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Abstract 

Model Order Reduction and Domain Decomposition for 
Large-Scale Dynamical Systems 

by 

Kai Sun 

Domain decomposition and model order reduction are both very important techniques for 

scientific and engineering computing. Their goals are both trying to speed up computations, 

however by different approaches. Domain decomposition is based on the general concept 

of divide-and-conquer which partitions a large-scale problem into a sequence of smaller 

and easy-to-solve problems. Model order reduction tries to relieve the simulation loads of 

dynamical systems by reducing the size of the systems dramatically. 

In this thesis, I investigate some problems arising from these two areas and propose 

some potential applications of them, At first, I give a sensitivity analysis of Smith method 

via iterative solvers. Smith method is a very important for balance truncation model order 

reduction. Secondly, we introduce a new effective approach to compute the reduced order 

model based on balanced truncation for a class of descriptor systems. Computational results 

were presented which indicate this new approach is promising and very efficient compu

tationally. Thirdly, by combining balanced truncation model order reduction and domain 

decomposition techniques together, the reduced order models for systems of discretized 

partial differential equations with a spatially localized nonlinearities is derived. Finally, I 

present fully parallel domain decomposition techniques for another kind of problems, fast 

simulations of large-scale linear circuits such as power grids. 
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Chapter 1 

Introduction 

Many problems in applied mathematics require the simulation of the following linear dy

namical system of the form 

±(f)=Ax(/)+Bu(f) 
< (1.1) 

y(t) = Cx(t)+Du(t) 

where A, B, C, and D are given matrices. u(t) is the given vector of inputs, y(f) is the 

unknown vector of outputs, x(t) is the unknown vector of internal variables. 

In some scenarios, a large-scale system must be simulated many many times. This can 

become a very time-consuming task. Sometimes, it is even impossible due to limitations 

of computing power or storage. 

This thesis is dedicated to overcoming time and storage difficulties by using domain de

composition and model order reduction techniques. Model order reduction is a technique 

which replaces a large-scale dynamical system by a small system but still keeps the input-

output behavior. Model order reduction might be useful to system designers who desire 

faster simulations, or when the aim is in a reduced fashion to model an internally complex 

system while preserving its input-output behavior (this may also greatly reduce simulation 

time). Domain decomposition techniques provide another way to speed up computations. 

This methodology was first introduced to solve a boundary value problem by splitting it into 

smaller boundary value problems. Recently, this approach has gained more attention be-

1 
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cause of the revolution of the computer technologies. The availability of parallel computing 

environments make domain decomposition a truly powerful tool. Domain decomposition 

introduces parallelism automatically. If a large-scale problem can be partitioned into a se

quence of much smaller and easy-to-solve problems, a computer cluster or even a small 

multi-core computer will take advantages of this by solving subproblems simultaneously. 

This thesis concerns several problems arising from these two areas and proposes some 

potential applications of them. The organization of these is as follows; 

• Chapter 2. After briefly reviewing system theory for linear time-invariant dynamical 

systems, a short introduction of balanced truncation model order reduction for these 

systems will be given. I also give a short introduction of model order reduction for 

descriptor systems. 

• Chapter 3. This chapter begins with introducing ADI and Smith-type methods for 

balanced truncation model order reduction. Essentially, these are iterative methods. 

For each iteration, they require solutions of linear systems. For small or medium size 

problems, the solutions can be obtained by direct solvers. However, for very large 

problems, a sparse direct factorization may not be feasible due to expensive fill-in 

(creation of non-zero entries). In the second part of this chapter, I study the solutions 

to Lyapunov equations via iterative solvers and give an analysis of the propagation 

of error introduced by inexact solvers. Intuitively, for an iterative method with error 

introduced at each iteration, one might think that the error ought to be accumulated. 

However, my analysis shows that the error is still at on the scale as the stopping 

criteria of the iterative solvers. Computational results of a single input single output 

system show that the error introduced by solving linear systems inexactly (conjugate 

gradient algorithm) is proportional of the stopping criteria the iterative solver. This 

further confirms my error analysis results. 

• Chapter 4. I discuss the computation of balanced truncation model reduction for a 
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class of descriptor systems of the form. 

Eii-j-v(0=Aiiv(0+Ai2p(0 + B1g(0, (1.2a) 
at 

0 = Af2v(0+B2g(0, (L2b) 

v(0) = v0, (1.2c) 

First, I show how to use a projection to apply standard balanced truncation model re

duction techniques to such systems. Then I develop an algorithm to apply ADI/Smith-

type methods for the approximate solution of the descriptor system Lyapunov equa

tion without explicitly applying any projectors. This aspect is quite important as it 

only requires standard saddle point linear system solvers and avoids explicit compu

tation of projectors, avoiding unnecessary creation of large dense matrices. The most 

expensive part of balanced truncation model reduction is the solutions of Lyapunov 

equations. For this class of descriptor systems, my approach enables the standard bal

anced truncation model reduction to be applied and avoids the extra cost associated 

with explicit projection. 

Two computational results are given. These applications come from the semidiscrete 

Oseen equations with time independent advection and the linearized Navier-Stokes 

equations, linearized around a steady state. The results demonstrate the effectiveness 

and accuracy of this new algorithm. In both problems, systems are reduced dramati

cally (systems of size more than ten thousand can be reduced to small systems whose 

sizes are less than 20). 

• Chapter 5. This chapter concerns model reduction of systems of discretized par

tial differential equations (PDEs) with spatially localized nonlinearities. I develop 

a methodology for constructing reduced order models for which the error between 

the input-to-output maps of the original system and the reduced order model can be 

controlled. 
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My approach uses domain decomposition techniques to divide the problem into lin

ear subproblems and small nonlinear subproblems. Balanced truncation is applied 

only to the linear subproblems with inputs and outputs determined by the original 

inputs and outputs as well as the interface conditions between the subproblems. This 

combination of domain decomposition and balanced truncation can lead to a sub

stantial reduction of the original problem if the nonlinearities are localized, i.e., the 

nonlinear subproblems are small, and if the interfaces between the subproblems are 

small. 

A one dimensional Burger's equation and a two dimensional nonlinear heat equation 

have been considered in this chapter. The computational results show that linear sys

tems have been reduced substantially and the sizes of the nonlinear systems limit the 

amount of reduction achieved overall. The solution of the original system is visually 

indistinguishable from the solution of the reduced system. Another interesting ob

servation is that the errors of the nonlinear systems are much smaller than the errors 

of the linear systems. This is because that the nonlinear system has not been reduced 

and the inputs of the nonlinear system from the linear systems have an a priori error 

bound. 

• Chapter 6. Fully parallel domain decomposition techniques for efficient simulations 

of large-scale linear circuits such as power grids are presented. The power grid for 

a modern integrated circuit may consist of several million electrical elements, which 

makes simulation computationally (time-resource) intensive. 

The domain decomposition approaches described in this chapter partition the power 

grid into several smaller sub-circuits, called subdomains. The subdomains can be 

solved independently in parallel using standard techniques for linear system analy

sis. Two versions of DD — non-overlapping and overlapping — to handle various 

challenges in power grid simulation are described in this chapter. Non-overlapping 

DD refers to DD where the subdomains do not have any nodes in common. The sub-
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domains are connected by interface nodes. The subdomains are solved using direct 

or iterative methods. I have successfully incorporated several simulators such as LU 

factorization as well as multi-grid and other preconditioners into the non-overlapping 

DD framework. 

Synchronization steps between iterations are performed through a small interface to 

obtain the solution of the original system. Parallel domain decomposition leverages 

the full computing power of multi-core and multi-CPU mainstream computing sys

tems. 

DC and transient simulations have been performed on four circuits, whose sizes are 

forty thousands, two fifty thousands, one million and ten millions respectively. Com

putational results show that the fully parallel non-overlapping and overlapping DD 

techniques can accelerate power grid simulation in all the cases. For the one million 

size circuit, CPU time of 20-step transient simulation is 230 seconds by using sparse 

LU factorization. However, a fully parallelized domain decomposition technique re

duces runtime to less than 19 seconds. 

• Chapter 7. I conclude this thesis work by briefly revisiting each application. These 

applications show that both domain decomposition and model reduction are powerful 

tools to overcoming time and storage difficulties arising in simulations of large-scale 

dynamical systems. These two techniques will become more popular since the easy 

availability of parallel computing environments. Further more, some future works 

about computational examples and analytic error bound will be discussed in the end. 



Chapter 2 

Model Order Reduction of Linear 

Time-Invariant Dynamical Systems 

In this chapter, I review some basic results concerning linear time-invariant dynamical 

systems and balanced truncation model order reduction to these systems. There are several 

standard references for details and proofs of the material presented [2,3]. The development 

presented in this chapter follows that of Dr. Antoulas [2] very closely. The reader is 

encouraged to consult that survey. 

2.1 Linear Time-Invariant Dynamical Systems 

Model order reduction for linear time-invariant dynamical systems considers the following 

system: 

'x(f)=Ax(f)+Bu(f) 

or for simplicity: 

(2.1) 
y(r) = Cx(r)+Du(0 

E : = | 1 - ? - | (2.2) 

6 
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where A e R"*n, B <E Rnxm, C € Rpxn, D e M/,x/n are given matrices, m and /? are the 

numbers of inputs and outputs respectively, u(t) £ M.m is a given vector of inputs, y(t) 6 W 

is a unknown vector of outputs, x(t) € R" is an unknown vector of internal variables, n is 

the dimension of the system. 

With some modifications, the definitions and results for continuous linear systems can 

be applied to discrete linear systems 

{ x(t + &t) = Ax(t) + Bo(0 
(2.3) 

y(t) = Cx(t)+Bu(t) 

where t e l . 

It is well known [2] that the solution of (2.1), 

x(t) = /(n,x(<b),0 = e^-^Ax(t0) + /V-T)ABu(T)dT. (2.4) 
Jto 

Thus, the output in time domain is 

y(0 = Ce('^o)Ax(^o) + C / ^-T)ABu(t)dT + Du(r). (2.5) 
.Jto 

Stability of a dynamical system is an important concept, see [5]. A dynamical system 

is stable if for any e > 0, there exists 8 > 0 such that if ||x(0) || < 5 then ||x(r) || < e for all 

t > 0. Otherwise the system is unstable. The system is asymptotically stable if it is stable, 

and if there exists 8' > 0 such that if ||x(0) || < 8' then lim,_>oo ||x(f) || = 0. 

Theorem 2.1.1. [2] Linear system (2.1) is asymptotically stable if and only if all eigen

values of A have negative real parts. 

Given two arbitrary vectors x(to) and Xf in the state space, if there exists an input vector 

u(t) that will take the initial state x(fo) to the final state x(r) = x/, then the system will 

be called reachable. A system is said to be observable if, for any possible sequence of 

state and control vectors, the current state can be determined in finite time using only the 
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outputs [2]. 

Gramians can be used to study the controllability and observability properties of state-

space models and model order reduction. 

Definition 2.1.2. For a continuous-time system like (2.1), the finite reachability Gramian 

at time t < o° is defined as 

P(*)= /V T BB T e A r T dT. (2.6) 
Jo 

Lemma 2.1.3. The reachability Gramian has the following properties.• 

• P(t) = P*(t)>0, 

• their columns span the reachability subspace X, i.e., 

imP(0=X = ^an{B,AB,A2B,.. . ,A"-1B}. 

Consider an element x in the reachability subspace, i.e., x e X. By using lemma 2.1.3, 

for any positive real number T, there exists a £, such that 

x = P(r)£. (2.7) 

Moreover, this state can be reached from zero by choosing a control 

o(f) = B V ^ 7 - ' ^ . (2.8) 

Theorem 2.1.4 (Minimal Energy). [2] Consider u defined by (2.7) and (2.8), and let u be 

any input function which reaches x at time T, then 

IHI<||u||. (2.9) 

Furthermore, the minimal energy required to reach the state x is equal to the energy of the 
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input function u, 

||u||2 = x r P( r ) - 1 x , (2.10) 

where the energy or norm of a function v denoted by ||v|| is defined as 

||v||2 = <v,v> = f vT(t)v(t)dt. (2.11) 
Jo 

There are similar results concerning observability. Based on theorem 2.1.4,1 introduce 

the infinity Gramian. The infinity controllability Gramian is defined by 

P = r V ' B B V ^ ' d / (2.12) 
Jo 

and the infinity observability Gramian by 

Q = /"eA r 'C rCeA '<k. (2.13) 
Jo 

Under the assumption that the system is stable, it is well-known [2] [5] that the reacha

bility Gramian P and observability Gramian Q are the unique solutions to Lyapunov equa

tions (2.14) and (2.15), both P and Q are symmetric positive semidefinite. 

AP + PA r + BB r = 0 (2.14) 

and 

A r Q + QA + C r C = 0. (2.15) 

Proposition 2.1.5. The system is reachable if and only ifP is positive definite. The system 

is observable if and only ifQ is positive definite. 

The unit impulse 5 : [0,«») H+ R is defined as 8(t) = 0 for t ^ 0, and /*„„ S(t)dt = 1. It 

can be shown that if a < x < b and f(t) is continuous at t = T, then 

/ f(t)S(t-t)dt = f(z). (2.16) 
Ja 
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By using(2.16), equation (2.5) becomes 

y(t)= [ (Ce^-^AB + DS(t-T))u(t)dr (2.17) 
Jo 

= f h(t - r)u(T)dT. (2.18) 
Jo 

This has the form of a convolution integral, and h(t) is called the impulse response matrix, 

also called weighting matrix, which has the form 

h(t) = CetAB + D8(t). (2.19) 

The Hankel operator H is defined as 

f° 
H:Lm(R-)^Lp(R+), H(u)(t) = h(t - r )u(r )dT, t>0. (2.20) 

J — oo 

Now I define another two important quantities of the system. 

Definition 2.1.6. The Hankel singular values of the stable system E, denoted by G\, &2, —, 

Gr, are the singular values of the Hankel operator H defined by (2.20). The Hankel norm 

ofL is the largest singular value ofH, 

||E||H = o»ax(H) = ff1. (2.21) 

Theorem 2.1.7. [2] The Hankel singular values of a reachable, observable and stable 

linear system Z are the square roots of the eigenvalues of the products ofGramians P and 

Q 

Oi=v^-(PQ) , i = l , 2 , . . . , « . (2.22) 
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This theorem reveals the fundamental idea of balanced truncation model order reduc

tion, which is the removal of (almost) uncontrollable/unobservable states. 

Theorem 2.1.8. [2] Let P and Q denote the reachability Gramian and the observability 

Gramian of a stable linear system. 

1. The minimal energy required to steer the state of the system from 0 to xr is: 

x*P~V 

2. The maximal energy produced by observing the output of the system whose initial 

state is Xo is: 

x£Qx0. 

3. The states which are difficult to reach (i.e. require large amounts of energy) are in 

the span of those eigenvectors ofP which correspond to small eigenvalues. 

4. The states which are difficult to observe (i.e. produce small amounts of energy) are 

in the span of those eigenvectors ofQ which correspond to small eigenvalues. 

2.2 Balanced Truncation Model Order Reduction 

Generally, "Model reduction seeks to replace a large-scale dynamical system of differential 

or difference equations by a system of substantially lower dimension that has nearly the 

same response characteristics" [25]. 

The fundamental idea of model reduction is to produce a lower dimensional system 

£ < 
x(f)=Ax(f)+6u(0 

(2.23) 
y(0 = Cx(f)+Du(0 ' 

lly-yll 
that will approximate the outputs of the original system (2.1), i.e. , < e. The reduced 
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system will accept the same inputs and will have the same form of outputs as the original 

system. 

There are many methods [2] to reduce the model order. A widely used model reduction 

approach for linear dynamical systems is balanced truncation which was introduced by 

Moore in [44]. The balanced truncation method has two attractive features. It has an a 

priori error bound and if the original system is stable then the reduced system will also be 

stable. Theorem 2.1.8 reveals the basic idea of the balanced truncation model reduction 

which is to eliminate the states which are both difficult to reach and observe. 

From Theorem 2.1.8, we know that if P = Q = diag{a\,(Ti,..., an), then a state which 

is difficult to reach is also difficult to observe. It is desirable to eliminate such states from 

the original system. The basic idea of balanced truncation is to find a realization for system 

(2.1) so that in the new coordinate system both P and Q are diagonal and equal, the system 

may be truncated by keeping r largest Hankel singular values. 

Definition 2.2.1. The stable system Z is balanced if and only ifP = Q. Z is principle-axis 

balanced if and only if 

P=Q = S:=diag(oho2,...,on). (2.24) 

In this thesis, the term balanced shall mean principle-axis balanced for simplification. 

The balanced truncation problem is to construct a balancing transformation and then to 

truncate the Gramians. The book [2] lists several numerically stable implementations of 

the balanced truncation method. Algorithm 1 gives a description of balanced truncation 

model reduction. 
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Algorithm 1 Balanced Truncation [44] 
input A, B, C, k; output: A, B, C. 
Compute P and Q by solving 

AP + PAr + BBr = 0 

and 
A rP + PA + B rB = 0. 

Take Cholesky factorizations of P and Q, 

P = UUr, Q = LL r . 

Compute and truncate SVD of UrL, 

UrL=(Y1,Y2)(
Sl

 sJ(Z!,Z2)r. 

Compute the balanced transformations as follows: 

W r = S ^ Z [ L r , 

V = UYiS^. 

Perform the projection: 

A = WrAV, 

B = W rB, 

C = CV. 
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Balanced truncation has a good error bound (as indicated in the following theorem). 

The Hoo norm of the error system is bounded by 2 times the sum of the neglected Han-

kel singular values. Therefore, the accuracy of the reduced system in approximating the 

original system may be specified in advance assuming sufficiently rapid decay of singular 

values is present. 

Theorem 2.2.2. [2] Let Gi i = 1, 2,..., n be the Hankel singular values of the system, then 

the Hco-norm of the error system obtained from balanced truncation method is bounded by 

twice the summation of the neglected Hankel singular values, 

' l |E-IW||a.<2(Pft+i + -" + o»).- (2.25) 

2.3 Linear Time-Invariant Dynamical Systems in Descrip

tor Form 

In this section, I study the linear time-invariant dynamical systems in descriptor form or 

generalized linear time-invariant dynamical systems 

[Ex(0 = Ax(0+Bu(0 
E < (2.26) 

k y(0 = Cx(f) + Du(0 

where the pencil XE — A is regular, i.e., det(AE — A) ^ 0 for some A. Also, E is assumed 

to be singular. Otherwise, this descriptor system (2.26) can be converted to a standard 

dynamical system by applying E_ 1 to the both sides of the first equation. 

In this case, AE — A can be reduced to the Weierstrass canonical form [43,62]. There 

exists nonsingular matrices W and T such that 

E = W | n/ j T and A = W I | T, (2.27) 
O N / \0 I^ 
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where J and N are matrices in Jordan canonical form and N is nilpotent with index of nv. 

The matrices 

Pr = T-M lnf ° IT and Pz = w ( ^ ° IW-1 (2.28) 
0 0 / \ 0 0 

are the spectral projections onto the right and left deflating subspaces of the pencil AE — A 

corresponding to the finite eigenvalues. 

Let the matrices 

W ^ B = 1 l J and C T 1 = ( Ci C2 ) (2.29) 

be partitioned in blocks conformable to the block structure of E and A. Under the transfor

mation 

T x ( 0 = ( z [ ( 0 , 4 ( 0 ) r
) (2-30) 

the system (2.26) can be decoupled into two systems 

i i ( 0 = J z i ( 0 + B i u ( f ) , (2.31) 

and 

Nz2(0=Z2(0 + B2u(0, (2.32) 

with y(f) = Cizi (t) + C2Z2(0 + Da(t). 

Stability has been studied in [43] where the following definition ia given. 

Definition 2.3.1. The descriptor system (2.3) is called asymptotically stable if 

lim/_>00x(f) = 0 for all solutions ofEx(t) = Ax(f). 

The following theorem gives equivalent conditions of stability. 

Theorem 2.3.2 ([ 15,43]). Consider a descriptor system (2.3) with a regular pencil AE — A. 

The following statements are equivalent. 
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• System (2.3) is asymptotically stable. 

• All finite eigenvalues of the pencil AE — A lie in the open left half-plane. 

• The projected Lyapunov equation 

ErXA + ArXE = -P^QP/?, X = PfXP/ (2.33) 

has a unique Hermitian, positive semidefinite solution X/or every Hermitian, posi

tive definite matrix Q. 

Gramians for descriptor systems may be defined, but they are more complicated than 

those in the standard case. There are two types of Gramians, proper an improper. 

Definition 2.3.3. Under the above assumptions, the integrals 

&pc= r^(t)BBT#T(t)dt (2.34) 

and 

<gpo= r^T(t)CTC^(t)dt (2.35) 

exist, where &{t) = T I I W . The matrix ^pc is called the proper controlla-
0 0 

bility Gramian and The matrix ^p0 is called the proper observability Gramian. 

Definition 2.3.4. The improper controllability Gramian and improper observability Gramian 

are defined by 

^ • c = £ F * B B r F j (2.36) 

jfc=nv 

and 

Sfto = £ F[CTCF* (2.37) 

k=nv 

- 1 1 ° ° 1 - 1 
respectively, where Fk = T l \ | W 

0 - N - * - 1 
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Stykel in [43] has shown that the proper controllability and observability Gramians are 

the unique symmetric, positive semidefinite solutions of the projected generalized Lya-

punov equations 

E%cA
r + A^ c E r = -P/BBrPf, %c = Pr%cP

T
r, (2.38) 

KT%0A. + PJ%oE=-PrC
TCPT

r, %o = P0poPf. (2.39) 

Furthermore, the improper controllability and improper observability Gramians are the 

unique symmetric, positive semidefinite solutions of the projected generalized Lyapunov 

equations 

A^ c A r -E^ c E r = (I-P /)BB r(I-P /)
r , Pr%cPj = 0, (2.40) 

Ar^0A - E^0Er = (I - Pr)C
rC(I - Pr)

r, P&ioPf = 0. (2.41) 

Balanced truncation model order reduction for descriptor systems has been developed. 

Algorithm 2 gives a description of balanced truncation model reduction to descriptor sys

tems. 

Notice that in algorithm 2, the projections Pi and Pr have to be formed implicitly or 

explicitly in order to solve the Lyapunov equations. This can be computational difficult or 

costly. In chapter 4,1 will show how to apply standard model reduction techniques to a 

class of descriptor systems by eliminating the algebraic equation using a projection. The 

balanced truncation can even be applied without explicitly forming the projection. 
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Algorithm 2 Balanced Truncation [43] 
input E, A, B, C; 
output: E, A, B,C. 

1. Compute the Cholesky factors Rp and Lp of the proper Gramians &pc = RPR^ and 
<gpo = LpL

T
p that satisfy (2.38) and (2.39) respectively. 

2. Compute the Cholesky factors R, and L, of the proper Gramians ^ c = R,Rf and 
%0 = L,Lf that satisfy (2.40) and (2.41) respectively. 

3. Compute and truncate the SVD of 

LjER, = (U,,U2)( Q1 £ ) ( V i , V 2 ) r . 

4. Compute the skinny SVD of 

LfAR; = U3E3V|'. 

5. Compute the balanced transformations as follows: 

6. Compute the reduced system 

E = WrEV, 

A = WrAV, 

B = W rB, 

C = CV. 



Chapter 3 

Solutions of Lyapunov Equations via 

Iterative Solvers 

For high dimensional systems, the balanced truncation method explained in the previous 

chapter requires solutions to a sequence of large-scale Lyapunov equations. The following 

discussion focuses on the solution of a Lyapunov equation 

AP+PA r + BBr = 0 (3.1) 

and a generalized Lyapunov equation 

APEr + EPAr + BBr = 0, (3.2) 

where E, A <E Rnxn, B e RnXm. 

There are many methods for solving the Lyapunov equations directly, but even the most 

efficient ones require 0(n3+n2m) operations and 0(n2 + nm) storage and do not take into 

account the possible low-rank structure of B [4]. For a low-rank B, P is often found to have 

numerically low-rank compared to n. This property is exploited by ADI methods which 

approximate P by a low-rank solution. The ADI type methods for Lyapunov equations 

require a sequence of factorizations of sparse matrices. For large scale problems when a 

19 
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practical direct solver is not available, iterative solvers must be used. 

In this chapter, a brief review of the ADI methods for standard and generalized Lya-

punov equations will be given in Section 3.1 and 3.2. Then, in section 3.3 and 3.4, a sensi

tivity analysis is presented for the solutions of Lyapunov equations via iterative solvers. 

3.1 The ADI and Smith-type Methods 

The alternating direction implicit (ADI) iteration was first introduced to solve linear sys

tems arising from the discretizations of elliptic boundary value problems [47]. For the 

Lyapunov equation (3.1), the ADI iteration uses several shifts to obtain a sequence of Stein 

equations which can be solved iteratively. 

3.1.1 Smith's Method 

Smith's method which uses a single shift is a special case of the ADI iteration. For every 

real negative scalar ju, (3.1) is equivalent to 

(A + JuI)P + P(A- JuI) r + BBr = 0, (3.3) 

(A-juI)P + P(A + juI)r + BBr = 0, (3.4) 

and 

P = - ( A + iuI)- 1P(A-j i I ) r - (A + jtI)-1BB r, (3.5) 

P=-(A- J uI)P(A + JuI)- r-BB r(A + JuI)-7'. (3.6) 

Inserting (3.6) into (3.5) implies 

P = ( A - J I I ) ( A + / I I ) - 1 P ( A + J I I ) - 2 ' ( A - / I I ) 

-2Ai(A + juI)~1BBr(A + jUl)~r. (3.7) 
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By defining 

AAt = (A-Ml)(A + juI)-1 (3.8) 

and 

B^ = VC2Ju(A + JuI)-1B (3.9) 

a Stein equation can be obtained, 

P = A„PAi + BMB;. (3.10) 

If A is stable, it can be shown that the spectral radius of A^ less than one and the 

sequence {Pjt}~=0 generated by the iteration 

P0 = 0 and P ^ A j J V j A j + B ^ B j (3.11) 

converges to the solution P of (3.10). This leads to 

P=£A*BMBJ(A*V (3.12) 

The above Smith iteration can be generalized to Smith(/) iteration where / different 

shifts are used in a cyclic manner. Smith(/) is initialized by 

BC — Z; , (3.13) 

where 

z?=^2irl(A+niir 'B, 
ZA = (A - mi) (A +.JI.-I)-1 zf_i, V

/ = 2 ^ ( A + i m r 1 B 

(3.14) 

(3.15) 
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Smith(/) iteration proceeds as follows [2,48]: 

PP=£At - 1 B c Bf(At - 1 ) r , (3.16) 

where 

Ac = I](A-/i,-I)(A + W I ) - 1 (3.17) 

Here the sub-index c stands for cyclic. The Stein equation is 

P-A cPAj = BcB^. (3.18) 

It follows that k?h step of Smith(/) iteration is given by 

Vk = Zflzf (3.19) 

where 

Zf = [Bc, ACBC,..., A*-!BC]. (3.20) 

The rate of convergence is determined by the spectral radius of Ac. Note that for each 

jUj, the ADI iteration requires a sparse factorization of (A + ju,I) and each application of 

(A + Ji,I)-1 requires triangular solves from this factorization. 

3.1.2 LR-Smith and Modified Smith Methods 

In Smith's method, P is computed explicitly and therefore requires 0(n2) storage. Instead 

of computing and storing P explicitly, the low rank Smith (LR-Smith) method focuses on 

the low rank approximation of P's square root factor, which requires 0(nr) storage. 

The idea behind LR-Smith is to express 

P* = ZfcZ[. (3.21) 
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in factored form with 

Z*= [AjuZjt-ijBji] = A^BjujZjt-i 

and where 

(3.22) 

Z i = B M . (3.23) 

With this formulation, P* is always symmetric positive semi-definite and increasing P*+i y 

Pkh •••• This LR-Smith also can be expanded to a cyclic LR-Smith or LR-Smith(Z). 

This LR-Smith method seems conquer the memory problem. However, after each iter

ation, Pfc has m x k columns, where m is the number of columns of B. Hence, if m is large 

or the convergence is slow, the storage of P*, i.e. nxmxk, will easily exceed the available 

memory. "Slow convergence will be observed when the eigenvalues of A are spread out in 

the complex plane and this will be the case for most of the structural systems" [25]. 

The modified Smith method [25] improves LR-Smith by replacing the square root fac

tor with its best low rank approximation. The idea is to compute the singular value decom

position (SVD) and truncate to retain only those singular values larger than the specified 

tolerance. 

The V s LR-Smith iteration is given by 

Zk=[BM ,AMBM ,AjB | 1 , . . .A*-1BM]. (3.24) 

Let the short form of the SVD of Z* be 

Z* = V£W r , (3.25) 

where V E M.nx(mxk), £ £ fo{mxk)x(mxk) ̂  an (j W eR(mxl)x(mxi)_ 

Then, 

Vk = ZkZ{ = \L2YT. (3.26) 



24 

Hence, 

Z t = VE (3.27) 

is also a square root factor of P*. 

If the above procedure is applied on every iteration, the SVD would be the most expen

sive part. A more efficient way is to put 

Zfc+i = [Zjt,AMBM], (3.28) 

and update the SVD. 

Define Bm = A* B^ and decompose B ^ into two orthogonal spaces 

Im(\) and (Im(V))\ i.e. 

B(jfe)=vr+v0. 

This can be done by (1) T = VTB{ky, (2) [V, 0] = qr(B{k) - VT). Now, 

Z*+i = [Z^A^B^] 

= [VE,Vr+V0] 

E r 
= [v,v] 

0 0 

(3.29) 

(3.30) 

(3.31) 

(3.32) 

If5hastheSVD5 = TEY r, 

Z* + i=VE, 

where V = [V, V]T. After partitioning V and E conformably 

(3.33) 

ty+i [Vi,V2] 
£2 

(3.34) 
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where „ ' < t. The optimal (k + \)th low rank square root factor is 

tk+x^%lx. (3.35) 

In this modified LR-Smith method, the memory requirement was conquered by keeping 

the best approximation. "Unlike the original LR-Smith, the number of columns of the 

approximated factors do not necessarily increase at each iteration" [25]. For each SVD 

update, the expensive SVD is not computed. It is replaced by a less costly update and 

truncation. After this modification, the only necessary computations are 1) QR factorization 

ofanxm matrix and 2) SVD ofamxm matrix. The later one is going to be much more 

efficient when m <C n. 

3.1.3 Multi-shift Smith-type Methods 

While the SVD updating improves the storage and computational costs. At each iteration 

of this method, a different linear system from previous iteration must be solved. For direct 

solvers, a factorization (e.g. sparse LU factorization) will be performed and then triangular 

solvers will be applied to get a solution. For iterative solvers, one might generate a precon-

ditioner for each shift. For the next iteration which uses different shift, the factorization or 

the preconditioner from last iteration will be useless. Generally, it is not practical to store 

the required factorizations or preconditioners. Avoiding this additional storage requires 

using shifts in a more efficient way. 

An alternative is to apply multiple shifts in aggregated fashion as originally described 

in [3] will be used. The ADI method in [3] allows the repeated use of a shift before apply

ing the next shift, which can drastically reduce the number of matrix factorizations in the 

method. 

Let us assume / shifts j^i, jU2,..., jU/ have been selected for the Lyapunov equation 

AP + PAr + BBr = 0 (3.36) 
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For the first shift jui, the Stein equation is 

P = 'AMlPAAtl+BMlBj1, (3.37) 

where 

AM = (A-JUiI)(A + JUiI)-1 (3.38) 

and 

BAi-v/=2 Ji^(A + jUiI)~1B. (3.39) 

The shift jiii is applied via 

PJk+i=AMlPikAMl+BMlBjI (3.40) 

repeatedly by starting from PQ1 = 0. 

The difference between (3.37) and (3.40) leads to 

p - p ? ; l = A M l ( p - p n ( A „ , ) 7 ' 

=AJ,(P-PMK)T 

=Aj,f(p-ps,)Kr1)r 

= A £ W A £ 1 ) 7 ' . (3.41) 
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Now, the Lyapunov residual is 

•APf1 +Pjf1AT + BBr 

=A(Pf-P) + (Pf-P)Ar 

•=-{A[A^p(Aj1)
,] + [A*1p(Aj1)r]Ar} 

= -Ai 1(AP + PAr)(A^1)r 

=A^1(BB7')(A^1)r. (3.42) 

Thus, 

0 = A ( P - P f ) + (P-Pjf1)A r + APf +Pj£1Ar + BBr (3.43) 

0 = A ( P - P ^ ) + (P-P?1)AT + A*1(BB r)(A^1) r (3.44) 

Now, (3.44) is converted to a Stein equation for the shift JU2 

P - r f = AM2 ( P - P f )Aj2 + BMlAt2Bjl/l2. (3.45) 

This Stein equation is of the same form as (3.40). Instead of solving for P, (3.45) has to 

be solved for P — PJf1. Thus, all above procedure can be applied to (3.45) without any 

difficulty. The rest of the shifts will also be applied like \ii. This modification improves the 

LR-Smith(f) method by making every factorization or preconditioner reusable. Algorithm 

3 states the modified LR-Smith for standard Lyapunov equations. 
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Algorithm 3 Modified LR-Smith (Multishift) 
Bm = B;Z = 0 
fori= 1: kshiftsdo 

M = M« 

Bwl = (A + juI)-1Bm 

Z = [Z,pBM] 
forj = 1: kstepsdo 

Bm = (A-Ml)(A + Ml)_1Bm 

Z=[Z,pBm] 
end for 
Bm = (A-juI)Bw 

end for 
[V,5,Q] = svd(Z,0) 
Z = V(:, 1:k)S(l :k,l:k) 
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3.2 Solutions of Generalized Lyapunov Equations 

A generalized Lyapunov equation is of the following form 

APEr + EPAr + BBr = 0 (3.46) 

where A e Rnxn, E e Rnxn, B e Mnxm and P G Rnxn. This equation has to be solved for P. 

If E is nonsingular, this generalized Lyapunov equation can be converted to a standard 

equation 

AP + PAr + BBr = 0 (3.47) 

where A = E"1 A, B = E_1B. The Stein equation derived from this equation is 

•p = AMPAJ + 2/tBMBj (3.48) 

where A^ = (I + /iA)_ 1(I-/iA), BM = (I + jiA)_1B. This is equivalent to the Stein 

equation derived from (3.46) 

P = A/tPAj + 2JuB^tBj (3.49) 

where AM = (E + juA)-1 (E - juA), B^ = (E + juA)_1B. To see this note 

AM = A„ . • (3.50) 

and 

BM = (E + JuA)~1B= (l + /xE_1A)_1 (E^B) = (l + /iA)_1B = V (3.51) 

Based on the above analysis, the solutions generalized Lyapunov equations can be derived 
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from standard Lyapunov equations. For the first shift jUi in a multi-shift LR-Smith, 

0 = A ( P - P f ) + ( P - P f JA ' + A*, (BBr) ( A ^ ) r . (3.52) 

is implied by (3.44). This is equivalent to 

0 = A (P - Pf ) ET + E (P - Pf ) A r + (EA*,B) (EA*,B) T (3.53) 

or 

0 = A ( P - P f ) E r + E(P-Pf)A r +((E- J u 1 A)A*7 1 B / l l ) ( (E- J UiA)A^ 1 B M l )
r . 

(3.54) 

The equivalence of the above two equation can be implied by 

A*A=[(i+/iA)-1(i-/iA)]*A 

= [(I-JUA)(I+JUA)_1]*B 

= (I-JUA)A^-1(I+JUA)"1B 

= E - 1 ( E - M ) A ^ 1 B M (3.55) 

This leads to a new generalized Lyapunov equation for the another shift with updated 

B = (E — juA)A*_1BM. Algorithm 4 is a modified LR-Smith for generalized Lyapunov 

equations. 
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Algorithm 4 Modified LR-Smith for generalized Lyapunov equations (Multishift) 
Bm = B; Z = 0 
for i= 1: kshiftsdo 

•M = Mi 

Bm = (A + jiE) 1Bm 

Z=[Z,pB m ] 
forj = 1: kstepsdo 

Bw = (A + juE)-1(A- iLiE)Bm 

Z=[Z,pBm ] 
end for 
Bw = (A-juE)Bm 

end for 
[V,S,Q] = svd(Z,0) 

Z = V(:,1:*)S(1 :* , ! :* ) 
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3.3 Sensitivity of Single-shift Smith Methods via Iterative 

Solvers 

As the discussion above showed, the approximate solution of a (generalized) Lyapunov 

equation via Smith-type methods involves numerous solutions of linear systems (A + jul) x 

or(A + ^E)_1x. 

For small or medium size equations, these can be done by sparse direct solvers. For very 

large matrices, it may be impossible to take a sparse direct factorization of the coefficient 

matrix in the Lyapunov equations. An alternative is to use iterative methods that only 

require matrix-vector products [57]. This subsection is devoted to understanding the effects 

of errors in the inexact solutions of the linear systems. 

Consider the single-shift Smith method applied to the Lyapunov equation 

AP + PAr + BBr = 0 (3.56) 

under the stability assumption, the numerical solution of (3.56) truncates (3.7) by 

j=0 V ' 

When (A + \i\)~ x is solved by iterative methods, some inevitable error is introduced. 

For a general sparse non-singular matrix, solving a linear system Ax = b inexactly is equiv

alent to solving another linear system AJC = b+r exactly, where r is the error. If an iterative 
. . . ||Ajc-fc||2 ' , _ . , _ , solver s stopping criteria is J—rrr-rr-^— < £, this leads to 

IPII2 

Wl2_l|Ax-»| |2 _ ( 3 .5 8 ) 

I I * 11*11: 

In practice, any norm can be used for a stopping criteria. The 2-norm (|| • H2) is the most 

popular one. 
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3.3.1 Error Step by Step 

Smith methods are iterative methods. A linear system has to be solved at each iteration. 

When using an iterative solver, there will be two levels of iterations in Smith methods where 

the inner iterations are introduced by the iterative solver. At each outer iteration, the error 

introduced by the iterative solver (inner iteration) may be accumulated. In this subsection, 

the single-shift Smith method via inexact solvers will be examined step by step. The only 

error to be considered here comes from solving the linear systems inexactly. 

To simplify notation, define 

M = A + juI (3.59) 

and 

N = A-jLtI. (3.60) 

The first step of Smith method is 

B i = M _ 1 B . (3.61) 

Since the iterative solution is inexact, this results in 

B i = M - 1 ( B + Ei) = Bi-t-M_1Ei (3.62) 

where ||Ei||2<e||B||2 and e is the stopping criteria of this iterative solver. In the following 

discussion, E, will represent the error matrices. They have no relationship with E in (3.46). 

The accumulation of error is explained as follows. The second step is 

B2 = ]Vr1(NBi). (3.63) 
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The iterative solver then produces 

B2 = M-1(NB1+E2) 

= M_ 1 (NM_1 (B + Ei) + E2) 

= (M_1N)(M_1B) + (M-1N)(M-1Ei) + M~1E2 

= B2 + (M-1N)(M-1Ei)+M-1E2 (3.64) 

where ||E2||2<e||NBi||2. 

Moreover, at kth step, it follows recursively that the exact expression 

B^M-^NB^i) (3.65) 

is replaced with 

B^M-^Nf i^ i+Efc ) 

= (M^NjM-1 (NBt_2 + E n ) +M"1E/k 

= (M-1N) (M_1N).Bit_2+ (M-^jM-^fc- i +M-1Eik 

= (M"1N)* ' ( M ^ B j + J ^ M ^ N ) * '"(M^E,-) 

k 
• = Bfc + £ (M-1!*)* ' (M^E,-) (3.66) 

i=\ 

where ||E/||2<e||NB,-_i||2. 

Notice that E,- is very important to estimate the error introduced by iterative solvers. 

The following theorem provides a better understanding. 

Theorem 3.3.1. Let E,- and £ defined as before. If the spectral radius 

p ((A + jul)~ (A — jul)) < 1, there exists an r < 1 and a norm \\.\\r such that for all 
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k>l 

\\Ek\\r<es(l + ef)k-lr*-l\\B\\r, (3.67) 

where 

s = s\S2 (3.68) 

and s\ and S2 are constants such that 

\\T\\2<si\\T\\n (3.69) 

11̂*11̂  < (3-70) 

holds for any matrix T. The existence ofs\ and S2 can be obtained by the equivalence of 

norms [23]. 

Proof. I will argue by mathematical induction using the above r and ||.||r. 

• For k = 1, expression (3.62) implies 

P i ||r < *2||Ei||2 < e*2||B||2 < £Ji*2||B||r < ej||B|| r 

• Suppose that ||E/||r < £.s(H- e)j~lrJ~l ||B||r holds for all / < it. 

• For k+1, ||E/k+i ||2 < e||NBit||2 holds. This implies 

||E*+i||r < J2||Eifc+i||2 < e^2||NB^||2 < esis2||NB*||r < ejl|NBjfc||r (3.71) 
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It follows from (3.66) and the induction hypothesis (3.67) that, 

|NB*||r = N(Bfe + £ (M- 1 N)* ' (M- 1 ^) 

(NM"1)*B + £ ((NM-1)^1"'"^) 

< 

< 

_ n * + l - i . (NM- 1)^ + £ (NM- 1 ) ^ 1 " ' ^ 
i= l 

|NM-1 | |*| |B|| r+j:(| |NM-1 | | ;+1- / | |E,| | r) 

< ^ B | | r + £ ( r ^ | | E , | | r ) ' 
i=\v •' 

<^l|B| |r+l(A j f e + 1-W(l+^-) /-V-1 | |B| | r) 

=y* | |B | | r (l+£S + £s{l+£s) + ... + £s(l+£s)k-1} 

=(l+e*)M||Bj| r. (3.72) 

Thus, 

||E*+1||r < es\\N&k\\r < £s(l + fiJ)*r*||B| 

Therefore, (3.67) holds for all k. 

(3.73) 

• 
From this theorem, the bound of ||E^+i||r contains £s((l+£s)r)k. If (1 +£s)r > 1, 

11Ejt_f_i ||r will increase unbounded. Thus, a sufficient condition for convergence is 

(l+£s)r< 1. (3.74) 



37 

3.3.2 Error in Pk 

Now, the error accumulated to P# will be examined. Before returning to P^, consider (3.66). 

Since 
it+i 

(3.75) 
ifc+i 

the analysis of B^ will play a very important role in the analysis of P*. To simplify notation, 

let 
r - l i ^ * - 'nv / r - l i F* = B* - B, = £ (M^N)* - ' (M^E,). 

i=i 

From (3.66), 

(3.76) 

l|F*||, |Bjfe-Bjfc||r = 

• l iw l l* - ' l l » i f - l | 

i = i 

<iiiM"iNiniM_iiuiE4 
k 

< £ l lM- 1 !^- '^! +e^i-V'-1||B||r 
1=1 

= ej||M-1||/-1 f fci+e*)'-1 J ||B||r 

= z -̂1 ((i -+-ê )fc — I) llivi-1!!̂ !!̂ !! (3.77) 

Thus, the error introduced at the kth step is proportional to r*-1 ((1 '+£!)* - l). Does 

this mean the error will grow without a bound? The following theorem will answer this 

question. 

Theorem 3.3.2. Let P*, P* defined as above. Furthermore, let rbea scalar such that 

p((A + ju I ) _ 1 (A- ju I ) )< r< l (3.78) 

and let £ be the stopping criteria of the iterative solver such that r(l + £s) < 1. 
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The following inequality holds 

\pk ~ p<ll> < -^JTUTSF? ( I + Hl 
es 
+ £s)2r 2t2.fo\\{A+M-l\\2r\\*\\2

r-
(3.79) 

Proof. From (3.76), 

Pt = -
k+i 

2li £ *W 
;=1 
k+l 

2Ju£(B(- + FJ)(B; + F /)
r 

i = i 

{ife+l "I (k+l } (k+l ) (k+l ) 

£ (B -̂Bf) | - 2/i I £ B{Ff | - 2j" j £ FfBf | - 2ju j £ FjFf \ (3.80) 
An examination of the last term in expression (3.80) shows 

{Jt+i 
£ FiFf 

k+l 
< -2ji £ ||F,||i 

i= i 

Jk+'l' 
<-2*,2M£| |F, | | J 

1=1 

Jt+1 , 
< -2*i2/i £ (| |M-V"1 ((1 + esY- 1) ||B||r)

2 

«=i 
k+l 

< -^VllM-^UllBH? £ (r1'-1 ((1 + esY- l))2. (3.81) 
i=i 
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The last step follows directly from (3.77). Expression (3.81) has an upper bound since 

k+i 
£(^((i+e,-)'-or 
i=\ 

=iiV((i+<*)'-1))2 

<iiw(i+«T-'))! 
r 1=1 

= ^Y,(r2{\+esf)i + rli-2{r1{\ + es))i 

r i=l 

If I 
r2 \l-r2(l + es)2 \-r2 l - r 2 ( l+ey ) 
1 (es^jl + jl+esy) 

^ ( l - r 2 ( l + e s ) 2 ) ( l - r 2 ) ( l - r 2 ( l + £*)) 

e2s2 (l + il+esy) 
( l - r 2 ) ( l - ( l + £ j ) r 2 ) ( l - ( l + es)2r2)' 

(3.82) 

This leads to the fact that the norm of the last term of (3.80) is proportional of e2. Next, 

consider the 2-norm of -2ju { l ^ 1 B/Ff ] - 2ju {if*/ F,-Bf | , the other important part of 

P*-P* 

{ k+l ) (k+l 

£BiFf|-2/iJ£FiBf 
k+\ 

= - 4 M E I | B , | | 2 | | F , | | 2 
i=\ 

k+l 
i=l 

k+l 
< - 4 ^ l { ( l | M - 1 y B | | ^ ' - 1 ( ( l + e f ) ' - l ) ) ( | | M - 1 N | | r 1 ^ ^ ^ 

i=l 
k+l 

i=l 
(3.83) 
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In the above inequality (3.83), YS=} {(/-2)1-1 ( ( I + E S ) ' - l )} has an upper bound 

Jk+l 

K^r^a+esy-i)} 

( k+l \ /k+\ 

N l - ( r * ( l + ef))*+1 l - ( / 3 ) * + 1 

-(l+es) j , ^ ^ ^ !_r2 

l-jt2)^1 l-jr2)^1 

l+es 1 
< 

(3.84) 

l-r2(l+£s) 1 - r 2 

_ £S 

~ ( l - r 2 ) ( l - r 2 ( l + £j))" 

This implies 

II^-P^L^-^IMIIM- 1 ! ! 2 !^! 2 

/ 2es (eJ)2(l + (l + £5)r2) \ 
V(l - r 2 ) (1 - r 2 ( l + £*)) (1 - r 2 ) ( l - (1 + £s)r2)(l - (1 + £ j ) 2 r 2 ) / 

< -^MiiM- ln;iiB|i;(1_ra)(1_1
(1+e|)ya) ( ^ - + 1 _ f f l - ) 2 r 2 ) 

< -4£^FaW? i1+i-d£4-)v) nt+M-Wm2, 
(3.85) 

Here, s\, s, fi, r, (A + / i I ) _ 1 and B are all independent of iterative solvers. • 

In the above theorem, (3.79) contains £1/(1 - (1 + £s)2r2). If (1 +£j) 2r 2 < \, then 

the term £^/(l — (1+ es)2^) can be neglected. In this case, the error bound (3.79) will 

be proportional of £. Roughly speaking, the error introduced by using iterative solvers, 

HPfc — Pit||2, is still on the scale as the stopping criteria £. However, there is possibility that 
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r is very close to 1. Then £5/(1 — (1 + Es)2!2) will be a large number making the error 

bound (3.79) less attractive. In this case, the convergence rate of single-shift Smith method 

will be very slow. This implies that a multi-shift Smith method might be more suitable for 

this problem. 

3.4 Sensitivity of Multi-shift Smith(/) Methods via Itera

tive Solvers 

In this subsection, a multi-shift Smith(/) method applied to the Lyapunov equation is con

sidered. Each shift shall be applied once and then switch to another shift. Assume / shifts 

(/ii, jii2, —, M/) are applied. Note that, / is a small number (In practice, more than 20 shifts 

is rarely used). Multi-shift Smith method will be used when single-shift Smith method's 

decay rate p ((A - jul) (A + fil)"1 J is close to 1. 

To simplify notation, define 

M ^ A + jUjI, (3.86) 

Nj = A - ^ I , (3.87) 

A t t = N.-MT1 = (A - ml) (A + ju,!)-1, (3.88) 

Ac = n A » - (3-89) 

Here, all M(~' shall be applied iteratively. Also, recall that for any r such that p (Ac) < r < 

1, there is a norm || • ||/f s.t. 

||Ac||* < r. (3.90) 
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3.4.1 Error in Bc 

As discussed in section 3.1.3, a multi-shift Smith(/) is initialized by 

Bc = Zi, (3.91) 

where 

Zi = . y / ^ i M ^ B , (3.92) 

Z,-= [AttZ/_,, V ^ M ^ B ] . (3-93> 

This implies that Z/ has / block columns. The ith block column is 

(zi)i=(u^Mvz^MTlB)- <3-94) 

Since all A^. and Mr1 are applied inexactly, the iterative solver generates 

Fi=y/^iM71(B + Ei), 

F i + ^ A ^ C F z + Ef+i), 

(Z/). = F/ = A t t(F /_i+E /) , (3.95) 

where ||E,-||2 < e||B||2 and ||Ey||2 < e||Fy-_i||2 (j = i+l,...,l). As in the previous section, 

there exist constants si and *2 such that 

l|r| |2<*i||r| |*, (3.96) 

||r|U<52||r||2, (3.97) 
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holds for any matrix T. Furthermore, let 

S = S\S2. 

This implies ||E,-||x < es\\B\\R and \\EJ\\R < eJ||Fy-_i||/f. 

This leads to 

(3.98) 

fa),=^)/+f j ^ \U.AlhJEJ }+(. 1 1 ^ J (v/=2^Mr1El) (3.99) 

and 

z<),-(z/)«L= £ nAMP Uy 

nii^ii* wi* 
<p=; 

(3.100) 

To better understand || (Z/); — (Z/)j|| , the following lemma is introduced. 

Lemma 3.4.1. For any j , such that i< j <l, 

\\Ej+1\\R<es(l+esy-i+1 ( f\ \\^P\\R) (\\V=2Jmf%\\B\\R) . (3.101) 
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Proof. 

PVIIKHIA^F^+E,-)!!* 

^IIA^OIF^IIK+IIEJ*) 

^(l+esJHA^yiFz-iHir 

< (l+esy-^ ( n \\^p\\R) (||v^M^IWBH*) . (3.102) 

Thus, 

\\Ej+l\\R<eSWj\\R<£s(l+esy-i+l(fl | |A„jU (| |v^Z^M,-1 ||/el|B||/?)-

(3.103) 

• 

This lemma implies 

%)t-{Zi)t\\R<es(£{l + e$jA ( f l ^ j h ) (||VC2^Mri||/f||B||̂ ) 

es(^(l+esyA ( J I H A ^ U ( H V ^ M ^ I W B I I A ) 

= ((l + e * ) / - l ) f n l|AMyll*)(llVC2SMf1y|B||*). (3.104) 

From Taylor's theorem, 

(l + e f ) z - l = /(l + a))/-1©, 

where © is a small number between 0 and es. Thus, 

(l+£$)l-l = l(l + m)l-l(Q<esl(l + es)1-1. (3.105) 

< 
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Since / is a fixed integer and es is the stopping criteria of the iterative solver (in practice, 

es ought to be a small number), 1(1 + es)1"1 will be bounded. Therefore, (3.104) implies 

that there exists a bj such that 

^ . - (Z^H^e^ - l lB l l t f , (3.106) 

which means that the error introduced in each block column of Z/ by the iterative solver is 

still on the scale of e. Thus, there exists a constant b (independent of e), such that 

| |B c-B c | | / f=| |Z /-Z / | | / ?<e^| |B| | / f . (3.107) 

3.4.2 Error in Applying Ac Inexactly 

Since, the Uh step of Smith(/) iteration is given by 

Pk = Zs
k
lZfT (3.108) 

where 

zf Dc,AcOc,. . . ,AC Dc (3.109) 

the error introduced by applying Ac inexactly becomes very important. Let T be a matrix 

of the same size as Bc. By applying Ac to T inexactly, it produces 

f0 = T, (3.110) 

T^A^OTo+J i ) , (3.111) 

f2 = A f t ( f i+J 2 ) , (3.112) 

f / = A t t ( f / _ 1 + J / ) , (3.113) 
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where J* are errors introduced by the iterative solver and \\Ji\\R < £s||Tjt_i \\R. || Jjt||j? can 

be estimated by using the following lemma. 

Lemma 3.4.2. For any integer k such that \<k<l, 

llffc-illjj^Cl+e^-MnilArtlUlllTll* (3.114) 
fk-l 

and 
fk-l 

||J*||x < esil+es)"-1 [ J]IIAftH* ) ||T||*. (3.115) 
.1=1 

Proof. This lemma can be argued by mathematical induction. 

• For i = 1, equality (3.110) implies \\%\\R = \\T\\R and 

\\h\\R<es\\%\\R = es\\T\\R. (3.116) 

• Suppose that (3.114) and (3.115) hold for all k < p. 

• For k = p, 

l|Tp||/H|A/v(Vi+Jp)||* 

<\\A^\\R(\\t^i\\R+\\Jp\\R) 

<l|AAIJ|/e(||fp_1||w + e.-| |V1 | |^) 

= (l + es)\\Allp\\R\\tp-i\\R 

< (l+es)\\^P\\R ((l+esy-1 ( f j l lA*ll*) ||T||, 

=(i+«rfniiA»ii*)iiTii*- (3-117) 
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Thus, 

\\JP+I\\R < es\\tp\\R < es(l+£sy [ flWA^R ) \\T\\R (3.118) 

Therefore, (3.114) and (3.115) hold for all A;. D 

This lemma reveals that the error introduced by applying Ac inexactly is still on the 

scale of es (which is the stopping criteria of the iterative solver). For (3.113), lemma 3.4.2 

implies 

| | f / -T / | | / ?<£s( l+£s) / m i l M * ) HTH«> <3-119) 

or 

| |f7-T/| | tf<e^| |T| |* (3.120) 

where 

R=(l + £s)lr^\\\tii\\RY (3.121) 

Since / is a small number and e is the stopping criteria of the iterative solver, R in (3.121) 

will be bounded. 

To simplify notation, let 

Xi = Ai
c-

lBc. (3.122) 

Then, the Wh step of Smith(/) iteration (3.108) can be written as 

k 
P^J^XfXf. (3.123) 

i=i 

Applying Aw inexactly implies 
k 

P*=£X,Xf (3.124) 
i=i 
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where 

Xo = Bc = Bc + G0, (3.125) 

X i = A c ( X 0 + G i ) , (3.126) 

Xk = Ac(Xk_1+Gk). (3.127) 

Based on the above equalities, (3.120) leads to 

IIGftlljj^eJtfHXt-ill*. (3.128) 

Moreover, 

HX^^IlA.IUdlX^ilU + IIGfclU) 

^rdlXfc-^lu + fi^UXfc-ill*) 

= r(l+e«R)| |X t_i| |* 

= i*(l+e*R)*||So||j, 

<"/*'(l +e«K)*(l + e»b)||B||J?. (3.129) 

Thus ,(3.128) and (3.128) imply the following lemma immediately. 

Lemma 3.4.3. 

HGjtll* < £Sr*{l+eSR)k{l + esb)\\B\\R (3.130) 

This lemma reveals that if r(l +esR) < 1, ||G^||/j converges to 0 eventually. Further 

more, the following lemma will discover the relationship between X* and X^. To simplify 

notation, let 

Hk = Xk-Xk. (3.131) 

Lemma 3.4.4. 

l|H*||jt < ^ + 1 i ^ ((l + esR)k+1 - l ) ||B||ft. (3.132) 
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Proof. 

Thus, 

Xjk = Ac(Xfc_i+G^) 

= Ac (Ac (X*_2 + G*_0) + ACG* 

= A*B B +f£A c
+ , - '6 i )+A*Go 

I 
n'=l 

:Xt+[X;A*+1-'G,]+AjGo. (3.133) 

Hjt||/? = ||Xjfc-X, * * 

< Jt+l-i G, + ||A*|yGo||» 
R 

<esV + 1 ( l+e^ ) £ ( l + £5/?)' ||B||/f 

R 
(3.134) 

D 

3.4.3 Error in P* 

So far, the discussion looks quite similar to single-shift Smith method. The following 

theorem will show that the error in P, is of the order e. The proof of this theorem will be 

very similar to theorem 3.3.2. 

Theorem 3.4.5. Let b and R defined as (3.107) and (3.121) respectively. £ is the stopping 

criteria of the iterative solver, r is a positive number such that 

p(nM < r < i (3.135) 



andk is an integer. The following inequality holds. 

P * - P * L < e k-rk\\l 
rs\s(\ + Esbf 

Bl 
( l - r 2 ) ( l - r 2 ( l+£*/?) )" llR 

Proof. From (3.124), 
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(3.136) 

vT P* = £x,xJ 
j = l 

it £ ( X i + H;)(X/ + H/)
5 

1=1 

. i= l 

( 1 xtf | + (lH,xf | + J£H/HF 

As the proof of theorem 3.3.2, consider £*=1 HjHf first 

;=i 

k 

<^EiiH«i 
i=\ 

Similar to (3.82), 

1 + r2 

(3.137) 

0 I 

< ^ ( l + e ^ ) | | B | g £ ( ^ ( ( l + e f f i ) ' - l ) ) 2 . (3.138) 

£ (r'-1 ((l + e*R)'- 1))Z < (es-R)2—^. (3.139) 
i = l v 1 r > 

Next, consider the 2-norm of the other part of P^ — P^. 
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<2 £x;Hi 

<2£||XI-||2||HI-||2 
i = i 

<2ji2i£| |X I-y|H I- | | J ? 

< 2s,21£ (/( l + ea)||B|W ( > I ± ^ ((1+esR)^ - l) ||B||*) 1 

= 2^il±|^||B||Jtr2«((l + e^) '+1- l) | (3.140) 

Similar to (3.84), in the above inequality, £*=1 r
2' ((1 + £.s/?),+1 - l) has an upper bound 

S^C^-'X,,.^^^) (3.141) 

(3.140) and (3.141) imply 

Pjfc-Pife||2<2£ 
r*p(l+e5fc) ?M2 

Bl 
( l - / - 2 ) ( l - r 2 ( l + e^ ) ) M ll/? (3.142) 

Note that in the above error bound (3.142), r, s\, s, b and R are all independent of the 

iterative solver. • 

1 
In the above theorem 3.4.5, (3.142) contains a term, -. Since 

( l - r 2 ) ( l - r 2 ( l + £J/?))' 

the multi-shift Smith method tends to have a smaller r than the single-shift one. By choos

ing appropriate shifts, if ^ ( 1 + esR) < - can be achieved, the error bound (3.142) will 

be proportional of e. Roughly speaking, the error introduced by solving linear systems 

inexactly, ||P* — Pjt||2, is still on the scale as the stopping criteria of the iterative solver. 
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Theorem 3.4.5 gives an error bound for the multi-shift Smith(/) methods via iterative 

solvers. Multi-shift Smith methods tend to have a smaller r than single-shift ones, i.e., a 

better convergence rate. However, using multiple shifts does not guarantee r <C 1. This 

requires careful selection of the shifts. 

Note that in the above discussion, there are three constants s\, si and .f connecting || • ||2 

and || • ||r (or || • ||^). For a symmetric Lyapunov equation, i.e. AT = A, all norms will be 

2-norm and these constants will be unnecessary (i.e. si = S2 = s = 1). 

3.5 Numerical Experiments 

To demonstrate the above error analysis numerically, a linear dynamical system that comes 

from a one dimensional parabolic partial differential equation is considered. This problem 

involves a single input single output system which is perfect for model order reduction. 

Also, this is a small problem. All norms can be calculated accurately to avoid errors intro

duced in estimating norms inexactly. 

Let the spatial domain Q. = (0,1) and T > 0 to be given. The PDE is given by 

dy d2y 
-^(x,t)--^(x,t) = 0, (3.143a) 

y(x,0) = 0, (3.143b) 

with the following Neumann boundary conditions 

dy 
^(0,t) = u(t), (3.144a) 

| ^ ( M ) = 0, (3.144b) 

where u(t) is a given function. For this system, the following output is of our interest 

z(t)= [ y(x,t)dx. (3.145) 
Jo 
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The spatial domain Q. is subdivided into equidistant subintervals of length h=\/N and 

piecewise linear basis functions are used. After finite element discretization, this parabolic 

PDE becomes 
'Ey(0=Ay(0+Bu(0 

( «(0 = Cy(0 

where 

and 

E < 

I I 1 
6 3 6 

E = h 

\ 

/ 

A = 

V 

2 - 1 

- 1 2 - 1 

1 2 1. 
6 J I 

6 3/ 

\ 

G R(iV+l)x(JV+l) 

\ . 

1 2 - 1 

- 1 2 

/ ^ 

R(N+l)x(N+l) ^ 

B 
/ i 

0 

V 0 / 

R(AH-1) 

- i ( > - 0 

(3.146) 

(3.147a) 

(3.147b) 

(3.147c) 

(3.147d) 

A and E are both symmetric matrices. The pencil (E, A) has real negative eigenvalues only. 
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In the balanced truncation model reduction, two Lyapunov equations must be solved 

A P E r + EPA r + BB7" = 0, (3.148) 

ArQE + ErQA + CrC = 0. (3.149) 

Results for (3.148) are shown here with (3.149) being similar. 

In the following numerical experiments, N = 100. This implies h = ——. Large scale 

problems can also be considered. However, some norms in the error analysis cannot be 

calculated accurately. Since this is a small size problem, norms can be computed explicitly 

to avoid unnecessary errors. 

The performance of the ADI iteration is governed by the shift selection. Optimal shifts 

can be found by solving an optimization problem 

min p(TT(A + Ai,-E)-1(A-AiI-E)), (3.150) 

where p(-) is the spectral radius. However, in most cases, the solution of this problem is 

impossible unless the problem has some special structure. For instance, A and E are both 

diagonal matrices. Thus, another min-max problem is solved approximately instead 

-TT k-V-j mm max I I I 
X+Pj 

(3.151) 

over the interval [a,b] containing the real parts of the eigenvalues of the pencil A — AE. 

If E and A are symmetric, the exact solution /Ji,jU2>•••>Mm would give optimal shifts [71] 

in the sense that the spectral radius of the matrix l\l
i=l (A + A '̂E)-1 (A - jit,E) would be 

minimized. 

For matrices in (3.147), since E and A are symmetric, the eigenvalues of the pencil are 

real negative. By letting a = X^n — — 1192737.50 and b = Xmax = —94.87, the optimization 

problem (3.151) can be solved exactly. 

In numerical examples, a single-shift Smith methods is considered here. The numerical 
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solution via an iterative solver of (3.148) will be examined step by step carefully. The 

Lyapunov equation (3.148) is solved twice by using a direct solver (LU factorization) and 

an iterative solver (conjugate gradient method without preconditioning). Three tolerances 

of the conjugate gradient method are used (10-6,10~8 and 10-10). 

For a single-shift Smith method, we select a shift fi = —10637.49 which comes from 

solving (3.151) exactly for / = 1. Under this setting, let 

M N | | 2 = (A + juE^tA-juE) 0.9824. (3.152) 

From (3.66), it follows 

E^MB^-NB*- ! . (3.153) 

At each iteration of the ADI method, ||E |̂|2 will be calculated and compared against its 

bound, e(l +£)*_1rfe_1||B||2 (theorem 3.3.1) as shown in figure 3.2. As an internal result, 

e||NBjt||2 is also shown in figure 3.2. Actually, (3.66) implies that e||NBjt||2 is a direct 

bound of ||Efc+i||2. 

—log10(||Efc||2) 

--logio^llNBfcll 
—logi0(Bound) 

600 

Figure 3.1: Log scale decay of ||E |̂|2 in each iteration (solid blue line) and its bounds 

e||NBjt||2 (dotted green line) and e(l + e)*-1r*-1 ||B||2 (dashed red line) where e = 10-6. 
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—IoKiotilEfclb) 

--log10(£ | |NB fc | | 

—log10(Bmtnd) 

600 

Figure 3.2: Log scale decay of ||Ejt||2 in each iteration (solid blue line) and its bounds 

e||NB*||2 (dotted green line) and £(1 + £)fc_1r*_1 ||B||2 (dashed red line) where £ = 10~8. 

—logio(P*ll2) 
--log10(e||NBfc||) 
—log10(Bound) 

600 

Figure 3.3: Log scale decay of ||Ejt||2 in each iteration (solid blue line) and its bounds 

£||NBfc||2 (dotted green line) and £(1 +£)*_1r"2~1 ||B||2 (dashed red line) where £ = 1(T10. 

Another error bound shown here is implied from (3.77). In figure 3.5, ||8jt — Bfc||2 and 

its bound r*-1 ((l+e)k- l) ||M_1||2||B||2 are shown. If \r\ < 1 and fc is large enough, 

eventually r*-1 ((1 + £)* — l) will decay. This can be seen clearly from figure 3.5. 
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—log 1 0( | |B f c-B k | | 2) 

—log10 (Bound) 

600 

Figure 3.4: Log scale decay of ||Bjt — Bjt||2 (solid blue line) and its bound (dashed red line) 

where e — 10~6. 

—log^HBfc-Bfclh) 
—log10(Bound) 

600 

Figure 3.5: Log scale decay of ||Bjfc — B |̂|2 (solid blue line) and its bound (dashed red line) 

where e = 10-8. 
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—log10(| |B t - B*||,) 
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600 

Figure 3.6: Log scale decay of HB̂  - B*||2 (solid blue line) and its bound (dashed red line) 

where e = 10~10. 
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Figure 3.7: Real error of P* (solid blue line) and its error bound (dashed red line) where 

e = l ( r 6 . 
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Figure 3.8: Real error of P* (solid blue line) and its error bound (dashed red line) where 

e = 1(T8. 
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Figure 3.9: Real error of P^ (solid blue line) and its error bound (dashed red line) where 

e = l<r10. 

The error between P* and Pjt and its bound are shown in figure 3.8. From this figure, 

||I*600 ~ P60o|| = 1-3 x 10-8 but its error bound is 3.0 x 10~5 which is much larger than the 

actual error. This result makes sense because 
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• the error is introduced directly from solving the linear systems inexactly; 

• for Bjt, the error is accumulated k times already, since k linear systems have been 

solved already; 

• for Pjt, the error in B* is accumulated k times again. 

Thus, before arriving P*, the error is accumulated twice already. 

Next, a wider range of tolerance from 1.455 x 10-13 to 2.5 x 10-3 will be used to 

examine how 11E* 112 and 11P* - P* 112 perform. In figure 3.10, as the tolerance of the iterative 

solver getting larger, ||E |̂|2 increases. Their relationship is roughly linear. Figure 3.11 

shows more strong linear relationship between ||Pjt' — Pk\\i and £• These two figures further 

confirm my conclusion in this chapter that the error Pn — P„ is still at on the scale as the 

stopping criteria of the iterative solvers. 

10 10 
logio(<?) 

Figure 3.10: Log-log scale plot of HE600II2 versus e. 
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Chapter 4 

Balanced Truncation Model Reduction 

for a Glass of Descriptor Systems 

In this chapter, I develop an algorithm for balanced truncation model reduction on a class of 

descriptor systems, which include the semidiscrete Oseen equations with time independent 

advection and the Navier-Stokes equation, linearized around a steady state. The purpose of 

this chapter is twofold. First, I show how to apply standard balanced truncation model re

duction techniques, which apply to dynamical systems given by ordinary differential equa

tions, to this class of descriptor systems. This is accomplished by eliminating the algebraic 

equation using a projection.1 The second objective of this chapter is to demonstrate how the 

important class of ADI/Smith-type methods for the approximate computation of reduced 

order models using balanced truncation can be applied without explicitly computing the 

afore mentioned projection. Explicit application of the projection is avoided through the 

solution of saddle point problems. Numerical results demonstrate the effectiveness of the 

technique in the computation of reduced order models for semidiscrete Oseen equations. 

The results in this chapter have been published as [28]. 

62 
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4.1 A Class of Descriptor Systems 

This section concerns the application of balanced truncation model reduction to descriptor 

systems of the form 

En—•(0 = Aiiv(f)+Ai2p(f) + Big(0, (4-la> 

0 = A[2v(0 + B2g(0, (4.1b) 

v(0) = v0, (4.1c) 

together with an observer equation which is given by 

y(0 = Civ(0 + C2p(0 + Dg(0, (4.1d) 

where v, p are the states, g are the inputs, and y are the outputs, and where En G RnvXnv 

is a symmetric positive definite matrix, An 6 WvXnv, Af2 6R"' ,X%, np < nv, is a ma

trix with rank np, Bi e Rn"Xnn, B2 e RnPxn«, d e Kn?x"v, c 2 e Rnyxnp, and D G Rn?*n«. 

The dynamical system (4.1) belongs to the class of Hessenberg index-2 differential alge

braic systems [6,27]. This system arises, for example, from a semidiscretization of the 

linearized Navier-Stokes equations around a steady state. Section 4.6 gives the details of 

this application. The damped mass-spring system with a holonomic constraint discussed 

in [43, pp. 106,107] is another example that leads to (4.1). 

Introduced in previous chapter 2, model reduction seeks to replace a large-scale system 

of differential equations (4.1a-c) by a system of substantially lower dimension that has 

nearly the same response characteristics. Balanced reduction is a particular method that 

preserves asymptotic stability and also provides an error bound on the discrepancy between 

the outputs of the full and reduced order system. 

Balanced truncation (developed by Moore [44]) has been extensively used for dimen

sion reduction of dynamical systems governed by ODEs. The past decade has seen great 

interest in large-scale problems. Recently, the theory of balanced truncation model reduc-
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tion has been extended to descriptor systems including the system (4.1). See [43] for an 

overview. In particular, Stykel [63] applied the general theory of balanced truncation model 

reduction for descriptor systems to the semidiscrete Stokes equations. In this chapter, I de

velop an alternative approach to the class of descriptor systems (4.1). A rather simple 

transformation can be applied to (4.1) to enable the use of standard balanced truncation 

model reduction. This approach takes advantage of the structure of equations (4.1a-c) to 

overcome important technical complications associated with general descriptor systems. In 

particular, explicit computation of projectors related to deflating subspaces corresponding 

to separation of finite and infinite eigenvalues of a certain matrix pencil is avoided. Also, 

I avoid the need for the explicit incorporation of so called improper Gramians into the 

balanced model reduction scheme. As a consequence, this approach is arguably simpler 

and more direct than those discussed in [43,63]. The major advantage is a considerable 

reduction in storage requirements as well as the ability to utilize more straightforward lin

ear algebra techniques based upon saddle point solvers that are tipically available to those 

working with such problems. Moreover, this approach produces reduced order models with 

guaranteed error bounds just as in [43,63]. The approach is, however, limited to systems 

(4.1) whereas the techniques in [43,63] apply to more general systems. The techniques 

in [43,63] lead to a reduction of the entire system (4.1a-c), while our approach leads to 

a reduced order representation of v and a reduced order projected version of (4.1a,c). A 

reduced order representation of p is only available indirectly from a formula involving v. 

The methodology is based on explicitly enforcing the algebraic equation (4.1b). (4.1b) 

is used to express p as a function of a projection IIv of v and of g. This elimination of 

p results in an ordinary differential equation (ODE) for IIv. This ODE is a projection of 

(4.1a) and it is augmented by an observer equation that is obtained from (4. Id). A stan

dard balanced truncation model reduction techniques to this projected dynamical system 

is then applied. The straightforward application of numerical methods for the computa

tion of reduced order models from this projected dynamical system would not be efficient 

for large scale problems such as those resulting from semidiscretizations of the linearized 
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Navier-Stokes or of the Oseen equations. A careful examination of the structure of this 

projected system and of the equations involved in the computation of the reduced model, 

however, reveals that the explicit computation of the projection is not needed. Instead, this 

approach requires the solution of block 2 x 2 saddle point systems with (1,1)-block given 

by En + juAn for some scalar ju and (1,2), (2,1)-blocks given by A12, Aj"2, respectively. 

All computations for generating the reduced order model can be carried out using the struc

ture of the original system (4.1) and do not require explicit computation of the projected 

system. If (4.1) is obtained from a semidiscretization of the Oseen equation, the block 2x2 

saddle point problems mentioned earlier are related to those that arise in the solution of the 

discrete steady-state Oseen equation. 

In Section 4.2 I present the transformation of the descriptor system (4.1), which uses 

(4.1b) to eliminate p. Section 4.3 applies the standard balanced truncation model reduction 

to the transformed system derived in Section 4.2 and relates this reduced order model to a 

reduced order model for the original system (4.1). Implementation details for our approach 

are presented in Section 4.4. Sections 4.2 to 4.4 consider the special case B2 = 0. Section 

4.5 shows how the general case (4.1) can be reduced to the case B2 = 0. In Section 4.6 the 

performance of the balanced truncation model reduction is demonstrated on a few optimal 

control problems governed by the two-dimensional Oseen equations. 

4.2 Transformation of the Dynamical System 

First consider the system (4.1) with B2 = 0, i.e., 

En-v( r ) = Anv(0 + A12p(?)+Big(0, at 

0=A[2v(0, 

v(0) = vo, 

y(0 = Civ(0 + C2p(0+Dg(0. 

(4.2a) 

(4.2b) 

(4.2c) 

(4.2d) 
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In Section 4.5 shows that the case (4.1) can be reduced to (4.2). 

The structure of the differential algebraic equations (4.2a,b) allows us to decouple 

the system into a system of ODEs for v which is independent of p, and another alge

braic equation which expresses p(t) as a function of v(t). In fact, equation (4.2b) implies 

Af2^v(f) = 0. Hence, multiplying (4.2a) by Af2Ef1
1 implies 

.0 = Af2Ej-1
1Aiiv(0+A[2En1Ai2p(0+Af2En1Big(0. 

This implies 

p(f) = -(AfaEn1 A12)-.1 AfjErfAnv(0 - (Affiu Aiz)-1 A ^ / B i g ^ ) . (4.3) 

Insert (4.3) into (4.2a) gives 

• Ei i^v(0 = nAiiy(0+IlBi.g(t), ;... (4.4) 

where 

n = I-Ai2(A[2Ej-1
1A12)-

1A[2En1. (4.5) 

It can be verified that n 2 = n, IIEn = Enll 7 , null(n) = range(Ai2) and range(n) = 

nul^A^E^j1), i.e., II is an oblique projection. These properties imply that 

A[2z = 0 if and only if n r z = z. (4.6) 

Equation (4.2b) and (4.6) imply that UT\(t) = \(t). Inserting this identity into (4.4) 

and multiply the resulting equation by IT, 

nEiinr^v(0 = nAnn
rv(0+nB1g(/). (4.7) 

at 

Furthermore, inserting (4.3) into the output equation (4.2d) reveals that (4.2) is equivalent 
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to 

iffiiinr^v(0=nAiinrv(r)+nBig(0, • • te(o,T) 
at 

(4.8a) 

IIrv(0) =n r v 0 , (4.8b) 

y (0=Cn r v(0 + (D-C2(A[2En1A12)-1A[2En1Bi)g(0, te(0,T), 
(4.8c) 

where 

C-Ci-C2(A[2E^1
1A12)-1A[2Ei-1

1A11. (4.9) 

If required, p can be computed from (4.3). 

The dynamical system (4.8) is a dynamical system in the nv — np dimensional subspace 

null(n) and (4.8a,b) has to be solved for n r v — v. This can be made more explicit by 

expressing 

11 = 0/0^ (4.10a) 

with 0 / ,0 r e E">-xK-np) satisfying 

0 f 0 r = I. (4.10b) 

Substituting this decomposition into (4.8) shows that v = 0f v G Rn" "P must satisfy 

0^En0 r ^?(O = 0 r
rAn0 r?(O + 0?B lg(r), t e (0,T), 

(4.11a) 

?(O) = 0fvo, (4.11b) 

•y(0 = C®rv(0 + (D-C2(Af2En1A12)-1A[2Er1
1Bi)g(r),/e(0,r).- . 

(4.11c) 

The system (4.11) is of the form (2.1). 
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4.3 Balanced Truncation Model Reduction for the Pro

jected System 

Applying balanced truncation model reduction to (4.11) requires computation of the con

trollability and observability Gramians, P,Q G MK-«P)X(«V-«P)) associated with (4.11). 

These solve 

0 ^ A n 0 r P 0 f E n 0 r + eJ 'Ei i0 r Pe^Af 1 e r + 0j'BiBf0r = O, (4.12a) 

0j 'A[10 rQ0^Eii0 r + 0 j 'Ei i0 r Q0^Aii0 r + 0^C r C0 r = O. (4.12b) 

To compute projecting matrices, I then factor P = UUr and Q = LL r and compute the S VD 

Ur0^Ei.i0rL = ZSYr. The projecting matrices for (4.11) are given by f = UZ*S£1/2 

and W = LYjfcS^1' , where Yfc,Zjfc G R(nv-"p)x* consist of the corresponding leading k 

columns of Y,Z eR(«v-«P)x(«»-«,)_ 

The ultimate goal is to reduce (4.8) or even (4.2). This is accomplished by setting 

P = 0 rP0^ = 0rUUr0*VQ = 0 rQ0^ =:0 rLL r®r, ^ = ®rV, and W =• ®rW. Since 

0f 0 r = I, the matrices P and Q satisfy 

p = nrpn, Q = nrQn, (4.13) 

and they solve the projected Lyapunov equations 

nAi1n
rpnE1in

r+nEnnrpriAf1n
r+nBiBfnr = o, (4.i4a) 

nA[1n
rQnE1in

r+nEnnrQnAiinr+ncrcnr = o, (4.i4b) 

respectively. These Lyapunov equations are identical to those derived in [63, eqn. (3.10)] 

for the case En = / using the more involved theory of descriptor systems. The Gramians 

P, Q correspond to the proper controllability and observability Gramians in [63, Sec. 3.2]. 

Note that P = UUr and Q = LL r with U = 0 rU and L = 0 rL, respectively. Moreover, 
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U rEnL = U r 0^E n 0 r L = ZrSY. Since ©f 0 r = I, 

y = ®ry = er®J®rr = IlTy and W = TLTW. (4.15) 

Finally, 

>T rEi1r = ^ ' r 0 f E i i 0 r r = I. (4.16) 

In summary, to compute a reduced order model for the discretized velocities using 

balanced truncation, the following algorithm 4.3 has to be performed. 

Algorithm 5 Balanced Truncation Model Reduction 
Input: x > 0. 
Output: Projecting matrices y,W G WvXk. 
Compute approximate solutions P and Q of (4.14) in factored form, P = UUr and Q = 
L I / . 
Compute the SVD U rEnL = ZSYT, S = diag(ai,a2,.:'.,an) with <n > ... > an. 
Find the smallest k G {1, . . . , n} such that Ojt+i < T<7I . 
Set f = UZfcS^2 and W = hYkS^l/2, where Sk = diag{o\, a2, • • •, Ofe) and Y*, Zk e 
^nvxk consjst of the corresponding leading k columns of Y, Z G WvXnv. 

In the large-scale setting, low rank approximation of the factorizations P = UUr and 

Q = LL r are computed. Some implementation details will be discussed in the next section. 

Note that the reduced order model computed above results in a reduced order represen

tation y v for v. A reduced order representation for p is not directly available. In (4.2a), 

replace \(t) by y\(t) and multiply the resulting equation by WT. This leads to 

WTExxVjy{t) = WT\uVv(t) + yPTA12p(t) + WTBig(t). (4.17) 

(4.15) and IIA12 = 0 implies 

yrrA12 = 0. 

Together with (4.16), the reduced order model (4.17) for v is given by 

l v ( 0 = ^ r A „ r v ( 0 + ^ r B i g ( 0 , te(0,T), (4.18a) 



70 

together with the initial condition 

v(O) = 5r7"Eiinrv0. (4.18b) 

The output of the reduced order model is 

y(t) = (Ci - C2(AT
l2Un1Al2)-

lAT
nEil

1\n) ^v(r) 

+ (D-C2(A[2E71
1A12)-

1A[2EJ-1
1B1)g(0, t e (0,T) (4.18c) 

(cf. (4.8c) and (4.9)). 

4.3.1 Balanced Truncation Error Bounds for the Projected System 

The balanced truncation model reduction obtained by Algorithm 4.3 is based upon solving 

equations (4.14) for P and Q in factored form to produce the balancing transformations 

y,W. However, the relations expressed in equations (4.15) and (4.16) relate 'f\W to 

their projected counterparts 'f, W that are the balancing transformations required to obtain 

balanced truncation of the projected system (4.11) through the factored form solutions of 

equations (4.12). Since the projected system is in standard form, the balanced truncation 

error bounds (2.25) will be satisfied. 

Now, the relations expressed in equations equations (4.15) and (4.16) relate Y, W show 

that the same error bounds apply to the reduction of the projected system (4.8) since this 

system has exactly the same full and reduced order outputs as the explicitly projected sys

tem (4.11). Therefore the error bounds (theorem 2.2.2) automatically apply to the reduction 

obtained for this system as well. 
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4.4 Derivation of a Projected ADI Iteration 

A naive computational approach would apply balanced truncation model reduction to the 

small system (4.11) of size nv — np. This would require the computation of the control

lability and observability Gramians, P,Q e R(nv-wp)xK-np)> associated with (4.11), or 

approximations thereof. These Gramians solve (4.12). They are then used to compute Y 

and W as discussed in Section 4.3. The projecting matrices for the original system are 

then computed as V = &rY, and W = &rW. Unfortunately, the computational cost of this 

approach would be prohibitive, since the actual computation of 0/ ,0 r with (4.10) is very 

expensive and the matrices in (4.12) are typically dense. 

I shall show how the specific problem structure of (4.2) can be incorporated to develop 

an efficient computation of the reduced order model using ADI/Smith type methods. 

4.4.1 Conversion to the Projected Stein Equation 

As a first step in the derivation of an ADI iteration, the Lyapunov equation for P is converted 

into an equivalent Stein equation with the same solution P. The definations 

E = nEiinr, A = nAnnr, B = ITBI, c = cnr, (4.19) 

will simplify this conversion. 

With this notation, the equations (4.12) become 

APE + E P A r + BBr = 0, (4.20a) 

A r QE + EQA + C rC = 0. (4.20b) 

Consider the projected controllability equation (4.20a) in details. The observability equa

tion (4.20b) is handled in a similar manner. 

The first task is to convert the controllability equation (4.20a) to an equivalent projected 

Stein (discrete time) equation. For a given shift ju € C, the following equations can be 
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obtained from the controllability equation (4.20a). 

A P ( E + JUA) = - [ ( E - / i A ) p A r + BB2 

Hence 

(E+JUAWE-

EP( 

EP| 

(i. 
Jil(i 

(E-

(I. 

(I-

[E+AA)T-

[E + fiA)T-

- # A W E -

\PE + EPA7 

- JUAWE-

- / I A W E -

- P A W E -

fjQAj 

-M[(E-

- (E-A 

> 

- j u A ) -

- j u A ) -

- / i A) -

-AAYPAr + BBrl 

A ) P E + 

- j u B B r 

- j u B B r 

-(ju + £)BB r 

- 2 R e ( ^ ) B B r . 

(4.21) 

(4.22) 

(4.23) 

At this point one would normally multiply this equation on the left and right by the 

appropriate inverses to obtain an equation for P. Unfortunately, the matrices surrounding P 

on the left are not invertable. However, they may be inverted when restricted to a subspace. 

Lemma 4.4.1. Let 0 r be the matrix defined in (4.10) and let [lECbe such that 

&jEn&r +n&^\u&r is invertible. The matrix 

( E + JUAV =®r(®jEn®r + Li®lMi®ryl®l (4.24) 

satisfies 

( E + JUA) ( E + J IA) =TlT and ( E + J U A \ ( E + JUA) = n . 
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Proof. The definition (4.24) along with (4.10) imply 

(E + /IA) (E + JUA) 

= 0 r (0^Ei i0 r + ju0^Aii0 r )
_ 1 0^n(En+ J uAii )n r 

= ©.(©^EnO. + juO^Ai iO^ '^^Ei i+ juAi i )©^ 7 , 

="• • 0 r ( ^ ' E i i 0 r + | t 0 j An0 r )
_ 1 (eJ'Eii0 r + /ieJ'Aii0 r)0f. 

= n r . (4.25) 

The second equality can be shown using a similar argument. • 

Let [i € C be given such that 0^Ei 10r+ji 0^ Ai 10r is invertible. From (4.21), Lemma 4.4.1, 

and (4.13) it follows that P satisfies the projected Stein equation 

P = (E + £*A) (E-fi\)p(E-^Ar\(E + fiAT) 

-2Re(/i) (E + /iA\ BBT(E + flAT) . (4.26) 

The Stein equation is the basis for several numerical approaches for the computation 

of low rank approximations to controllability and observability Gramians in large-scale 

problems. See, e.g., [2,8,24,25,48,49] and the references therein. These approaches can 

now be applied to the projected Stein equation (4.26) in a straightforward way. 

Direct application of E — p. A and of requires the application of IT and the 

computation of 0 r . This is highly undesirable. The following results will establish the 

mechanism for applying the iterative methods in, e.g., [2,8,24,25,48,49] to the projected 

Stein equation (4.26) without explicit computation and application of TI and of 0 r . The 

following discussion shows how to apply the projector indirectly through an equivalent 

saddle point problem. 

Throughout the remainder of this discussion, it is assumed that 

Assumption: Every eigenvalue of the pair (0^An0 r ,0^En0 r) has negative real part. 
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Section 4.6 shows that this assumption is satisfied for control problems governed by the 

Oseen equation under standard assumptions on the advection field. Now define 

C- = {zeC:Re(z)<0}. (4.27) 

Then under our assumption it follows that 0^En© r + ju0^An©r is nonsingular for any 

Lemma 4.4.2. The matrix Z satisfies Z = II rZ and Il(Ei i + ju Ai i )Il rZ = ITF if and only 

( f c r ?)(:)-(:)• 
Proof. If Z = n r Z solves n(En +ju An)II rZ = IIF, then (4.6) implies the second block 

of equations in (4.28). Furthermore, n(En +'ju An')Z — IIF = 0 implies the columns of 

(En + ju An)Z - F are in null(II) = range(Ai2). Hence, there exists A such that (En + 

/i Aii )Z — F = - A12A, which is the first block of equations in (4.28). 

On the other hand, if Z, A satisfy equation (4.28), then A[2Z = 0 and thus Z = n r Z by 

(4.6). Moreover, IIA12 = 0 leads to 

nF = n((En+M An)Z +Ai2A) = n ( E n + / i An)n r Z. 

n 

Lemma 4.4.3. Let fJL GC~. IfM = UTM, then the computation 

Z = Y E + JUA) ( E - / I A ) M (4.29) 

may be accomplished with the following steps. 

I. Put F=(En-^Aii)M. 
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2. Solve 
' E H + J U A H A12 \ I z \ f ¥ 

A[2 0 J I A i " l 0 
(4.30) 

Prao/ Lemma 4.4.2 implies that the matrix Z obtained by solving equation (4.30) must 

satisfy Z = n r Z and 

(E + jiiA)z = nF = n(Ei i - juAi i )M= ( E - / i A ) M , 

since M = n r M. Now, Lemma 4.4.1 and Z = I l r Z is used to deduce (4.29). • 

Lemma 4.4.4. Let jU G C~. Then the matrix 

Z= (E+./iA) B (4.31) 

solves 
En+juAn A12 Z J B, 

A[2 0 i I A i " l 0 
(4.32) 

Proof. Lemma 4.4.2 implies that the matrix Z obtained by solving equation (4.32) must 

satisfy Z = n r Z and 

/ E + JUA)Z = I I B I = B . 

Now, Lemma 4.4.1 and Z = n r Z is used to deduce (4.31). . ' • 

4.4.2 The ADI Iteration 

4.4.2.1 The Single-Shift ADI Iteration 

It is now possible to specify an ADI iteration for the projected Stein equation (4.26). Let 

JU G C^, and define 

AM= ( E + M ^ ^ E - J U A ) , and fi/= ( E + J I A ) 7 B (4.33) 
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so that the projected Stein equation (4.26) becomes 

P = AMPAj-2Re(/x)BMB*. (4.34) 

Formally, the solution P of (4.34) can be expressed as the infinite series 

P = - 2 R e ( M ) £ A / [ B / t B * & ) y . (4.35) 
j=o 

The following lemma will establish convergence of the series to the solution P. 

Lemma 4.4.5. If every eigenvalue 6 of the pair (®^ A\i®r,®^ En® r) satisfies Re(6) < 0, 

then the series (4.35) is convergent and the limit P solves the projected Lyapunov equation 

(4.20) for any [IE C~. 

Proof. Calculations similar to those used in establishing equations (4.25) will provide 

A£ = [®r (ejEi10 r + ju®T
r Ai10r)" l (©jEi10 r- p.©J"A!10r) 0 f ] J 

= ®r [(0^Eii0 r + / i0^Aii0 r)
_ 1 (0^Eii0 r-jQ0^Aii0 r)] J0 z

r . 

Every eigenvalue of (0^En0 r + / i0^An0 r )
_ 1 (®jEu®r-fi®jAu®r) is of the 

form 

'A = ( l -AO) / ( l+ / i0 ) , 

where 0 is an eigenvalue of the pair (0^ Ai 10r, 0^Ei 10r). If Re(ju) < 0 then the transfor

mation 0 H->A(0) = (1 —A #)/(! +M-0) m a P s t n e °Pen teft halfplane to the interior of the 

unit disc. This clearly implies 

limA*=0. 

Let 

Po = 0 and P ^ - 2 R e 0 x ) £ A J B M B j ( A j V , *=1,2 , . . . • (4.36) 
• • • y = 0 - • V ' 
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denote the fc-th partial sum of the series (4.35). Then the update formula is given 

,P/k = AMP ik_iAJ-2Re(M)BMBj, * = 1 , 2 , . . . . (4.37) 

It follows from (4.34) that (P - Pk) = A^(P - P*-i)A*. Repeated application of this for

mula leads to 

( P - P t ) = A * p ( A j ) * : . (4.38) 

Therefore lim^ooP/t = P, the solution to the projected Stein equation (4.34). • 

Observe that the &-th partial sum of the series (4.36) may be expressed as 

Pi = VkVl where Vk M V-2Re(/i) ( B „ , A M B M , A J 5 M , . . . , ££%) . (4.39) 

Following Penzl [48], approximate 

P « P * = U*U|. 

The following iteration will serve to implement a convergent ADI iteration for the pro

jected Stein equation. For k = 0 ,1 , . . . , the matrices U^ can now be computed recursively 

using the following procedure. Lemmas 4.4.3 and 4.4.4 are used to avoid the explicit ap

plication of the projectionTI. 

Remark 4.4.6. For completeness, the ADI Algorithm 6 has been formulated with a complex 

shift. However, if a complex shift is used, then the computed P* = UjfcU£ is complex. Only 

in the limit does Hmic^coYk = 1>eWtvXnv hold. 

To keep the approximation P^ real, complex conjugate pairs of shifts have to be applied, 

one followed immediately by the other. See, e.g., [24, Sec. 3.1]. In this case, at each 

execution of step 3 in the ADI Algorithm 6 two complex linear systems of the type shown in 

step 3b of ADI Algorithm 6 have to be solved, i.e., each step of the ADI Algorithm 6 with 

complex shifts is approximately four times as expensive as each step of the ADI Algorithm 
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Algorithm 6 Single Shift ADI 

Input: En, An, Ai2,B with Re(0) < 0 for every eigenvalue 0 of the pair 
(0^An0 r ,0^Eii0 r), and shift /i e C~. 

Output: U such that UU* is an approximate solution of (4.12a). 

LSolvH A[2 o J U r l o J ' 
2. U = Z; 

3. while ('not converged') 

(a) Z^-(Eii- JQA1i)Z; 

(c) U^[U,Z] ; 

end 

4. U<-V2|Re(M)|U. 
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6 with a real shift. To avoid the solution of complex linear systems, one can 'square' the 

matrices (see, e.g., [24, Sec. 3.1]), but this would result infill-in. 

In the application of balanced truncation model reduction to the Oseen equation, the 

ADI Algorithm 6 is applied using only real shifts. 

4.4.2.2 The Multishift ADI Iteration 

The convergence of the single shift ADI method is typically slow. Therefore, the multi-

shift ADI method described in section 3.1.3 is used. The derivation given in [3], however, 

must be adapted to overcome difficulties presented by both the descriptor system and the 

projected Lyapunov and Stein equations. 

The derivation relies upon the following technical lemma. 

Lemma 4.4.7. Define 

A^= ( E - £ A ) ( E + JUA)7. 

The following equalities hold 

AAM = AMA and A* E = EA^. 

Proof. Note that if M, N are square matrices and £, rf e C with N + ^M nonsingular, then 

M(N + 4M)-1(NH-7|M) = (N + TjM)(N + ^M)~1M. (4.40) 

This is easily verified through the following calculations. 

M(N + ^M)-1(N + i7M) = M(N + | M ) - 1 [ N + ^M+(i7-<§)M] 

' . = M [ I + ( T J - ^ ) ( N + ^ M ) - 1 M ] 

= • [ l+ ( i j -§ )M(N + §M)- 1 ) ]M • 

= [N + ^ M + ( T J - ^ ) M ] ( N + ^ M ) - 1 M 

••= (N + t]M)(N + ^M)_1M. 
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From (4.40), the definitions (4.19), (4.24), (4.33), and (4.10), it follows that 

AAM 

-l 
= 0 / 0 ^ A n 0 r 0 f @ r ( 0 ^ E i i 0 r + ju0^An0 r ) 

0^0 / ( 0 ^ E n 0 r - £ 0^An© r) ©f 

= ®i(®*An®r) (®ZEu®r + n®jAn®ry1 ( 0 f E n 0 r - / i 0 ^ A i i 0 r ) 0 f 

= 0 ; ( © ^ E 1 i 0 r - J u 0 ^ A i i 0 r ) ( 0 ^ E i i 0 r + ju0^Ai i0 r )
_ 1 (0 j 'A i i0 r )0 f 

= 0 / ( 0 ^ E n 0 r - / i 0 ^ A i i 0 r ) 0 f 0 r 

(0^E 1 i 0 r + M®?'Aii0 r )
- 10^0/(0j 'Ai i0 r )0 /

r 

= A^A, 

where the third equality follows from Equation (4.40). This established the first identity. 

The second identity can be proven in a similar fashion. D 

From our previous discussion, for any n e C with Re(0) < 0, it follows that P* given 

by (4.39) is convergent to P. Now, the formula (4.38) implies that the error P — P^ solves a 

projected Lyapunov equation of the type (4.20a). In fact, Lemma 4.4.7 gives 

A ( P - P f c ) E , + E(P-P*)A* 

= A(A*P(A*)*)E+E(A*P(A*)*)A* 

= A*(APE)(A;)%A*(EPA*)'(AJ)*-

= A* (APE + EPA*) (A*V. 

Since P solves the projected Lyapunov equation (4.20a), the previous identity implies the 

following projected Lyapunov equation for the error P — P*.' 

A ( P - P A ) E + E(P-P f c)A* = - A j ( B B * ) (A*)*. (4.41) 
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Note that the right hand side appears naturally as part of the ADI iteration. 

In fact, after k-l steps of Step 3 of the ADI Algorithm 6, the contents of Z are 

Z = A * - 1 / E + JUA) B. 

Hence 

B*= ( E - £ A ) z = r E - j a ^ A j ^ / E + juA) B = A*B. 

Thus, after k-l steps of Step 3 of the ADI Algorithm 6 will generate P* = UfcU*. such 

that the error P - P* satisfies 

•A.(P-P*)E + E(P-.POA*+BtB^ = 0... ; (4.42) 

This projected Lyapunov equation for the error. P—Pjt is of the form (4.20a) with B replaced 

by (E - p. A j Z. Hence, I can apply the techniques presented in Sections 4.4.1 and 4.4.2.1 

with a different shift to compute an approximate solution Pjt of 

APE + E P A * + 6 ^ = 0 

(cf., (4.42)) to obtain a new approximation P « Pk+P^ for the desired solution P of (4.20a). 

Repeated application of this procedure leads to the following multishift algorithm 7. 

Strategies for the computation of shifts, for the optimal number m of shifts, as well as 

for the number A: of times each shift is applied are discussed in [58]. 

In an actual implementation it is far more efficient storagewise to maintain an approx

imate SVD of the factor U as the number of columns of U may experience unacceptable 

growth. As the comment indicates, at Step 2d the SVD approximation to U is updated 

and then truncated. Assuming that U « UF with U*U = I and T diagonal with decreasing 

diagonal elements, the SVD is updated according to 

u+r+v* = [ur,V2|Re(rt)|u0] 



Algorithm 7 Multishift ADI 
Input: Ei i, Ai i, A12, B with Re(0) < 0 for all eigenvalues 0 of the pair 

.(^ ,An® r ,^ 'Eii0 l . ) , and shifts/ii,/£2,.-'-,Mm e'C".'. 
Output: U such that UU* is an approximate solution of (4.12a). 

1. U = [ ] ; 

2. while ('not converged') 

fori= l:m, 

(b) U0 = Z; 

(c) for j = l:k-l, 

i. Z^(En-ft-Aii)Z; 

, S o , v e ( i n p l a c e ) ( E . . t f " V ) ( J ! ) - ( S ) ! 

iii. Uo«-[U0,ZJ; 

end 

(d) U «- [U, y/2\ Re(u/)| Uo]; % Update and truncate SVD(\J); 

(e) B^-(Eii-A,-An)Z. 

end 

end 
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and then truncate 

u<-u*, r<-rk 

where T̂  is the leading k x k principal submatrix ofT+ and U^ consists of the corresponding 

leading k columns of U+. The orthogonal matrix V may be discarded since we are actually 

interested in UU*. The truncation index k is determined as the first k such that %+i < xy\ 

where jj is the j-th diagonal element of U+ and where T is a specified tolerance based upon 

accuracy requirements of the Lyapunoy solution and of the desired accuracy of the reduced 

order model. For further detail see [3, Sec. 4.1]. 

Equation (4.42) shows that the norm of B^B^ can be used as a measure for the error 

P.— Pfc. Note that B* is contained in the matrix Z after step (2b) and in B after step (2e) of 

the multishift ADI Algorithm 7. Hence, this measure for the error can be easily monitored. 

4.4.3 Solution of the Projected Observability Equation 

The projected observability equation (4.12a) or (4.20a) can be solved using the approach 

introduced above with B replaced by CT. To compute the matrix G defined in (4.9) (and 

the output matrix multiplying g in (4.8c)), the following result is used, which can be easily 

verified. 

Lemma 4.4.8. The solution of 

(*?)(:)-U) 
is given by XT = C2(Aj2E^Al2)-lAj2EY1

l,ZT = -C2(A
T

nE^ Al2)-
1. 

4.5 The General Case B2 ^ 0 

So far, the computation of balanced truncation model reduction for the descriptor system 

(4.1) with B2 = 0 has been studied. Now, consider the general case and demonstrate how 
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it can be reduced to a problem of the type B2 = 0. 

Equation (4.1b) implies that 

v(0=vo(0+•*(') , (4-44) 

where 

v,(0 = -Er1
1A12(A[2E[-1

1A12)-
1B2g(0 (4.45) 

is a particular solution of (4.1b) and \o(t) satisfies 0 = A^vo^). Insert (4.44), (4.45) into 

(4.1), obtain 

En— v0(0 =Aiiv0(0' + Ai2p(0 
dt 

+ (B! - Ai1En1Ai2(A[2E^1
1Ai2)-

1B2)g(0 

-Ai2(A[2Ef1
1Ai2)-1B2^g(0 (4.46a) 

0=A[2v0(0, (4.46b) 

v0(0)=vo-vg(0), (4.46c) 

y(0=Civ0(0 + C2p(0+(D-CiEn1Ai2(A[2Ej-1
1Ai2)-1B2)g(0. (4.46d) 

For the purpose of model reduction (4.46) may be viewed as a systems of the type (4.2) 

with two inputs g and J^g. I show in a moment that the input ^g in the dynamical system 

(4.46a,b) will be eliminated by the projection. 

Now proceed as in Section 4.2. Equations (4.46a,b) imply that 

'p(0 = - (AfaE^AnJ-^fjE^AnVoW' 

- (AfjEr/An)-1 Af2E^ (Bi - AiiE^A12(A[2E^Ai2)-1B2) g(*)' 

• + (Af2En1A,2)-1B2|g(0 (4.47) 

and n rvo(0 = vo(f).» where n is defined in (4.5). 
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Next, insert (4.47) into (4.46a,d), use the identity TlT\o(t) = vo(?)> and multiply the 

resulting equation (4.46a) by IT. Since the projection IT defined in (4.5) satisfies 

nAi2(A[2Er1
1Ai2)-1B2 = 0, (4.48) 

this leads to 

nE11n
r^vo(0=nA„n7'vo(0+nBg(0, te(o,T) (4.49a) 

n rvo(0)=n r(v0-vg(0)) , (4.49b) 

y(0 =Cn rv0(0 + (D - C2(A[2Er1
1A12)-

1 Af2E^B) g(r) 

-C2(\
T

n^nAn)-lB2jtg(t), te(0,T), (4.49c) 

where C is defined in (4.9) and 

B^B1-AiiEn1A12(A[2E^1
1A12)-1B2. (4.50) 

Note that the dynamical system (4.49a,b) only involves the original input g. The derivative 

Ĵ g only enters the output equation (4.49c). Balanced truncation model reduction seeks to 

reduce Vo such that the error CITrvo(f) — CITrvo(f) is small for any input g. Consequently, 

the appearance of ^g in the output equation (4.49c) is irrelevant for model reduction. For 

model reduction the system (4.49) is exactly of the type (4.8) and all techniques discussed 

in Sections 4.3 and 4.4 can be directly applied to (4.49). 

Note that the matrix X = Ej"/ Ai2(A^E^1 Ai2)~~lB2 arising in the computation of B can 

be computed by solving (4.43) with C2 replaced by B2. Furthermore, the matrices X r = 

C2(Af2Ef1
1Ai2)_1A[2E^1

1 and ZT = -C2(Af2Ej~1
1Ai2)_1 arising in the output equation 

(4.49c) can also be computed by solving (4.43). 
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4.6 Application to Model Reduction of the Oseen Equa

tion 

In this section, the model reduction method described above is applied to the Oseen equa

tions. The Oseen equations are related to the linearized Navier-Stokes equations and, 

hence, our model problem is relevant in many flow systems where one is interested in 

the behavior of the linearized flow around a steady state. 

Model reduction for flow control and optimal design is an active research area. The 

papers [1,11,18,31,32,36,37,41,50,52,55,56,63,72] represent a small sample of the work 

available. However, for many approaches, such as those based on proper orthogonal de

composition (see, e.g., [1,18,31,36,37,52,72]) no guaranteed error bounds for the reduced 

order system are available and other approaches, such as [70], are only practical for small 

number of parameters. 
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4.6.1 The Model Problem 

Let Q C K2 be an domain with boundary decomposed into segments r„, Ta, Tg. The Oseen 

equations are given by 

X(x)gn(x,t) infix (0,r), 

(4.51a) 

0 infix (0,r), 

(4.51b) 

0 onTnx(0,r) , 

(4.51c) 

0 on r d x(0 , r ) , 

(4.51d) 

ir(x,t) onTgx(0,T), 

(4.5 le) 

V0(JC)' in fi, (4.51f) 

where v > 0 is the dynamic viscosity, where x denotes the indicator function for the sub-

domain fig C fi on which control is applied, and where n{x) is the unit outward normal to 

fi at x. Here v, p are the velocity and pressure of the fluid respectively, gjj and gr denote 

distributed and boundary control, respectively, and a is a given function. The Oseen equa

tions (4.51) are complemented by an output equation. Outputs that are linear in velocities, 

pressures, and controls (see Sections 4.6.3 and 4.6.4) are considered. 

The Oseen equations (4.51) are closely related to the linearized Navier-Stokes equa

tions, which also include a term (v(x,t) • V)a(x) on the left hand side of (4.51a). The 

approach can also be applied to the linearized Navier-Stokes equations under, possibly ad

ditional assumptions on a that ensure that all eigenvalues of the pencil (®rAn@, 0 rEn®) 

have negative real part, cf. Theorem 4.6.1 below. 

dt 
v(x,t) + (a(x) • V)v(x,f) - vAv.(jc,f) + Vp(x,t) 

V-V(JC,/). 

(-p(x,t)I+vVv(x,t))n(x) = 

v(x,t) 

v(x,t) 

v(x,0) 
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Discretization in space of the Oseen equations and of the observer equations provides 

equation (4.1), where v, p, g denote the semidiscrete velocities, pressures, and controls, 

respectively. Semidiscretization of the distributed control g& generates contribution to the 

matrix Bi only, whereas semidiscretization of the boundary controls gr generates contri

bution to both matrices Bi and B2 (see the following section for details). 

4.6.2 The Semidiscrete Problem 

The Pi —P\ (Taylor-Hood) finite element discretization is used to discretize the Oseen 

equation in space. This section gives a sketch of the derivation of the semidiscrete equations 

(4.2) (see [10,17,26,54] for details). 

Define A : B = XT(ATB). Multiply (4.51a) by test functions (p : ft ->• R2, which vanish 

on Tj U rg, and integrate over Q to obtain 

— / v(x,t)(p(x)dx = -v / Vv(x,t): V<p{x)dx 
at J si Jo. 

- / (a(x)-V)v(x,t)-<p(x)dx+ / p(x,t)V-(p(x)dx. (4.52a) 

Similarly, multiply (4.51b) by \ff and integrate over fl to obtain 

0= f \f/(x)V-v(x,t)dx. (4.52b) 

In the Pi — P\ finite element discretization the velocities are discretized using piecewise 

quadratic functions <p,- and the pressure is discretized using piecewise linear functions y/i-

Denote the quadratic basis functions <j> : Q. —>• R associated with nodes in £lUTn by 0„ 

i= 1,..., nn, and those associated with nodes JC,-, i = nn + 1,..., 2nn + m, on the control 

boundary Tg by 0;, / = nn +1,..., 2nn + m. I have nv = 2nn and I set 

<pi = (<l>i,0)T, (p„n+i = (0,(j)i)
T, i=l,...,nn. 
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The velocities in x\-, ^-direction, pressures, and controls are approximated by 

n. g m 

n„ ng m 

j = l j=\ 1=1 

A * , 0 = I?=iP«(0^W. and «*(JC,0= t%ift(0If=i tf(*<)0«„+<(*). respectively. 

Insert these approximations into (4.52) and require that (4.52a) holds for all <p,-, i = 

l,...,«v, and that (4.52b) holds for all y/;, i= l,...,np. This leads to the semidiscrete 

equations (4.1). The matrix En is a 2 x 2 is block diagonal with identical diagonal blocks 

of size nn x nn and entires 

(Eii),7=(Eii)nn+i,„n+;-= / Qj(x)fa(x)dx, i,j=l,...,nn. 

The matrix An is a 2 x 2 block diagonal matrix with diagonal blocks of size nn x nn and 

entries 

(An),y = (An)„„+«,„„+; _= - v / V(j)j(x): V<j>i(x)dx- / (a(x) • V)<j>j(x)<j>i(x)dx, 

i, j = 1,...,nn. The matrix A12 has entries 

• (Ai2)i;= / Vj(x)dXl<j>i(x)dx, (Xi2)„n+ij = \(fj(x)dX2(j)i(x)dx, 

•1 = l,...,n„J = l,'...,/fp. Finally, the input matrices Bi G Rn"xn? and B2 6 M'̂ *'1* are 

given by 

(Bi);,- = £y(y;k(**), 
fc=i 

m 

/fe=i 
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where 

¥ = - v f V<l>nn+k(x) • V<l>i(x)dx- f (a(x) • V)^+Jkf»fc(x)<fr, 
J AC J At* 

/=l , . . . ,n„,7 = l,...,ng, and 

(B2)y= £ ( / W(x)dXl<l>nn+k(x)dx(Yj)Xl(xk)+ Ijr^d^n^^dxiy^Xk)) 

i = 1,... ,np, j = 1,... ,ng, respectively. 

Theorem 4.6.1. If the advection field a in the Oseen equation (4.51) satisfies V • a = 0 in 

Q and a • n > 0 on rn, then for any 0 with full column rank, all eigenvalues of the pencil 

(0 rAi 10,0 rEi 10) have negative real part. 

Proof. Integration by parts yields 

- / (fl(jc) • V)v{x) • <p(x)dx = f -Ua(x) • V)v(x) • (p(x) + Ua{x) • V)<p(jc) • v(x)dx 
Ja Jsi 

— I j(a(x)-n(x))(p(x)-v(x)ds 
JTri 

for all v and <p that vanish on Fg U T^. Hence 

n„ " I f 

Aii v = £ - v / V<j>j(x): Vfoix) dx {\i\j + v„„+J-vM„+;-) 

- \{a{x) • n(x))<t>i(x) • <t>i(x)ds (•,•••,• + vn„+,vn„+y-) < 0 

for all v G Rnv, v ^ 0. Since Ei i is symmetric positive definite, all eigenvalues of the pencil 

(An,En) have negative real part and for any 0 with full column rank, all eigenvalues of 

the pencil (0 rAn©,0 rEi 10) have negative real part. D 

The numerical examples considered here concern flow in a channel Q. with backward 

facing step depicted in Figure 4.1. This figure shows the coarsest grid used. The other 

triangulations used in these computations have a structure similar the thee one shown in 

Figure 4.1. In both examples, our control is suction and blowing in normal direction at 
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the two wall segments rg = ({0} x (1/2,1)) U ({1} x (0,1/2)). The outflow boundary is 

rM = {8} x (0,1). No-slip conditions are applied at the remaining boundary segments, i.e., 

rd = dn\(rgurn). 
In the numerical examples there is no distributed control, i.e., Q.g = 0, and the boundary 

control is given by 

8r(x,t)=1£gj(t)Yj{x) 
7=1 

for some functions / i , . . . , yn : K2 ->• E2. 

. J 
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Figure 4.1: The channel geometry and coarse grid 

In both examples discussed below, the velocity is set to v =1/50. The advection 

field a in (4.51) is computed by solving the steady state Stokes equation with velocity 

8(*2 - \){\ — X2] on the inflow boundary segment r,n = {0} x (|, 1) and zero velocity 

boundary conditions on dCl \ (r„ U riM). 

There are ng = 6 boundary control functions. Three of these functions are defined on the 

inflow boundary segment {0} x ( j , 1) and are given by jj{x) ={sin(2j7c(x2 - \)),0)T, j = 

1,2,3, and the remaining three are defined on the backstep boundary segment {1} x (0, \) 

and are of the form Yi+j(x) = (sin(2./7!;jC2),0)r, / = 1,2,3. 

The performance of the ADI iteration is governed by the shift selection. In the ex

amples reported here m = 4 shifts jXj, j = 1,2,...m are used, which were generated by 

approximately solving the ADI min-max problem 

mm max | TT Vj 
X + Hj 

(4.53) 

over the interval [a,b] containing the real parts of the eigenvalues of the pencil A'En 
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An. If En and An were symmetric, the exact solution jX\,fi2,-,^m would give optimal 

shifts [71] in the sense that the spectral radius of the matrix IlyLiCEii +Af/An)-1(En -

JU/An) would be minimized. More details on shift selection in multishift ADI methods 

for Lyapunov equations and related issues can be found, e.g., in [58]. A nonsymmetric 

problem may require complex shifts to minimize the spectral radius, but it is not clear that 

the additional storage and computational expense involved with complex arithmetic would 

be overcome by the decreased spectral radius. This choice of real shifts seems to work well 

in these numerical examples. 

Each shift was applied 10 times at step (2c) of multishift ADI iteration in Algorithm 7. 

Thus, each shift ]U/ was applied ten times per sparse direct LU-factorization of the matrix 

En + U/An A12 \ 
. This factorization is performed just prior to Step (2a) and is 

A[2 0 / 

re-used to solve the systems at Steps (2a) and (2c.ii). The number k may be adjusted to 

increase the performance of the ADI iteration. I chose to stop the iteration when ||B |̂|2 < 

10~6||B||2. The tolerance in the balanced truncation model reduction, Algorithm 4.3 was 

chosen to be T = 10~4. 

All computations were performed in Matlab Version 7.1.0.183 (R14) Service Pack 3 on 

an Apple Powerbook with 1.25GHz PowerPC G4 processor running Mac OS X 10.3.9. 

4.6.3 Example 1 

The output is the mean of the integral of the curl of the velocity, often used in the context 

of control of vorticity (but see [35]), 

y(0 = 7 -dX2vi(x,t) + dXlv2(x,t)dx 
^ o b s 

over the subdomain fiobs = (1,3) x (0,1/2). Hence, Ci e KlxWv and C2 = 0. 

Table 4.1 and Figures 4.2-4.4 show the numerical results for Example 1. The results 

shown in Figures 4.2-4.3 were generated on the finest grid with nv = 1352, whereas the 

results in Figures 4.4 were computed using the grid with nv = 5520 shown in Figure 4.1. 
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The corresponding Figures 4.2-4.3 for the other grid sizes were very similar to those 

shown here. Table 4.1 shows the number nv of semidiscrete velocities \(t), the number np 

of semidiscrete pressures p(f), and size k of the reduced order velocities \(t). The size of 

the reduced order model seems to be nearly independent of the grid size. 

nv 

1352 

5520 
12504 
22304 

np 

205 
761 
1669 
2929 

k 
13 
14 
15 
15 

Table 4.1: Number nv of semidiscrete velocities v(f), number np of semidiscrete pressures 
p(f), and and size k of the reduced order velocities \(t) for various uniform refinements of 
the coarse grid shown in Figure 4.1. 

The left plot in Figure 4.2 shows that largest Hankel singular values which were gen

erated from the approximate solutions of the controllability and observability Lyapunov 

equations (4.20), respectively. For model reduction, the Hankel singular values O) with 

Gj > %G\ are selcted. The threshold raj is indicated by the solid line in left plot in Fig

ure 4.2 and in this case only fifteen Hankel singular values and corresponding singular 

vectors determine the reduced order model for the velocities. 

Balanced truncation modelreduction computes a reduced order model with a bound 

for the error between the output of the original model and the reduced order model that 

is valid for all control inputs. This is illustrated in Figure 4.3. The left plot in Fig

ure 4.3 shows the time domain response for the full order model and the reduced or

der model. For this computation, controls are defined gj(t) = sin(y'f), j = 1,2,3 and 

g3+j{t) = — sin(jt), j = 1,2,3. In the formulation (4.51), this corresponds to a bound

ary actuation gr(x, t) = £ j = 1 sin(jt) (sm(2jn(x2 - \)), 0)T on the inflow boundary segment 

{0} x (j, 1) andgr(x,t) = Ej=l—sm(jt)(sm(2j7tX2),0)T on the backstep boundary seg

ment {1} x (0, \). The output y(t) of the full order model and y(t) of the reduced order 

model were generated by the same input. Both are in excellent agreement, which is ex

pected from the theoretical error bound. 
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Figure 4.2: The left plot shows the largest Hankel singular values and the threshold TO\. 
The right plot shows the normalized residuals ||Bjt||2 generated by the multishift ADI Al
gorithm 7. for the approximate solution of the controllability Lyapunov equation (4.20a) 
(o) and of the observability Lyapunov equation (4.20b) (*). 

The right plot in Figure 4.3 shows the frequency domain response for the full order 

model and the reduced order model. For the full order model 

G)i-» (Ci,C2) 1(0 
En 0 

0 0 

An A12 

A[2 0 
+ D 

and for the reduced order model 

©H-^ C((ia>/- A)"1!!) + (D - C2(A[2E^ A12)- ! A^Er/B) + ico ( - ^ ( A ^ E n 1 Ai2)-1B2) 

is plotted (cf., (4.18), (4.49)), where i = y/-l, A=WT\nV, B = WTB, where B is 

defined in (4.50), C = CY, where C is defined in (4.9), and, in our examples D = 0. 

Again, as expected, the frequency responses for the full order model and for the reduced 

order model agree nicely. 
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Figure 4.3: Time response (left) and frequency response (right) for the full order model 

(circles) and for the reduced order model (solid line). 

full reduced 
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fflffl !!:! !.!•! 

\ \ \ \ \ \ \ \ 

Figure 4.4: Velocities generated with the full order model (left column) and with the re

duced order model (right column) at t= 1.0996,2.9845,3.7699,4.86965,6.2832 (top to 

bottom). 

Figure 4.4 shows the velocities generated with the full order model and with the reduced 

order model for various times t 6 [0, 2JC]. In these simulations the initial velocity was set to 

be zero and the controls were chosen to be gi (t) = sin(f) and g,(/) = 0, i = 2,... , 6. In the 

formulation (4.51) this corresponds to a boundary actuation gr(x,t) = sin(/)(sin(2n;(x2 — 

| ) ) ,0) r on the inflow boundary segment {0} x (|, 1). The results shown in Figure 4.4 were 
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generated on the grid with nv = 5520, which is obtained by refining each of the triangles 

plotted in Figure 4.1 into four. Only the velocities at the vertices are shown. 

4.6.4 Example 2 

Our output is computed as follows. Let r„bS = (1,8) x {0} and let h: Q -» R be a piecewise 

quadratic function that is equal to one at every node on the observation boundary r0bS and 

zero at every other node in Q. Define Ci e M2xnv and C2 = W?xnP with nonzero entries 

given by 

(Ci ) i /= (Ci)2,nn+j = v / V0y(*): Vh(x)dx, j=l,...,nn 

and 

(Ci)ij = \l/j(x)dXlh(x)dx, (C2)2j = / Wj{x)dX2h(x)dx, j=l,...,np. 

Our output is 

y.(0 = Giv(f) + C2p(0.. 

Since for a sufficiently smooth solution v,p of (4.51) and sufficiently smooth (p integration 

by parts yields 

0 = 7 1-K~V(X,t) + (a(x) • V)v(x,t) - VAV(J:,i) + Vp(x,tU (p(x)dx 

= J^v(x,t) + (a(x)-V)v(x,t)^(p(x)dx 

+ vVv(x,t):V(p(x)-p(x,t)'V-(p(x)dx- / (-p(x,t)I+v'Vv(x,t))n(x)q)(x)dsr 
Jo. J da 

where n(x) is the unit outward normal, it follows 

y(f)« / (-p(x,t)I + vVv(x,t))n(x)ds. 
•'robs 

Table 4.2 and Figure 4.6 show the numerical results for Example 2. Grid sizes and 
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control inputs in all experiments underlying these figures were identical to those in Fig

ures 4.2-4.4. Since in Example 2, there are two outputs, each plot in 4.6 shows two curves 

now. The decay of the Hankel singular values as well as the performance of the multishift 

ADI algorithm for this example (as Figure 4.5) are very similar to the respective results for 

example!. 

10"' 

f ioJ 

t 
I 10" 

i 
HE -

10 

10" 

•• ° p 

.-.. ••-... M 
• 8 

« 

» 

m 

0 5 10 15 20 25 30 35 40 45 

The largest Hankel singular values 

10 15 20 25 30 35 
Iteration 

Convergence of the multishift ADI 

Algorithm 7 

Figure 4.5: The left plot shows the largest Hankel singular values and the threshold tO\. 

The right plot shows the normalized residuals ||Bfe112. 

Figure 4.7 shows the velocities generated with the full order model and with the reduced 

order model for various times t G [0,2^]. In these simulations the initial velocity was set 

to zero and the controls were chosen to be gi (t) — sin(f) and g,-(f) = 0,1 = 2,..., 6. In the 

formulation (4.51) this corresponds to a boundary actuation gr(x,t) = sin(r)(sin(2^(x2 — 

\)), 0)T on the inflow boundary segment {0} x (| , 1). The results shown in Figure 4.4 were 

generated on the grid with nv = 5520, which is obtained by refining each of the triangles 

plotted in Figure 4.1 into four. Only the velocities at the vertices are shown. 

The observations for this example are similar to those in the previous example. Again, 

the size of the reduced order model is nearly independent of the grid size. Moreover, as 

expected, the time domain and frequency response curves for the full order model and the 

reduced order model agree nicely. 
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"v 

1352 

5520 

12504 

22304 

np 

205 

761 

1669 

2929 

k 

12 

14 

15 

16 

Table 4.2: Number nv of semidiscrete velocities v(t), number np of semidiscrete pressures 

p.(f), and and size k of the reduced order velocities \(t) for various uniform refinements of 

the coarse grid shown in Figure 4.1. 

0*—e o o o g> o—o-—o- o » o—o o <•& 
10"" 10" 

Frequency 
102 10" 

Figure 4.6: Time response (left) and frequency response (right) for the full order model 

(circles) and for the reduced order model (solid line). 
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Figure 4.7: Velocities generated with the full order model (left column) and with the re

duced order model (right column) at t = 1.0996,2.9845,3.7699,4.86965,6.2832 (top to 

bottom). 



Chapters 

Domain Decomposition and Model 

Reduction of Systems with Local 

Nonlinearities 

In this chapter, I present a technique of combining balanced truncation model reduction and 

domain decomposition to derive reduced order models for systems of discretized partial dif

ferential equations (PDEs) with a spatially localized nonlinearities. Domain decomposition 

techniques are used to partition the problem into linear subproblems and small nonlinear 

subproblems. Balanced truncation is applied to the linear subproblems with inputs and 

outputs determined by the original in- and outputs as well as the interface conditions be

tween the subproblems. The potential of this approach is demonstrated for several model 

problems. The results on Burger's equations in this chapter have been published in [66]. 

The model problem was motivated in part by applications presented in [16,19]. The 

paper [16] discusses Galerkin Finite Element approximation of the Stokes-Darcy prob

lem which models the coupling between surface and groundwater flows. Reference [19] 

proposes and analyses a mathematical model which describes the coupling of the Navier-

Stokes with the Oseen equations. These two papers presented numerical solutions by 

domain decomposition techniques, but no dimension reduction. Domain decomposition 

100 
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and POD model reduction for flow problems with moving shocks are discussed in [42]. 

POD model reduction is applied on the subdomains away from the shock. The paper [60] 

presents a different model reduction technique for second order dynamical systems with 

localized nonlinearities. The papers [7,21] and [69] discuss different model reduction 

and substructuring techniques for second order dynamical systems and model reduction of 

interconnect systems respectively. These papers presented model selection criterions for 

"model importance". For those model reduction methods without an a priori error bound, 

these criterions become very important. 

5.1 Model Problems 

5.1.1 A General Model Problem 

This chapter develops a model problem which consists of two heat equations coupled by a 

nonlinear partial differential equation. 

Let ft* , k = 1,2,3, be non-overlapping spatial domains such that €i\ and Q.2 have an 

interface l"i2 = £l\ f |^2 and £l2 and Q3 have an interface Y2^ = Q.2f)Q.3. See Fig 5.1 

below for an example. Furthermore, define Q, = U | = 1 &k ar ,d let T > 0 be given. 

The model problem is given by 

-^(x,t)-V- (ck(x)Vyk(x, t)) + ak{x)yk(x, t) = Sk(x,t), (x, t) E £lk x (0, T), 

(5.1a) 

yic{x,0)=yk,o(x), xe£lk, A; = 1 , 3 , 

(5.1b) 

-Jjr(*,0 -V'-C2(x,y2(xit))Vy2(x,t)+a2(x,y2(x,t)) = S2(x,t), (x,t) 6 f l 2 x (0 , r ) , 

(5.1c) 

yi(x,0)=y2fl(x), x€Q2, 

(5.1d) 
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where ak, ck: &£ —>• E (& = 1 or 3), a2, c2: £l2 x E -> R are known functions. The coupling 

interface conditions along the interfaces Fi 2 and T23 are 

3>i(*,f) = y2(*,*)> »-.(ci(x)Vyi(jc,r)) + »-(c2(jc,y2(jc,r»Vy2(jc,r)) = 0, xeTi 2 , 

(5.2a) 

>2(^,0 =y3(x,t), n-(c2(x,y2(x,t))Vy2(x,t)+n-(c3(x)Vy3(x,t)=0, * e r 2 3 . 

(5.2b) 

These equations enforce continuity of solutions and their fluxes across the interfaces. 

The boundary of Q. is divided into two parts d£lo and dQ.N = dQ. \ ddo- The following 

conditions specify a combination of y^ and its normal derivatives on the boundary. 

• Dinchlet: hic(x,t)yk(x,t) = r/c(x,t) onthebouadsay dQ.kf]dSlD-

• Robin: 

k = 1 ,3 : n • (ck(x)Vyk(x,t)) + qk(x)yk(x,t) = gk(x,t) on d£lkf|d£lN; 

k = 2 : n-(ck(x;yk(x,t))Vyk(x,t)) + qk(x)yk(x,t) = gk(x,t)ondQkC)d£lN, 

where n is the outward unit normal and hk, rk: (dQk f| dtto) x E -> E, ^ : (dH* f) dft#) —>• 

E, g&: (dQkf]dQN) x E —>• E are given functions. 

5.1.2 Weak Form 

To obtain the weak form of (5.1) and (5.2), multiply the differential equations (5.1a, c) by 

test functions vk € {v e Hl (Qk) : v = 0 on dQo}, k = 1,2,3, integrate over £lk, and apply 

integration by parts. Using the boundary conditions, this leads to 
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- 7 yi(x,t)vi(x)dx+ / (ci(x)Vyi(x,t)Vvi(x)+ai(x)yi(x,t)vi(x))dx 
at ./fti j ^ ! 

- n-(ci(x)Vyi(x,t))vi(x)dx 
Jrl2 

- (gi(x,t)-qi(x)yi(x,t))vi(x)ds= Si(x,t)vi(x)dx, (5.3a) 
JdQ.if]dSiN J£li 

•jl'\ y2(x,t)v2(x)dx+ / (c2(x,y2{x,t))Vy2(x,t)JVv2(x) + c2(x,y2(x,t))v2(x))dx 
dt Ja2 Jsi2 

- / n-(c2(x,y2(x,t))Vy2(x,t))v2(x)dx- / n-(c2(x,y2(x,t))Vy2(x,t))v2(x)dx 
Jri2 Jr23 

' - ' / {g2{x,t)-q2(x)y2(x,t))v2(x)ds= S2(x,t)v2(x)dx, (5.3b) 

-77/ 3>3(*,0V3 (*)<& + / (c3(*)V;y3(x,0Vv3(x)+a3M:y3(*,0v3 (*))<& dt Jn3 Ja3 

- / n-(c3(^)Vy3(j:,f))v3(jc)^ 
• / F 2 3 

"-•/• (g3(x,t)-q3(x)y3(x,t))v3(x)ds=S3(x,t)v3(x)dx. (5.3c) 

For the spatial discretization the conforming finite element method with piecewise lin

ear basis functions is used. Let JC, denote the nodes of the mesh and let v,- be the piecewise 

linear basis function with v/(jtj) = 1 and V,(JC;) = 0 for all j' ̂  i. 

Now, the following index sets are introduced. 

iIj = {i\xiesij,xi^(daDu^\2ua^3)} (5.4a) 
ir

l2 = {i\xiear
12}, (5.4b) 

%3 = {i\xiea$3}, (5.4c) 
I r =l [ 2 Ul[ 3 . (5.4d) 
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The solutions of (5.3) are approximated by 

•y*(',jf) = £y i (0viW+X^(0 v i -W. * = i , 3 , (5.5a) 

Mt,xy=Ytyi(t)vi{x)+Ytyi(t)vi(x)+Yiyi(t)vi(x). (5.5b) 
ie/{ ia\2 ie/£ 

The approximations are computed by inserting (5.5) into (5.3) and requiring that the result

ing equations hold for the piecewise linear basis functions v;. 

For subdomain Qi and i G I^. (5.3a) implies 

/ n;(ci(x)Vyi(x,t))vi(x)ds 

- 37 / yi(x,t)vt(x)dx+ / (ci(x)Vyi(x,t)Wvi(x)+ai(x)yi(x,t)vi(x))dx 
at JQ.1 Jcii 

- Si(x,t)vi(x)dx. (5.6a) 

Similarly, for subdomain Q3 and i G I23, (5.3c) implies 

7 n-(c3(x)Vyi(x,t))vi(x)ds 
•'1*23 

= ZH y3(x,t)vi(x)dx+ I (c3(x)Vy3(x,t)Vvi(x)+a3(x)y3(x,t)vi(x))dx 
dt Jn3 Ja3 

- S3(x,t)vi(x)dx. (5.6b) 

T23 

' /Si3" v JQ.3 

>Sl3 

For subdomain Q2 and 1 G lf2» (5.3b) implies 

/ n-(c2(x,y2(x,t))Vy2(x,t))vi(x)ds 

= ~TA y2(x,t)vi(x)dx+ {c2(x,y2(x,t))Vy2(x,t)Vvi(x)+a2(x,y2(x,t))vi(x))dx 
at JQ.2 JQ.2 

- S2(x,t)vi(x)dx. (5.6c) 
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Finally, for subdomain Q2 and / G I23, (5.3b) implies 

/ n-(c2(x,y2(x,t))Vy2(x,t))vi(x)ds 

I y2(x,t)v((x)dx+ / {c2(x,y2(x,t))Vy2(x,t)Vvi(x) + a2(x,y2(x,t))vi(x))dx 
JQ.2 J0.2 dt JQ2' 

— I S2(x,t)vi(x)dx. 
JCi.2 

(5.6d) 

These identities (5.6) are used to enforce the interface conditions (5.2). 

Introducing the following definitions 

y5*=-(yi-),-e^» 

r „r \T 
y = (yk.yy 

7 = 1,2,3, 

jke {12,23} 

(5.7a) 

(5.7b) 

(5.7c) 

will allow the previous identities to be written as 

M j ^ + A f y i + M T ^ + A f - y f ^ f l , -

M^y£ + AiV2 + Mf ^ y r + Af ̂  + ̂ (34^) = i 

M^Ys + Â y7
3 + M3

T|yI3 + Afy& = £ 

(5.8a) 

(5.8b) 

(5.8c) 

Here, the mass matrices are defined as 

{MH)U=.[ Vj(x)vi(x)dx, 

(Mf) = / Vj(x)Vi(x)dx, 

(Mf) = jf Vj(x)vi(x)dx, 

JQ.2 

(Mf) = / Vy(*)v,(*)<k, 

1,7 e/f, * =1 ,2 ,3 , (5.9a) 

ie/f, jeil2, (5.9b) 

iei{, jeif2\J$3, (5.9c) 

« e / | , • jei^. (5.9d) 
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The stiffness matrices are 

(A77) = / (ck{x)Vvj(x)Vvi(x)+ak(x)vj(x)vi(x)) dx, ij E l{, k = 1,3, (5.10a) 

(Af ) . .= / " (ciWVvyWVv.W+aiWvyWvKx))^, i e l[, ; € / £ , (5.10b) 

( A 7
3

r ) . = / (cgWVvyWVv/W+agWvyWv,-^))^, i G/£, j € / £ . (5.10c) 

In the second subdomain, these matrices are more complicated, because C2(x,y2(x,t)) and 

a2(x,y2(x,t)) can be functions ofy2(x,t). This is going to introduce nonlinearities. To keep 

the structure of the whole problem, there are zero matrices here. 

••(A{% = 0, (5.10d) 

(Af).. = 0. (5.10e) 

Note that M7/ and A77 represent the coupling between interior nodes, while M7^ and 

Aj[r represent the coupling between the interface nodes and the nodes interior to Q*. The 

nonlinear term after discretization would be 

(N7(yiy r)V= / (c2{x,y2(x,t))^y2(x,t)Vvi(x) + a2(x,y2(x,t))vi(x))dx, (5.11) 
Ja.2 

Finally, 

(4) .= I Sk(x,t)vi(x)dx, ieli, £=1,2,3. (5.12) 

By construction, the functions yj, j = 1,2,3, in (5.5) satisfy the continuity conditions 

of (5.2). The continuity of fluxes in (5.2) must also be enforced. This is done by using the 

identities (5.6). 
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By using (5.6a) and (5.6c), (5.2a) implies 

— / yi(x,t)vi(x)dx- Si(x,t)vi(x)dx+ (ci(x)Vyx(x,t)Vvi(x)+ai(x)yi(x,t)vi(x))dx 
dt J^ Js.x Jar 

+T77 / yi{x,t)vi{x)dx+ I (c2(x,y2(x,t))Vy2(x,t)Vvi(x)+a2(x,y2(x,t))vi(x))dx 
dt JQ.2 JQ.2 

- S2(x,t)vi(x)dx = 0, /Gli2-
JQ.2 

By using (5.6b) and (5.6d), (5.2b) implies 

— / y3(x,t)vi(x)dx- / S?,{x,t)vi(x)dx+ I (ci{x)Vy3{x,t)Vvi(x)+a?,{x)ys(x,t)vi(x))dx 
dt Ja3 JQ.3 JQ3 

+ZH y2(x, t)vi(x)dx+ (c2(x,y2(x,t))Vy2(x,t)Vvi(x)+a2(x,y2(x,t))vi(x))dx 
dt i£i2 j£i2 

- / S2 (x, t) vt (x)dx = 0, i e I23 • 
J 0.0 

These conditions cart be written in matrix form as 

M^rf + A?,} + (Mr + MlJ)|y[2 + (A[r +AlJ)y[2 

+M[l^y /
2 + A[|y/

2 + N[2(y
/
2,y[2) = ff, (5.13a) 

M^j/i + A3V3 + ^ + 1 ^ ) ^ + (A3
rr +A2T)y[3 

+M23^yi + AgyJ- + N&(yi,y&) = £• (5.13b) 
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Here, the mass matrices are 

(MHy 

(MB),7 

(Mg), »J 

(MS)„ 

(M^),V 

and the stiffness matrices 

7 Vj(x)vi(x)dx, 
JQ.I 

/ V,(*)v,(x)dx, 
./Q3 

/ Vj(x)vi(x)dx, 

7 V/(*)v,(*)</.*, 
•'£13 

y vy(x)v/(^)jx, 
/ vj(x)vi(x)dx, 

JQ.2 

I Vj(x)vi{x)dx, 
J&2 

I Vj(x)vi(x)dx, 

i€i{2, jell 

re/2
r
3, jeii, 

hjzln, 

. '» ; ' .£• /£ , . . • 

1 G /f2, 7 G / | , 

• • /€/£, ; ' e 4 

i,j£li2, 

ij£l23, 

(5.14a) 

(5.14b) 

(5.14c) 

(5.14d) 

(5.14e) 

(5.14f) 

(5.14g) 

(5.14h) 

(A[7) = /• (ci(x)Vvj{x)Vvi(j()+ai(x)yj(x)vi(x))dx,- ielf2, jel{, (5.15a) 

(A?).. = / (c3(*)Vvy(jc)Vv,-W + *3 Wv;(*>,•(*))<&,• i G /2
r
3, j G /|, (5.15b) 

(A^) . = /" (d (*)Vvy(*)Vv,-(*) + «i (jf)vy(x)v,-(jc))dx, i, j G /f2, (5.15c) 

(A^) = f (cstoyvjWVvitf+asWvjWviWidx, UG/J , . (5.15d) 
• 7 i i 3 

On the second subdomain, the following matrices will be zero matrices, since there are 
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nonlinearities involved. 

( A g ) y = 0, (5.15e) 

(Ag). . = 0, (5.150 

.(AJJ)y = 0,' (5.15g) 

(A^) / y = 0. (5.15h) 

In equations (5.15), M|7 and A™ (k = 1, 3, 12 or 23) represent the coupling between 

interface nodes and interior nodes. Mj^ and A ^ (k =1 ,3 ,12 or 23) represent the coupling 

between interface nodes. 

The nonlinear terms after discretization are 

(Ni(y2,yr)). = / (c2(x,y2(x,t))Vy2(x,t)Vvi(x) + a2(x,y2(x,t))vi(x))dx, *'e/ir
2, 

ISi.2 

(5.16a) 

(N3(y2,yr))/ = / fa(x,n{x,t))Vy2{x,t)Vvi{x) + a2(x,y2{x,t))Vi(x))dx, ;e/[3-
IQ.2 

(5.16b) 

Finally, 

(fi(t))i = jaSx{x,t)vi{x)dx, iel\2, (5.17a) 

($(*)),• = / S3(x,t)Vi(x)dx, ie 72
r
3. (5.17b) 



To summarize, the discretization of (5.1) and (5.2) is given by 
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Mf^yi + A? yi + M ^ y [ 2 + Afy[2 = fj, 

Mi^y 2 + A2V2 + Mf ^ y r + Af yr + N^(yi, yr) = 4, 

MF |y} +APyi + CM^ + M g ) ^ + (A^ + A g > g 

+M[i |y 2 + A[|y2 + N[(y 2 ,y r)=^ 

MP^y/3 + A3V3 + (M^ + M%) jLyT + (A^ + A g ^ 

+M23^y2 + Agy7, + NRyi, yr) = £ . 

(5.18a) 

(5.18b) 

(5.18c) 

(5.18d) 

(5.18e) 

The above equations (5.18) can be formed as an ODE 

M - y + Ay + N(y) = f, (5.19) 

where 

M = 

Mf 

M» 

MS 
Mg Mg (MgVMg) 

V Mg M^ 

/ A? 

A?' 

Af 

AS 

A3
7 

A j \ A g (Ar + AH) 

M£ 

\ 

(M? + M%) ) 

\ 

A 23 

Af 

V Ar/ Ar/ 

A23 A 3 
(Af + Ag) ^ 

(5.20) 

(5.21) 
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/ 

N(y) = 

\ 

(5.22) 

0 

N7(y7
2,y

r) 

0 

N[(y'2,yr) 

VN^y^yO ) 

A 
f= 4 • (5.23) 

In the above discussion, only the Neumann boundary conditions are considered. If 

Dirichlet boundary conditions are imposed, there will be a slightly different discretization 

form in place of (5.19). At first, I define the index sets 

iD = {i\Xi e daD}, 

i1 = {i\xi^ daD} 

(5.24a) 

(5.24b) 

After introducing 

yD-(yi) , -giD ' (5.25a) 

(5.25b) 

and reordering y in (5.19) as 

„D 
(5.26) 
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(5.19) will have the following form 

M7/ MID \ d_ I y7 \ ( An AID \ ( y1 \ t N'(y) \ - ( * 
MDI MDD ) *\ yD ) + [ AD1 ADD [ YD + \ ND(y) I [ fD 

(5.27) 

The first line of the above equation implies 

Mn^y+AIIy
I + NI(y)=f-MID^yD-AIDyD. (5.28) 

at at 

Since yD is a known boundary condition, it follows that ^yD is also a known function. This 

ODE has the same form as (5.19). 

5.2 Burger's Equation 

Consider the following model problem which couples a Burger's equation to two heat equa

tions. Let Q. = ULi^* ' w h e r e % = (—1.0,-1), &2 = (-1,1) and n 3 = (1,10) and let 

T > 0 be a given time. The model problem is given by 

^(x,t)-iik^(x,t)=Sk(x,t), (x,t)enkx(0,T), (5.29a) 

yk(x,o)=yk0(x), xenk,k= 1,3, (5.29b) 

^ - ( - 1 0 , 0 = 0 , ^ ( 1 0 , 0 = 0 te(0,T), (5.29c) 

' ^ ( jc ,o- / i2^+y2^(* ,0 = o, (x,t)ea2x(o,T), (5.29d> 

y2(x,0)=y20(*), xe£l2, (5.29e) 

with the following interface conditions , 

yi(-l,t)=y2(-l,t), y2(l ,r)=y3(l ,0, r e ( 0 , r ) , (5.30a) 

c a y l ( - i , 0 - = / i 2 ^ ' ( - i , f ) , j u 2 ^ ( i , 0 = j u 3 ^ ( i , 0 , •fe(o,ry. (5.30b) 
djc ' dx ' ' dx dx 
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The forcing functions Si {x,t), Si(x,t) are given by 

Sk(x,t) = Y,bik(x)uik{t), k = 1,3, (5.31) 

where, b{k(x) gives the distribution of «,*(?) over the whole subdomain. For ith subdomain, 

the number of controls will be ns,-. Thus 

/ Sk(x,t)vj(x)dx=J][ bik(x)vj(x)dx)uik(t). 

This implies 

where 

f=Bp, (5.32) 

B 

f'K 
0 

0 

B12 

1 ° 

o \ 
0 

BS 
0 

B23 / 

, o( r )=(ui ( f ) u 3 ( 0 ) v (5-33) 

»l(0 = ( "ll(0 ••• «nf,l(0 ) » »l(0 = ( "13(0 ••• "«s33(0 ) > 

(Bf)ft= f bik(x)Vj(x)dx, jell, i:=l,3, 

(B£) = /" biktfvjixjdx, j e /J, (i\rf) = (1,12) or (3,23). 

The PDE solution at the spatial locations-5,0,5 are of interest. 

5.3 Nonlinear Heat Equation 

In this subsection, I consider a two dimensional hybrid problem which contains two linear 

heat equations and one nonlinear heat equation. The two dimensional spatial domain is de-
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composed as Q = Qi U^2U^3, where Hi = (-21,-5) x (-6,6), Q2 = (-5,5) x ( - l , 1) 

and £*3 = (5,21) x (—6,6) (see Fig 5.1). The interface between Qi and Q.2 is ^12 = 

{-5} x (-1,1). The interface between Q.2 and ^3 is Q23 = {5} x (-1> !)• The geometry 

of this spatial domain looks like a bridge (Q2) connecting two rectangular domains (Q\ and 

15-

10-

5" 

0 

- 5 . 

-10 

-15 j 

-20 -10 0 10 20 

Figure 5.1: The bridge geometry of the 2-D hybrid problem 

On each subdomain Q/t, a heat equation 

~^-(x,t) - V- (ck(yk(x,t))Vyk(x,t)) = Sk(x,t), (x,t) e£lkx (0,T),k= 1,2,3, (5.34) 

is specified, where ci(^(jc,f)) and C3 (;%(*,?)) are constants, but C2(yk(x,t)) is a linear 

function of y2, c2(yk(x,t)) = ay2(x,t) + j3. 

" 1 
"p s 
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The boundary conditions are 

' yi(x,t)=gi(x,t), xedQieft = {-21}x(-6,6), (5.35a) 

y3(x,t)=g3(x,t), xedartgh, = {2l}x(-6,6), (5.35b) 

n-(ckVyk{x,t)) = 0, xE dQ.\ (daleftUdaright). (5.35c) 

The interface conditions along the interfaces Tu and T23 are 

yi(x,t) = y2(x,t), n-{cx(x)Vyi(x,t)) + n- (c2(x,y2(x,t))Vy2(x,t)) = 0, x E rn, 

(5.36a) 
y2(x,t)=y3(x,t), n-(c2(x,y2(x,t))Vy2(x,t))+n-(c3(x)Vy3(x,t)) = 0, xeT23. 

(5.36b) 

Same as Burger's equation, the forcing functions S\(x,t), S3(x,t) are given by 

Sk(x,t) = t,bik(x)uik(t), Ic=l,3. (5.37) 
• ' i = l 

For this hybrid problem (5.34 - 5.36), only the solution of the PDE in the second sub-

domain Q2 and another two outputs are of interest. These two extra outputs are 

z i (0= / yi(x,t)ds, (5.38) 
JdQif]d£iN 

zs(0 = / y3(x,t)ds. (5.39) 

5.4 Balanced Truncation Model Reduction 

I shall apply balanced truncation model to the linear subsystems 1 and 3 in (5.8) and (5.13). 

Input-output relations for these subsystems must be specified in the context of the coupled 

system to ensure that balancing techniques applied to these subsystems leads to a reduced 

model for the coupled system with error bounds. 
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To identify the appropriate input-output relations, I focus on subsystem one first. Ex

amination of (5.8a,b) and (5.13a) shows that Mjr—y^, A^y^ and fj are the inputs into 

system 1 and Mj7—y{ + A^yj are the outputs. Observe that in both Burger's equation and 

the nonlinear heat equation, f[ = Bjiii(f) where B has low rank. This is ideal for model 

order reduction. Like Burger's equation, since only the solutions at -5 and 5 are of interest, 

an auxiliary output (C^7y{ or C^y^) can be given to each linear dynamical system. 

Hence, if 

Mi r = 0 and M[7 = 0, (5.40) 

then model reduction is applied to 

Mi / |y /
1(r) = -A{ /yi(0-A / ry[2(0+B7u1(0 (5.41a) 

z?l(t) = C[yI
1(t), z^(0=A[ /y{(0. (5.41b) 

The system (5.41) is exactly of the descriptor form (2.26) and balanced truncation model 

reduction is applied to obtain 

^ / | ^ W = -A{yi(0-'Avry&(0.+ Bii>i(0- (5-42a) 

3 ( 0 = C & t o . :^(0=AT7y{(0. (5.42b) 

Subsystem 3 can be reduced analogously. Model order reduction can be applied without 

any difficulty to 

Mf^y /3(0 = - A ^ V 3 ( 0 - A ^ 3 ( 0 + B/3U3(0 (5.43a) 

^(0 = <&£(*). zf(0=A^V3(0 (5.43b) 
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M?|y?(r) = -Afyfr) - A?yr
23(t)+%u3(t) 

%(t)=C'3y3(t), ??(0 = A?y,
3(0. 

(5.44a) 

(5.44b) 

Thus, a reduced order system finally can he obtained in the form of 

M^y(r)+A>(0+N(y(0) = Bu(0. (5.45) 

In the above equation, the mass taatrix is 

M = 

•M? 

.M» M£ M£ 

M? 

V 

Mg (M^ + MiJ) 

Mg 

\ 

(MF+Mg-) ; 

(5.46) 

The stiff matrix is 

A = 

(H 

A -

•A? 

A17 

A 12 
A r / 

A23 

A? 

A?' 

A 12 

( A ^ 

A 
A23 

Af 

• ( A F + A g ) ; 

(5.47) 
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Here are the nonlinear parts 

N(y) = 

/ 0 A 

N'.(yi,yr) 

0 

NUy72,yr) 

Finally, 

\ . °7 

(5.48) 

0 

B= g3 • (5.49) 

•o 

0 

The reduced model for the coupled nonlinear system (5.8) and (5.13) is now obtained 

by replacing the subsystem matrices for subsystems 1 and 3 by their reduced matrices. 

The finite element discretization I use mass lumping to obtain (5.40). However alternate 

discretizations, such as spectral elements or discontinuous Galerkin methods satisfy (5.40) 

directly, see [30,33]. 

5.5 Numerical Experiemtns 

5.5.1 Burger's Equation 

The differential equations shall be discretized in space using piecewise linear functions. 

Each subdomain Slj is further divided into equidistant subintervals of length h^ = 1/A/Jt, k = 

1,2,3, and I use piecewise linear basis functions. Let JC, denote the subinterval endpoints 

and let v, be the piecewise linear basis function with V,-(JC,-) = 1 and Vi(xj) = 0 for all j ^ i. 

The size of the system (5.8), (5.13) is 9(Ni +N3)+2N2 +1. The parameters in the PDE 
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are p* = 1, k = 1,2,3, and ii\ =0.05, jU2 = 0.1, fa = 0.2. For subsystem 1 and 31 compute 

low-rank approximate solutions of the controllability and observability Lyapunov equations 

using the method described in [25]. I truncate such that o>+i < Tffi, where % = 10~4. 

The sizes of the full and of the reduced order models for various discretization pa

rameters are shown in Table 5.1. The subsystems 1 and 3 reduce substantially and the 

size of the subsystem 2 limits the amount of reduction achieved overall. For example, for 

N\—N^ = 20 the subsystems 1 and 3 are each reduced in size from 180 to 11. The size of 

the coupled system is reduced from 361 + 2iV2 to 23 + 2Â 2. 

Table 5.1: Dimension of the full and of the reduced order models for various discretization 

parametersiv"i,W2,iV3 and T = 10~4. '• 

Ni=Ni 

10 

20 

40 

20 

40 

N2 

10 

20 

40 

10 

20 

size of full order model 

201 

401 

801 

381 

761 

size of reduced order model 

41 

63 

107 

43 

67 

Next, the outputs from both original and reduced systems are compared by given forc

ing functions Si(x,t) = bu(x)uu(t), S^fat) = bi3(x)ui3(t) (cf-, (5.31)) with b\i(x) = 1, 

bii(x} = 1, wn(r) = Jsin(3f)(l -0.8f/r) , uu(t) = sin(2t)(03+ 0.7t/T) on (0,T) = 

(0,15). The full order model (5.8), (5.13) and the corresponding reduced order model 

are solved using the modified 0-scheme [22,68] with (macro) time step At = T/200. Fig

ure 5.5.1 shows the outputs, i.e., the approximate solution of the PDE at %\ = —5,̂ 2 = 

0, £3 = 5. Figures 5.3 and 5.4 show the solution of the full discretized PDE and the reduced 

order discretized PDE, respectively. 
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0 5 10 15 

Figure 5.2: Outputs 1, 2, 3 of the full order system corresponding to the discretization 

Ni'— N2=Ns = 10 are given by *, o and • , respectively. Outputs 1, 2, 3 of the reduced 

order system are given by dotted, dashed and solid lines, respecitively. 

Full System 

Time 0 - 1 0 Space 

Figure 5.3: Solution of the full discretized PDE for discretization Ni = N2 = N3 = 10. 
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Reduced System 

Time 0 -10 Space 

Figure 5.4: Solution of the reduced order system for discretization N\ = Afc = N$ = 10. 

The solution of the discretized PDE is visually indistinguishable from the solution of 

the reduced order discretized PDE, as indicated by the size of the error shown in Figure 

5.5. 
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-0.0*5 

Figure 5.5: error between the solution of the discretized PDE and the reduced order system 

for discretization N\ = A^ = N$ = 10. 

5.5.2 Nonlinear Heat Equation 

In this example, the meshes were generated by GRUMMP [45]. The coarse grid is shown 

in figure 5.6. In this problem, only the nonlinear part of the system is of interest. To help 

your understanding, an auxiliary output, 

Z2 « = / , 
dn2n«jv 

y2(x,t)ds, (5.50) 

is added to the nonlinear system. 
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Figure 5.6: A coarse mesh generated by GRUMMP on ft. 

The parameters in the PDE are c\ = 40, C2 = 25y2 + 25, C3 = 40. For subsystem 1 

and 3, low-rank approximate solutions of the controllability and observability Lyapunov 

equations are computed using the method described in chapter 3 of this thesis. The system 

is truncated at the least r such that ar+\ < zoi, where T = 10-6. 

The sizes of the full and of the reduced order models for various mesh refine levels are 

shown in Table 5.2. The subsystems 1 and 3 are reduced substantially and the size of the 

subsystem 2 limits the amount of reduction achieved overall. 
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Table 5.2: Dimension of the full and of the reduced order models for various mesh refine 

levels. • 

r 

1 

2 

3 

4 

5 

# of vertices 

491 

2183 

4715 

8350 

12456 

# of elements 

862 

4105 

8980 

16194 

24270 

1st system size 

218 

998 

2192 

3891 

5803 

reduced 

30 

50 

68 

78 

88 

full model size 

467 

2117 

4649 

8230 

12326 

reduced 

91 

221 

401 

604 

896 

Next, I simulate both the full order model and the reduced order model by the following 

setting. (Note that the forcing functions are interpreted by Dirichlet boundary conditions.) 

T = &n,Sk(x,t) = Zl=ibik(x)uik(t) = 0,gi(x,t) = 2 + 3sin(f), g2(x,t) = 4sin(2f). Both 
8 

full and reduced models are solved using backward Euler method with time step —— it. 6 F200 

For a coarse mesh, figure 5.7 shows the time domain responses zi(f), iiit) and tiit) 

of the full and reduced models. From this figure, one can see that the error generated by 

model order reduction is relatively small. It is roughly on the scale as the truncation error 

of the model reduction method. 
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10 15 
Time 

Figure 5.7: Outputs 1,2,3 of the full order system on the coarse mesh are given by *, o and 

• , respectively. Outputs 1, 2, 3 of the reduced order system are given by dotted, dashed 

and solid lines, respecitively. 

Figure 5.8 and figure 5.9 show the results of the full and reduced models on a coarse grid 

at time t = 10.053 respectively. In figure 5.10 shows the error between them. The solution 

of the discretized PDE is visually indistinguishable from the solution of the reduced order 

discretized PDE, as indicated in figure 5.10 by the log10 of the absolute error. 

Full System @t=10.053 

-5 -20 

Figure 5.8: Solution of the full model at time t = 10.053 on a coarse grid. 
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Reduced System @ t=10.053 

Figure 5.9: Solution of the reduced model at time t = 10.053 on a coarse grid. 

Error between Full and Reduced @ t=10.053 

Figure 5.10: Error between full and reduced models. 

As shown figure 5.11, the errors on &2 are significantly smaller than the errors on Cli 

and Q3. This is because that the nonlinear system has not been reduced and the inputs of 

this nonlinear system from the linear systems have a very good prior error bound. 
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Error on Nonlinear part @ t= 10.053 

Figure 5.11: Error between full and reduced models on Q.2-

For a fine mesh, the similar results can be observed. At first, the time domain responses 

generated by both full and reduced models are shown in figure 5.12. 

Output 

100 

-20 
10 15 

Time 

Figure 5.12: Outputs 1,2, 3 of the full order system on the fine mesh are given by *, o and 

• , respectively. Outputs 1, 2, 3 of the reduced order system are given by dotted, dashed 

and solid lines, respecitively. 

Figure 5.13 and figure 5.14 show the results of the full and reduced models on the fine 

grid at time t = 10.053 respectively. In figure 5.15, the absolute errors between them are 
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presnted. The solution of the discretized PDE is still visually indistinguishable from the 

solution of the reduced order discretized PDE, as indicated in figure 5.15 by the log10 of 

the absolute error. 

Full System @t=10.053 

Figure 5.13: Solution of the full model at time t = 10.053 on a fine grid. 

Reduced System @ t=10.053 

Figure 5.14: Solution of the reduced model at time t = 10.053 on a fine grid. 
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Error between Full and Reduced @ t=10.053 

Figure 5.15: Error between full and reduced models. 

Similar to the case on the coarse grid, the errors on Q2 are significantly smaller than 

the errors on £l\ and Q$ (as shown figure 5.16). As the mesh getting finer, the error on the 

nonlinear system also gets smaller. 

Error on Nonlinear part @ t=10.053 

Figure 5.16: Error between full and reduced models on £&2-



Chapter 6 

Parallel Domain Decomposition for 

Large-Scale Power Grids Simulation 

This chapter concerns an application arising from large-scale power grids simulation us

ing domain decomposition. I present fully parallel domain decomposition techniques for 

efficient simulations of large-scale linear circuits such as power grids. 

With increasing power consumption and faster operating frequency of microproces

sors, the design of effective power distribution networks has emerged as a critical design 

challenge. The parasitics associated with the power distribution network and time-varying 

circuit currents induce supply voltage variations across the integrated circuit. Such power 

supply variations may impact circuit performance and compromise noise immunity. Exten

sive simulations are usually performed to identify and correct such instances during design. 

The power distribution network typically has a grid structure and is commonly referred to 

as the power grid. The power grid for a modern integrated circuit may consist of sev

eral million electrical elements, which makes simulation computationally (time-resource) 

intensive [59]. 

Although several techniques have been proposed for power grid simulation in literature, 

no fully parallel simulator has been described to date. DD methods, which are based on the 

general concepts of graph partitioning, refer to techniques of divide-and-conquer that have 

130 
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been primarily developed for solving partial differential equations [57,61]. The DD ap

proaches described in this chapter partition the power grid into several smaller sub-circuits, 

called subdomains. The subdomains can be solved independently in parallel using stan

dard techniques for linear system analysis. Synchronization steps between iterations are 

performed through a small interface to obtain the solution of the original system. Parallel 

DD leverages the full computing power of multi-core and multi-CPU mainstream comput

ing systems. Simulation results show that with the proposed DD framework, existing linear 

circuit simulators can be extended to handle otherwise intractable systems, e.g., a circuit 

with 10M nodes. 

Two versions of DD — non-overlapping and overlapping — to handle various chal

lenges in power grid simulation are described in this chapter. Non-overlapping DD refers 

to DD where the subdomains do not have any nodes in common. The subdomains are 

connected by interface nodes. The subdomains are solved using direct or iterative meth

ods. I have successfully incorporated several simulators such as LU factorization as well as 

multi-grid and other preconditioners into the non-overlapping DD framework. Simulation 

results show that fully parallel non-overlapping DD can accelerate power-grid simulation 

in all the cases. It is shown to be a super-set of macro-modeling techniques [74], which are 

limited to LU or Cholesky factorization as the solver for each subdomain. 

I previously presented a non-overlapping DD technique with sequential implementation 

in [75]. I further present a parallel version and develop an overlapping DD technique to 

overcome the limitation of non-overlapping for dense connected grids [67]. In this chapter, 

the loosely or dense connecting means the electrical connection in the top layer. Generally 

speaking, more mutual inductance effects are considered, the connect is more dense. The 

non-overlapping partition is employed to reduce the interface nodes between subdomains 

and minimize the computational cost of the Schur complement. Overlapping partition is 

conducted on the system matrix instead of the circuit with much higher flexility in partition, 

because its purpose is to build a preconditioner for iterative solvers [67]. 

Increasing the number of subdomains increases the number of interface nodes and this 
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may pose a computational bottle-neck. To handle a large number of interface nodes, I pro

pose the use of DD as a preconditioner, and explore the tradeoff between the number of 

interface nodes and subdomain size in this chapter. When DD is used as a preconditioner, 

domain partitioning can be conducted on matrices directly without knowledge of system 

geometry. Overlapping DD based on the additive Schwartz method that allows subdomains 

to overlap and provides greater flexibility in power-grid simulation is described in this chap

ter. The biggest advantage of this approach is that the computational cost of the additive 

Schwartz method does not scale up as the size of the interface increases. Results show that 

for dense connected power grids, better runtimes and higher scalability are achieved using 

this approach. Such overlapping DD is applicable to DC simulation to verify IR drops in 

dense connected grids. For a 2000 by 2000 grid with 4M nodes, the grid was partitioned it 

into 4 subdomains and with various total interface nodes between subdomains from 40 to 

a maximum of 4000. The DC simulation for DD+LU increases from 130s to 799s, while 

that of the additive Schwartz method maintains roughly constant between 232s and 248s. 

The additive Schwartz method outperforms DD+LU for the DC simulation when interface 

nodes are greater than 800. The results in this chapter have been published as [67,75]. 

6.1 Background 

The power grid of an integrated circuit is traditionally described as a large-scale linear 

system. Simulation of power grids usually consists of both DC and transient analysis. 

DC analysis is used to estimate the IR voltage drop by solving the system once, whereas 

transient analysis needs simulate the system several times to verify the Ldi/dt voltage drop. 

The power grid can be described using the Modified Nodal Analysis (MNA) [51] as 

Gx(f) + Cx(*)=u(0, (6.1) 

where x is a n dimensional real vector of node voltages and inductor currents, G is a n x n 

conductance matrix, C denotes the capacitance and inductance terms, and u(t) includes the 
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loads and voltage sources, n can be of the order of millions for reasonable size power grids. 

By applying the backward-Euler method to the system in Eqn. (6.1), I obtain 

' (G+.C/h)x(t + h)=u(t + h) + Chx{t)/h, (6.2) 

where h is a fixed time step for the transient analysis. Eqn. (6.2) can be rewritten as 

\x(t + h)=B, (6.3) 

where A = G + C/h and B = u(f + h) + Cx(t)/h. 

Two approaches widely used to solve Eqn. (6.3) are based on direct solvers and iterative 

solvers. Both have been implemented as solvers of subdomains in our DD framework. Our 

results will demonstrate that the choice of solver has a profound impact on simulation 

performance both in terms of CPU time and memory requirement. A brief summary of 

these approaches is given below. 

Direct solvers perform a LU or Cholesky factorization of the matrix A to get lower and 

upper triangular matrices L and U. The system is then solved using forward and backward 

substitutions on the vector B. The matrix A usually lacks the sparse symmetric positive def

inite structure when inductance effects are considered. As a result, Cholesky factorization 

is not considered in this chapter. 

After factorization, direct solvers are usually much faster than iterative solvers. 

Whereas factorization is significantly more expensive than the substitution pass, LU fac

torization of A may be still justified in transient analysis. This is because the factorization 

can be reused at each time step, and its cost is negligible when amortized over hundreds 

of time steps in transient analysis. The primary drawback of direct methods is memory 

requirement caused by fill-in during factorization. Direct factorization of a large matrix A 

is computationally intractable as A becomes large. 

Iterative methods [57] use simple matrix operations to avoid the costly direct factoriza

tion. The most common computational kernels is matrix-vector multiplication. Iterative 
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solvers can be very fast when solving a system a few times. However, as the number of 

simulation steps increase, they are inefficient due to the similar workload at each time step. 

The cumulative costs over several time steps during transient analysis may exceed the cost 

of direct factorization. 

A good preconditioner is necessary for most iterative solvers. Preconditioning is a 

modification of the original problem that accelerates the iterative methods. For example, 

in solving a linear system Ax = B, an explicit or implicit operator P _ 1 such that P « A 

is sought to solve P_1Ax = P_1B efficiently. The preconditioned used in this chapter are 

incomplete factorization, algebraic multi-grid, and additive Schwartz. For a sparse matrix 

A, the incomplete factorization computes a sparse lower triangular matrix L and a sparse 

upper triangular matrix U, such that LU approximates A. The basic idea of multi-grid 

preconditioning is to approximate the original system by interpolations of a smaller system 

on a coarse grid. The additive Schwartz preconditioner uses domain decomposition as a 

preconditioner and is described in this chapter. 

6.2 Previous solutions 

Several simulation techniques have been developed for power grid simulation and analysis 

in literature. Sparsity and the grid structure in the power distribution network are usually 

exploited to reduce computational complexity [12,34,64,76]. A preconditioned conjugate 

gradient iterative method, using incomplete Cholesky factorization as the preconditioner, 

was described in [12]. Although this preconditioner-based iterative method reduces the 

computational complexity of DC analysis of power grids to 0(n2), it is not efficient for 

transient analysis since it is not possible to leverage previous simulation runs. A multi-

grid approach that also exploits the grid structure by mapping the original system to a 

coarsened grid, solving the coarsened grid, and remapping back to the original grid was de

scribed in [34]. The solution of the original system through remapping is obtained through 

an interpolation procedure. However, this method may not always be accurate. Moreover, 
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the effort to keep track of the geometrical information of the power grid is expensive, fur

ther limiting its applications. Algebraic multi-grid methods were proposed in [64] and [76] 

to handle general network topologies. Algebraic multi-grid methods can be thought of as 

iterative solvers that use the multi-grid operator as a preconditioner. In such methods, the 

computational cost in each time step of the transient analysis is comparable to that for DC 

analysis, making it unsuitable for efficient transient analysis. Other approaches to power 

grid analysis include random walks, model order reduction, and hierarchical analysis. Sta

tistical techniques based on random walks [39,53] are very fast but suffer from accuracy 

loss and convergence issues. Model order reduction methods are inefficient for power grid 

simulation due to (i) a large number of external terminals and (ii) the loss of sparsity in the 

reduced model [20,73]. 

Hierarchical techniques are applicable if the power grid is not flattened, and macro-

models for local grids can be built to speed up simulation at the global level [38,74]. 

However, macro-modeling has the following three limitations. First, the final matrix de

scribing the macro-models of all local grids and the global grid is a dense matrix. The 

solution of such a large-scale dense matrix is a major computational burden and thus limits 

the applications of macro-modeling. Sparsifying a dense matrix by neglecting relatively 

small entries, as proposed in [74], is a possible solution but this may result in significant 

errors if the condition number of the dense matrix is large [23]. Second, macro-modeling 

needs the geometric information of power grids. Last, macro-modeling is not efficient for 

DC simulation because of the involved LU or Cholesky factorization in each local grid. 

In this chapter, I propose a divide-and-conquer approach based on DD. It complements 

traditional direct solver methods as well as preconditioner based iterative methods, and pro

vides improvements in both runtime and problem tractability. This approach has enhanced 

the macro-modeling approach in [74] by overcoming its three limitations as follows. First, 

the size of the final matrix is reduced by building non-overlapping subdomains, so it can 

be solved without matrix sparsification. Second, DD can be performed on the system ma

trix directly, without any knowledge of geometric information. Finally, the solver of each 
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subdomain can be any simulator, which provides flexibility in DC and transient simula

tions. Macro-modeling can be regarded as a sub-set of general domain decomposition that 

employs LU or Cholesky factorization in each subdomain. 

6.3 Direct Solution 

Domain decomposition methods refer to techniques of divide-and-conquer that have been 

primarily developed for solving partial differential equations [57,61]. They are based on 

the general concepts of graph partitioning. In this section, I describe non-overlapping DD 

techniques based upon the Schur complement. Overlapping DD techniques based upon the 

additive Schwartz preconditioner will be described in the next section. 

6.3.1 Non-overlapping domain decomposition 

Suppose the power grid described by (6.3) has been partitioned into m subdomains &;, 

/ = 1,2,..., m by reordering the variables. The nodes in the original system is classified 

into (i) interior nodes of subdomains and (ii) interface nodes. Note that interface nodes are 

not contained in any of the subdomains. Based upon this, for a general partitioning of the 

original system into m subdomains, (6.3) has the following structure: 

A22 

"•mm 

^ An Ar-2 ••• Apw 

In this system, the matrices An, A22, • • •, Amm correspond to the m subdomains, Apr cor

responds to the interface nodes, and the matrices Air, A2r» • ••» Awp and An, An,. . . , Arm 

capture connectivity information between the interface and the corresponding subdomain. 

Each x; represents the sub-vector of state variables that are interior to subdomain Q.{, and y 

Air 

Mr 

Amr 

\ / X l \ 

X2 

Arr 7 \ y ) 

(6.4) 

V 8 / 
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represents the sub-vector of all interface variables. The matrices fi, f2, • • •» tn correspond 

to the loads and voltage sources contained within the corresponding subdomain Q, and the 

matrix g corresponds to the loads and voltage sources at the interface nodes. 

Theorem 6.3.1. If there is no direct coupling capacitance and no direct mutual inductance 

between subdomains, the systems described by equations (6.3) and (6.4) are equivalent. 

Proof. When DD is used to partition the original system, the nodes are classified into either 

interior nodes or interface nodes. Cross terms between x,- and Xj (i ̂  j) are encountered 

duringMNA only if coupling capacitances or mutual inductances exist in the system. Since 

such effects can be negligible at the interface nodes (see note below), the cross terms are 

zero and the two systems are equivalent. . • 

Note that the assumption of Theorem 6.3.1 is true when the mutual inductance effect 

and coupling effect across the domain is ignored [65]. The inductance and coupling effects 

within domains are still taken into consideration. Furthermore, flip-chip technology uses 

C4 bumps that provide a more direct power delivery path in modern designs, resulting in 

power grid shells [13] and localized responses at frequencies greater than 250MHz [46]. 

These properties can be exploited to select interface nodes that naturally isolate the original 

system into subdomains. 

The following propositions follow directly from the above theorem: 

Proposition 3.1: If A is symmetric and positive definite, subdomain matrix A; is also 

symmetric and positive definite with An = A^. 

Proposition 3.2: For an original system with n nodes, the size of subdomain variables 

x,- is 0(n) and the size of interface variables y is 0(y/h). 
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6.3.2 Schur complement 

To simplify notation, Eqn. (6.4) can be rewritten as 

j where A = | " | . (6.5) 

Consider the linear system written in (6.5), in which AD is assumed to be non-singular. 

From the first equation of (6.5), the subdomain variables x can be expressed as 

x = A51(f-Ey). (6.6) 

Substitution of this form into the second equation of (6.5) yields the following system of 

equations: 

(ArT-FA51E)y = g-FAo1f. (6.7) 

The matrix 

Apr—FA^E (6.8) 

is called the Schur complement matrix associated with the interface variables y. Solving 

equation (6.6) constitutes the computational core of the DD technique. A consolidated 

three-step procedure to solve the original system is as follows. First form the Schur com

plement matrix Apr — FA^E and the right hand side of Equation (6.7). Next, solve 

Equation (6.7) for the interface variables y. Finally, by substituting y in Equation (6.6), 

obtain a solution for the subdomain variables JC. 

A high-level DD algorithm DOMAIN-DECOMPOSITION-SOLVER that takes as inputs 

AD, Am E, F, f and returns the solution for the interface variables y and the subdomain 

variables x is as follows. 

1. Solve ADP = E for P, i.e., obtain P = A^1E 

2. Form the Schur complement matrix S = Apr — FP 
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3. Solve A^q = f for q, i.e., obtain q = A5 f 

4. Calculateg' = g -Fq 

5. Solve the equation Sy = g' for interface variables y 

6. Solve x = q — Py for the subdomain variables x 

All above procedures can be well parallelized. In step 1), since Ap is a block diagonal 

matrix, the solution P = A^'E can be obtained by P, = Ar'AaV In step 2), forming the 

Schur complement matrix would be 

m m 

S = A r r - F P = A r r - £ A n P J = A r r - £ A n A r 1 A i r . (6.9) 

Each Pi.nPi can be computed in parallel. Step 3) is similar to step 1). Step 4) is a parallel 

matrix multiplication. In step 5), S is a dense matrix which can be solved in parallel by 

ScaLAPACK [9]. Step 6) is another parallel matrix multiplication. 

6.3.3 Complexity analysis 

Without loss of generality, assume that a circuit with n nodes is partitioned into m equal 

sub-circuits. Then, each subdomain approximately has n/m nodes. Suppose that solving a 

linear system by direct or iterative methods has a complexity of 0(np), where n is the size 

of the linear system and p > 1. Using the proposed DD technique, the computational cost of 

solving a single sub-system is 0((n/m)p). Multiplying by m, the complexity of the solution 

for the entire system is 0((np)/(mp~1)). Note that this only occurs in the theoretically 

ideal case. For most practical cases, it is essential to factor in auxiliary computations in 

DD algorithms, such as addition, multiplication, the formation of the Schur complement 

matrix (which is much smaller than the subdomain matrices), and the cost for solving 

the interface. Based on this, it is reasonable to expect that a parallel version of the DD 

algorithm will achieve speed-up over solving the original system for large n. 
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The efficiency of DD is reduced as the number of interface nodes increases. This is 

addressed using parallel DD based on overlapping partitions in this chapter, as described 

in detail in the next section. The main advantage of parallel overlapping DD is that the 

computational cost of DD remains nearly constant even as the interface grows in size. 

6.3.4 Circuit partitioning 

It is well known that general graph partitioning is a iVP-hard problem. The proposed DD 

technique uses an efficient but sub-optimal algorithm to partition the circuit into nearly 

balanced sub-domains. 

Consider a circuit that needs to be partitioned into m subdomains. Begin by selecting a 

subset of m nodes in the circuit such that the pairwise distance between them is nearly equal. 

The distance between two nodes is defined in a graph-theoretic sense, and is measured in 

terms of the length of the shortest path needed to reach one node from the other. Such 

nodes are termed the cores of the subdomains. The expansion starts from the core of a 

subdomain. At every step, each core incorporates the nodes that are closest to it in terms 

of distance. The subdomains thus grow larger and larger during the expansion. A node 

can be incorporated exactly once into exactly one subdomain. The expansion stops when 

all the nodes are incorporated into a subdomain. Those nodes whose neighbors belong to 

other domains are marked as the interface nodes and are removed from their domains. In 

this manner, the entire circuit is partitioned into m subdomains and the interface. 

The following algorithm DOMAIN-PARTITION takes as input a circuit with n nodes and 

m core nodes vi, V2,..., vm, and returns m subdomains as the output. 

1. Assign default color 0 to all the nodes, 

for(i=l: 1: m)docolor(v,) = i 

2. define node-set = {v,-: 1 < i < m} 

interface = 0, nNodes = m 

3. while (nNodes < n) do 
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• for v,- € node-set do 

- for every neighbor of v,-, say Vj, do 

* if color(vy) ==0 

• color(vy) = color(v,) 

• nNodes = nNodes +1 

• node-set = node-set U {v/} 

* else 

• interface = interface U {v,} 

• color(v,)= m+\ 

* end 

- end 

• end 

This algorithm is a simple solution to partition a circuit into sub-circuits. There are no 

common nodes between different subdomains. Fig. 6.1 shows an example, in which matrix 

A was partitioned into four subdomains and the interface. The sparse structure of A was 

preserved in the subdomains. The interface nodes account for a small fraction of all nodes 

and this proportion decreases as the problem size increases. 
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Sparsity pattern of original A matrix 
Oi 

200 

0 50 100 150 200 

Sparsity pattern after DD 

0 50 100 150 200 

Figure 6.1: This figure illustrates circuit partitioning with four subdomains and a single in

terface. The sparse structure of the original matrix A (top-half of the figure) was preserved 

at each of the subdomains A,-,- (bottom-half of the figure). The matrices An, A,r, and Apr 

are also circled for illustration in the bottom-half of the figure. 
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6.4 Overlapping Domain Decomposition 

For those circuits whose non-overlapping partitions have really large interfaces, the cost of 

Schur matrix computation may be comparable to the subdomain computations. To over

come this potential difficulty, I introduce an algebraic domain decomposition precondi

tioning technique, the additive Schwartz method [61]. The additive Schwartz method uses 

algebraic partitions of the system matrix that are independent of the geometric information. 

In other words, DD is used as a preconditioner rather than to build the Schur complement. 

Although DD can be used to generate non-overlapping partitions of the system matrix 

within the additive Schwartz method, overlap can result in a better approximation and con

vergence of the additive Schwartz method. Note that for the additive Schwartz method, 

the interface is defined by the extent of overlap. The biggest advantage of the proposed 

approach is that the computational cost of the additive Schwartz method does not scale 

up as the interface, i.e., overlap increases. Parallel overlapping DD based on the additive 

Schwartz method is described in the rest of this section. 

6.4.1 Additive Schwartz Preconditioner 

In the additive Schwartz procedure, the original matrix A is partitioned into overlapping 

subdomains, instead of non-overlapping subdomains in the Schur complement approach. 

The overlapping regions from different subdomains play a role in data communication. 
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Figure 6.2: Overlapping matrix partition 

Considering a linear system Ax = B. Fig. 6.2 is an example of its partition using DD. A 

is partitioned into four blocks from Ai to A4, and two regions with some non-zero entries. 

Each A,- is defined by A, = R,AP„ where P, is the operator that maps from subdomain Q, 

to the whole domain Q., and R, is the restriction operator which restricts the global vector 

to the vector on ft,-. Subdomain Q, has the same rows as block A,- but the same columns as 

the whole matrix A. 

The additive Schwartz preconditioner (P^cj) of the linear system is defined by 

m 
(6.10) 

«=i 

The term additive Schwartz simply refers to the fact that the components of the precon-

ditioners are added together. Both LU factorization and iterative methods can be used to 

obtain Ar1. 

This additive Schwartz preconditioner is able to accelerate the convergence of iterative 

methods by a block-like structured preconditioner. To illustrate this, I compare DC sim

ulations of a 40K power grid three preconditioned, no preconditioner, a three-step Jacobi 

preconditioner, and a four-subdomain additive Schwartz preconditioner, in a GMRES algo

rithm. Here, I use the stopping criteria || Ax - b||2 < 10_10||b||2. GMRES converges after 

7641 iterations (47.85 sees) without any preconditioner, 2635 iterations (24.29 sees) with 
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the Jacobi preconditioner, and only 16 iterations (0.36 sees) with the additive Schwartz 

preconditioner. 

6.4.2 Algebraic Partition 

The partition in the additive Schwartz procedure can be implemented on the matrix directly 

rather than on the power grid physically. Here, I assume that the rows of the sparse matrix 

A are distributed on a parallel machine for simulation. In the beginning, each row can only 

be assigned to one processor. A, will be easily extracted on each processor from its own 

part in the matrix A, by dropping all off-processor columns. Once A,- is known, matrixes R,-

and P, are implicit. In this non-overlapping case, there will be no communication among 

processors. 

Next, by enlarging the set of rows on each processor, I have a partition with wider over

lapping. It means that any processor can share one or more rows with any other proces

sor. Such overlapping requires more data communication among processors. Information 

recording the allocation of rows in ith processor is the matrix P,-. I use R; = Pf to extract 

block A; such that A, = R,-AP,-. Fig. 6.3 is an example to show the matrices Pi and Ri 

in extracting block Ai from matrix A. I associate one subdomain with one processor to 

achieve parallelism. 

A, 
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Figure 6.3: Matrix A is divided into two subdomains, subdomain Q.\ from row 1 to row 4 

and subdomain Q.2 from row 3 to row 6 . 
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6.4.3 Parallelism Strategy 

The construction of the preconditioner can be well parallelized by calculating the LU fac

torization of A,- on each processor. For the solution of the preconditioned linear system 

P^Ax = P^b , (6.11) 

the main workload in every iteration of any iterative method (like GMRES) is to evaluate 

z = P^s Ax. The evaluation contains two steps (i) y = Ax and (ii) z = P^y. In the first step 

y = Ax, since A is already distributed along rows, each processor computes only its local 

part in Ax. The global vector y is formed by collecting all local vectors from all processors 

and is then broadcast back to all processors. In the second step z = P^iy. each processor 

already knows the global vector y. Note that P^J = Y!iL\ P/Af^R;. z = P^y is available 

by computing z,- = P/Ar'R/y on each processor and adding all z,'s together. 

6.5 Numerical Experiments 

The proposed parallel DD methods have been implemented and integrated into a linear 

simulator written in C++. Mesh networks were used to model the power grids, which 

consist of RLC wires, voltage sources, current sources, and decoupling capacitors. Fig. 6.4 

shows a part of a grid model used in our experiments. 
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Figure 6.4: This figure illustrates a small portion of the power grids used for the sim

ulations. The matrix A lacks the sparse symmetric positive definite structure due to the 

inductance. Hence, the conjugate gradient algorithm is not used in the simulations. 

6.5.1 Simulation Environment 

All simulations were performed on a cluster machine with 4 nodes. Each node has 

• CPU: AMD Opteron 146 (2.0 GHz) 

• Memory: 4.0 GB 

• OS: Red Hat Enterprise Linux 4.0, x86_64 (2.6.9-11 kernel) 

• Compilers: GCC(g77, gcc and g++) 3.4.3 

• Message Passing: MPICH 1.2.6 

• Packages: ScaLAPACK, Trilinos 6.0.15 (compiled without MPI), SuperLU 3.0 
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6.5.2 Implementation 

The simulation results for 4 circuits, A with 40K nodes, B with 1M nodes, C with 4M 

nodes, and D with 10M nodes are presented here. Circuits A, B, and C were partitioned 

into 4 subdomains. Circuit D was partitioned into 8 subdomains. The choice of subdomains 

depends on how fast a subdomain can be solved and the size of the induced interface. For 

our implementation and simulation environment, subdomains of the order of 1M nodes 

have achieved best results and are used to select the number of subdomains for all the 

circuits in this chapter. An error tolerance e = 10~10 was specified in solving the system of 

linear equations Ax = b for x. When the relative residual -—... „ < e, the approximate 
||b||2 

solution is accepted. 

Tables 1 and 2 report the average CPU time in seconds for DC and 20-step transient 

simulations of the four circuits respectively. Note that"-" means that the algorithm either 

ran out of memory or that it could not finish in a reasonable time allowed for completion. 

"*" means the necessary 8 processors were not available. This limitation occurs only when 

AS is run with 8 subdomains, since all subdomains have to be in flight simultaneously to 

communicate information between overlapping partitions. The different power grid simu

lation frameworks that were implemented (or used) are summarized below. 

• SPICE: the general circuit simulator 

• LU: computing LU factorization, solving the linear system k times by forward and 

backward substitutions; 

• IF: generating incomplete LU factorization preconditioner (IF) with drop tolerance 

0.001, solving the linear system k times by GMRES method with IF preconditioner; 

• MG: generating five-level multi-grid preconditioner (MG) with direct solver on the 

coarsest grid and Gauss-Seidel prior/post smoothers, solving the linear system k 

times by GMRES method with MG preconditioner; 
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• DD+LU: DD method solving the linear system k times with direct solver (LU) for 

subdomain problems; 

• DD+IF: DD method solving the linear system & times with iterative solver (IF pre-

conditioner) for subdomain problems; 

• DD+MG: DD method solving the linear system k times with iterative solver (MG 

preconditioner) for subdomain problems; 

• AS: iterative GMRES solver with additive Schwartz preconditioner. LU factorization 

is used to solve the subdomain problems. 

Note that the Trilinos [29] package I used for computation has already been well optimized 

for large-scale sparse computing. Note also that the SuperLU [40] package that was used 

for LU factorization is one of the best available direct solver packages. Our DD-based 

approaches have shown that existing algorithms can be extended to large-scale power grid 

analysis. 

Table 6.1: Runtimes for DC simulation (sees) 

Circuit 

# nodes 

#subdomains 

SPICE 

LU 

IF 

MG 

DD+LU (serial) 

DD+IF (serial) 

DD+MG (serial) 

DD+LU (MPI) 

DD+IF (MPI) 

DD+MG (MPI) 

AS (MPI) 

A 

40K 

4 

250.00 

0.81 

1.95 

0.67 

0.44 

59.31 

3.57 

0.16 

16.86 

1.40 

0.34 

B 

1M 

4 

'— 

124.85 

470.86 

25.44 

56.30 

1659.20 

174.43 

14.32 

492.55 

47.21 

32.00 

C 

4M 

4 

— 

— 

— 

— 

— 

— 

• •— 

157.20 

5339.36 

214.17 

290.43 

D 

10M 

8 

• • — 

— 

— -

— • 

—-

— 

— 

449.32 

— • 

829.53 
* 
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Table 6.2: Runtimes for transient simulation with 20 time steps (sees) 

Circuit 

# nodes 

# subdomains 

SPICE 

LU 
IF 

MG 

DD+LU (MPI) 

DD+IF (MPI) 

DD+MG (MPI) 

AS (MPI) 

A 

40K 

4 

563.48 

3.67 
21.01 

9.66 

1.14 

41.03 

2.97 

3.71 

B 

1M 

4 

— 

230.22 

3888.42 

404.47 

18.96 

1157.21 

105.68 

359.91 

C 

4M 

4 

' : 

183.80 

17446.36 

462.62 

1852.46 

D 

10M 

8 

— 

'— 

— 

-— 

517.21 

— 

1707.85 
* 

6.5.3 DC Simulation 

The computational cost of DC simulation consists of pre-computation and one step of 

substitution. Pre-computation refers to LU factorization (for LU), generating precondi-

tioner (for MG, IF, and AS), or forming Schur complement matrix and its factorization (for 

DD+LU, DD+MG and DD+IF). For single processor machines, if sufficient memory is 

available, the iterative solver with MG preconditioner is faster than all the methods. How

ever, the memory requirement of MG limits its application to large-scale problems directly. 

Note that MG is a GMRES iterative solver with a MG preconditioner. Total memory re

quirement contains the storages of multigrid preconditioner, GMRES, and a sparse matrix 

A. For instance, to solve a linear system of size 4M, a GMRES algorithm that restarts every 

60 inner iterations needs at least 4MB x 60 x 8 ft* 1.92GB memory. The storage for the 

sparse matrix A is around 1GB. 

This difficulty may be overcome by parallel DD. Without parallelism, a single processor 

machine has to take the memory requirements from all subdomains. This may exceed the 

maximum available memory of the processor. Consequently, problems of size 4M or larger 

have not been able to be solved in a single processor machine. Parallel DD distributes the 
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Table 6.3: Runtime analysis with various interface nodes for DD+LU (MPI) and AS, 4M 
size (sees) 

# interface nodes 

.LU(A,7)' 
AnA^A/r 

LU(S) 
One substitution 

Total DD+LU 

AS (MPI) 

40 

123.40 

5.73 

0.01 

1.25 

130.39 

290.43 

100 

126.10 

14.20 

0.01 

1.47 

141.78 

294.90 

200 

127.00 

29.15 

0.01 

1.53 

157.69 

268.77 

400 

134.57 

61.74 

0.01 

1.78 

198.10 

260.18 

800 

131.69 

123.53 

0.10 

1.89 

257.21 

252.42 

1000 

129.73 

147.64 

0.19 

1.96 

279.52 

269.01 

2000 

131.48 

307.89 

1.45 

2.13 

442.95 

287.63 

4000 

133.78 

651.40 

11.01 

2.36 

798.54 

298.39 

memory requirement across the available number of processors. Each processor is only 

associated with one subdomain at a time. This divide-and-conquer technique reduces the 

computational cost for each processor. From Table 1, it is clear that DD+LU, DD+MG, or 

AS are all good candidates for DC simulation of power grids on cluster machines. Note 

the "*" for AS under 10M to indicate that the necessary 8 processors were not available to 

perform the simulations. 

6.5.4 Transient Simulation 

Table 2 presents results for transient simulation over 20 time steps. From the results, it is 

clear that DD+LU (MPI) is the best algorithm for transient simulation. The computational 

cost of transient simulation consists of pre-computation and 20 time step substitutions for 

LU-based approaches. The cost is roughly 20 time step iterations for iterative methods 

after the cost of the reusable preconditioner is deducted. Within the domain decomposition 

framework, LU factorization can be used both in the Schur complement and in solving sub-

domains. Furthermore, solving subdomains in DD+LU (MPI) has been simplified into back 

substitutions after LU factorization. Hence, DD+LU (MPI) achieves the best performance 

in the transient simulation. Note the "*" for AS under 10M to indicate that the necessary 8 

processors were not available to perform the simulations. 
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6.5.5 Accuracy of Simulation 

For a general linear system Ax = b, if Ax = b, then 

^ ^ ( A ) 1 ^ 1 , (6.12) 

where K(A) = || A|| || A-11| is the condition number of the matrix A [23]. 

For circuits A, B, C and D, the estimated condition numbers of the whole system matri

ces are 8.4852e+02,7.0524e+03,1.7915e+05, and 5.653e+06 respectively. If the stopping 
||Ax —bll 

criteria e of an iterative solver is —- < e, this easily leads to 

J^-iP<eic(A).- (6.13) 

For instance, the condition number of the largest circuit D is 5.653e+06 and the stopping 
llx —xll 

criteria is KT10. Thus the relative error of the solution " „ „ " < 10-10 x 5.653e+06 = 
11*11 

5.653e-04. 

6.5.6 Effect of the Size of Interface 

As the number of interface nodes increases, DD+LU(MPI) becomes less efficient. This 

is because that it spends more time on forming the Schur complement. I use a 4M grid 

as an example and profile the cost of each computational step in DD+LU. The results are 

presented in Table 3. The number of interface nodes varies from 40 to a maximum of 4000 

in the first row. The second row gives the time for LU factorization of each subdomain; the 

third row is the time to form the Schur complement matrix S; the fourth row reports the 

time of LU factorization of matrix S; the fifth row indicates the cost of one substitution; the 

sixth row reports the total cost for the DC simulation; the last row shows the cost for AS. 

It is evident from the table that forming the Schur complement matrix S reported by 

the third row is the dominating cost factor for DD+LU (MPI). This cost scales linearly 

with the number of interface nodes. This is the very reason that I employ non-overlapping 
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partition to minimize the interface nodes. The second purpose of the partition is to keep 

similar sizes of subdomains for parallel. Based on these results, I conclude that AS will 

outperform DD+LU (MPI) for the DC simulation when interface nodes are greater than 

800. (Note that for 4M nodes, the results in Table 1 for DD+LU (MPI) as well as AS used 

200 interface nodes at the top level.) AS is an iterative solver and does not rely on the size 

of interface nodes. Therefore, it is suitable for the DC simulation of dense connected grids, 

where the number of interface nodes dominates. 

6.5.7 Effect of Overlap in Additive Schwartz Method 

For matrix A in Ax = b, our additive Schwartz method begins by uniquely distributing 

the rows of A to the processors, so that any two processors have no common row. In 

this procedure, matrix A,- in processor i is extracted from its own part in the matrix A, by 

dropping all off-processor columns. Matrix A, is visualized as the solid block in Fig. 6.5. 

As a result, a non-overlapping AS preconditioner can be built following Equation (6.10). 

Then, by enlarging the set of rows on each processor as shown by the dashed blocks in 

Fig. 6.5, a partition with wider overlap is shown. Note that some non-zero entries of A are 

neglected when building A,'s for the preconditioner. Ignoring those entries does not hurt 

the performance of our preconditioner, but makes the implementation easier. 

Q, Q, 

L J 

i 111 

some 
non-zero" 
entries 

some 
non-zero 
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A, 
+ i — • ' - — * . 

. . I___J_C 
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Figure 6.5: Algebraic partition of the matrix. 
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The overlapping regions serve as a bridge for data communication between subdomains. 

The preconditioner using larger overlapping regions leads to a better preconditioner (a more 

accurate approximation of A -1), but with a higher cost for data communication. So a 

tradeoff exists between the amount of overlap and data communication. 

In Fig. 6.6, the performance of the AS method on a 4M dense connected grid is shown. I 

compare the two-subdomain implementation using two processors with the four-subdomain 

implementation using four processors. As expected, AS based on four subdomains is su

perior to two subdomains in performance. From Fig. 6.6, the total overlap of roughly 6% 

achieves the best performance in both cases. The partition of the four-subdomain imple

mentation is shown in Fig. 6.5, which means that any two consecutive subdomains (such as 

Ai and A2) share 2% overlap is able to balance the tradeoff between the performance of the 

preconditioner and the cost of data communication, resulting in the fastest implementation. 
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Figure 6.6: Performance comparison of four-subdomain and two-subdomain Additive 

Schwartz method. 
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Chapter 7 

Conclusion 

This thesis discusses several topics related to domain decomposition and model reduction 

arising from the need of intensive simulations of dynamical systems of the form 

x(0 = Ax(r)+Bo(0 
< (7.1) 

y(t) = Cx(t)+Du(t) 

For large-scale systems, the limitations of computing power or storage make this task nearly 

impossible. Several potential applications have been proposed and solved by using model 

order reduction and domain decomposition techniques. 

7.1 Solutions of Lyapunov Equations via Iterative Solvers 

In chapter 3, the ADI and Smith-type methods for the solutions of Lyapunov equations 

have been examined. Essentially, the ADI and Smith-type methods are iterative methods. 

In each iteration, a linear system equation need to be solved. For large-scale problems, the 

linear systems must be solved iteratively. Iterative solvers introduce error automatically. 

These errors may be accumulated. Error estimation for this kind of problems would be 

very challenging. My contribution to this problem is to derive a sensitivity analysis for 

Smith-type methods via iterative solvers. The main result is that the error of the Lyapunov 
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equation from these iterative Smith methods is still on the scale as the stopping criteria 

of the iterative solvers. This contribution allows us to solve very large problems using an 

iterative solver without worrying about the error might increase unbounded. 

7.2 Balanced Truncation Model Reduction for a Class of 

Descriptor Systems 

A new approach to compute reduced order models based on balanced truncation for de

scriptor systems of the form 

E i 1 -v (0 = Aiiv(0+Ai2p(0+Big(0, (7.2a) 

0 = Af2v(0+B2g(0, (7.2b) 

v(0)=v0 (7.2c) 

was presented in chapter 4. This work is based upon explicitly enforcing the algebraic 

equation. It is used to express p as a function of a projection IIv of v and of g. This 

elimination of p results in an ordinary differential equation (ODE) for Ilv to which I apply 

standard balanced truncation model reduction. However, the explicit elimination of p is 

only used to mathematically arrive at a tractable formulation of the model reduction. The 

computational scheme works with the original equations and not with the explicitly pro

jected ones. This aspect is quite important as it only requires standard saddle point linear 

system solvers and avoids explicit computation of projectors, avoiding unnecessary cre

ation of large dense matrices. As a result of implicitly constructing balanced truncation for 

a standard ODE system, one can show that this approach produces reduced order models 

with the standard guaranteed error bounds. 

The most expensive part of balanced truncation model reduction is the computation of 

approximate controllability and observability Gramians. Approximations to these Grami-

ans can be obtained by approximately solving the corresponding projected Lyaponov equa-
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tions (4.14), or by using empirical Gramians, such as in, e.g., [55,72]. In this chapter, I have 

shown how ADI/Smith type methods can be applied to the computation of approximate so

lutions in factored form of the projected Lyaponov equations (4.14). The main difficulty 

in extending existing ADI/Smith type methods to the projected Lyaponov equations is to 

deal with the projections efficiently. I show that the projections never have to be computed 

explicitly. Instead, the ADI/Smith type methods can be formulated in the original vari

ables requiring the solution of block 2 x 2 saddle point systems with (1, l)-block given by 

En +juAn for some scalar ju and (1,2), (2, l)-blocks given by A12, A.J2, respectively. 

I have discussed the application of our approach to the model reduction of two control 

problems governed by the semidiscrete Oseen equations. Computational results were pre

sented which indicate this new approach is promising. It provides accurate reductions and 

is very efficient computationally. 

There are several potential avenues for future research. The multishift ADI Algorithm 

7 requires the solution of saddle point systems in steps (2a) and (2cii). For the relatively 

small systems arising in the model reduction of the 2D Oseen equation, this can be done 

using sparse direct methods. However, for larger problems, especially those arising from 

systems of differential equations in 3D, the direct solution is no longer practicable and 

iterative methods must be used. How this can be done in a rigorous and efficient manner is 

an open question. 

I have used real shifts in our application of the multishift ADI Algorithm 7 to the semi-

discrete Oseen equation. Since the matrix An is not symmetric, this choice is not ideal in 

the sense that it does not provide the optimal rate of convergence for the multi-shift ADI 

iteration. However, complex shifts lead to more expensive linear system solves (cf. Re

mark 4.4.6) and this expense may overcome the benefit of a faster rate of convergence. An 

extensive computational study concerning whether the use of complex shift can reduce the 

number of ADI enough to compensate for the extra cost per iteration would be very useful. 

Finally, I have developed balanced truncation model reduction for a broad class of finite 

dimensional descriptor systems. When applied to the semidiscrete Oseen equation, our 
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numerical results indicate that the performance of balanced truncation model reduction is 

rather insensitive to the mesh size. 

7.3 Domain Decomposition and Model Reduction of Sys

tems with Local Nonlinearities 

Chapter 5 considers model order reduction of systems of discretized partial differential 

equations (PDEs) with spatially localized nonlinearities. Since the PDE cannot be dis

cretized into a linear time-invariant dynamical system, balanced truncation model order 

reduction technique would not fit into the problem. In order to reduce computational work, 

I propose a reduced order model of the following type: The linear equations are approxi

mated by reduced order models using balanced truncation. The coupling nonlinear equation 

in the middle of the domain remains unchanged. 

Two numerical examples are considered in chapter 5. For both problems, in the mid

dle of the domain, a nonlinear equation holds which is coupled to two heat equations on 

the neighboring domains. The system is driven by a distributed control on the two outer 

domains. 

For the first problem which is a one dimensional problem, a Burgers equation holds in 

the middle domain. The overall system has point observations at three spatial points each 

in the middle of the three domains. The second one is a two dimensional problem, The 

geometry looks like a bridge (Q.2) connecting two rectangle domains (Q.\ and Q3). On 

the bridge, a nonlinear heat equation holds. The integration over the non-input Newmann 

boundary on each individual domain is of the interest. 

The resulting systems are substantially smaller as shown in tables 5.1 and 5.2. Our 

numerical results indicate that the coupling of balanced truncation reduction for linear time 

variant subsystems with spatially localized nonlinear models leads to a coupled reduced 

order model with an error in the input-to-output map that is comparable to the error due 

to balanced truncation model reduction applied to the linear subsystems alone. The effi-
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ciency of the approach depends on the size of the interface and on the size of the localized 

nonlinearity. 

7.4 Parallel Domain Decomposition for Large-Scale 

Power Grids Simulation 

As power grids are becoming extremely important for future IC design, their simulations 

impose a challenge to current computational resources. Previously developed approaches 

have not explicitly utilized the prevailing multiple-core structure of computers to accelerate 

the simulation. This chapter described efficient parallel domain decomposition techniques 

for large-scale power grid simulation. Simulation results indicate that this approach can be 

used to extend existing linear circuit simulators to handle otherwise intractable systems. 

My implementations give the exact solution with an error tolerance e = 10-10 in solv

ing the system of linear equations Ax = b for x. LU factorization, iterative solver with 

an incomplete LU factorization preconditioner, and multi-gird have been successfully in-

tergraded with non-overlapping domain decomposition. Non-overlapping domain decom

position with LU factorization has been demonstrated to be most suitable for transient 

simulations. Overlapping domain decomposition with additive Schwartz is suitable for DC 

simulations, because its computational cost is roughly independent of the interface nodes 

between subdomains. 

7.5 Future Works 

Although, the above applications show that both domain decomposition and model reduc

tion are powerful tools to overcoming time and storage difficulties arising in simulations of 

large-scale dynamical systems, further analyses are needed for the some of the applications. 

For balanced truncation model reduction for a class of descriptor systems, it will be 

interesting to extend my approach to descriptor systems with partial differential equations, 
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such as dynamical systems governed by the Oseen partial differential equations building 

on the work reviewed in, e.g., in [14]. In addition, it would be interesting to develop a 

theoretical foundation for the observed mesh independence results, which in turn could be 

used to develop more efficient numerical approaches for the computation of reduced order 

models. 

For domain decomposition and model reduction of systems with local nonlinearities, 

although there is an a priori error bound for subdomain reduced models, it still lacks error 

analysis for the whole problem. Examination of (5.8a,b) and (5.13a) shows that M^—y\2, 
at 

Ajry^2 and fj are the inputs into system 1 and Mj7—y[ + A\!y{ are the outputs. These 

outputs are also the inputs of the nonlinear coupling interface conditions. It would be chal

lenging and interesting to develop a analytical error bound for these nonlinear conditions. 

Chapter 6 presented two parallel domain decomposition techniques techniques for effi

cient simulations Of large-scale linear circuits such as power grids. The power grids used 

in numerical examples are not from real circuits. It would be interesting to see the perfor

mance of my approach for simulations on a real circuit. Only 4 processors were used in 

numerical simulations due to the limitation of the computational power. Further work (like 

communications among processors or load balancing) might be needed when a parallel 

machine with more processors is available. 
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