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Abstract 

3D Simulations of Magnetic Fields in the Solar Atmosphere: Preparing for 

STEREO Data Analysis 

by 

Anne Sandman 

We present the results of a new approach to simulating coronal magnetic fields 

without the constraints inherent to most modeling techniques. Magnetic fields are 

central to the structure and dynamics of the solar corona, and comprehension of the 

corona requires an understanding of these fields. Many current simulations make 

assumptions about the nature of the field, relying on comparisons of force-free (often 

potential) field models with optical, EUV, or X-ray observations. We use a novel 

method that starts with a simple potential field and fits it to a more complicated 

target field through a series of linear transformations. The matrix transformation 

that results in the best fit to the target field then provides information on the 3D 

field configuration and the distribution of currents within that field, with no particular 

bias toward force-free solutions. 
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Chapter 1 

Introduction 

Seen with the naked eye, the Sun appears as a simple, bright disk. When this disk 

is obscured, such as by the moon in a solar eclipse, we see that the Sun is not so simple 

after all. Ordinarily the radiation from the solar surface, or photosphere, is so strong 

that it dominates our view. With the disk occulted, however, photospheric emission is 

blocked and we see a halo-like glow around the now-darkened disk, stretched in various 

directions into wispy streamers (see Figure 1.1). This tenuous plasma surrounding 

the Sun is the part of the solar atmosphere we call the corona. 

Observing the corona from Earth in optical light we see structures such as stream

ers, which stretch radially outward, and large loops, which can reach heights of nearly 

one solar radius before connecting back to the surface. Both of these structures are 

intimately related to the coronal magnetic field, which governs the distribution of 

plasma in the corona in both quiet and periods, and also impacts the dynamics of the 

coronal plasma. Because of the low plasma beta of the solar corona (see Chapter 2), 
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Figure 1.1: Total solar eclipse, March 29, 2006 (NASA). 

the plasma loops trace magnetic field lines through the atmosphere. Streamers have 

been found to be associated with current sheets, which form the boundaries between 

areas of opposite magnetic polarity extending from the solar surface. 

In the low corona, the inhomogeneity of the magnetic field at the solar surface 

leads to complex configurations of magnetic field lines up to heights of a few tenths 

of a solar radius. The plasma tracing these field lines is often at temperatures greater 

than a million degrees, and consequently radiates in the extreme ultraviolet (EUV: 

A < 300A) and soft X-ray (A < 60A) wavelengths. Earth's atmosphere absorbs 

EUV and X-ray radiation, so observations in these regimes can only be made from 

a vantage point above the atmosphere. Thus, it was not until the advent of space-
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based observatories that solar physicists could fully appreciate the crucial role that 

magnetic fields play in the corona. 

The first space-based observations of the corona were performed with rocket-

mounted cameras (see Baum et al. 1946; Strain 1947). More powerful observations, 

and early indications of the corona's more complex structure, were given by SkylaVs 

Apollo Telescope Mount (ATM, 1973 - 1974). The ATM carried a white light corona-

graph, two grazing-incidence X-ray telescopes, UV and EUV spectroheliographs, two 

hydrogen-alpha telescopes, and an EUV spectrograph, and recorded several tens of 

thousands of images (Tousey 1977). Skylab observations gave insight into the struc

ture of the quiescent corona, the behavior of transient phenomena, and the existence 

of coronal holes (see, for example, Vaiana et al. 1976). These holes are areas of the 

corona that are slightly cooler (1-2 MK) and less dense than the surrounding atmo

sphere, and consequently lack the EUV and X-ray emission that we see in the rest of 

the corona. Coronal holes also contain what is known as open magnetic field, that is, 

the footpoints of magnetic field lines that close elsewhere in the heliosphere. 

The Japanese mission Yohkoh was launched in 1991 to provide X-ray observations 

of the corona, with an emphasis on energetic coronal phenomena such as solar flares. 

Through 2001 Yohkoh allowed scientists to observe the twisting and reconnecting of 

the magnetic field that accompanies transient activity in the corona (Fletcher et al. 

2001; Sterling & Moore 2004a,b). Among other discoveries, Yohkoh data revealed 

that sigmoids, S-shaped loop configurations in the corona, are more likely than non-
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Figure 1.2: The solar corona as seen by the Yohkoh Soft X-ray Telescope (SXT), April 7, 
2000 (Yohkoh Team). 

sigmoidal regions to produce extremely powerful solar explosions known as coronal 

mass ejections, or CMEs (Hudson et al. 1998; Canfield et al. 1999; Moore et al. 2001). 

The Transition Region and Coronal Explorer (TRACE, 1998 - present), revolu

tionized coronal physics with the unprecedented detail of its high-resolution coronal 

observations in the EUV, with 1 arcsec spatial resolution (0.5 arcsec pixels) and ca

dence as low as 1 second (see Handy et al. 1999). With the extraordinary resolution 

of TRACE (compare Figure 1.3 with Figure 1.2) we are able to observe the corona 

more closely, improving our understanding of coronal plasma dynamics, heating and 

cooling, and changing magnetic topology. 

Like those from TRACE, observations from the Solar Terrestrial Relations Obser-
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Figure 1.3: An arcade of coronal loops as seen by TRACE at 17lA, November 9, 2000 
(TRACE, NASA). 

vatory (STEREO) have provided a new view of the Sun. STEREO's twin spacecraft 

allow us to see the Sun from two vantage points simultaneously, an advantage over 

traditional single-viewpoint measurements that helps us identify the 3D configuration 

of structures in the solar corona. STEREO will be discussed further in section 4.2. 

Despite these advances, we are still unable to determine the magnitude or full 

3D structure of the coronal magnetic field. This is in contrast to the photosphere, 

where field strengths are well known. Photospheric fields are relatively strong, from 

an average of a hundred Gauss to a few thousand Gauss in sunspots. This allows 

the line-of-sight magnetic field to be measured using the Zeeman effect, which is the 

splitting of a spectral line into three or more components in the presence of a magnetic 

5 



Figure 1.4: A sample magnetogram taken by MDI October 8, 1997. Black represents 
negative polarity; white represents positive polarity (ESA/NASA). 

field. To exploit this effect the Michelson Doppler Imager (MDI) on the Solar and 

Heliospheric Observatory (SoHO) takes photospheric magnetograms using the Ni I 

line at 6767.8A. An example of a magnetogram from MDI can be seen in figure 1.4. 

Similarly, the magnetograph at Mount Wilson Solar Observatory uses the Ca II K 

line at 3933.7A, Fe I at 5250.2A, Na I D2 at 5890A, Na I Dl at 5895.9A, and Ni I at 

6767.8A. Such observations, together with others around the world, provide routine 

coverage of the line-of-sight solar magnetic field. 

Both MDI and the Mount Wilson Solar Observatory magnetograph are examples 
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of line-of-sight magnetographs. It is also possible, by inverting the Stokes profiles of 

magnetically sensitive1 photospheric emission lines, to measure the full vector mag

netic field (Westendorp Plaza et al. 1998; Bellot Rubio et al. 2000, and references 

therein). Examples of vector magnetographs include the Imaging Vector Magneto-

graph (IVM) at Mees Solar Observatory in Hawai'i and the Vector Spectromagneto-

graph (VSM) at the National Solar Observatory (NSO). The Solar Optical Telescope 

(SOT) on the recently launched Hinode spacecraft is the first space-based solar vector 

magnetograph, and is now providing vector magnetic field measurements in unprece

dented detail. 

Line-of-sight magnetographs and vector magnetographs both take advantage of 

the strength of the photospheric magnetic field, and the resulting Zeeman effect, 

to facilitate their observations. In the corona, however, the magnetic field is much 

weaker, only on the order of a few tens of Gauss. Furthermore, coronal spectral lines 

are at much shorter wavelengths, and their thermal Doppler widths are quite large. 

Thus any splitting of the lines is difficult, if not impossible, to resolve, rendering 

Zeeman splitting an ineffective tool for measuring the coronal field. 

In certain cases, mainly in solar prominences, one can measure the magnetic field 

using the Hanle effect, in which the polarization of light originating behind the corona 

is observed to rotate, depending on the strength of the magnetic field through which 

it passes (Bommier & Sahal-Brechot 1982; Querfeld & Smartt 1984; Faurobert-Scholl 

1994). This method works well for local magnetic field measurements, but is not 

xThat is, subject to Zeeman splitting. 
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practical for measuring the large-scale field. It is also possible to measure the coronal 

field near sunspots, where it is relatively strong, using radio observations (Gary et al. 

1993; White & Kundu 1997; Brosius et al. 2002; Brosius & White 2006). In this case 

the circular polarization modes of bremsstrahlung or gyroresonance emission are split 

by the magnetic field, and this splitting can be observed at radio wavelengths. Again, 

these methods are only useful for localized observations and strong magnetic fields. 

Although we cannot measure the large-scale magnetic field directly, we can still 

infer the structure of the field from coronal observations. Because the corona can 

be treated as a near-perfect conductor, we can apply the frozen flux theorem, which 

implies the conservation of magnetic flux through a surface that moves with the 

plasma. (A more extensive treatment of the frozen flux theorem may be found in 

Appendix A.) Therefore, the plasma motions are tied to those of the field, or vice 

versa. Throughout much of the corona, however, only the former is true. The ratio 

of the thermal pressure to the magnetic pressure is known as the plasma beta, and is 

written as follows: 

P=2gL (i.D 

Here n is the plasma number density, k the Boltzmann constant, T the plasma tem

perature, and B the magnetic field strength. For ft < 1 the magnetic field dominates 

the system, and plasma is forced to follow the magnetic field. Although diffusion 

parallel to the field is permitted, cross-field diffusion is effectively prohibited, and we 
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observe the plasma to be confined to loop-like structures. Thus, when we observe 

coronal loops, typically in the EUV, we believe them to represent, or trace, the mag

netic field. Based on this assumption, then, we can infer the underlying configuration 

of the field using radiative emissions from the solar corona. 

Knowledge of this field is critical because the coronal magnetic field determines 

not only the structure of the corona, but how energy is accumulated and stored there. 

The amount of free energy contained in a magnetic field increases with its departure 

from potentiality, its minimum energy state (see Appendix B). Plasma motion at 

the photosphere introduces shear or twist into the magnetic field, which increases the 

amount of free energy in the field in the form of electrical currents. Because the flux 

is frozen to the plasma, the coronal field cannot relax, and the energy is stored rather 

than dissipated. Eventually, however, the field becomes unstable and is subject to 

flux cancellation or reconnection, which act to release some fraction of the stored 

magnetic energy to heat the corona or drive energetic events such as flares or CMEs. 

These phenomena are initiated in the corona, but their impact is not limited to 

the solar atmosphere. Space weather is created when flare particles and CMEs travel 

outward through the heliosphere and interact with planetary magnetospheres. The 

magnetic field and energetic particles contained in these solar storms can have adverse 

effects on man-made satellites, ground-based power grids, and radio communications. 

The connection between the solar corona and the space weather in the vicinity of 

Earth makes a thorough understanding solar magnetic fields crucial to understanding 
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Earth's space environment. 

The difficulty in observing the coronal magnetic field, however, leads us to sup

plement our coronal and photospheric observations with magnetic field simulations. 

Many current modeling techniques make assumptions about the nature of the field, 

which limit their effectiveness. We can extrapolate the coronal magnetic field from 

observed field values at the solar surface, but these extrapolations typically require a 

priori designations of the field as, for example, potential or force-free (see Appendix 

B). 

These approaches and their shortcomings will be discussed in Chapter 2, while 

a novel approach introduced by Gary & Alexander (1999) that provides the foun

dation for the work presented in this thesis will be discussed in Chapter 3. The 

Gary-Alexander field transformation makes no assumptions about the nature of the 

magnetic field and, as a result, avoids some of the problems of the techniques dis

cussed in Chapter 2. Finally, Chapter 4 will present the results of my research, as 

well as applications to current and future observations. 
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Chapter 2 

Observing and Modeling the Solar 

Corona 

The Sun's proximity to Earth, relative to other stars, makes it an extraordinary-

laboratory for astrophysical processes. Using a combination of ground- and space-

based observatories we are able to collect vast amounts of remarkably detailed data, 

yet these data are limited in that they are gathered almost exclusively via remote 

sensing. With the exception of in situ studies of the solar wind and CMEs, all 

of our observations of the Sun are performed remotely. The inherent limitations 

of remote sensing observations (resolution, limited wavelength range, line-of-sight 

projection effects, etc.) mean that there are many aspects of the Sun's behavior that 

remain enigmatic. Here we will discuss the limitations of coronal observations and 

the modeling techniques that we use to complement the data. 
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2.1 Limitations of Current Observational Techniques 

As discussed in the previous chapter, one of the areas in which we lack sufficient 

observations is the determination of the coronal magnetic field. Without a way to 

measure the field directly, we must rely on tracers to illuminate the field configuration, 

typically hot plasma that is confined to move along the field lines and radiates at 

extreme ultraviolet (EUV) and soft X-ray wavelengths. Consequently, we cannot 

measure the magnitude of the coronal field1, and we can only infer the field's structure 

in areas where there is sufficient plasma hot enough to emit. 

Furthermore, the corona is optically thin to EUV and X-ray emission, i.e. little to 

no light is absorbed or scattered along a given line of sight. Thus, each image at these 

wavelengths is a sum of all emission along the line of sight. Images are effectively 

flattened along the line of sight, and all information in the third dimension is lost. 

As a result, it is often difficult to distinguish between structures in the foreground 

and those in the background, and definitive conclusions about the 3D configuration 

of the field cannot be made. 

The wide range of temperatures that exists in the corona, and even within indi

vidual structures, also contributes to difficulties in observing the coronal structure. 

The ambient corona has an average temperature of approximately one million Kelvin, 

or 1 MK, but the temperature may reach as high as 40 MK during flares (see, for 

example, Tanaka 1986; Holman et al. 2003; Grigis et al. 2005). Radiation produced 

1Except on small scales, such as in regions of locally strong field or outside the solar disk (see 
Chapter 1). 

12 



at these temperatures is generally at EUV and soft X-ray wavelengths, to which the 

Earth's atmosphere is opaque. To view the corona, therefore, we use space-based tele

scopes fitted with filters that capture photons across a specific range of wavelengths. 

The chosen wavelength range (bandpass) is generally that spanning a specific emis

sion line, sensitive to a particular temperature. Each image produced represents a 

projection along the line-of-sight of all visible material at the associated temperature. 

The bandpasses of these filters, however, are of finite width and can include con

tributions from weaker lines in addition to the primary line. In some cases, this is not 

a problem. TRACE and SOHO each use a 171A filter that, because of the properties 

of its multilayer coatings, has contributions from Fe IX and Fe X emission lines (De-

laboudiniere et al. 1995). Other bandpasses, however, have contributions from lines 

associated with material at different temperatures, which can lead to uncertainty in 

the observations. As shown in Figure 2.1, the 195A filter has a large contribution 

from the Fe XII emission line, from material at 1.5 MK, and a weaker one from the 

Fe XXIV line at 192A, from material at 20 MK (Handy et al. 1999; Phillips et al. 

2005). During solar flares, the amount of plasma at 20 MK is sufficiently large that 

it overwhelms the emission from the 1.5 MK plasma, despite the instrument's higher 

sensitivity to the lower temperature plasma. 

It can also be difficult to determine whether a visual effect in an image is due 

to plasma density variations or temperature variations. An area that looks dark at 

one wavelength might appear empty, but it may be that the plasma in that area is 
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Figure 2.1: Temperature response function of the TRACE 195A filter as calculated by-
Phillips et al. (2005, solid line) and Handy et al. (1999, short-dashed line). Long-dashed line 
represents contribution from continuum emission; dot-dashed lines represent contributions 
from emission lines (modified from Phillips et al. 2005). 

simply at a different temperature and therefore does not show up in that wavelength. 

Comparing simultaneous or nearly simultaneous images taken in different wavelengths 

can be helpful in removing some of this ambiguity, but does not resolve it entirely. 

These difficulties in observing the EUV corona directly impact our ability to study 

the coronal magnetic field. Although EUV and X-ray images show us well defined 

structures representing the magnetic field, they cannot show us the full 3D structure, 

nor enable us to determine the magnitude of the field. 
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2.2 Reliance on Modeling 

Given the constraints on our ability to make conclusive, data-based determinations 

of the Sun's magnetic field, observations are typically complemented with simulations 

and modeling. Although under most circumstances we cannot confidently measure the 

magnetic field in the corona, we routinely obtain measurements of the photospheric 

field and use those measurements to generate model coronal fields based on reasonable 

physical assumptions, e.g. that the field is force-free (see Appendix B). It is difficult, 

however, to construct an accurate model of the coronal field. Due to variations 

in temperature and density, and the gradual weakening of the magnetic field with 

increasing radius, the value of the plasma beta (see Chapter 1) changes continuously 

with height, affecting the nature of the atmosphere. 

The solar atmosphere consists of three separate regimes: the chromosphere and 

the transition region, which lie immediately above the solar surface and mediate 

the energy flow into the corona; the low corona, spanning the first half of a solar 

radius or so above the transition region and containing the bulk of the closed active 

region magnetic fields; and the high corona and heliosphere, where the dynamics 

and energetics are dominated by the solar wind and the field is generally "open". 

Representative values of physical quantities in these regions of the solar atmosphere 

are given in Table 2.2. Figure 2.2 shows the low corona and high corona as seen by 

coronagraphs, which image the corona by blocking the solar disk, creating an artificial 

solar eclipse. It should be noted that this stratification of the solar atmosphere is 
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Figure 2.2: Composite of an eclipse image taken by the Williams College Eclipse Expe
dition in Kastellorizo, Greece (grayscale), and images from the SOHO spacecraft (color) 
during the March 26, 2006 solar eclipse (Williams College; SOHO, ESA/NASA). 

somewhat artificial in that the complex structuring of the magnetic field, particularly 

in the low corona, essentially create a series of "mini-atmospheres," each with a 

temperature and density regime of the form described above. 

The strong variation of the plasma beta defines the different physical regimes 

which make up the solar atmosphere. Near the solar surface, i.e. at the photosphere, 

the plasma pressure matches or exceeds the magnetic pressure and the plasma beta 

(see Chapter 1 and equation 1.1) is of order unity or larger. At the top of the transition 
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Table 2.1: Physical Quantities in the Solar Atmosphere (modified from Aschwanden 2004). 
Parameter Photosphere Low Corona High Corona 
Electron density ne (cm-3) 2 x 1017 1 x 105 1 x 107 

Temperature T (K) 5 x 103 1 - 3 x 106 1 x 106 

Pressure p (dyne cm"2) 1.4 x 105 0.3 - 0.9 0.02 
Magnetic field B (G) 500 10 0.1 
Plasma (3 parameter 14 ~ 0.1 — 0.2 7 

region and in the low corona, the magnetic field pressure dominates, and beta drops 

to well below unity, (5 ~ 10 -2 —10-3. Higher up in the corona, however, the magnetic 

field strength falls off quickly and the solar wind dominates, allowing the plasma beta 

to return to approximately unity (see Figure 2.3). 

Because the plasma beta is not constant throughout the corona, and indeed can 

vary by two or three orders of magnitude, it is difficult to create a model that accu

rately simulates the entire atmosphere. A model that assumes a low plasma beta will 

necessarily construct a field that is inaccurate near the photosphere and in the high 

corona. Conversely, assuming a higher value of beta will yield low coronal field, or 

enhanced coronal pressures, that are incompatible with observed structures. 

2.3 MHD and Source Surface Models 

An ideal treatment requires a full solution of the magnetohydrodynamic (MHD) 

equations, in order to take proper account of the corona's complexity. It is that 

very complexity, however, that makes MHD modeling of the corona so difficult. The 

significant computational burden imposed by MHD simulations means that even the 
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Figure 2.3: Range of plasma beta in the solar atmosphere (Gary 2001b). 

most detailed simulations have not been able to incorporate the full resolution of the 

observations, nor adequately simulate the full range of physical processes of the whole 

corona and heliosphere. Significant progress is being made, however, and attempts 

are underway to incorporate realistic coronal plasma into the MHD simulations (see 

Linker et al. 1999; Riley et al. 2001; Roussev et al. 2003, and others). 

In lieu of full MHD simulations, other modeling techniques have been developed 

to simulate the effect of the solar wind and high plasma beta in the corona. The 
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source surface technique, introduced by Altschuler & Newkirk (1969) and Schatten 

et al. (1969), has proven useful in addressing the problem of the high-beta upper 

corona. In this approach an upper boundary condition is imposed, requiring that 

the field become radial at a certain distance from the Sun; the spherical shell at the 

chosen distance is called the source surface, and is usually chosen to be located 2.5 

solar radii, or 2.5-R©, from the solar center. 

At this height in the real Sun, the plasma pressure dominates, and the solar 

wind drags the magnetic field lines radially outward. Source surface models permit 

currents everywhere, but for expediency the field inside the source surface is often 

chosen to be potential (see Appendix B). This specific model, with the field potential 

inside the source surface and non-potential outside the source surface, is a special 

case of the more general non-potential model. Figure 2.4 illustrates the concept of 

the source surface model: at the source surface, r = 2.5i?0, the field becomes radial 

(B# = B̂> = 0), and inside the source surface, the field is potential (B — —V%). 

The other boundary condition for the full solution is the observed field at the solar 

surface. The inclusion of the imaginary source surface simulates the geometric effects 

of the solar wind on the solar magnetic field without recourse to MHD solutions for 

the plasma. 

To create the model field and compare it with the data, we must first supply 

boundary conditions. The adoption of a source surface provides an upper boundary 

condition to the domain, and measurements of the magnetic field at the solar surface 
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Figure 2.4: Schematic of a source surface model (Longcope 2005). 
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provide a lower boundary condition. These measurements are typically in the form of 

photospheric magnetograms from ground-based observatories or SOHO/MDI. Using 

the field components at the observed lower boundary in combination with equations 

describing the field (such as V x B — 0 for a potential field), one can construct the 

full 3D field using a variety of extrapolation techniques, such as the Green's function 

method or eigenfunction expansion methods (see Seehafer 1982; Aschwanden 2004, 

or any of a number of papers in the special volume of Solar Physics, Volume 174, No. 

1-2, August, 1997). 

The inclusion of a source surface in a coronal magnetic field extrapolation improves 

the applicability of the resulting model, but it is by no means a perfect method. The 

source surface technique is designed to model the large-scale coronal field, and has 

been reasonably successful in fitting the observed large-scale field, including streamer 

structures (see Chapter 1). However, it is not suited to modeling the low corona and 

small-scale fields such as active regions, and therefore does not adequately represent 

the more complicated magnetic field characteristic of lower altitudes. 

Furthermore, while this method results in field lines that are stretched compared 

with those of a potential field with identical boundary conditions, the source surface 

often does not produce sufficient radial extension of the field in the low corona (see 

Gary k, Alexander 1999). The region that the source surface approximates is, even in 

quiet Sun conditions, generally more complex than the spherically symmetric source 

surface allows. As shown in Figure 2.3, there is a wide range of altitudes at which 
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the transition to high beta may occur. Because this transition corresponds to the 

increased effect of the solar wind on the magnetic field, the variable extent of the 

high-beta region produces inconsistency in determining the height at which the field 

becomes radial. Conditions can also be altered by transient activity and varying solar 

wind speeds. 

An alternative method, force-free modeling, more successfully reproduces the com

plex active region fields that are poorly represented by source surface models. This 

technique relies on the assumption that the Lorentz force is negligible (F = j x B = 0), 

thus requiring that any currents present be directed parallel to the magnetic field. 

In general, force-free models include currents, which by definition are parallel to the 

magnetic field; a special case is the potential, or current-free, field (see Appendix B). 

The lack of source surface in force-free models means that a substitute upper 

boundary condition must be provided, requiring assumptions to be made regarding 

the nature of the solution (e.g. periodicity at the sides of the simulation volume). The 

lower boundary of force-free models is problematic, as any use of photospheric mag

netic field observations presents a conflict between the force-free coronal volume and 

the non-force-free photospheric boundary. Further information on force-free modeling 

can be found in Amari et al. (1997); Demoulin et al. (1997); McClymont et al. (1997); 

and other papers in Volume 174, No. 1-2 of Solar Physics, August 1997. 

Given the limitations inherent to these modeling techniques, a different approach 

is required if we are to create a simulated magnetic field that mimics the real structure 
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of the coronal field. A less restrictive modeling framework could potentially improve 

the accuracy of the resulting model. A more accurate model, in turn, would provide 

a better idea of the distribution of current and free energy in the corona, allowing an 

improved understanding of coronal transients, heating, and cooling. 

2.4 An Alternative to Traditional Models 

The Gary-Alexander modeling technique (Gary & Alexander 1999) seeks to im

prove on traditional models by avoiding the type of assumptions about the nature of 

the field that constrain most simulations. Gary & Alexander start with a potential 

field that, like other simulated fields, is derived from the observed photospheric mag

netic field. They then deform the field using a parameterized transformation designed 

to match the field to a magnetic field configuration derived from the observed emis

sion distribution. They choose for their transformation a radial stretching similar to 

that used by Gibson & Bagenal (1995) to model the large-scale field above helmet 

streamers, and by Gibson & Low (1998) to model magnetic fields in CMEs. 

As written by Gary & Alexander, the transformation preserves the divergence-

free nature of the field (V • B = 0). The deformation of an initially potential field 

introduces currents into the domain, but the limitation of radial stretching requires 

that these currents be entirely directed across the field, i.e. non-radial. Thus, by 

definition, the radial stretching imposes non-force-free conditions on the resulting 

field. The free parameter that defines the strength of the radial stretching is allowed 
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Figure 2.5: Model field lines transformed by different degrees of radial stretching are 
compared with active region coronal loops (Gary & Alexander 1999). 

to vary until the transformed field achieves optimum correlation with the observed 

field (see Figure 2.5). Thus, in the absence of requirements about the nature of the 

field, a more realistic field configuration can be obtained. This transformation and 

its application to model magnetic fields will be presented in more detail in Chapter 

3. The role of the transformation methods in obtaining real field information from 

observations will be discussed further in Chapter 4. 
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Chapter 3 

Applying the Gary-Alexander 

Technique to Simulated Fields 

The solar magnetic field is a vital component in our search to understand the 

corona. The configuration of the magnetic field determines the distribution of cur

rents and, consequently, free magnetic energy, which is instrumental in driving coronal 

heating and transient energetic phenomena. We are, as yet, unable to measure the 

coronal field directly and, as a result, rely on modeling to infer the field. The field can 

then be compared with the directly observed but line-of-sight integrated plasma dis

tribution. In Chapter 2 we discussed the shortcomings of the most common modeling 

techniques and remarked on the advantages of a parametric approach to modeling the 

coronal magnetic field. This method, in which a simple potential field is subjected 

to linear transformations in order to match it to an observed field configuration, im-
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proves upon previous modeling techniques in that it does not make prior assumptions 

about the nature of the field (e.g. that it is force-free). In this chapter we focus on 

this parametric approach, first discussing the method and subsequently detailing the 

steps required to put it into practice. 

3.1 Transformation Technique 

The 3D stereoscopic data from STEREO are expected to improve our ability to 

compare model fields with actual observed structures. The value of these comparisons 

will be further enhanced if we allow the simulated fields to incorporate the coronal 

data more directly, rather than simply be compared with it: the line-of-sight integra

tion, limited spatial resolution, and complex nature of the solar coronal fields mean 

that a direct comparison is likely to be far from unique. The shortcomings of the 

latter technique have been discussed in the previous chapter, as have the benefits of 

using a more flexible method directly inferring the 3D structure from the observed 

coronal configuration. 

Using the parametric approach introduced briefly in the previous chapter, we 

will show that we are able to generate realistic field distributions to match a given, 

observationally-derived target configuration (our target field) from a simple starting 

configuration (our initial field). The form of the initial field is adopted based on the 

assumption of a current-free corona and a boundary condition supplied by photo-

spheric magnetic field observations. This boundary is assumed to apply identically 
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to both the initial and target fields. 

The field transformation approach allows us to derive a representation of the 3D 

distribution of the magnetic field in the corona based on observational data, without 

recourse to assumptions about the nature of the target field, e.g., whether or not it 

is force-free. The final assessment of the transformation which yields the best fit to 

the data is not, therefore, biased by prior assumptions. The ultimate goal of this 

work is to be able to determine the full 3D distribution of coronal magnetic fields and 

their entrained currents from observed coronal radiative emissions and photospheric 

magnetograms. In this thesis, we focus on the development of the necessary field 

transformation and field comparison techniques, and utilize model constructions from 

the literature to provide the boundary conditions, initial fields, and target fields. 

The techniques developed will be applied to observationally-derived target fields and 

boundaries as part of future PhD research. The work of this thesis, then, allows us 

to develop the necessary algorithms without loss of applicability. 

The initial field, which will be transformed to adapt to the more complicated target 

field, is typically chosen to be a potential, i.e. current-free, field. We extrapolate this 

field from a given boundary condition, which is chosen to be identical to that of 

the target field. In the case of our simulated target fields, these conditions can be 

readily derived from the model. For an observed field, the boundary condition would 

be determined by photospheric magnetic field values obtained from magnetograph 

observations. 
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Once defined, the initial field is subjected to a series of linear transformations. 

These transformations push it away from potentiality, and toward a more complicated, 

current-bearing, target configuration, until an optimum correlation with the target 

field is achieved. The general transformation will ultimately comprise a combination 

of stretchings and compressions in the three orthogonal directions, as well as rotations 

of the field. Typically the target field departs significantly from potentiality, and the 

form of the transformations necessary to mold the potential field to the target field 

is not immediately apparent. Significant experimentation may be needed in order to 

identify the transformation that best suits the target field, and one may need to test 

different classes of transformation in order to find one that best matches the form of 

the target field. A significant constraint here is the maintenance of a divergence-free 

coronal field throughout the transformation process. 

Once a particular form for the transformation has been adopted, one must estab

lish the matrix that will act on the three field components to give the desired match. 

The determination of the matrix elements is not trivial, as the magnetic field must 

remain divergence-free, V • B = 0, throughout the transformation. One type of trans

formation that automatically yields a divergence-free field is a simple radial stretching 

(see Gary & Alexander 1999). In this technique the initial field is assumed potential, 

as this defines the simplest configuration without introducing extra free parameters 

into the system (such as the parameter a in a force-free field; see Appendix B). 

In spherical polar coordinates, where (r, 8, <fi) are the radial, polar, and azimuthal 
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coordinates, respectively, the equations associated with this transformation take the 

following form: 

B'r = w(r,RQ,k)Br (3.1) 

B'e = v(r,RQ,k)Bd (3.2) 

5 ; = V ( r , i ? 0 , / c ) ^ (3.3) 

where the coefficients w(r) and v(r) are as follows: 

•M-JSSF ^-w^k (3-4) 

The transformation is a function of radius expressed in terms of the height above the 

photosphere, h = r — R®, where R® is the solar radius. Here we adopt the convention 

of expressing radius in units of solar radii, i.e. RQ = 1. The transformation param

eter, k, may be varied to induce different degrees of stretch in the field. Choosing 

k = 1 results in no stretching. In general, once the form of the matrix has been 

determined, there exist several actual transformations within that general form that 

may be applied to the initial field. 

From the form of the coefficient w it is evident that the radial component of the 

field at the photosphere (r — RQ, or h = 0) remains unchanged as the overall field is 

stretched. The transverse components are subject to modification in order to account 

for the imposed non-radial currents, with v = l/k at the photosphere. However, 
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there is significant freedom in allowing the transverse field at the photosphere to 

vary, since there is currently a lack of routine vector magnetic field observations, and 

measurements of the transverse field components are typically compromised by large 

errors. Ultimately, with the improvement of vector magnetic field measurements, the 

allowable transformations will be further constrained by the observed transverse field. 

The Gary & Alexander approach has three key advantages. It imposes currents, 

preserves the divergence-free nature of the field, and ensures that at the photosphere, 

the normal (radial) component of the field remains unchanged. It is, however, limited 

in its scope. A more complete set of transformations would include rotations and other 

classes of stretchings, including azimuthal and polar stretchings as well as different 

formulations of the radial stretching (see Gary 2003, 2001a). As mentioned above, 

when defining a transformation it is necessary to choose a form that preserves V • B = 

0, and constructing a transformation that gives the desired effect while meeting the 

divergence-free requirement can be difficult. Additional classes of transformations 

and the challenges associated with their derivation will be discussed further in a later 

section; here we deal strictly with the simple radial stretching case. 

3.2 Assessing the Transformed Fields 

Applying the radial stretching to the initial field for a range of values of k yields 

a set of transformed fields. Once we have obtained these different modified fields, we 

must determine which of these configurations most closely matches that of the target 
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field. In doing this we must evaluate the extent to which the entire field is matched. 

Although we have adopted the Gary & Alexander transformation technique, we do 

not use their method for determining the quality of fit of the transformed fields. Gary 

& Alexander used an analysis of loop apex height (that is, the maximum radial height 

of a field line) to judge the closeness of a transformed field to the target field. In our 

case, however, we wish to obtain a more thorough assessment of fit by taking into 

account the 3D components of the magnetic field throughout the volume, rather than 

simply the loop apex height. 

To accomplish this task we use a vector comparison tool developed by Jim McTier-

nan of UC Berkeley and Marc DeRosa of Lockheed Martin Solar and Astrophysics 

Lab to compare nonlinear force-free field (NLFFF) models (Schrijver et al. 2006). 

This tool gives a scalar value associated with the goodness of fit of the modified field, 

evaluated by calculating the mean vector error as follows: 

MVE = J2 (V* TT
 Ui) (3-5) 

where Ui and V{ are elements of the input vectors U and V, which correspond to 

the initial and target fields, respectively. The vectors may be multi-dimensional, 

but they must be of the same dimension. A lower value of the mean vector error 

indicates a better fit, but does not necessarily correspond to the best possible fit. It 

is important to note that the comparison tool returns a relative minimum for the error 

curve associated with the particular transformation used (e.g. a radial stretching), 
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not a minimum for all classes of transformations. 

The comparison algorithm accommodates multi-dimensional arrays, provided that 

the two input vectors are of the same size. This feature allows for faster processing, 

as points on a grid or on a field line do not need to be evaluated individually. The 

user may compare field components on a three-dimensional grid, or along a set of N 

field lines. One may also select certain components for comparison, such as the radial 

or azimuthal component. 

3.3 A Simple Example 

While developing the code that performs the transformations and comparisons it 

was necessary to use a test field in order to identify and resolve problems, and to help 

us familiarize ourselves with McTiernan's comparison algorithm. We chose as our 

test field an observed collection of well organized loop structures: a potential field 

extrapolation based on a magnetogram obtained by SOHO/MDI on May 8, 1999. 

This magnetogram is shown in Figure 3.1, where the white box denotes the region 

used for the field extrapolation. Using the loop coordinates as sample data, it was 

possible to test the comparison code and ensure that it did indeed identify the field 

corresponding to the optimum fit. 

As this exercise was undertaken in order to develop the programming framework, it 

was sufficient to simulate a target field by choosing an arbitrary value of the stretching 

parameter, ktest (hest = 1-5), and applying the corresponding transformation to the 
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Figure 3.1: Doppler magnetogram taken by the Michelson Doppler Imager (MDI) on 
the Solar and Heliospheric Observatory (SOHO), May 8, 1999. Black represents negative 
polarity; white represents positive polarity (SOHO, ESA/NASA). 
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test field. In other words, the target field was designed to be a radially stretched 

version of the initial potential field with the parameter k = 1.5. Having created the 

test target field, transformations for several different values of k were applied to the 

initial field (the test field). Each of these transformed fields was compared to the 

field transformed by ktest using the comparison algorithm described above. When the 

resulting errors were plotted against the values of the stretching parameters, the local 

minimum indicated the best-fit value of k, k^eat (see Figure 3.2). As expected, the 

code returned the smallest error for kbest ^ ktest ^ 1-56. This benchmark confirmed 

that the comparison code had been implemented correctly. 

3.4 Magnetostatic Model 

The simple radial stretching example given above illustrates the basic components 

of the transformation and comparison techniques required for our project. The next 

step is to compare a radially stretched potential field to a more realistic simulated 

target field. In order to generate these fields we adopted the magnetostatic model 

described in Bogdan & Low (1986): a magnetostatic model balances the Lorentz forces 

in the system against gravitational and pressure gradient terms in the momentum 

equation. Low (1985) had presented a set of equations describing three-dimensional 

magnetostatic structures under the influence of gravity in an ionized plasma. These 

structures approximate the long-lived coronal loops observed in EUV and X-ray in 

the Sun's atmosphere, and are frequently used to model the three-dimensional corona. 
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Figure 3.2: Mean vector error values as a function of the stretching parameter k for the 
simple example field. 

The derivation of these fields begins with the equations of magnetohydrodynamics 

(MHD), most importantly the equation of motion and Gauss's law for magnetism: 

j x B - V p + pg = p 

V B 

~Dt 
(3.6) 

(3.7) 

For long-lived, i.e. static, coronal loops we can assume that flows are minimal, and 

therefore that the right-hand side of equation 3.6 vanishes. The MHD equation of 
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motion then becomes an equation describing magnetostatic equilibrium, in which the 

Lorentz force, the pressure gradient, and the gravitational force are in balance: 

^ ( V x B ) x B - V p - pV$ = 0 (3.8) 

where B is the magnetic field, p is the plasma pressure, p is the plasma mass density, 

and $ is the gravitational potential. We have $ = ^ r for G the gravitational 

constant, M the solar mass (M = 2 x 1030 kg), and r the distance from the center of 

the Sun. 

As written, this equation is prohibitively difficult to solve. Many techniques for 

solving it introduce symmetry in the form of an ignorable coordinate, which serves to 

simplify the equation considerably. With this condition in place, equation 3.8 can be 

solved, but the resulting solution is only valid for a two-dimensional domain. Bogdan 

& Low preserve the three-dimensional nature of the solutions by requiring that all 

electrical currents parallel to gravity vanish, j r = 0, rendering the force balance 

equation a scalar partial differential equation that is more straightforwardly solved. 

They also maintain the static nature of the problem. Even with these simplifications, 

the resulting equation is nonlinear and difficult to solve. Bogdan & Low therefore 

restricted their considerations to cases that yield closed-form, analytic solutions. 

A complete derivation of these solutions can be found in Appendix C; here we 

simply quote selected equations as a summary. The magnetostatic equations above 
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yield the following equations for the magnetic field B: 

r1 (a + r) \4:irJ 

r | ( a H h r o T / l 5 

r2 (a + rf \Sn 
-A2i J 2 ( ^ ) cos0sin0cos0 (3.9) 

rg (a + r0) / 3 V 

r (0 + r) 2 V16?r 5 , = A 1 0 ^ f ^ i ( ^ : ) sinfl 

^ M ^ S ) ' ™ * ^ ' - ^ (310) 

Bs = -A2\— -3- — cos ̂  sin 0 (3.11) 
r (o + r) \87r/ 

in a spherical coordinate system, (r, #, 0). Note that the equations for potential and 

non-potential fields are identical except for the value of the non-potentiality parameter 

o: for the potential case, a = 0, and for the non-potential case, a ^ O . A very small 

value of a yields a field that departs only slightly from the potential configuration. 

The coefficient A21, meanwhile, determines the degree of symmetry about the 

north-south axis. A2i = 0 results in an axisymmetric field, whereas A2\ ^ 0 is 

non-axisymmetric. In our transformations we take the potential solution (a = 0) 

to equations 3.9 - 3.11 as the initial fields and the non-potential magnetostatic fields 

(a 7̂  0) as the target fields. Using both the axisymmetric and non-axisymmetric forms 

means that we have two sets of initial and target fields. The process of performing 

the transformations and comparisons is the same for both set of fields. 
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Figure 3.3: 3D magnetic field lines for the initial (a) and target (b) fields, projected onto 
the plane. Both fields are non-axisymmetric, i.e. A21 = 1. The initial field is potential, 
a = 0; the target field is non-potential, with a = 1.5. 
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(a) 

(b) 

Figure 3.4: Representative field lines with footpoints along the <f> = 0, ir meridian. Again, 
both fields are non-axisymmetric, i.e. A21 = 1. The initial field (a) is potential, a = 0; the 
target field (b) is non-potential, with a = 1.5. 
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Illustrations of magnetic field lines for the initial (potential) and target (non-

potential) fields can be seen in Figures 3.3 and 3.4. Figure 3.3 shows the full 3D initial 

and target fields projected onto a plane (Figures 3.3(a) and 3.3(b), respectively). For 

ease of viewing we have also created simplified plots that show only representative 

field lines that have footpoints along a single meridian. In this way we can more 

clearly see the structure of the field. These slices of field lines can be created for any 

longitude, and are shown in Figure 3.4 for footpoints along 0 = 0 and <j) = IT. 

At the left limb1 the field is simple, and there are only two distinct polarity regions: 

one polarity in the northern hemisphere, and the opposite polarity in the southern 

hemisphere. The neutral line separating these two regions runs long the equator. At 

the right limb we see four different polarity regions. Again there is a neutral line 

along the equator, but there are two additional neutral lines at approximately ±70° 

degrees latitude. Thus we see the two lobes of field lines in the northern and southern 

hemispheres, as well as a small arcade straddling the equator. 

3.5 Computational Procedure 

We have written a set of programs that carry out the tasks of computing, trans

forming, and assessing the magnetic fields. The first step in the code is the calculation 

of the initial and target fields, as well as the stretched versions of the initial field, 

on a three-dimensional grid. This grid spans rmin < r < rmax (where rmin is the 

xThe observed edge of the solax disk. 
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photosphere at one solar radius, and rmax is some height in the high corona, generally 

chosen to be 2.5R@, 0 < 8 < n, and 0 < <fi < 27r). The resolution of the grid can be 

set by the user, with a finer grid resulting in longer processing times. The stretching 

transformation is built into the subroutine that calculates the field value at a grid 

point associated with a physical position (r,0,<j)). In the call to the subroutine, a 

keyword relays the value of k, which is the variable stretching parameter defined in 

equations 3.4, and the resulting field values reflect the associated transformation. 

This same subroutine may also be used to calculate the local currents. For an 

analytical field, such as the Bogdan & Low magnetostatic model used here, it is 

straightforward to compute the curl of the field, V x B, and obtain an expression 

for the current j . Evaluating this expression at a position given by (r, 0,4>) yields the 

local current j(r, 0, 0). 

j r = ... = 0 (3.12) 
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. r$(a + r0) / 3 V • „ A rl (° + r0)
2{15\ 2 , 2 n . 2 M 

U = Aio-f V — - Y - r s m ^ + A ^ 3 , -{T S - (COS 0 ~ s m 8) W 
H (a + r) V47T/ H (a + r) \ 8 7 r / 

. r0
2(a + r 0 ) / ' 3 ^ . . . r2

0 (a + r0)
2 / 1 5 \ * , . 2 „ 2 M 

-Aw—7 % ( T - 1 sin0 + A2i —^ ^ r ( sm 2 0-cos 2 0)cos0 
r (o + r) \47r/ r (a + r) \8TT,/ v 7 

(3.14) 
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As is shown in the equations above, the transformation equations (equations 3.1 - 3.3) 

introduce only non-radial currents. Thus, if there is no radial current in the initial 

field configurtion the radial current will remain zero in the modified configuration. 

The current can also be calculated for a numerical field, such as a potential field ex

trapolation or an MHD model. In these cases, however, the current would necessarily 

have to be calculated numerically, an approach that is both more time consuming 

and less accurate than the analytical evaluation used here. 

The stretched fields and target field are then passed to the comparison routine. 

This routine produces an array of N elements, where TV is the number of different 

values of k, and therefore the number of different stretched fields. The minimum 

value of this array corresponds to the stretching parameter that best maps the initial 

field to the target field. 

Once the best-fit field is determined, the user may call a routine that traces field 

lines through the volume. Prom a set of field line starting points (corresponding to 

loop footpoints at the photosphere) the program takes small steps through the volume 

based on the magnetic field vector at each point. The resulting field lines have little 

computational significance, but they can be helpful in making visual assessments of 

the fields and transformations. They have been instrumental in some of our conclu

sions by drawing our attention to certain advantages and disadvantages of the radial 

transformation method we have used. For clarity, we have collected these results and 

conclusions in the next chapter. 
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Chapter 4 

Results and Future Work 

In the previous chapter we described the steps taken to apply a novel magnetic 

field modeling approach to a magnetostatic model field developed by Bogdan & Low. 

We constructed a potential field using the Bogdan & Low equations for magnetostatic 

atmospheres, and deformed the field using the simple radial stretching developed by 

Gary & Alexander. We then compared the transformed fields to a non-potential field, 

also described by Bogdan & Low, in order to ascertain which degree of stretching 

produced the best fit to the non-potential field. 

The goal of this study was to develop tools that will allow us to use real 3D coronal 

observations to determine the magnetic field configuration in the solar corona. Here 

we will present the results of this work and discuss the implications of our conclusions 

for future work using this technique. The analytical test configurations and limited 

scope of our approach as presented in the previous chapter provide a foundation on 

which we can develop more rigorous techniques for the analysis of real data. The two 
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fields being compared, one a magnetostatic model and the other a radially stretched 

potential solution, are very different fields and were not expected to match exactly. 

Despite this discrepancy, the significantly more complicated magnetostatic field pro

vided a test case with which we can assess the effectiveness and shortcomings of the 

radial stretching technique, and on which we can base further study of other transfor

mations. In addition to the results of the completed work, we will discuss the future 

development and application of these methods in the context of a recently-launched 

solar physics mission, the Solar and Terrestrial Relations Observatory (STEREO). 

4.1 Results of the Magnetostatic Model Study 

As discussed in Chapter 3, the magnetic fields described by the Bogdan & Low 

(1986) equations are fully three-dimensional and, for qualitative comparisons, are 

best visualized by considering representative field lines. Because we mainly studied 

the non-axisymmetric forms of the Bogdan & Low fields, we chose to plot field lines 

originating along the meridian given by (f> = 0 and <f) = TT (see section 3.4 for details). 

This allows us to isolate regions of the field that exhibit different field line configu

rations. The form of the equations for Br, Bg, and B<f, (equations 3.9 - 3.11) leads 

the field lines along </> = | , ^ to be symmetrical, with the exception of a sign change 

in Bj,. By plotting the field lines originating at by 0 = 0 and 0 = ir we are able to 

visualize and assess different field line configurations on the two limbs. 

This method of representing the 3D field, while preferable for the sake of visual 
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clarity, can still lead to some confusion. It should be pointed out that the comparison 

tool used to evaluate the quality of fit between the transformed potential field and 

the non-potential target field does so based on all three components of the field and 

utilizes the full 3D configuration. Thus, it is important to keep in mind when viewing 

the field line representations that they are projections of 3D field lines onto a plane, 

and that although it is not apparent from the plots, the out-of-plane extent of the 

field line can impact the quantitative fit evaluation. 

Nevertheless, we can make valuable visual assessments as to how well the trans

formed field fits the target field. The two sets of field lines share identical starting 

footpoint coordinates, i.e. they originate in the same location on the simulated solar 

surface. Thus, a transformed field that exactly matches the target field will pro

duce an identical set of field lines. These qualitative assessments complement the fit 

calculation performed by the 3D comparison code (see section 3.2). 

Based on the comparison code, we find that this best fit value of k for low altitude 

field produces inadequate stretching at high altitudes. The 3D comparison identifies 

different best-fit values of k for high field (r > 1.5i?0) and low field (r < 1.5J?©), 

both of which differ from the overall best-fit value of k found for the full 3D field. 

Similarly, the code determines different kbest values not only at different heights above 

the solar surface, but also at different azimuthal and polar angles, such as in opposite 

hemispheres or in thin slices of the volume (A0 = ^ ) . In each case the complementary 

regions show different best-fit values of k. 
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The inconsistency of fit is evident in both the quantitative field line visualizations 

and the qualitative 3D field comparisons, as shown in Figures 4.3 - 4.8, which exhibit 

best-fit fields optimized for different regions of the corona. In these figures the non-

potential target field is represented by the dotted lines, and the radially stretched 

potential field lines are represented by solid lines. The mismatch between these two 

sets of lines is due in part to the two-dimensional nature of the plots, in which field 

lines that would ordinarily have three-dimensional structure are projected onto a 

single plane. 

For the purposes of the plots that show only selected field lines, rather than the 

2D projection of the full 3D field throughout the volume, we draw field lines that 

originate along a single meridian, 0 = 0,7r. This restriction helps preserve some of 

the connectivity between the two sets of field lines. However, because the radial 

stretching affects not only the radial component of the field, but the two transverse 

components, the position of a given feature of the field (such as, for example, a the 

lobe-like structure on the right limb) may shift in the 9— or </>—direction. For this 

reason, it should be noted that we rely mostly on the quantitative comparisons to 

judge quality of fit, and use the visual comparisons as supplements. 

Figures 4.3 and 4.4 demonstrate that a value of k that best matches the trans

formed field to the target field at low altitudes provides insufficient stretching at higher 

altitudes when applied to the whole field. This effect is particularly pronounced on 

the left edge of the solar disk, or left limb. Here the similar shape of the field lines 
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Figure 4.1: Field lines starting at cf> = 0 and <f> = IT representing the initial field (solid 
lines) and target field (dotted lines). Here the initial field is unstretched, i.e. potential. 

Figure 4.2: Field lines representing the transformed initial field (solid lines) and target 
field (dotted lines). Here the initial field is transformed using the best-fit transformation 
parameter over the complete 3D volume, k^eat = 1.326. 
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Figure 4.3: Field lines representing the transformed initial field (solid lines) and target 
field (dotted lines). Here the initial field is transformed using the best-fit transformation 
parameter for low-altitude field (r < 1.5R®), kbest = 2.020. 

Figure 4.4: Field lines representing the transformed initial field (solid lines) and target 
field (dotted lines). Here the initial field is transformed using the best-fit transformation 
parameter for high-altitude field (r > 1.5i?0), k^est — 1.204. 
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Figure 4.5: Field lines representing the transformed initial field (solid lines) and target 
field (dotted lines). Here the initial field is transformed using the best-fit transformation 
parameter for a thin "slice" in phi (A<f> = ^5) centered at cf> = TT, kbest = 1.296. 

Figure 4.6: Field lines representing the transformed initial field (solid lines) and target 
field (dotted lines). Here the initial field is transformed using the best-fit transformation 
parameter for a thin "slice" in phi (A<j> — yjj) centered at <j) = 0, kbest = 1.448. 
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Figure 4.7: Field lines representing the transformed initial field (solid lines) and target 
field (dotted lines). Here the initial field is transformed using the best-fit transformation 
parameter for the left hemisphere ( | < 4> < ^ ) , kbest = 1.348. 

Figure 4.8: Field lines representing the transformed initial field (solid lines) and target 
field (dotted lines). Here the initial field is transformed using the best-fit transformation 
parameter for the right hemisphere (\<f>\ < | ) , kf,est = 1.408. 
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between the transformed field and target field allows a more straightforward visual 

comparison than the field lines on the right limb, which are more complicated. 

Based on the finding that different values of the stretching parameter k work 

best for different regions in the simulated corona, future work will explore a spatially 

dependent stretching parameter, k = k(r,9,4>), as a more suitable approach than a 

constant stretching parameter throughout the volume, k = ko. In particular, the ap

plication of this transformation technique to observed field configurations will require 

more versatile transformations than the simple radial stretching used here. Although 

the radial stretching may in some cases be better able to reproduce small-scale fields 

(e.g. active region1 fields) than large-scale fields, the importance of force-free (i.e. 

field-aligned) currents in real active regions implies that a different transformation 

will better model the real corona. This conclusion is not unexpected. As discussed 

above, the substantial difference in complexity between the initial and target fields 

makes it likely that a transformation as simple as the radial stretching described here 

will be insufficient to match a stretched potential field to a non-potential configura

tion. 

Similarly, while the radial stretching does introduce some currents of a form com

parable to the currents associated with the target field, the magnitude of the induced 

currents is too small to be declared a good fit to the target field's currents. Figures 

1In general, the term "active region" refers to an area of the solar atmosphere where features 
such as sunspots may be observed, and with which bright coronal loops are often visible in EUV or 
soft X-ray. These regions may be, but are not as a rule, associated with transient activity such as 
flares and CMEs. 
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Figure 4.9: Polar currents, jg (r = ro, 6 = 6o, <j>), associated with the non-potential target 
field (solid line), initial potential field (dotted line), and stretched initial field (dashed line) 
for r0 = l.Oli?© and 0O = TT/2. 

4.9 and 4.10 demonstrate this result in graphical form. Figure 4.9 shows the variation 

of the polar current, je, with respect to </> at fixed values of r and 0. The solid line 

denotes the current associated with the target (non-potential) field, the dotted line 

the initial (potential) field's current, and the dashed line the stretched (no longer 

potential) field's current. Figure 4.10 shows the target, initial, and stretched versions 

of the azimuthal current, j ^ , with respect to 0 at fixed values of r and 4>. We do not 

show a plot for the radial component of the current, j r , as it vanishes due to the lack 
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Figure 4.10: Azimuthal currents, j ^ (r = ro, 6,<p = <po), associated with the non-potential 
target field (solid line), initial potential field (dotted line), and stretched initial field (dashed 
line) for ro = 1.0LR© and <po — IT. 

of radial currents in the Bogdan & Low model and the fact that the radial stretching 

used here introduces only transverse currents. Note that the sinusoid nature of the 

currents is a result of the formulation of the Bogdan & Low analytical expressions 

for the magnetic field. These expressions are based on Legendre polynomials (see 

Appendix C), and therefore contain sine- and cosine-dependent terms. 

It is apparent in both plots that the current for the stretched field (dashed line) 

is significantly weaker than the current for the target field (solid line). While the 
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transformation of the magnetic field does produce an appreciable electric current 

in the stretched field, the small magnitude of this current compared with that of 

the target field provides further evidence that a more sophisticated transformation 

is needed in order to reproduce the currents seen in the target field. This result 

is consistent with the inadequacy of the radial stretching in matching the stretched 

magnetic field to the target field. Thus, in order to apply the transformation technique 

to a real (observed) magnetic field configuration as desired, we must investigate other 

ways of transforming a simple potential magnetic field. 

4.2 Application to STEREO 

If we are to improve our understanding of the corona and its magnetic field, we 

must first determine the true 3D configuration of the field (see, for example, Rabin 

1997). We can use EUV and X-ray observations to make some inferences as to 

the fields structure, but traditional single-viewpoint observations do not completely 

resolve the 3D structure. As discussed in Chapter 2, the optically thin nature of 

the corona in the EUV and X-ray leads to the line-of-sight summation of all coronal 

emission, and therefore to ambiguity in our observations of coronal structure. Thus, 

because space- and ground-based observations have historically been taken from a 

single vantage point (Earth, Earth orbit, or along the Sun-Earth line, i.e. at the 

LI point), our ability to discern the 3D structure of the coronal magnetic field has 

remained severely constrained. 
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When we make observations from multiple vantage points, we can reduce the 

effects of these constraints and obtain a more complete picture of the configuration 

of the coronal magnetic field. Given images from two or more observatories, it is 

straightforward to use triangulation to obtain the 3D coordinates of a structure that 

appears in both images (see, for example, Liewer et al. 1998; Aschwanden et al. 

2006; Inhester 2006). To perform the triangulation it is necessary that the angle of 

separation between viewers and the distance from each viewer to the solar surface be 

known, and that the structure of interest be defined in both images, i.e. not obscured 

by background emission or other structures. 

This multi-viewpoint concept is the basis of STEREO, the first mission designed 

to make stereoscopic observations of the Sun. It was launched on October 25, 2006 

and experienced first light in December, 2006. Each STEREO spacecraft carries 

four different instrument packages: STEREO/WAVES (SWAVES), which will track 

radio disturbances from the Sun to Earth (Kaiser 2005); In-situ Measurements of 

Particles and CME Transients (IMPACT), which will provide in-situ measurements 

of the vector magnetic field in addition to the spectra and abundances of energetic 

solar wind and solar transient particles (Kaiser 2005; Luhmann et al. 2005; Mason 

et al. 2007); PLAsma and SupraThermal Ion Composition (PLASTIC), which will 

measure plasma characteristics (Blush et al. 2005; Kaiser 2005); and the Sun-Earth 

Connections Coronal and Heliospheric Imager (SECCHI), which will image the corona 

and track CMEs from their initiation at the Sun to their effects at Earth (Howard 
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et al. 2002; Kaiser 2005; Wuelser et al. 2004). 

Of particular interest from a magnetic modeling standpoint is SECCHI's Extreme 

UltraViolet imager (EUVI), which images the corona at four wavelengths: 17lA, 

195A, 284A, and 304A, as seen in Figure 4.11. These wavelengths correspond to 

material at temperatures from 80 kK to 20 MK, providing a full range of coronal 

observations. It is the 17lA and 195A wavelengths that best capture the hot, plasma-

filled loops that indicate the configuration of the magnetic field. 

These coronal observations are complemented by similar wavelength observations 

from SOHO/EIT (Figure 4.12), which act to provide a third set of EUV observations 

that can assist in triangulation of the data. Further complementary observations are 

expected to be provided by the Atmospheric Imaging Assembly (AIA) Solar Dynam

ics Observatory (SDO), which is designed to provide simultaneous multi-wavelength 

observations of the solar corona at high resolution (1 arcsec spatial resolution and 10 

second cadence). SDO is scheduled for launch toward the end of 2008. 
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Figure 4.11: "First light" images of the corona at four different wavelengths, taken by the 
Extreme UltraViolet Imager (EUVI) on the STEREO Ahead (A) spacecraft, December 4, 
2006. Clockwise from top left: 17lA, 195A, 304A, and 284A (STEREO, NASA). 
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Figure 4.13: The trajectories of the two STEREO spacecraft, "Ahead" (red) and "Behind" 
(blue), relative to the Earth's orbit (green) (JHU/APL). 

To obtain their unique perspective, STEREO's twin spacecraft have departed from 

the Sun-Earth line and will travel along Earth's orbital path, one moving ahead of 

Earth and one trailing behind, with the spacecraft separation increasing at a rate 

of approximately 45° per year (Figure 4.13). The optimum spacecraft separation 

for EUVI observations is around 30°, so the best EUVI data was taken during the 

first several months of the mission. During this initial period STEREO was clos

est to Earth and benefitted from relatively high telemetry rates. The higher data 

transmission rate allowed more images to be downlinked per day. 

These unprecedented observations (Figures 4.11, 4.12, and 4.14) have the poten

tial to help us make vast improvements in our understanding of coronal magnetic 
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fields. In order to exercise that potential fully, we must approach the data analysis 

with the appropriate tools. 3D modeling is a valuable theoretical complement to tra

ditional, single-observer data sets, but is particularly important to STEREO because 

of its mission to provide stereoscopic observations of the Sun and its energetic phe

nomena. Comparison of STEREO data with theoretical and numerical models will 

help us take best advantage of the insights that the data offer. Used in concert with 

STEREO/EUVI observations, modeling efforts like the work presented here will help 

us determine the distribution and nature of the coronal magnetic field, the currents it 

contains, and the role of these currents in heating the solar corona and driving solar 

eruptions. 

4.3 Future Work with STEREO 

Certainly, the tools developed and described here are not strictly a result in them

selves, but rather a foundation for a unique approach to STEREO data analysis. The 

application of these tools to STEREO data includes an extension to the approach de

tailed in this thesis. Specifically, we will modify the code to use real magnetograms, 

predominantly from ground-based observatories on Earth or space-based observato

ries along the Sun-Earth line, as a lower boundary condition for the coronal magnetic 

field. Based on these magnetograph boundary conditions, we will incorporate poten

tial field extrapolations to serve as the initial field. The demonstrated inadequacy of 

simple radial stretching for explaining complex large-scale magnetic fields, prompts us 
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Figure 4.14: The EUV solar corona as seen by STEREO A, June 5 - 10, 2007. Image 
wavelengths, clockwise from top left: 304A, 17lA, 284A, 195A. (STEREO, NASA) 
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to investigate more comprehensive classes of transformation beyond the simple radial 

stretching, including transverse stretching and rotation. Finally, but not trivially, we 

must identify coronal structures in the EUVI data and analyze them to obtain 3D 

loop information. 

The first and second components involve well established methods and require 

only the modification of certain parts of the existing code. The third component, 

the development of alternative transformations, will require further investigation due 

to the challenge of preserving the divergence-free nature of the field. For discussion 

of the difficulties associated with finding transformations that yield a divergence-free 

field, see Chapter 3. 

The tracing of coronal loops in EUV and X-ray images presents many challenges, 

and is the subject of ongoing research by many STEREO investigators (see, for exam

ple, Lee et al. 2003; Aschwanden 2007). In general it is not trivial to trace a loop, or a 

collection of loops, through an image. Poor signal-to-noise ratios, overlapping loops, 

and the dimming of loops at a certain height above the solar surface contribute to 

the difficulty of tracing a continuous loop segment. Further information on challenges 

in solar image processing can be found in the topical issue of Solar Physics, Volume 

228, Nos. 1-2, 2005. 

These problems are not unique to STEREO data analysis. Loop tracing has pre

viously been applied to other observations, such as those from TRACE and SOHO 

(Aschwanden et al. 1999). Prior to the availability of STEREO data, the develop-
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merit of artificial methods such as static stereoscopy (Loughhead et al. 1984; Berton & 

Sakurai 1985, and others) and dynamic stereoscopy (Aschwanden et al. 1999) allowed 

the deduction of 3D structure from single-viewer observations. Both of these meth

ods use the Sun's rotation to vary the observation angle of coronal loops, creating 

simulated stereoscopic image pairs. 

These earlier efforts in loop tracing have aided the development of 3D recon

struction tools for STEREO. The stereoscopic data from STEREO are a significant 

improvement on the static and dynamic stereoscopy techniques developed earlier, but 

some methodologies used there are applicable to the 3D reconstruction of STEREO 

data. There exist both automated loop tracing codes (Carcedo et al. 2003; Lee et al. 

2003; Wiegelmann & Inhester 2006, and others) and programs that require the user to 

guide the loop tracing, such as the tie-point tool developed at NASA JPL (Hall et al. 

2004). Automated tracing codes, in which loops are identified based on mathematical 

criteria rather than by human eye, may be more accurate due to the inhomogeneous 

nature of the corona (Aschwanden et al. 2007). The automated codes are not yet able 

to produce complete loop tracings consistent with those traced by eye (Aschwanden 

et al. 2008a, in press) but even partially reconstructed loops show promise for use in 

stereoscopic reconstructions. 

In the near term, we plan to use a manually guided field line tracing and stereo 

reconstruction tool developed by Markus Aschwanden of Lockheed Martin Solar and 

Astrophysics Laboratory (Aschwanden et al. 2008b, in preparation) to compute field 
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line coordinates for existing STEREO image pairs. We will then be able to compare 

these coordinates with those of field lines traced through transformed potential field 

extrapolations with identical photospheric boundary conditions. We will first use the 

simple radial stretching studied here, and later proceed with more complex transfor

mations. These transformations will, following the findings discussed in section 4.1, 

incorporate spatially dependent stretching parameters appropriate to the analysis of 

real observations Thus, by building on the work presented here, we will apply a more 

generalized Gary-Alexander transformation technique to STEREO data analysis. 

The application of this unique technique to the unprecedented observations pro

vided by STEREO has the potential to help us better understand the real coronal 

magnetic field in a way that conventional models cannot. STEREO will provide 

stereoscopic image pairs that will allow us to deduce the 3D configuration of the field. 

Using the techniques developed here with this 3D information, we will be able iden

tify a transformation that matches an initially potential field to the observed field 

configuration. The tools developed over the course of this work, and described in 

this thesis, are a foundation for more advanced work with STEREO data that should 

lead to new insights into the coronal magnetic field, the distribution of magnetic free 

energy, and that energy's role in coronal energetic phenomena. 
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Appendix A 

Frozen Flux Theorem 

Consider a region of magnetized plasma with embedded magnetic field B, moving 

with velocity v. Moving with this region of plasma is a surface, S, bounded by a 

closed curve, C, shown in Figure A.l. During time interval St, a line segment Ss 

sweeps out an area vSt x Ss. Through this area we have magnetic flux: 

dF = B • (Stv x Ss) (A.l) 

Using the triple scalar product, we can write this as 

dF = -Stv xB-Ss (A. 2) 

We also have the magnetic flux through S: 

F 
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Figure A.l: Illustration of a surface, S, in a region of magnetized plasma. The surface is 
bounded by a closed curve, C, and moves with velocity v. 

The derivative of F, DF/Dt, can be written as follows: 

DF 

~Dt 

=uaids-£vxBds (A4) 

The first term arises due to the change of the magnetic field with time; the second 

is the integral of equation A.2 and contains the motion of the boundary curve, C. 

Using Stokes' theorem, the second term in equation A.4 can be rewritten as: 

- / / v x ( v x B ) - d S (A.5) 

Rewriting A.4, we have: 

^/ s/(f-^*B>)'« s ^ 
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For a perfect or near-perfect conductor, such as the solar corona, the integrand is 

identically zero by the induction equation: 

— = V x ( v x B ) (A.7) 

Thus, the magnetic flux, F, through a surface that moves with the plasma is con

served, i.e. the magnetic field lines are "frozen" in the plasma. 
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Appendix B 

Overview of Magnetic Fields 

Here we provide brief derivations of three common terms used when characterizing 

magnetic fields: potential, linear force-free, and non-linear force-free. These terms 

denote magnetic field supporting no current, uniform current parallel to the magnetic 

field, and non-uniform parallel current, respectively, with the latter two terms being 

frequently invoked in magnetic field extrapolation models (see section 2.3). 

B.l Potential Field 

The simplest form of magnetic field is one which can be expressed as the gradient 

of a scalar function: 

B(r ) = V0(r) (B.l) 
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Because the magnetic field must be divergence-free, this potential field satisfies the 

Laplace equation: 

V • B = V (V0) = V V = 0 (B.2) 

We can also show that the current density in a potential field is identically zero. We 

express the current in cgs units: 

J ^ ( V X B ) ^ ( V X W ) = ° (R3) 

In other words, a potential field is current-free. 

B.2 Force-Free Fields 

Let us now allow the magnetic field to carry a current with density j . We can 

write j in terms of the number density, charge, and velocity of charged particles: 

j = - n v (B.4) 
c 

When charged particles have a non-zero velocity in a magnetic field, they feel the 

Lorentz force: 

F = - n ( v x B ) = j x B (B.5) 
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When the Lorentz force is zero, the magnetic field is said to be force-free: 

j x B = - ^ ( V x B ) x B = 0 (B.6) 
47T 

It is non-trivial to solve this equation, as it is generally non-linear. One can, however, 

find solutions for a linear version of the equation, in which the currents are assumed 

to be parallel to the magnetic field: 

(V x B) = 4TTJ = a (r) B (B.7) 

where a (r) is a spatially dependent scalar function. Setting a (r) = 0 returns the 

current-free (potential) solution. The function a (r) must be chosen such that the 

field satisfies the divergence-free condition. Given equation B.7, this condition now 

consists of two equations: 

V - B = 0 (B.8) 

V - ( V x B ) = 0 (B.9) 

Combining equations B.7 and B.9 yields the following condition for a (r): 

V • (V x B) = V • (aB) = a (V • B) + B • Va = B • Va = 0 (B.10) 
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Thus a (r) must be constant along any given magnetic field line. For a a constant 

everywhere, i.e. with no spatial dependence, we have what is known as a linear force-

free field, which carries uniform current. For a = a (r), constant along field lines but 

permitted to vary from field line to field line, we have a non-linear force-free field, 

which carries non-uniform current. 

71 



Appendix C 

Magnetostat ic Model Equations 

C.l Uniform Gravitational Field 

We begin with the equation of magnetostatic equilibrium (equation 3.8) in which 

the Lorentz force, the pressure gradient, and gravity are in equilibrium. We first 

consider the case of uniform gravitational acceleration, g, so that the gravitational 

potential is <&9 = gz, where z is the Cartesian coordinate for height, i.e. the vertical 

coordinate. Equation 3.8 becomes: 

- ^ ( V x B ) x B - V p - ^ z = 0 (C.l) 

Using vector identities, this can be written as: 

^ ( B . V ) B - v ( p + g ) - P ^ = 0 (C.2) 

72 



/ B2\ 
where the term I p + — I is the total pressure (plasma and magnetic). We now have 

the Lorentz force expressed as a tension force and a pressure gradient, and can write 

the x and y components of this equation: 

Eliminating the pressure between the two equations, we have: 

| ^ [ (B .V)5J = A[(B.V)5y] (C.5) 

Requiring that the magnetic tension force be vertical everywhere (Low 1984) allows 

us to satisfy equation C.5 without recourse to an ignorable coordinate, preserving 

some generality: 

( B - V ) 5 X = 0 (C.6) 

(B-V)B„ = 0 (C.7) 

Now consider the electric current density, J, which is given by Ampere's law: 

47T 
V x B = — J (C.8) 

c 
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As above, we wish to avoid the use of an ignorable coordinate. Adopting the assump

tion that the electric currents are horizontal allows us to solve for a three-dimensional 

solution (Low 1984; Bogdan & Low 1986). We then have: 

j , . * (&-**> ] = 0 

c \ ox oy 
(C.9) 

Prom this it follows that the magnetic field, B, must be of the following form: 

'0S d$ 
B = ' 7T~'1T~>^ ox oy 

(CIO) 

where <& and V> are scalar functions of the Cartesian coordinates x, y, and z. Substi

tuting equation CIO into equations C.3 and C.4, we have: 

d_ 
dz 

1 fd<$>\2 1 / d $ x 2 

P + 8 T T \dx) + 8 T T \dy 

s£*-£K)-»<o.*> 
+ ±(d±W + M!N>\_ g = Q (C13) 

47r \ dx dx dy dy J 

If we eliminate the pressure term, (p+ | ^ 1 , between equations C.ll and C.12, we 

can write a Jacobian for $ and i\)\ 

d (09/dz, VQ 
d (x, y) 

= 0 (C.14) 
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which is the equivalent of equation C.5. The general solution to this equation is: 

ij)(x,y,z) = V(z,d$/dz) (C.15) 

If we subject equation CIO to the requirement that the field remain divergence-free 

(V • B = 0), we find: 

+ ^rT + ^ry(z,— )=0 (C.16) 
dx2 dy2 dz \ ' dz 

Given a function \I/ and appropriate boundary conditions, this equation yields the 

function $ (x, y, z). Once $ has been obtained, equation C.15 determines ip (x, y, z), 

and we can then solve for B (x, y, z). 

C.2 Point-Source Gravity 

Bogdan & Low use a similar approach to find B in the case of a magnetostatic 

atmosphere with gravity due to a point source. Here we use spherical polar coordi

nates, (r, 0,4>), rather than Cartesian coordinates. Taking the gravitational potential 

$g = —— -̂, equation 3.8 becomes: 

c ,„ ns „ „ pGM 
— (V x B) x B - Vp - — ^ ( V x B ) x B - V p - ^ r = 0 (C.17) 
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This can also be written in terms of the total pressure as: 

^ ( B . V J - V ^ D ^ - O (C,8) 

The analogy to equation CIO for spherical coordinates, preserving the requirement 

that electric currents be horizontal everywhere (i.e. non-radial) is: 

/ 1 9 $ 1 d$\ B= ^S'^S (°-19) 
\ r 89 r sm 9 8<p J 

In components, this becomes: 

c 1 d<bdil) c 1 8^ dip c 8 (8$ 

4?r r2 sin2 9 8<f> 8<j> 4TT r2 89 89 8nr2 sin2 0 8r\d<j> 

c a(t»Y*pGM _ 0 
87rr2 dr \89 J dr r2 

Cd2^-l(p + U\ =0 (C.21) 
4TT 898rr 89 \ 8?r 

As above, we can eliminate the pressure, [ p H 1, from equations C.21 and C.22 
V 07T 

to obtain: 

a (<9$/dr, V) 
0 (C.23) 

0(M) 

Which is analogous to equation C.14. The general solution to the above is: 

<9$ 
i\) ( r , 6,<f>) = * ( r , — 
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Combining equations C.19 and C.23 we obtain for B: 

„ T . 5$\ A 1 5 $ - 1 5 $ 7 B = tf ( r, — ) f + - — 0 + —r-^ —-0 
5r / r 50 r sin 0 50 

(C.24) 

The functions $(r, 0,(f>) and \l/(r, d$/dr) are related by a second-order partial differ

ential equation: 

Tr (r2*) + ^ sin0 

_5_ / . 5$\ 1 52$ 
50 Vm ^ J + sin0 502 

(C.25) 

To solve this equation, we must consider boundary conditions, which Bogdan & Low 

take as follows: 

Br = F(0,<f>), r = rQ 

|B| = 0, r ^ o o 

where TQ is a spherical surface at which the radial magnetic field can be measured, 

typically the photosphere. To linearize equation C.25, Bogdan & Low formulate a 

separable relation between W and <&: 

T / 5 $ \ , > 5$ 
(C.26) 

where rj (r) is a function of r. Combining equations C.25 and C.26 yields: 

5 ( 2 53>\ 
5r \ 5r/ sin0 

_5_ ( . 5$\ 1 52$ 
50 V 50j+sin0~502 = 0 (C.27) 
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For which the most general solution, as found by Bogdan & Low, is the equation: 

2 oo n 

3> (r, 9,0) = £ £ £ 4£<3#) (r) y„™ (*, 0) (C.28) 
j=l n=0 m=—n 

where Aim are complex coefficients: 

Anm = JdQF(e,4>)Y^(e,4>) (C.29) 

and $n (r) are the solutions of the equation: 

d_ 
dr 

' 2 / x d®n n (n + 1) $n = 0 (C.30) 

The functions Y™ are described as follows: 

12»(M) = (_1)' 
2 n + 1 (n — TO)! 

47T (n + TO)!_ 

-11/2 
i^(cos0)e* (C.31) 

where P™ (cos 5) are the associated Legendre polynomials. 

Bogdan & Low find analytic solutions for three choices of 77 (r): 

77 ( r ) 

1, case I 

1 ± a2/r2, case II 

(1 + a/rf , case III 

(C.32) 
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where a is a user-defined constant with dimensions of length. They find for $ n (r): 

$n(r) 

r-n-

(ein 

(r + 

-1 rn 
i ' i 

n (±1)1/2_ 

a ) - " - 1 , ( r -

p 
i 1 n 

f a , 

n (±1)1/2 

case I 

, case II 

case III 

(C.33) 

where Qn and Pn are Legendre functions of the second and first kind, respectively. 

The second 3>n solution for each case is omitted due to the boundary condition at 

r = oo. Furthermore, set AQQ = AQQ = 0 to satisfy V • B = 0. The value of the 

parameter a determines the degree to which the field is potential. In case I, a = 0 

so the field is potential. For cases II and III, a ^ 0 and the field is non-potential. 

However, for r —> oo, r > > a and the field asymptotically reaches the potential form. 

We have for the full solution: 

$(r,M) = E E AmnY^(e,4>)\ 
n= m=—n 

\n+lJ yr
n+1 J ' 

( i l ) 1 / 2 ! ^ Qn\ 
rl±o? 

(±i)vV|q| 
(±l)VV|a| 

/ - 1 \ rl(a+r0)
n 

\n+l) (a+r)n+1 ' 

case I 

case II 

case III 

(C.34) 

Bogdan & Low focus on two subsets of the class of atmospheres generated by 

the above equations, axisymmetric and non-axisymmetric. In this thesis we have 

utilized only the non-axisymmetric field, but we include both the axisymmetric and 

non-axisymmetric forms here. However, we write only the non-potential versions; the 

potential field equations are easily found by setting a = 0. 
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C.2.1 Axisymmetric Atmospheres 

The non-potential form (case III) of the axisymmetric function, <&AS, is: 

rl a + r0 0 
2 (a + r) 

Using equation C.31 we find: 

1/2 

$ A 5 (r, 0) = ^ l O ^ T - H s * ? (C-35) 

3 V / 2 a cosO 

Where we have used P° (x) = x. We can now write the equation for the axisymmetric 

magnetic field: 

B , s = -A,4(ppl (± V /2coS«f - A l 0 f ^ (ffaneS (C.36) 
r2 (a + r) \ 4 T T / 2r (a + r) V47r/ 

1 (9$ 
For m = 0, $ has no azimuthal dependence, so _B<A = —:—--— = 0. 

r sin 0 <90 

C.2.2 Non-Axisymmetric Atmospheres 

The non-axisymmetric generating function, $NAS, is: 

*NAS (r, 0,0) = -A10
rj -^LY? + ̂ i f ^ C W - IT1) (C37) 

^ (a + r) o (a + r) 
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Again using equation C.31, we find for Y2
l: 

1/2 

^ = ( _ 1 ) V24^J ^ ( c o s ^ e 

5 \ 1 / 2 

= —3 ( —— I cos 9 sin 9 cos <j> (C 

where we have taken the real part of the complex exponential, Re(e^) = cos0, 

used P2 (x) — —3x (1 — x2) ' . To find Y2~
l we use the following relation: 

p-m ( \ (_i)m (W rn^pm , x 

which yields P2
 l = — | P 2 (cos0). Thus we have for Y2

 1: 

= - ( 6 - A V V4PJ(C0SI9))COS« 
4TT/ V 6 

24TT 
= 3 ( ^73 j cos 0 sin 9 cos 0 

So y2
 X — — Y£> a n d instead of l^1 — Y2

 1 in equation C.2.2 we can write 2 Y^1: 

<5 , r fl ^ _ 4
 ro Q + ro yo , A ro (a + ro)2

vi ®NAS {r, 9, <p) - -A10—-——-jYx + A2i — -——Tr*2 
* (a + r) o [a + r) 
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we have for the non-axisymmetric, non-potential magnetic field, T$NAS,np'-

, r 2 a + r 0 f 3 \ 1 / 2 r0
2 (a + rof / 5 \ 1 / 2 . . . 

= Aio-^ i— cos# - A 2 i - ^ - V h r r - COS0sin0cos6 
i U

r 2 a + r \^47ry r2 (a + r)2
 \2A-K)

 y 

r0
2_a + r L / 3 \ 1 / 2 . 

2r(a + rf V47I7 
^ rgla + ro)2 / 5 \ l 2 , 2 _ 2 , 

3r (a + r) 3 V247r; ^ ; v 

r 2 ( a + r 0 ) 2 / 5 \ 1 / 2 . 
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