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Abstract 

Improved Modeling Techniques for Arterial Dynamics and 

Blood Flow 

by 

Mat thew J. Schwaab 

The Team for Advanced Flow Simulation and Modeling (T*AFSM) has recently-

applied its finite element methods for Fluid-Structure Interactions (FSI) to the sim

ulation of blood flow and arterial mechanics. The Sequentially-Coupled Arterial FSI 

(SCAFSI) technique is one method developed for this purpose. The SCAFSI tech

nique is an approximate FSI approach to simulating arterial mechanics which was 

created with the goal of reducing the computational cost of such simulations. The 

result was a flexible algorithm that can be adapted to better fit the case being com

puted. 

Two test cases were used to determine the effectiveness of the SCAFSI technique. 

The membrane model of an abdominal aortic aneurysm, originally created to test 

the extension of T*AFSM's techniques for cerebral aneurysms to larger arteries, was 

the initial test case for the SCAFSI technique. The model of a middle cerebral-

artery with aneurysm was used to extend SCAFSI for use with continuum structure 

elements. This test case also examined SCAFSFs potential to use different time step 

sizes for the fluid and structure parts of the computation. All cases tested showed 

few differences between the results of simulations computed with the various SCAFSI 

technique options and the Coupled Arterial FSI (CAFSI) technique. Furthermore, 

the SCAFSI technique showed potential for significant computational savings. 
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Chapter 1 

Introduction 

The Team for Advanced Flow Simulation and Modeling (T*AFSM) specializes in de

veloping and improving methods for research on computations of problems involving 

Fluid-Structure Interactions (FSI) by use of the finite element method. In recent 

years, this research has been focused on FSI involving deformable fabric structures 

such as parachutes, sails, and windsocks. T-AAFSM has also extended its methods to 

solve biomechanics problems, specifically blood flow though arteries with aneurysms. 

This thesis describes multiple improvements in the modeling techniques used for 

arterial computations. These improvements include extending T*AFSM's previous 

arterial work from cerebral aneurysms to larger abdominal aortic aneurysms, increas

ing the refinement of the fluid mesh by adding boundary layer elements, and the 

introduction of the Sequentially-Coupled Arterial FSI (SCAFSI) technique for com

puting arterial mechanics. This thesis also describes the ability of SCAFSI to com

pute an arterial simulation using different time steps sizes for the fluid and structural 

mechanics parts. 

1.1 Motivation 

Ruptured aneurysms are one of the leading causes of death in the United States. 

Approximately 27,000 people in the U. S. die of a ruptured cerebral aneurysm and 

1 
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another 15,000 are diagnosed with a life threatening abdominal aortic aneurysm per 

year. Currently the only way to treat aneurysms is through surgery, though this 

is still no guarantee of survival. Even with surgery, there is a 10 to 30 percent 

chance of death. Because of this surgeons only operate when the risk of rupture is 

predicted to be greater than the risk due to surgery. Unfortunately, the only method 

to predict rupture is through analysis of frequent CT or MM scans. If the aneurysm 

is determined to be very large or has a fast rate of growth, then the risk of rupture is 

considered high [1, 2, 3]. 

Since this watch and wait method of predicting rupture is still very subjective, 

many researchers are working on methods to better determine why aneurysms are 

formed and how they grow once they start. Computational simulation of the fluid 

flow and structural dynamics of arteries is one method that is hoped to help aid 

doctors and surgeons in their diagnosis of aneurysms. Previous work by Torii et. al. 

used block iterative methods (see [4, 5, 6]) to simulate cerebral aneurysms. T*AFSM 

has contributed its experience with FSI problems and quasi-direct coupling techniques 

to the analysis of multiple arterial systems. T*AFSM has also developed multiple 

structural models to better represent the arterial walls in these problems [7, 8, 9, 10, 

11, 12]. 

The Sequentially-Coupled Arterial FSI (SCAFSI) technique was developed for 

the purpose of trying to reduce the computational cost of fully coupled arterial FSI 

computations. Currently it takes several hours on a parallel multi-processor system 

to compute these arterial test cases, not counting the initial mesh generation and set 

up time. Any reduction in computational cost will help make FSI simulations a more 

practical analysis tool for surgeons in the future. 

1.2 Overview 

Chapter 2 provides the governing equations used by the FSI solver. The simulations 

presented in this thesis used the Navier-Stokes equations to govern the fluid flow. For 
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the structural dynamics, both the linearly-elastic membrane model and hyperelastic 

continuum model using Fung material were used. 

Chapter 3 presents the finite element formulations for the fluid and structural 

equations given in Chapter 2. The Deforming-Spatial-Domain/Stabilized Space-Time 

(DSD/SST) formulation [13,14,15,16, 17] was used for the fluid mechanics part of the 

computations. The semi-discrete formulation was used for the structural mechanics 

part. This formulation uses the principle of virtual work. For FSI simulations, the 

Stabilized Space-Time Fluid-Structure Interaction (SSTFSI) formulation was used. 

SSTFSI combines the other two formulations to make a complete FSI formulation. 

Chapter 4 presents the algorithm used in the Sequentially-Coupled Arterial FSI 

(SCAFSI) technique. This technique is specifically designed as an approximate FSI 

approach for arterial fluid mechanics and is aimed at reducing the computational 

costs of arterial simulations. 

Chapter 5 provides the numerical examples used as test cases for the methods 

mentioned above. Section 5.3 presents the extension of previous arterial FSI simula

tions to the larger abdominal aortic aneurysm. It also presents the first test of the 

SCAFSI technique. Section 5.4 presents the simulation of a middle cerebral-artery 

with an aneurysm using a refined mesh with boundary layer elements as well as the 

extension of SCAFSI to continuum structure elements. This section also contains the 

first test of SCAFSI using different time step sizes for the fluid and structure parts 

of the simulation. 

Chapter 6 summarizes the results of the test cases presented. It also provides the 

conclusions made about the methods used to carry out those simulations. 



Chapter 2 

Governing Equations 

The equations presented in this chapter form the basis of the FSI solver used for the 

arterial simulations presented in Chapter 5. The average shear rates for the blood in 

the arteries simulated are high enough that the viscosity of the blood can be assumed 

to be constant. Thus, the fluid can be modeled as an incompressible Newtonian 

fluid [18]. Consequently, the flow is governed by the Navier-Stokes equations presented 

in Section 2.1. The arterial walls are modeled with both linearly-elastic membrane and 

hyperelastic continuum elements. The equations governing these structural models 

are presented in Section 2.2. 

2.1 Fluid mechanics 

Let tit C Rn°d be the spatial domain with boundary Tt at time t G (0, T). The sub

script t indicates the time-dependence of the domain. The Navier-Stokes equations 

of incompressible flows are written on flt and Vt G (0,T) as 

p(^ + u-Vu-i\-V-a = 0, (2.1) 

V - t t = 0 , (2.2) 

4 
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where p, u and f are the density, velocity and the external force, respectively. The 

stress tensor a is defined as 

a(p,u) = -pl + 2fxe(u), (2.3) 

with 

e(u) = \ ((Vti) + (Vuf). (2.4) 

Here, p is the pressure, I is the identity tensor, p, = pv is the viscosity, v is the 

kinematic viscosity, and e(u) is the strain-rate tensor. The essential and natural 

boundary conditions for Eq. (2.1) are represented as 

u = g on (r t)g , (2.5) 

n • o- = h on (r t)h , (2.6) 

where (Tt)g and (Tt)h are complementary subsets of the boundary Tt, n is the unit 

normal vector, and g and h are given functions. A divergence-free velocity field UQ{X) 

is specified as the initial condition. 

2.2 Structural mechanics 

Let Qf C Rn*d be the spatial domain with boundary Ts
t, where nxd = 2 for mem

brane elements and nxd = 3 for continuum elements. The superscript "s" indicates 

the structure. The parts of T| corresponding to the essential and natural boundary 

conditions are represented by (r*) and (I^)^. The equations of motion are written 

as 

'@ + '£- ' ' ) - v - -= 0 - (2J) 
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where ps,y,(a and crs are the material density, structural displacement, external force 

and the Cauchy stress tensor, respectively. Here r\ is an artificial damping coefficient, 

which is nonzero only in computations where time accuracy is not required, such 

as in determining the deformed shape of the structure for specified fluid mechanics 

forces acting on it. Such computations typically precede any fluid mechanics or fluid-

structure interaction computations, and the artificial damping facilitates reaching 

that initial shape in a robust way. The stresses are expressed in terms of the second 

Piola-Kirchoff stress tensor S, which is related to the Cauchy stress tensor through 

a kinematic transformation. 

2.2.1 Linearly-elastic membrane elements 

Under the assumption of large displacements and rotations, small strains, and no 

material damping, membrane elements are characterized with linearly-elastic material 

properties. For membranes, under the assumption of plane stress, S becomes: 

Sij = (\sGijGkl + / / (GilGjk + GikGjl)) EH , (2.8) 

where for the case of isotropic plane stress As = 2Xsfis/(Xs + 2//), and the strain 

tensor is defined as 

Eki = \ {9ki - Gkl). (2.9) 

Here, As and JXS are the Lame constants, Gtj are the contravariant metric tensor 

components in the undeformed configuration, and g^i and Gki are covariant metric 

tensor components in the deformed and undeformed configurations. 
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2.2.2 Hyperelastic (Fung) continuum elements 

For continuum elements made of Fung material, the expression for S is given as 

Sij = 2DXD2 e^d-3) G
ij + (tfPEN In ( v ^ ) - 2DXD2) gij , (2.10) 

where Ji and I3 are the first and third invariant of the right Cauchy-Green defor

mation tensor. D\ and Di are the Fung material constants. The incompressibility 

constraint is enforced with the penalty term KPBNln (Vh) (see [19])- ^PEN is defined 

as 

KpEN =
 2 D ^ (2.11) 

(,•!• ^ P E N J 

where uPEN (with a value close to 0.50) is the "penalty" Poisson's ratio we use in the 

expression in place of the actual Poisson's ratio. 



Chapter 3 

Finite Element Formulations 

Three finite element formulations are used in computing the test cases described 

in Chapter 5. The Deforming-Spatial-Domain/Stabilized Space-Time (DSD/SST) 

formulation described in Section 3.1 is used for the fluid mechanics part of the com

putations. Section 3.2 describes the semi-discrete formulation used for the struc

tural mechanics parts. These two formulations, in addition to being used in pre-FSI 

computations (see Section 5.1), form the basis for the Sequentially-Coupled Arterial 

FSI (SCAFSI) technique. The Stabilized Space-Time Fluid-Structure Interaction 

(SSTFSI) method described in Section 3.3 is used as the basis for all of the coupled 

FSI computations in this thesis. This formulation will be referred to in later chapters 

as the Coupled Arterial FSI (CAFSI) technique for comparisons with the SCAFSI 

technique. 

3.1 DSD/SST formulation of fluid mechanics 

In the Deforming-Spatial-Domain/Stabilized Space-Time (DSD/SST) method [13, 14, 

15, 16, 17], the finite element formulation is written over a sequence of N space-time 

slabs Qn, where Qn is the slice of the space-time domain between the time levels tn 

and tn+\. At each time step, the integrations are performed over Qn. The space-time 

finite element interpolation functions are continuous within a space-time slab, but 

8 
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discontinuous from one space-time slab to another. The notation (•)" and (•)+ will 

denote the function values at tn as approached from below and above. Each Qn is 

decomposed into elements Qe
n, where e = 1,2,..., (nej)„. The subscript n used with 

nei is for the general case where the number of space-time elements may change from 

one space-time slab to another. The essential and natural boundary conditions are 

enforced over (Pn)s and (Pn)h, the complementary subsets of the lateral boundary of 

the space-time slab. The finite element trial function spaces (S^)n for velocity and 

(Sp )n for pressure, and the test function spaces (V£)„ and (Vp )„ = (Sp )n are defined 

by using, over Qn, first-order polynomials in space and time. 

The DSD/SST formulation (from [16]) is written as follows: given (uh)~, find 

uh e (<S£)„ and ph e (<S£)n such that Vw'1 e (V£)n and Vqh e (V£)„: 

/ wh • p (?£- + uh • Vuh - fM dQ+ f e(wh) : a(p\ uh) dQ 
JQn \ ™ / JQn 

- f wh • hh dP + [ qhV • uh dQ + f {wh)+ • p ({uh)+ - {uh)-) dfl 
J(Pn)h -JQn J Sin 
(nel)n . . r y r, U N. -| 

+ E / " T-SUPGP ^ r + ^ - V w M + r p s p o V ^ •[L(p\uh)-pZh]dQ 
~i JQlPV V Ot ) j 

+ J2 vhSicV-wh
PV-uhdQ = 0, (3.1) 

e = l JQen 

where 

L(qh, wh) = p (^- + uh • V w k j - V • a(qh, wh) . (3.2) 

This formulation is applied to all space-time slabs Qo, Qi, Q2, • • •, QN-I, starting with 

(uh)o = u0. Here TSUPG, P̂SPG and vLSlc are the SUPG (Streamline-Upwind/Petrov-

Galerkin), PSPG (Pressure-Stabilizing/Petrov-Galerkin) and LSIC (least-squares on 

incompressibility constraint) stabilization parameters. There are various ways of 
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defining these stabilization parameters. Provided here are the definitions given in [17]: 

TSVPG — 

7"SUGN12 — 

T"SUGN3 — 

<-RGN 

T p S P G — 

' L S I C 

1 1 
+ -«— SUGN12 

/ Tien 

' S U G N 3 

\a=l 

h2 

dNa 

dt 
+ uh • VNa 

(
Tien 

£ |r • ViVa| 
o = l 

V\\uh\\ 

- I 

II V||u*|| || ' 

TSUPG > 

TsuPG \\UH - Vhf , 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

(3-7) 

(3.8) 

(3.9) 

where nen is the number of (space-time) element nodes and Na is the space-time shape 

function associated with the space-time node a. In [17], the option of construct

ing rSUPG based on separate definitions for the advection-dominated and transient-

dominated limits was proposed as an alternative to the construction of TSUPG as given 

by Eqs. (3.3)-(3.4): 

+ + 
' S U G N l ' SUGN2 ' S U G N 3 

- 1 

^ | ( t * * - v f c ) - V i V 0 | 
\ a = l 

At 
2 ' 

(3.10) 

(3.H) 

(3.12) 

where vh is the mesh velocity. Separating rSUGN12 into its advection-dominated and 

transient-dominated components as given by Eqs. (3.11)—(3.12) is equivalent to ex

cluding the ( ^ - l ^ ) part of ( ^ l ) in Eq. (3.4), making that the definition for TSUGNI, 

and accounting for the ( ^ • U ) part in the definition for rSUGN2 given by Eq. (3.12). 

Here £ is the vector of element (parent-domain) coordinates. 



11 

Several of the remarks made in [17] are relevant to this thesis and are reproduced 

here as Remarks 1 through 9. 

Remark 1 Strictly speaking, the DSD/SST formulation given by Eq. (3.1) was intro

duced in [16] and is slightly different from, the formulation given in [13, 14]- The two 

formulations are equivalent if the stabilization parameters TSUPG and TPSPG are defined 

to be identical, uLSlc = 0, and V • (/xe (w71)) is zero (which will be the case for linear 

elements) or neglected. 

Remark 2 As an alternative to the way the SUPG test function is defined in Eq. (3.1), 

we propose the SUPG test function option of replacing (^- + uh • Vw 1 J with 

{{uh — yh) • Vw h ) . This replacement is equivalent to excluding the I ^ -

of {^§f\. We call this option "WTSE", and the option where the ( §$• 

active "WTSA". 

, part 

, term is 

Remark 3 With the function spaces defined in the paragraph preceding Eq. (3.1), 

for each space-time slab velocity and pressure assume double unknown values at each 

spatial node. One value corresponds to the lower end of the slab, and the other one 

upper end. The option of using double unknown values at a spatial node will be called 

"DV" for velocity and "DP" for pressure. In this case, we use two integration points 

over the time interval of the space-time slab, and this time-integration option will be 

called "TIP2". This version of the DSD/SST formulation, with the options set DV, 

DP and TIP2, will be called "DSD/SST-DP". 

Remark 4 We propose here the option of using, for each space-time slab, a single 

unknown pressure value at each spatial node, and we will call this option "SP". With 

this, we propose another version of the DSD/SST formulation, where the options set is 

DV, SP and TIP2, and we will call this version "DSD/SST-SP". Because the number 

of unknown pressure values is halved, the computational cost is reduced substantially. 
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Remark 5 To reduce the computational cost further, we propose the option of using 

only one integration point over the time interval of the space-time slab, and we call 

this time-integration option "TIP1". With this, we propose a third version of the 

DSD/SST formulation, where the options set is DV, SP and TIP1, and we will call 

this version "DSD/SST-TIP1". 

Remark 6 As a third way of reducing the computational cost, we propose the option 

of using, for each space-time slab, a single unknown velocity value at each spatial node, 

and we will call this option "SV". In the SV option, of the two parts of Eq. (3.1), the 

one generated by {yfh)^ is removed, and we explicitly set (uh)+ = (uh)~, which makes 

the velocity field continuous in time. Based on the SV option, we propose a fourth 

version of the DSD/SST formulation, where the options set is SV, SP and TIP1, 

and we will call this version "DSD/SST-SV". With this version of the DSD/SST 

formulation, we propose to use the SUPG test function option WTSE. 

Remark 7 In terms of computational cost the DSD/SST-SV formulation would be 

quite comparable to the ALE formulations. This makes the DSD/SST-SV formulation 

very competitive in computational efficiency. 

3.2 Semi-discrete formulation of structural 

mechanics 

With yh and wh coming from appropriately defined trial and test function spaces, 

respectively, the semi-discrete finite element formulation of the structural mechanics 

equations (see [20, 21, 22]) is written as 

/ w* • ps^- dtts + f wh • r)pa%- dfls + f SEh : Sh dtls = 
JQ3

0 dt 7ng dt JQ3O 

f wh- (th + psfs)dQs . (3.13) 
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The fluid mechanics forces acting on the structure are represented by vector th. This 

force term is geometrically nonlinear and thus increases the overall nonlinearity of 

the formulation. The left-hand-side terms of Eq. (3.13) are referred to in the orig

inal configuration and the right-hand-side terms in the deformed configuration at 

time t. This formulation yields a nonlinear system of equations at each time step. 

This nonlinear system is solved with an iterative method, using an incremental form 

(see [20, 21, 22, 23]), which is expressed as 

M + ( l - a ) 7 C + ( 1 _ o ) K 

(3At2 (3At 
Acf = R* . (3.14) 

Here M is the mass matrix, C is the artificial-damping matrix, K is the consistent 

tangent matrix associated with the internal elastic forces, IV is the residual vector at 

the ith iteration, and Ad* is the ith increment in the nodal displacements vector d. The 

artificial-damping matrix C, as mentioned in Section 2.2, is used only in computations 

where time-accuracy is not required, and for spatially-constant 77 it can be written as 

C = 77M. All of the terms known from the previous iteration are lumped into the 

residual vector R\ The parameters a, /?, 7 are part of the Hilber-Hughes-Taylor [24] 

scheme, which is the time-integration technique used here. 

3.3 Stabilized Space-Time Fluid—Structure 

Interaction (SSTFSI) method 

The SSTFSI method is based on the finite element formulations given by Eqs. (3.1) 

and (3.13), with a slight change of notation and with a clarification of how the fluid-

structure interface conditions are handled. In this notation subscripts 1 and 2 will 

refer to fluid and structure, respectively. Furthermore, while subscript / will refer 

to the fluid-structure interface, subscript E will refer to "elsewhere" in the fluid 

and structure domains or boundaries. Then the equations representing the SSTFSI 
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method are written as follows: 

/ W"B ' P ( w + Uh 'VuH ~fh) dQ + I e(wfB) :a(ph ,uh)dQ 

< • * 4 dP + f qh
lEV -uhdQ + f (wh

lE)t • p ((uh)t - (uh)-) dQ 
JQn JQ„ (Pn)h 

(«ei)n 

( ^ + uh • VwfE ) + rPSPG V<& 

(«el )n „ 

+ J2 / i^sioV • wfBpV • «ft dg = 0 , (3.15) 

/ ^ V -uhdQ+T [ - [rPSPOVgi
hJ • [LGA u") - pf ft] dQ = 0 , (3. 16) 

/ (On+l • {(On+X - O dT = 0 , 
• ' ( f l l ) R EF 

(3.17) 

/ K , ) ; + 1 • hh
ndP = - f (wh

n)~+1 -pndP+ [ 2 / i e (K) ; + 1 ) : e{u) dQ 

+ [ «)n+x • V • (2fie(u)) dQ, (3.18) 
JQn 

f wh
2l • (h£, + (h*)A + K)B) d« = 0 . (3-19) 

•> (fi2I ) R E F 
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/ ™Z-P2~rdtt+ [ w£ • ripJZ- dCl + [ 6Eh:ShdSl 

= I w£ • p$ dn + [ w£E • h£B dQ + f w& • hh
2l <Kl . (3.20) 

Here (r2i )REF and (f22i )REF represent some reference configurations of ]?2l and f^i, 

respectively. In reconciling the slightly modified notation used here with the notation 

used in Eqs. (3.1) and (3.13), it should be noted that p2 = P'\ ty = fs, (ft2)o = ô> 

fi2 = fif, and f22l and Q2E indicate the partitions of f)2 corresponding to the interface 

and "elsewhere". Also note that h2l = th, and (hfj) and (hj,) represent the values 

of hj, associated with the fluid surfaces above and below the membrane structure. 

The symbol h2E denotes the prescribed external forces acting on the structure in Q2E, 

which is separate from fj1. In this formulation, (u^)'^, hj, and h2, (the fluid velocity, 

fluid stress and structural stress at the interface) are treated as separate unknowns, 

and Eqs. (3.17), (3.18) and (3.19) can be seen as equations corresponding to these 

three unknowns, respectively. The structural displacement rate at the interface, u2l, 

is derived from yh. 

The formulation above is based on allowing for cases when the fluid and structure 

meshes at the interface are not identical. If they are identical, the same formulation 

can still be used. If the structure is represented by a 3D continuum model instead 

of a membrane model, the formulation above would still be applicable if the domain 

integrations over Q2E and Q2l in the last two terms of Eq. (3.20) are converted to 

boundary integrations over r2E and I V In such cases, h2E would represent the 

prescribed forces acting "elsewhere" on the surface of the structure. 

We note that, for constant viscosity, the term V • (2fj£(u)) in Eq. (3.18) vanishes 

for tetrahedral elements and in most cases can be neglected for hexahedral elements. 

The same statement can be made also in the context of that term being a part of the 

expression L(ph,uh) appearing in Eqs. (3.15) and (3.16). 
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Remark 8 The versions of the SSTFSI method corresponding to the DSD/SST-DP, 

DSD/SST-SP, DSD/SST-TIP1 and DSD/SST-SV formulations (see Remarks 3-6) 

will be called "SSTFSI-DP", "SSTFSI-SP", "SSTFSI-TIP1" and "SSTFSI-SV", re

spectively. 

Remark 9 In terms of computational cost the SSTFSI-SV formulation would be quite 

comparable to the ALE FSI formulations. This makes the SSTFSI-SV formulation 

very competitive in computational efficiency. 



Chapter 4 

Sequentially-Coupled Arterial FSI 

Technique 

The Sequentially-Coupled Arterial FSI (SCAFSI) technique was created as an ap

proximate FSI approach for arterial fluid mechanics. The objective of developing the 

SCAFSI technique was to handle the coupling between the fluid and structure parts 

of the Coupled Arterial FSI technique (CAFSI) in a way that reduces the overall 

computational cost of simulating arterial mechanics while still maintaining the accu

racy of the solution. CAFSI, in all of the numerical examples of this thesis, refers to 

the Stabilized Space-Time Fluid-Structure Interaction (SSTFSI) method described 

in Section 3.3, though theoretically it could refer to any coupled FSI solver used for 

arterial simulations. 

In the other arterial simulations computed by T*AFSM using CAFSI, it was 

observed that even when a pulsating traction was applied to the outflow boundary, 

the pressure, though changing as a function of time, remained nearly uniform spatially. 

This observation, combined with the assumption that arterial deformation during a 

cardiac cycle is driven mostly by blood pressure, provides the foundation for the 

SCAFSI algorithm. 

In the SCAFSI technique, a "reference" (i.e. "base") arterial deformation is com

puted as a function of time, driven only by the blood pressure. This is done by 

17 
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specifying the pressure profile of a cardiac cycle over time as the traction condition 

on the fluid-structure interface. This is followed by a sequence of computations to 

calculate the mesh motion and fluid dynamics based on the reference arterial defor

mation. With the information from the fluid mechanics computation the structural 

deformation is recalculated, followed by updates to the mesh motion and fluid me

chanics. The SCAFSI algorithm is described below. 

Step 1 

First compute the "reference" arterial displacement, (Y/j)n n— 1, 2, • • • nts- This 

displacement is driven only by the blood pressure, PR.(t), which is given by specifying 

the pressure profile of a heartbeat cycle. 

In moving from time level n to n+ 1, the following predictor options are available: 

((Y*)n+i)° = (Y*)» (4-1) 

((Yfl)n+1)° = 2(Y*)n - (YiO„_i (4.2) 

((Yfl)B+1)° = 3(Y*)n - 3(Y*)»-i + (Y*)n_2 (4.3) 

((Y*)n+1)° = (YR)n + ^ " ^ " - j (pR(tn+1) - pR{tn)) (4.4) 

Let (Pfl)„ denote the vector of nodal values of pressure where every nodal value is 

equal to pR(tn). The nodal values of the interface stress associated with this pressure 

distribution is represented by (H#)n. 

Step 2 

Given the displacement from Step 1, compute the "reference" mesh motion, 

(V/ i ) n n = 1,2,-- -nts. 
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Predictor options available for this computation are: 

((ViiJn+l)0 = 0 (4.5) 

((Vfl)B+1)° = (Vfl)„ (4.6) 

((V*)B+i)° = 2(Vfl)n - (Vfl)n_! (4.7) 

((Vfl)n+1)° = 3 (VH)„ - 3(Vfl)n_a + {VR)n-2 (4.8) 

((VR)n+i)° = (Va)„ + <V*)n - ^V f l )"-; ( p B ( ^ ) -P f l ( tn)) (4-9) 

Step 3 

Given the displacement and mesh motion from Steps 1 and 2, compute the time-

dependent flow field using zero-stress conditions at the outflow boundaries. The 

corresponding interface stress vector is (Hi)„ n = 1,2, • • • nts. 

At each time level n + 1, when computing the flow field the following predictor 

options can be used as the initial guess for pressure: 

( ( P i W ) 0 = (Pj)n (4-10) 

((POn+l)0 = 2 ( P 1 ) n - ( P 1 ) n _ 1 (4.11) 

((PlJn+l)0 = 3 ( P 1 ) n - 3 ( P 1 ) n - l + (Pl)n-2 (4.12) 

To enhance the stability of the computation in Step 4, (Hi)n can be smoothened 

using time averaging: 

(Hi)„ <— u>o(H.i)n 

n+l ~^~ ( H l ) n - l ) + W±2 ((Hi)n-f2 + (Hi ) n _2) 

+ w±3( (Hi ) n + 3 + ( H i ) n _ 3 ) + u ;±4((Hi) n + 4 + (H 1 ) n _4) (4.13) 
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Options for the time-averaging weights include: 

(wo,w±i,w±2,a;±3,u;±4) = -(3,2,1,0,0) (4.14) 
1 

(wb,w±i,w±2,w±3,w±4) = —(4,3,2,1,0) (4.15) 

(wb,w±1,w±2,w±3,a;±4) = —(5,4,3,2,1) (4.16) 

The total interface stress is now: H n = (H#)n + (Hi)n. 

Step 4 

With the updated interface stress from Step 3, compute the updated arterial displace

ment, Yn n = 1,2, • • • nts- At each time level n + 1, the predictor for computing 

Yn + 1 is: 

(Yn+1)° = (Y*)n+i + ((Yx)n+1)° (4.17) 

where the displacement increment is: 

(Yx)n = Yn - (YR)n (4.18) 

Predictor options for the displacement increment include: 

((YOn+x)0 = (Yx)n (4.19) 

((Y!)n+1)0 = 2(Y1)„ - (Yx)n^ (4.20) 

( (YiUO 0 = 3(YX)„ - 3(Y1)„-1 + (YOn-2 (4.21) 

Step 5 

Given the updated displacement from Step 4, compute the updated mesh motion, 

V n n = 1 ,2 , •••nts. 

Predictor options available for this computation are: 

(Vn+1)° = 0 (4.22) 

(V„+1)° = (V*)n+i + ( ( V j ) ^ ) 0 (4.23) 
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Mesh-motion increment: (Vj)n = V„ — (V#)„ 

Predictor options for the mesh-motion increment: 

( ( V : ) ^ ) 0 = 0 (4.24) 

( ( V O ^ i ) 0 = {Yx)n (4.25) 

((VOn+00 = 2 ( V 1 ) n - ( V 1 ) n _ 1 (4.26) 

((VOn+i)0 = 3 ( V 1 ) n - 3 ( V 1 ) n _ 1 + (V1)n_2 (4.27) 

S tep 6 

Given the displacement and mesh motion from Steps 4 and 5, compute the time-

dependent flow field using zero-stress conditions at the outflow boundaries. The 

corresponding interface stress vector is (H 2 ) n n = 1,2, • • • nts. 

At each time level n + 1, in computing the flow field the following predictor options 

can be used as the initial guess for pressure: 

((P2)„+1)° = (P2)„ (4.28) 

((P2)n+i)° = 2(P2)„ - ( P J ^ i (4.29) 

((P2)n+i)° = 3 ( P 2 ) n - 3 ( P i ) „ _ i + (P2)„-2 (4.30) 

((P2)n + 1)° = (POn-u (4.31) 

The total interface stress is now: H n = (H#)„ + (H2)„. 

The flow field and interface stress should not vary much between Step 3 and 

Step 6, which indicates that the algorithm has converged on a solution. In other 

words, (Hi)„ and (HQ)„ should be approximately equal. If this is not the case, 

Steps 4 through 6 can be repeated using the total interface stress from Step 6 as 

input into Step 4. This process can continue until there is no significant change in 

the interface stress used as input in Step 4 and the interface stress obtained as output 

from Step 6. Smoothing options for interface stress in these cases would be similar 
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to those presented in Step 3. It should be noted, however, that repetitions of Steps 4 

through 6 diminish or annihilate any computational savings that SCAFSI would have 

over CAFSI. 

Since SCAFSI separates the structure and fluid computations, it is possible to 

use a different number of non-linear iterations and GMRES iterations for different 

computations. CAFSI, due to its coupled nature, forces the structure and fluid com

putations to use the same number of iterations even if one system does not require as 

many iterations as the other. It is this difference which allows SCAFSI to better con

form to the requirements of each system and provides the potential for computational 

savings. 

Furthermore, because SCAFSI is not a fully-coupled algorithm, additional sav

ings can be achieved due to the possibility of using different time step sizes for the 

structural and fluid mechanics parts. This technique was used in Section 5.4 where 

SCAFSI Single Time Step (STS) refers to structural and fluid mechanics parts having 

the same time step size and SCAFSI Multiple Time Steps (MTS) refers to the fluid 

mechanics part having a different time step size than that used for the structural 

mechanics part. In Section 5.3, only SCAFSI STS was used. 



Chapter 5 

Numerical Examples 

Two different artery models are used as test cases for the finite element formulations 

and techniques described in the previous chapters. The first is the abdominal aortic 

aneurysm, located just above the bifurcation of the aortic artery into the legs. This 

model was originally introduced to test the application of techniques developed by 

T*AFSM for cerebral aneurysms to larger artery segments. It then became the 

primary test platform for the SCAFSI algorithm. The second test case is the middle 

cerebral-artery with aneurysm located in the head just above the eye. Because this 

case had been used extensively by T*AFSM to develop a continuum model for arterial 

structures, it was deemed the best test platform for applying SCAFSI to an artery 

using continuum structure elements. 

5.1 Pre-FSI computations 

In all of the arterial simulations, the CAFSI computations are preceded by a set 

of pre-FSI computations that provide a good starting point for CAFSI. This pre-

FSI sequence begin with a structure only computation based on the initial blood 

pressure at the beginning of the heartbeat cycle. This is followed by a fluid only 

computation using the new structure. Both of these computations are then used 

as the initial conditions for the full CAFSI simulation. This Structure—>Fluid—>FSI 

23 
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(S—>F—>FSI) sequence is possible for arterial simulations since the fluid pressure is 

spatially almost uniform. Even with a pulsating outflow traction, the pressure changes 

as a function of time but remains nearly uniform spatially. As mentioned in Chapter 4, 

this spatial uniformity of pressure is also the a key factor in the SCAFSI algorithm. 

The S—>F—>FSI sequence is described in detail below. 

Structure->Fluid^FSI ( S ^ F ^ F S I ) sequence 

Step 1: Generate the structure mesh based on the shape of the unstressed struc

ture. For continuum structure elements, this is the zero blood pressure geometry. 

Step 2: Compute the structural deformation with a uniform fluid pressure held 

steady at a value close to 80 mm Hg, the lower limit for normal blood pressure. 

• Structural deformation can be determined with a steady-state computation or 

a time-dependent computation that eventually yields a steady-state solution. 

• For the steady-state computation, At —> oo and a = 0 in Eq. (3.14), the number 

of time steps is one, and the initial displacement, velocity and acceleration are 

set to zero. 

• The mesh quality obtained with the time-dependent computation is better than 

the one obtained with the steady-state computation. 

Step 3: Generate the fluid mesh based on the shape of the deformed structure. 

Step 4: Compute a developed flow field while holding the structure from Step 2 

rigid. 

• The outflow traction is set to a value close to 80 mm Hg for normal blood 

pressure cases. 

• The inflow velocity is set to a value corresponding to the outflow traction. 

Step 5: Compute the FSI with the inflow and outflow conditions held steady at 

the values used in Step 4. 
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• Sometimes, to prevent a sudden increase in the structural acceleration at the 

start of this step, it may be necessary to begin with an increased structural 

mass that would later be decreased back to its actual value. An unrealistically 

large acceleration can initiate an instability that is subsequently magnified. 

Step 6: Compute the FSI with the inflow and outflow conditions pulsating. 

SCAFSI computations also require some pre-algorithm computations. This pro

cess is very similar to the S—>F—»FSI sequence described above, with a few omissions, 

and can thus be described as the S-*F->SCAFSI sequence. In the S—>F—>SCAFSI 

sequence, Steps 1-4 are the same as the S—>F—>FSI sequence. Steps 5 and 6 of the 

S—>F—»FSI sequence are omitted. Instead, the resulting structure from Step 2, the 

fluid mesh from Step 3, and the flow field from Step 4 of the S—>F—>SCAFSI sequence 

becomes the initial conditions for Step 1, Step 2, and Step 3 of the SCAFSI algorithm 

respectively (see Chapter 4). Additionally, for Step 4 of the S—>F—>SCAFSI sequence, 

the outflow traction is set to 0 instead of 80 mm Hg. 

5.2 Boundary conditions 

Both of the test cases computed have a single inflow boundary where the volumetric 

flow rate profile is specified as a function of time. The profile is similar to the one 

obtained by using the Womersley solution of a pulsating flow [25]. This profile is 

scaled to fit the test case based on the maximum inflow velocity for the particular 

artery being simulated. The inflow profiles for the abdominal aortic aneurysm and 

middle cerebral-artery with aneurysm are shown in Figures 5.1 and 5.2 respectively. 

At the outflow boundaries, traction boundary conditions are specified. In test 

cases with two outflow boundaries, the same condition is specified for both. The 

traction boundary condition is based on the blood pressure profile of the case com

puted. The pressure profile, as a function of time, is obtained from an approximate 
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Figure 5.1: Abdominal aortic aneurysm. Inflow profile marked where the inflow 
velocity is a minimum and maximum. 

solution [4] of the Windkessel model [26]. The parameters in the Windkessel model 

are set in such a way that the pressure profile ranges approximately from 80 to 

120 mm Hg for normal blood pressure. Figures 5.3 and 5.4 show the pressure pro

files used for the abdominal aortic aneurysm and the middle cerebral-artery with 

aneurysm respectively. 

On the arterial walls, we specify no-slip boundary conditions for the flow. For 

computations using membrane elements, the ends of the arteries are fixed and are 

used as boundary conditions for solving the structural mechanics. For computations 

with the continuum element, we set the normal component of the displacement at 

the ends of the artery to zero. 
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1.0 

Figure 5.2: Middle cerebral-artery with aneurysm. Inflow profile marked where the 
inflow velocity is a minimum and maximum. 
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Figure 5.3: Abdominal aortic aneurysm. Outflow pressure profile marked at the point 
of maximum and secondary maximum pressure. 
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Figure 5.4: Middle cerebral-artery with aneurysm. Outflow pressure profile marked 
at the point of maximum and secondary maximum pressure. 
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5.3 Abdominal aortic aneurysm 

5.3.1 Arterial geometry and structural properties 

The arterial geometry was created by making use of the image data found in [27, 28], 

with the arterial diameter and wall thickness coming from [29] and [30]. The diameter 

of the artery segment is 3 cm at the inflow and 2 cm at the two outflow ends. The 

length is 14 cm and the size of the aneurysm is 6 cm. Figure 5.5 shows the geometry 

of the abdominal aortic aneurysm test case. 

Figure 5.5: Abdominal aortic aneurysm. Problem, geometry. 

The material density of the arterial wall is known to be close to that of the blood 

and therefore is set to 1,000 kg/m3. The structural model is based on the membrane 

element. The wall thickness, stiffness and Poisson's ratio for the artery are 2.3 mm, 

l.OxlO6 N/m2 and 0.45, respectively. The stiffness value used is comparable to those 

used in [31, 32, 4, 6, 5, 33], where the values used were determined (see [5]) by 

comparison to experimental values. Arteries are surrounded by tissues, and it is 
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expected that those tissues to have a damping effect on the structural dynamics of the 

arteries. Therefore mass-proportional damping is added, which also helps in removing 

the high-frequency modes of the structural deformation. The damping coefficient 77 

used is 5.65xl03 s_1. 

5.3.2 Fluid properties 

Blood flows through the artery section, completing one heartbeat cycle every sec

ond. As mentioned at the beginning of Chapter 2, the blood is assumed to behave 

like a Newtonian fluid. The density and kinematic viscosity are set to 1,000 kg/m3 

and 4.0xlO-6 m2/s. The minimum and maximum values of the inflow velocity are 

0.13 m/s and 1.13 m/s. The maximum value is based on the data found in [34] and 

is used to scale the Womersly profile as described in Section 5.2. 

5.3.3 Discretization and mesh properties 

All computations were carried out in a parallel computing environment, using PC 

clusters. The meshes were generated on a single node of the cluster used. The 

mesh for the arterial wall structure consists of 6,091 nodes and 12,072 three-node 

triangular elements (see Figure 5.6). The fluid mechanics mesh contains 49,826 nodes 

and 295,687 four-node tetrahedral elements. The fluid and structure meshes are 

compatible at the fluid-structure interface. All computations were completed without 

any remeshing. 

The abdominal aortic artery case is computed with both the Coupled Arterial 

FSI (CAFSI) technique as well as the SCAFSI STS technique. For all computations, 

the time-step size is 4.4xlO~3 s. In CAFSI, the fully-discretized, coupled fluid and 

structural mechanics and mesh-moving equations are solved, with the quasi-direct 

coupling technique (see Section 5.2 in [17]). All CAFSI computations are based on 

the SSTFSI-SV technique (see Remarks 6 and 8) and the SUPG test function op

tion WTSE (see Remark 2). The stabilization parameters used are those given by 
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Figure 5.6: Abdominal aortic aneurysm. Mesh at the arterial wall, inflow and outflow 
boundaries. 

Eqs. (3.5)-(3.12). SCAFSI computations are based on the DSD/SST-SV technique 

for fluid computations (see Remarks 6) with the same options for the SUPG test func

tion and stabilization parameters used for CAFSI. SCAFSI structural computations 

are based on the semi-discrete formulation of structural mechanics described in Sec

tion 3.2. SCAFSI Step 1-6 options used are those given by Eqs. (4.2), (4.5), (4.10), 

(4.20), (4.22) and (4.31). The time-averaging weights were those given by Eq. (4.16). 

In solving the linear equation systems involved at every nonlinear iteration, the 

GMRES search technique [35] is used with a diagonal preconditioner. For the CASFI 

computations the number of nonlinear iterations per time step is 5 and the number 

of GMRES iterations per nonlinear iteration is 100. For SCAFSI computations the 

number of nonlinear iterations per time step is reduced to 4. For the structural 

mechanics parts of SCAFSI, only 25 GMRES iterations per nonlinear iteration are 

used. Likewise, 50 GMRES iterations per nonlinear iteration are used for the fluid 

mechanics parts. 
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5.3.4 CAFSI computations 

The primary indicator used to determine if an arterial simulation was successful is 

the mass balance of the system. This is accomplished by comparing the difference 

between the inflow and outflow rates to the change in volume of the artery over time. 

If these two values are equal, relative to the inflow rate, then the mass conservation 

of the system is assured. Good mass balance is achieved in the CAFSI simulation of 

the abdominal aortic aneurysm as shown in Figure 5.7. 
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Figure 5.7: Abdominal aortic aneurysm. CAFSI verification of mass balance. Vol
umetric inflow rate, difference between the volumetric inflow and outflow rates, and 
rate of change for the artery volume. 

Snapshots of the flow field are shown at the point of minimum and maximum inflow 

velocity (see Figure 5.8) as well as at the points of maximum and secondary maximum 

pressure (see Figure 5.9). When viewed in this order, these figures also present a 

chronological view of the change in the flow patterns and structural deformation of 

the artery over time. Fluid velocity is represented by the length and color of the flow 

vectors. Long red vectors indicate relatively fast flow while short blue vectors show 

nearly stagnant fluid. 
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5.3.5 SCAFSI computations 

For SCAFSI, as well as CAFSI, the mass balance is the primary indication of a 

successful computation. For SCAFSI, this mass balance check occurs twice; after 

Step 3 as well as Step 6. Although Step 3 is not the final solution of the simulation, 

the procedure up to Step 3 should still result in a good mass balance. Checking 

the mass balance at Step 3 also serves as a preliminary indicator as to whether the 

simulation is on the right track. For the SCAFSI STS simulation of the abdominal 

aortic aneurysm the mass balance is good at both Step 3 and Step 6 (see Figure 5.10). 

Snapshots of the flow field are again shown at the point of minimum and maximum 

inflow velocity as well as maximum and secondary maximum pressure as shown in 

Figures 5.11 and 5.12. The flow fields and structural deformations shown in these 

figures are nearly identical to those shown in Figures 5.8 and 5.9. 

Additionally, Figures 5.13 and 5.14 compare the SCAFSI STS and CAFSI tech

niques based on the arterial volume and the normal component of the interface stress, 

respectively. The volume calculated in Step 4 is comparable to the volume from the 

CAFSI technique. It should also be noted that the change in volume between Step 1 

and Step 4 of SCAFSI is relatively small, supporting the initial assumption that the 

structural mechanics is primarily driven by blood pressure. Furthermore, the interface 

stress calculated in both Step 3 and Step 6 are quite close to the interface stress from 

the CAFSI technique. These similarities between SCAFSI and CAFSI lead to the 

conclusion that SCAFSI is a viable approach in simulating arterial fluid mechanics. 

Depending on the application, the SCAFSI technique may offer significant compu

tational savings over the CAFSI technique. These savings are estimated by comparing 

the GMRES iterations used in the CAFSI computation to those used in the SCAFSI 

computation of a heartbeat cycle. Table 5.1 presents all of the iterations needed for 

the CAFSI and SCAFSI STS simulation of the abdominal aortic artery. In the table, 

NTS refers to the number of time steps, NIT is the number of nonlinear iterations 
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per time step, and the GMRES column refers to the number of GMRES iterations 

per nonlinear iteration. 

CAFSI 

SCAFSI STS Step 1 
Step 3 
Step 4 
Step 6 

NTS 

387 

227 
227 
227 
227 

NIT 

5 

4 
4 
4 
4 

GMRES 

100 

25 
50 
25 
50 

Table 5.1: Abdominal aortic aneurysm. Comparison between the SCAFSI STS and 
CAFSI techniques. Iteration Count. 

As mentioned in Section 5.1, the pre-algorithm calculations for CAFSI and SCAFSI 

are essentially the same and therefore have been left out of the computational cost 

comparisons. The only exception to this is Step 5 of the S—>F—>FSI sequence used 

for the CAFSI computation which is not present in the S—>F—>SCAFSI sequence. 

To account for this, the time steps used for Step 5 of the S—»F—>FSI pre-algorithm 

computations are added to the total time steps for the CAFSI simulation of the ab

dominal aortic aneurysm. It is this modified number of time steps which appears in 

the first row of Table 5.1. The tabulation of the SCAFSI simulation in Table 5.1 

is further divided into the structural and fluid iterations used at each step of the 

SCAFSI algorithm. The cost of mesh motion is not considered in the comparison 

between CAFSI and SCAFSI, thus Steps 2 and 5 are excluded from Table 5.1. 

Due to the uncoupled nature of SCAFSI, the difference in the degrees of freedom 

in structure and fluid computations and the difference in the number of nodes in 

the structure and fluid mesh, the following equation is used to obtain a one-to-one 

comparison of the computational cost of the SCAFSI and CASFI techniques: 

o/c • (, TGss + (TGsf-FGSG) 
%SaVmQS =V (l + FGSG).TGe 

In Eq. 5.1, TG refers to total GMRES iterations. Subscripts ss, sf, and c refer to 

SCAFSI structure, SCAFSI fluid, and CAFSI respectively. FGSG is a constant to 

•100 (5.1) 
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account for the difference in the degrees of freedom and the number of nodes between 

the fluid and structure computations. It can be seen as the number of structure 

GMRES iterations it takes to equal the computational cost of one fluid GMRES 

iteration and is calculated as 

FGSG = w w ' ' *>{' (5.2) 
nns • do j a 

where nnf and nns are the number of nodes in the fluid and structure meshes and 

doff and dofs are the degrees of freedom in the fluid and structure finite element 

formulations. 

Eq. 5.1 calculates the savings gained by using SCAFSI over CAFSI. For example, 

if %Savings equals 30, then the SCAFSI technique uses 30% fewer GMRES iterations 

than the CAFSI technique. The SCAFSI algorithm can be stopped at any point after 

Step 3 and still results in a reasonable solution for both fluid and structure systems. 

It should be noted, however, that while stopping earlier in the sequence results in 

additional computational savings, it also decreases the accuracy of the overall solution. 

Depending on the application, this may be an acceptible trade off. Table 5.2 presents 

all possible calculations of computational savings using SCAFSI STS to simulate the 

abdominal aortic aneurysm. 

SCAFSI STS Stopped After: 

Step 3 

Step 4 

Step 6 

%Savings 

78% 

77% 

55% 

Table 5.2: Abdominal aortic aneurysm. Comparison between the SCAFSI STS and 
CAFSI techniques. Percentage of computational cost saved using SCAFSI STS. 
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Figure 5.8: Abdominal aortic aneurysm. CAFSI. Flow field when the inflow velocity 
is minimum (top) and maximum (bottom). Velocity vectors colored by magnitude. 
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Figure 5.9: Abdominal aortic aneurysm. CAFSI. Flow field when the outflow pressure 
is at it's maximum (top) and second maximum (bottom). Velocity vectors colored by 
magnitude. 
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Figure 5.10: Abdominal aortic aneurysm. SCAFSI STS verification of mass balance 
for Step 3 (top) and Step 6 (bottom). Volumetric inflow rate, difference between the 
volumetric inflow and outflow rates, and rate of change for the artery volume. 
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** 

Figure 5.11: Abdominal aortic aneurysm. SCAFSI STS. Flow field when the in
flow velocity is minimum (top) and maximum (bottom). Velocity vectors colored by 
magnitude. 
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Figure 5.12: Abdominal aortic aneurysm. SCAFSI STS. Flow field when the outflow 
pressure is at it's maximum (top) and second maximum (bottom). Velocity vectors 
colored by magnitude. 
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Figure 5.13: Abdominal aortic aneurysm. Comparison between the SCAFSI STS and 
CAFSI techniques. Arterial volume. 
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Figure 5.14: Abdominal aortic aneurysm. Comparison between the SCAFSI STS and 
CAFSI techniques. Normal component of the interface stress. 
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5.4 Middle cerebral artery with aneurysm 

5.4.1 Arterial geometry and structural properties 

The arterial geometry is a close approximation to the patient-specific image-based 

geometry used in [5]. The geometry used in [5] was extracted from the computed 

tomography model of a segment of the middle cerebral artery of a 57 year-old male 

with aneurysm. The diameter and length of the artery are 3.0 mm and 15 mm, and the 

size of the aneurysm is 6 mm. We did these test computations with the "estimated 

zero-pressure arterial geometry", as described in [9, 36, 10]. Time-averaged value 

of the blood pressure, obtained by averaging over a cardiac cycle, is 91.7 mm Hg. 

Figure 5.15 shows the geometry of the middle cerebral-artery test case. 

Jil 
OUT 

Figure 5.15: Middle cerebral-artery with aneurysm. Problem geometry. 

The material density of the arterial wall is known to be close to that of the blood 

and therefore is set to 1,000 kg/m3. The arterial wall is modeled with the continuum 

element made of hyperelastic (Fung) material. The wall thickness for the artery is 



43 

0.3 mm. The Fung material constants D\ and D^ (from [37]) and the penalty Poisson's 

ratio are 2.6447xl03 N/m2, 8.365 and 0.45, respectively. The damping coefficient rj 

is set to 1.5xl04 s_1 for reasons explained in Section 5.3.1. 

5.4.2 Fluid properties 

Blood flows through the artery section, completing one heartbeat cycle every second. 

As mentioned at the beginning of Chapter 2, the blood is assumed to behave like 

a Newtonian fluid. The density and kinematic viscosity are set to 1,000 kg/m3 and 

4.0xl0~6 m2/s. The volumetric inflow rate used is also a close approximation to the 

one used in [5], which can be found in [4, 6]. More specifically, our inflow profile was 

generated by digitizing the data published in [4, 6]. 

5.4.3 Discretization and mesh properties 

All computations were carried out in a parallel computing environment, using PC 

clusters. The meshes were generated on a single node of the cluster used. The 

mesh for the arterial wall structure consists of 13,332 nodes and 52,944 four-node 

tetrahedral elements, with 4,444 nodes and 8,824 three-node triangular elements on 

the fluid-structure interface (see Figure 5.16). The fluid mechanics mesh contains 

50,905 nodes and 297,544 four-node tetrahedral elements. The fluid mesh for these 

computations is more refined than the one in [36], with higher resolution near the 

arterial wall. The fluid and structure meshes are compatible at the fluid-structure 

interface. All computations were completed without any remeshing. 

The middle cerebral-artery with aneurysm case is computed with the Coupled 

Arterial FSI (CAFSI), SCAFSI STS, and SCAFSI MTS techniques. For CAFSI, 

SCAFSI STS and SCAFSI MTS fluid computations, the time-step size is 3.333 x lO"3 s. 

For SCAFSI MTS, in the structure computations the time step size is doubled to 

6.666xl0~3 s. All CAFSI computations are based on the SSTFSI-TIP1 technique 

(see Remarks 5 and 8) and the SUPG test function option WTSA (see Remark 2). 
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Figure 5.16: Middle cerebral-artery with aneurysm. Mesh at the arterial wall, inflow 
and outflow boundaries. 

The stabilization parameters used are those given by Eqs. (3.3)-(3.9). SCAFSI com

putations are based on the DSD/SST-TIP1 technique for fluid computations (see Re

marks 5) with the same options for the SUPG test function and stabilization parame

ters used for CAFSI. SCAFSI structural computations are based on the semi-discrete 

formulation of structural mechanics described in Section 3.2. SCAFSI Step 1-6 op

tions used are those given by Eqs. (4.2), (4.5), (4.10), (4.20), (4.22) and (4.31). The 

time-averaging weights are those given by Eq. (4.16). 

In solving the linear equation systems involved at every nonlinear iteration, the 

GMRES search technique [35] is used. The diagonal of the tangent stiffness matrix 

is not computed when hyperelastic continuum elements are used. Instead, a diagonal 

preconditioner based on the assembly of only the element-level lumped mass matrices 

mLUMP *s u s ed. This preconditioner is multiplied by a factor (C^YFV) that, to some 

extent, takes into account the material stiffness where 

CHYFU = max I , 

Here, At is the time-step size, he is the cube-root of the element volume, ps is the 

(5.3) 
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material density, and As and ns are given as 

y = 6£>IZVPEN 

( I + I/PBNXI-21/PBN)' ' K } 

3DiD2 (c. .. 

" = ( T + ^ j - (5'5) 

where ^PEN is the penalty Poisson's ratio. The "Selective Scaling" technique (see 

Remark 14 in [17]) is used to dynamically shift the emphasis between the fluid and 

structure parts. For all seven nonlinear iterations the fluid scale is set to 1.0 and the 

structure scale to 5.0. 

For the CASFI computations the number of nonlinear iterations per time step is 

7 and the number of GMRES iterations per nonlinear iteration is 300. For SCAFSI 

structural mechanics computations the number of nonlinear iterations per time step 

is reduced to 4 and the number of GMRES iteration per nonlinear iteration is 50. 

For the fluid mechanics parts of SCAFSI only 5 nonlinear iterations and 150 GMRES 

iterations per nonlinear iteration are used. 

5.4.4 CAFSI computations 

As with the abdominal aortic aneurysm case, the primary indicator used to determine 

if an arterial simulation was successful is the mass balance of the system. Good mass 

balance was achieved in the CAFSI simulation of the middle cerebral-artery with 

aneurysm as shown in Figure 5.17. 

Snapshots of the flow field are shown at the point of minimum and maximum 

inflow velocity (see Figure 5.18) as well as at the points of maximum and secondary 

maximum pressure (see Figure 5.19). As with the abdominal aortic aneurysm case, 

fluid velocity is represented by the length and color of the flow vectors. Long red 

vectors indicate relatively fast flow while short blue vectors show nearly stagnant 

fluid. 

As mentioned in Section 5.4.3, the fluid mesh used for the computations in this 
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Figure 5.17: Middle cerebral-artery with aneurysm. CAFSI verification of mass bal
ance. Volumetric inflow rate, difference between the volumetric inflow and outflow 
rates, and rate of change for the artery volume. 

thesis is more refined than the one presented in [36]. This refinement is primarily 

the result of adding boundary layer elements. While both the coarse mesh from [36] 

and the more refined mesh used in this thesis yield good results for mass balance, 

the refined mesh shows higher accuracy in resolving the flow field, especially near 

the boundaries. Figure 5.20 shows the flow profiles at three different locations in the 

middle cerebral artery for both the coarse mesh (left) and the refined mesh (right). 

Similar to Figures 5.18 and 5.19, red indicates higher flow speed while blue shows 

nearly stagnant fluid. While the general shapes of the profiles are similar, it should 

be noted that the gradients shown in the refined mesh are larger than those in the 

coarse mesh near the boundary. 

5.4.5 SCAFSI computations 

The middle cerebral-artery with aneurysm test case was also simulated using both 

SCAFSI STS and SCAFSI MTS techniques. The SCAFSI STS technique results in 

good mass balance after both Step 3 and Step 6 (see Figure 5.21). The SCAFSI MTS 

technique also results in a good mass balance at these points in the simulation (see 
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Figure 5.22). 

Snapshots of the flow field are again shown at the point of minimum and maximum 

inflow velocity as well as maximum and secondary maximum pressure. Figures 5.23 

and 5.24 depict the flow field resulting from the SCAFSI STS simulation while Fig

ures 5.25 and 5.26 show the flow field resulting from the SCAFSI MTS simulation. 

The flow fields and structural deformations shown in these figures are nearly identical 

to those shown in Figures 5.8 and 5.9. 

Figures 5.27 and 5.28 show the comparisons between the SCAFSI STS, SCAFSI MTS, 

and the CAFSI techniques. The comparisons are based on the arterial volume and 

the normal component of the interface stress respectively. For both SCAFSI options, 

the volume calculated in Step 4 is comparable to the volume from the CAFSI tech

nique. It should also be noted that the change in volume between Step 1 and Step 4 

of both SCAFSI techniques is relatively small, supporting the initial assumption that 

the structural mechanics is primarily driven by blood pressure. Similarly, the inter

face stress calculated in both Step 3 and Step 6 are quite close to the interface stress 

from the CAFSI technique. It should also be noted that there are almost no distin

guishable differences between the results of SCAFSI STS and SCAFSI MTS. All of 

these results lead to the conclusion that both versions of the SCAFSI technique are 

viable methods for simulating arterial fluid mechanics. 

As with the abdominal aortic aneurysm case, computational savings from using the 

SCAFSI techniques were calculated based on the total GMRES iterations it took to 

complete the simulation of one heartbeat cycle. Table 5.3 compares the iterations used 

for the SCAFSI STS simulation to those used for the CAFSI simulation. Table 5.4 

shows the same information for the SCAFSI MTS simulation. The time step count 

for the CAFSI simulation in these two calculations also includes the time steps for 

STEP 5 of the S—>F—>FSI sequence as explained in Section 5.3.5. 

The actual percent savings of each of the two SCAFSI techniques over CAFSI were 

calculated using Eq. 5.1. As noted earlier, the SCAFSI algorithm can be stopped at 
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CAFSI 

SCAFSI STS Step 1 
Step 3 
Step 4 
Step 6 

NTS 

435 

300 
300 
300 
300 

NIT 

7 

4 
5 
4 
5 

GMRES 

300 

50 
150 
50 
150 

Table 5.3: Middle cerebral-artery with aneurysm. Comparison between the 
SCAFSI STS and CAFSI techniques. Iteration Count. 

CAFSI 

SCAFSI MTS 
Step 1 
Step 3 
Step 4 
Step 6 

NTS 

435 

150 
300 
150 
300 

NIT 

7 

4 
5 
4 
5 

GMRES 

300 

50 
150 
50 
150 

Table 5.4: Middle cerebral-artery with aneurysm. Comparison between the 
SCAFSI MTS and CAFSI techniques. Iteration Count. 

any point after Step 3 and still results in a reasonable solution for both fluid and 

structure systems. While stopping earlier results in greater savings, it also decreases 

the accuracy of the final solution. Tables 5.5 and 5.6 present all possible combina

tions of computational savings for the simulation of the middle cerebral-artery with 

aneurysm using both SCAFSI STS and SCAFSI MTS. 

SCAFSI STS Stopped After: 

Step 3 

Step 4 

Step 6 

%Savings 

77% 

77% 

54% 

Table 5.5: Middle cerebral-artery with aneurysm. Comparison between the 
SCAFSI STS and CAFSI techniques. Percentage of computational cost saved us
ing SCAFSI STS. 
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SCAFSI MTS Stopped After: 

Step 3 

Step 4 

Step 6 

%Savings 

78% 

77% 

55% 

Table 5.6: Middle cerebral-artery with aneurysm. Comparison between the 
SCAFSI MTS and CAFSI techniques. Percentage of computational cost saved using 
SCAFSI MTS. 

Figure 5.18: Middle cerebral-artery with aneurysm. CAFSI. Flow field when the 
inflow velocity is minimum (top) and maximum (bottom). Velocity vectors colored 
by magnitude. 
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Figure 5.19: Middle cerebral-artery with aneurysm. CAFSI. Flow field when the 
outflow pressure is at it's maximum (top) and secondary maximum (bottom). Velocity 
vectors colored by magnitude. 
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Figure 5.20: Middle cerebral-artery with aneurysm. Comparison of flow profiles be
tween a course mesh (top) and a mesh with a refined boundary layer (bottom). 
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Figure 5.21: Middle cerebral-artery with aneurysm. SCAFSI STS verification of 
mass balance for Step 3 (top) and Step 6 (bottom). Volumetric inflow rate, difference 
between the volumetric inflow and outflow rates, and rate of change for the artery 
volume. 
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Figure 5.22: Middle cerebral-artery with aneurysm. SCAFSI MTS verification of 
mass balance for Step 3 (top) and Step 6 (bottom). Volumetric inflow rate, difference 
between the volumetric inflow and outflow rates, and rate of change for the artery 
volume. 
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Figure 5.23: Middle cerebral-artery with aneurysm. SCAFSI STS. Flow field when the 
inflow velocity is minimum (top) and maximum (bottom). Velocity vectors colored 
by magnitude. 
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Figure 5.24: Middle cerebral-artery with aneurysm. SCAFSI STS. Flow field when 
the outflow pressure is at it's maximum (top) and secondary maximum (bottom). 
Velocity vectors colored by magnitude. 
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Figure 5.25: Middle cerebral-artery with aneurysm. SCAFSI MTS. Flow field when 
the inflow velocity is minimum (top) and maximum (bottom). Velocity vectors colored 
by magnitude. 
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Figure 5.26: Middle cerebral-artery with aneurysm. SCAFSI MTS. Flow field when 
the outflow pressure is at it's maximum (top) and secondary maximum (bottom). 
Velocity vectors colored by magnitude. 



58 

10 

2.35 

2.30 

rT 2- 2 5 

B 

| 2.20 
3 
H 
o 
> 2.15 

2.10 

2.05 
0.0 0.2 

CAFSI 
SCAFSI STS Step 1 
SCAFSI STS Step 4 
SCAFSI MTS Step 1 
SCAFSI MTS Step 4 

0.4 0.6 

Time (s) 

0.8 1.0 

Figure 5.27: Middle cerebral-artery with aneurysm. Comparison between 
SCAFSI STS, SCAFSI MTS, and CAFSI techniques. Arterial volume. 
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Figure 5.28: Middle cerebral-artery with aneurysm. Comparison between 
SCAFSI STS, SCAFSI MTS, and CAFSI techniques. Normal component of the 
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Chapter 6 

Conclusions 

The Sequentially-Coupled Arterial FSI (SCAFSI) technique was developed as an ap

proximate FSI approach for simulating arterial fluid mechanics with the goal of re

ducing the computational cost of such simulations. The result is a flexible algorithm 

that can be adapted to better fit the case being computed. 

The SCAFSI technique is based on the assumption that the arterial deformation 

during a cardiac cycle is primarily driven by the blood pressure. The SCAFSI algo

rithm begins by computing a reference arterial deformation, computed as a function 

of time, driven only by the blood pressure. This is followed by a sequence of com

putations to calculate the mesh motion and fluid dynamics based on the reference 

arterial deformation. 

Two test cases were presented to analyze the effectiveness of the new SCAFSI 

technique. The first case is the membrane model abdominal aortic aneurysm. This 

model was originally developed to test the expansion of T-*AFSM's existing FSI for

mulations for arterial mechanics on a larger artery. It then became the primary test 

case for the SCAFSI algorithm. The SCAFSI STS computation of the abdominal 

aortic aneurysm results in good mass balance after both Step 3 and Step 6 and flow 

fields comparable to the CAFSI computation. Furthermore, the resulting volume and 

shape of the artery after Step 4 and the normal component of traction after Step 3 and 

Step 6 are nearly equivalent to the results of the CAFSI formulation. From this infor-

59 
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mation, it can be concluded that although SCAFSI is an approximate FSI approach, 

it is still a viable option for computations in arterial fluid mechanics. Furthermore, 

it was found that the SCAFSI technique for the abdominal aortic aneurysm could 

result in significant computational savings over the CAFSI technique depending on 

the accuracy required of the solution. 

The second test case, the middle cerebral-artery with aneurysm, was used to ex

pand the SCAFSI algorithm to hyperelastic continuum elements. It was also used to 

test the option of using variable time step for the fluid and structure parts, which is 

available due to the decoupled nature of SCAFSI. The middle cerebral-artery model 

used Fung material to represent the arterial wall and was computed using CAFSI, 

SCAFSI STS, and SCAFSI MTS techniques. All techniques result in good mass bal

ance and similar flow fields. Likewise, the arterial deformation and resulting volume 

at the end of the algorithms were all nearly equivalent. The traction normal to the 

surface was also similar in all three computations. These results reinforce the con

clusions made about SCAFSI from the abdominal aortic aneurysm test case and also 

show that SCAFSI can provide additional options like variable time steps for fluid and 

structure with minimal impact on the accuracy of the solution. The middle cerebral-

artery with aneurysm case also showed potential for significant computational savings 

using one of the SCAFSI techniques over CAFSI. 
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