cost of 

force sensors required for its implementation. A background to the field of haptics is 

provided in Chapter 2. The motivation for this work is presented in Chapter 3 through 

the discussion of limitations of closed loop control. Experimental setup employed for 

this work is presented in Chapter 5. 

I propose the use of a nonlinear disturbance observer for estimation of contact forces 

during haptic interactions. This approach circumvents the traditional drawbacks of 

force sensing while incorporating the advantages of closed-loop force control in haptic 

devices. Traditionally, a disturbance observer based control approach involves de

signing an observer to estimate external disturbances and then compensating for the 

influence of the disturbance. A second controller is then used to achieve the control 

objectives. In comparison, in this work the nonlinear observer is used to estimate 

contact forces that are used for feedback during controller design. However, due 

to the similarity in the structure of the proposed controller and traditional distur

bance observers the terminology of "disturbance observer based control" is employed. 

This nonlinear disturbance observer is presented in Chapter 5. Several researchers 

have analyzed the presence of vibrations at the human-robot interface in open-loop 

impedance controllers. These vibrations are related to the discrete nature of the 

virtual environment simulation, and no studies that investigate this phenomenon for 
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closed-loop control exist in the liturature. An experimental qualitative analysis of 

effect sampling time on the quality of haptic feedback under closed-loop impedance 

control is presented in Chapter 6. Finally, simulation and experimental results corre

sponding to closed loop impedance control of a single degree-of-freedom (DOF) are 

presented in Chapter 7. 

1.4 Contributions 

This work presents a disturbance observer based closed loop impedance controller for 

control of haptic interfaces. A nonlinear disturbance observer to estimate contact 

forces during a haptic interaction is presented. The performance of the proposed 

controller is compared to open and closed loop impedance controllers experimentally. 

The presented controller is capable of improving haptic interface fidelity when com

pared to an open-loop controlled system, while overcoming the drawbacks associated 

with closed-loop impedance control. Thus, the proposed approach provides the ben

efits of both open and closed loop impedance control. Specifically, it is demonstrated 

that for low force gain values, the transparency bandwidth of the disturbance observer 

based controller is comparable to that of a closed loop impedance controller. Exper

imental study of virtual walls simulated with the three controllers indicates that the 

proposed controller can display vibration-free virtual surfaces for a similar range of 

wall stiffness values as an open loop controller, whereas the virtual walls simulated 

using the sensor based closed loop controller exhibit sustained vibrations at much 

lower stiffness values. 

The disturbance observer based approach to closed loop control of haptic interfaces 

can help improve the performance of an open-loop controlled interface at no additional 

7 



cost when compared to a standard closed loop control scheme. This performance of a 

haptic interface is directly related to the display of details in the virtual environment. 

Such details in an environment may correspond to small-sized features, such as cor

ners or edges, or involve discrimination of features with closely matched impedance 

values. By allowing the use of closed loop control techniques at no additional cost, the 

proposed controller can be used along with low cost robots for wider dissemination 

of haptic interface technology. Low cost haptic interfaces are particularly useful as 

devices for applications such as home-based rehabilitation and classroom instruction. 

Finally, the use of this approach is not restricted to haptic interfaces, and the observer 

based approach can be employed for closed loop control in other applications, such 

as tele-surgery or nanomanipulation, where force-feedback is desirable but force sens

ing is limited or non-existent due to cost restrictions or certain application specific 

considerations. 
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Chapter 2 

Background 

Force or haptic feedback can enhance a user's feel of realism in a virtual environment 

simulation by conveying touch-related sensory information to the user. According to 

Massie and Salisbury [16] the following three criteria are employed in the design of 

haptic interfaces: 

• Free space must feel free; 

• Solid virtual objects must feel stiff; and 

• Virtual constraints must not be easily saturated. 

The first criterion implies that the apparent inertia and viscosity of the device should 

be as low as possible. The second criterion implies that the haptic interface should be 

able to generate sufficiently high stiffness to emulate contact with a rigid object. A 

stiff mechanism and high bandwidth controller are required to simulate high stiffness. 

The last criterion implies that the force output of the device should be high enough 

to simulate solid objects. 

2.1 Fidelity of a Haptic Display 

Fidelity, or transparency, of a haptic interface is characterized by the level of impedance 

discrimination that can be detected at the interface [17]. The primary hindrance to 



achieving high fidelity are the dynamics of the haptic device, as they appear to the 

user as a part of the simulated environment. Note that fidelity is a measure of the 

performance of control algorithm. Fidelity of the interface is independent of the force 

response algorithm used and the "realism" of the simulated environment. Fidelity of 

the interface can be improved through optimal design of the robotic interface and via 

active control. The "realism" of the haptic display refers to how closely the displayed 

virtual environment matches the real system being simulated. Realism of the haptic 

display is dependent upon both the force response and control algorithms. 

2.1.1 Device Design and Haptic Fidelity 

Low force output devices can be designed to have low dynamic properties with use of 

efficient drive trains (cable, harmonic drives) and high strength-to-weight materials. 

Counterbalancing can also be used to remove gravitational effects, although at the 

cost of increased inertia. Ellis et al. discuss the effect of various design parameters 

on performance through the design of a three degree-of-freedom (DOF) haptic inter

face [13]. Gupta and O'Malley provide a similar discussion of factors involved in the 

design of similar exoskeletal interfaces [14]. 

When larger force output is desired, it becomes increasingly difficult to passively 

reduce dynamic effects of manipulator dynamics. High force output devices require 

use of larger actuators, drive mechanisms, and linkages leading to increased inertia 

and friction in the device. Even if the force output is adequate, the dynamics of the 

device can hinder the high fidelity requirements for display of some details in the 

environment, which can degrade performance in dexterous tasks. 
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2.1.2 Fidelity Improvement through Active Control 

Active closed-loop control is needed to reduce the perceived haptic device dynamics 

beyond what is achievable through design. This can be achieved either through 

model feed-forward or force feedback from a sensor mounted at the human-device 

interface. While model feed-forward can improve performance, it is very susceptible 

to modeling errors as the impedance displayed by the device will be incorrect in the 

presence of such errors [17]. Some researchers have investigated the use of "loop-

shaping" techniques for improvement of performance and stability for haptics and 

bilateral teleoperation [18-20]. In these works, linear time invariant models of the 

robot and human were employed for controller design. Non-linearities associated 

with the robot can significantly affect the behavior of these controllers away from the 

operating point. Human subjects exhibit a significant variation and separate models 

are required for different users [21]. 

2.1.3 Rendering Algorithms for Improved Realism 

Several researchers have proposed improving the "realism" of haptic displays through 

modifications to the force response algorithms. Due to high computational rates re

quired for haptic feedback it is not possible to use high accuracy physical models for 

force computations. Instead, approximations are used that limit how close the vir

tual interactions feel to the correspondingly similar real one. These dissimilarities are 

especially present during the display of hard contact as the high frequency dynamics 

of contact are not captured by simplistic models. To overcome such limitations, Oka-

mura et al. employed a vibration feedback model in the form of a decaying sinusoid 

to display these transients [22]. They also conducted human user studies to deter

mine the parameter combinations required for discrimination of various materials. In 
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similar work, Kuchenbecker et al. superimposed experimentally measured transients 

overlaid upon an impedance display to convey a sense of "realism" [23]. Other exam

ples include multi-rate techniques to display complex environments. The multi-rate 

haptic displays involve a slow outer simulation loop that performs a physically real

istic simulation of the interactions, and a fast inner loop that uses simplistic models 

to generate forces for the control module. 

These techniques attempt to improve the sense of "realism" of a haptic display 

through better modeling. The difference between actual forces displayed at the 

human-robot interface and the computed ones is still affected by device dynamics. 

For example, in order to remove the effect of device dynamics Kuchenbecker et al. 

matched accelerations experienced during real contact by inverting the dynamic model 

of the device. This inversion of the dynamic model is similar to a model feed-forward 

approach and susceptible to modeling errors and noise as acceleration measurements 

are required. 

2.1.4 Characterizing the Fidelity of a Haptic Interface 

The goal of a haptic interface controller is to display a desired impedance Z^ at 

the human-machine interface. Different approaches can be adopted to measure the 

performance of a haptic controller. 

Carignan and Cleary employ a normalized impedance error for the comparison of 

various haptic controllers [17]. They define the impedance error, Ze as the difference 

of the desired and the closed loop impedance, Zc/. 

Ze = Zd — Za . (2-1) 
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Constant values of the quadratic formed by the inverse impedance error, xTZj1x = 

cp, describe an ellipsoid in the P-dimensional Cartesian space. Carignan and Cleary 

propose the average value of the semi-major axis of this ellipse, 

\\Ze\\ = ^ J 2 ^ (2-2) 

where Aj are the eigenvalues of Ze, as a measure of the size of the impedance error 

Ze. The normalized measure of impedance error is then given by: 

AZ = £f=i V^gg ( 3) 

Fite, Speich et al. characterize the performance of a teleoperation controller by 

experimentally estimating the transmitted impedance and dividing it by the actual 

environment impedance [24]. They estimate the transmitted impedance, Zd(ju), as 

the ratio of the cross-power spectral density between the motion input and the force 

output, and the power spectral density of the motion input: 

9vv{ju) 

The transparency transfer function is computed by dividing the measured transmit

ted impedance by the actual environment impedance, Ze. The transparency ±3 dB 

bandwidth can then be estimated from the transparency transfer function. The trans

parency bandwidth represents the range of frequency of forces that can be displayed 

with the haptic interface. For interfaces that employ penalty based force response 

algorithms, this bandwidth is limited by the bandwidth of the human motion input. 

13 



2.2 Control of Haptic Interfaces 

Impedance controlled systems measure the motion commanded by the user and con

trol the force reflected back by the device. Conversely, admittance controlled inter

faces measure the force applied by the user and control the velocity or position of the 

device. In some cases, force or displacements can be used as additional inputs to the 

impedance or admittance controllers respectively. This work deals with impedance 

control haptic interfaces. Hence, two commonly employed impedance controlled ar

chitectures for haptic systems are discussed below. Please refer to the review article 

by Carignan and Cleary [17] for a detailed discussion of other control schemes. 

2.2.1 Open Loop Impedance Control 

Conventionally, control of most haptic interfaces is achieved through an open loop 

impedance controller. Figure 2.1 depicts the block diagram for an open loop impedance 

controller, where the linearized device dynamics are represented by Zm . Sensors 

mounted on the haptic device measure the position of the tool tip, x. The controller 

takes this position of the device, and multiplies it with the environment impedance, 

Ze, to obtain the desired force output F^. The desired end-effector force, F^ is mapped 

to corresponding motor torques through the Jacobian, J. Note that F is an exter

nal force applied by the human operator to move the device and Z^ is the human 

impedance. 

Assuming that the gravity compensation is provided, the dynamics of the haptic 

interface are represented by 

D(q)q + C(q,q) = r - J T F , , (2.5) 

where q G Rn is the vector of joint positions; D(q) G R"xn is the inertia matrix; 
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Human 

+ 1- F. Device 

Environment 

Figure 2.1: Open loop impedance control of a haptic interface 

C(q, q) G E n x n is the matrix of centrifugal and Coriolis terms; and r € W1 is the 

motor torque. If the motor torque, r, is chosen as 

T = D(q)q + C(q,q) + J T F d ) (2.6) 

then Fft = F^. The contributions of the inertia and Coriolis terms are however 

negligible given the low velocities of human interactions. Thus, under the assumption 

of low velocities, the following relationships describe an open loop haptic interaction: 

J T F , 

Zex 

(2.7) 

(2.8) 

The closed loop impedance, Zcj is the relationship between force applied by the op

erator, F, and device displacement, x. This closed loop impedance is the sum of the 

desired impedance, Ze, human impedance, Z^, and the device impedance, Zm [17]. 

Thus, the operator feels the haptic device impedance in addition to the desired envi

ronment impedance as defined by: 
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Zc; = Ze + Zm + Zh (2.9) 

2.2.2 Impedance Control with Force Feedback 

Figure 2.2 depicts an impedance controller with force feedback. As compared to the 

standard impedance controller shown in Figure 2.1, sensed forces are now fed back to 

the haptic controller to close the force control loop: 

Human 

Figure 2.2: Impedance control with force feedback 

r = 3T(Fd + Kf(Fd-Fh)) (2.10) 

where Fd is given by Equation (2.8); Kf is the force gain; and F u is the external force 

acting on the robot end-effector. Note that during impedance display with force-

feedback, errors due to dynamics of the haptic device are inversely proportional to 
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1 + Kf [17]. The closed loop impedance is given by 

Zcl = Ze + (I + KfY
lZm + Zh. (2.11) 

The force gain is typically set as high as determined by the stability of the interface. 

2.2.3 Closed Loop Control and Fidelity 

Equations (2.9) and (2.11) depict the fidelity of a haptic interface under open and 

closed-loop impedance control respectively. Closed-loop impedance controlled inter

faces perform better than corresponding open-loop controlled interfaces as the device 

dynamics felt by the operator are scaled down by a factor equal to that of the force 

gain. However, the use of force/torque sensors in haptics is limited due to added 

mass, stability, and cost considerations[17, 25]. 

2.3 Stability of Haptic Interfaces 

A haptic interface is a sampled-data system. Conversely, the physical human-robot 

interface is a continuous time system. The robot controller and simulation of the 

virtual environment displayed through the interface are, however, digital in nature. 

The quantization introduced by the digital nature of the simulation and the controller 

can lead to instabilities in the interface. These instabilities exhibit themselves as vi

brations at the human-machine interface and limit the stiffness that can be simulated 

through the system. These oscillations are caused by mechanical energy introduced 

into the coupled human-machine system through 'energy leaks' [26, 27]. 

Consider, for example, the simulation of a virtual wall. A virtual wall is a basic 

building block of a haptic simulation and can be implemented as a spring with con-
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Figure 2.3: Energy leaks in a virtual wall simulation 

stant stiffness in the simplest case. Figure 2.3 illustrates one such implementation 

of a virtual wall as a simple spring, where the force is directly proportional to the 

displacement. The position of the human user is measured at a sampling interval 

of T seconds. A zero-order hold is employed, that is, the measured position is as

sumed to stay constant within sampling intervals. These sampled positions are then 

used to compute wall forces as depicted by solid lines in Figure 2.3. The dashed line 

represents the behavior of an ideal spring of the same stiffness. 

When the user pushes into the wall, the last sampled position is used to compute the 

forces during simulation. This force is less than the force of interaction with a real 

spring of the same stiffness. Hence, less energy is required to compress the virtual 

wall as compared to the real spring being simulated. Conversely, when the user pulls 

out of the virtual wall, the force applied at the human-machine interface is larger 
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than the one exerted by a corresponding real wall. As a result the energy returned 

by the virtual wall is more than what would have been released by a real one. Thus 

energy can be extracted from the virtual wall simply through the act of pushing and 

letting go. 

Gillespie and Cutkosky [27] note that in addition to the zero-order hold, asynchronous 

switching times can also introduce energy into the system. Note that the wall is 

turned on or off at the sampling times right after the wall threshold is crossed. This 

can have energy related effects on the system in addition to the zero-order hold. 

When the user crosses into the wall threshold, the forces are turned on only at the 

subsequent sampling interval and the resulting force is computed based upon this 

position. This results in the virtual spring storing energy without any work having 

been done. Similarly, as the user pulls out of the wall threshold the last remaining 

wall force remains for a small period after the threshold is crossed. 

In order to analyze the haptic system without explicitly modeling the human, various 

researchers have investigated the display of passive virtual walls [28-30]. Note that 

the haptic system behaves passively when an operator cannot extract any energy from 

it. As long as the user behaves in a strictly passive manner, stability of the coupled 

system is guaranteed by the passivity theorem. Based upon their analysis, Colgate 

and Schenkel note that for stable display of virtual walls, a certain physical damping 

must be present in the haptic system [28]. For a simple virtual wall simulated as a 

spring and damper in parallel, the condition for passivity is 

KT 
b>-— + B (2.12) 

where K > 0 is a virtual stiffness, B > 0 is the virtual damping coefficient, T > 0 is 

the sampling period, and b > 0 is the physical damping present in the haptic device. 
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Abbott and Okamura extended this result to include the effect of position quanti

zation introduced through the use of digital encoders. In the presence of position 

quantization, the maximum achievable virtual wall stiffness, K, is limited by 

*<min{ | ,^} (2.13) 

where fc is the Coulomb friction present in the device, and A is the encoder reso

lution [29]. They also note that once quantization effects are considered, Coulomb 

friction is essential for passivity of the haptic interface. Diolaiti et al. [30] also sup

port these findings, of Abbott and Okamura, through energy based and describing 

function analysis. 

2.4 Stabilization of Haptic Interfaces 

Over the years several authors have developed techniques for stable display of haptic 

virtual environments and to increase the impedance range that can be displayed with 

an interface. Some of the commonly used methods are discussed below. 

2.4.1 Virtual Coupling Networks 

A virtual coupling is an artificial coupling between a haptic display and a virtual envi

ronment that guarantees stability for all passive human operators and environments. 

Colgate et al. first proposed the idea of virtual coupling as a two-port network that 

links the haptic interface and virtual environment [31] for impedance controlled dis

plays. They later extend their results to include nonlinear virtual environments [32]. 

The virtual coupling is designed such that it preserves stability of the haptic display. 
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The virtual coupling can have any structure, but a commonly used design employs 

spring and damper in parallel. In such a case, if an infinitely stiff environment is 

simulated, the stiffness felt by the operator is that of the virtual coupling. Hence, 

the stiffness of the coupling should be maximized while ensuring that it preserves 

system stability. Several other researchers have since examined this approach. Zilles 

and Salisbury developed a god-object approach for haptic displays which simplifies 

control design [33]. Adams and Hannaford developed a method to develop virtual 

coupling networks for admittance displays [34]. 

2.4.2 Time-Domain Passivity Control 

Hannaford et al. have investigated the use of a time-domain passivity control ap

proach towards stabilizing haptic displays [35-37]. In comparison to the virtual cou

pling method, this is an energy based method that requires little additional compu

tation and no dynamic models. Hannaford et al. define a "Passivity Observer" (PO) 

and a "Passivity Controller" (PC). The PO monitors the energy in and out of the 

haptic display, while the PC is an adaptive dissipative element that absorbs energy at 

each time sample. The energy absorbed at each time sample is equal to the output as 

measured by the PO. The PO-PC method guarantees stability however, the display 

may exhibit active behavior for some period of time if the PO has built up a large 

dissipative value previously. 

2.4.3 Hardware-based Approaches 

Some recent work has focused on the utilizing the dynamic characteristics of the de

vice actuators to achieve a wider stable regime. Mehling et al. proposed the use of 
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frequency of electrical damping as an approach to increase the impedance range of 

a haptic display [38]. The electrical damping can be designed so that it is added 

only at high frequencies without sacrificing device performance at lower frequencies. 

They report a significant increase in the range of virtual wall behaviors that could be 

displayed with a single degree of freedom device with the incorporation of electrical 

damping. Diolaiti et al. have used natural motor dynamics to achieve higher stiffness 

than can be achieved using traditional approaches [39]. They note that the electrical 

inductance of the actuator acts as a natural stiffness, and that the electrical resis

tance provides a robust coupling between the discrete and continuous-time domains 

by creating a natural wave transformation. 

These above-mentioned methods increase the size of the stability domain for a haptic 

interface. These techniques, however, have been developed only for open-loop haptic 

displays. Thus, the impedance perceived by the user is limited by the dynamics of the 

haptic display. In fact, the virtual coupling and the PO-PC methods achieve stability 

at the expense of performance to some extent. No similar work has appeared for 

closed-loop controlled displays. 
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Chapter 3 

Motivation 

Carignan and Cleary note that an "...impedance controller with force feedback is 

promising if the stability problems associated with explicit force feedback can be 

overcome." Stability issues associated with closed-loop robot force control and the 

high cost of force sensors, however, have limited efforts towards the incorporation of 

force feedback control in haptic interfaces. Although several researchers have investi

gated stability issues in open-loop impedance controlled haptic interfaces, no studies 

exist that take a detailed look at stability issues in closed-loop impedance controlled 

haptic interfaces. In this Chapter, the problems associated with the practical imple

mentation of closed loop force control techniques are examined to motivate the use of 

a disturbance observer based controller for improved stability, at no additional cost, 

during haptic feedback. 

3.1 Stability of Closed Loop Force Control 

During force control, robots often become unstable during contact with stiff envi

ronments. An and Hollerbach analyzed the dynamic stability of the system through 

simple robot and environment models [40]. They note that three problems affect the 

stability of the robot in contact with the environment: 

1. Force sensor feedback is essentially high gain force feedback 
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2. There are always unmodeled high frequency dynamics in the robotic system, 

and 

3. The robot must deal with stiff environments 

Katsura et al. note that use of force sensors for closed loop force control is limited 

due to their limited bandwidth and high cost [25]. As a force sensor employs a strain 

gauge, it introduces some compliance into the structure of the robot. In order to 

alleviate the instability associated with force control, large viscous gains are required 

that slow the robot response. 

Consider the following example adapted from An and Hollerbach [40]: 

Consider a single degree-of-freedom robot modeled as a mass m. The environment 

plus the force sensor are modeled as a spring of stiffness, ke. The dynamic equation 

of this system is: 

mx = / — ke. (3.1) 

The control input for closed loop force control of the above system is given by 

/ = kp(xd - x) + kv(xd - x) + kf{kp(xd - x) - fext) 

= kp(xd -x) + kv(xd -x) + kf(kp(xd - x) - kex) (3.2) 

where kp is the desired stiffness, kv is the velocity gain, and kf is the force feedback 

gain. Substituting (3.2) into (3.1), the dynamics of the closed loop system are given 

by 
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mx + kvx + (1 + kf)(kp + ke)x = input terms. (3.3) 

This system described by (3.3) is stable for all positive values or kp and kv since all 

poles have negative real parts. In free space, or in contact with soft environments, 

ke is small and the system behaves satisfactorily. But during contact with stiff en

vironments where ke ~^> kp, the system will be undesirably underdamped if kv was 

computed without considering the large ke term. The combination of the force sensor 

and the environment behaves as a very stiff spring. Thus, from the stability point of 

view, force feedback is 'very high gain' position feedback. 

3.1.1 Unmodeled Dynamics 

The above perfectly modeled linear system described by (3.3) is stable. However, real 

systems are nonlinear and imperfectly modeled. An and Hollerbach further examined 

the behavior of this ideal linear system in the presence of unmodeled high-frequency 

dynamics [40]. Figure 3.1 shows a closed-loop force control system with a multiplica

tive error model, E(s), for the unmodeled dynamics. E(s) is an approximation to 

the unmodeled dynamics. The condition for stability robustness of the single input-

single output system, shown in Figure 3.1, with the multiplicative error model [41] is 

given by 

\E(s)\<\l + G-\s)\ (3.4) 

For the combined manipulator-environment system, the loop transfer function is 
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Figure 3.1: Error model for unmodeled dynamics 

G(s) 
skv + kp(l + kf) + kekf 

s2 + ke 
(3.5) 

An and Hollerbach then studied the effect of unmodeled dynamics on system stabil

ity using a hypothetical error dynamics model, which exhibited behavior typical of 

high-frequency unmodeled dynamics. They note that for a small kv, which exhibits 

overdamped response in free space, |l + G_1(s)| has a dip in the high frequency region 

for large values of Ke. As the relative magnitude of unmodeled dynamics is larger in 

the high frequency region, a non-robust system results and environments with similar 

or higher values of stiffness may lead to unstable contact. They also note that for soft 

environments, the system remained stable in the presence of unmodeled dynamics. 

3.2 Joint Torque Control 

The previous section shows that a robot under closed loop force control may be unsta

ble against a stiff environment. These instabilities result from the high force-feedback 

gain and a stiff environment. Compliant coverings or soft force-sensors at the robot 

end-effector can be used to ensure that the environment always appears soft [42, 43]. 

This approach suffers from the drawbacks of reduction in the dynamic range of force 

response and the positional accuracy. Another approach to stabilizing the closed-loop 
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force controller is to tune the force gains to environment characteristics [44]. This 

approach, however, requires knowledge of environment properties. Stability can also 

be improved by lowering the force gain, but the force resolution would deteriorate. 

An and Hollerbach suggest an approach to achieving stability without using the tip 

force sensor in the feedback loop [40]. Instead, a high bandwidth closed loop torque 

control is implemented at each joint, which is located before the low-bandwidth robot 

structure. The loop gain is zero from the point of view of interaction forces at the end-

effector. The authors verify the efficacy of this approach through various experiments 

conducted with a single link manipulator. However, as the sensors are not located at 

the end-effector, forces at the end-effector can not be sensed as accurately as a tip 

sensor. Any mapping from the joint torque sensors to the end-effector forces will be 

limited in accuracy by modeling errors. 

A tip force sensor is mounted on or close to the manipulator end-effector to reduce 

uncertainty in measuring forces. These uncertainties arise from the weight and inertia 

of the robot arm. Joint torque sensors are mounted on the joint of the robot. Due 

to the weight and inertia of the robot arm, they are not as accurate as tip sensors 

in measuring end-effector forces. A comparison of using wrist force sensing and joint 

torque sensing in implementing force control is presented by Wu and Paul [45]. They 

note the following advantages of joint torque sensing: 

• A joint torque sensor not only detects forces and moments applied to the end-

effector but also those applied at other points of the manipulator. 

• The joint sensor is protected by inertia of the links and the stiffness of the 

robot. Hence, it can withstand large impulsive forces or moments applied at 

the end-effector. 
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• A joint torque controller does not contain the variable link inertia of the ma

nipulator. Hence, high bandwidth analog techniques can be applied. 

Consider the following example adopted from An and Hollerbach [40]. The stability of 

an open-loop force controller using joint torque sensing is examined in this example. 

The dynamics of a simple manipulator in contact with the environment is now given 

by 

/ — kgx = mx + bx (3.6) 

where kg is the environment stiffness. This system is controlled entirely by command

ing torques at the joint. Hence, the response of the system should be very overdamped 

as k,£ can be high for stiff environments. A dominant pole can be placed in the loop 

transfer function by putting a low pass filter in the forward path such that 

r-f(-5r). (3-7) 

where r is the actual input torque to the actuator and a is much less than the natural 

frequency of the system. The total response dynamics is given by 

x(s) = / / - ^ - V — - 4 j-V (3.8) 
w J \s + aj \ms2 + bs + kEJ K J 

Due to the presence of the dominant pole at s = —a, the resulting system behaves in 

a much more stable manner than the original one. The authors also note that real 

actuators obviate the need for this low pass filtering since the motor electronics plus 

inertia essentially have a low pass structure. 
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3.3 Disturbance Observer-based Closed Loop Con

trol in Haptics 

As discussed in the previous sections, the stability of closed loop force-controlled 

systems is affected adversely by unmodeled high-frequency robot dynamics, and by 

the non-colocation of the force sensor and the actuators. Concerns associated with 

these instabilities during closed-loop force control, along with the high cost of a force > 

sensor have limited efforts towards development of closed-loop control techniques for 

haptic feedback. As demonstrated in Section 2.2.2, closed loop force feedback in 

haptic interfaces can improve performance of the interface by reducing the effect of 

device dynamics on the impedance perceived by the user. 

Reducing the effect of device dynamics on the transmitted impedance has two ad

vantages. It allows for better display of detail in an environment, as the smaller 

impedances will no longer be masked by the device dynamics. Currently haptic de

vices are specially designed robots that satisfy certain design specifications desirable 

for good haptic fidelity (see Section 2.1.1). The reduction in apparent device dynamics 

would allow low cost robots to be used for acceptable quality haptic feedback. 

In this work, the use of a disturbance observer to estimate forces, which are then 

employed for closed-loop haptic feedback, is investigated. The disturbance observer 

directly estimates joint torques and can thus be used for joint torque control if needed. 

The work is partially motivated by the work of Katsura et al., who propose the use 

of a disturbance observer as a force sensor for contact force control, and demonstrate 

the efficacy of the same in improving force control performance [25]. Their proposed 

approach employs a linear plant model for the observer design, thereby requiring 

the nonlinear components to be canceled separately. In comparison, in this work a 

29 



nonlinear disturbance observer is presented. The implementation of the nonlinear 

observer requires no additional modeling or computation as compared to the linear 

observer. Exponential convergence of the nonlinear disturbance observer for constant 

disturbances is also shown. Finally, experimental results comparing the disturbance 

observer based controller with open loop and sensor-based closed-loop impedance 

force controllers are presented. 
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Chapter 4 

Experimental Setup 

All experiments were conducted on a linear single degree of freedom haptic interface 

shown in Figure 4.1. The interface comprises of a mass sliding on a mechanical 

slide, and is actuated using an electrical motor via a cable transmission. The haptic 

interface has a workspace of approximately 0.15 m and the maximum continuous force 

output of 4 N. An optical encoder is used to measure the linear position of the mass 

with a resolution of 1 /zm. 

,E l 1 c9^1" M*& . i J . Capstan Drivel 

Figure 4.1: Single Degree-of-Freedom Haptic Interface 

The device is interfaced with the control computer through the Q8 data acquisition 

board from Quanser Inc. Control of the haptic interface was implemented using the 

Matlab Real-Time Workshop. An update rate of 1000 Hz was used for all experiments. 
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4.1 System Modeling 

The device was modeled as a simple mass acted upon by friction in addition to 

the motor torques. Friction was modeled as a combination of Coulomb and viscous 

friction. The stiffness of the cable transmission was omitted from the model as its 

contribution to forces acting on the mass was negligible as compared to the frictional 

terms. The equation of motion of the device is thus given by 

mx + ex + Fc sgn(x) = r (4.1) 

where x is the position of the device; m is the mass; c is the viscous friction coefficient; 

Fc is the Coulomb friction; and r is the motor torque. 

4.2 Parameter Identification 

The Coulomb friction term, Fc, was estimated to be 0.24N. For the purposes of 

estimating the mass and damping in the device, it was assumed that the system was 

a damped linear system. A time-domain approach was then used to identify system 

parameters by analyzing the step-response of the system. A virtual spring of stiffness 

80N/m was overlaid upon the system to restrict movement to be within the workspace 

of the device. 

If a step input of amplitude A is provided to the system and xss is the steady state 

position of the system, then the closed loop stiffness, k, is given by 

k = A/xss. (4.2) 

Let xm be the maximum value of the response the system. Then the maximum 
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percentage overshoot, Mp, is denned as 

Mp=~m """. (4.3) **̂ 7Tl ^ S " 

The damping ratio, £, can then be directly computed from Mp using the expression 

Mp = e x p ( - ^ L f ) . (4.4) 

The damped natural frequency, u>d, of oscillations is then computed from the sys

tem response and the natural frequency of the system, u>n, is computed using the 

relationship 

w „ = u W \ A - C 2 - (4.5) 

The mass of the system is identified from u>n, using 

m=\. (4.6) 
<^n 

Finally, the damping coefficient is estimated from the equation for the damping ratio 

c = 2(Vkm. (4.7) 

A step response of amplitude 2.4 N was used to identify the system parameters 

following the procedure above. The system values as identified are listed in Table 4.1. 

Figure 4.2 shows the measured and the predicted system responses for the step input 

of 2.4 N. Note that the small error in steady state response is due to the presence of 

Coulomb friction in the device. 
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Figure 4.2: Parameter identification for the single degree of freedom (DOF) haptic 

interface. Response to a step input of 2.4N. 

Parameter 

mass 

viscous damping coefficient 

Coulomb friction 

Variable 

m 

c 

Fc 

Value 

0.416 Kg 

1.272 Ns/m 

0.24 N 

Table 4.1: Parameter values for the single DOF haptic interface 

4.3 Model Verification 

The model was verified by checking the system response to step responses of 1.6 N 

and 3.2 N, and to a sinusoidal input of amplitude 0.6 N at a frequency of 2 Hz. The 

measured and predicted responses are shown in Figure 4.3. Note that the model accu

rately tracks the steady state response to the sinusoidal input, but fails to match the 

steady state response value for the step inputs. Similarly, the frequency of transient 

oscillations are accurately predicted by the model but the real system reaches steady 

state at a slower rate than the model. These discrepancies indicate that the frictional 

behavior of the device is not entirely captured by our simplistic Coulomb and viscous 

friction model. A more complicated model can be employed to improve the model 

accuracy, but the above model is sufficient for the purpose of this work. 
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Chapter 5 

Nonlinear Disturbance Observer Design 

The design for a nonlinear disturbance observer to estimate external forces or torques 

acting upon a robot is presented in this chapter. The observer is designed under 

the assumption that the external forces vary slowly, and estimates the net external 

torque acting upon the robot joints. Simulation and experimental results verifying 

the performance of the observer are also presented. This disturbance observer is later 

employed to estimate forces during closed loop control of a haptic interface. 

5.1 Nonlinear Disturbance Observer Design 

The model of a n-link robot manipulator can be written as: 

D(q)q + C(q,q)q + G(q)=T + d, (5.1) 

where q G En is the vector of joint positions; q G Rn is the vector of joint velocities; 

q G W1 is the vector of joint accelerations; D(q) G M.nxn is the inertia matrix; 

C(q, q)q € Rnxn is the vector of Coriolis and centrifugal forces; G(q) G E n is the 

vector of gravitational forces; T G M.n is the vector of applied torques; and d is the 

vector of external disturbances. 

Similar to the approach presented in [46], I define an auxiliary variable vector 
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z = d-p(q,q) (5.2) 

where z € En ; d € E n is the vector of disturbance estimates; and p(q, q) is to be 

determined. 

Then, define a nonlinear function L(q, q) such that, 

L ( q ,q)D(q)q = M p ) (5.3) 

Let d be denned by the following equation 

A = -L(q, q)d + L(q, q)(D(q)q + C(q, q)q + G(q) - T). (5.4) 

Differentiating (5.2) 

z = -L(q,q)(z + p(q,q)) + L(q,q)(D(q)q + C(q,q)q 

+ G ( q ) - T ) - L ( q , q ) D ( q ) q (5.5) 

= -L(q,q)z + L(q,q)(C(q,q)q + G ( q ) - T - p ( q , q ) ) . (5.6) 

The error in force estimation is then given by, 

e = d - d . (5.7) 

Since no prior information about the disturbance is available, it is assumed that 

d = 0. Then differentiating (5.7), 
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e = d - d (5.8) 

= -L(q ,q)e . (5.9) 

Hence, the estimation d converges to d if the function L(q, q) is such that (5.9) is 

asymptotically stable. Therefore, p(q, q) should be selected such that the function 

L(q, q) defined by (5.3) satisfies the stability condition for (5.9). Although, in general 

it is not easy to select such a function, in the case of robotic manipulators the choice 

of p(q, q) = cq, where c is a positive scalar, is sufficient to guarantee convergence. 

A choice of 

L(q,q) = -cD- 1 (q ) (5.10) 

then satisfies (5.3). For robotic manipulators the inertia matrix D(q) is symmet

ric and positive-definite, and hence invertible. Furthermore, for a certain class of 

robot manipulators the eigenvalues of the inertia matrix are uniformly bounded from 

above and below [47]. The inverse of a symmetric, positive-definite matrix is also a 

symmetric, positive-definite matrix. There by, (5.9) is exponentially stable. 

Next, define a Lyapunov function candidate 

V(e) = ±eTe. (5.11) 

Differentiating (5.11) along the observer trajectory gives 

V(e) = -ce T D _ 1 (q)e (5.12) 

< 0 (5.13) 
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As —j& < 0,Ve, t, (5.9) is exponentially stable and the rate of convergence is pro

portional to c. 

5.2 Simulation Results 

Simulations were performed for display of virtual walls using the commercially avail

able PHANToM 1.5 haptic interface. The PHANToM is a three link robot manip

ulator with a workspace which is approximately the size of a soccer ball and the 

maximum force output capability of 10 N. The user interacts with the device using a 

pen-like stylus, which is attached to the third link of the robot via an universal joint. 

The device is capable of measuring position in six dimensions - three translational, 

and three rotational DOFs associated with the stylus. However, haptic feedback 

is provided only in terms of forces at the end-effector in 3-dimensions. A dynamic 

model presented by Cavusoglu and Feygin [48] has been employed for designing the 

disturbance observer. This is a theoretical robot model that comprises the inerta, 

centrifugal and Coriolis, and gravitational terms. The links are assumed to be rigid 

and the joints frictionless. The parameters for the robot were computed using the 

robot geometry and material properies. Details regarding the model and associated 

parameters are provided in Appendix B. 

5.2.1 Free Movement Simulation 

The disturbance observer has been designed under the assumption of constant exter

nal forces. In order to test the performance of the observer in estimating continuously 

changing forces, simulations were performed with the robot moving freely under the 

action of gravity. A disturbance observer was implemented using the model of the 
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Estimate oft during free movement 

Figure 5.1: Estimation of gravity terms using the disturbance observer 

robot described in Appendix B. Note that the gravitational terms for the robot were 

not considered during the observer design for free movement simulation. Thus, ide

ally the output of the observer should match the gravitational terms of the robot. 

The value for the observer gain, c, was chosen as 2. Figure 5.1 shows the results for 

the second and third joints of the robot. The base joint of the robot is not affected 

by gravity and hence is not shown. The solid lines represent the actual value of the 

gravity terms as modeled, whereas the dotted lines represent the observer output. 

Notice that the observer is able to perfectly track the actual torque values, except at 

the peaks where the observer does not respond fast enough, resulting in some over

shoot. Considering that the observer was designed for tracking piecewise constant 

disturbances, it shows excellent tracking performance while successfully estimating 

gravity torques on robot joints. 

5.2.2 Impedance Control with Force-feedback 

Figure 5.2 shows simulation results of the interaction of the robot with a virtual 

wall, of stiffness lOOOiV/ra located at y = —0.01m, under impedance control with 
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Figure 5.2: Virtual wall interaction under impedance control with force feedback, 

Kf — 1 and Kf = 50 (simulation) 

force-feedback for Kf = 1 and Kf = 50 respectively. Solid lines show the displace

ment of the end-effector when the disturbance observer was employed as the force 

sensor, whereas dashed lines represent performance when exact external forces were 

provided to the controller. For the purpose of this simulation, no human model was 

incorporated and the device was allowed to move under gravity. Note that this is the 

worst case scenario for impedance displays, as the operator can stabilize the system 

by providing damping. Also, notice that increasing the gain tends to destabilize the 

system, as evident from increased oscillations when force gain is set to 50. For both 

control gains, the performance of the disturbance observer based controller is almost 

indistinguishable from the case when exact forces were provided to the controller. 

5.3 Experimental Results 

Experiments were conducted using a custom single degree of freedom haptic interface, 

described in Chapter 4, to study the performance of the disturbance observer. The 

ATI Nano-17 force sensor was used to measure forces at the human-machine inter-
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face for the purpose of comparison. The haptic device was modeled as a mass with 

Coulomb and viscous damping. 

Figure 5.3: Measured (dashed) and estimated (solid) contact forces during free 

space interaction 

61 1 1 1 1 — , i 

Figure 5.4: Measured (dashed) and estimated (solid) contact forces during virtual 

wall interaction (K = 800N/m) 

Figures 5.3 and 5.4 show the comparison of the measured and estimated contact 

forces during free movement, and interaction with a virtual wall, respectively. Forces 
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estimated using the disturbance observer are depicted with solid lines, whereas the 

values as measured using the force sensor are shown using dashed lines. The virtual 

wall was simulated as a simple spring of stiffness 800 N/m. The disturbance observer 

output was limited to ±4 N to match the continuous force output of the device during 

the virtual wall simulation. Note that the disturbance observer reliably tracks the 

contact forces between the user and the device. The mismatch between the estimated 

and measured forces is maximum near the peaks, which is expected as the observer 

was designed to track piecewise constant forces. 

5.4 Conclusions 

A nonlinear disturbance observer for estimation of external joint torques acting on the 

robot manipulator has been presented. The observer was tested through simulations 

and experiments. Although the observer is designed for constant disturbances, it 

performs satisfactorily for continuously varying forces. It should be noted that in a 

real-world situation exponential stability, as predicted by the analysis in this chapter, 

is not possible owing to changes in external force and modeling errors. However, as 

no information about the nature of disturbance forces is available, a more detailed 

analysis is not a trivial extension of the presented work as the derivative of the 

disturbance forces appears in the equation for error dynamics. It might also be 

possible to prove boundedness of the error in force estimation if the assumption 

of d = 0 is relaxed. These issues regarding the stability of the observer will be 

investigated in the future.i Simulation results indicate that the observer can be used 

in place of a force sensor for closed loop impedance control of a haptic interface. As 

with any observer, however, the proposed approach is susceptible to modeling errors. 

The use of a disturbance observer in lieu of a non-colocated force sensor can help 
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improve stability of haptic interactions under closed loop control. 

In the next chapter, we examine the effects of sampling on the performance of a closed 

loop impedance controlled haptic interface. 
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Chapter 6 

Qualitative Performance of Disturbance 

Observer-based Haptic Interface 

Controller 

The discrete time nature of a haptic interface can lead to "energy leaks" [27-30], as 

discussed in Section 2.3. Specifically, the discrete time implementation of the virtual 

wall may result in the device generating more energy than the work done by the 

human operator. This extra energy appears as undesirable vibrations at the human-

robot interface. In this Chapter, the qualitative behavior of a virtual wall simulated 

with closed loop impedance contollers - one using the force sensor, and the other 

employing the disturbance observer, is analyzed experimentally. 

6.1 Passivity of a Vitual Wall 

A passive system is incapable of generating a net amount of energy, and is defined by 

f f(r)v(r)dr>-E(0) V/(.),<) Vt > 0 (6.1) 
Jo 

where / and v are conjugate power variables that describe the energy flow into the 

system, and E(0) is the energy stored in the system at t = 0. 

Haptic virtual environments are designed to appear passive to the user to eliminate 
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the vibrations that destroy the sense of realism. Colgate et al. show that under open 

loop impedance control, the necessary and sufficient condition for passivity of virtual 

walls is given by 

K<T' (6'2) 

where K is the virtual wall stiffness, c is the viscous damping in the haptic system, 

and T is the sampling time [28]. This result was futher extended by Abbott and Oka-

mura [29] and Diolaiti et al.[30] to address Coulomb friction and sensor quantization. 

Under the further assumption of passivity of the human operator, the above condition 

guarantees system stability as well [28]. 

As an example, consider a single degree-of-freedom haptic system. This example is an 

adaptation of the work presented by Abbott and Okamura [29]. The haptic device is 

modeled as a mass, m, being acted upon by three forces - the actuator force, / a , the 

force applied by the human operator, //,, and the frictional force, / / . The equation 

of motion of the system is given by 

mx(t) = fh(t) - fa(t) - ff(t) (6.3) 

where x represents the position of the haptic device. Now let us consider a viscous 

model of friction 

ff(t) = cx(t) (6.4) 

where c is the viscous friction coefficient. The actuator force for the implementation 

of a simple spring through open loop impedance control is given by 
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, , , . Kx(k) x(k) > 0 , . 

where x(k) is the sampled device position, and K is the virtual spring stiffness. In 

order to ensure passivity, the energy generated by the haptic system is compared 

to the work done by a human operator when interacting with an ideal mass-spring 

system. The ideal system is lossless, as the total energy of the system at any instance 

of time is equal to the work done by the human: 

Wh= [ fh(r)v(r)dT. (6.6) 
Jo 

Now, consider all the possible trajectories, defined on one sampling interval t = [0, T) 

that moves the system from an initial state (x0,x0) to a final state (xT,xT)- The 

energy balance for the haptic system becomes 

1 fT 

fa{xT - x0) + Wh= - m ( 4 -x\)+ I cx(t)2dt, (6.7) 

where fa = KXQ is a constant actuator force. The work done on the human is 

expressed as 

1 fT 

Wi = -Wh •= Kx0(xT - xQ) - -m(x2
T - xl) - I cx(t)2dt. (6.8) 

2 Jo 

For the same initial and final conditions, the work done on a human interacting with 

an ideal mass-spring system is 

W2 = im(xg - 4 ) + \K(4 - 4 ) (6-9) 
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The haptic system will be passive if the quantity J = W-i — W\ is non-negative. Using 

the Cauchy-Schwarz inequality and following some algebraic manipulation it can be 

shown that 

3 - (l" y){XT ~Xo)2 (6-10) 

Hence, the system is passive if K < ^ . Details, including consideration of sen

sor quantization and Coulomb friction, can be found in Abbot and Okamura [29]. 

The passive virtual wall, being more dissipative than a real spring, does not exhibit 

vibrations at the human-robot interface. 

6.2 Experimental Procedure 

In the following Sections, the disturbance observer based virtual wall is experimentally 

shown to lack these undesirable vibrations, even though it can be shown that the 

virtual wall so displayed need not necessarily be more dissipative than a similar real 

spring at every instant of time. Note that it is not possible to prove experimentally 

that such vibrations can never occur as all possible trajectories will need to be tested. 

Experiments were conducted with a one degree-of-freedom haptic interface. The 

experimental setup described in Chapter 4 was used for all experiments. During the 

experiments a single male user attempted to generate sustained vibrations of the 

haptic device against a virtual wall. A similar approach was adopted by Abbott 

and Okamura [29], and Diolaiti et al. [30] to investigate virtual wall behavior. Three 

different controllers - an open loop impedance controller, a closed loop impedance 

controller, and a disturbance observer based closed loop controller, were tested at 
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wall stiffness values of 800, 1600, 2400 and 3200 N/m. 

6.3 Results and Discussion 

Figure 6.1 shows the trajectories of user interaction with the virtual wall that cor

respond to the minimum virtual wall stiffness values at which the user was able to 

induce sustained vibrations. Note that for the three controllers - the open loop con

troller (OL), the closed loop controller (CL) with a force gain of 2, and the disturbance 

observer (DO) based controller, the sustained vibrations appear at wall stiffness values 

of 2400 N/m, 800 N/m and 3200 N/m, respectively. 

From Section 6.1, the condition for the passivity of the open loop impedance controlled 

virtual wall is given by 

K < | (6.11) 

The coefficient for viscous damping for the experimental system was estimated to be 

1.27 Ns/m, and the sampling time, T, was 0.001 s. Hence, the virtual wall should 

be passive up to a stiffness value of 2540 N/m, a value that agrees well with the 

experimentally observed value of 2400 N/m. 

6.3.1 On Passivity of Closed Loop Impedance Control for 

Haptics 

In order to analyze the experimental behavior of the virtual walls simulated with the 

two close loop controllers, an analysis similar to the one presented in Section 6.1 is 

49 



0.01 x10" 

5 10 
time(s) 

(a) OL, K = 2400 N/m 

x10 
3 

2 

1 

0 

01 

D2 
3.5 

t 2 

o 
£ 

01-

02 

M 

'W-
2.7 2.8 2.9 3 3.1 

time(s) 

(b) CL, K = 800 N/m, Kf = 2 

4.5 

(c) DO, AT = 3200 N/m, AT/ = 100 

Figure 6.1: Sustained vibrations during haptic interaction - OL (open loop control), 

CL (closed loop control), and DO (disturbance observer based closed loop control) 

performed with Equation (6.5) replaced by 

fait) 
Kx(k) + Kf(Kx{k) - fh(k)) x(k) > 0 

0 x(k) < 0 
(6.12) 

where Kf is the force gain and fh(k) is the sampled force value for feedback. Note that 

this value is obtained from the disturbance observer for observer based control. Then 

the condition for the virtual wall to be more dissipative than an ideal mass-spring 

system becomes 
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J > f J, ~ y J (xT - x0)
2 + {Kx0 - fho)(xT - x0) (6.13) 

J > 0 if (KXQ — fho) > 0, when XT > x0, and (KXQ — fho) < 0 when XT < x0. Thus 

J > 0, if and only if KXQ — f^o = 0. This is possible if and only if there is perfect 

accuracy in impedance tracking for the controller. Even with an ideal controller that 

guarantees perfect impedance tracking in theory, this is not possible under experi

mental conditions due to the presence of unmodeled dynamics and friction present in 

the device. Hence, it can be concluded that it is not possible for the virtual spring to 

be more dissipative than a corresponding ideal mass-spring system at every instant 

of time. Now, assume that the sampling rate is fast enough that f^ can be assumed 

to be constant within a sampling interval. Then (6.12) can be written as 

( J **<*)(1+*/)-*//» «(*)><> 
I 0 x(k) < 0 

Then using (6.2), the virtual wall simulated using the closed loop controller is passive 

^ K — rfi+W )• ^n ^n e c a s e of closed loop control with force control (Kf = 2) 

using the force sensor the theoretically predicted value of 843 N/m agrees well with 

experimentally observer value of 800 N/m. 

However, the disturbance observer based controller is observed to have the best qual

itative performance in terms of absence of sustained vibrations up to a stiffness value 

of 3200 N/m. The passivity analysis carried out in this Chapter examines whether 

the virtual wall is more dissipitive than an ideal mass-spring at all times. This is a 

conservative analysis, and it is possible that over a longer period of time the distur

bance observer based virtual wall dissipates more energy than it generates, thereby 

limiting sustained vibrations. Secondly, the force for feedback during the disturbance 
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observer based control is obtained from the disturbance observer. The analysis pre

sented above does not take into account the observer dynamics. It is possible that the 

coupled haptic interface plus observer dynamics is more dissipative than the closed 

loop control dynamics, thereby limiting vibrations. 

6.4 Conclusions 

In this Chapter, the behavior of virtual walls simulated with open-loop, sensor-based 

closed loop and disturbance observer based closed loop controller was compared qual

itatively. Experimental results suggest that the disturbance observer based controller 

has a similar range of vibration-free operation as the open-loop controller. The vir

tual walls simulated using the sensor-based controller exhibit vibrations at much lower 

stiffness values than the open-loop or disturbance observer based controllers. 

The stiffness value for the open-loop controller matches the theoretically predicted 

value. In case of closed loop control, it is shown that if it is assumed that the 

simulated virtual wall cannot be more dissipative than an ideal mass-spring system, 

at all instants of time. The experimentally observed stiffness value for sensor-based 

the the closed-loop controller matches the theoretically predicted value if the sampling 

rate is assumed to be fast enough that force can be assumed to be piecewise constant 

within a sampling interval. But, it cannot be determined whether the limited range of 

operation of closed-loop impedance controller is due to the sampling process or other 

factors, like non-colocation, and noise, which are present during closed-loop force 

control (see Chapter 3). However, the wide range of stiffnesses over which the virtual 

walls simulated with the disturbance observer based controller remain vibration-free 

could not be explained. 
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Chapter 7 

Disturbance Observer-based Closed Loop 

Control 

Disturbance observer based closed loop impedance control was implemented on a 

linear single degree of freedom haptic interface. The device had a workspace of 

approximately 0.15 m and maximum force output of 4 N. The device was modeled as 

a mass-damper system along with a Coulomb friction component. An ATI Nano-17 

force sensor was used for force measurements. A detailed description of system is 

provided in Chapter 4. 

7.1 Experimental Procedure 

The performance of three different controllers, standard open-loop impedance control; 

closed-loop impedance control; and disturbance observer based closed-loop impedance 

control, was compared in terms of their transparency bandwidth and impedance dis

play accuracy. The open- and closed-loop impedance controllers are described in Sec

tion 2.2. For the standard closed-loop impedance control the output of the force sensor 

was used for force-feedback. The disturbance observer based closed-loop controller 

employed the force estimates from the disturbance observer, described in Section 5.3, 

instead. 

During the experiments virtual walls simulated as springs of varying stiffness were 

presented to a single male user. The user provided "semi-random" excitations to the 
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system for 40 seconds. Stiffness values of 80 N/m, 800 N/m, 1600 N/m and 2400 N/m 

were used for the experiments. The performance of the disturbance observer based 

closed loop controller was studied at two different force gains - a low value of 1 and 

a high value of 25. 

7.2 Performance Characterization 

The performance of the controllers was characterized in terms of their normalized 

impedance error, AZ, and transparency bandwidth (bw). The two measures are 

discussed in detail in Section 2.1.4. Following the approach adopted by Fite et al., 

the transmitted impedance, Zcj was estimated as a function of frequency by dividing 

the cross spectral density between the motion input and force output by the power 

spectral density of the motion input [24]. Both the transparency transfer function and 

the normalized impedance error can then be computed using the desired impedance 

values. The following relationships were used for the computations: 

where ^VF{J^) is the cross spectral density between the motion and force; and 

®vv(ju) is the power spectral density of the motion input. 

The transparency transfer function is computed by dividing the transmitted impedance 

Zc; by the desired impedance Z<j. The following relationship, described in Section 2.1.4 

and proposed by Carignan and Cleary [17], was adopted for computing the normalized 

impedance error: 
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AZ = ^ Vggg 

where Ze = Z^ —Zc; is the impedance error; and Aj represents the ith eigenvalue of the 

impedance matrix. As a single dimensional interface is employed for this work, (7.2) 

reduces to 

AZ = W ^ . (7.3) 

Thus, the two measures - the transparency bandwidth and the the nomalized impedance 

errors, are closely related. The transparency bandwidth characterizes the range of 

input frequencies across which the ratio of the transmitted to desired impedance is 

within 3 dB of 1, whereas the normalized impedance error is the ratio of the difference 

between the desired and transmitted impedance to the desired impedance. 

7.3 Results and Discussion 

Figure 7.1 shows the 3 dB transparency bandwidths of the open-loop, closed-loop, 

and disturbance observer based controllers. The average normalized impedance error 

for these controllers is shown in Figure 7.2. Only the AZ values within the trans

parency bandwidth of each controller were used to compute this average. Note that 

the normalized impedance error was measured as a function of frequency. Detailed 

results for performance characterization of the different controllers are provided in 

Appendix A. The transparency bandwidth is limited by the frequency of human 

motion input, hence only frequencies up to 10 Hz are shown. The transparency band

width and the average normalized impedance error within that bandwidth for each 
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of the three controllers are summarized in Table 7.1 and Table 7.2, respectively. 

OL 

CL 

DO, Kf = 1 

DO, Kf = 25 

Zd = 80 N/m 

1.3 

1.7 

1.6 

1.8 

Zd = 800 N/m 

3.8 

5.5 

5.1 

2.9 

Zd = 1600 N/m 

5.3 

6.6 

6 

3.9 

Zd = 2400 N/m 

0.6 

4.5 

5.3 

3.4 

Table 7.1: Transparency bandwidth (in Hz) for different controllers at different 

target impedances (Zd). (OL: open-loop; CL: closed-loop, DO: disturbance observer 

based closed loop) 

OL 

CL 

DO, Kf = 1 

DO, Kf = 25 

Zd = 80 N/m 

26.8 

25.4 

23.9 

40.3 

Zd = 800 N/m 

30.5 

30.4 

34 

32 

Zd = 1600 N/m 

27 

22.8 

30.9 

26 

Zd = 2400 N/m 

29 

16.5 

26.6 

22.7 

Table 7.2: Average percentage normalized impedance error for different controllers 

at different target impedances (Zd). (OL: open-loop; CL: closed-loop, DO: distur

bance observer based closed loop) 

The transparency bandwidth measures the frequency range of forces that can be 

displayed with the haptic interface, whereas the average normalized impedance error 

is a measure of impedance display accuracy within that range of frequencies. The 

variety of environments that can be displayed with the interface depend upon the 

transparency bandwidth. A high bandwidth haptic interface can display a wider 

range of impedances when compared to a similar lower bandwidth interface. The 

normalized impedance accuracy characterizes impedance discrimination within that 

range of impedance. Impedance discrimination refers to the ability of the user to 

differentiate between two different impedances displayed with the interface. A user 

will not be able to differentiate between two impedance values that lie within AZ of 
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Figure 7.1: Transparency bandwidth during haptic display of virtual walls. OL: 

open loop controller; CL: closed loop controller; DO: disturbance observer based 

closed loop control; Kf. force-feedback gain 
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Figure 7.2: Average normalized impedance error during haptic display of virtual 

walls. OL: open loop controller; CL: closed loop controller; DO: disturbance observer 

based closed loop control; Kf\ force-feedback gain 

each other. A low value of AZ is desirable, especially for display of detail as needed 

in fine motor tasks, such as surgery. 
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7.3.1 Comparison of Controller Performances 

Overall, all closed loop controllers demonstrate better performance than the open 

loop controller in terms of transparency bandwidth. The sensor-based closed loop 

controller and low gain disturbance observers show best performance in terms of the 

transparency bandwidth. The bandwidth for the high gain disturbance observer is 

more than that of the open-loop controller in the mid target-impedance range but 

lower at low and high impedances for the reasons described above. 

In terms of the impedance accuracy, the force sensor based closed loop controller 

again exhibits best behavior. The disturbance observer based controllers exhibit 

poor performance at low target impedances, but perform better than the open loop 

controller as the target impedance is increased. Both of these controllers perform 

worse than the sensor based closed loop controllers. Among these two disturbance 

observer based controllers, the high gain controller performs better at minimizing 

impedance error in mid to high target impedance ranges. 

7.3.2 Effect of Target Impedance 

The tranparency bandwidth of all of the controllers increases with increasing target 

impedance. At low impedances, the command forces can become comparable to the 

device dynamics resulting in deterioration of device performance. In Figure 7.1, note 

that the transparency bandwidth is lowest at the virtual wall stiffness of 80 N/m for 

all the controllers except the high gain disturbance observer based controller. For 

this controller, only the virtual wall simulation at 2400 N/m has a lower value of 

transparency bandwidth. This anomaly is dicussed in Section 7.3.3. All controllers 

show a large increase in bandwidth as virtual wall stiffness is increased from 80 
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to 800 N/m. The increase in bandwidth as wall stiffness is increased from 80 to 

800 N/m is primarily due to the amount of friction present in the interface. At low 

stiffness values the desired contact forces are close to the frictional force present in 

the interface. 

The average relative impedance error stays almost constant during open-loop control. 

In general, this error decreases with increase in target impedance for closed loop 

controllers. With an increase in target impedance the relative magnitude of device 

impedance decreases, leading to a decrease in overall impedance error. At 80 N/m 

all but the high gain disturbance observer based controller have a low impedance 

error. The primary reason for this low error might be the low transparency bandwidth 

associated with this impedance. As a result of the low bandwidth, the device operates 

at low velocities leading to small device forces (see Figure 7.2). The high impedance 

error for the high gain disturbance observer based controller is likely a result of 

modeling errors as discussed in Section 7.3.3 later. 

7.3.3 Effect of Force Gain 

In this Section the effect of force gain on disturbance observer based control is studied. 

Ideally, the closed loop impedance, Zcj, is given by, 

Z , = Z i + T ^ - (7.4) 

where Zd is the target impedance and Zm is the device impedance. Ideally the per

formance should improve with increase in force gain. 

Experimentally, it is observed that the low gain impedance controller has a higher 

bandwidth as compared to the high gain controller as shown in Figure 7.1. However, 
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the high gain controller has better performance in terms of normalized impedance 

error, except for the case of lowest target impedance as shown in Figure 7.2. The low 

bandwidth of the high gain controller and associated high impedance errors at low 

impedances are manifestaions of modeling errors present during disturbance observer 

design as discussed in the following section. 

7.3.3.1 Effects of Modeling Errors 

Human 

Figure 7.3: Impedance control with force feedback 

The accuracy of force estimation with the observer is dependent upon the robot 

model employed. Specifically, any errors in robot model would appear as a part of 

force estimates from the disturbance observer. Referring to Figure 7.3, considering a 

single degree of freedom system, if AF be the error in force estimation: 
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x = Z-X(F - Zhx - Zex + Kf(F - Zhx + AF - Zex)) (7.5) 

(rfVz*+z*)x = F + * ' T r l 7 (7-6) 
x KfAF 

1 + -F(l + Kt) 
1 

7 — (7-7) 
zm _i_ 7 _L 7 , v y 

Hence, as compared to the the case of no modeling errors, the impedance felt by the 

user, as defined by (2.11) is scaled by a factor of 1/(1 + ^-x+
f
K ). For large Kf, this 

becomes 1/(1 + ^jr). The impedance felt by the user is then smaller than the desired 

impedance if forces are underestimated by the observer (AF > 0) and vice versa if 

forces are overestimated. 

In the experiments conducted in this work, the forces are underestimated at low 

frequencies. Note that the friction model employed for the disturbance observer does 

not account for high friction present in the device at low velocities (See Figure 4.3). 

As a result, larger forces (than estimated by the model) are needed to move the 

device at low frequencies. Hence, at low frequencies the impedance displayed to the 

user is less than the target impedance. At high frequencies force estimated using the 

disturbance observer, can be larger than the actual forces due to overshoot. Note 

that the observer is not designed to track fast changes. Therefore, the impedance 

displayed by the disturbance observer based controller could be more than the desired 

one. These effects are amplified by the force gain as demonstrated by (7.7). Hence, 

the high gain disturbance observer based controller performance is limited in the mid 

and high frequency range. It should, however, be noted that the scaling factor for 

the impedance transmitted to the user converges to 1/ (l + ^ ) as Kf increases. 
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7.4 Conclusions 

The fidelity of open-loop, sensor-based closed-loop and disturbance observer based 

closed-loop controllers was examined experimentally. Results indicate that the dis

turbance observer based closed-loop control can improve the performance of a haptic 

interface, in terms of transparency, over open-loop impedance control. The trans

parency bandwidth of the disturbance observer based controller was found to be 

comparable to that of the traditional closed loop controller. In terms of impedance 

error, the disturbance observer based controller performs similar or better than the 

open-loop controller, depending upon the value of the closed loop force gain. Specif

ically, as the force gain increases, the effect of modeling errors present during the 

observer design are magnified, and impedance discrimination error at low and high 

frequency ranges increases. Thus, disturbance observer based closed loop control can 

be employed to improve haptic interface fidelity. The optimal choice for the force 

gain, however, is application dependent. 
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Chapter 8 

Conclusions 

In this work, a disturbance observer based approach to closed loop control of haptic 

interfaces is presented. The disturbance observer based controller is compared to 

traditional open and closed loop impedance controllers. It is demonstrated that the 

disturbance observer based controller can improve the fidelity of a haptic interface 

when compared to a open-loop controlled system, while being capable of displaying 

vibration free virtual surfaces over a wider range of stiffnesses than possible with a 

closed loop controller. 

A disturbance observer for closed loop control of haptic interfaces was presented in 

this work. The observer is shown to be exponentially stable for estimating piecewise-

constant external forces. A qualitative comparison of virtual walls simulated with 

open-loop, closed-loop, and disturbance observer based closed-loop controllers was 

performed in order to examine the presence of vibrations at the human-machine 

interface. The disturbance observer based controller was found to have a similar 

vibration-free operating range in terms of wall stiffness as the open-loop controller. 

The range of wall stiffnesses that could be achieved with closed-loop control was, in 

comparison, much smaller. 

The fidelity of the disturbance observer based controller controller was compared to 

that of traditional open- and closed-loop impedance controllers, in terms of impedance 

error and transparency bandwidth. Results indicate that at low force gain values, the 

transparency bandwidth of the disturbance observer based controller is comparable 
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to that of the closed-loop impedance controller, and larger than the bandwidth for 

open-loop control. At larger gains, this bandwidth is lowered due to modeling errors 

present during observer design, and can be improved by employing a better model. 

Conversely, the impedance error decreases as force gain is increases. 

Thus, a disturbance observer based controller could be a cost-effective alternative 

to closed-loop impedance control, but the choice of the force gain would determine 

the compromise between transparency bandwidth and impedance error. Such a con

troller can be capable of displaying a wide range of impedances as a closed loop 

controller, and it can exhibit better performance in terms of transparency bandwidth 

and impedance error measures than the open-loop controller. 

8.1 Future Work 

A virtual wall is a basic building block of a haptic virtual environment. Typical 

approaches in design of haptic virtual environments involve design of virtual sur

faces that are more dissipative than their real-world loss-less counterparts, in order 

to inhibit vibrations between the device and the virtual surface, and to ensure stabil

ity [28-30]. In this work, it was shown that, in general, a virtual wall simulated with 

a closed-loop impedance controller cannot be more dissipative than a corresponding 

ideal spring-mass system, at every instant of time. Further analysis is required to 

study the factors affecting the behavior of a virtual wall simulated with a closed loop 

controller. 

Secondly, it was found that the virtual walls simulated using the disturbance observer 

based closed loop controller did not exhibit vibrations over the same range of stiff

nesses as the open-loop controller. This range is much larger than the corresponding 
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range for sensor-based closed loop controller. A possible reason for this improvement 

in performance is that with the use of the disturbance observer for feedback, problems 

like sensor dynamics and noise associated with sensor-based control are eliminated. 

However, it is also possible that the dynamics of the observer had an effect of inhibit

ing vibrations. The specific effect of observer dynamics on the haptic interface needs 

to be investigated to better understand the system behavior. 

Finally, as the disturbance observer estimates joint torques, and not human-robot 

contact forces, the observer output can be used for direct closed loop control of 

joint torques. Such an approach can provide means to implement a wider range of 

algorithms for haptic feedback and rendering. The goal of a haptic interface, though, 

is to control impedance at the end-effector. Hence, for the effective use of joint-based 

control, appropriate rendering algorithms that map the target impedance at end-point 

to various target joint impedance values need to be developed. 
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Appendix A 

Experimental Results 

This section contains all the experimental results for controller performance 

characterization. 
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1 Open Loop Control 

(a) Wall stiffness = 80 N/m (b) Wall stiffness = 800 N/m 

(c) Wall stiffness = 1600 N/m (d) Wall stiffness = 2400 N/m 

Figure A . l : Transparency bandwidth for open loop control 
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Figure A.2: AZ as a function of frequency for open-loop control 
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A.2 Sensor-based Closed Loop Control 
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Figure A.3: Transparency bandwidth for sensor based closed loop control, Kf = 2 
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Disturbance Observer based Control 
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Figure A.6: AZ as a function of frequency for DO-based closed loop control, Kf = 1 
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Figure A.7: Transparency bandwidth for DO-based closed loop control, Kf = 25 
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Appendix B 

The PHANToM Haptic Interface 

The PHANToM haptic interface is a commercially available haptic interface. The in

terface is capable of measuring the motion of the end-effector in six degree-of-freedom, 

and provides force feedback for the three translational directions. Figure B.l shows 

a schematic of the PHANToM haptic interface. The joint variables and parameters 

associated with the robot are also shown. The value of various parameters is listed 

in Table B.l A model of the PHANToM haptic interface, presented by Cavusoglu 

et al. [48], was employed for investigating the behavior of the disturbance observer 

presented in this work. 

Figure B.l: The PHANToM haptic interface 
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link % 

4> 
l 

2 

3 

4 

type 

revolute 

revolute 

revolute 

revolute 

revolute 

k(m) 

0 

0.178 

0.089 

0.178 

0.221 

rrii (kg) 

0 

0.047 

0.020 

0.034 

0.228 

IcH (m) 

0 

0.112 

0.0445 

0.0785 

0.127 

U (kg.m2) 

0.0915 

2.83 xlO- 4 

3.17xl0-5 

1.81 xlO"4 

2.29 xlO- 3 

Table B.l: Kinematics and dynamics link parameters of slave manipulator 

B.l Model of the PHANToM Haptic Interface 

The equations of motion of the PHANToM robotic interface can be written as: 

T = D(q)q + C(q,q)q + G(q), (B.l) 

where q = [fa 02 faY is the vector of joint positions, D(q) G M.3 intertia matrix, 

C(q, q)q G R3 is the vector of centrifugal and coriolis terms, and G(q) € K3 is 

the vector of gravitational terms. The intertia matrix, the matrix of coriolis and 

centrifugal terms, and the gravity vector have the form: 

D(q) = 

Du 0 0 

0 £>22 £>23 

0 L>32 £>33 

C(q,q) 

0 C\2 Ci3 

C21 0 C23 

C31 C32 0 

(B.2) 

G(q) = (milcl + m3lc3 

(milcl + m3lc3 

0 

ic3+^4^l)gCOs(02) 

lC3 + mAli)gcos((p3) 

(B.3) 
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where, 

Du 

D22 

D23 

D33 

hi + (h +h + mx l
2
cl) cos2(02) 

+ (72 + h + m2l
2
c2) cos2(03) 

+ mA[h cos{fa) - lCi cos(03)]
2 

+ m3[l2 cos(^3) + lc3 cos(<£2)]
2 

h+h + mxl
2
cl + m3l

2
c3 + mxl\ 

D32 = -hscos(4>2 -4>3) 

h + h + m2l
2
c2 + m3ll + ra4Z

2
4 

ra4Zc4Zi + m3lc3l2 

(B.4) 

C12 = <j>i[2hscos(<j>3)sin((j)2) - I22 sin(2</>2)] 

Ci3 = fa[2hs cos(fa) sin(4>2) - I33sm(2<t>3)} 

C2i = 0.5 <£i[/22 sin(2(/>2)] + hs sin(</>3 - fa) - hs sin((j)3 + fa)] 

C23 = hs<p3 sin(03 - fa) 

Cu = 0.5 fa [733 sin(2</>3)] - hs sin((f>3 - fa) - hs sin(03 + 02)] 

C32 = - /is02 sin(03 - fa) 

(B.5) 

B.2 Forward Kinematics and Jacobians 

The PHANToM end effector position p with respect to the joint configuration vari

ables is given by the following forward kinematics [49], respectively: 

x 

y 

z 

[/1 cos(<£2) + Ze4 cos(^2 - fa)] cos^x) 

[h cos(02) + le4 cos(02 - fa)] sin(0!) 

[h sin(<£2) + leisin(fa - fa)] 

(B.6) 
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The Jacobian, J, relates the external forces, F, acting on the PHANToM end effector 

to the resulting effective torques r acting on each joint of PHANToM through the 

following relationship: 

Ji = 

J-2, 

J3 = 

J J F = [JxlJalJaF 
r z 

- [li cos(02) -I- UA cos(02 - fa)] sin(0i) 

[h COs(02) + hi COS(02 - fa)] COS(0i) 

0 

- [/x sin(02) + U sin(02 - fa)] cos(0i) 

- [/1 sin(02) + U sin(^2 - 04)] sin(0i) 

[Zl COS(02) + /e4 C0S(<?!>2 - $4)] 

/e4sin(02-04)cos((?!>i) 

U s i n ^ - ^ s i n ^ i ) 

- lei cos(^2 - 04) 

(B.7) 
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