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Abstract 

Real-Time Guidance for Spacecraft Reorientation 

Using Control Moment Gyroscopes 

by 

Ryne P. Roady 

Current research on large angle reorientation of spacecraft using control moment 

gyroscopes (CMGs) focuses on offline trajectory generation utilizing an open-loop 

guidance approach. This methodology leads to an increased sensitivity to uncertainty 

in the vehicle attitude, angular rate, and the CMG angular momentum. In order to 

increase the robustness to these uncertainties, a feedback guidance method is proposed 

utilizing linear model-predictive control theory to generate trajectory corrections in 

real-time. The feedback problem is solved as a system of linear equations using a 

pseudospectral discretization thus avoiding any explicit integration. The effectiveness 

of this approach is established by demonstrating the ability to improve the robustness 

of a nominal 90-degree rotation of the International Space Station using the onboard 

CMG system. 
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the official policy or position of the United States Air Force, Department of 
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Chapter 1 

Introduction 

Large-angle reorientations of spacecraft have traditionally been accomplished us

ing reaction control systems which utilize jet thrusters to generate the torque required 

to rotate the satellite. Alternatively momentum exchange devices such as Control Mo

mentum Gyroscopes (CMGs) and reaction wheels have been used to provide 3-axis 

stability and fine pointing control. Recently, however, the CMG attitude control 

system on board the International Space Station (ISS) has been utilized to perform 

90 and 180 degree reorientations using an open-loop guidance approach. The ma

neuvers were solved via an optimal control problem governed by ordinary differential 

equations and a state path inequality constraint. 

The problem with generating a trajectory of this sort is that it results in an 

open-loop feed-foward command set. Because the trajectory is solved offline and 

uploaded to the vehicle the trajectory is sensitive to uncertainty in the initial state 

of the vehicle. An alternative to this single degree of freedom approach is to use the 



open-loop trajectory in a two-degree of freedom approach as shown in Figure 1.1. In 

this method the feed-foward guidance trajectory is supplemented with a trajectory 

correction method which can be solved online and in real-time. 

Objectives 
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Figure 1.1: Two-Degree of Freedom Design 

In this thesis a model-predictive control (MPC) strategy is developed for correct

ing the open-loop trajectories based on linearized dynamics. In order to reduce the 

problem into a form suitable for online implementation the resulting two-point linear 

boundary value problem is discretized using a pseudospectral transcription technique. 

The resulting problem can be solved as a system of linear equations in real-time using 

nominal computing hardware. The formation of the model-predictive control is posed 

using two approaches. First, a general problem is proposed in which the cost function 

to be optimized is chosen by the user. Second, a neighboring optimal control (NOC) 

methodology is used resulting in the cost being the second variation of the augmented 

cost for the nominal optimal control problem. These two approaches are compared 

using a test case trajectory against a full re-optimization of the open-loop problem. 

The goals of this thesis are to implement a guidance correction method to the 

trajectory generation problem and to demonstrate the capability of the correction 

method for real-time implementation. In particular, it is a goal to demonstrate the 
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capability to increase the robustness of the open-loop trajectory to uncertainty in the 

initial attitude, angular rate, and momentum state of the vehicle. 

1.1 Organization of Thesis 

After this introductory chapter the thesis is organized as follows. In Chapter 2, a 

general optimal control problem is posed in the form used to solve the nominal tra

jectory generation problem. The necessary conditions for this problem are developed 

along with some numerical techniques used to find a solution for the nominal problem. 

Chapter 3 outlines the dynamics for attitude control of the ISS along with a descrip

tion of the CMG attitude control system. In Chapter 4, the open-loop trajectory 

problem is posed, and a test case trajectory is solved. Further, the robustness of this 

trajectory to uncertainty in the initial state of the vehicle is evaluated. Chapter 5 de

velops the guidance correction methods employed in this thesis. Further, in Chapter 

6 the capability of the correction methods to increase the robustness of the nominal 

test case trajectory is demonstrated. Also, a second test case involving an emergency 

attitude recovery scenario is used to prove the applicability of the correction methods 

to a different vehicle configuration and nominal maneuver. Finally, in Chapter 7, the 

results of the thesis are summarized with lessons learned and recommendations for 

future work. 
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Chapter 2 

Optimal Control and Numerical 

Techniques 

In this chapter some mathematical concepts involved in general optimal control 

and numerical techniques are outlined. First, the basics of trajectory generation 

through an optimal control problem formulation are covered through the application 

of the calculus of variations. Next, some direct transcription techniques designed to 

find numerical solutions for optimal control problems are presented. These numerical 

techniques are also applied as a method for finding a simple solution to the real-time 

correction problem posed in Chapter 5. 
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2.1 Nominal Trajectory Generation through Opti

mal Control 

Optimal control problems (OCPs) are very commonly solved in an open-loop sense 

as trajectory optimization problems. Traditional methods for finding the solutions 

come from either the calculus of variations [6], [19] or through Pontryagin's maximum 

principle [27]. The general type of optimal control problems dealt with in this thesis 

involves optimizing a functional of the form 

rtf 
J{x(t),u(t))= L(x(t),u{t)) dt (2.1) 

Jto 

subject to both nonlinear dynamic and path inequality constraints 

x(t) = f{x{t),u{t)) (2.2) 

g(x(t),u(t))<0 (2.3) 

where x : [to, tf\ —»• M.n represents the state of the system, u : [t0, tf\ —>• Wn represents 

the control variables for the system, / : R" x Rm —>• Mn maps the nonlinear dynamic 

constraints to the system, and g : Mn —> W maps the path constraints to the system. 



The boundary conditions for this problem are as follows 

x{to) = x0 (2.4) 

x(tf) = xf (2.5) 

Using the calculus of variations approach, the optimal control problem can be 

transcribed into a primal-dual formulation by forming an augmented functional and 

applying the minimizing principles [6]. Defining the Lagrange multipliers as X(t) : 

[to,tf] —> M.n and fj,(t) : [to,*/] —> ^ r , the augmented cost functional becomes 

J= L(x,u) + \T(f(x,u)-x) + nTg(x,u)dt (2.6) 
Jtn 

The minimization procedure is further simplified by defining the Hamiltonian as 

H(x, u, A, fj,) = L(x, u) + XT f(x, u) + nTg(x, u) (2-7) 

Formally, the necessary conditions for an optimal problem are found by applying 

the minimizing principles to the augmented cost function resulting in the following 



differential algebraic system 
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x(t) = Hx (2.8) 

\(t) = -Hx (2.9) 

0 = HU (2.10) 

H(t)>0 iig(x(t),u(t)) = 0 
(2.11) 

/x(t) = 0 i f^ (x( t ) ,«(<))<0 

z(*o) = *o (2-12) 

x(tf) = xf (2.13) 

where the subscript notation denotes a partial derivative, ie Hx = ^-,..., ^~ 

Candidate solutions for the locally optimal state history, x(t)*, control history, 

u(t)*, and Lagrange multipliers, X(t)* and fJ,(t)*, are found by solving this system 

of differential equations. However, neither the nominal OCP nor the primal-dual 

boundary value problem have an analytical solution for most cases, and a numerical 

method must be used to find a solution through a discretization of the problem. 
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2.2 Numerical Methods for Optimal Control Prob

lems 

Two-point boundary value problems that arise in optimal control problems rarely 

have a closed-form solution. Therefore, often the only option is to use a numerical 

technique and an iterative process to approximate the solution as closely as possible. 

Numerical techniques for optimal control problems can be broadly divided into two 

categories: indirect and direct methods [2]. 

In indirect methods the necessary conditions which form a two-point boundary 

value problem are solved using numerical integration routines and a root-finding algo

rithm to approximate a solution that will satisfy all of the equations [2]. Conversely, 

direct methods for optimal control problems involve discretizing the nominal prob

lem (states and controls) and transcribing the infinite-dimensional optimal control 

problem into a finite parameter optimization problem for which quite a few stable 

algorithms exist [3]. The advantage of this approach is almost assured convergence for 

a locally optimal solution. There have been many different methods for discretizing 

the nominal problem, but in general they can be divided into either finite difference, 

finite element, or pseudospectral methods [30]. In general one can discriminate among 

these methods depending on the complexity of the problem and the required level of 

accuracy. 



2.2.1 Finite Difference Methods 

Finite difference methods for solving optimal control problems involve using nu

merical differentiation methods to transform the continuous differential constraints 

and the integral cost into a discretized set of equations where the parameters to be 

solved for are the states and control variables and a set of collocation points. The 

most basic numerical differentiation method used in this way is the explicit forward 

Euler method where the differential equation is approximated by the expression [15] 

i{tk) « *&+*) X}tk) = f(x(tk),u(tk),tk) 
tfc+l — Wc 

The integral cost is also approximated in the same way as the differential constraint 

by using the discretized state and control variables 

J = L(x(t),u{t))dt = £(tf) 
Jtn 

d£ 
- = L(x(t),u(t)) 

N 

J^^2L(x(tk)Mtk)) (2-14) 
i=0 

The solution to the problem is then found by solving for the set of state variables, 

x(tk) — xk e K", k = 1 , . . . , N, and control variables, u(tk) = uk G Rm , k = 1 , . . . , N, 

that minimize the cost, (2.14), while satisfying the approximated dynamic and path 

constraints. This parameter optimization problem is typically solved with one of a 
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large number of non-linear programming (NLP) solvers, chosen based on the sparse-

ness and geometry of the problem [30]. While the Euler discretization problem typi

cally can be solved for quickly, it generally does not have very good accuracy. There 

are many additional variations of finite differencing methods which use different dis

cretization schemes such as Runge-Kutta methods to parameterize the optimal control 

problem. Please refer to [3] for a more thorough treatment of these methods. 

2.2.2 Direct Transcription Using Legendre Pseudospectral 

Methods 

Pseudospectral methods have recently received attention as a numerical technique 

for discretizing the continuous optimal control problem into a parameter optimiza

tion problem [31]. In general pseudospectral algorithms attempt to approximate the 

state and control history solution to the optimal control problem by discretizing the 

continuous functions over a set of non-uniformly spaced node points. 

The node points used in the Legendre pseudospectral method are the Legendre-

Gauss-Lobatto points often used in optimal integral approximation methods (Gaus

sian quadrature) [5]. These node points are a non-uniformly spaced grid over the 

orthogonality interval for the Legendre polynomials from r € [TO,TJV] = [—1,1]. The 

node points of order N + 1 are found from the boundaries of the interval and the 

zeros of the Legendre polynomials of order N. To transform the nominal OCP onto 
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this closed interval, t : [—1,1] —*• [io,*/], the following function is used [7] 

t(r) = {tf ~ to)T + {tf + t o ) (2.15) 

The state and control functions are now discretized by forming Lagrange polynomials 

as the interpolating basis functions from the Legendre polynomials [10] 

*M 1 (r2 - l)LN(t) 
UT) = N(N + l)LN(n) r - n ( 2 " 1 6 ) 

which have the required property 

Mn) = Sik = { (2.17) 

The continuous state and control functions are approximated by the following inter

polation [7] 

X(T)^XN(T) = J2^I(T) (2.18) 

N 

(T)*UN(T) = J2MI(T) (2.19) 
1=0 

where the expansion coefficients are the values of the state or control functions at the 

specified collocation points, xi « X{T{) and u\ « u{r{). The dynamic constraints from 

an optimal control problem such as (2.2) are approximated by taking the analytical 
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derivative of (2.18). The derivative of the Lagrange polynomials forms a global ap

proximation for the state derivative at the interpolating node points k — 0 , 1 , . . . , N 

given by 

N N 

XN{rk) = ^2xi(pi(Tk) = ^Dkixi (2.20) 
/=o 

where Dk\ represents the entries of the Legendre differentiation matrix collocated at 

the LGL node points and is given by [31] 

Dki = 4>i{rk) = { 

LNJTk) 
LN{ri}(Tk-Ti} 

N(N+1) 
4 

N(N+1) 
4 

0 

k^l 

k = l = 0 

k = l = N 

otherwise 

(2.21) 

The dynamic and path constraints for the optimal control problem are now trans

formed into the following algebraic constraints parameterized by the values of the 

states and controls at the collocation points 

ELDkiXi-t-I^f(xk,uk) = 0 fc = 0 , l , . . . , JV 
(2.22) 

g{xk,uk) = 0 A; = 0,1 
1 •*• 1 • • • •> 

N 

Next, the cost equation for an optimal control problem is transformed using the Gauss-



13 

Lobatto quadrature rule, a global approximation of the integral using the Gaussian 

weights defined by [10, 7] 

w. = 2 l jfc = n 1 N (2-23) 
Wk N(N+l)(LN(Tk))

2> 1 — U, 1 , . . . ,JV V I 

Using these weights and the values of the states and controls at the collocation points 

the integral cost approximation is given by [7] 

t - t N 

J^JN = -X_° J2 L(*k, uk)wk (2.24) 
fc=o 

Finally the boundary conditions are enforced at the end points of the discretization 

interval. The resulting nonlinear programming (NLP) problem is to find the set 

of states xk G Rn, k = 0,1,..., N, and controls, uk G Mm, k = 0 , 1 , . . . , N, which 

minimizes 

t - t N 

JN = ^Y^^2L(xk,uk)wk (2.25) 
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subject to 

(2.26) 
Y/l0Dklxl-

t-^f(xk,uk) = Q k = 0,l,...,N 

g{xk,uk) < 0 k = 0,l,...,N 

xN(-l) = x0 (2.27) 

xN(l) = xf (2.28) 

The most obvious advantage of this method is through the use of the differentiation 

matrix, Dki, the dynamic constraints are approximated globally at each collocation 

point as opposed to the local approximation used in the explicit finite differencing 

methods. In addition, by using the Legendre pseudospectral method the Lagrange 

multipliers can be approximated from Euler-Lagrange equations through a linear 

map from the Karush-Kuhn-Tucker multipliers found from the NLP problem above 

[26, 8, 12]. This map closes the link between indirect and direct methods creating 

a way to prove optimality for the nominal OCP by demonstrating the necessary 

conditions using the solution of a direct discretization of the problem. This property 

is not shared by all direct discretizations and makes the Legendre pseudospectral 

method especially beneficial for the development of accessory minimization problems 

such as the neighboring optimal control problem [12, 9]. 
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Chapter 3 

Space Station Attitude Dynamics 

In this chapter the kinematic and dynamic equations which describe the rota

tional motion of the International Space Station (ISS) are presented. First, methods 

for parameterizing the attitude of the ISS are presented along with the kinematic 

differential equations for the quaternion representation. Next, the dynamic equations 

for rigid-body rotational motion are presented with a short discussion on some of the 

relevant external environmental torques. Finally, the different control moment gyro

scope (CMG) attitude control modes for the ISS are briefly explained. The attitude 

parametrization and dynamic equations are adapted from [14, 37, 36] which provide 

a much more thorough development and discussion of attitude dynamics and control 

than is presented in this thesis. 
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3.1 ISS Attitude Parameterization 

3.1.1 Reference Frames 

Before defining the attitude of a vehicle, it is necessary to define the reference 

frames in which the attitude is being measured. There are three reference systems 

needed to fully describe the attitude dynamics involved in control of the ISS: the 

Earth-centered inertial frame, the orbital Local-Vertical-Local-Horizontal (LVLH) 

frame, and the body-fixed frame. 

The Earth-centered frame is used as the primary Newtonian reference frame. This 

frame is necessary when applying the basic dynamic equations due to the Newtonian 

conservation principles which must be taken with respect to an inertial frame. Thus, 

the Earth-centered celestial frame is considered to be sufficiently inertial with respect 

to the rate-of-change involved in the ISS attitude dynamics. 

The base frame that the attitude of the ISS is measured against is the orbital 

reference frame known as Local-Vertical-Local-Horizontal (LVLH). The LVLH frame 

has its origin at the spacecraft center of mass and its primary direction, positive x-

axis, parallel to the spacecraft's translational velocity vector. The positive z-axis for 

the reference frame points toward the center of the earth, which leaves the positive 

y-axis perpendicular to the orbital plane. With respect to the Earth-centered inertial 

frame, the LVLH frame makes one full rotation per orbital period. Thus for a circular 

orbit with a constant orbital rate worb, the LVLH frame has a constant rotational rate 

of — t<;orb in the y-axis. Figure 3.1 shows a graphical representation of this reference 
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frame. 

The body fixed reference frame is also centered at the ISS center of mass. The 

positive x-axis points toward the nose or main docking port for the spacecraft, and the 

positive y-axis points out along the main truss of the ISS in the starboard direction. 

Figure 3.2 shows this frame with respect to the Build Stage 13A ISS configuration. 

Figure 3.1: Local-Vertical-Local-Horizontal Reference Frame 

3.1.2 Attitude Representations and Kinematics 

The attitude of any rigid body is the difference between two reference frames, 

usually a body-fixed frame and some type of common reference. In the case of the ISS 

the attitude is a measurement of the difference between the LVLH frame and the body-

fixed frame. This difference can be expressed by finding the linear transformation of 

a vector measured in the body-fixed frame, Vsody € ^ 3 J to the equivalent vector 
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Datum (0,0,0) at Center of Mass —, 

Figure 3.2: ISS Body Fixed Reference Frame 

expressed in the LVLH frame 

VLVLH = CVsody (3.1) 

where C 6 R3 x 3 is of the special orthogonal group 50(3) and is commonly called a 

direction cosine matrix [14]. 

Additionally, the difference between the LVLH frame and the ISS body-fixed frame 

can be measured by applying Euler's rotational theorem which states that any ro

tation between two frames can be expressed as a single rotation, 0, about a unit 

vector axis, e. Figure 3.3 shows a visual representation of these quantities commonly 

referred to as an eigenaxis and an eigenangle. While this representation provides a 
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good visualization for performing attitude maneuvers, it is not very useful from a 

mathematical perspective. One large problem with the these parameters is that for 

a null or identity rotation of zero degrees the eigenaxis is not uniquely defined [17]. 

Figure 3.3: Eigenaxis and eigenangle representation of difference between reference frames 

Quaternions 

The quaternion is defined as a hyper complex vector, q E <C4, through which 

rotations are parameterized using the definition for the eigenaxis and eigenangle above 

as 

<?0 

<?1 

<?2 

<73 

cos(|) 

ejsin(f) 

ejsin(f) 

ejfesin(f) 

Originally developed by Hamilton, the quaternion uses one extra parameter in order 

to eliminate any singularities in rotations between reference frames. Using a sim-
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pie trigonometric identity on the definition above it is easy to show that any valid 

quaternion must satisfy the unit norm constraint defined by 

Wh = ! (3-3) 

The quaternion also provides an algebraic way to represent successive rotations that 

is free of trigonometric functions. By defining the matrix operator 

T(q) (3.4) 

qo -qi -<?2 - 9 3 

9i qo - ? 3 92 

92 93 9o ~ 9 i 

93 - 9 2 9i 9o 

two successive rotations, q and q' can be combined as q" = T(q')q [37]. In addition, 

the direction cosine matrix between two reference frames can be found from the 

quaternion by 

C(q) 

1 - 2(92 + 9s) 2(9i92 + 9o9s) 2(gig3 - g092) 

2(9i92-9o9s) l-2(q\ + ql) 2(q2q3 + 9o9i) 

2(9i9s + 9o92) 2(Q293 - 9o9i) 1 - 2(9? + ql) 

(3.5) 

To find the kinematic differential equation, the derivative of the rotational opera

tor is taken with respect to time by expressing a future quaternion as the combination 
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of the previous quaternion and incremental transition quaternion [17] 

q(t + At) = T(q(t))Aq(t) (3.6) 

The resulting kinematic expression in terms of an inertial rate, u> € M3 is given as [17] 

Q(t) = -2T{q{t)) 
lT 

0 u(t) (3.7) 

Note, that because the ISS attitude is measured relative to the LVLH frame, the 

rotation of the LVLH frame with respect to the inertial frame must be subtracted 

from the inertial rate 

?(*) = \nm 0 (u(t)T - 0JLVLH{q{t)y (3.8) 

where LULVLH is defined using the second column of the direction cosine matrix, C^g), 

as 

ULVLH — —UorbC2{q) (3.9) 

Euler Angles 

While the quaternion is used as a means to represent the kinematic relationship in 

attitude control, Euler angles will also be used in this thesis to provide the reader with 

a visualization of the spacecraft orientations. Euler angles are defined as the angles 
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for three successive rotations about a frame's principal axes [37]. Unless otherwise 

noted, the Yaw-Pitch-Roll (YPR) sequence will be used for Euler angle representation 

starting in the LVLH frame and ending in the body-fixed frame. Thus to find the 

attitude represented by a specific YPR vector, the first rotation will be performed 

about the z-axis (yaw), followed by a rotation about the new y-axis (pitch), and 

finally followed by a rotation about the new x-axis (roll). Figure 3.2 shows a visual 

representation of the euler angles about each respective body axis. 

3.2 ISS Att i tude Dynamics 

The dynamic equations governing the rotational motion of the ISS are developed 

from [14, 37]. These equations assume a constant spacecraft rotational inertia, J € 

M3X3_ 

The total momentum of a spacecraft controlled by a momentum exchange device 

is the sum of the spacecraft body momentum and the actuation device momentum 

h = Jcu + hcng (3.10) 

where ^ 6 M.3 is angular momentum of the CMG system. The rotational inertia J, 

body rate w £ l 3 , and momentum vectors h and hcmg are all expressed in the body 

reference frame. 

From the principle of conservation in angular momentum, the equation for rigid-
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h + Lu xh = ^2rd (3.11) 

where rd are the external torques applied to the system such as the gravity gradient, 

aerodynamic, and solar pressure torques. This expression, known as Euler's equation 

[37], can be modified based on the form of the disturbance torques and the attitude 

actuation method used. Combining (3.10) and (3.11), the total attitude dynamic 

equation for a CMG controlled spacecraft is given by 

Jui + hcmg + UJ x (JLU + hcmg) = ^2 Td (3-12) 

Assuming that the CMG system can independently control the rate of change of 

the CMG momentum vector, the control variable, u € M3, can be introduced as a 

substitution for the torque due to the CMGs. By separating out the CMG dynamics 

from the body rate dynamics, the governing equations are written as a system of 

coupled ordinary differential algebraic equations, linear in the control variable, u 

Co = J " 1 ( ^ rd-ui x (Jui + hcmg) - u) (3.13) 

hcmg = U (3-14) 
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3.2.1 External Torques 

The primary external disturbance torque acting on the ISS under nominal condi

tions is the gravity gradient torque. This external torque is due to the unsymmetrical 

distribution of the mass in a gravitational field. The gravity gradient torque tends to 

align the largest principal inertial axis with the gravity vector field. By assuming a 

circular orbit and neglecting the higher order terms (zonal and tesseral harmonics), 

the gravity gradient torque can be expressed as [37] 

rgg(q) = 3u;2
orbC3(q) x (JC3(q)) (3.15) 

where C3{q) is the third column of the direction cosine matrix, (3.5). 

3.3 ISS Att i tude Control 

The ISS is equipped with four CMGs to provide an alternative to thrusters for 

attitude control. As shown in the dynamic equations (3.14), torque is generated by 

changing the angular momentum vector of the CMG system. Since CMGs main

tain constant wheel angular velocity and thus a constant momentum magnitude, a 

gimbaling device is used to create a torque parallel to the direction of change of the 

momentum vector. Figure 3.4 displays this concept for toque generation. The CMGs 

are assumed to be ideal torque devices; thus the internal dynamics of the gimbal 

motors and wheel motors is ignored. 
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Figure 3.4: Torque Generation using a Control Moment Gyroscope 

For any CMG system, multiple CMGs are needed to provide three-axis attitude 

control. Being equipped with four parallel-mounted, double-gimbal CMGs allows the 

ISS attitude control system to generate a control torque in any direction until all of 

the CMGs are aligned along the same axis. This state is known as CMG saturation 

and occurs when the magnitude of the sum of the four CMG momentum vectors 

reaches a defined threshold. For the ISS CMG configuration this quantity is 14,400 

ft-lb-sec [24]. 

The CMG system on the ISS is primarily used in two different control modes. The 

first control mode is referred to as Momentum Manager [13, 37]. In this mode the 

controller uses an adaptive control technique in order to seek a Torque Equilibrium 

Attitude (TEA). In a TEA the disturbance torques cancel out, creating a marginally 

stable torque-free holding attitude. The Momentum Manager controller then per

forms a limit-cycle approach toward maintaining this attitude allowing the attitude 

to vary periodically in the pitch axis in order to maintain a nominal momentum 
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magnitude. Momentum Manager is the nominal control mode for ISS operations. 

The other main control mode is an attitude command and hold control mode that 

is modeled by a proportional-derivative (PD) control law. In this control law two 

error signals are generated by finding the error between a commanded attitude qc, 

and the current attitude, and by finding the error between a commanded body rate 

uc, and the current body rate [37] 

1e = = T(qc)q (3.16) 
Qe 

q e 

uje = u — UJC (3-17) 

where T(qc) is defined from (3.4) and qe represents the vector portion of the quater

nion. Using these errors the control torque commanded to the CMG system is found 

from the PD control law [37] 

u(t) = J(KPqe + KDue) (3.18) 

where Kp and KB are scalar gains. 

Adding the disturbance and control torque models to the nominal dynamic equa

tions and including the kinematic constraints and the CMG dynamics, a series of 

differential algebraic equations are found which define the dynamic constraints for 

the trajectory generation problem 
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u{t) = J-'l-uit) x (Ju(t) + hcmg(t)) - u(t) + rgg{q(t)) + rd(q{t))} (3-19) 

hcmg{t) = u(t) 

q(t) = -2T{q{t)) 
-\T 

0 u(t)T - ujLVLH{q{t)f 

(3.20) 

(3-21) 
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Chapter 4 

The Trajectory Generation 

Problem 

The trajectory generation problem considered in this thesis is a large-angle atti

tude reorientation of the International Space Station (ISS). This problem is adapted 

from the work in [4, 26, 22]. Two large angle maneuvers developed from solutions to 

this problem were flight demonstrated on the ISS on 7 November 2006 and 3 March 

2007. In this chapter the process for posing and solving the trajectory generation 

problem is presented along with the solution to a test-case reorientation. The de

velopment and subsequent robustness analysis will motivate the need for real-time 

guidance correction methods. 

Solving the trajectory generation problem involves finding the sequence of attitude 

and maneuver rate commands that will transition the ISS from an initial attitude, 
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angular rate, and CMG momentum state to a terminal attitude, angular rate, and 

CMG momentum state without saturating the control system. From a dynamics 

perspective, the maneuver can only be done if a trajectory can be found which will 

take advantage of the environmental torques, mainly gravity gradient, in order to 

keep the CMGs below saturation. Thus, the solution must have the ability to look 

ahead over the entire trajectory and find the optimal path for reaching the terminal 

states. 

The problem is solved by posing a path-constrained optimal control problem and 

solving for the open-loop attitude, rate, and control torque histories. Once this control 

torque history is found, the corresponding attitude and rate commands needed to 

generate the control torque and thus the momentum profile are found by solving 

(3.18). In this chapter, a simple formulation of this process is detailed for a 90-degree 

yaw maneuver which transitions the vehicle from a +XVV attitude (positive x-axis 

in the velocity vector) with zero relative angular rate to a +YVV attitude (positive 

y-axis in the velocity vector) with zero relative angular rate. Tables 4.1 and 4.2 show 

the initial and terminal states for this maneuver. Note, the euler angles, e0 and e/, 

are given in a roll, pitch, yaw order for the YPR sequence. 

eo 
9o 

UJQ 

h0 

2 
0.98996 

-2.5485 x 10"4 

1000 

-9.34 
0.02650 

-1.1165 x 10"3 

-500 

13 
-0.07891 

8.0933 x 10"5 

-4200 

deg 
0.11422 
rad/sec 

ft-lbf-sec 

Table 4.1: 90-degree maneuver initial conditions 

The 90-degree maneuver is designed for the mass properties and system param-
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ef 
(If 

UJf 

hf 

-2.19 
0.70531 

1.1353 x 10"3 

- 9 

-7 .88 
-0.06201 

3.0062 x 10~6 

-3557 

-89.85 
-0.03518 

-1.5713 x 10"4 

-135 

deg 
-0.70531 

rad/sec 
ft-lbf-sec 

Table 4.2: 90-degree maneuver final conditions 

eters of ISS Build stage 12A.1. Figure 4.1 shows an image of this ISS stage on 19 

December 2006. The mean rotational inertia matrix for this stage, represented in the 

body-axis frame, is [25] 

J 

' 19887520 2531141 3039909 

2531141 27967261 -729634 

, 3039909 -729634 40506685 , 

slug-ft2 (4.1) 

Also the mean orbital rate is 1.1481 x 10 3 rad/sec. 

4.1 Trajectory Generation Problem Formulations 

The optimal control problem transitions the states ui, hcmg, and q from an initial 

value to a final value in a fixed time while satisfying the associated dynamic con

straints and without exceeding the path boundary conditions on hcmg at any time 

t E [t0,tf], or 

max \\hcmg(t)\\
2
2 < hi 

t€[to,t/] 
(4.2) 

Because the primary limitation in the trajectory implementation is the momentum 
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Figure 4.1: ISS Build Stage 12A. 1 on 19 December 2006, Adapted from [35] 
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capacity of the CMG system, the optimal maneuver is the one which reaches the lowest 

peak momentum capacity thus giving a larger margin for unmodeled disturbance 

torques. At the same time the control torque should be minimized in order to ensure 

that the maneuver can be accurately flown from the discrete set of attitude and 

rate commands sent to the PD controller. A third requirement for the nominal 

problem formulation is to ensure that the formulation is posed in a way so that 

the development of the correction methods in the following chapter will be simplified 

and free of numerical singularities. The primary issue in this regard is to ensure that 

the cost function is twice differentiable with respect to the control variables. 

To satisfy these requirements, a cost function which minimizes the integral of 

the control torque magnitude is used. The path constraint of the momentum is also 

modified so that instead of using the actual momentum capacity of the CMGs as the 

boundary constraint, a lower value which provides margin against unmodeled distur

bances and uncertainties is used. The nominal ISS trajectory generation problem is 
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min / u(t) u(t) dt 
«(*) Jt0 

(4.3) 

s.t. 

u(t) = J^l-uit) x (Ju(t) + hcmg(t)) - u{t) + Tgg{q[t)) + Td(q(t))} 

hcmgit) = u(t) 

q(t) = l-T{q{t)) 0 cu(t)T - uLVLH{q{t))T 
T 

0 > hcmg(t)
Thcmg(t) - h2

max 

x(tQ) = 

x(tf) = 

w(t0) hcmg(t0) q(tQ) 

u(tf) I ̂ cmg{tf) q(tf) 

1 

T 

= 

u0 h0 q0 

1 
Uf hf q/ 

where the momentum magnitude boundary, /im a x , is set to 10,000 ft-lb-sec, and the 

system parameters and initial conditions for stage 12A.1 are used. 

This problem is solved using the commercial software package DIDO [29] which 

transforms the continuous time problem above into a discrete parameter optimiza

tion problem using the Legendre pseudospectral method as outlined in Section 2.2.2. 

DIDO solves the parameter optimization problem by calling the Sparse Nonlinear 

OPTimizer (SNOPT), which employs sequential quadratic programming [11]. The 

resulting optimal trajectory is tested using the high-fidelity Space-Station Multiple 

Rigid-Body Simulation (SSMRBS) [33]. The results for this trajectory can be seen in 

Figures 4.3 through 4.5. The key numerical results of the trajectory are summarized 
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in Table 4.3. 

Attitude Target Error 
Rate Target Error 

Momentum Target Error 
Peak Momentum Magnitude 

Simulation Result 
0.02 deg 

0.40 mdeg/sec 
300 ft-lb-sec 

10094 ft-lb-sec 

Table 4.3: Simulation Results from min uTu Problem Formulation 

The optimal trajectory reaches a peak momentum magnitude of 9754 ft-lb-sec, 

while the simulation reached a peak momentum magnitude of 10,094 ft-lb-sec, roughly 

70% of the saturation limit. 
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Figure 4.3: YPR Euler Angles for the min uTu Formulation 



36 

60 

40 

* 20 

0 

N 

Angular Rates [mdeg/sec] 

Optimization Simulation 

0 1000 2000 3000 4000 5000 6000 

Time [sec] 

F i g u r e 4.4: Body Rate History for the min uTu Formulation 

CMG Momentum [ft-lbf-sec] 
8000 
6000 

8000 
6000 
4000 

N 2000 
0 

-200I 
-400i 

0 1000 2000 3000 4000 5000 6000 
Time [sec] 

F i g u r e 4.5: Momentum History for the min uTu Formulation 
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4.2 Trajectory Robustness 

An issue with any open-loop trajectory is that it must be flown in an environment 

where there is uncertainty in the initial attitude, angular rate, and momentum of the 

vehicle. To characterize the robustness of this trajectory to initial state uncertainty, 

simulations were performed using a uniform random distribution to independently 

perturb the initial state, either in attitude, angular rate, or CMG momentum sepa

rately. 250 random perturbations were ultimately simulated for each initial state in 

order to classify the amount of uncertainty the open-loop trajectory can withstand 

and still reach the target states without saturating the CMGs and losing control 

authority. 

The first robustness test involves evaluating uncertainty in the initial attitude of 

vehicle. A uniform random attitude variation centered at zero with a range of ±4 

degrees is applied to each axis for the initial YPR Euler angle attitude. The results 

can be seen in Figure 4.6, which plots the magnitude of the attitude error versus 

the peak momentum reached during each maneuver. The maneuvers which reach a 

peak momentum capacity of 100% lose control authority and are not completed to the 

desired attitude. From the testing it appears the nominal trajectory can accommodate 

perturbations up to ~ 6 degrees of attitude error. 

The next test case involves evaluating the maneuver performance with respect to 

uncertainty in the initial rate of the vehicle. This is accomplished in a similar manner 

as the attitude perturbations by using a uniform random distribution centered at zero 
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with a range of ± 7 mdeg/sec applied to each axis. The result can be seen in Figure 

4.7, which plots the magnitude of the 3-axis rate perturbation versus the peak CMG 

capacity. In rate perturbations the nominal trajectory appears to be able to handle 

approximately 6 mdeg/sec of rate error without saturating. 

The final test case involves testing the maneuver performance to errors in the 

initial CMG momentum vector. This is accomplished by applying a uniform random 

distribution centered at zero with a range of ±3000 ft-lb-sec to each axis of the 

initial CMG momentum vector. The results are shown in Figure 4.8, which plots 

the magnitude of the momentum error versus the peak momentum reached during 

each maneuver. The nominal trajectory can accommodate a momentum perturbation 

of approximately 4000 ft-lb-sec magnitude without saturating the CMG system and 

losing control authority. 

While the nominal trajectory provides some robustness to uncertainty in the initial 

condition of the state, there is room for improvement from the correction methods 

developed in the following chapter. 
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Chapter 5 

Real-Time Correction Methods 

Given a nominal trajectory such as the one demonstrated in the previous chap

ter, a real-time feedback mechanism is desired in order to counter perturbations in 

the state of the vehicle, thus increasing the likelihood for success if the maneuver 

is flown in a real environment with uncertainty. The feedback mechanism should 

solve for the corrective control input to the nominal trajectory while also consider

ing the constraint on the momentum bound from the nominal problem in order to 

avoid CMG saturation. In this chapter, two such methods will be analyzed. The 

first is commonly referred to as linear model predictive control (MPC) or receding 

horizon control. In this method a linear system model is used to predict the effect of 

a small perturbation, and a control correction is calculated based solving an optimal 

control problem based on this prediction [21]. The next feedback method is com

monly referred to as neighboring optimal control (NOC), which forms an accessory 

minimization problem based on the second variation of the nominal augmented cost 
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function and a linear variation of the dynamic and path constraints [6]. The solution 

to this new minimization problem is of linear-quadratic form which can be exploited 

to ensure convergence. Ultimately both MPC and NOC methods rely on solving a 

simplified optimal control problem in real-time. 

The correction methods of are based on the two-degree of freedom design paradigm 

for trajectory generation and tracking as shown in Figure 1.1. With this design a nom

inal open-loop trajectory is built off-line and then a stabilizing feed-back mechanism 

is designed to correct for perturbations from the nominal trajectory. 

5.1 Modification of Nominal Problem Formulation 

using Slack Variables 

In order to more easily develop the correction method through the linearized 

problem, the state-path inequality constraint in (4.3) is transformed into an equality 

constraint using a slack state, a(t) : [to,tf] —> R [16, 34]. The inequality constraint 

from (4.3) becomes 

g = h(t)Th(t) - / w < 0 (5.1) 

g = g(t) + l/2a(t)2 = 0 (5.2) 
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Next, the new state path equality constraint, g, is differentiated once in order to gain 

an explicit dependence on the control variable 

<?:(*) = f = 0 (5.3) 

gj{t) = 2h{t)Th(t) + a(t)a(t) = 0 (5.4) 

Introducing the new dynamic constraint governing the slack state, a = ua, and ap

plying the dynamic relationship for momentum the new equality constraint is given 

by 

gx(t) = 2h{tfuc(t) + a{t)ua{t) = 0 (5.5) 

where the new control variables are broken up into the control torque, uc{t) : [to, tf\ —> 

M3, and the slack control, ua(t) : [to,t/] —> M. While this method for transforming 

the constraints increases the number of states and control variables, it simplifies the 

problem of handling the state-inequality constraint. Finally, u2
a is added to the cost 

function in order to ensure the existence of the second variation of the cost with 

respect to all of the control variables. 
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The resulting modified open-loop optimal control problem formulation is 

1 ftf 

min - / uc(t)
Tuc(t) + ua(t)

2 dt 
Uc(t),Ua{t)Z JtQ 

s.t. 

(5.6) 

u(t) = J-l[-u{t) x (Joj(t) + h(t)) - uc(t) + rgg{q(t)) + Td{q{t))} 

h{t) = uc{t) 

q(t) = -T(q(t)) 0 u{t)T - uLVLH{q{t)f 

a{t) = ua(t) 

§&) = 2h(t)Tuc(t) + a(t)ua{t) = 0 

*(*<))= u(t0) h(t0) q(to) a(t0) 

<tf)= u(tf) h(tf) q{tf) a(tf) 

->T 

-\T 

-\T 

LU0 h0 q0 a0 

ut hf qf af 

By defining x(t) = [u;(t),h(t),q(t),a(t)]T,u(t) = [uc(t), ua(t)]
T, and / : M n x M 4 -»• 

M11 as the right hand side of the dynamic equations above, the Hamiltonian of this 

problem is written as: 

H(x(t),u(t)) = l-u{t)Tu{t) + XTf(x(t),u(t)) + fg^xit)^)) (5.7) 

While the constraints of this new problem formulation are theoretically identical to 

the problem detailed in (4.3), the new cost equation modifies the formulation above 

from the nominal problem formulation. This modification is necessary in order to 
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avoid singularities in the solution of the linearized problem. 

5.2 Linearization of ISS Dynamics 

For both the MPC and NOC methods a model is needed to predict how the 

system dynamics will behave in the presence of disturbances. Because both systems 

are designed to regulate errors in the state variables from a nominal pre-computed 

trajectory, the nominal dynamic equations are simplified by focusing on how the 

system behaves to linear variations from the nominal trajectory. 

The linearization of the attitude dynamics, centered around the first variation of 

the non-linear dynamic equations is 

f(x*(t) + 6x(t),u*(t) + Su(t)] = f(x*(t),u*(tj\ + fjx{t) + fju(t) + Higher Order Terms 

(5.8) 

where 5x(t) = x{t) — x*(t) and x*(t) is defined as the nominal optimal state resulting 

from a solution of problem (5.6). The linear variation of the attitude dynamics about 

the reference trajectory will then produce a set of differential algebraic equations of 

the form 

6x{t) = A(x*(t),u*(t))5x(t) + B{x*(t),u*(t))8u(t) (5.9) 
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where the time-varying system matrices are given by 

A(x*(t),u*(t)) 
df 

dx{t) 

B(x*(t),u*(t)) = 

x*(t),u*(t) 

df 
du{t) 

df df df df 
dw(t) dh{t) dq\t) da(t) 

df df 

x*(t),u*(t) duc(t) dua(t) 

(5.10) 

(5.11) 

At the same time that the feedback controller must satisfy the linear constraints of 

the system error dynamics, the corrections must satisfy the path equality constraint. 

It is assumed that the nominal path is feasible and thus satisfies the path constraint 

along the entire trajectory. The constraint is then linearized using a first variation 

expansion as before 

^§j6x{t) + iW)8u{t) (5.12) 

The linearization of the ISS dynamics and the constraint equations leads to a simpli

fied optimization problem where solution methods can be developed that are suited 

for real-time flight software implementation. 

5.3 Linear Model Predictive Control Theory 

Model-Predictive Control (MPC) methods have been in practical use now for 

over 25 years as an alternative to other forms of classical feedback control [21]. The 

primary advantages in using an MPC type method is the ability to deal explicitly 
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and systematically with path constraints in the trajectory. Originally MPC methods 

were developed for use in low bandwidth and slow dynamic systems such as chemical 

process control. However due to increased computational capabilities MPC methods 

are now being successfully employed in a large number of high bandwidth systems such 

as real-time guidance of parafoil systems [1] and distributed guidance for unmanned 

aerial vehicle formation flying [28]. 

In general, MPC controllers consist of three defining characteristics: they use 

an explicit plant model to predict the effects of state and control perturbations, 

they utilize an optimization procedure to find the optimal corrective control for a 

disturbance, and finally they all solve the optimal control problem at fixed intervals 

throughout a fixed-time maneuver using a receding horizon [21]. 

Using the linearized constraints and dynamics to predict the future evolution of 

small perturbation to the system, a corrective control is desired that will regulate the 

system to some pre-defined reference trajectory. In this case the reference trajectory 

will be the pre-calculated open-loop optimal trajectory. In the variational sense this 

means that the reference for the future states should come as close as possible to 

zero, i.e. 5x(t) = 0. This condition along with a quadratic control term form the cost 

terms in the MPC optimal control problem. The problem is stated in the continuous 
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min 1/2 / Sx(t)TR5x(t) + Su{t)TQ5u{t) dt (5.13) 
M*) Jtn 

r*/ 

'to 

s.t. 

(Si;(*) = fjx(t) + /„<*«(*) 

0 = gx5x(t) + gu5u(t) 

5x(t0) = x*(t0) - x(t0) 

Sx(tf) = 0 

where the weighting matrices Q and R are chosen to yield the best results in terms 

of minimizing the corrective control being applied to the system and minimizing the 

variation of the state so that the linearization assumptions will remain valid for the 

longest time possible. 

The necessary conditions for this problem can be found by defining a Hamiltonian 

which appends both the dynamic and path constraints to the cost of the system. The 

Hamiltonian for this linear problems is given by 

HMPC = ~ (5xTQ6x + 5uTR5u) + AT (fx5x + fuSu) + /xT (gx5x + gu6u) (5.14) 

Applying the optimal control principles discussed in Chapter 2, the necessary 
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6x(t) = fjx(t) + fju(t) (5.15) 

\(t) = -Hfx
PC = QSx(t) + fJX(t) + fxn{t) 

0 = Efu
pc = RSu(t) + yjA(t) + g^(t) 

0 = gx8x(t) + gv<5u(£) 

&r(£0) = fi%o 

8x{tf) = 0 

By choosing an appropriate weighting matrix, R = 74 x 4 , and using the modified 

nominal problem formulation, (5.6), the matrix 

R € 

9u 0 

- l 

= 

j 3x3 Q3X1 

0 l x 3 1 

h(t) a{t) 

h(t)T 

a(t) 

0 

is nonsingular as long as [h(t), a(t)] ^ 0. This is always the case for a feasible nominal 

trajectory due to the definition of the slack variable, 5.2. The necessary conditions 

of the correction can then be simplified by defining the MPC feedback control law as 
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5u(t) 

fi(t) 

R 9u 

9u 0 

- i 

o fl 

9x 0 

5x(t) 

X(t) 

(5.16) 

Substituting (5.16) back into (5.15), the system of equations is simplified into the 

following linear two-point boundary value problem 

5x(t) 

X(t) 

( 
fx 0 

-Q ~fl 

Ju 

0 

0 

-T 

~9x 

R 9l 

9u 0 

- i 

o ff 

9x 0 

\ 

) 

6x(t) 

. Kt) . 

with the boundary conditions given by 

Sx(t0) = Sxo 

5x(tf) = 0 

(5.17) 

To simplify the problem, the system above is partitioned into the n x n blocks 

corresponding to the variational state and costate variables. The linearized differential 

system is then written as 

Sx(t) 

X(t) 

A(t)nxn B{t) 
71X71 

^\t)nxn •*-J(J')nxn 

5x(t) 

\{t) 
(5.18) 
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Once a solution has been found for (5.18), the corrective controls are recovered 

through the MPC control law, (5.16). 

In order to solve this system one of the numerical approaches introduced in Section 

2.2 can be applied. Historically, most MPC methods rely on finite differencing tech

niques to discretize the problem into a quadratic programming problem [20, 23, 1]. 

Recently though, a number of examples have proven the efficiency and accuracy in 

using an indirect pseudospectral approximation for solving the necessary conditions 

of the receding horizon control problem [38]. These approximations reduce the prob

lem into a system of linear equations. The numerical process for solving the linear 

two-point boundary problem, (5.18), is discussed in more detail in Section 5.5. 

5.4 Neighboring Optimal Control 

A more specific way for choosing the best possible cost function for the MPC 

method is to use a closely related method based on the principle of neighboring opti

mal control (NOC). This method is motivated from the desire to examine the effects 

of small variations in the initial state, desired terminal state, parameters, or determin

istic disturbances to a nominal optimal solution. Instead of recomputing the optimal 

solution from these perturbations a nearly optimal solution can be found by simply 

looking in the linearized neighborhood of the nominal solution [6]. In our problem a 

small variation is assumed in the initial state vector 5x0 = x(t0) — x(tQ)* which will 

lead to a feasible path in which the terminal condition remains the same, 5x(tf) = 0. 
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To find this neighboring optimal solution an accessory minimization problem is formed 

using the locally linearized version of the dynamic and path constraints found in (5.9) 

and (5.12) and a second order variation of the original cost function [18, 6] 

1 ftf 

m i n - / 5x{t)THxx5x(t) + 25x(t)THxu5u{t) + 5u(t)THuu5u(t)dt (5.19) 
M*) 2 Jto 

s.t. 

8x(t) = fjx(t) + fju(t) 

0 = gjx(t) + gu5u{t) 

5x{to) = 5XQ 

5x(tf) = 0 

where Hxx, Hxu, and Huu are the Hessian matrices of the Hamiltonian function for 

the nominal optimal control problem, (5.7). 

The necessary conditions for this problem can again be found through the calculus 

of variations or by finding the linearization of the original Euler-Lagrange equations 
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8x(t) = fjx(t) + fu6u{t) (5.20) 

5X(t) = -Hxx5x(t) - HxJu(t) - fi5\(t) - fjn{t) 

0 = HuJx(t) + HuJu(t) + fi6\(t) + gl8n{t) 

0 = gjx(t) + gju(t) 

8x(t0) = 5x0 

5x(tf) = 0 

Similar to the MPC formulation, the necessary conditions for the accessory min

imization problem form a linear two-point boundary value problem. By.using the 

modified nominal problem formulation, 5.6, the matrix 

r 

H-uu 

9u 
L 

-T 

9i 

0 

- i 

= 

J3X3 Q3X1 h(t)T 

0 l x 3 1 a(t) 

h(t) a(t) 0 

is guaranteed to be nonsingular throughout the nominal trajectory. The system of 
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equations can then be reduced to the following linear differential system 

5x(t) 

5\{t) 

Jx 

-HT 

0 

-fT 

J X 

Ju 

Hxu -gx 

-i - i 

HUu 9U 

9u 0 

• " U I Ju 

9x 0 \n 
8x[t) 

6\{t) 

(5.21) 

Again, for future notation, the expression above is partitioned into the n x n blocks 

corresponding to the variational state and costate variables. The linearized system is 

then written as 

8x(t) 

5\{t) 

A{t)nxn B(t) nxn 

'-'{tjnxn -LJ\t)nxn 

6x(t) 

SX(t) 

(5.22) 

By finding a solution to this system the neighboring optimal control history is recov

ered through the control law given by 

Su(t) 

5fi(t) 

Huu gu 

9u 0 

- 1 
TT fT 
" » I Ju 

9x 0 

6x{t) 

6\{t) 

(5.23) 

This control law can be viewed in a two-degree system design as a linear state 

perturbation feedback law designed to correct a nominal optimal trajectory from small 

disturbances. The time varying gains to this feedback law are found by solving the 

linear two-point boundary value problem. 
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5.5 Numerical Solution of the Linear Two-Point 

Boundary Value Problem 

The necessary conditions for both the MPC formulation and the NOC formulation 

form a linear two-point boundary value problem that can be solved as a system 

of linear equations by applying the Legendre pseudospectral (LPS) method [9] as 

described in Section 2.2.2. The linear two-point boundary problem, outlined by either 

(5.17) or (5.22), is transformed using the polynomial approximations from the LPS 

method into a series of algebraic equations where the variables to be solved for are 

the values of the states and costates at the node points along the adjusted interval. 

Each expression from A; = 0 , l , . . . , i V i s written as 

N 

J2 DiaSxi - ^ ^ (AkSxk + Bk6\k} = 0 (5.24) 
(=0 
N _ 

J2 DkiSXi - -LY± (C^k + D^k) = 0. (5.25) 
1=0 

Combining (5.24) and 5.25 a linear system of equations is formed in which the vari

ables to be solved for are variations in the states, Sx = [SXQ, . . . , SXN] , and costates, 

SX = [SX0,..., 5Xjy] , at the node points. The system of equations is rewritten in a 

simpler matrix form by including the dynamic approximation with the linear system 

dynamics. Solving the linear two-point boundary problem now becomes the problem 
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A B 

C D 

Sx 

5X 

= Vz = 
0 

0 

(5.26) 

while enforcing the boundary conditions 

Sx0 = x(t0) - x*(t0) 

5xjy = 0. 

(5.27) 

(5.28) 

The n x n blocks of the new system matrix are given by 

Aki = 
D k l - ^ A k k = l 

D kl k^l 

B, kl 

a a 

Dki=< 

-±f^Bk k = l 

0 k^l 

-lJ^Ck k = l 

0 k^l 

Dkl-^Dk k = l 

D, ki k^l 

(5.29) 

(5.30) 

(5.31) 

(5.32) 
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Vz = 0 

where z = [Sx0,..., 5x^, 5X0,..., 8XN], the system matrix, V G ̂ Nnx2Nn j g i a r g e a n ( j 

non-sparse system, where N is the number of nodes in the discretized time interval, 

and n is the number of states in the system. 

The boundary conditions for the differential system can be enforced in a number of 

ways. In [38] the conditions are enforced by replacing the first n and last n equations of 

the system (5.24) with the boundary constraints, (5.27) and (5.28). Another method 

in [9] uses a slightly different approach in which additional matrices are appended to 

the end of the linear system corresponding to the terminal conditions, and the first 

n columns of the large system matrix are partitioned off and the system is solved in 

the least-squares sense using a QR decomposition. In this thesis because of the form 

of the fully defined state terminal constraint, a simple version of the method applied 

in [9] is used. 

The first n columns which corresponding to the initial condition, 5XQ and the 

middle n columns which corresponding to the final condition on the state, 8xf, are 

partitioned out of the system matrix V and moved over to the right side of the 



equation as shown by 

A B 

C D 

Sx 

5X 
= V 

5x 

5\ 

0 

0 

V0Sx0 + VN5xf + V e Z e = 
0 

0 

V e Z e = -VQ8X0 - VNSxf 

Ze = [5xi,..., 8xN-i,5Xo,..., 5XN] 

The remaining state and costate variables, [Sxi,..., 5XN-I,5\O, • • •, <5Ajv], are found 

by solving the resulting non-square linear algebra problem using the singular-robust 

pseudoinverse of the remaining system, Ve 

Ze = - V+ \V0Sx0 + VN8xf] 

a^O 

(5.33) 

(5.34) 

Once the variational states and costates have been found at the node points the 

variational control at the same set of points can be found through the respective 

control law for each method, (5.16) and (5.23). 

The development of the linearized correction problem and the solution method 

employed here are developed so that the corrections can be applied regardless of the 
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specific numerical method used to find a solution to the nominal optimization prob

lem. It should be noted however that the principles of linearization and neighboring 

optimal control can be applied to the discretized version of the nominal optimization 

problem resulting from a specific numerical method. This approach may be a more 

efficient way of performing a sensitivity analysis of perturbations to the nominal so

lution. The topic of relating the result from a discretization of the continuous-time 

problem to the actual solution of the continuous-time problem has been a focus of 

current research and will be left as a topic for future study. 
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Chapter 6 

Real-Time Correction Testing 

In this chapter the results for implementing the closed-loop guidance schemes 

developed in the previous chapter are presented. Figure 6.1 shows a graphical repre

sentation of the real-time correction methods and how they fit into the larger CMG 

attitude guidance and control scheme for the ISS. Both the NOC and the general MPC 

algorithms are tested and compared as methods to provide trajectory updates. The 

benchmark for testing the correction methods is a full re-optimization and recalcula

tion of the open-loop commands for the maneuver from perturbed initial conditions. 

Path Contraints 
Boundary Conditions 

Solve NLOCP 
(ZPM) 

q ,w qcmd 

wcmd — T̂ 
werr r~77 I 

) » Kd » 

Nonlinear 
Plant 

+ werr 

dq*,dw* 

q'.h'.w* 

Trajectory 
Update 

dq.dh.dw + q,h,w 

Figure 6.1: Two Degree of Freedom Guidance Control for the ISS 
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The primary trajectory used to test the update methods is the 90-degree reorien

tation maneuver about the z-axis as outlined in Chapter 4. The modification of the 

nominal problem formulation, given in section 5.1, is used to solve for the nominal 

open-loop trajectory and build the feedback methods. 

6.1 Correction Algorithm Description 

The main purpose of the guidance correction algorithm is to help reduce the 

performance degradation from uncertainty in the initial vehicle state. The basic 

implementation for each algorithm is illustrated by the flowchart in Figure 6.2. 

Preprocessing and 
Pseudospectral 
Approximation 

Large Matrix Solve: 
Linear Least Squares 

^ « -v-^^S , a * . 1 J - ' • . ,'%+,•% 

Figure 6.2: Basic Steps involved in the Correction Algorithm Process 

The basic inputs for the algorithm include the current time of the maneuver, 

the current state in attitude, rate, and CMG momentum, and the pre-computed 

nominal trajectory. The first preprocessing step involves finding the error between 

the nominal trajectory and the actual vehicle state at the current time. To find this 

error the nominal maneuver is linearly interpolated to the current maneuver time 

using a spherical linear interpolation scheme for the quaternion in order to maintain 

the unit-norm constraint on the quaternion vector. Next, the interpolated trajectory 

is used to calculate the system Jacobians which go into calculating the linearized 
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dynamics through (5.9). Finally the linear two point boundary problem is formed by 

populating the large system matrix in (5.29)-(5.32). Equation (5.33) is then solved to 

calculate the state corrections to the trajectory which will then lead to the recovery of 

the control correction through each method's respective control law, (5.16) or (5.23). 

This process is repeated at discrete intervals through out the maneuver, where 

the next perturbation and subsequent correction are calculated with respect to the 

original nominal maneuver. Both the NOC and MPC methods utilize this receding 

horizon control strategy. 

6.2 Real-Time Guidance 90-degree Maneuver Test 

Case 

An initial attitude error, shown in Table 6.1, is selected to test the correction 

capability. This initial attitude perturbation, chosen from the robustness testing in 

Section 4.2, causes the nominal open-loop maneuver to reach CMG saturation during 

the first 500 seconds of the maneuver. Figure 6.3 shows the momentum magnitude 

history for this uncorrected trajectory. In order to correct for the attitude error, 

the NOC and MPC algorithms were implemented, updating the attitude and rate 

commands every 1000 seconds from the initial time until the final time. The varia

tional states and momentum magnitude from these corrections compared with a full 

re-optimization of the open-loop problem are shown in Figures 6.4 through 6.7. As 
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these figures show, all the variational states approach zero, Sx(t) —> 0 as t —> tf 

signifying that both the NOC and MPC methods are able to correct the trajectory-

back to the final-time targets while keeping the momentum below the path-constraint 

boundary. 

SeQ 

Roll Pitch Yaw 
2.23 -2.48 -2.98 deg 

Table 6.1: Test Case Initial Attitude Perturbation 

Table 6.2 summarizes the average computation times for both the MPC and NOC 

methods versus the average time needed to solve for a re-optimization of the open-loop 

maneuver from the perturbed initial conditions using the nominal path as an initial 

guess. While both methods provide an faster solution by two orders of magnitude, the 

real improvement is in the robustness of the calculations needed for the corrections 

leading to a relatively small standard deviation for the corrections versus the re-

optimization process which have a wider range of calculation times. 

Re-optimization 
N O C Method 
M P C Method 

Mean 
404 sec 
3.59 sec 
3.60 sec 

Stan Dev 
386 sec 

0.157 sec 
0.77 sec 

Table 6.2: Correction Methods vs. Re-optimization Computation Time Comparison 

These corrections were performed on a Dell Desktop 3.19 GHz processor with 1.0 

GB of RAM running in the MatLab environment on a Windows operating system. 

There have been other studies on relating the necessary conditions of this form of 

problem to computation time [12], and it has been found that computation times 

can be improved by an order of magnitude or more by eliminating the Windows 
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and Matlab overheads [32]. Nevertheless, 3.8 sec is more than fast enough given the 

relative speed of the ISS attitude dynamics to support the capability for real-time 

operation. 
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Figure 6.3: Uncorrected Momentum Magnitude for 90-degree Maneuver 
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Figure 6.5: Corrections in Attitude for 90-degree Maneuver 
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Figure 6.6: Corrections in Momentum for 90-degree Maneuver 
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Figure 6.7: Corrections in Rate for 90-degree Maneuver 
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6.3 Real-Time Guidance Robustness 

The true test of increased performance due to the correction algorithms is to retest 

the robustness results from the initial open-loop trajectory, highlighted in Figures 4.6 

through 4.8, and compare the correction methods to the open-loop maneuver. Figures 

6.8 through 6.13 compare correction capabilities in attitude, angular rate, and CMG 

momentum errors. The maneuvers are corrected using either the NOC algorithm 

or the MPC algorithm to generate updates to the attitude and rate commands at 

the initial time. As the figures show both the MPC feedback and NOC feedback 

algorithms are able to correct the maneuver to uncertainty which would normally 

cause CMG saturation. 

To further test the correction capabilities, a series of coupled attitude and rate 

disturbances were introduced to the maneuver in order to define the region of uncer

tainty the maneuver can handle without reaching CMG saturation. Figure 6.14 shows 

the resulting window of uncertainty for the uncorrected maneuver. Figures 6.15 and 

6.16 then show the results for the maneuver using the real-time correction methods. 

The window of uncertainty for the real-time methods shows how the maneuvers in

crease the applicability of the open-loop maneuvers by allowing them to begin at a 

much wider range of initial conditions than the original design point. 
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Figure 6.8: NOC: Corrected Peak Momentum vs. Initial Attitude Error 
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Figure 6.9: MPC: Corrected Peak Momentum vs. Initial Attitude Error 
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Figure 6.10: NOC: Corrected Peak Momentum vs. Initial Rate Error 
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Figure 6.11: MPC: Corrected Peak Momentum vs. Initial Rate Error 
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Figure 6.12: NOC: Corrected Peak Momentum vs. Initial Momentum Error 
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Figure 6.13: MPC: Corrected Peak Momentum vs. Initial Momentum Error 
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6.4 Stage 13A.1 Att i tude Recovery Maneuver Ro

bustness 

A more practical approach however to test the effectiveness of the real-time guid

ance maneuvers is to consider the ISS Build Stage 13A.1 attitude recovery scenario. 

A thruster-free solution for attitude recovery after shuttle undock is to transition the 

ISS from a gravity gradient stable attitude as shown in Figure 6.17 to +XVV attitude, 

shown in Figure 6.18, for initialization of Momentum Manager control. This maneu

ver was designed using the same problem formulation as the 90-degree maneuver. 

The differences are the new 13A. 1 rotational Inertia and system parameters 

32995569 7780 3430658 

J = 7780 30210585 -550405 

i 3430658 -550405 53214377 i 

slug-ft2 (6.1) 

worb = 1.1481 x 10"3 rad/sec (6.2) 

Also the maneuver is built for the new initial and final conditions listed in Tables 6.3 

and 6.4, a peak momentum boundary of 7,500 ft-lb-sec or roughly 50% of the four 

CMG capacity, and a final time of 12,000 seconds. The resulting maneuver design 

can be seen in Figures 6.19 through 6.20. 



eo 
Qo 

OJQ 

h0 

88.3 
0.07211 

-1.8738 x 10~4 

0 

2.2 
0.04333 

2.6408 x 10"5 

0 

170.6 
0.69519 

-1.1324 x 10"3 

0 

deg 
0.71387 
rad/sec 

ft-lbf-sec 

Table 6.3: Attitude Recovery Maneuver initial conditions 

ef 
If 

Uf 

hf 

-0.8 
0.99647 

0 
125 

-9.6 
-0.00696 

-1.1480 x 10-3 

0 

0.0 
-0.08368 

-1.6030 x 10"5 

-900 

deg 
-0.00058 
rad/sec 

ft-lbf-sec 

Table 6.4: Attitude Recovery Maneuver final conditions 

75 

Figure 6.17: ISS 13A.1 Gravity Gradient Stable Attitude - Initial Condition for Attitude 
Recovery Maneuver 
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Figure 6.18: ISS 13A.1 +XVV TEA for Momentum Manager 
tude Recovery Maneuver 

Final Condition for Atti-
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The main issue however in performing this maneuver is the uncertainty in the 

initial attitude and rate of the vehicle. Due to lack of thruster assistance to control 

the effects of the shuttle undocking, there is increased uncertainty in the predicted 

attitude and rate at the beginning of the maneuver. The goal of the robustness testing 

is to measure the window of uncertainty from the initial conditions for the maneuver 

and predict the chance of success in using the open-loop trajectory. Figure 6.22 

shows the results from the robustness testing with the horizontal axis representing 

attitude errors and the vertical axis representing rate error. The box drawn on the 

graph is the window in which the open-loop trajectory is expected to successfully 

complete without reaching CMG saturation. The nominal maneuver is expected to 

be able to withstand up to 2 degree of attitude uncertainty and 6 mdeg/sec of rate 

uncertainty. Figure 6.22 shows the results from the robustness testing of the same 

maneuver except the NOC method is used to generate corrections to the attitude 

and rate commands based on the error at the beginning of the maneuver. Because 

of the feedback method the maneuver is now expected to be able to withstand up to 

10 degrees of attitude uncertainty and 7 mdeg/sec of rate uncertainty. The feedback 

method greatly increased the window of convergence for the maneuver increasing the 

reliability of the open-loop guidance scheme. 
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Chapter 7 

Conclusion 

By performing large-angle reorientations of the International Space Station using 

the control moment gyroscopes for actuation, the open-loop guidance method pro

posed in previous research has expanded the self-sufficiency of the ISS by providing 

an alternative to thruster attitude control limited by propellant consumption. How

ever, the sensitivity of the open-loop method to initial condition errors has limited 

the implementation of these maneuvers. In this thesis, the problem of implement

ing a closed-loop guidance system for the large-angle maneuvers was developed and 

tested. A two-degree of freedom design was proposed utilizing a receding horizon, 

model predictive feedback control approach to generate trajectory corrections during 

the maneuver. 

The closed-loop method has demonstrated an increased robustness to uncertainty 

in the initial attitude, angular rate, and momentum by comparing the Monte-Carlo 

simulations of peak momentum magnitude for both an uncorrected and corrected test 



81 

case. Additionally the correction scheme was demonstrated for a separate maneuver 

in order to validate the method's effectiveness for different vehicle configurations and 

maneuver designs. 

Further, by utilizing the pseudospectral transcription techniques the feedback con

trol problem was reduced to solving a system of linear equations which were done in 

real-time conditions using nominal computing hardware. This is a first-step in demon

strating the capability of implementing the correction methods on flight-hardware. 

As a complete guidance method, the combination of the open-loop trajectory 

generation and the closed-loop correction methods greatly improves the applicability 

of the CMG system. By performing large-angle reorientations, the CMG system 

is approaching the ability to provide thruster-like control without the use of the 

propellant and satisfy the ultimate goal of reducing the operation cost of the ISS 

and providing a back-up system if thruster control is lost. Additionally, this closed-

loop method will broaden the application of the CMGs to more difficult attitude 

control tasks such as the recovery of a tumbling vehicle, momentum desaturation, 

and attitude hold during payload operations. 

Future work could be centered on overcoming the obstacles currently prohibiting 

onboard implementation. This work could focus on increasing the numerical speed 

and accuracy of the corrections. Different forms of posing the model-predictive control 

problem and different solution methods can be utilized to simplify the system of linear 

equations into a smaller system which can be solved more efficiently and accurately. 



82 

One such method would employ the linearization or sensitivity analysis on the 

discretized representation of the nominal optimization problem rather than the con

tinuous time problem. This problem of relating the results from the discretized opti

mization problem to the results of the continuous time problem formulation has been 

a focus of current research. This also relates to the proper way to enforce the bound

ary conditions in the discretized optimization problem as was discussed in Chapter 

5. Additionally there may be some more appropriate discretization schemes than the 

pseudospectral method which would pose the linear-algebra problem in a way which 

could lead to a faster correction through different solution techniques. While the 

Euler method and basic Runge-Kutta methods were considered here, and discounted 

because of a lack of accuracy, there may be better alternatives. 

Finally, effort could be applied in utilizing a quasi-linearization approach on the 

problem, including extra terms to account for the errors between the linear dynamics 

and the nonlinear dynamics. The ultimate goal of the algorithm will be the ability 

to generate the nominal trajectory in real-time from a wide range of initial attitude 

and rate conditions. 
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