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Abstract 

Linear Response Properties of Nonconducting Periodic 
Systems from First Principles 

by 

Artur F. Izmaylov 

This work is devoted to extending Kohn-Sham density functional theory (KS-

DFT) with Gaussian-type orbitals (GTOs) and periodic boundary conditions (PBC) 

to linear response properties of nonconducting periodic systems, namely harmonic 

vibrational frequencies, infrared intensities, static and dynamic polarizabilities, and 

optical absorption spectra. In order to accomplish this, four things must be consid

ered. 

First, theoretical modeling of response properties implies some knowledge of 

excited states. Thus, to stay within DFT framework one needs to use the time-

dependent (TD) DFT formalism. TD-DFT imposes additional requirements on 

the accuracy of density functional approximations, because not only the exchange-

correlation energy and potential are involved but also the exchange-correlation kernel. 

We consider one of the most promising directions towards improved accuracy: com

bining available non-empirical semi-local functionals with the non-local Hartree-Fock 

exchange (HFx) functional. Several different ways of introducing HFx are discussed 



in this work: global hybrids, range-separated hybrids, optimized effective potentials, 

and effective local potentials. 

Second, solving problems within the TD-DFT framework for periodic systems also 

requires implementing efficient computational tools. The TD-DFT equations for all 

properties considered have many similarities. Moreover, from the algebraic point of 

view the most computationally demanding step is the same. It is a contraction of 

two-electron integrals over atomic GTOs with various density-like quantities. The use 

of a GTO basis in this step is crucial for adapting different linear scaling techniques 

developed for large molecules. 

Third, introducing PBC requires additional care as some phenomena have no 

analogue in the molecular case. For vibrational frequencies, this can be seen from 

the existence of two types of vibrations: "in-phase" and "out-of-phase", depending 

on the phase difference between oscillations in different unit cells. Since the position 

operator is unbound in extended systems, the dipole moment per unit cell becomes 

a nontrivial quantity. To evaluate the periodic dipole and its derivatives we use the 

projection technique developed by Blount and a discretized form of the Berry phase. 

Another interesting problem occurring in periodic systems is a collapse of the lowest 

semi-local TD-DFT excitation to the minimal KS direct band gap. We propose a 

simple analytical model that explains why this failure takes place. 
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Chapter 1 

Introduction and theoretical framework 

It is hard to overestimate the significance of theoretical modeling of response 

properties for finding new and better materials. The response, after all, is what 

matters for applications, not the total energy or its components. However, in a 

quantum-mechanical description, response properties are characterized by derivatives 

of the total energy. In systems that represent collections of nuclei and electrons, the 

total energy can be approximately split between electron and nuclear subsystems. 

In order to simplify the description, we apply the Born-Oppenheimer approximation 

[1] to separate the electronic part of the problem with electrons moving in the fixed 

nuclei frame 

HJl = Eey. (1.1) 

Here, \& is the electron wavefunction, Ee the electron energy, and He is the electron 

non-relativistic Hamiltonian 

He = Te + Vee + vext, (1.2) 

which is the sum of the electron kinetic energy operator (Te), electron-electron inter

action (Vee), and external potential of nuclei and imposed fields (vext). Therefore, in 

the following, by the energy we mean the electronic energy, and our main focus will 

be electronic response properties. In this work we consider the electronic problem for 
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ideal periodic systems where nuclei are arranged in periodic arrays of various dimen

sionalities. This idealization allows us to employ the periodic boundary conditions 

(PBC) of Born-von Karman [2]. Currently, due to its combination of reasonable 

accuracy and low computational cost, density functional theory (DFT) provides the 

best paradigm to study response properties. The computational simplicity of DFT 

stems from the substitution of the electron wave function as the main variable by a 

much simpler entity: electron density 

p(r) = N f dr2...drN\*(TU ...,rN)\2, (1.3) 

where, for simplicity, we skip the spin indices. (They can alternatively be thought 

as unified with the coordinate variables r.) 

1.1 Kohn—Sham density functional theory 

In the DFT formulation through the Levy constrained search [3], the total energy is 

written as 

(1.4) 

= mm E[p]. (1.5) 
p 

Therefore, one can find the energy and all its derivatives by considering the electron 

density p which minimizes the energy functional E[p]. Unfortunately, the explicit 

form of the energy functional E[p] is unknown. Nevertheless, its existence is proven 

by the Hohenberg-Kohn theorem [4], and thus finding a successful approximation to 

E — min 
p J drp(r> e x t(r) + min(tt|Te + Vee\V) 



E[p] becomes one of the most crucial tasks in DFT. Over the years, owing to its 

accuracy and simplicity, the Kohn-Sham (KS) approach has become dominant in 

DFT [5]. In KS-DFT we consider a fictitious non-interacting electron system which 

has the same density p(r) as the system of interest. In order to have the same density, 

the orbitals <fo(r) of the non-interacting system must follow a system of KS equations 

with a specially designed potential VKS [6] 

2 V 2 + vKS(p) (pi(r) = £i<fo(r), (1.6) 

P{v) = Y,ni\4>i\2, (1.7) 

where n* are the occupation numbers of <&(r). Essentially, the KS scheme substitutes 

Eq. (1.4) for the real system with the self-consistent-field (SCF) problem Eq. (1.6) 

for non-interacting particles. The total energy of the real interacting system with 

the density (1.7) can be written as 

£tot = g Ylni ( & l V V i ) + / drp(r)veKt(r) + J[p] + Exc[p], (1.8) 

where the first sum represent the kinetic energy of non-interacting electrons, vext(r) 

is an external potential, J[p] is the Coulomb self-interaction of the electron density 

J W - I / * / d ^ M (1.9) 

and Exc is an exchange-correlation functional which represents electron correlation 

energy and constitutes the only unknown part in the KS scheme. In order to obtain 

the KS density that minimizes the total energy (1.8), the KS potential v^s should 



be 

^KS = W r ) + I d v ' r ^ \ + ^xc(r), (1.10) 
J |r - r'| 

where 

V x c = ^ — • (1.11) 
op 

Compared to previous attempts [7, 8], the KS scheme has the valuable advantage of 

including the exact non-interacting kinetic energy, which represents the larger part 

of the true kinetic energy of the electrons. 

1.2 Time-dependent density functional theory 

In order to incorporate response properties into our consideration, we will intro

duce an external time-dependent perturbation vext(r) t). For the quantum-mechanical 

treatment of the time-dependent problem, we need the time-dependent density func

tional formalism which was established by Runge, Gross, Kohn, and van Leeuwen 

[9, 10, 11]. In the current work our consideration will be restricted to the linear 

response regime where the external perturbation vext(r,t) — veJt(r) + v^Jt(r,t) is 

relatively weak, so that density can be written as 

p( r ,0 = P(0)(r) + P ( 1 ) M ) + ---, (1-12) 

where the first order correction is given by 

p^ir,t)= ^ dt' fdTX(r,v',t-t')v^t(r',t'). (1.13) 
J—oo J 



Here, x(r ,r ' ,£ — t') is the linear density-response function 

* • ' • « - ' > - j ^ U , , . ^ , - (1-14> 

where, due to the causality requirement, x(r, r', t — t') = Q \i t < t'. By taking into 

account that the density of the real system is identical to that of the KS system, we 

can use the chain rule such that 

y-oo J dVKs(r",t") Svext{r',t') 

The first term in the integral expression corresponds to the linear density-response 

function xi<s(r,r",£ — t") of the non-interacting KS system and can be calculated 

explicitly in frequency space 

, * , , v - , ^ ; ( r ) < ^ ( r ) ^ ( r " ) ^ ( r " ) 
XKs(r,r , „ ) = | h m £ ( n p - n , ) ^ _ / , (1-16) 

where ep and <j>p are eigenvalues and eigenfunctions of unperturbed KS problem 

(1.6). To evaluate the second term in Eq. (1.15) we use time-dependent analog of 

the separation in Eq. (1.10), 

SVKSW'X) 6vj(r",t") 6vxc(r",t") 
7 _ ^ 5 - = <5(r -r)8(t - 0 + j - ^ + ^ - ^ . (1.17) 

Since both potentials vj(r",t") and vxc(r",t") are density functionals we can apply 

the chain rule again 

5vj(r", t") [°° A,„ f ..JvAr", t") 8p(r>", t>") 
8vext(r' 

1^- T dt'" f d^Mr",t")6P(r'",n 
' , * ' ) " 7-oc J 5P(r>»,t>»)6vext(r',tr ( L 1 8 ) 
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where the last term coincides with x(r'", r', t'" — t'). The functional derivatives of the 

Coulomb and exchange-correlation potentials are given by 

6vj(r",t") 5(t"-t'") 

6p(r'", V") 
Svxc(v",t") 

(1.19) 

= fxc(r",r'",t"-t'"), (1.20) 
Sp(r'", f") 

where /x c is the so-called exchange-correlation kernel. By assembling all terms and 

Fourier transforming to frequency space we obtain a Dyson-like equation for the 

density-response function, 

X ( r , r » = X K s ( r , r » + J' dr" j'dr'"XKs(r,rV) (1.21) 

X(r'",r',u). 
1 + /xc(r",r'V) 

| r " - r " 

This equation can be solved in different representations: basis functions, real and 

reciprocal space grids. Regardless of representation, the density-response function 

allows us to calculate the system response to external perturbations. The importance 

of the /xc and Coulomb kernels is clear from Eq. (1.21) where they shift poles of the 

density-response function from the KS independent particle values of orbital energy 

differences [see Eq. (1.16)] in the direction of the true excited states. Thus, we 

can think of the density-response function as a quantity which contains information 

about the whole electron spectra. From the practical point of view, Eq. (1.20) does 

not provide information to build time-dependent analog of i>xc(
r)- Also, since energy 

is not well-defined quantity for this case, one cannot straightforwardly extend the 

time-independent definition [Eq. (1.11)]. In TD-DFT the key quantity which replaces 



the energy is the quantum-mechanical action 

A = J1dt(*(t)\i^-He\*(t)), (1.22) 

and therefore vxc(r,t). can be defined as 

vxc{r,t) = , . , (1.23 

5p{r, t) 

with j4a:C[p] as the corresponding exchange-correlation action part. In the majority 

of practical applications, it is assumed that the external potential varies with time 

slowly and 

= I* dtExc[pt], (1.24) 
Jtn 

ftl 

I to 

where pt is the density evaluated at time t. Eq. (1.24) is known as the "adiabatic 

approximation", and it leads to the practical expression for fxc 

6p(r, t)5p(r', t') 5p(r)6p{r') 

which will be utilized in this work. 

1.3 Exchange-correlation problem 

Exc is the only unknown part in KS-DFT, and therefore, most of the developments 

in this field have been devised to find successful density functional approximations 

(DFA) for this component. There is vast literature on this subject (see for example 

reviews [12] and [13]), and we will briefly consider only the classes of functionals 
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which -will appear later in this work. First, we introduce the semi-local functionals; 

the common form for this class is 

£xc = J dr exc(p,Vp,\72p,r), (1.26) 

where exc is exchange-correlation energy density, and r = ^ ° c c ' |V0j(r)|2 is the or

bital kinetic energy density. In Eq. (1.26) all variables of exc depend on a value of 

one position operator, but due to inclusion of density derivatives exc(r) can be seen 

as a function which takes into account behavior of the density not only at r but also 

in the infinitesimal vicinity of r. There are two main strategies to obtain the actual 

functional form of exc: 1) choose the functional form of exc to satisfy known exact 

constraints (asymptotic behavior of exc and vxc, density scaling transformations, up

per and lower bounds on the energy, and others); 2) making a new exc form as a linear 

combination of previously found analytical forms of exc by fitting linear coefficients 

to reproduce experimental data (thermochemical and/or other properties of atoms 

and molecules). Here, we provide some examples of functionals built according to the 

first approach. The local spin density approximation (LSDA) [14, 15], an example of 

a density functional depending only on the electron density, was derived according 

to the uniform electron gas model. More complicated functionals containing density 

gradients and kinetic energy density are the functionals of Perdew-Burke-Ernzerhof 

(PBE) [16] and Tao-Perdew-Staroverov-Scuseria (TPSS) [17]. 

One of the approaches to improving semi-local density functionals is admixing a 



part of Hartree-Fock exchange (HFx) 

ES*-1-/*/*^ (1.27) 

written in terms of the density matrix 

p(r,r ') = 2 > ( r ) # ( r ' ) . (1-28) 
i 

Adding this component to a semi-local Exc can be justified by the fact that E^F 

cancels exactly the spurious self-interaction part of the Coulomb contribution and 

represents the exact exchange interaction. This raises at least two questions. First, 

if E^F is the exact exchange, why cannot we substitute approximate DFT exchange 

with it and keep only the DFT correlation part? HF exchange cannot be combined 

with DFT correlation because in DFT, exchange and correlation parts are approx

imated together and their success is in many cases based on mutual error compen

sation. Second, how do we differentiate E^F with respect to density to obtain the 

local KS potential VKS? There are two possible approaches: 1) Neglect the locality 

condition for the I>KS potential and use the non-local version 

VGKS = vext + vj + cnFK + (1 - cHF)Vx FA + ^cDFA. (1-29) 

where CHF may depend on the position in space, and 

f p H F 

K<f>i = - r f - . (1.30) 
6<pi 

This is so-called generalized KS scheme. 2) Preserve the locality and employ the 

optimized effective potential (OEP) method where 

5EUF 

vKs = vext + vj + - ^ - + vfFA. (1.31) 
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Both are considered in this thesis. 

1.3.1 Global hybrid functionals 

Global hybrid functionals use the generalized KS scheme with constant mixing coef

ficients CHF 

£x c = CHF£X
HF + (1 - cHF)£x

DFA + £C
DFA- (1.32) 

This simple scheme was proposed first by Becke [18, 19] and improved the accuracy 

of semi-local DFAs quite significantly. For example, the nonempirical hybrid PBEh 

[20, 21] 

Exc = ^ X
H F + ^ X

P B E + £C
PBE (1.33) 

reduces the errors in heats of formation and barrier heights by at least a factor of 

two compared to its parent, the semi-local PBE functional. Despite their improved 

accuracy, however, global hybrid functionals have several drawbacks, two of which 

we discuss here. 

One significant drawback of global hybrid functionals in metallic or small band-

gap semiconductor systems is that the nonlocal exchange interaction has an unphys-

ical and extremely slow spatial decay [22]. While global hybrid functionals can be 

applied in systems with small or vanishing band gaps [23, 24], this slow decay makes 

the rigorous and numerically accurate application of global hybrids computationally 

challenging for such systems. 

A second drawback of global hybrid functionals is that the asymptotic decay of the 
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exchange potential for atomic and molecular systems is incorrect. The exact exchange 

potential decays asymptotically as 1/r [25, 26] while that of a hybrid functional with 

a fraction CHF of HFx decays as — CHF/I-- This incorrect long-range decay is believed 

to be responsible for errors in describing charge transfer and Rydberg excitations 

[27] and polarizabilities of long chains [28, 29]. 

1.3.2 Screened hybrid functionals 

A more successful approach to mixing HF exchange is based on splitting the Coulomb 

operator into short-range (SR) and long-range (LR) components: 

J _ = erfc(^ri2) + erf^r^) 

SR LR 

and retaining only the SR part (screened Coulomb potential) for the calculation of 

HFx. Effective SR Coulomb potentials have been used in solid state physics for a 

long time [30]. In quantum chemistry calculations with Gaussian orbitals, the use 

of the error function offers particular computational advantages in the SR integral 

evaluation [31, 32, 33, 28, 34]. This idea was successfully implemented in the Heyd-

Scuseria-Ernzerhof (HSE) screened hybrid functional [34] 

££ S E = cH F£ x
H F 'S>) + (1 - cHF)£fBE'SR(u;) 

+ £ £ P B E , L R ( w ) + £ P B E ) ( 1 3 5 ) 

where E*F'SR is the short-range HFx (SR-HFx), EfBE>SR and EfBE'hR are respec

tively the short- and long-range components of the PBE exchange functional [16], 
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CHF = 1/4 is the HF mixing parameter [35], and E^BE is the PBE correlation func

tional [16]. 

The replacement of full-range HFx by SR-HFx allows HSE to rigorously include 

a portion of nonlocal exchange and treat metallic systems efficiently while still pro

viding accuracy comparable to its parent PBEh hybrid for atomic and molecular 

systems [34]. However, since HSE cuts off the long-range nonlocal exchange, its 

exchange potential decays even faster than that of PBEh, and its performance for 

properties sensitive to the long-range exchange potential is on par with that of PBE. 

On the other hand, there has been considerable effort invested in range-separated 

hybrid functionals which use full long-range nonlocal exchange to guarantee the 

proper asymptotic decay of the exchange potential [27, 28, 36]. One such example, 

there is the long-range corrected PBE (LC-wPBE) functional [36] 

£LC-u,PBE = ^ P B E , S R ( w ) + ££HF,LR ( w ) + gPBE ( 1 35) 

LC-u;PBE and other models from this category can simultaneously deliver accurate 

barrier heights and, as recently shown, atomization energies [37]. Further, such 

models perform well for processes involving long-range charge transfer, Rydberg ex

citations, and other properties sampling the tail of the density [27, 28, 38, 39]. 

Recently in Ref. [40] we have attempted to reconcile these two seemingly different 

approaches. Our hope was to increase the accuracy of HSE so that it is comparable 

to that of long-range corrected functionals such as LC-u;PBE, while retaining broad 

applicability for periodic systems. The key to this goal is to note that the range 
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scales in HSE and in LC-u;PBE are very different. In HSE, we have ui = 0.11 %l, 

while in LC-wPBE, we instead have u = 0.40 a^1. Both the short range in which 

HSE uses nonlocal exchange and the long range in which LC-wPBE does so include 

a significant fraction of what we will refer to as "middle-range" (MR) exchange. 

Therefore, it seems interesting to explore the quality of results obtainable with an 

approach in which MR HF exchange is emphasized. For very small r i 2 the local 

density approximation to the exchange energy is exact [41, 32], so there would seem 

to be little need for SR nonlocal exchange, while at very long range, as we have seen, 

nonlocal exchange can be computationally undesirable in systems with vanishing 

band gaps. In summary, the Henderson-Izmaylov-Scuseria-Savin (HISS) functional 

is given by [40] 

£HISS = £ P B E . S R ( W S R ) + C H F £ H F , M R ( w s R ! ^ R ) + ( 1 _ ^J^R^ W L R ) + E ^ 

(1.37) 

where CHF = 0.60, and the MR Coulomb interaction is defined as 

// x erfc(wLRri2) - erfc(wSRri2) 
f(ri2,USR,ULR) = , (1-38) 

»"12 

with WLR = 0.20 O.Q1 and U>SR = 0.84 a^1. These parameters have been obtained 

through a fitting to some experimental data. Since this is a relatively new functional 

an extensive assessment has not been done yet, but recent results indicated that 

HISS combines the best qualities of HSE and LC-wPBE [40]. 
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1.3.3 Local exact exchange methods 

Formally, the exchange-correlation potential corresponding to a given orbital func

tional can be obtained by applying the chain rule for functional derivatives 

vxc(r) -X^Jdr Jdr ^ ^ ^ ^ ^ + c.a, (1.39) 

where va(r) is the full Kohn-Sham potential which includes the external potential and 

Coulomb repulsion in addition to vxc{r). Eq. (1.39) is usually cast in an equivalent 

form of the integral equation [42] 

Jdv'vxc(r')x(r,v') 

= E / dr'SEs^\tf] Gi(r> r , ) ( / > : ( r ) + c - c - (L40) 

where G,(r, r') is the static Kohn-Sham orbital Green's function 

G i ( r i l 0 _ £ M £ & 2 , (1.4i) 

in which ê  and ea are the Kohn-Sham orbital eigenvalues, and x(r, r') is the static 

density response function 

occ. vir. *?(r)6,(r)fl(r')&(r') 
X(r,r') = E E ^ , ^ l ) y i m K l ) + c.c. (1.42) 

Another form of Eq. (1.39) can be obtained by combining Eqs. (1.40)-(1.42) and 

rearranging the terms to produce 

o c c - v i r - / JL I - N L l j . \ 

E E ^ ) ^ : ^ " ^ ^ (i.43) 
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where v^fa = 6Exc/d(f)* is the nonlocal (NL) potential. 

As an alternative to using the chain rule, one can arrive at Eqs. (1.40) and (1.43) 

by requiring that the Kohn-Sham potential vs(r) be the one whose orbitals minimize 

the total energy functional -E[{<^}] [43, 44], of which Exc is a component. This is 

why the potential uxc(r) of Eq. (1.39) is usually referred to as the "optimized effective 

potential" (OEP) and Eq. (1.40) as the "integral OEP equation". The equivalence 

of these two derivations implies that the local potential vxc(r) can be obtained by 

unconstrained minimization of £?[{0j}] with respect to vs(r). 

Attempts to solve Eq. (1.40) in finite basis sets exactly [45, 46, 47, 48, 49, 50, 51, 

52, 53, 54, 55, 56] tend to run into numerical difficulties and often yield potentials 

with spurious wiggles, unphysical oscillations near the nuclei, and distorted tails. 

These artifacts suggest that there may be underlying problems with the mathematical 

formulation of the OEP method. In fact, at least two such problems have been 

identified recently: 1) existence of infinitely many distinct solutions of the integral 

OEP equation in a finite basis set [46]; 2) collapse of the unconstrained exchange-only 

OEP search in a finite basis set to the corresponding Hartree-Fock solution [57]. In 

contrast, the exchange-only Kohn-Sham solution in a complete basis set is unique 

and strictly above Hartree-Fock for systems with more than two electrons [58]. It 

also remains unclear whether the energy-based OEP search is mathematically a well-

posed problem [59]. 

At the same time, it has been known for some time that certain approximate OEP 
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methods are relatively stable. This group includes the approximation of Krieger, 

Li, and Iafrate (KLI) [60, 61], and the common energy denominator approximation 

(CEDA) of Gritsenko and Baerends [62] All of these methods differ from the ex

act OEP search in that, essentially, they use an approximation to Green's function 

G, ( r , r ' ) inEq . (1.40) [62]. 

Very recently, Staroverov and coworkers have proposed another alternative to 

the exact OEP search, termed the effective local potential (ELP) method [63]. This 

method is based on minimizing the variance of the difference between the desired 

local potential vxc(r) and its nonlocal counterpart K defined by Kfa = SEx/5(p*. The 

ELP associated with the functional Ex[{<pi}} is defined as that vx(r) which minimizes 

the quantity 

occ. 

S = ^{hK^-Kflb) 
i 

occ. 

-X>ik-# |^><0>x-*1<&), (1-44) 
y 

where {(pi} are normally the Hartree-Fock orbitals and K is the exchange operator 

built from {(pi}. Alternatively, one may require that the orbitals {4>i} be eigen-

functions of the Kohn-Sham Hamiltonian containing vx(r). In the latter case, 

minimization of S yields a different potential which we will call the consistent 

ELP (CELP). The quantity S is in fact the variance of the many-electron opera

tor D = J2T° [Vx(-Ti) ~ -^(r*)] evaluated with the Slater determinant $ built from 

{4>i}, that is, 

S={<S>\D2\$)-(<i>\D\<S>)2. (1.45) 
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We have implemented S variation with all degrees of freedom for molecules [64, 65]. 

Reported results can be considered very encouraging, since ELPs have consistently-

reasonable shapes, are almost insensitive to the choice of orbital and auxiliary basis 

sets, and do not collapse to the Hartree-Fock solution. In addition, it has been proven 

that, given a set of fixed orbitals, the ELP problem is mathematically well-posed and 

the ELP is unique up to a constant shift [66]. However, the ELP method even at 

the level of exact exchange becomes more computationally demanding than global 

hybrids. Thus, we do not think that at the current level the local exact exchange 

methods can be considered practical with GTOs. Needless to say, evaluating the 

kernel ,/xc to assess response properties would make the whole implementation even 

more cumbersome. 

1.4 Generalized KS in periodic systems 

In this, section we introduce practical tools for solving KS equations with the global 

and screened hybrid density functionals. Also, atomic orbital (AO) basis projected 

KS scheme will be serving for the further discussion of response properties within 

TD-DFT. 

In order to comply with periodic symmetry throughout this work we will be using 

the Bloch form for the KS orbitals 

1 Nc NB 

<j>nk(r) = - = ^ £ /i8(r)C,m(k)e*k
> (1.46) 

V c g fi=l 

where iVc is the number of unit cells in the periodic system representation or the 
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number of fc-points in the Brillouin zone (BZ) discretization (iVJt), NB is the number 

of Gaussian AOs within a unit cell, C^j are crystal orbital (CO) coefficients, and 

/J.g(r) is an AO centered in the gth unit cell 

/i9(r) = (x- XA)\y - YA)m(z - ZA)ne-«'-K*r. (1.47) 

The main characteristics of the AO function is the center RA = (XA,YA,ZA), the 

orbital angular momentum (l,m,n), and the exponent a. 

Crystal orbital coefficients Cw (k) are the solutions of Eqs. (1.6) in reciprocal 

space for the unperturbed system 

F(k)C(k) = S(k)C(k)E(k), (1.48) 

As in the molecular case, the one-electron density is 

P(k) = C(k)nC(k) t , (1.49) 

where n is a diagonal matrix of occupation numbers. Following the standard conven

tion, we use i, j , . . . for occupied, a, b,.. for virtual, p, q,... for general crystal orbitals, 

and e for orbital energies. In the basis of crystal orbitals, the Fock operator is 

F$ = 5pqep, (1.50) 

while the one-electron SCF density is 

4 f c l = %> (1-51) 

PS = Pla=0- (1-52) 
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The form of the electron KS Hamiltonian for the global hybrid approximation is 

Fj$ = h[S + J[S ~ CHFKW + (t^jJJ, (1.53) 

where the one-electron part is defined by 

h[S = JM*){-\V2-Y,\r lA „• )*«*(')*•• (1-54) 
J V l A,u lr K ^ _ U I / 

Here, ZA is the charge of nucleus A at position R^ in unit cell u. The Coulomb and 

HF exchange matrices are represented by J and K, respectively, 
BZ 

4? = £E^VV fcv*'])pjr ], (i.55) 

k' ra 

BZ 

^EE^v^VJf1, (i.56) 
k' rs 

with two-electron integrals written in Mulliken notation 

J J l r - r l 

The form of the exchange-correlation term vxc depends on the particular functional 

used [67]. 

The total electronic and potential nuclear energies per unit cell can be written as 

E0 = (hP) + l- (PG(P)> + Vm. (1.58) 

Here, () denotes the trace operator, which in the PBC case is applied to products of 

matrices in the AO basis 

(hP) = J>°sp;*, (i.59) 
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where h and P are one-electron Hamiltonian and the SCF density matrices. The 

one-electron Hamiltonian matrix elements between AO functions are 

h% = Tll + V^, (1.60) 

75 = -i|//0(r)V2^(r)dr, (1.61) 

A,sJ l A°l 

where T and V are kinetic and electron-nuclear potential terms. The two-electron 

contribution to Eq. (1.58) is represented by (PG(P)) , where G(X) consists of the 

contraction of an arbitrary matrix X with the two-electron repulsion integrals and 

forming the DFT potential 

[ G ( X ) C = Y,^V9\K°s)-cMWs\\rVg)]XZ 

\a,rs 

+ M * E ) C . (i-63) ifj,i/ 

The last term of Eq. (1.58) (VNN) is the nuclear-nuclear repulsion energy 

N̂N = IJ2'(Z^\ZB9) (1-64) 
2 

AB ,g 

_ l y ^ ' ZAZB 

Here 2 j denotes that the Ao — Bg terms are excluded. 

One of the advantages of Gaussian basis sets is that relatively few basis func

tions are needed per unit cell. This reduces the SCF diagonalization Eq. (1.53) 

cost substantially and makes the Fock matrix formation, namely the contraction of 
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two-electron integrals with an electron density, the major SCF bottleneck. Many 

linear scaling techniques for contracting two-electron integrals with the density or 

its derivatives have been developed within a direct approach, where two-electron 

integrals are recalculated for every contraction [68, 69, 70, 71, 72]. Using an AO 

representation, two-electron integral contractions in SCF, analytic forces, coupled 

perturbed SCF (CPSCF) [73], and second derivatives can be assigned to one of the 

following three categories: Coulomb type contractions 

PJ(P) = J ] / V ( H A a ) P A „ (1-65) 

have both density matrix indices in either the bra or the ket part of the two-electron 

integrals; HF exchange (HFx) type contractions 

PK(P) = ^ P^a\\u)PX(T (1.66) 
\iv\a 

have density matrix elements indices distributed between the bra and ket; DFT 

exchange-correlation type contractions 

Pvxc{P) = J2 P^Kc(Px°)U (1-67) 
\iv\o 

have density matrix elements contracted linearly with the exchange-correlation po

tential vKC, which also depends on density matrix elements in a more complicated 

way [74]. Various techniques have been developed to minimize the computational 

cost of these contributions: the fast multipole method (FMM) [68, 75, 76] for the 

Coulomb problem, screenings protocols [69, 77, 70, 78] for the HF exchange part, 

file:///iv/a
file:///iv/o
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and fast numerical methods [71] for the DFT quadrature are all well established. 

Most of these techniques have been successfully adapted for energy and gradients of 

HF and DFT with periodic boundary conditions (PBC) without substantial modi

fications [79, 77] Only FMM [80, 81] requires special changes for periodic systems, 

due to the long-range nature of the Coulomb interaction. One crucial modification 

is the cancellation of the monopole and dipole moments of the unit cell to achieve 

convergence of the infinite FMM summation [82, 80]. In our implementation, nuclear 

and electronic contributions are treated simultaneously to ensure neutral unit cell 

charges. Unit cell dipole moments are cancelled by fictitious charges at the corners 

of the unit cell. The periodic FMM allows one to achieve not only linear scaling with 

system size but also very high accuracy in all Coulomb summations [79]. 

FMM-type approaches cannot be employed for an efficient summation of HF 

exchange Eq. (1.66) because its algebraic structure is not compatible with them. On 

the other hand, it has been shown [83] that for nonconducting materials, P^x decays 

exponentially with distance between the centers of \i and v orbitals. Several methods 

have been developed which exploit this locality of the density matrix to achieve the 

linear scaling regime for HFx evaluation in molecules [84, 85] and solids [86, 70, 78]. 

However, the P^x decay can be very slow for systems with a small gap between the 

highest occupied (HO) and lowest unoccupied (LU) crystal orbitals. Moreover, in 

metals, the decay of P^x is polynomial [87, 88]. In such cases, one cannot rely on 

the density locality, and it is difficult to achieve convergence in the sum of Eq. (1.66) 
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for extended systems. Therefore, according to our understanding of the significant 

role of screening effects in solids, we substitute the full-range Coulomb two-electron 

integrals in Eq. (1.66) by the short-range (SR) integrals 

( H A * ) S H = / /x(r 1 )^(r 1 ) e r f c ( a ; r i 2 )A(r 2 )a(r 2 )dr 1dr 2 . (1.68) 
J ?"l2 

The matrix of SR two-electron integrals is much sparser than that of the l/ri2 op

erator and therefore, efficiency of the summation in Eq. (1.66) does not so heavily 

depend on density decay. Also, in this case, developing efficient SR two-electron 

integrals screening techniques becomes crucial for the computationally inexpensive 

evaluation of SR-HFx. 
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Chapter 2 

Efficient evaluation of short-range and full-range 
Hartree-Fock exchange 

In this chapter, we present several screening techniques that allow us to calculate 

SR-HFx at a cost that scales linearly with system size. We also show that the 

computational cost of the HSE functional with integral screening is similar to that 

of standard non-hybrid functionals. 

2.1 Method 

Our goal is to improve the efficiency of the short-range (SR) and full-range (FR) 

exchange Hamiltonian matrix construction 

KfZ^P^bivMsR (2.1) 

by screening out negligible contributions in Eq. (2.1). One well-known type of 

screening is based on the Schwarz inequality [89] which for SR-HFx becomes 

\(liv\\a)sR\ < vWlAU'WAfflAaJsfl. (2.2) 

Inequality (2.2) provides an upper bound for individual contributions in Eq. (2.1) by 

utilizing two-index quantity (Liv\fJ<v)sR- The Schwarz screening reduces the formal 

total number of integrals 0(iV4) to 0(N2) [72]. The mathematical reason for this 

reduction is the exponential decay of each charge distribution with the distance 
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between Gaussians centers 

M(ri - A M r x - B) = fi^Cn, 7>) = /C^G( r i - 7>), (2.3) 

where 

j ( A - B ) ' 
o A + ^ B 

' ^ a + /3 ' {lA) a + (5 

a, (3 are the exponents, and A, B are the centers of Gaussian orbitals /i and u, 

G(ri — V) is another Gaussian with exponent a + /? and centered at 7*. "P can be 

regarded as the center of the resulting charge distribution ClliI/(ri,7>). Because of 

the exponential decay of the prefactor K^v the number of non-negligible products 

/i(ri — X)V(T\ — B) scales only linearly with system size. 

The Schwarz screening, however, does not take into account the distance between 

the centers of distributions VtliV{r\,'P) and ^A<r(r2, Q)- In order to take advantage of 

the decay of SR integrals with respect to the "P — Q separation, we first recall how 

it is done in the case of l /r1 2 operator. The basis for distance screening of the full-

range Coulomb operator is the multipole moment expansion of the l/ru operator. 

Consider the two-electron integral 

( , f».(r,.^M> (25) 
J l r l - r 2 | 

where ri = r1T> + V, r2 = r2Q + Q, Ar i 2 = rlT> - r2Q, RQ7> = Q-V, and |rx - r2 | 

can be. written as |Ari2 — R Q P | . Let us expand l / r i 2 in a Fourier series of Legendre 

polynomials 

^ £ f ^ ( c ° - > . ^ ^ , (,6> 
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by using the spherical harmonics Ynm representation for P„(cos#) one can obtain 

, o o n . / A " \ 

— = EEj^uu^*^^) , (2.7) 
where #12, <pu, QQV, a n d VQ^ a r e the angular coordinates of Ari2 and Rgp. To 

separate Ai*i2 into r\-p and Y-ZQ we introduce scaled regular 

*<™(r) - i(2i+m-lw+mvr'Y--ie^ ("» 

and irregular 

T , N /47r(/-m)!(/ + m)! , ,„ , ,n , , , 
/ / m ( r ) = V (21 + 1) W ^ ) (2.9) 

solid harmonics, and apply the addition theorem 

- = E E i?nm(Ar 1 2 ) / : m (R^) (2.10) 
' 12 

n=0 m=—n 

00 I 00 j 

= EE E E^1)^^)^^^)^^)- (2-n) 
/=0 m=-l j = 0 fc=-j 

Using the expansion (2.11) in the two-electron integral formula, one can obtain the 

following rigorous multipole moment representation 

00 1 00 j 

(HA*) = E E E E (-^QZCP)It+j,m+k(^QP^(Q), (2.12) 
(=0 m=-l j=0 k=-j 

where 

C W = J n^(r)Rlm(rv)dr (2.13) 

is the multipole moment of f2 „̂ distribution. To make the multipole moment ex

pansion feasible for integral calculation one needs to truncate the infinite sums. The 



27 

error of a finite series up to order L in the multipole expansion of the I/V12 potential 

is 

£L = £ -E^Pn^se), (2.14) 
n = L + l UQ-P 

which can be estimated by 

JZ1K?=Ker-^u\R^) • <215) 

For fast convergence, we need Ari2 <C -RQP, which means that the separation between 

the origins of the multipole expansions should be larger than the size of the interact

ing charge distributions. Therefore, in the case of two-electron integrals, the multi-

pole expansion can be truncated when distributions are well separated [68, 76, 90], 

that is, 

\RQV\ > RV + RQ, R = int[(2a)-1/2erfc_1(e)] + 1, (2.16) 

where R is the spatial range of a distribution with exponent a, int[] means the 

integer part of a real number, and e is a threshold. According to this criterion, one 

can split all distribution pairs in two groups: near-field or overlapping distributions 

and far-field or well separated distributions. In the Coulomb contribution 

Ao-

the near-field portion is computed using an exact analytic formula for two-electron 

integrals. Far-field two-electron integrals are evaluated via Fast Multipole Expan

sion, which permits the computation of the far-field contribution with rigorous error 
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bounds and O(N) computational efforts. In the exchange part 

K^ = ^PUM^) (2-18) 

the same partition in the near-field and far-field contributions can be exploited. To 

screen out negligible near-field two-electron integrals we use the Schwarz upper bound 

(2.2). For the screening of far-field two-electron integrals we employ a combination of 

the the Schwarz screening and the truncated multipole moment expansion estimates 

( H A < 7 ) < 2 _ ^ — M — > (2-19) 
(=0 j=0 MvQ 

where qfv = max | ^ | , and L, L' are angular momentum of far-field charge distribu

tions [iv and ACT, respectively. An interesting alternative to this scheme have been 

proposed recently by Lambrecht and Ochsenfeld [91]. 

The justification for the multipole expansion usage in the l/r^ case is that 

V2 (±) = V2 ( , „ , , A „ , \ n n) = 0, (2.20) 

where. 

T\i) V VRQV + A r i 2 ~ 2RQP A r i 2 c o s 6 

V 2 " \RlvdRQV
R2QvdRQV

 + R2
QpSm6deS[nede) ' ( 2 ' 2 1 ) 

Eq. (2.20) is valid at all points where Rgp ^ ArX2, and it is also true if one 

substitutes Rgp for Aru in the two-dimensional Laplace operator (2.21). On the 

other hand, for any n 

V2 [Ar?2Pn(cos 9)} = 0, (2.22) 

V2[R^r1Pn(cos9)]=0, (2.23) 
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therefore, to express the l/r*i2 operator, one can use complete sets of harmonic 

functions {A?-£,P„(cos0)} or {Rgf1 Pn(cas6)}. 

In the SR Coulomb operator case, however 

V 2 [ e r fc (o ; /R |^ + Ar'(2 - 2RQVAr12 cos 6) \ = 4w ^ ^ 

\ V#QT> + Arjf2 - 2RQVArl2 cosfl / V^ ' 

so that erfc(oTi2)/ri2 cannot be represented as a series of harmonic functions. Ex

pansion of the SR Coulomb potential in a Fourier series of Legendre polynomials 

gives 

erfc(a>ri2) 
J2Cn(&rl2,RQV)Pn(cos9), (2.25) 

where 

71=0 

2n+lf\(cose)eric^ Cn(Ar12,RQV) = — — - / d(cos0) ^ ^ P „ ( c o s 0 ) (2.26) 

can be evaluated analytically. By direct integration of Eq. (2.26) one can obtain 

C0(Ar12, RQP) = 2 ^ ~ [erfc(w|-RQ7> + Ar12 |) - <xic(u\RQV - Ar12|)] 

+ - — - [exic{u\RQV + An 2 | ) + erfc(uj\RQV - Ar12|)] 

+. 2y/nojRQVArl2 

e-u
2(RQV-Arl2)

2 _ e - u 2 ( % + A r 1 2 ) J 

(2.27) 

-RQ !7> Ci(Ar12, RQV) = — 2 [erfc(w|i?Qp + Ar12 |) - erfc(w|JRQP - Ar12|)] 
zAri2 

+T5iT- [erfc^l^s^ + Ar12 |) + evic{io\RQV - Ar12|)] 

-[(uRQV)2 - {ojRQVArl2) + (^Ar12)2 - I ] e - 2 ( ^ + A n 2 ) 2 j ? ( 2 2 8 ) 
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and similar expressions for higher order terms. However, these Cn 's cannot be fac-

torized into Aru and RQJ> functions, hence one cannot represent the series in (2.25) 

as a multipole expansion. 

2.1.1 Distance screening for the SR operator 

We have seen that a multipole expansion cannot be applied straightforwardly to the 

three-dimensional SR potential. Let us reduce the dimensionality of the problem and 

consider the one-dimensional SR Coulomb potential 

-.r, ^ erfcfwlr — R\) 
V { r ' R ) = \ ^ ~ R \ - ( 2 ' 2 9 ) 

For R^$> r, this potential can be represented by a Taylor expansion 

V(r,R) = E ^ ) © " ' (2-3°) 
n 

where the first three coefficients are given by 

C0(R) _ « , (2.31) 

C,(R) = 2" -*•*• + !!*£*), (2.32) 
V71" R 

C2(R) = ^ £ e - ^ 2 + ^ e " ^ 2 + ^ ^ . (2.33) 

Fig. 2.1.1 shows that the terms of this expansion can mimic well the three-dimensional 

potential expansion coefficients (2.26). The ratios Cn(R)/Rn also have the correct 

u —> 0 limit. On the other hand, R and r are factorized in Eq. (2.30) by construc

tion. In the case of continuous charge distributions the R » r condition is given 
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Figure 2.1 : Functions logio Cn(R,r — 1) (dashed curves) and \ogw[Cn{R)/Rn] (solid 

curves) for n = 0—4 and u = 0.15, where Cn(R, r) and Cn{R) are given by Eqs. (2.26) 

and (2,30). 

by Eq. (2.16). Therefore, for the three-dimensional SR potential one can approx

imate the multipole expansion by using three-dimensional multipole moments and 

one-dimensional functions Cn(R)/Rn. 

Our first distance screening scheme is based on the following approximation for 

the SR two-electron integrals 

L v 

1=0 j=0 

where qf — max \q^\, while L and V are angular momentum of charge distributions 

\xv and ACT, respectively. In the following, we will call this scheme IDS. 

Another approach is to consider the SR two-electron integral over s-type distri-

(HAa)s* « E E « r W ( O w pO+i) rvpQ 
(2.34) 
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butions with exponents a and (3 centered at V and Q, respectively 

(O ( n\\o (r- R\\ Q <? ~erf(01/2#S7>) erf(^ / 2
JRQP) 

(ils(rv, a)\ils{rQ, P))sR = SVSQ Rg-p RQP 

- 1 , 1 1 1 v - 1 

(2.35) 

^ C + i ) _ 1 ' ^ = 6 + ^ + i ) _ 1 ' ^ = / ^ ' Q ) d r ' (2-36) 

where S-p and 5 Q are overlap integrals. The physical meaning of Eq. (2.35) is that 

a short-range integral is the difference between long-range and full-range Coulomb 

integrals. Because 6 > 6W, the asymptotic behavior of this short-range integral is 

1 11 

(ns(rP,a)\ns(rQ,P))SR ~ ^ R<XP). (2.37) 

Note that for the I/V12 potential, the integral (Qs(T-p,a)\il3(rQ,j3)) has an 1/Rgp 

asymptotic behavior regardless of a and (3, whereas in the case of the SR operator the 

asymptotic behavior depends on the values of exponents. Thus, SR two-electron inte

grals do not have a classical limit, where they can be represented by an evic(uR)/R 

interaction between two point charges S-p and SQ. This consideration illustrates 

asymptotic behavior of (s|s)-type SR integrals with respect to the distance between 

charge distributions. We will use Eq. (2.37) as an alternative way of taking into 

account the decay with RQJ>. Eq. (2.37) can be exploited for SR integrals with 

higher angular momentum charge distributions because such integrals decay even 

faster with RQP than (s|s)-type integrals [92]. To complete the SR integral estimate, 

we include prefactors that characterize the rate of decay of the charge distributions: 

( H A * ) * * « lC,vKXa
evH9;2RQv). (2.38) 

KQ-P 
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The screening scheme based on this equation will be referred to as KDS. 

Yet another model can be built by considering the asymptotic behavior of (s\s)-

type SR integrals as the slowest monopole-monopole interaction term in Eq. (2.34). 

In other words, the right hand side of Eq. (2.37) can be seen as an alternative to 

the CQ(R) function or Eq.(2.34). Therefore, substituting all other faster decaying 

Cn(R)/Rn functions by the asymptotic behavior (2.37), one can obtain the following 

estimation 

(H^)sn « (£X>rW^(S)) erfc(f2^}. (2.39) 

This scheme we will refer to as MDS. 

2.1.2 Hierarchical structure of distance screening 

The number of near-field terms in Eq. (2.1) scales linearly with the system size after 

applying the Schwarz screening, whereas the far-field contribution have a quadratic 

scaling. By screening out negligible integral and density matrix elements one can 

achieve linear scaling regime for the evaluation of far-field terms. However, the num

ber of far-field terms could be so large that the cost of distance screening protocols 

(2.34), (2.39), and (2.38) to individual quartets of indices [fiv, ACT] can still remain 

quadratic. A possible solution to this problem is to apply distance screening to pairs 

of charge distribution sets, instead of pairs of individual charge distributions. We 

form these sets using the FMM boxification scheme [93, 80] which divides physical 

space into cubic boxes. Due to the localized character of Gaussian distributions, 



34 

we can assign to each box a set of distributions centered inside this box. Therefore, 

screening over far-field box pairs eliminates most of the interactions in batches rather 

than one at a time. 

In this work to screen out negligible box-box contributions, we use a KDS-type 

scheme, chosen because of its computational simplicity. The first step is to estimate 

the largest two-electron integral for each box-box pair. This involves calculating the 

following quantities for each box 5 , 

KBi = max ICnu, (2.40) 
nueBi 

RBi = m a x i ? ( n ^ , B 0 . (2-41) 

aBi = min a^, (2.42) 
fivEBi 

where i?(Q^^, Bj) is the distance between the centers of box B; and charge distribu

tion VL^v, RBi is the box range, and a^ is the exponent of charge distribution f^ 

(Eq. 2.3). Using the box descriptors (2.40)-(2.42), the estimate for the integral part 

is 

{ ( H A a ) : fiu € Bu Xa € Bj} < Bf> ICBi)CBj, (2.43) 
riBiBj 

where 

0BlBj = (— + — + X) , RsiB] = R(Bi, B^ - RBi - RB , (2.44) 

\aBi aBj u2J 

and R(Bi, Bj) is the distance between the centers of the boxes. 

The second step is to construct an upper bound for density matrix elements which 

are contracted with integrals over charge distributions from the pair of boxes. Our 
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possible upper bound estimate is a monotonically decaying function of distance (LB) 

in the units of box length (BL). To each density matrix element P^x we assign the 

following distance LB 

fj,X L*ix = int 
BL 

(2.45) 

where i?(fi^, £l\a) is the distance between the centers of charge distribution Q.^ and 

ri\a. In other words, LB is an upper bound for the distance between two distributions 

which are contracted with P^x (Eq. 2.1). Relation (2.45) can be inverted in the 

following manner 

D(LB) = m a x j P ^ : LB
X < LB] , (2.46) 

where the maximum value is taken from //A pairs for which LB is less then LB-

D(LB) gives a monotonic upper bound for a density element which can be contracted 

with two distributions separated by distance LB- The final expression for the box-box 

distance screening is 

.,1/2 

iBiBj 
SlB^Bj) = °iDj ' J K,BiK-B2D(LB^ (2.47) 

where LBiBj = int [RBiBjBL\. 

2.1.3 First and second derivatives 

Given that the derivative of a Gaussian function is a linear combination of Gaussians, 

the IDS, KDS, MDS screening schemes can also be applied for the calculation of first 
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and second derivatives of the energy with respect to perturbations a and 6 

\ E P^PXM^TSR, (2.48) 
dEs

x
R 

da 2 

d2Es
x
R 

dadb 2 = \ E P^PUwWfR + E P^PxAH^)bsn- (2-49) 

This improves performance not only for the self-consistent energy evaluation but 

also for geometry optimizations and frequency calculations. For a nonconducting 

system with an exponentially decaying density matrix our screenings are more effec

tive for the summands in Eqs. (2.48) and (2.49) than for the construction of exchange 

Hamiltonian (2.1), because products of density matrix elements are involved. 

2.2 Implementation 

The IDS, KDS, MDS, and box-box screening techniques were implemented in the 

development version of the GAUSSIAN program [94]. All auxiliary two-index quanti

ties such as /C^, q^ and box characteristics (2.40)-(2.42) are calculated before the 

evaluation of two-electron integrals. The structure of our screening hierarchy for Eq. 

(2.1) is detailed in the following pseudocode: 
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Loop over Bi 

Loop over Bj 

If {Bi and Bj Gfar-field) then 

If (S[5j,Bj] > Thresh) then 

Loop over \w G Bt 

Loop over Xa G Bj 

If (DS[/zi/, ACT]!) > Thresh) then 

(^v\Xa)sR calculation 

Pil\(li.v\Xa)sR contraction 

Endlf 

End loop over Xa 

End loop over JJLU 

Endlf 

Else 

C Near-field screening 

Loop over jiv G Bi 

Loop over Xa G Bj 

If (Schwarz \p,u, Xa]D > Thresh) then 
{Hu\Xa)sR c a l cu l a t ion 
Pfi\{lJiy\Xa)sR cont rac t ion 

Endlf 
End loop over ACT 

End loop over /J,U 
Endlf 

End loop over Bj 

End loop over Bi, 

where S[Bi,Bj] is the far-field box-box screening (2.47), DS[[ii/, Xa] is one of the 

far-field distance screenings (2.34), (2.38), (2.39), Schwarz[fiv,Xa] is the near-field 

Schwarz screening (2.2), and D is the largest density element which can be contracted 

with {nv\Xa) integral 

D = max{PM , P^ Pux, P w } . (2.50) 

Of course, our actual implementation is more elaborate because it involves the two-

electron integral generation PRISM code [95]. 
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2.3 Results and Discussion 

In order to assess the accuracy of different distance screening schemes, we have 

calculated SCF energies and gradients of a set of two-dimensional periodic systems 

(Li, Na, Al, Cu, Si, SiC, BP, GaN, GaAs, Ge, C, MgO, LiF, NaF, LiCl) using the HSE 

functional. These two-dimensional systems were constructed from corresponding 

three-dimensional systems by eliminating the shortest translational vector. Lattice 

parameters were chosen to ensure that the gradients are not too small [77]. For all 

systems reported here we have used the 6-31G* basis set and several other basis 

sets derived from it [77]. In all calculations we used 23 fc-points per dimension for 

sampling the Brillouin zone. As a reference, we took the results of calculations using 

only Schwarz screening with a 10~12 a.u. threshold. We would like to emphasize 

here that we have chosen two-dimensional systems in the test set because it is the 

largest dimensionality where energy and gradients evaluations can be done with only 

Schwarz screening in a reasonable time. Table 2.1 shows the largest errors in SCF 

energies for various SR-HFx screening thresholds. The largest errors in the total 

energy never exceed the threshold imposed on the individual contribution by more 

than two orders of magnitude, so that, for example, an overall accuracy of 10 - 8 

in the energy can be reliably achieved using a 10 -10 threshold for the individual 

contributions. As a measure of errors in the gradient calculations we consider 

A = max (ARMS, A m a x ) , (2.51) 

where ARMS and AmaX are deviations from root mean square and maximum gradients, 

respectively (Table 2.1). Here the errors do not depend on the threshold in as uniform 

manner as for the energy, but it is clear that the error can be made as small as desired 

by tightening the threshold. It is also clear that a threshold of 10 - 1 0 produces 
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Table 2.1 : Largest errors in SCF energies (in E^) and gradients (in E/,/a.u.) calcu

lations with various distance screenings for the 15 two-dimensional systems listed in 

the text. 

Threshold 

Energies 

lx lO- 1 2 

lx lO" 1 0 

lx lO" 8 

Gradients 

l x l ( T 1 2 

lx lO" 1 0 

l x lO" 8 

IDS 

3 x l ( r n (Na) 

2x l0" 9 (Al) 

7 x l 0 - 8 (Al) 

2xl0" 1 0 (Al) 

7 x l 0 - 8 (Cu) 

9xl (T 7 (Al) 

KDS 

5x l0 - 1 2 (Li) 

7xlCT9 (Al) 

lx lO" 7 (Na) 

4 x l 0 - 9 (Al) 

7x l (T 8 (Cu) 

lx lO" 6 (Al) 

MDS 

3xlCT u (Na) 

l x l O - 9 (Na) 

8x l (T 8 (Na) 

lxlCT10 (Al) 

6 x l 0 " 8 (Cu) 

6 x l 0 - 7 (Al) 

gradients which are more than sufficiently accurate for geometry optimization even 

on nearly flat potential energy surfaces. Results of Tables 2.1 and 2.2 reveal that the 

most challenging systems in an accuracy sense are metals. This can be attributed 

to a slow polynomial decay of density matrix elements which leads to larger error 

accumulation from integral estimations. It is evident from Table 2.1 that schemes 

IDS and MDS are slightly more accurate than KDS. CPU time comparison of the 

SR-HFx evaluation step for the most time-consuming calculations (Ge, GaAs, and 

Cu) gives an average ratio IDS : MDS = 1:1.3 . Therefore, we decided to use only 

the IDS scheme in the remaining tests. 

We have also compared the CPU time (single processor Power5 IBM computer) 

of the SR exchange contraction stage (2.52) as a function of cells number (r) 

Kw = E PZ^oas\Xriyt)sR, (2.52) 
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Table 2.2 : Assessment of the IDS screening scheme with and without box-box 

level in molecules with the HSE functional. Errors are given for SCF energies in 

Eh- tiDs+BB and tics a r e elapsed times for the Fock matrix formation (in seconds) 

with and without box-box level. These results are obtained on 32 IA64 processor 

machine. 

Threshold Error tlDS+BB tlDS
 tlDS^s

s+BB,% 

6-31G* (Ala)25 

lxlCT12 1.4xl0-10 115 157 27 

lx lO- 1 0 3.0xlCT8 82 111 26 

lxlCT8 2 .6xl0- 6 55 73 25 

6-31G* (Ala)50 

l x l (T 1 2 1.4xl0-10 243 376 35 

lx lO- 1 0 3.4xl(T7 175 274 36 

lxlCT8 5.4xl(T6 121 189 36 

6-31+G* (Ala)25 

lx l0~ 1 2 6.7xl0-1 0 652 1007 35 

lxlO-'10 2.9 xlO- 7 444 707 37 

l x l O - 8 3.3 x lO - 6 274 467 41 

6-31+G* (Ala)so 

lx l0~ 1 2 1.4xl0-10 1336 2786 52 

lxlO" 1 0 8.1 xlO"7 904 1872 52 

lx lO" 8 5.8xl0-6 559 1106 45 

where charge distributions HQ<JS and Xrvt are non-negligible when cells s and t are 

spatially close to cells 0 and r respectively [see Eq. (2.3)]. We chose two three-

dimensional metallic systems Al (Fig. 2.3) and Na (Fig. 2.3) and applied three 
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Figure 2.2 : 3D Al CPU times for the SR exchange contraction with different screen

ings. Threshold is 1CT12. 

screening protocols: (1) Schwarz only, (2) Schwarz and distance screening (IDS 

scheme) without the box-box part, and (3) the full screening with box-box part (see 

the pseudocode). The cost of calculations using (1) scales linearly with the number 

of r-cells, which is a manifestation of slow decay of the electron density in metals. 

Adding the distance screening for integrals without the box-box part [scheme (2)] 

reduces the CPU time by approximately a factor of two, and the scaling remains 

linear. Only by scheme (3) achieves independence of CPU time from the number of 

r-cells. The error of the distance screening is of the same order of magnitude as in the 

two-dimensional case (less than 10 -10 Eh for both systems with a 10 - 1 2 threshold). 

To demonstrate the importance of a high level screening for large molecules we 

tested the distance screening with and without the box-box level for polyalanine 

molecules (Ala)25 and (Ala)5o using the 6-31G* and 6-31+G* basis sets (see Ta

ble 2.2). In this test we used several thresholds and as in the case of periodic 

1DS + Box-Box 
1DS 

Schwarz only 
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Figure 2.3 : 3D Na CPU times for the SR exchange contraction with different screen

ings. Threshold is 10 - 1 2 . 

systems SCF energy errors follow the imposed thresholds. The scalings with the 

system size for the IDS scheme without box-box part are AT1,30 and JV1'41 for the 

6-31G* and 6-31+G* basis sets. This illustrates that even though the IDS screening 

procedure has much smaller prefactor than integral evaluation, the quadratic scaling 

of the screening procedure contributes substantially to the total scaling for this size 

of systems. After inclusion of the box-box level the scalings become N109 and TV1-03 

for the 6-31G* and 6-31+G* basis sets. This clearly shows the necessity of the full 

distance screening for the achieving linear scaling in large systems. 

In order to show that HSE calculations with box-box screening have about the 

same cost as non-hybrid functionals, we compare in Table 2.3 CPU times for one SCF 

cycle and one single-point gradient calculation in a set of three-dimensional periodic 

systems (Na, Al, Cu, Si, GaN, C, LiF, NaF, NaCl) [77], using the HSE functional 

and several non-hybrid functionals (LSDA [14], PBE [16], and TPSS [17]). For this 
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Table 2.3 : Relative CPU times (LSDA=1.00) for one SCF cycle and one energy 

gradient evaluation for the 9 three-dimensional systems listed in the text. 

Relative 

CPU times 

Energies 

Mean 

Min 

Max 

Gradients 

Mean 

Min 

Max 

PBE 

1.04 

1.00 (NaCl) 

1.08 (C) 

1.02 

1.00 (Na) 

1.08 (GaN) 

TPSS 

1.19 

1.05 (NaCl) 

1.75 (C) 

1.01 

1.00 (Na) 

1.08 (GaN) 

HSE 

1.77 

1.38 (NaCl) 

2.16 (C) 

1.48 

1.32 (Na) 

1.88 (Al) 

test we chose the SR exchange screening threshold 10 - 8 a.u. which yields satisfactory 

accuracy for most practical purposes. As it is clear from the Table 2.3 in the worst 

case of diamond the HSE functional requires only twice more time than the other 

functionals in the SCF energy and gradients evaluations. 
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Chapter 3 

Vibrational frequencies 

The calculation of the vibrational spectra of solids from first principles is an es

sential step for modeling thermodynamic and elastic properties of periodic systems 

[96]. As an accurate and relatively inexpensive method, KS-DFT is one of the obvi

ous choices for modeling these spectra. Vibrational analysis for solids in the KS-DFT 

framework has been implemented in some plane-wave packages [97, 98, 99]. Although 

the simple local spin density approximation (LSDA) [14] can generally perform very 

well for predicting equilibrium geometries and frequencies [100, 101], there are cases, 

such as irans-polyacetylene [102, 103, 104, 105, 106, 107], where pure (local or semi-

local) DFT functionals fail to describe the electronic structure of the system, and 

give inaccurate equilibrium geometries and harmonic frequencies. The inclusion of a 

fraction of nonlocal HF type exchange [18] provides a significantly better description 

of many species that are problematic for semi-local DFT approximations [100, 101]. 

However, an efficient incorporation of HF exchange is challenging in a plane-wave for

malism [108, 24], and thus hybrid functionals remain available mostly with localized 

basis sets such as Gaussian AOs. 

Efficient implementations of PBC forces have enabled the calculation of second 

derivatives by numerical differentiation [79, 109, 110, 111]. Unfortunately, this ap

proach has a degree of numerical uncertainty in the accuracy of results, and its 

overall efficiency is poor for large unit cells. Both of these problems can be resolved 

by switching to an analytical approach. We are aware of only two previous papers 

involving the analytical evaluation of HF energy second derivatives with respect to 
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nuclear displacements with Gaussian orbitals and PBC. These are the formulations 

of Hirata et al. [112] and Jacquemin et al. [113]. The main emphasis of these papers 

is the generalization of the HF second derivatives to the periodic case, rather than 

issues of computational efficiency. As a consequence, only simple one-dimensional 

(ID) examples were considered [112, 113]. 

In this work, we discuss the modifications needed to extend conventional HF and 

DFT vibrational frequency molecular schemes to the periodic case. These include 

the FMM treatment of Coulomb summations and other linear scaling techniques for 

HF exchange and DFT exchange-correlation contributions. Our primary concern 

is efficiency and our efforts are aimed at producing an implementation capable of 

treating one-, two- and three-dimensional periodic non-conducting systems. We also 

apply this code to assess some recently developed hybrid density functionals for 

periodic vibrational frequency calculations. 

The current work treats only in-phase (Brillouin zone centered) [114] vibrations. 

These vibrational motions correspond to simultaneous shifts of atom replicas in all 

unit cells. Out-of-phase vibrations [96, 115] arising from oscillations of atom replicas 

with a non-zero phase shift between unit cells will be the subject of future work. 

3.1 Theory 

Second derivatives of the unit cell energy contain the following terms 

E*y = (h i y P) + X- (PG x y(P)) + (P»F (X)) (3.1) 

_ ( S ^ W ) - ( S ^ W ) + V^, 

where F = h + G(P) is the Fock matrix, W = P F P is the energy weighted density 

matrix, and S is the overlap matrix between AOs. In Eq. (3.1) we use superscripts 
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to denote differentiation with respect to in-phase nuclear coordinate displacements 

^-EsSs*. (3'2) 
rs 

where x, y are atomic coordinates, and r, s are cell indices. We also employ the 

following notation for the Fock matrix derivatives 

F x - hx + GX(P) + G(PX) 

= F ( x ) + G(P x ) , (3.3) 

where F^x^ is the Fock matrix formed with differentiated integrals, and its two-

electron part GX(P) has the following AO representation 

[GX(P)}% = ^[OH>Vg\K<T.r-CBP{lio(T.\XrUg)*]PZ 
\a,rs 

+ \<C(PZ)Z- (3-4) 

We will not discuss here the differentiation of the exchange-correlation potential 

because it has been extensively considered in Ref. [116]. 

To evaluate P x , one needs to setup and solve the periodic version of CPSCF 

equations [73, 117]. In this work, CPSCF and TD-DFT will be used interchangeably 

because they denote essentially the same. As in the SCF case, the CPSCF equa

tions are solved iteratively in the basis of crystal orbitals. Use of a translationally 

symmetric CO basis decouples the CPSCF problem for different k values 

(FpxjM _ (p^pjW _ (G (PXJ)W = QW, (3.5) 

Q W = (FW)W _ (G(SX
0))W - (FS£,)W, (3.6) 

where subscripts o and v correspond to occupied and virtual subsets of the CO basis. 
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Since the diagonal blocks of P x are known [73] 

PXoo = - S L (3.7) 

Kv = 0, (3.8) 

solving Eq. (3.5) with respect to (P^ , )^ completes the Px matrix construction. The 

iterative solution of Eq. (3.5) has been described in greater detail elsewhere [118], 

and we discuss here only the parts which are different from the previously considered 

polarizability case. In order to make the evaluation of Q feasible for periodic systems, 

we follow the direct SCF approach with formation of all terms in the AO basis 

[F{x)]% = [T%1 + [V%i + [GX(P)]°*, (3.9) 

[G(Sx
0Xl = E [ ( ^ I A ^ ) + CHF(/^|A^)" 

Xa,rs 

x ( P S * P ) ™ + K ( P S x P ) £ , (3.10) 

and subsequent transformation back to COs for the iterative solution of CPSCF. 

All transformations from real to reciprocal space (and back) involve matrix-matrix 

multiplications which have cubic scaling with unit cell size. However, this is not a 

serious issue for computational efficiency owing to the very small prefactor of these 

manipulations. In the case o f the (FS x jM term.it is more efficient to transform Fjjfc 

and {Sx)a^ to COs and then perform matrix multiplication, because in the CO basis 

different k blocks are decoupled and the Fock matrix is diagonal. Thus, although 

this multiplication formally scales as O(NkNxrNoNv), it has a negligible prefactor. 

As in the case of regular Fock matrix formation, we use various linear scaling 

techniques to evaluate the F*x^ and G(SXJ terms. Due to the relatively fast decay 

of interactions between AOs in the T x , HF exchange, and DFT exchange-correlation 

terms of F ^ and G(SX
0), these contributions are finite, and they can be obtained in 

http://term.it
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a manner similar to their Fock matrix counterparts. In order to treat the Coulomb 

terms by FMM, the unit cell charge must be zero, otherwise the multipole potential 

generated by FMM will diverge. Therefore, in the Fock matrix construction, nuclear 

and electronic contributions are treated together 

C + JH = E [T,(^9\Kar+s)PTS + 5 > O ^ A J ] • (3.11) 
r Acr.s A 

Differentiation of distributions in the integral part of F^x^ breaks the cancellation 

of nuclear and electron charges and leads to divergence of the F ^ Coulomb part. 

The G(Sp0) Coulomb contribution diverges as well, since it has no nuclear part to 

compensate the electron charge. In order to sum the Coulomb parts of F ^ and 

G(SQ 0 ) by FMM, we combine them in to the following mixed Coulomb-type term 

(JX)H = E w ^ r + Y,pz{w9\Kos)
x 

r,A Xa,rs 

-(PSxP)Z(w9\Kas). (3.12) 

The underlying idea behind this partitioning is that in order to make the unit cell 

charge zero for the terms with differentiated distributions multiplied by densities, one 

needs to add differentiated densities multiplied by undifferentiated distributions. We 

do not have at this stage the full matrix of density derivatives because the CPSCF 

equations have not been solved yet. However, the only significant part of the density 

derivative for the unit cell charge is the occupied-occupied block Eq. (3.7), which 

becomes (—PS^P) in the AO basis. 

The FMM summation in Eq. (3.12) is done in a manner very similar to the 

molecular case [119]. In the PBC implementation, all nuclei are treated as tight ex

ponent Gaussian distributions with corresponding constant density matrix elements 

[79]. Hence, there is no separation between electronic and nuclear contributions. 
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The (—PSXP) nuclear counterpart is simply taken as zero. In order to apply FMM, 

we first split all interactions between shell-pair distributions into near-field (NF) and 

far-field (FF) contributions, using the same criterion as in the case of undifferentiated 

distributions [90]. The NF contribution is treated by regular analytic integration al

gorithms [120]. Interactions in the FF part are evaluated by FMM. Because of the 

differentiation in Eq. (3.12), we also split the FF contribution in Eq. (3.12) as 

ChXl = E ^({/W*|Arc7s) (3.13) 
Xa,rs 

$?)% = E P£QM>VB\{K<T.}X) 
\cr,rs 

-(PS*P)Z(fk>"9\K<rs). (3-14) 

Here we omit nuclear contributions, because algebraically they are treated in the 

same fashion. The J\ term is calculated as in the force case [79, 121]. This requires 

forming the multipole expansion of the potential from P^\Xras) distributions, and 

interacting this multipole expansion with all differentiated distributions ({/j,oUg}x\. 

Each J2 term requires the multipole expansion of the potential from distributions 

P£*\{\ras}
x) — (PSxP)^|A rcr s), and subsequent interaction of this expansion with 

undifferentiated distributions. Thus, the Ji terms are more computationally expen

sive than the J\ ones because they require running the most time consuming step 

of the potential generation SNAT times. This completes the discussion of the right 

hand side of the CPSCF equation [Eq. (3.5)]. 

Given the Px
v matrices of Eq. (3.5), we can build full derivatives of the density, 

and thus the F x matrix using Eq. (3.3). F x is constructed from F ^ - G(SX
0) and 

another contraction of Px^ matrices with AO integrals as 

F * = F(x) _ G ( S x j + G(P*J . (3.15) 
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After generating F x , the W x matrix of Eq. (3.1) is calculated by matrix-matrix 

multiplications in the CO basis in reciprocal space 

W x = P X F P + P F X P + P F P X . (3.16) 

Because of the aforementioned divergence of the Coulomb series, the trace of F^x 'Py 

in Eq. (3.1) does not have a finite value, so it requires splitting before evaluation 

F(x)py = FiN F
( s )P» + F F I N ^ P " , (3.17) 

F I N F » P " = j(*)pv + v x P ^ , (3.18) 

F F I N ^ P " = TxPy + cEFKx{P)Py + vx
c{P)Py, (3.19) 

where F INF^ 'P 1 * should be combined with other infinite terms in Eq. (3.1) and 

FFIN P " is the finite part which is calculated separately. We evaluate (FFIN P5'), 

(WxSy) , and (WSX!/) by forming traces in direct space in the AO basis. 

To use FMM for the terms ( h ^ P ) , ( P G ^ ( P ) ) , V ^ , and (FWF^x)Py\ of Eq. (3.1) 

we need to combine all of the Coulomb contributions of these terms, preserving zero 

charge in the unit cell. In summary, the total Coulomb contribution to Eq. (3.1) can 

be written as 

PJxy{P) = PyVx + PVxv + PJxy(P) + PyJx(P) + V^ (3.20) 

= £ [p%(wg\ZAr)
xy + (Px)li(wg\ZAr)

y] (3.21) 
liv,gr,A 

+ Y, [ ^ ^ ^ o ^ | A r a s ) ^ + P^(Px)^(^o^|A ra s)^ 
liv\o,grs 

+ Y2(ZA0\ZBrT
y. 

r,AB 

Here again, we will consider only the electronic portion because the nuclear part 

is treated identically. PJxy(P) of Eq. (3.20) is divided into three distinct types of 
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terms 

J\ = Y. P%PZ({wg}
xy\\asl (3.22) 

pv\a,grs 

J2 = J2 (pX)%PZ({wg}
V\Kvs), (3.23) 

lif\a,grs 

+ O p V ) M / W * l V M - (3.24) 

Note that, due to the bra-ket permutational symmetry in the J\ sum, only the dif

ferentiated bra part is calculated. In terms of J l and J2, the multipole moment 

potential is generated from Pj^|Arcrs) distributions in the same manner as in energy 

and force calculations [79]. Once the potential is ready, it is integrated with differen

tiated distributions. The J2> term requires forming the potential from differentiated 

distributions \{K<ya}
x)P\s

CT + \^rPs)(Px)r\a- This is done separately for each of 3NAT 

perturbations and constitutes the most time consuming part in Eq. (3.20). The 

interaction of the J3 term potential with corresponding differentiated distributions 

P^l{{^opgY\ completes the summation in Eq. (3.20). The remaining terms (T x yP), 

(PKxy.(P)), and ( P v ^ ( P ) ) are calculated forming the trace in the AO basis in a 

fashion similar to the molecular case [116]. 

3 . 2 A l g o r i t h m i c t e s t s 

The purpose of this section is to demonstrate the efficiency and robustness of our 

scheme. We have chosen a irans-polyacetylene chain and a boron nitride sheet as 

one- and two-dimensional (2D) test systems. In all calculations we have used a 

(99,590) pruned numerical integration grid (equivalent to the GAUSSIAN keyword 

ultrafine), a convergence criterion for the iterative CPSCF solution of 10~6, and the 
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rectangular quadrature for the transformation between real and reciprocal spaces. 

All geometry optimizations preceding frequency evaluations were done in redundant 

internal coordinates [122] with convergence of 10 - 5 a.u. in the root mean square 

force, which corresponds to the GAUSSIAN keyword opt=tight. 

3.2.1 Convergence in real and reciprocal space 

Here we investigate the convergence of the harmonic vibrational frequencies with 

respect to the number of fc-points in the Brillouin zone sampling and the number of 

cells used in real space summations. As a measure of error in frequency calculations, 

we suggest an average deviation 

i * 

Aw = -^X> i - a , r v | , (3.25) 

where u>^onv are frequencies calculated with the highest accuracy settings and con

verged' within 0.01 cm - 1 , and N is the number of nonzero in-phase frequencies. A 

one-dimensional periodic system generally has N = 3N&T — 4, since three space 

translations and one rotation around the translational axis do not contribute to the 

Hessian. For the two- and three-dimensional cases only space translations do not 

change the unit cell energy, thus N = 3 NAT — 3. 
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In our scheme, discretization of the Brillouin zone in reciprocal space is used in 

the SCF and CPSCF steps. The primary real space size criterion is the number of 

r-cells in the HF exchange and DFT exchange-correlation parts of Eq. (1.63) and in 

subsequent differentiated expressions. Due to the Gaussian product rule [92]. cell 

indices g and s in Eq. (1.63) are confined to values which are close to Oth and rth cells, 

respectively. Note that in the Coulomb portion because of the FMM summation, the 

r-index is implicitly taken up to infinity [79], and hence is not considered here. Tables 

3.1 and 3.2 present the average deviation for vibrational frequencies as a function of 

k grids and the number of r-cells, respectively. As a representative density functional 

we used the PBE functional. The main conclusion is that converging frequencies to 

0.1 cm - 1 requires k grids and a range of r-cells that attain fiEh energy and 0.01 eV 

band gap accuracy. 

3.2.2 Efficiency and computational scaling 

In the case of non-conducting systems, the direct formation of Fock-like matrices 

can be done in linear computational cost with respect to unit cell size {NAT) [79, 77, 

118]. This is also true for differentiated Fock-like matrices. In fact, differentiated 

integrals have properties similar to their undifferentiated counterparts, because a 

differentiated Gaussian orbital is a linear combination of Gaussian orbitals located 

at the same center. Matrix elements of density derivatives with respect to nuclear 

coordinates exhibit exponential decay with separation between atomic orbitals [123, 

118] similar to that of the regular density [83, 124, 125]. This leads to 0(NAT) 

scaling per differentiation in the construction of differentiated Fock-like matrices. 

On the other hand, enlarging the unit cell would require differentiation with respect 

to a larger number of nuclear coordinates. In order to examine the scaling of our 
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Table 3.2 : Average frequency deviation [Au, see Eq. (3.25)], total energy per unit 

cell (EQ), and band gap (Eg) as a function of the number of r-cells in Eq. (1.63) and 

in related differentiated expressions. 

Number of cells 

1D- £rans-polyacetylene 

15 

21 

31 

41 

2D-BN HF/6-31G** 

441 

961 

1681 

2025 

1D- trans-p olyacetylene 

5 

9 

15 

21 

2D-BN PBE/6-31G** 

25 

37 

101 

145 

HF/6-31G** 

PBE/6-31G** 

E0 (E„) 

-76.892 487 

-76.892 487 

-76.892 487 

-76.892 487 

Eg (eV) Au; 

500 fc-points 

7.201 

7.204 

7.205 

7.205 

100x100 fc-points 

-79.273 644 

-79.273 644 

-79.273 644 

-79.273 644 

-77.308 734 

-77.308 657 

-77.308 657 

-77.308 657 

13.985 

13.985 

13.985 

13.985 

500 fc-points 

0.114 

0.114 

0.114 

0.114 

100x100 A;-points 

-79.632 781 

-79.632 596 

-79.632 558 

-79.632 558 

4.575 

4.575 

4.575 

4.575 

' (cm-1) 

0.02 

< 0.01 

< 0.01 

< 0.01 

< 0.01 

< 0.01 

0.02 

< 0.01 

0.15 

< 0.01 

< 0.01 

< 0.01 

0.32 

0.05 

< 0.01 

< 0.01 
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Table 3.3 : The scaling exponents of the analytical algorithm obtained on trans-

polyacetylene with (C2H2)n unit cell, where n = 1,2,4,8 at the TPSSh level of 

theory. 

3-21G 

SCF 

Right-hand side of CPSCF 

Solution of CPSCF 

Explicit second derivatives 

Total . 

6-31G** 

SCF 

Right-hand side of CPSCF 

Solution of CPSCF 

Explicit second derivatives 

Total 

Coulomb 

0.84 

1.69 

1.85 

1.53 

1.07 

1.45 

1.90 

1.28 

HF exchange 

0.98 

1.03 

1.95 

0.90 

1.87 

1.04 

1.05 

1.96 

0.95 

1.85 

DFT 

0.95 

1.08 

1.67 

1.01 

0.92 

1.08 

1.69 

1.12 

scheme with Nxr, we use a scaling exponent which is defined as a slope of a linear 

least-square fit of CPU times with ./v"AT in log — log scale. Table 3.3 reports the 

scaling exponents of the main steps in the analytical algorithm for a series of trans-

polyacetylene calculations with a different number of C2H2 monomers as the unit 

cell. The TPSSh functional [17] is chosen for benchmark purposes because it includes 

both HF exchange and DFT exchange-correlation. The number of Appoints and r-

cells are taken from the defaults of the SCF procedure [79]. To address the basis 

set dependence, we examine our scheme with the 3-21G and 6-31G** basis sets. 

Table 3.3 shows that the basis set has little effect on the computational scaling. 
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Evaluation of the right-hand side of the CPSCF equation [Q, see Eqs. (3.5) and 

(3.6)] and explicit second derivatives show similar trends that can be summarized as 

follows. All of these contributions contain differentiation of Gaussian distributions 

either in the two-electron integral part or in the overlap matrix. In periodic systems, 

differentiation with respect to an atomic coordinate represents the differentiation 

with respect to coordinates of all atomic replicas [see Eq. (3.2)]. Thus, after enlarging 

the unit cell, some of the differentiations outside of the unit cell become those inside a 

new unit cell. This does not change the total number of differentiations for the DFT 

and HF exchange parts and thus leads to their 0(iVAT) scaling. For the Coulomb 

part, increasing the unit cell size increases the number of the multipole potential 

generations in Eqs. (3.14) and (3.24). The construction of the multipole potential for 

each of the nuclear coordinate differentiation scales sublinearly and hence gives rise to 

overall subquadratic scaling. As for the CPSCF step, differentiated density matrix 

elements decay no faster than those of normal density elements. The number of 

density derivatives grows linearly with NAT, and even though each contraction is done 

with linear computational cost, the overall scaling approaches quadratic behavior. 

Therefore, the solution of the CPSCF procedure, where the limiting step is the 

contraction of the density derivatives with two-electron integrals, has subquadratic 

computational scaling. 

One interesting application of our analytic frequency scheme is calculating out-

of-phase vibrations (k# ^ 0), which along with the in-phase ones at kjv = 0, form 

phonon dispersion curves. Here, we use the subscript "N" to distinguish the recip

rocal space variable k of the nuclear vibrational problem [96, 114] from that of the 

SCF and CPSCF parts. Harmonic frequencies corresponding to k/v ^ 0 vibrations 

can be obtained within our scheme by using multiple unit cells as a new reference 
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unit cell. This method is referred to as a "frozen-phonon" technique in Ref. [96]. By 

taking M minimal unit cells as the reference super-cell, we can calculate frequencies 

for kjv = 27rm/(Mac), where m = 1, ...,M, and ac is the lattice constant. However, 

by making the reference unit cell larger than the minimal unit cell, we reduce the 

computational advantages arising from translational symmetry. 

Second derivatives can also be obtained by numerical differentiation of forces. As 

it was shown in Ref. [79], force evaluation scales linearly with _/VAT, and therefore their 

numerical differentiation leads to 0(NlT) scaling. Table 3.4 presents CPU times of 

the main steps in analytical vs numerical second derivatives for a irans-polyacetylene 

chain and a 2D BN sheet with minimal and doubled unit cells at the TPSSh/6-3lG** 

level of theory. The results in Table 3.4 unambiguously indicate that the analytical 

scheme is faster than the numerical one and the ratio between total timings of two 

schemes grows with ./VAT- By comparing CPU times for BN and (BN)2 unit cells, 

we can conclude that the scaling of the main steps of the analytical algorithm are 

preserved in the 2D case (c/. Table 3.3). However, we must admit that the numerical 

scheme becomes more competitive for systems of larger dimensionality. 

3.3 Benchmark applications 

In this section, we assess vibrational frequencies calculated with several pure and 

hybrid density functionals on periodic systems of different dimensionality. The fol

lowing energy functionals are considered: HF, LSDA, PBE [16], TPSS [17], the 

hybrid functionals PBEh [35] and TPSSh [17], and the HSE screened hybrid func

tional [34, 126, 127]. We start with irans-polyacetylene, which has been the subject 

of numerous investigations [103, 110, 128]. To obtain a realistic geometry for this 

system within DFT, one needs to use hybrid density functionals containing a portion 
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Table 3.4 : IBM Power4 CPU times (sec) for numerical vs analytical TPSSh/6-

31G** frequencies. In the numerical case timings are averaged over the total number 

of SCF and force calculations. 

Step 

n = 1 

SCF 

Explicit first derivatives 

Solution of CPSCF 

Explicit second derivatives 

Total 

n = 2 

SCF 

Explicit first derivatives 

Solution of CPSCF 

Explicit second derivatives 

Total 

(C2H2)„ (ID 

Numerical 

241 

64 

7 859 

422 

116 

26 673 

i periodic) 

Analytical 

442 

508 

2 653 

591 

4 208 

759 

1 091 

10 094 

1 177 

13 130 

(BN)„ (2D periodic) 

Numerical 

2 383 

793 

41 605 

4 253 

1 120 

129 702 

Analytical 

3 701 

5 113 

18 609 

11 097 

39 263 

7 581 

11 567 

75 695 

14 700 

107 844 

of HF-type exchange [103, 129, 130, 131, 132] (see Table 3.5). 

Several trends can be observed from Table 3.5. The HF method overestimates 

both band gap and bond length alternation (BLA). LSDA, in contrast, yields an al

most metallic structure. Semi-local density functionals minimally improve the LSDA 

results. As expected, full and screened hybrid functionals improve band gaps and 

BLAs. Table 3.6 presents calculated and observed vibrational frequencies. In-phase 

vibrational frequencies follow trends similar to BLA and band gap calculations. It 

is remarkable that PBEh, which is very accurate in predicting equilibrium geom-
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Table 3.5 : Optimized geometry (A and degrees), bond length alternation (BLA), 

and band gap (Eg, eV) of £rans-polyacetylene calculated using different methods 

and the 6-31G** basis set. See Fig. 3.3 for the definition of the irans-polyacetylene 

geometrical parameters. 

Method 

HF 

LSDA 

PBE 

TPSS 

PBEh 

HSE 

TPSSh 

Expt.° 

Rcc 

1.455 

1.393 

1.408 

1.411 

1.423 

1.417 

1.418 

1.44 

rcc 

1.333 

1.385 

1.395 

1.392 

1.364 

1.369 

1.378 

1.36 

rcH 

1.079 

1.103 

1.099 

1.093 

1.091 

1.091 

1.090 

ac 

2.463 

2.458 

2.481 

2.479 

2.465 

2.464 

2.473 

2.46 

a 

124.1 

124.4 

124.5 

124.4 

124.3 

124.3 

124.4 

7 

116.7 

117.7 

117.6 

117.6 

117.2 

117.3 

117.4 

BLA 

0.122 

0.008 

0.013 

0.019 

0.062 

0.048 

0.040 

0.08 

E, 

7.20 

0.07 

0.11 

0.17 

1.46 

0.79 

0.65 

1.5-2.5 

a Ref. [133] 

Figure 3.1 : Structure of irans-polyacetylene 

etry and band gap, does not perform as well as the corresponding pure functional 

(PBE) for vibrational frequencies. Screening of HF exchange in HSE leads to slightly 
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Table 3.6 : Harmonic vibrational frequencies (cm x) for £rans-polyacetylene calcu-

lated with various methods and the 6-31G** basis set. 

Mode" HF LSDA PBE TPSS PBEh HSE TPSSh Expt.6 

Wl (Ag) 

UJ2 (Ag) 

W3 (Ag) 

UJA (Ag) 

w5 (Bu) 

^6 (By) 

u7 (Au) 

^8 (Bg) 

MAEC 

M E d 

3317 

1851 

1443 

1281 

3324 

1291 

1155 

1032 

226 

226 

3051 

1325 

1299 

1014 

3062 

1136 

894 

696 

80 

-51 

3072 

1356 

1286 

1023 

3085 

1161 

878 

718 

77 

-38 

3108 

1399 

1304 

1050 

3121 

1187 

888 

770 

71 

-7 

3168 

1523 

1336 

1133 

3179 

1193 

1062 

925 

79 

79 

3165 

1471 

1335 

1062 

3176 

1195 

1059 

924 

64 

63 

3143 

1453 

1323 

1064 

3154 

1197 

1011 

907 

48 

46 

2990 

1457 

1294 

1066 

3013 

1170 

1012 

884 

a The normal modes are classified according to the crystallographic point group C2/1. 

6 Refs. [134, 135, 136] 

c Mean absolute error. 

d Mean error. 

improved frequencies compared to those from the PBEh functional. According to 

Tables 3.5 and 3.6, the TPSSh functional can be regarded as the most accurate 

one. Overall, performance of the considered functionals for £rans-polyacetylene fol

lows general trends similar to the molecular G3 set for equilibrium bond lengths and 

vibrational frequencies [100]. 

As an example of a two-dimensional system with a finite band gap, we chose a 

hexagonal BN sheet. There is no experimental data on this system. The closest 
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species studied experimentally is bulk hexagonal boron nitride (h-BN), which we 

avoid considering because its experimentally derived structure is still debatable [137]. 

In addition, there are weak van der Waals interactions between h-BN layers not 

accounted by the functionals here used. However, the weakness of the interaction 

allows us to assume that our results for in-plane characteristics of the 2D system 

will be able to reproduce those of the three-dimensional (3D) structure. In Table 

3.7, we present geometry, band gap, and vibrational frequencies of a hexagonal BN 

sheet obtained with different functionals, and corresponding parameters derived from 

experiments on the 3D h-BN structure. The lattice vector length and band gap 

results are improved with hybrid functionals compared to the pure DFT and HF 

values. There are two distinct vibrational frequencies in a 2D BN sheet: the in-

plane doubly degenerate Eig mode and the out-of-plane Aiv. mode. The TPSSh 

functional produces excellent agreement for the in-plane mode, where pure DFT 

functionals (except LSDA) underestimate, and HF overestimates the experimental 

value. We cannot expect a good agreement for the A<iu mode because of the absence 

of inter-layer interactions. The PBE result agrees very well with the experimental 

one, although this may simply be due to error cancellation. 

Last, we would like to demonstrate the capabilities of our approach in the 3D 

case of diamond. In these calculations, we have employed 12000 fc-points for the 

Brillouin zone sampling, 3000 and 1000 r-cells for HF exchange and DFT exchange-

correlation contributions, respectively. Results for equilibrium geometry, band gap, 

and vibrational frequencies are presented in Table 3.7. Due to crystal symmetry, 

diamond has only one triply degenerate Raman active mode. All trends in the 

3D diamond case are similar to those in the 2D BN case, and the most accurate 

estimate of vibrational frequencies is with the TPSSh method. In this and the 
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Table 3.7 : Optimized geometry (A), band gap (Es, eV), and harmonic frequencies 

(cm -1) of a hexagonal BN sheet and bulk diamond calculated using different methods 

and the 6-31G** basis set. All BN experimental values are for the bulk hexagonal 

structure. 

HF LSDA PBE TPSS PBEh HSE TPSSh Expt.a 

2DBN 

ac 2.497 

Eg 13.96 

wi {E2g)
b 1459 

u2 (A2u) 929 

3D diamond 

ac 3.573 

Eg 12.42 

ux (F2g) 1503 

a Refs. [138, 139, 140] 

6 The normal modes are classified according to representations of De/^BN) and O^ (diamond). 

previous examples, transition from PBEh to HSE affects considerably only the band 

gaps (see Tables 3.5-3.7), therefore HSE may turn out to be a more robust and 

computationally efficient version of PBEh for vibrational spectra of solids. 

2.494 

4.53 

1395 

803 

3.559 

4.02 

1309 

2.518 

4.57 

1348 

786 

3.598 

3.98 

1277 

2.518 

4.76 

1345 

794 

3.599 

4.03 

1277 

2.501 

6.79 

1401 

828 

3.571 

5.92 

1361 

2.501 

6.06 

1398 

829 

3.574 

5.06 

1356 

2.511 

5.62 

1367 

811 

3.588 

4.79 

1313 

2.507 

5.8 

1367 

783 

3.567 

5.48 

1323 
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Chapter 4 

Infrared intensities 

The theoretical prediction of vibrational spectra is a valuable tool for the charac

terization of compounds and materials which are either not synthesized or difficult 

to conduct experiments on. It requires at least two types of data: positions of peaks 

and their intensities. In the vibrational spectroscopy of periodic systems, peak po

sitions are associated with phonon frequencies. Calculation of phonon frequencies 

from analytical second derivatives have recently become available for KS-DFT and 

HF methods, with plane-waves (PWs) [141, 96] and GTOs [112, 142]. On the other 

hand, peak intensities have received less attention, even though they are necessary 

for a comparison of theoretical spectra with their experimental counterparts. Part of 

the problem is that only in the 90's was their correct theoretical expression derived 

[143, 144]. Since then, first principles studies with KS-DFT and PWs have become 

common for infrared (IR) and Raman spectra of solids [145, 146, 147]. However, we 

are aware of only one work on IR intensities with GTOs. Although GTOs have many 

advantages [79, 142], especially for orbital dependent functionals, GTO-based tech

niques are mostly developed in the quantum chemistry community, and therefore, 

are underrepresented for periodic systems. Thus, in this chapter, we would like to 

present a simple scheme for evaluation of IR intensities for periodic systems within 

KS-DFT and HF with GTOs. 

The first order IR intensity of a fundamental transition exciting the j t h normal 

mode is 

T - N A 7 T ( 
j~ 3c2 ^ 

ddx 

dQi 
+ ddy 

dQi 
+ ddz 

dQi 
(4.1) 
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where NA is Avogadro's number, c is the speed of light, dx-z are the Cartesian 

components of the dipole moment, and Qj is the normal mode coordinate [148]. 

Since any normal mode is a linear combination of atomic Cartesian coordinates (Rj), 

IR intensities are calculated from <9d/<9Rj. There are two main features arising for 

these derivatives under PBC. First, one should consider derivatives with respect to 

in-phase nuclear coordinate displacements, 

oo 

dd/dRi = J2dd/dR*9> (4-2) 
ff=0 

where g is the index of a unit cell. Although in-phase vibrations do not represent the 

whole phonon spectrum of the periodic system, only these vibrations are IR active 

[114]. Second, under PBC, the dipole moment per unit cell cannot be straightfor

wardly expressed as a matrix element of the position operator [143, 144, 149, 150]. 

According to the modern theory of polarization [143, 144], the dipole moment per 

unit cell is a geometric quantum phase or a Berry phase [151]. A non-trivial quantum 

phase usually appears in cases when the system under study is coupled to the rest 

of the universe through an external parameter £ [152]. The Berry phase 7 can then 

be written as 

7 = I m j U(*(C) |^P) , (4.3) 

where ?/>(£) is the wavefunction and C is a closed contour. In the case of periodic 

dipole moment, the parameter £ is represented by a reciprocal vector k running over 

the Brillouin zone. Therefore, within single-determinant methods, Eq. (4.3) necessi

tates evaluating the d/dk derivatives of the Slater determinant. Since the latter is 

obtained in the SCF procedure which usually adds to the solution arbitrary complex 

phase prefactors depending on the k value, it is not trivial to differentiate the SCF so

lution with respect to k. Two main approaches to this problem have been proposed. 
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The first method involves a discrete representation of d/dk derivatives through ma

trix elements at neighboring Appoints. This representation is invariant with respect 

to phase arbitrariness which could arise from the SCF procedure [143, 144]. The 

second approach introduces phase factors which cancel the SCF arbitrary phases 

and allow one to evaluate d/d\a by employing regular finite differences techniques 

[153, 154, 155]. Here, we start from the periodic dipole expression arising in the first 

approach. We consider the first approach as a simpler and computationally more 

robust alternative, since it does not require introduction of complex phase functions 

and band resolution techniques. Therefore, it can be seen as a black-box technique 

that has only the number of ^-points in the Brillouin zone sampling as an input. In 

addition, this method has been tested with plane waves before [156, 157], and its 

robustness was demonstrated not only for the linear response regime but for finite 

electric fields as well. Yet another approach to the periodic dipole derivatives is pos

sible in the case of PWs, where these quantities require only dipole matrix elements 

between occupied and virtual Bloch functions (<f>nk\r\4>ak)• These "transition" dipole 

elements can be transformed into the following well-defined expression: [158, 159] 

IA L U \ (^nfc|[ffsCF,r]|4>afc) , . 

< * * | r | ^ > =
 e a (k) -e B (k) ' ( 4 4 ) 

where -ffscF is the crystal SCF Hamiltonian, e0(k) and £„(k) are orbital energies 

of empty and occupied bands. However, in the case of GTOs this approach could 

be less beneficial since Pulay's terms arise. To the best of our knowledge, the only 

implementation of IR intensities with GTOs was reported by Jacquemin and co

workers [160] using the second approach. Thus, the focus of the current work is in 

adapting the discretized Berry phase approach for evaluation of IR intensities with 

GTOs. 

One should keep in mind that IR intensities are always obtained with vibrational 
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frequencies, and therefore, any algorithm for IR intensities can be seen as an efficient 

one if its execution time is negligible with respect to that for vibrational frequencies. 

4.1 Theory 

4.1.1 Berry phase approach to periodic dipole moment 

We first consider the formulation proposed by Kudin and co-workers[161] for the cal

culations of periodic dipole moment through the Berry phase approach in localized 

basis sets. Following Blount [162] we first discuss the representation of the position 

operator in the periodic case. The problem originates from the fact that the r oper

ator does not have the whole Hilbert space for its domain. There exist normalizable 

functions ^(r) for which 

d* = fdr\iP(r)\2v (4.5) 

is not finite. To find a suitable representation for the r operator we consider its matrix 

element with a function from its domain ^ ( r ) . For the sake of simplicity we take 

ip(r) as the n t h Bloch band 4>nk{r), then one can write the following decomposition 

J dr\4>nk{v)\2rq = - i l - J dr^uiv)^ + i f dvu*nk{v)^^-, (4.6) 

where the subscript q denotes the Cartesian components, and unk(r) corresponds to 

the cell-periodic part of </>nfc(r) 

unk(v) = e-ikr<f>nk(r). (4.7) 

The first term in Eq. (4.6) can be associated with the component of the electron 

current through the closed region of the Brillouin zone and therefore can be neglected 

| d r | < M r ) | \ = i Jdru*nk(r)^l. (4.8) 
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In the following we restrict our consideration to closed-shell one-dimensional periodic 

systems aligned along the z axes. This makes our description simpler without losing 

essential details. According to the Blount approach, the z component of the dipole 

moment per unit cell is 

d=-lm0f^j^dkjdru:k(r)^l. (4.9) 

Here, we avoid introducing an additional z subscript, since unless otherwise stated we 

always will consider the longitudinal part of the dipole moment. Substituting unk(r) 

in the dipole expression by its AO representation we obtain the following splitting 

for the periodic dipole moment 

d = dx + d2, (4.10) 

where 

occ. NB 

di = E E / dkC;n(k)Cun(k)Y^elk9a(Z°l-gaSll), (4.11) 
„ „ „ JBZ 
n p,v 

and 

occ. NB 

* = - I ^ ^ | B z * C ; „ ( ^ £ e ^ . (4-12) 
n ii,v 

Here, 

and 

ZH = Jdr »0(r)zvg(v), (4.13) 

S% = J dr to(r)vs(r), (4.14) 

are dipole and overlap matrices in the AO basis. Calculation of the d\ term is more 

efficient to perform in the AO basis 

^EW-JO- (4-15) 
lf,9 
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where P®f, is the electron density matrix. The matrix (Z^l — gaS°l) can be further 

split into Hermitian, 

fy = Z%-9-^S% (4.16) 

and anti-Hermitian, 

Zli = - f SJ» (4.17) 

parts. Both matrices Z®J>V and Z^v are real, and we refer to the Hermiticity of their 

reciprocal space counterparts Z^k) and Z^v{k). Since we contract both parts with 

the Hermitian matrix Pf£, the anti-Hermitian part can be safely omitted. This leads 

us to the following working expression: 

^ = E P ° ^ - (4-18) 
The d,2 term requires special care because CO coefficients usually contain arbitrary 

fc-dependent phase factors from a diagonalization procedure. Therefore, one cannot 

apply regular numerical differentiation schemes directly to CO coefficients. To cope 

with this difficulty we use a discretization approach, [161] which starts from rewriting 

Eq. (4.12) in the form 

do = —Im / dktAc\k)S{k)^^-
JBZ L era 

(4.19) 

where only the occupied orbital part of C(k) is engaged. For further discussion, we 

introduce the following No-by-No matrix: 

E(fc, k') = C\k)S{k)C(k'), (4.20) 

where No is the number of occupied bands. Treating k' as a variable and A; as a 

parameter, we can write 

CHk)S(k)^^^-E(k,k')i . (4.21) 
dk dk' fe=fc' 
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Keeping in mind the orthogonality relation H(k,k) = 1, we rewrite Eq. (4.21) as 

(4.22) VXM') =-£-mz(kth>) 
dk' v",'~' k=k' dk 

The trace operation commutes with the differentiation 

k=k' 

tr dk 
-In Z(k,k') 

k=k' 
— t r [In E(fc, k')} 

k=k' 
(4.23) 

Applying the well-known matrix relation tr ln(^4) = In det(A) to the E(fc, A;') matrix, 

we obtain 

_0_ 
dk 

7tr [In E(fc, k')] 
k=k' 

A l n [det E(*, *')] 
k=k' 

(4.24) 

Since In det E(fc, k) — 0, using simple rectangular discretization for the k' derivatives 

and the Brillouin zone integration we arrive at the following discretized form [161] 

for d.2-

Nk 

d2 — —Im Y j l n det E(fcj, A;J+i) 

Nk 

(4.25) 

(4.26) = - I m ^ l n d e t C ^ S ^ C ^ + i ) . 

By introducing arbitrary phase factors e%e^ in front of CO coefficients, one can easily 

see that they cancel each other after the summation over the Brillouin zone. Please 

note that one cannot evaluate Eq. (4.19) by using a perturbation (linear response) 

expression to build C(k + Ak) from C{k). As was pointed out in Ref. [144], a 

perturbation theory implicitly uses the so called "parallel-transport" gauge, which 

necessitates phase equality between C(k) and C(k + Ak), and, as a consequence, 

produces zero Berry phase. 

Similar to the molecular case, the transverse components of the periodic dipole 

moment can be written as 

dq — / j *ixv*°tnui (4.27) 
M">S 
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where q = x or y and 

Q% = J dv^{r)qug{v). (4.28) 

Therefore, their differentiation is very similar to that of the d\ part of the longitudinal 

dipole moment, and it will not be considered further. 

4.1.2 Dipole derivatives 

A differentiation of Eq. (4.18) with respect to nuclear coordinate displacements gives 

ddi_ _ ^dP^~0 dZ^ 

Both terms in Eq. (4.29) are calculated with standard techniques: CPSCF procedure 

for the density derivatives, [118, 142] and a regular integral derivatives evaluation 

technique [120]. The CPSCF procedure evaluates the same density derivatives as in 

the case of vibrational frequency calculations; therefore, computational overhead of 

the d\ part is negligible, since it only involves calculation of one-electron terms. 

In order to obtain the d% derivatives we adapt the algebraic approach discussed 

in Ref. [156]. The main step can be summarized as an application of the following 

algebraic identity: 

^{lndet[S(R)]} = tr ^ ( R ^ C R ) (4.30) 

which is an analog of Eqs. (4.23) and (4.24). This was proven from a different point 

of view in Ref. [156]. The differentiation of £(£•,-, fy+i) gives rise to two types of 

terms in the d^ derivatives 
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d?> = - t a E E ^ W ^ C * ) f t W (4-32) 

Affc OCC. 

which correspond to Pulay's type of forces from the overlap integral derivatives 

= _ i m ^ ^ ^ | M E ; i ( f c . i f c . + l ) ] (4.33) 
j=\ m,n % 

and the response of CO coefficients 
Nk occ. 

42 ) = - Im £ £ ^fa, kj+1) (4.34) 

^p- S^ykjjCvmykj+i) + C^k^S^kj) —— 

To complete the construction of the dipole moment derivatives we will express CO 

derivatives via the response matrix U obtained in the CPSCF procedure [112] 

dc;n(kj) 

dRi 

Thus, we arrive at 

Z X t e ^ f o ) " (4-35) 

iVjt occ. vir. 

42 ) = -Im £ J2 £ E-U*,, fci+1) (4.36) 

j = l m,n a 

Una\kj)'-'am(kj, kj+l) + L„ a (« ; j , Kj+i)L' a m(«;j+i) 

Since we do not evaluate R; dependent phases, the application of the linear response 

Eq. (4.35) is acceptable. 

The computational complexity of the presented scheme is negligible with respect 

to that of vibrational frequency calculations. For the di part, we have several matrix 

multiplications of Ns-by-Ns matrices and one No-by-No matrix inversion for each 

k point. 

Two- and three-dimensional generalizations of the presented method can be done 

in the same way as that for plane-wave implementations; therefore, we refer the 

interested reader to Ref. [156] for details. 
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4.2 Benchmark calculations 

4.2.1 Algorithmic tests 

To validate and assess the present formalism we have tested it on a model one-

dimensional chain of water molecules (see Fig. 4.2.1) with the geometry optimized 

within the HF/6-31G method [163]. In Table 4.1, we compare dipole derivatives 

obtained in periodic calculations with those from oligomeric estimations. The latter 

are obtained by the difference scheme which is less prone to edge effects, 

dd / < 9 d \ w fddVN~V 
, (4.37) dRi V dRi J V dRi 

where 

u) =£s^ (4-38) 
Here, the indices i and m enumerate atoms within a molecule and molecules within 

an oligomer, respectively. Numerical periodic results are obtained by calculating 

finite differences between unit cell dipole moments in different geometrical configu

rations. As expected, oligomeric calculations need more molecules to converge in the 

periodic direction than in the others. The same trend can be seen in analytic periodic 

calculations with respect to the number of fc-points. The numerical PBC calculation 

is less sensitive to the number of fc-points; however, they have a fixed error due to 

the finite difference scheme of differentiation. This suggests that the periodic dipole 

moment converges faster than its derivatives with the number of Appoints. 

As a matter of practical interest we illustrate the dependence of the five frequen

cies and their IR intensities on the number of A>points involved in the discretization 

of the Brillouin zone with HF and DFT (see Table 4.2). We used the PBE func

tional as a representative DFT method. These model calculations suggest that 100 

- 1000 A>points are enough to obtain IR intensities converged within 1%. A large 
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Table 4.1 : Comparison of dipole derivatives with respect to Cartesian coordinates 

of the oxygen atom (in a.u.) for periodic and oligomeric calculations of the water 

chain with HF/6-31G (see Fig. 4.2.1). 

Method 

Oligomeric n/n — 

32/31 

52/51 

82/81 

102/101 

Numerical (PBC) 

JVfc = 1 000 

Nk = 10 000 

Analytic (PBC) 

Nk = 1 000 

Nk = 10 000 

ddJdO, 

1 

-1.02563 

-1.02580 

-1.02585 

-1.02587 

-1.02611 

-1.02611 

-1.02581 

-1.02590 

ddJdOy 

-0.08673 

-0.08675 

-0.08676 

-0.08676 

-0.08664 

-0.08664 

-0.08670 

-0.08676 

ddy/dOz 

-0.12885 

-0.12885 

-0.12885 

-0.12885 

-0.12872 

-0.12872 

-0.12885 

-0.12885 

ddy/dOy 

-0.51942 

-0.51942 

-0.51942 

-0.51942 

-0.51931 

-0.51931 

-0.51942 

-0.51942 

Figure 4.1 : Structure of the one-dimensional water chain. HF/6-31G optimized 
n ~ ™ . % _ n n„™ ^ rHQ = 1 > g o 8 4 ^ a = 108.58°, and parameters are RQH = 0.9625 A, TOH — 0.9492 n., i HO — i.»uo<* «., u. = IUO.JO , auu 

n = 9 7AKQ A PRR/fi-3irt nnt.imi7PH parameters are ROH = 1-0213 A, T0H = 0.9818 
i n — 9 ^7na A 

a = 2.7459 A. PBE/6-31G optimized r 

= 1.6367 A, a = 105.77°, and a = 2.5709 A. A, rHO 
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Table 4.2 : Convergence of vibrational frequencies (cm -1) and IR intensities 

(km/rriol) with the number of A>points (Nk) for the five normal modes of the water 

chain in HF and PBE (see Fig. 4.2.1). Band gaps are denoted by Eg. 

1 2 3 4 5 

Nk Freq. Int. Freq. Int. Freq. Int. Freq. Int. Freq. Int. 

HF/6-31G, Eg = 17.9 eV 

30 560.9 102.3 873.4 498.8 1820.5 275.2 3823.3 369.8 4084.5 56.8 

50 560.9 102.2 873.4 498.8 1820.5 275.0 3823.3 373.2 4084.5 56.9 

100 560.9 102.1 873.4 498.8 1820.5 274.8 3823.3 375.3 4084.5 57.0 

1 000 560.9 102.1 873.4 498.8 1820.5 274.5 3823.3 377.1 4084.5 57.1 

10 000 560.9 102.1 873.4 498.8 1820.5 274.5 3823.3 377.2 4084.5 57.1 

PBE/6-31G, Eg = 5.7 eV 

30 762.0 50.6 844.8 378.6 1688.0 393.1 2890.7 1056.6 3634.9 17.6 

50 762.0 50.2 844.8 378.6 1688.0 395.9 2890.7 1076.8 3634.9 17.7 

100 762.0 50.0 844.8 378.6 1688.0 397.5 2890.7 1090.0 3634.9 17.7 

1000 762.0 49.8 844.8 378.6 1688.0 398.7 2890.7 1100.5 3634.9 17.7 

10 000 762.0 49.8 844.8 378.6 1688.0 398.8 2890.7 1101.5 3634.9 17.7 

difference in sensitivity of vibrational frequencies and IR intensities to Nk should not 

be considered as a serious issue, since the overhead from enlarging Nk is negligible 

in our vibrational frequency evaluation algorithm [142]. We suppose that the large 

difference in magnitudes of HF and PBE IR intensities is related to the tendency of 

pure DFT functionals to yield a more metallic description than the HF method. 
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4.2.2 Infrared spectra of poly(p-phenylenevinylene) 

In order to illustrate the prediction capabilities of our approach, we chose the experi

mentally and theoretically well-studied one-dimensional system of poly(p-phenylene-

vinylene) (PPV) (Fig. 4.2.2) [164, 165, 166, 79]. Such an interest is motivated by 

conductivity and luminescent nonlinear properties which make this system a promis

ing candidate as a material for light-emitting diodes [164]. We would like to point 

out that previous theoretical work from our group on PPV was done with some limi

tations, which are overcome in the current study. In Ref. [79], the IR intensities took 

into account only the changes in the non-periodic part of the dipole moment (di). 

This caused an underestimation of IR intensities for those vibrations that modify 

the longitudinal dipole moment of PPV. 

As mentioned in the Introduction, IR intensities usually receive less attention 

and their values are presented only graphically in arbitrary units [165, 166]. There

fore, in Table 4.3, we compare IR-active calculated vibrational frequencies with their 

experimental counterparts. Note that in the case of IR intensities only a qualitative 

comparison with experimental data can be done (see Fig. 4.2.2). In our calculations 

Figure 4.2 : Structure of poly(p-phenylenevinylene). 
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we used the following functionals: LSDA [14], TPSS [17], TPSS hybrid [17] (TPSSh), 

and LC-o;PBE [36]. Our choice was motivated by a previous study of the perfor

mance of the TPSS functional in molecules and solids [100, 142]. We also included 

the LC-wPBE functional because we expect some overestimation of IR intensities 

by regular functionals due to the well-known problem with electric field response 

properties in extended systems [167, 168]. According to Table 4.3 and Fig. 4.2.2, all 

functionals perform quite adequately, although they generally underestimate lower 

frequencies and overestimate higher ones. Mean absolute errors with respect to ex

perimentally observable frequencies indicate that the pure DFT methods (LSDA and 

TPSS) describe vibrational frequencies better than the hybrid functionals (TPSSh 

and LC-wPBE). Calculated values of IR intensities qualitatively follow the right 

trends in most of the cases. It is remarkable that even though L C - C J P B E does not 

perform very well for vibrational frequencies, it predicts IR intensities which are in 

better agreement with experiment than those from the regular functionals. This 

complies with the idea that IR intensities with regular functionals suffer mostly from 

the wrong asymptotic behavior of the exchange potential. It is possible that the cor

rect 1/r asymptotic behavior of the LC-wPBE exchange potential [36] is responsible 

for the improvements of IR intensities in elongated systems. 
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1538 

LSDA 

948 818,-795 

JQr 5 5 2 

4 2 2 

TPSS 

555 
421 

JL 
1561 

TPSSh 

1401 

147o/\ 1312 

997 843 
i 7,97 

1137 
426 

564 I 

A.,! A . 
1608 LC-roPBE 

1023 

1500 1000 soo u(cnf') 

Figure 4.3 : IR spectra of PPV. The experimental spectrum (bottom graph) is 

based on data given in Ref. [166]. The calculated spectra were obtained by using a 

Lorentzian broadening with a 10 cm - 1 width. 
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Table 4.3 : PPV IR active vibrational frequencies (cm - 1) and their intensities 

(km/mol) calculated with various methods and the 6-31G** basis set. In all calcu-

lations Nk = 1000 was used. 

LSDA TPSS TPSSh LC-u;PBE Expt.a 

Mode6 Freq. Int. Freq. Int. Freq. Int. Freq. Int. Freq. 

Au 

Bu 

Au 

Bu 

Au 

•A.u 

Au 

Bu 

Bu 

Bu 

Bu 

Bu 

Bu 

Bu 

Bu 

Bu 

Bu 

[AEd 

224 

422 

552 

795 

818 

911 

948 

1000 

1098 

1200 

1302 

1401 

1467 

1538 

3061 

3090 

3109 

21 

0.2 

26.5 

11.3 

30.8 

27.9 

0.4 

33.0 

4xl0~2 

8.5 

14.0 

17.3 

63.5 

1.5 

109.6 

135.4 

60.9 

20.2 

225 

421 

555 

788 

830 

941 

981 

1011 

1122 

1236 

1300 

1389 

1454 

1539 

3121 

3136 

3162 

17 

0.2 

23.6 

9.7 

31.0 

31.4 

0.2 

29.9 

3xl0"2 

6.3 

2.0 

9.5 

40.2 

7.8 

81.0 

114.3 

84.9 

49.7 

230 

426 

564 

797 

843 

959 

997 

1025 

1137 

1247 

1312 

1401 

1470 

1561 

3156 

3171 

3197 

27 

0.2 

19.8 

10.4 

27.2 

32.9 

0.2 

32.4 

2xl0-2 

5.9 

1.7 

9.9 

34.4 

8.1 

79.3 

104.3 

77.5 

45.1 

241 

431 

584 

809 

877 

1009 

1023 

1050 

1159 

1240 

1314 

1386 

1497 

1608 

3220 

3230 

3256 

43 

0.2 

7.1 

12.2 

12.4 

32.1 

1.0 

37.5 

3.2 

7.0 

1.1 

14.3 

15.5 

8.1 

61.8 

62.7 

38.3 

21.1 

429 

555(s)c 

785 

837(s) 

965(s) 

1013 

1108 

1211 

1271 

1339 

1423(a) 

1518(s) 

° Refs. [165, 166] 

6 The normal modes are classified according to representations of C2&. 

c "(s)" stands for strong banks. 

d Mean absolute errors. 
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Chapter 5 

Static and dynamic polarizabilities 

In this chapter, we focus on efficient calculation of polarizability, i.e. the response 

of a material to an applied electric field. Polarizability can be rigorously defined as 

the linear term in the Taylor expansion of the dipole moment with respect to the 

applied electric field strength (£) 

&(£) = tf + Ylaij£j + \Y1 PUK^K + • • • > (5-1) 
J J,K 

where /-ii(£) — $ is a component of the induced dipole moment, a is the polar

izability tensor, (3 is the hyperpolarizability tensor, and / , J, K run over Cartesian 

directions. The same expansion is valid for periodic systems, with the only differ

ence being that a dipole moment per unit volume must be considered. One can 

distinguish between static and dynamic polarizabilities as responses to constant and 

time-dependent electric fields, respectively. 

There have been a number of analytical approaches to the evaluation of polariz

abilities and hyperpolarizabilities in periodic systems [169, 154, 153, 170] within TD-

HF and TD-DFT frameworks. Although the theoretical basis of the problem is well 

understood, all previous implementations were applied to only quasi-one-dimensional 

systems, e.g. polyacetylene. To the best of our knowledge, only the numerical for

mulation presented in Ref. [171] has been used for static polarizability studies of 

large systems, such as single wall and coaxial carbon nanotubes [172, 173, 174], and 

therefore, has the potential to solve larger two- and three-dimensional problems. 

However, the numerical approach is limited to static polarizabilities [171]. There 

are several works on computationally efficient methods of computing response prop-
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erties through TD-DFT [175, 176] or coupled perturbed HF and KS equations for 

molecules [117, 123]. Even though one can obtain polarizabilities of periodic sys

tems as the infinite limit of finite cluster calculations, it is always more efficient to 

take into account translational symmetry explicitly. In addition, methods based on 

extrapolation have slow convergence when bonds are delocalized [177]. 

One of the aims of this chapter is to present an efficient implementation of a 

periodic TD-DFT method for evaluation of polarizabilities in extended systems. As 

in direct energy evaluation [79], a major bottleneck of the TD-DFT problem is the 

formation of a Fock-like matrix in the atomic orbital basis set. Here we will show 

that most of the linear scaling techniques developed for HF/KS energy calculation 

in periodic systems [79, 77] are suitable for the TD-DFT equations of polarizabilities 

as well. 

5.1 Theory 

Let us start from the derivation of the dynamic polarizability, since the static po-

larizability can be obtained as its zero frequency limit. In the presence of a time-

dependent electric field £, the total Hamiltonian of the system is 

H = H0-£-r, (5.2) 

where HQ is the Hamiltonian of the system without field. Hamiltonian (5.2) is unac

ceptable for the description of periodic systems, because the r operator is unbound, 

and it does not have translational invariance. To circumvent this problem, Blount 

[162] suggested splitting the r operator in two parts 

-£-r = -ie^'E • V k e" i k r + i£ • Vk , (5.3) 
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where 

/ d d d \ Vk=^'^'^:J- (5-4) 
The first term in Eq. (5.3) describes the polarization of the system under field S, 

and it has the same translational symmetry as the initial Hamiltonian HQ. The 

remaining part represents electronic motion and can be neglected for nonconducting 

systems in weak electric fields where all bands are either empty or filled [169, 171]. 

Therefore, the first term in Eq. (5.3) is sufficient, or equivalently, the r operator can 

be substituted by 

f = - z e i k r V k e - i k r , (5.5) 

so that the full Hamiltonian can be reduced to 

H = H0- ie* - r£ • V k e - i k r . (5.6) 

In the case of a time-dependent field, the polarizability cannot be obtained as an 

energy derivative, because the energy is not a uniquely defined quantity. Therefore, 

we start from the time-dependent dipole moment per unit cell given by 

n{t) = - ± - f f P(r,£,t)Wr(r)Mdrdk, (5.7) 
Vk ^cell VBZ ./cell 

where P(r, S,t)^ is the reciprocal space one-electron density of the system under 

electric field, Vk and V̂ en are the Brillouin zone and unit cell volumes, and f ( r ) ^ is 

the periodic dipole operator (5.5). General time-dependent electric field components 

can be written as 

/

CO 

£j(uj)e-iuJtdu, I = x,y,z. (5.8) 
•CO 

(Here and in the following discussion for brevity we absorb the 1/\/2TT factor in the 

integral sign of every Fourier transformation.) The polarizabilities and hyperpolariz-

abilities are defined by the following expansion of the time-dependent dipole moment 
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components 

j J 

+ 2 ^ Z / PIJK{UJ,IOK)SJ{U)J)SK{UK) 

J,K 

xe-i{wj+UJK)tdwjdwK + 

The Fourier transformation of ///(£) gives 

/
oo 

oo 

J J 

+ 2^2 PUK{UJ,UK)£J{UJ)£K{UK) 

X5(u! — LUj — UK)du)jdUK + • • • • 

Therefore, the polarizability components can be obtained as 

_ r dub) 
au{ 

r H 
cL>. 

5=0 

For simplicity, we restrict our electric field to the following form 

and hence the polarizability can be written as 

d[in((j) + /ij(-w)] 
au{uj) = 

i: 
d£j 

(eiujt + e - < w t) 

£=0 

0/i/(t) 
a f j 

dt. 
£ = 0 

(5.9) 

(5.10) 

(5.11) 

(5.12) 

(5.13) 

Using Eq. (5.7) for the time-dependent dipole moment and substituting into Eq. 

(5.13) results in 

«•»«"=wb£>+e-"> 
X 

JBZ 7cell 

dP(r,£,t) 

d£.j 

[k] 
dkdrdt. (5.14) 

£ = 0 
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To make this expression useful we need the electron density and its derivative 

with respect to electric field components. Using crystal orbitals the polarizability 

expression (5.14) can be rewritten as 

/

oo 

•oo 

au( 
-oo 

BZ 

xEE«),^if^ 
k pq 

dt, 
£=0 

M where gpq is a matrix element of the dipole operator in reciprocal space 

[9$]j = -TT I ^ ( r ) * [ e l k - r V k e - i k r ] ^ g f c ( r ) d r . 
•'cell ./cell 

(5.15) 

(5.16) 

In this case, the evaluation of the dipole matrix (5.16) is done more efficiently than in 

Chapter 4 because the Berry phase part does not contribute to the final polarizability 

value (see Appendix A for further discussion). Density derivatives require solving 

the TD-DFT equation 

[ F , P ] = ^ , (5.17) 

where F and P are the Fock and density operators of the system perturbed by the 

oscillatory electric field (5.12). The matrices of the field operator in the crystal 

orbital basis are 

(5.18) pq\j 2 [yP<i yiP \j' 

Since each Cartesian component J is independent, and since we consider only one at 

a time, in the following we will omit the component index. The linear response of 

the density to the applied perturbation will be D, and the total perturbed density 

i s 

p[k] = p(0)[fc] , n[k] 
pq pq pq' 

where superscript (0) implies SCF density without perturbation, and 

£o r 
pq 2 L pq d!$e-<w* + 4fe iuit 

(5.19) 

(5.20) 
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The Fock operator matrix has two additional terms after switching on the perturba

tion: the change in the one-electron part [Eq. (5.18)] and the response to the density 

variation in the two-electron part 

BZ dFt] 
F[k\ = F(o)[k] , G[k] , r r urPi D\k-

PQ PI ~ PQ ^ / - / £-/ p, p[k'] rs 

m hi Orrs 

(5.21) 
rs k' 

Let us substitute Eqs. (5.19) and (5.21) in the TD-DFT equation (5.17), and collect 

terms corresponding to the exponential time prefactors. Applying the idempotency 

condition P 2 = P , we obtain the standard system of equations 

BZ 

EE OF 
[k] 

b,j k' \ urbj 
xL + 

[k] 

bj ^ apk' 
[fc'] 

Vbj 
3=0 

+ (ea-ei-u)x[3 + g% = 0, (5.22) 

and 

BZ 

EE OF, [k] 

bj k> < ' 
^ +

d F ! 
[*] 

3=0 

%j dP« jb 

[fc'] 

3=0 

{Si -ea- u)yW - gf} = 0, (5.23) 

where xj = <rj and yjj = d\J are the components of the first-order density correc

tion (5.20). The derivative of the Fock matrix is 

dF[3 

< ] 
3=0 

= (pLfcVfcJ|r-^s^) - C H F O ^ r ^ l q V l ) 

+(p [Vl/xc|r[ f cV f c ' ]) , (5.24) 

where /x c is an exchange-correlation kernel which we do not present here explicitly. 

(Interested readers are referred to Refs. [178] and [116].) We can rewrite Eqs. (5.22) 

and (5.23) in the following matrix form 

0 -1 

A B 

B* A* 
(5.25) 
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where 

-CHF(aW^|j[ f c^W) + (a[^[fell/xc|fc[fc ,1j[fc ']), (5.26) 

and 

+{a{k]i[k]\UJ[k']b[k\ (5.27) 

Prom the solution (xjj . j i?) of Eq. (5-25)> 
one can form the derivatives of the density 

with respect to the field components 

1 r, dP$ 
dSi 7 = 5 [(*»),«-" + W / ^ (5.28) 

where component I in the right hand side corresponds to that of dipole matrix 

elements g'J in Eqs. (5.22)-(5.23). Substituting Eq. (5.28) in the polarizability 

expression (5.15) we obtain 

BZ 

^-sEEK'SMA + W M (5.29) 
k ai 

For the case of static polarizability or u = 0, Eq. (5.25) reduces to AX = G, and 

the static polarizability tensor components are 

BZ 

^-EE(«»),W/ (5.30) 
k ai 

5.2 Implementation 

For simplicity, let us rewrite Eq. (5.25) in the following form 

AX = G, (5.31) 
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where 

X 

1 0 

(5.32) 

\Y J \"J 
To solve Eq. (5.31) we use the direct inversion iterative subspace (DIIS) procedure 

[73, 179, 112]. DIIS is a powerful technique for solving linear and non-linear sets of 

equations (e.g., see Refs. [180, 181, 182, 183]). Our method is based on a reformula

tion of Eq. (5.31) 

( A - A i ) X = G, (5.33) 

where A is some full-rank diagonal matrix whose exact form is discussed below. By 

multiplying Eq. (5.33) by A - 1 we obtain 

( 1 - A - 1 A 1 ) X = A ^ G . (5.34) 

Formally, X can be written as 

X = ( l - A - 1 A i ) - 1 A - 1 G , (5.35) 

and (1 — A _ 1 A i ) _ 1 can be expanded in a series as 

X = (1 + A _ 1 A i + ( A ^ A i ) 2 + . . . j A ^ G . (5.36) 

Therefore, this equation can be solved by starting from the X0 = A _ 1 G vector, and 

then generating subsequent X n by multiplying X„_i with A _ 1 A i and orthogonaliz-

ing the product with respect to the set of previous vectors {Xo,Xi, . . . ,X n _i} . This 

procedure converges the norm of X„ to zero. After convergence, X can be found 

from 

X = ^2 QjXj (5.37) 
i=Q 



By substituting X into Eq. (5.34) we obtain a system of linear equations with a 

n x n matrix, which can be solved by standard linear algebra routines. 

The A matrix in this scheme is a preconditioner whose role is to increase the 

convergence of the series in Eq. (5.36). In this paper, we use a simple preconditioner 

Ae-uj 0 \ 
A = . (5.38) 

0 Ae + u J 

Computationally, the most demanding part by far of the described algorithm is 

the matrix-vector multiplication AiXj. Let us consider the static polarizability case, 

where Eq. (5.25) is reduced to 

AX = G. (5.39) 

Using the preconditioner, one needs to form the following products 

(AX)!? = E4XW 
bj,k 

= E [(a[k]ilV]blk']) - cKF(alk]b[k']\j[k']i[k]) 
bj,k 

+(aWiW|/«b- [ f c , ]6M)]41 . (5.40) 

This contraction resembles Fock matrix formation [Eq. (1.53)]. Matrix vector mul

tiplication (5.40) in the canonical crystal orbitals would require O(NQNYN^) num

ber of operations. This is prohibitively expensive, especially for two- and three-

dimensional periodic systems. The solution is to build matrix-vector products in the 

atomic orbitals and then transform the resulting vectors back to the crystal orbital 

basis [178, 112]. By expanding two-electron integrals over the AOs, an element of 
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AX is 

(AX)JJ, = E [(^O^l^m^n) -CHF(M0^n|Aml//) 
\a,mn 

+ ( / ^ | / x c | A m a „ ) ] x £ n , (5.41) 

where X™ is the direct space matrix 

BZ 
X™ = E E ^Cg'cWe*"-")*, (5.42) 

and -XJ£n is symmetric because of Xpq Hermiticity. In contraction (5.41), there are 

three types of terms: Coulomb-like 

E (/^|Aman)*AT> (5-43) 
Xa,mn 

HF exchange 

E (H>Kn\v«Tn)XZn, (5-44) 
Xa,mn 

KS exchange-correlation 

E (^*|/xc|Ama„)XA7\ (5.45) 
\a,mn 

The only difference with respect to Fock matrix formation is the use of the trial 

density matrix X instead of the one-electron density matrix P . Thus, one can use all 

previously developed methods of linear-scaling Fock matrix construction [69, 72, 79, 

77] in the solution of this problem. In our implementation, we use machinery which is 

based on the periodic FMM [80]. The FMM reduces the asymptotic quadratic scaling 

of the Coulomb problem to linear [68, 75]. The periodic FMM splits summation (5.43) 

into sums over the reference unit cell and some of its neighbors, and an infinite part 

which contains the rest of the system. For the finite part, we use the usual FMM, and 
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the contribution from the infinite part is treated by an efficient FMM-like method 

[93, 81]. 

The HF exchange contraction (5.44) is not compatible with FMM-type approaches 

as has been discussed elsewhere [84]. However, linear-scaling can be achieved by ex

ploiting the decay of X™ density elements with distance between atomic orbital 

centers of A and a. It has been shown [83, 124, 125, 84] that for nonconducting 

materials this decay is exponential. Therefore, several methods have been developed 

which exploit the locality of the density matrix to reach a linear scaling regime for 

HF exchange evaluation in molecules [84, 85] and in solids [86, 70, 78, 77]. To apply 

these ideas to the polarizability case, we need to have an exponential decay of the 

X matrix. In Figures 5.2 and 5.2 we present the decay of the regular density P , 

trial density X, and G matrices, for irans-polyacetylene (ID) and hexagonal boron 

nitride (2D) obtained with the HF method and the 6-31G** basis set. As a measure 

of decay, we consider the following functions 

f(R) = max max(7l% T = P,X,G, (5.46) 
R<(0,u) ACT,/ / J 

where (0, u) is the distance between the reference unit cell and its uth replica. It is 

clear from the figures that trial densities, like regular densities, decay exponentially 

with distance. Therefore, we can use the same method of calculating the exchange 

terms as in the regular Fock matrix formation. This result is analogous to the 

conclusion which Ochsenfeld et al. [123] reached about trial densities where the 

perturbations are atomic displacements. For an efficient summation of (5.44), we 

use an intensive screening procedure discussed in greater detail in Ref. [77]. In the 

case of the exchange-correlation summation, fast quadratures [71] that scale linearly 

are used. 

In the general case of Eq. (5.25), the X vector can be represented in the crystal 
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q -6 

Figure 5.1 : Logio of maximum density matrix elements and derivatives of density 

[given by Eq. (5.46)] as a function of distance from the reference unit cell for trans-

polyacetylene with HF/6-31G**. 

100 150 

Distance (a.u.) 

Figure 5.2 : Logio of maximum density matrix elements and derivatives of density 

[given by Eq. (5.46)] as a function of distance from the reference unit cell for a 

hexagonal BN sheet with HF/6-31G**. 
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orbital basis set as 

X = 
' o x ^ 

Y* 0 
1 vo ^vv 

(5.47) 

J 
Therefore, the direct space X matrix is non-symmetric. To use standard procedures 

for the contraction of two-electron integrals, we split X in symmetric (X,§) and anti

symmetric (X^) parts 

/ 
X.C = 

1 

X , = 1 (5.48) 

In Eq. (5.25) we need to form the products AX + BY and AY + BX, which in our 

implementation are done through 

1 
A X + B Y = (A + B)(X + Y) 

+ ( A - B ) ( X - Y ) (5.49) 

and 

AY + BX (A + B)(X + Y) 

( A - B ) ( X - Y ) (5.50) 

Contractions (A + B)(X + Y) /2 and (A - B)(X - Y) /2 have the following form in 

the atomic orbital basis 

^ ( /W|AmCT„) - CHF(A*0Cr„|Am^) 

Xa,mn 
1 / _ \ mn 

+ (A'o^|/xc|Amcrn)J (Xs) , (5.51) 
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and 

CHF 2 ^ [(VoKiWiOn) - {l*o<Tn\Kivi)] \XA) • (5.52) 
Xa,mn 

In summation (5.51), we have the same parts as in the static polarizability case. 

With the anti-symmetric trial density in contraction (5.52), we still can use the same 

screening protocols as in the HF exchange case. Therefore, for both sums (5.51) and 

(5.52) we can use linear-scaling techniques. 

5.3 Benchmark calculations 

In all benchmark calculations presented in this work, the 6-31G** basis set [184], 

a (99,590) pruned numerical integration grid (equivalent to the GAUSSIAN keyword 

ultrafine), and a trial vector convergence criteria for the 2-norm of l x l O - 6 was used. 

Tests were conducted using three functionals, namely, the gradient-corrected density 

functional PBE [16], the related hybrid (PBEh) with 25% exact exchange [35, 21, 20], 

and the HSE screened hybrid functional developed in our group [34]. Four systems 

were used as benchmark tests: irans-polyacetylene at the PBEh optimized geometry, 

a (7,0)-carbon nanotube and a boron-nitride 2D sheet, both optimized with PBE, 

and diamond at the experimental geometry [139]. 

First, we must address the dependence of static polarizabilities on the number 

of fc-points. It can be seen from Table 5.1 that converging polarizabilities to the 

second decimal in a.u.3 requires a k-grid that will converge band gaps to the third 

decimal in electron-volts. Note also that although HF requires less A;-points to obtain 

converged polarizabilities than PBE in these cases, HF requires more /c-points to 

achieve SCF convergence, e.g., the BN 2D sheet SCF procedure with a 20x20 grid 

did not converge. 
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This leads to the issue of computational cost with respect to the number of k-

points used in the TD-DFT procedure. Figures 5.3 and 5.3 illustrate the dependence 

of CPU times for one DIIS contraction (5.41) with the number of Appoints used in 

irans-polyacetylene and BN calculations. It is evident that increasing the number of 

Appoints causes only linear growth of execution time. Although the direct to recip

rocal space transformations are the same for KS and HF methods, because of larger 

numbers of trial density matrices needed in the HF method, the total transforma

tion time is larger for HF than in PBE. It is worth mentioning that other steps done 

in reciprocal space, such as Gramm-Schmidt orthogonalization or matrix inversion 

in DIIS, take negligible amounts of CPU time, and therefore we do not consider 

them here. Thus, the number of /c-points necessary for polarizability calculations are 

similar to the number needed for the SCF case, and the computational cost of our 

approach scales linearly with the number of Appoints. 

As we already pointed out, the time limiting step of the TD-DFT procedure is 

the contraction of the trial density (X) with two-electron integrals in direct space. 

We use the linear-scaling FMM technique for the Coulomb problem, and fast quadra

tures for the exchange-correlation part. Thus, our main concern is the HF exchange 

contraction (5.40). Because of the local nature of Gaussian orbitals, charge distribu

tions HQ(Jn and \mv\ are non-negligible only when cells n and / are spatially close to 

cells 0 and m, respectively. This is taken into account by the well-known Schwarz 

screening protocol [77, 84, 89]. Therefore, for a fixed m, the number of non-negligible 

pairs /lo&n and Ami^ is always constant. The critical part is the dependence of CPU 

time with the number of m-cells (see Figs. 5.3 and 5.3). Note that because of trans-

lational symmetry, the analog of linear-scaling in periodic calculations is constant 

scaling. Thus, in Figures 5.3 and 5.3 the linear scaling of our approach manifests 
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1000 

Number of k-points 

Figure 5.3 : CPU times (single processor Power4 IBM computer) for the direct 

to reciprocal space transformation in one TD-DFT DIIS contraction for trans-

polyacetylene/6-3lG** as a function of the number of fc-points 

10000 15000 

Number of k-points 

Figure 5.4 : CPU times (single processor Power4 IBM computer) for the direct to 

reciprocal space transformation in TD-DFT DIIS contraction for a hexagonal BN 

sheet/6-31G** as a function of the number of A>points. 
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itself through a flattening of CPU times with the number of m-cells. 

Table 5.2 presents studies of static polarizability convergence with the number 

of cells for HF and PBE. As expected, due to the semi-local nature of its exchange-

correlation kernel, PBE requires a much smaller number of cells than HF. We also 

see that (as was the case for /c-points) there is no need to include more cells for 

polarizability calculations than in regular band gap or energy calculations. 

In Tables 5.3-5.6 we report irans-polyacetylene, BN, (7,0)-carbon nanotube, and 

diamond static and dynamic polarizabilities with various methods. In all cases, we 

include a sufficiently large number of A>points and m-cells for obtaining milli-eV 

accuracy in band gaps at SCF convergence. As we have shown in the previous test 

cases, this should be enough for 0.01 a.u.3 accuracy in polarizability. In the dynamic 

polarizability calculations, we used fixed frequencies (w = 0.1 a.u.) for the systems 

Number of m-cells 

Figure 5.5 : CPU times (single processor Power5 IBM computer) of the contraction of 

trial densities with two-electron integrals given by Eq. (5.41) as a function of m-cells 

with different thresholds (8) for irans-polyacetylene at the HF/6-31G** level. 
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with large band gaps (BN and diamond). In the cases where the PBE band gap 

was less than 1 eV, we used u equal to approximately one third of the PBE band 

gap. This choice avoids instabilities originating from small energy denominators after 

inversion of A [Eq. (5.38)]. Unfortunately, to the best of our knowledge there are 

no experimental polarizability measurements for extended systems, although some 

reliable wavefunction results are available in the literature [167]. 

One conclusion from our results, which can also be found in the literature, is that 

HF is the best choice for calculating polarizabilities of ID systems. It is well known 

[167] that pure DFT methods overestimate significantly the longitudinal polarizabil

ities of ID systems. This can also be seen in this study by comparing HF and DFT 

values for the same system, q.v. Tables 5.3 and 5.4. Adding exact HF exchange 

partially corrects this problem. For example, PBEh always has a smaller polariz-

0 500 1000 1500 2000 2500 3000 3500 4000 

Number of m-cells 

Figure 5.6 : CPU times (single processor Power5 IBM computer) of the contraction 

of the trial density with two-electron integrals given by Eq. (5.41) as a function of 

m-cells with different thresholds (6) for a hexagonal BN sheet at the HF/6-31G** 

level. 
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Table 5.2 : Largest diagonal element of the static polarizability tensor (a), total 

energy per unit cell (-Bo), and band gap (Eg) as a function of the number of m-cells 

in Eq. (5.41) and in a similar expression for the SCF procedure. 

Number of cells 

ID- irarcs-polyacetylene 

15 

21 

31 

41 

2D-BN HF/6-31G** 

441 

961 

1681 

2025 

HF/6-31G** 

lD-trans-polyacetylene PBE/6-31G** 

5 

9 

15 

21 

2D-BN PBE/6-31G** 

37 

101 

145 

E0 (E„) 

-76.890 848 

-76.890 849 

-76.890 849 

-76.890 849 

Eg (eV) 

500 ^-points 

5.853 

5.860 

5.862 

5.862 

100x100 /c-points 

-79.273 334 

-79.273 334 

-79.273 334 

-79.273 334 

-77.308 211 

-77.308 134 

-77.308 134 

-77.308 134 

13.920 

13.918 

13.918 

13.918 

500 Appoints 

0.525 

0.525 

0.525 

0.525 

100xl00A;-points 

-79.632 558 

-79.632 558 

-79.632 558 

4.575 

4.575 

4.575 

a (a.u.3) 

296.01 

296.45 

296.48 

296.49 

22.79 

22.80 

22.80 

22.80 

2332.70 

2331.40 

2331.40 

2331.40 

36.12 

36.12 

36.12 

ability than that of PBE for the same ID system. In addition, the HSE functional, 

a screened version of PBEh, gives larger values of polarizability than PBEh, which 
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Table 5.3 : Diagonal elements of the polarizability tensor (in a.u.3) for trans-

polyacetylene with 1000 ^-points and 45 m-cells at the PBE/6-31G** optimized 

geometry. The 6-31G** basis set was used throughout. 

Method Static 

Oir, a. yy az 

Dynamic (u> = 0.007 a .u.) 

HF 

PBE 

PBEh 

HSE 

296.49 

2331.40 

816.71 

1063.11 

19.83 

17.77 

17.94 

17.87 

6.92 

7.02 

6.71 

6.98 

298.74 

2577.42 

838.95 

1104.11 

19.86 

17.79 

17.96 

17.90 

6.92 

7.02 

6.71 

6.98 

Table 5.4 : Diagonal elements of the polarizability tensor (in a.u?) for a (7,0)-

carbon nanotube with 1000 fc-pomts and 27 m-cells at the PBE/6-31G** optimized 

geometry. The 6-31G** basis set was used throughout. 

Method Static Dynamic (u> = 0.0027 a .u.) 

a. a, yy Oiz Oix a., yy OLz 

HF 

PBE 

PBEh 

HSE 

1922.12 

3583.88 

2585.36 

2917.32 

159.26 

167.43 

165.01 

165.11 

159.17 

167.33 

164.91 

165.02 

1924.81 

3597.89 

2590.71 

2925.12 

159.27 

167.45 

165.02 

165.13 

159.18 

167.35 

164.93 

165.04 

can be attributed to its screening of HF exchange. 

However, the situation is different in 2D and 3D cases, and the supremacy of HF 

for polarizability is less clear. For 2D and 3D systems, the self-interaction error in 

the exchange correlation response kernel of DFT methods does not lead to a such 

severe overestimation of polarizability as in the ID case. This can be explained by 

better band gap estimates obtained with DFT methods for diamond and BN than in 
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Table 5.5 : Diagonal elements of the polarizability tensor (in a.u.3) of a hexagonal 

BN sheet with 110x110 Appoints and 2025 m-cells at the PBE/6-31G** optimized 

geometry. The 6-31G** basis set was used throughout. 

Method 

HF 

PBE 

PBEh 

HSE 

Ot-xx 

22.80 

36.12 

31.18 

31.19 

Static 

ayy 

22.80 

36.08 

31.15 

31.16 

Oizz 

4.95 

5.22 

5.15 

5.14 

Dynamic [UJ = 

Ot-xx 

24.27 

43.36 

35.37 

35.43 

Oiyy 

2A.2S 

43.30 

35.33 

35.40 

0.1 a.u. ) 

OLzz 

5.02 

5.30 

5.22 

5.22 

Table 5.6 : Average diagonal polarizability (in a.u.3) of 3D diamond with 12000 k-

points and 3375 m-cells at the experimental geometry [139]. The basis set (derived 

from 6-31G**) is taken from Ref. [101], 

Method Static Dynamic (w = 0.1 a.u.) 

HF 24.72 25.81 

PBE 29.33 31.50 

PBEh 27.65 29.42 

HSE • 27.55 29.24 

the case of ID systems [167, 101], and implies that DFT polarizabilities in 2D and 

3D systems may be more accurate than HF results. 
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Chapter 6 

Excitation energies in solids via TD-DFT 

Among other properties which are defined by excited states, one of the most 

well known is the response to light, in other words optical absorption spectra. The 

relation between excited states and optical absorption spectra can be reversed so 

that by knowing the latter, we can extract information about the former. However, 

modeling optical absorption spectra is outside of the scope of static ground-state 

KS-DFT, and one needs to employ TD-DFT [185]. In order to make a connection 

between absorption spectra and the response functions introduced in Section 1.2 it 

is useful to consider a consequence of the system polarization due to variation of the 

external potential 5veXt. The total potential is i>tot = vext + Uind> w n e r e the induced 

potential vmd is defined as 

tWr,0 = / ^yr^ - (6-1) 

The screening of the system in the linear response regime can be formulated in terms 

of the microscopic dielectric function e, which relates the total potential vtot to the 

applied external potential t>ext 

*>tot(r, t)= f dt' f dr ,£-1(r, r', t - t')vext(r', t'). (6.2) 
J — oo J 

The function e_1 is related to the density response function \ by 

e -^ r , r ' , t - t') = «J(r - v')5(t -t')+ f d v " ^ " ' ^ ' ^ . (6.3) 

To simplify further discussion for periodic systems, we consider the Fourier image of 

Eq. (6.3) in reciprocal space 

eKK' (k» U) = V K ' + VK (k)XKK' (k, U), (6.4) 
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where K, K' are reciprocal lattice vectors and Vx(k) = 47r/|k + K|2 is the Coulomb 

operator. In solids, the optical absorption spectrum is defined by the imaginary part 

of the macroscopic dielectric function Im[eM(<*>)] [185] 

eM(w) = lim _! . • (6.5) 
k ^ ° [eKK'(k'W)jK1K'=0 

As shown in Ref. [186], the imaginary part can be written as 

Im[eM(y)] = - lim t>K=o(k)Im {XK,K'=o(k, to)} , (6.6) 
k—>0 

where XKK'(k,w) is a modified response function defined through the Dyson-like 

equation 

X = XKS + XKS(V + f*c)x- (6.7) 

The only difference between x a n d X is the modified Coulomb interaction in Eq. (6.7) 

vK for K ^ 0, 
^K (6.8) 

0 for K = 0. 

The explicit form of x 

X = X K S [ 1 - X K S ( ^ + /XC)]_1 (6.9) 

can be projected into the basis of KS orbitals 

XPq,rs(v) = (nr - ns) [Hm>rs - UJI]'1 , (6.10) 

where Hpq^s is the non-Hermitian matrix 

flpq^rs = \£p £q)OprOqs ~i \^p ^qj-^pq^rs: v^'-^-U 

and where the interaction kernel elements HpqtTa will be considered in the next Sec

tion. Equation (6.10) can be inserted into Eq. (6.6) 

Im[e M H] = - lim VK=0(k)Im j J ] Dpq(k)D*rs(k) [Hpq,rs - a;!]"1 I , (6.12) 
\pq,rs ) 
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where 

DP9(k) = J d r ^ ( r ) e i k r ^ ( r ) (6.13) 

is a matrix element of a "generalized-dipole moment". By solving the non-Hermitian 

eigenvalue problem 

HZ, = 6J/Z7, (6.14) 

Eq. (6.12) can be rewritten in the spectral form 

Im[eM(a;)] = — lim lim uK=o(k)Im^ Y^ (6.15) 

x y Dpq(k) ^—Sij (6.16) 

pq 

rs 

where Su = ^2pq (Zpg J Zpq' is the overlap matrix originating from non-Hermiticity 

of the problem. Owing to the occupancy difference prefactors in Eqs. (6.11) and 

(6.15) the only nonzero contributions come from occupied-unoccupied pairs of KS 

orbitals, therefore pq and rs will be denoted as ai and jb. Taking into account 

orthogonality between occupied and unoccupied KS orbitals, the k —> 0 behavior of 

Dai(k) elements is 

£>oi(k) - • k [ dr<f>ak,{r)r(f)ikl(r) (6.18) 

= M a ' - (6-19) 

By using the standard Kramers-Kronig relation to evaluate the r\ —> 0 limit in 

Eq. (6.15) we obtain 

. I m M w ) ] . = 47r]T y gfJZ^SjJZ^g^Siu-uj). (6.20) 
I,J aik',bjk" 
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6.1 Casida's equation 

Basis set projection of the x function was first considered by Casida [187], and it 

was shown that excited states are governed by the same equations as in the case 

of the dynamic polarizability but with infinitesimal perturbation (g\J = g'J —> 0). 

This limit represents the so-called "free-oscillations" in contrast with the "forced-

oscillations" (g\J ^ 0) in the case of polarizability. Eq. (5.25) can be rewritten in 

matrix form as 

A B ^ - ^ ' - ^ 

J 

X \ / 1 0 
= u 

Y / \ 0 - 1 

(6.21) 
B* A* 

where solutions (X, Y) of Eq. (6.21) can be interpreted as amplitudes of excitations 

and de-excitations with energy u [188, 189]. These equations are equivalent to the 

non-Hermitian eigenvalue problem Eq. (6.14) and therefore provide a complete route 

to TD-DFT calculation of excitation energies in periodic systems. Eigenvalues of 

Eq. (6.21) are peak positions, which in periodic systems constitute a continuum. 

Intensities are proportional to oscillator strengths [187] 

*> = i n £ i<*oi/y*/>ia, (6.22) 
q=x,y, z 

where $o a n d \&j are wavefunctions of the ground and 7 th excited states, thus the 

oscillator strength is proportional to the length of the transition dipole moment. This 

raises the question of whether the Berry phase contribution (see Chapter 4) should 

be involved in the periodic case. The answer is in the negative, and the simplest way 

to see this by considering the following equation: [187] 

Since, as discussed in Chapter 5, the polarizability does not depend on the Berry 

phase, neither does Tj. To obtain the oscillator strengths one needs to contract the 
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density response matrices with dipole matrix 

BZ 

HE 
q=x,y,z k ai L EE (*2),(«ff).+(<a)M (6.24) 

Equation (6.24) takes the form of the intensity part in Eq. (6.20) in the case of 

orthogonal eigenvectors (diagonal matrix Su). 

One way to simplify the TD-DFT equations is the so-called Tamm-Dancoff ap

proximation (TDA) where the B matrix is set to zero and Eq. (6.21) reduces to the 

Hermitian problem 

AX = wX. (6.25) 

Physically this approximation neglects the interaction between singly excited and de-

excited configurations (B matrix). By reordering second-quantization operators in 

the B elements according to Wick's theorem, one can show that B also corresponds to 

an interaction of ground configuration with doubly excited ones [190]. In other words 

by keeping only the A matrix we consider only interaction between singly excited 

states. Also, owing to Hermiticity of Eq. (6.25) its eigenvectors are orthogonal, and 

oscillator strengths [Eq. (6.24)] divided by u>i coincide with intensities [Eq. (6.20)] 

up to a constant. 

6.2 Implementation 

The size and complexity of Eq. (6.21) precludes direct formation and solution of the 

TD-DFT equations in the form given above. Matrix-vector multiplication [Eq. (6.21)] 

in the CO basis would require NQ X NV x N% number of operations. A medium size 

periodic calculation can typically have 10 electrons, 100 basis functions, and 100 k-

points, necessitating the formation of 1010 CO integrals, which is simply impractical. 
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In addition, the methods pioneered in our group [188] for the excitations of large 

molecules are inapplicable here, as the A and B matrices are complex, and therefore, 

Eq. (6.21) cannot be reduced to a Hermitian eigenvalue equation of half the dimension 

as was done previously [188, 189]. 

Here, we employ an algorithm [191] where the A and B matrices are projected 

onto a subspace spanned by a set of trial eigenvectors 

{ ( X r , Y ^ ) , ( x f , Y f ) , . . . , ( X ( ° ) , Y ( ° ) ) } . (6.26) 

We use these trial solutions to obtain approximate excitation and de-excitation am

plitudes as well as the excitation energies by solving the reduced non-Hermitian 

problem 

I A H \ I X \ I C T> \ I X \ 
(6.27) 

The terms in the reduced-dimension equation are: 

•S^ii 

Bi 

C • = 

Vi 

X*(0)Y*(°) 

Y *(0) x *(0) 

x *(0) Y *(o) 

Y*(o)x*(«) 

A B 

B* A* 

A 

B* 

I 

0 

I 

0 

B 

A* 

0 

- I 

0 

- J 

\ / x(o) \ 

Y ( 0 ) 
\ 3 

x*(o) 

Y*(o) 

/ x(o) \ 

/ V 
\ / 

J 

Y(°) 

x 

3 ) 

*(o) \ 

Y *(0) 

J 

(6.28) 

(6.29) 

(6.30) 

(6.31) 

For the closed-shell case, (Xp , Y p ') is a normalized vector of ANoNyNk dimension

ality with only two nonzero components ( 1 / v i each) corresponding to independent-

particle transitions for both spins. As the next step (Xp ,Y P ) are formed by 
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contracting (X,y) with (Xp ,Yp ) and orthogonalizing the result with respect 

to (Xp ,Yp ). Then the algorithm performs described steps iteratively until con

vergence of approximate eigenvalues u. The reduced dimension problem itself, 

Eq. (6.27), is of a size such that it can be solved by standard linear algebra al

gorithms. 

The terms above are all vector-matrix-vector products {e.g. X*^m)AX^. ), and 

thus, this method requires only the trial vectors (X8- ') and matrix-vector prod

ucts (AXj- ) be stored. Computationally, the most demanding part by far of the 

described algorithm is the formation of these matrix-vector products, which we per

form in exactly the same way as in the case of polarizability: first in atomic orbitals 

and then transformation of the resulting vectors back to the CO basis. 

Usually, it is necessary to obtain information about some part of the spectrum, 

while the foregoing algorithm provides only lowest excitations. In order to obtain a 

part of the excitation spectrum which is around a predetermined constant A one can 

substitute the original eigenvalue problem Eq. (6.25) by 

(A - A/)2X = (Au)2X. (6.32) 

Here we consider the TDA case, but the described procedure can be applied to the 

general case as well. Equation (6.32) can be solved by the same projection method 

as described above. It is evident that eigenvectors of Eq. (6.32) are also eigenvectors 

of Eq. (6.25) with eigenvalues A ± Aui. The sign of the correction Au can be found 

from the X A X product which is either A + AUJ or A — ACJ. 
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6.3 Benchmark calculations 

As a benchmark system for testing excitation spectra of solids we consider 3D Si, 

which is a very well studied system [139]. In our calculations, a modified 6-21G* 

basis set [101] and the experimental geometry have been utilized. Table 6.1 presents 

the first three excitations and their oscillator strengths calculated with various DFAs. 

The excitation eigenvectors for semi-local functionals, as was noted by Hirata and co

workers [178], tend to be dominated by few aik excitations, leading to first excitation 

energies being approximately equal to the minimum direct band gap. This trend 

holds regardless of the construction of the functional. In the literature, this has been 

a major criticism of using TD-DFT with semi-local density functionals; they provide 

no more information about first excited states than a standard SCF calculation. 

In other words, using TD-DFT with semi-local functionals in order to determine 

the onset of excitation can more easily be accomplished by simply using the direct 

band-gap, as the predicted value is the same. 

The picture becomes more complicated as the HFx contribution is included in 

hybrid functionals. The size of the difference between the lowest excitation and the 

band gap grows with the amount of HFx, with TPSSh (CHF = 0.10) having the small

est difference, and PBEh (CHF = 0.25) having the largest difference. In addition, the 

global hybrid functionals have significantly non-zero oscillator strengths, which arises 

mathematically from having more non-zero aik elements in X. This implies that the 

hybrid DFT excitations arise from collective excitations, which involve the whole 

band structure, rather than specific excitations. The screened hybrid functional 

HSE behaves like a pure functional, with the excitation energies being isoenergetic 

with the band gap. This suggests that the amount of screened HFx which is almost 

perfect for ground-state properties [101], is not enough for a satisfactory description 
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of excited states. 

Table 6.1 : Direct band gaps and first three excitation energies and oscillator 

strengths of solid silicon. All calculations were performed with the modified 6-21G* 

basis set, all excitations and gaps are in eV, and all oscillation strengths are in atomic 

units and surrounded by parenthesis. Experimental value of onset is approximately 

3 eV [192]. 

Functional 

LSDA 

PBE 

TPSS 

HSE 

PBEh 

TPSSh 

Gap 

2.42 

2.45 

2.61 

3.20 

3.81 

3.13 

N = l 

2.42 (1.00) 

2.45 (1.08) 

2.61 (0.71) 

3.20 (3.68) 

3.55 (22.13) 

3.05 (3.90) 

N=2 

2.42 (1.12) 

2.45 (0.92) 

2.61 (0.34) 

3.20 (3.58) 

3.55 (14.14) 

3.05 (2.91) 

N=3 

2.42 (0.00) 

2.45 (0.00) 

2.61 (0.04) 

3.20 (0.46) 

3.56 (5.19) 

3.05 (0.87) 
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Chapter 7 

Excitonic effects in TD-DFT 

In general, excitation energies in TD-DFT are different from KS orbital energy 

differences ea — £j. The TD-DFT formalism mixes independent particle excitations 

into excitation energies of the interacting system. The difference between true ex

citation energies and KS orbital energy differences is usually refer to as "excitonic" 

effects. In principle, TD-DFT is an exact theory which should result in nontrivial 

excitonic effects. However, in practice, two approximations are usually made in TD-

DFT: adiabaticity [193] and choice of exchange-correlation functional. Even with 

these two approximations, regular TD-DFT schemes provide good estimates of exci

tation energies for finite systems. The situation is quite different in periodic systems, 

where TD-DFT with semilocal functional approximations yields a lowest excitation 

energy that is equal to the minimal KS direct band gap [178, 186, 185]. There

fore, regular semilocal TD-DFT approximations do not introduce excitonic effects in 

solids. On the other hand, it has been found that the inclusion of a static long-range 

contribution to the exchange correlation kernel /x c gives rise to excitonic effects and 

considerably improves optical absorption spectra of solids compare to the adiabatic 

local-density approximation [194]. One of the simplest ways to introduce the long-

range contribution to /xc , and therefore, obtain a finite difference between the lowest 

excitation energy and KS direct band gap, is to use global hybrid functionals which 

include a portion of Hartree-Fock (HF) exchange as part of the exchange-correlation 

energy [178]. 

In spatially extended molecular systems like dimers of small molecules [195] or 
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well-separated donor-acceptor fragments within a large biological system [196, 197], 

semilocal TD-DFT shows a peculiar behavior as well. When the separation between 

fragments becomes large, semilocal TD-DFT gives a lowest excitation energy that 

coincides with the KS orbital energy gap. In a series of papers [198, 195, 199, 200]. 

this problem was rationalized by considering the noninteracting limit for Eq. (6.21). 

Although this explanation is completely valid for large separation between molecular 

fragments, it is not directly applicable to solids, where generally the lattice constant 

is not long enough to neglect the intercell interaction. One of the earliest attempts 

to rationalize the failure of semilocal TD-DFT in solids was done by Hirata and 

co-workers [178]. However, their explanation relied in some key parts on numerical 

data rather than on analytical consideration. To the best of our knowledge, only a 

recent paper by Griming and Gonze has discussed the origins of the problem from 

an analytical point of view [201]. These authors analyzed the TD-DFT equations 

in the excitonic representation and utilized a one-dimensional tight-binding model 

together with theorems from the theory of separable potentials [202]. Here, we 

would like to present an alternative explanation for the failure of semilocal TD-DFT 

in solids from a quantum chemistry oriented perspective. We consider the TD-DFT 

equations (6.21) in the Bloch orbitals built as linear combinations of Gaussian atomic 

orbitals (AOs). Also, our picture naturally includes two additional features: 1) the 

appearance of excitonic effects in the presence of HF exchange and 2) connection to 

the failure of semilocal TD-DFT for "charge-transfer" excitations in molecules. 

7.1 Main results 

We start from the TD-DFT equations in the Tamm-Dancoff approximation for a 

periodic system [see Eq. (6.25)]. Two-electron integrals over KS orbitals will be 
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written as 

WV«sW) = J V - ^ E ^ K C k . k ' y ^ ^ O i o ^ l A ^ ^ ) , (7.1) 
g,g' ,h u{i\a 

where 

^ T . ( k , k') = C;p(k)ag(k)Clr(k')Cas(k') (7.2) 

is a short notation for products of CO coefficients. Infinite periodic systems are 

represented by the N —> oo limit, and as shown in Section 7.2, in this limit the A 

matrix of Eq. (6.21) reduces to orbital energy differences 

Essentially, for two-electron integrals of the A matrix we will obtain the following 

asymptotic scaling for the 3D case 

(flWjWyMftM) _ o(^lf], (7.4) 

(a^\fxc\jm^) - o( l) , (7.5) 

(aW^b-^iW) - O ( ^ ) . (7.6) 

Therefore, all terms of A but orbital energy differences vanish in the N —> oo limit. 

However, in general, this does not prove that vanishing terms do not contribute to 

the excitation spectrum (a;/) of the periodic system. For example, let us assume that 

the normalized vector 

X = - != ( ! , ! , . . . , ! ) , (7.7) 

is an eigenvector of the AX = u/X problem. Then it is evident that 

(XAX) = u (7.8) 

= "-1 E 4S3- (™) 
iakjbk' 
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Note that there are 0(N2) integral terms in Eq. (7.9). Thus, in spite of their indi

vidual decay with N [Eqs. (7.4)-(7.6)], they can yield a finite contribution to u> when 

JV-> oo. 

In the following, we will demonstrate that in the case of hybrid TD-DFT or 

TD-HF the eigenvector corresponding to the lowest excitation energy (Xm;n) has a 

structure which is very similar to that in Eq. (7.7) and the lowest excitation energy 

differs from the minimum KS direct band gap. In contrast, for semi-local TD-DFT, 

the eigenvector Xmjn has quite a localized structure with few nonzero components, 

and therefore, the only significant contribution to the lowest excitation becomes the 

minimum KS direct band gap. For simplicity, we restrict our consideration to a 

model system with a single occupied-unoccupied pair of bands. As an example, one 

can think of a periodic system with two electrons per unit cell within a minimal basis 

set. In Section 7.4.1 we will show why such a simple case is relevant to almost all 

TD-DFT calculations in solids. 

7.1.1 Semi-local T D - D F T 

The A matrix elements in our model case are 

+(aM#}|/xc|t[*Vfc ']). (7.10) 

It is instructive to split A into three matrices: 

. Aj$ = 5k,k,(e^-ef^]), (7.11) 

Af\, = (a[fcminl«[fcminl|a'fcmin'i'fcmln') + (at f c m i n¥ f e m i n] |/x c |a ' f c m i n¥ f c m i nl) (7.12) 

= b, (7.13) 
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and 

^ = 4J3-A$-4S'. (7.i4) 

where fcmjn is the fc-point of the minimal KS direct band gap eU — e\ . The constant 

diagonal matrix Am i n does not affect the eigenvectors but shifts the eigenvalues by 

£{kmia] _ e[fcmin] T h e c o n s t a n t m a t r i x A<°) has the following spectrum 

eigenvalue : eigenvector (7.15) 

bNk : v1 = -±=(l,l,...,l) 

0 : u2 = - ^ ( l , - l , 0 ) . . . , 0 ) 

0 : ^ = - ^ ( 0 , . . . , 0 , 1 , - 1 ) , 

where Nk is the number of k points in the discretization of the Brillouin zone. This 

matrix has a decisive role in our consideration because depending on the sign of the 

constant b the lowest eigenvector of A ^ is either zero or bNk • The Coulomb integrals 

( a ^ ^ ' l a ^ M ) are positive for any k owing to the positive character of the Coulomb 

metric. Although we are unaware of a general proof, most evidence indicates that /xc 

should be negative definite [203], and the corresponding integrals are always smaller 

in absolute value than the Coulomb integrals due to the locality of /xc . Thus, b is 

positive and the lowest excitation energy of 

(Am i n + A ( 0 ))X = wX (7.16) 

is equal to the minimum KS direct band gap. In Section 7.4.2 we will show that 

to first order, the perturbation A does not affect the lowest eigenvalue of the un

perturbed problem. Moreover, it is also possible to demonstrate that considering a 
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periodic system with more bands does not change the lowest eigenvalue either (see 

Section 7.4.3). 

7.1.2 Hybrid TD-DFT 

TD-HF is the simplest example which illustrates the outcome of introducing HF 

exchange into the A matrix 

- ( a V ] | # ] # ' l ) . (7.17) 

The diagonal exchange integrals are always non-negative 

(aW0W|iWjW) = fdr / ' d r > l o W ( | ) l W r , ) l a
 ( 7 i l g ) 

because the integrand is non-negative. As shown in Section 7.3, the off-diagonal 

terms (a^W^li^W) are proportional to |k — k'|~2, and the |k — k'| dependence of 

the HF exchange integrals cannot be considered as a small perturbation. Therefore, 

we split the A matrix into 

A*7 = 5ktk,(e^ - e?^]), (7.19) 

4°) , = (aWiVkM) - (aWaM\mW) + 5k>k,0k, (7.20) 

and 

K« = A2fl - AjS - <J, (7.21) 

= 8k,k, [(eM - ef]) - (4fc-l - et'°]) - 0k] . (7.22) 
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Here, 6k is a diagonal correction which makes the sura over any row or any column 

of the A'0 ' matrix equal to a constant c 

k v 

= y^(a[ f c'1i [ f c'1 |a ['£ m i n li t f c n i i n l) - (a [ f c V f c m i n l | i [ f c V f e m i n l ) , 

(7.23) 

(7.24) 

hence 

ek = ^[(a[
fc ']i[fc ']|aWz[fc])-(aife 'la[fc]|itfc 'lzW) 

- \(a[k']i[k']\a[k™"]i[k™n]) ~ (a[*'1a[fcm,"1|itfe,1t[fcm",]) 

(7.25) 

(7.26) 

Due to the more complicated structure of the A^0' matrix in Eq. (7.20) compared 

to its semilocal counterpart [see Eq. (7.12)], we cannot provide the full spectrum of 

the unperturbed problem. Nevertheless, note that the vector v\ from Eq. (7.15) is 

also an eigenvector of A^0' in Eq. (7.20) with eigenvalue u)\ — (ea — e| m ) + c. 

This suggests that the lowest eigenvalue of the unperturbed problem is less than 

or equal to u\. In Section 7.2, we demonstrate that HF exchange integrals have 

nonzero monopole terms that make them larger in absolute values than corresponding 

Coulomb integrals. Thus, the constant c represents a finite negative correction to 

the minimal KS band gap result. Moreover, in Section 7.6 we will illustrate that 

this zeroth order result undergoes only slight changes when the full A matrix is 

considered. 

7.1.3 Screened hybrid functionals 

Screening of the Coulomb interaction in the HF exchange integrals Eq. (7.18) 

1 erfc(u)|r — r'|) 

r — i" r - r ' 
(7.27) 
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puts screened hybrid functionals [34, 204, 101, 77, 127] somewhere between semilocal 

and global hybrid functionals. According to our analysis, depending on the value of 

the screening parameter u>, the lowest excitation energy can be very close to the 

minimal KS direct band-gap or separated with a finite difference. 

7.2 Asymptotic behavior of A matrix elements 

This section describes the asymptotic behavior of different integral components of 

the A matrix in the N —> oo limit. 

7.2.1 Coulomb integrals 

The Coulomb contributions 

(a[*]#]|j[*']&[fc']) = AT1 ^ ^ ( k ^ J e ' l W ) (7.28) 

g,g',h VfiXcr 

x(H0Vg\>>hVg'+h) 

can be split in two parts: near-field (NF) and far-field (FF). In order to do this, we 

define the near-field as the finite region occupied by non-negligible {no^g} distribu

tions. The NF (FF) distributions \h(Tgi+h are those that do (do not) overlap with 

the near-field . By applying this splitting to Eq. (7.28) we obtain 

(aWjMljMftl*']) = J V " 1 ^ 

v\i,g 
E + E 

.Aa.fcg'eNF Ao-,ftg'€FFj 

r;X(k,k') (7.29) 

x(Wg\^HVg>+h)e
i{*3+v'9'\ 

where the NF part contains only a finite number of nondivergent terms and vanishes 

in the N —> oo limit as 0(N~1). For the FF part we can use a multipole moment 



119 

expansion for two-electron integrals over AOs 

(aM#]|jtfcVfcV = N-1^ E TS(k,k')e i (k9+kV) (7.30) 
vfj.,9 Atr.ftg'eFF 

/ J 1lm.(fJ'0Vg)qi>m'{^hCrg'+h)Il7n,l'm'(RvQ), 
lm,l'm' 

where q\m are multipole moments, V and Q are the centers of the distributions jj,QUg 

and Xh<7g>+h, and I\mym! is the law of interaction between moments with quantum 

numbers Im and I'm'. In order to transform a set of multipole moments, all multipole 

moments in the set should have the same origin. Therefore, we define Vo (Vh) 

centers of non-negligible distribution sets {no^g} {{^h^g'+h}) and shift the origins of 

individual multipole moments to the distribution set centers. Equation (7.30) can 

then be written as 

{ a ^ % m k \ F = N~^ £ ^ ( k > k ' ) ^ ( k 3 + k V ) (7.31) 

vy.,g X(T,kg'eFF 

xQlmiVoVg, T>o)Qi'm>(\h<Tg'+h, Vh)Ilm,l'm'(Rv0Vh), 

where Qim are shifted multipole moments obtained by multiplying the original mul-

tipoles by the translation matrix W [92] 

QlmiVoVg, Vo) = £ Wl™,jk(R-p0-p)qjk(lJ'OVg)- (7.32) 

The translation matrix W is a lower triangular matrix with unit diagonal elements. 

This structure implies that the monopole moment at V makes contributions to all 

multipoles at Vo, and the dipole at V makes contributions to all multipoles higher 

or equal to dipole at Vo, and so forth. In Eq. (7.31) the interaction terms (Iim/mi) 

are free from orbital indices, thus, we can transform the multipole moments back to 

Bloch orbitals 

( a M i W ^ V = AT-1 £ ^ £ Q'm(ia,Vo) (7.33) 
p'€FF lm,l'm' 

X Ql'm' (jb, Vh)hm,l'm' (Rv0Vh)• 
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Here, we would like to notice that zero order multipoles represent overlap integrals 

Qm(ia,V0) = JdriW*(r)aM(r) (7.34) 

and 

Qoo(jb,Vh) = JdrjW(r)bW(r) (7.35) 

= <v 
Therefore, owing to the orthogonality between occupied and unoccupied Bloch or-

bitals,'the first nonzero term in Eqs. (7.30) and (7.33) corresponds to the interaction 

between dipoles, which has a 1/B? decay, and hence the infinite h sum in Eq. (7.30) 

converges to a finite value for one- and two-dimensional (ID and 2D) systems, and 

it diverges as log(il) in the three-dimensional (3D) case. This concludes the proof 

that the individual matrix elements of the Coulomb part vanish in the N —> oo limit, 

since 1/iV ~ 1/i?3 and due to the locality of Gaussian functions sums over g and g' 

have only a finite number of non-negligible terms. 

7.2.2 HF exchange integrals 

The multipole moment consideration can also be applied to the HF exchange part 

(aMfcMliWjM) = 7 V - i ^ ^ r ; ^ ( k , k ' ) e l [ ( k ' - k ) h + k / ( 9 + 9 ' ) ] (7.36) 

g,g',h vii\a 

x{/J-0Vg\>>hVg>+h) 

to show that in the HF exchange analog of Eq. (7.33) monopole terms 

Qoo(ij,Vo) = JdriW*(r)jW(r) (7.37) 

= SijSkk', (7.38) 
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and 

Qoo(ab,Vh) = JdraW*(r)bW(r) (7.39) 

= SabSkk; (7.40) 

have nonzero diagonal values. Thus, the infinite h sum in Eq. (7.36) for diagonal 

terms (a = b, i = j , and k = k') diverges as log (J?) in ID, as R in 2D, and as R2 in 

3D. However, for all dimensionalities the diagonal HF exchange terms decay at least 

as 0(A^-1/3) because of the volume normalization factor. 

7.2.3 D F T exchange-correlation kernel integrals 

The AO form of the DFT exchange-correlation integrals is 

(flM*M|/M|jM6M) = A ^ ^ ^ T ^ k V ^ V ) ( 7 . 4 1 ) 

g,g',h ufi\a 

x(V0Vg\fxc\>>h(7g>+h), 

where all semi-local kernels have the following form 

/xc(r,r') = / x c ( r ) 5 ( r - r ' ) . (7.42) 

Note that in the AO representation the delta function does not require an additional 

normalization 

(/j0|£(r-r>o) = JdrJdv'^(r)S(r-r')fi0(r') (7.43) 

= / *^o( r)^o(r) 

= 1. 

Therefore, the AO two-electron integrals with the semi-local /x c kernel become over

lap integrals 

(A«o^|/xc|Afc(79/+fc) = / dv n*0(r)vg(r)fxc(r)\*h(r)ag,+h{r). (7.44) 



122 

Since AOs are localized Gaussians, cell indices g, g', and h are in the vicinity of the 

0 th cell. Thus, sum (7.41) contains only a finite number of nondivergent terms, and 

in the N - • oo limit the (a^i^\fxc\j^
k%^) integrals have (DiN'1) scaling. 

7.3 Reciprocal vector dependence of A matrix elements 

It is instructive to decompose KS Bloch orbitals into CO and AO parts in a slightly 

different way than we did above 

M r ) = £ C w ( k ) M f c ( r ) . (7.45) 

Atomic orbitals in reciprocal space 

^ ( r ) = ^ = $ > s ( r ) e i k * (7.46) 

resemble plane waves 

VN-g 

|k) = -±=eikr, (7.47) 

where fi is a normalization volume. [205] Indeed, if one considers the limit of an 

infinite Gaussian exponent and vanishing lattice constants, the g index becomes a 

continuous variable, and ixg{r) functions are 6(g — r), hence 

Mr) - -^Jdgd(g-r)e"<> (7.48) 

~ 7r ,b (M9) 

On the other hand, the ^-dependence of plane wave two-electron integrals is very 

well-known [205] 

(k1k2|k3k4) = { 

W^i i f k 1 - k 2 = k 3 - k 4 ^ 0 , 

&Jdrf&\ i f k 1 - k 2 = k 3 - k 4 = 0, (7.50) 

0 if k ! - k 2 ^ k 3 - k 4 . 
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Using Eq. (7.42), exchange-correlation integrals are 

(kik2|/xc|k3k4) = y'dr/xc(r)e i(k2+k4-kl-k3) r, (7.51) 

= /"dr/xcW i f k 1 - k 2 = k 3 - k 4 = 0. (7.52) 

Thus, following the analogy with plane wave integrals, it becomes clear why atomic 

orbital Coulomb (fj}k^v^\X^a^) and exchange-correlation (/j}k^v^\fxc\X^a^) in

tegrals have a weak A>dependence, while the corresponding HF exchange integrals 

(//MA^l|i/Mfl-t*']) have the |k — k ' | - 2 divergence. We expect these results to be valid 

for CO integrals as well, and our consideration is based on the orthonormality con

dition 

C f(k)S(k)C(k) = / , (7.53) 

where, the ^-dependence in the AO overlap matrix S 

5^(k) = J dvfiW*(r)vM(v) (7.54) 

9 

is canceled by that in CO coefficients. Although this still leaves some place for 

^-dependence of CO distributions 

pW(r)9M(r) = ^ ^ ' W i / W W C i C k J C ^ C k ) , (7.56) 
flU 

it is plausible to assume that the ^-dependence of CO distributions p^*(r)q^(r) is 

not stronger than that of AO distributions /Jk^*(r)u^(r). 
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7.4 Eigenvalue problem 

7.4.1 Iterative solution of the TD-DFT equations 

In practice, AX = wX solvers are implemented by using an iterative algorithm (see 

Section 6.2) which consists of solving a problem of lower dimensionality [Eq. (6.27)] 

obtained by projecting the A matrix onto the subspace spanned by a set of trial 

vectors {Xp
0)} [Eq. (6.26)]. 

According to our choice of {XJ, } (see Section 6.2), in the first iteration, the A. 

matrix [Eq. (6.28)] is the part of the full A matrix corresponding to the set of lowest 

independent-particle excitations. We can focus only on the first iteration because 

if there is no substantial intermix of different independent-particle excitations Xp ', 

then the final TD-DFT result is very close to that for the independent-particle pic

ture. Note that in most cases Eq. (6.27) in the first iteration is equivalent to the 

two-band model problem we have considered in Section 7.1, because the first Xp 

vectors correspond to transitions between the highest occupied and lowest unoccu

pied bands. 

7.4.2 Semi-local TD-DFT: perturbation analysis 

Here, we would like to show that in the two-band model introduced in Section 7.1.1 

the first order perturbation correction does not change the result obtained in the 

unperturbed problem [Eq. (7.16)]. According to Section 7.3, the main part of the 

perturbation matrix A corresponds to the ^-dependence of orbital energy differences 

VkJ, = ^ ( ^ - e f - e ^ - e f " ' " 1 ) (7.57) 

= Sk,kl(As^-Aetin])- (7.58) 
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Let us consider the perturbation matrix Vm,n = {vm\V\vn), which can be split into 

three parts: "head" 

1 " "", "" ' (7.59) 

"wings" 

^ = ^ E A £ S ] ) - A * i n ] ' 

Vl'm ~ vm{ ai ai >' 
Vm,l = V, l.JTl) 

(7.60) 

(7.61) 

and "body" 

5m,n(^rl] + Aef™1 - 2 A £ f r ] ) (7.62) 

-['•'min -LA / A _ * m i n A - N ^ I A / A c «min A « m \ L^minJ 

where m,n ^ 1. The coupling between non-degenerate and degenerate subspaces is 

given by the "wings", and it is much smaller than the couplings inside the degenerate 

subspace given by the "body". This is obvious because enlarging the number of k-

points-makes y/2Nk larger and (Aea™ — Ae^™') smaller in y l m , while not affecting 

substantially Vi,i and Vm<n elements. Thus we will not consider the "wings" terms 

further. The order of Appoints is arbitrary, and it can be changed so that Ae-J values 

form a non-decreasing sequence. For convenience, k\ and &2 points can be exchanged 

so that k,2 becomes km\n. This decouples the first eigenvalue of the "body" part, 

because V2,n and Vn>2 vanish for n = 3,.. . , Nk- The first order correction to the lowest 

eigenvalue of Eq. (7.16) is (Aej,/' — Ae|li
minJ)/2. By construction k\ is energetically 

the closest point to km-m, and hence, the correction goes to zero in the Nk —> co 

limit. Applying the Gaussian elimination process to the rest of the "body" matrix 

(Kra,n> m,n — 3, ...,iVfc) it is straightforward to show that according to Sylvester's 

criterion this submatrix is positive definite, and therefore, all first order corrections 
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are positive. Thus, by taking into consideration that the non-degenerate zeroth order 

eigenvalue bNk has also the positive correction 

^=(^EA*])-A* in (7.63) 

we can conclude that up to first order in perturbation theory the lowest TD-DFT 

excitation is the minimum KS direct band gap. 

7.4.3 Semi-local TD-DFT: three-band example 

As an extension of the two-band model, we would like to consider the case with three 

bands: one occupied (i) and two quasidegenerate unoccupied (a and b) bands. The 

off-diagonal two-electron integrals ( a ^ i ^ l ^ ' W ^ ) and (a^kk^\fxc\i^
k%^) are almost 

k-independent and will be represented by a constant d, whose sign is undetermined. 

Under these assumptions, the A matrix has the following block structure 

A = 
Ae [fcminj 0 

L1£bi 

+ 
J V 

A<°> 0 

0 A(°)' 

+ 
/ I o \ 

A 0 

V° A 'J 
+ 

( n 3 \ 
0 d 

^ d 0 ) 

(7.64) 

(7.65) 

where the first three matrices correspond to the case with decoupled excitations ia 

and ib, and the last term describes a perturbation which couples those excitations. 

Previously, the effect of the diagonal perturbation V [Eq. (7.57)] has been considered 

on the unperturbed eigenvalue problem [Eq. (7.16)]. Now we would like to investigate 

the effect of the coupling term 

D 
/ . i ^ 

d 0 
(7.66) 

/ 



127 

on the spectrum of the decoupled unperturbed matrix 

A <°) _ j \ 2 — 

/ A(°) 0 ^ 

V 0 A(°)' 
(7.67) 

/ 

whose eigenspace is the direct product of eigenspaces from the decoupled excitations 

ai and ib [see Eq. (7.57)] 

eigenvalue 

bNk 

0 

eigenvector 

1 
Vi = (1,1,. . ,1|0,. . . ,0) 

1 
ua = - ^ ( l , - l , 0 , . . . , 0 | 0 , . . . , 0 ) 

(7.68) 

0 

b'Nk 

0 

Uivfc = —^(0 0,1, -1 |0 , . . . , 0) 

VNk + l m :(0,...,0|1, ! , . . . , ! ) 

ujvfc+2 = -/=((>, . . . ,0 |1,-1,0, ...,0) 

0 : v2Nk = -j=(0,...,0\0,..., 0 ,1 , -1 ) . 

Here, as a visual aid we separated the first Nk components of each vector from the 

second Nk components by a vertical bar "|". It is interesting to note that in this 

basis there are only two nonzero coupling elements 

(vi\D\vNk+1) = dNk 

{vNk+i\D\vi) = dNk. 

(7.69) 

(7.70) 

This indicates that the nearly constant coupling does not lift the degeneracy in the 

{t>2,..., VNk} and {vNk+2, ...,V2Nk} subspaces, and our perturbation results (Section 

7.4.2) for the decoupled transitions remain valid. To summarize, we would like to 
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add that although the coupling perturbation changes values of the highest excitations 

from Nj) and Nj)' to Nk(b±d) and Nk(b'^fd), it does not affect the lowest excitation. 

7.5 Beyond the Tamm-Dancoff approximation 

Addition of the B matrix [Eq. (6.21)] does not change the described behavior of semi-

local TD-DFT. All two-electron integrals in B [Eq. (5.27)] for semi-local TD-DFT 

are equal to those in A 

( a ^ V ^ ) = (aM*rfcl|&M/'J), (7.71) 

( a ^ | / x c | j t f c V f c ' l ) = (aM#l|/xc|6[*Vfc ']), (7.72) 

and therefore all arguments can be applied to the full form of Eq. (6.21) with semi-

local /xc without modifications. The only significant difference appears in the HF 

exchange terms 

A : (aMbW\jWiW) (7.73) 

B : ( a V y ' l i M ) . (7.74) 

We can expect that, by absolute values, the B integrals with a — b and i = j to 

be smaller than the corresponding A integrals because of the product of orthogonal 

functions in bra and ket distributions in Eq. (7.74). For the fully diagonal terms of 

B (a = b, i = j , and k = k'), the Coulomb integrals ( a ^ i ^ l o ^ i ^ ) coincide with the 

HF exchange ones and therefore cancel out. This illustrates that in general the HF 

part of the B matrix is less important than that of the A matrix [178]. 

7.6 Numerical examples 

In order to support some of our assumptions, we consider as a benchmark system 

a one-dimensional chain of hydrogen molecules aligned along the z axis. The in-
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teratomic distance is set to 0.74 A [206] and the lattice constant (£) is varied. 

This system has been studied with various TD-DFT/6-31G** methods within the 

Tamm-Dancoff approximation. In all functionals (PBE, PBEh, and HF) the lowest 

unoccupied band is well separated from the rest of the band structure. Thus, the 

initial guesses (Xp ) for the iterative solver represent vertical transitions from the 

highest occupied band to the lowest unoccupied band for different fc-points, and A. 

matrix elements become A^'J, where ai denotes the pair of orbitals participating in 

the transition. 

First, we would like to illustrate numerically that the ^-dependence of KS or

bital energies and HF exchange integrals is much larger than in the Coulomb and 

exchange-correlation integral terms. As a measure of ^-dependence for a quantity 

/ we consider a variation range | /m a x
 — /mini; where /m a x (/min) is the maximum 

(minimum) value over a set of considered ^-points. Table 7.1 presents the variation 

ranges for different components of the A^' J matrix in the case of our benchmark 

system with different lattice constants, calculated with the PBEh functional. All 

previously made assumptions are in a good agreement with numerical data for all 

values of the lattice constant. 

Second, in order to make a connection between problems of semilocal TD-DFT 

in solids and in molecular "charge-transfer" excitations, it is instructive to consider 

results for our model with t = 100 A . Let us point out that a ID periodic system can 

be seen as a ID ring of molecules where the number of cells is equal to the number 

of fc-points used in calculation. Thus, the only difference between the PBC case 

and the oligomeric case with Nk monomers separated by distance t is the presence 

of edge effects in the latter case. On the other hand, with increasing intermolecu-

lar separation, the edge effects vanish in oligomeric systems. Therefore, an (H2)n 
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Table 7.1 : The variation ranges (denned in the text) and average values (given 

in parentheses) for different components of A^'J with the PBEh/6-31G** method. 

Other parameters are set as Nk—100 and 16 guess vectors. 

lattice constant, A 
AaikJ components 

2 3 100 

AeJ*1 0.26(0.43) 5 .0x l0 - 2 (0.47) < 1.0x10-12 (0.56) 

0.25(al*Wfc'i|#I#'I) 4.5xl0-3 (4.7xl0"3) 5.9xl0"3 (3.8xl0~3) 3.6xl0~5 (2.3xl0-3) 

(aWiW\a}k']iM) 4 .7xl0 - 6 (2.5xl0~3) 6.4xl0~5 (2.2xl0~3) < l.OxlO"12 (3.4xl0 -3) 

(awz[fcl|/xc|a[*;'li[fc'1) 1.7xl0-5 (1.2xl0 -3) 3.1xl0 - 5 (l.OxlO-3) < LOxlO-12 (1.2xl0"3) 

oligomer with a large intermolecular distance is fully equivalent to the corresponding 

periodic H2 system with a large t. Thus, the "charge-transfer" issue occurring in 

a (1^2)2 dimer with intermolecular distance 100 A can be rationalized as a weak 

^-dependence of the Coulomb and semilocal exchange-correlation integrals in our 

periodic model with t = 100 A (see Table 7.1). An interesting side effect of this 

problem occurs for systems with no interactions between unit cells (say the H2 chain 

with t — 100 A ), where in principle the one-A;-point and many-Ar-point descriptions 

should be equivalent. Solving Casida's equation (6.25) with only one fc-point gives 

different lowest excitation than that for the case of many fc-points (see Table 7.2). 

This is a periodic analog of the difference between lowest excitation energies for H2 

and (H2)2 dimer with a large intermolecular distance. 

Third, in the presence of HF exchange, absence of the full zeroth order spectrum 

[Eq. (7.16)] does not allow us to construct the perturbation matrix even at first order. 

Therefore, we would here like to compare the lowest excitation energy estimates in 

the zeroth order approximation Ael
ai + c with the exact results for our benchmark 

system. Table 7.3 reveals that the zeroth order results for different number of k 

points and initial guess vectors are in a good agreement with those obtained exactly. 
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Table 7.2 : The lowest transition and KS band gap obtained in the TD-DFT/6-

31G** method with the PBE functional. The intermolecular distance in the dimer 

and the lattice constant in the PBC case are both 100 A. All values are in eV. 

System 

H2 ( or Nk = 1) 

H2 • • • H2 (or Nk = 2) 

Molecular 

14.81 

12.49 

PBC 

14.81 

12.49 

Gap 

12.49 

12.49 

General underestimations of the exact results indicate that perturbation corrections 

are positive, but they are quite small with respect to c values. This validates our con

sideration and makes zeroth order result the key element for the difference between 

the minimum direct band gap and the global hybrid TD-DFT lowest excitation in 

solids. 

Table 7.3 : The lowest transition obtained in the first iteration of the TD-HF/6-

31G** method within the zeroth order approximation [(Aej/1'"1 + c) see Eq. (7.23)] 

and exact diagonalization of the A. matrix with the number of A; points (Nk) and 

initial guesses. For comparison, the minimum direct band gap is 0.563 a.u. for all 

cases . 

Nk 0th order, a.u. exact, a.u. error, % 

16 initial guesses 

100 0.295 0.382 22.8 

200 0.382 0.420 9.0 

1 000 0.521 0.527 1.1 

20 initial guesses 

200 • 0.354 0.406 12.8 

24 initial guesses 

200 0.331 0.395 16.2 
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7.7 Final remarks 

By analyzing two-electron terms: Coulomb, exact HF exchange, and semilocal DFT 

kernel, in real and reciprocal space, we have illustrated the following effects. First, 

semilocal DFT kernel integrals have no long-range components because semilocal 

DFT kernels have only localized interactions that decay exponentially. In the Coulomb 

integrals, the long-range interaction between monopoles vanishes owing to the or

thogonality between occupied and unoccupied Bloch orbitals. Thus, the first non-

negligible term in the multipole moment expansion is the dipole-dipole interaction. 

The different algebraic structure of the HF exchange part allows its multipole mo

ment expansion of the Coulomb potential to have long-range monopole-monopole 

interactions. Second, the |k — k'| dependence of the Coulomb and semilocal DFT 

kernel integrals is negligible, while for HF exchange integrals, it is quite substantial 

( ~ | k - k ' | - 2 ) . 

As we have shown by considering the TD-DFT eigenproblem, the ^-independence 

of the integral matrix elements in the case of semilocal /xc allows us to find a unitary 

transformation which reveals that the lowest excitations in TD-DFT are equivalent 

to the KS minimal band gap values. One of the essential reasons for this result is 

that Coulomb integrals are larger (in absolute value) than /xc integrals due to the 

longer range of the interaction. On the other hand, introducing fc-dependent matrix 

elements through the non-local HF exchange terms makes the lowest excitation a 

collective excitation of independent KS transitions. The negative sign of the HF 

exchange contribution results in a substantial negative excitonic correction to the 

direct KS band gap. It is worth mentioning that the occurrence of the "charge-

transfer" problem of semilocal TD-DFT in molecules can be derived as a particular 

case within our model. 
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Chapter 8 

Conclusions 

In order to efficiently use all new functional developments for response proper

ties, the required components have been implemented within KS-DFT and TD-DFT 

frameworks with GTO and PBC. In all procedures we have the limiting step such that 

it has the structure of the Fock matrix formation. This allowed us to employ some 

of the linear scaling techniques involved in the SCF procedure as well as to develop 

new approaches specific to needs of modern density functionals and calculations of 

response properties. 

Several new screening techniques for the evaluation of full- and short-range HFx 

contractions, based on multipole moment estimates of two-electron integral values, 

have been developed. Since the short-range Coulomb potential is not a harmonic 

function, it is not amenable to a multipole moment expansion. In the IDS scheme, 

we overcome this problem by using a Taylor expansion for the one-dimensional short-

range potential and constructing an approximate multipole moment expansion. In 

the two other schemes (KDS and MDS), we exploit the asymptotic behavior of 

the short-range interaction of two spherical charge distributions. For all proposed 

schemes, the errors in the exchange energies are not more than two orders of mag

nitude larger than imposed thresholds. Therefore, in combination with the regular 

Schwarz screening, all our distance screenings are robust procedures achieving linear 

scaling. For large systems, where the screening time is comparable with the time 

required for evaluation of two-electron integrals surviving the screening, we have in

troduced an additional box-box level screening based on the FMM boxification. This 



134 

screening allows us to achieve true linear scaling in the evaluation of the short-range 

HFx contribution even for 3D metallic systems. Employing our screening protocols 

in the HSE functional makes this functional only twice as expensive as regular semi-

local density functionals for both energy and geometry gradients calculations, with 

vastly enhanced accuracy. 

We have presented a subquadratically scaling scheme to evaluate analytic en

ergy second derivatives with respect to in-phase nuclear coordinate displacements 

(in-phase harmonic vibrational frequencies). It has been found that a straightfor

ward extension of the molecular second derivative scheme to periodic systems is 

not possible because of divergence of some Coulomb contributions. This problem 

is solved by repartitioning Coulomb terms, to preserve charge neutrality of the unit 

cell. Comparison of CPU times between a finite-difference numerical algorithm and 

our analytical scheme confirms the superiority of the latter, especially for systems of 

lower dimensionality and larger number of atoms per unit cell. 

As the next step to modeling vibrational spectra of solids we have also developed a 

simple and efficient route to evaluating IR intensities. The main conceptual difference 

from the molecular case is that the periodic dipole moment is not a straightforward 

generalization of its molecular counterpart but rather can be seen as a geometric 

quantum phase. Thus, we have used the discretized Berry phase expression for the 

periodic dipole moment developed earlier. Further differentiation of the discretized 

dipole moment expression with respect to in-phase nuclei displacements leads to IR 

intensities that match to oligomeric extrapolations. The evaluation of IR intensities 

introduces only a negligible overhead in the characterization of vibrational frequen

cies, since CPU times for dipole derivatives in all studied cases constitute less than 

4 % of total CPU times. The study of the PPV polymer with different function-
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als reveals that although the calculated vibrational frequency adequately reproduces 

those from experiment, the corresponding IR intensities do not always follow qualita

tively correct trends. Application of the LC-wPBE functional corrects IR intensities 

presumably due to the right 1/r asymptotic behavior of the LC-o;PBE exchange 

potential, but gives less accurate frequencies. 

Electric polarizabilities and optical absorption spectra have been approached from 

the TD-DFT perspective by solving Casida's equations with PBC. In our approach, 

we follow a CO based formulation of Casida's equations and employ the standard 

tools for achieving linear scaling in unit cell energy calculations. This becomes pos

sible due to the local character of the response density matrices in the AO repre

sentation. The linear-scaling of our approach in ID and 2D tests with respect to 

size both in direct and reciprocal space has been demonstrated. Polarizability and 

excited state calculations on large systems like a (7,0)-carbon nanotube, 3D diamond 

and silicon prove that the developed method is practical for systems of significant 

size. 

Finally, by considering real and reciprocal space behavior of two-electron inte

grals, we have explored the failure of semi-local TD-DFT to describe excitonic effects 

in solids. It has been also found that although including HFx contribution introduces 

excitonic effects, most hybrid functionals do not provide satisfactory onsets of op

tical absorption spectra. Therefore we hope that our newly developed schemes and 

reported results will stimulate further functional development. 
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Appendix A 

Derivatives of crystal orbital coefficients 

Due to appearance of the Berry phase in CO coefficients (Chapter 4) their dif

ferentiation with respect to reciprocal vector k should be done with extra care. One 

could suggest to extract the phase factors from the CO coefficients and treat them 

separately 

Cw(k) = C w ( k ) e ^ k \ (A.l) 

but the problem with this approach is that </?p(k) functions contain not only the 

physically meaningful Berry phase part but also a completely arbitrary contribution 

from the SCF diagonalization procedure. Of course, this arbitrary part disappears 

after integration over the Brillouin zone, but it makes impractical the straightforward 

separation (A.l). On the other hand, Eq. (A.l) can be used to trace a possible 

occurrence of the nontrivial Berry phase in different quantities. 

Here, we would like to consider the appearance of the Berry phase in the CO part 

[d,2 in Eq. (4.12)] of the longitudinal component of the dipole moment Eq. (4.10). By 

using the matrix notation 

d2 = - I m tr / dk C t ( k ) S ( k ) ^ ^ , (A.2) 
JBZ ^k 

this can be further differentiated with application of factorization Eq. (A.l). For a 
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particular matrix element we obtain 

upq -
C*(k)S(k)^) 

pq 

e.(k>s<k)(2gS+«*«*£>) J(<pq(k)-ipp(k)) 

pq 

TJ HVq(k)-Vp(lc)) , • r dy<t(k) 
^P9 C ^ t oP9 ai^ 

In Eq. (A.4) we used the orthonormality condition 

[Ct(k)S(k)C(k)]w = [c*(k)S(k)C(k) 
pq 

upq, 

and linear-response theory for CO derivatives [171] 

dCu Jw 
<9k 

— ^ ^ (-^MUqp. 

(A.3) 

(A.4) 

(A.5) 

(A.6) 

(A.7) 

(A.8) 

It was shown in Ref. [171] that the U matrix is anti-Hermitian and has zero diagonal 

elements in the CO basis. The periodic dipole moment requires the diagonal part of 

the df® matrix that involves the Berry phase contribution. On the other hand, the 

transition dipole [see Eqs. (6.22) and (6.24)] requires only the off-diagonal part, and 

therefore the Berry phase can be discarded. 

Another interesting pair of quantities is IR intensity and electric polarizability. 

It will be instructive for the main part of our discussion to illustrate that the Berry 

phase contribution is present in the former quantity and it is unnecessary in the 

latter one. Both quantities are derivatives of the dipole moment with respect to 

some external perturbation (£): nuclear coordinate displacement R or electric field 

amplitude £. For simplicity we consider the derivatives of the d<i part since that is 

the only part with the Berry phase contribution 

dd2 
nj_ = —Im tr / dk 
d( JBZ 

• ddV d_P • 
(A.9) 
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The trace of a matrix product is equivalent to a dot product of matrices as vectors 

tT(AB) = '%2ApgB„, (A.10) 
pq 

thus the diagonal part of the A matrix can contribute only if there is at least one 

nonzero diagonal element of B. The same argument can be applied to the dipole 

derivatives Eq. (A.9), note that the interesting for us Berry phase contributes into 

the diagonal part of the S2^ matrix. It is easy to show [153] that 

^ - = [ v t [ / + C / V ] O T e ^ W - ^ k » , (A.ll) 

where V is the analog of U for the perturbation £ 

^ = CV. (A.12) 

Eq. (A.ll) reveals that the presence of the phase contribution in Eq. (A.9) depends 

solely on the diagonal part of the dP/d( matrix. As shown in Chapters 3 and 5, only 

the <9P/<9R matrix have nonzero diagonal part [see Eq. (3.7)] while in the dP/d£ 

matrix the only nonzero blocks are off-diagonal. This concludes our demonstration 

that electric polarizability can be evaluated without calculation of the Berry phase 

contribution. 

The important practical implication from the performed analysis is that when the 

Berry phase does not contribute one can use a simple analytical procedure to differ

entiate CO coefficients Eq. (A.8), and the phase part can be completely neglected. 

However, one should always carefully check the absence of a Berry phase influence 

before using Eq. (A.8) for new response characteristics. 
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