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Abstract 

Resistor Network Approaches to the Numerical 
Solution of Electrical Impedance Tomography with 

Partial Boundary Measurements 

by 

Alexander Vasilyevich Mamonov 

Electrical Impedance Tomography (EIT) problem consists of finding the electric con¬ 

ductivity inside a conductive body from simultaneous measurements of electric po¬ 

tential and current at its boundary. The EIT problem with partial boundary mea¬ 

surements corresponds to the case, where only certain portions of the boundary are 

available for measuring the potentials and currents. 

A deep connection exists between the EIT problem in continuum and the discrete 

inverse problem of recovering the conductances of resistors in a resistor network. The 

connection comes in the form of special finite volume discretizations on carefully 

chosen grids, known as optimal grids. The optimal grids allows us to use the existing 

theory of inverse problems for resistor networks to compute an approximation to the 

solution of the continuum EIT problem. This was done recently in the case of full 

boundary measurements. The main goal of our work is to generalize the existing 

results to the case of partial measurement settings. 

Two alternative approaches are presented: one is based on (quasi-) conformal 



Ill 

mappings of a well-studied conductivity problem in a unit disk, and the other is based 

on a previously unstudied pyramidal graph topology. We establish the existence and 

uniqueness of the solutions of discrete problems for both settings. Then we use these 

discrete results to obtain numerical approximations to the solution of the continuum 

EIT problem with partial measurements. 
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Chapter 1 

Introduction and background 

This thesis is concerned with the numerical solution of the Electrical Impedance 

Tomography (EIT) problem with partial data. We consider an approach based on 

the theory of inverse problems for resistor networks, and the theory of optimal grids. 

We begin in this chapter with an overview of the EIT problem. We discuss theoretical 

results of existence, uniqueness and stability. Then we describe the ill-conditioned 

nature of the problem. Numerical methods and discretization are discussed next, 

followed by an example of how the theory of optimal grids provides a crucial link 

between the discrete and continuum inverse problems. 

1.1 Electrical Impedance Tomography: existence, 

uniqueness and stability 

The mathematical problem of Electrical Impedance Tomography is concerned with de¬ 

termining the coefficient of an elliptic equation (the conductivity a) inside a bounded 

simply connected domain 12 C Rd, given simultaneous measurements of the Dirichlet 

data (voltages) and the Neumann data (currents) on the boundary dCt. Explicity, we 

1 
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have 

V • (erVu) = 0, in fl, (1.1) 

u = (f>, on Ï, (1.2) 

. , du 
Aa<i> = O—, 

on 
on dCl, (1.3) 

where u is the electric potential, and Aa is the Dirichlet-to-Neumann (DtN) map. 

Equation (1.1) is understood in the weak sense, the potential u is in Ha(D), the 

conductivity a > 0 is in L°°(fl), (f> G H^2(dQ,) is the Dirichlet boundary data, 

and ACT : H1^2(dQ) —> H~^2(dCt). We refer to the problem of finding a given the 

knowledge of Aa as the continuum EIT. It is also known in the literature as Impedance 

Computed Tomography, Impedance Imaging, or the Inverse Conductivity problem. 

The above formulation was first given by Calderon in [20]. Substantial progress has 

been made since then. 

We consider the EIT problem in d — 2 spatial dimensions, however for complete¬ 

ness we also present results of existence, uniqueness and stability for higher dimen¬ 

sions. The EIT can also be formulated in terms of the Neumann-to-Dirichlet (NtD) 

map, which maps boundary currents to boundary voltages. In theory, this formulation 

is equivalent to the previous one. Working with the NtD map may be advantageous in 

practice, because the NtD map is smoothing, acting from < J G H~1^2(dCl) \ f JdS = 0 
l an 

to H^2{dÇÏ). In this work we consider the DtN map only, since in two dimensions it 

can be easily related to the NtD map using convex duality. 

According to the definition of Hadamard [43] of a well-posed problem of mathe¬ 

matical physics, it must satisfy three properties: existence, uniqueness, and stability 

of the solution. We first review the existence and uniqueness results for the EIT. 

The first uniqueness results of Kohn and Vogelius [54] were local in nature, i.e. they 
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showed that Aa uniquely determines piecewise analytic a in dimensions two or higher, 

and in domains with C°° boundary. Independently, Druskin proved the injectivity 

of the DtN map for piecewise constant conductivities with piecewise smooth inter¬ 

faces of discontinuity in possibly unbounded domains [33]. He extended the results 

to piecewise-analytic conductivities in [34]. The first global result was obtained by 

Sylvester and Uhlmann in [79] for a G C°°(Q.), in three or more dimensions and 

smooth boundary dCl. An improvement of the Sylvester and Uhlmann result and a 

constructive reconstruction method based on scattering theory was given by Nachman 

in [67], for cr G C1,1(fî) and dCl G C1’1. The global result in two dimensions remained 

open until another work of Nachman [68], that further relaxed the regularity condi¬ 

tions to cr G W2,p(f2), p > 1, and domains with Lipschitz boundary. The result was 

consecutively improved in [18] to cr G W1,p(f2), p > 2. Finally, the uniqueness ques¬ 

tion in two dimensions was answered in the most general case of L°° conductivities by 

Astala and Pâivârinta in [3]. The question of uniqueness in higher dimensions d > 3 

for L°° conductivities is still open. 

Note that the above uniqueness results are formulated for scalar-valued cr, i.e. for 

isotropic conductive media. In anisotropic media the conductivity cr : —*• Rdx<i is a 

symmetric positive-definite matrix valued function, which is not uniquely defined by 

the DtN map [77], [4]. We limit our study to isotropic conductivities, but we show 

that in the partial measurement settings certain numerical methods can introduce an 

artificial anisotropy that should be taken into account. 

The main difficulties in solving the EIT problem come from the stability issues. 

In [1] Allessandrini constructs a simple example of a pair of discontinuous L°°(Q) 

conductivities CTI, cr2 such that Hcq - cr2||oo = 1, but ||Affl — A£r2||Hi/2(ôjî)_>//-i/2(9D) 

can be arbitrarily small, which shows that stability is impossible in general for L°°(f2) 

conductivities. In the same paper Alessandrini obtains stability estimates in d > 3 
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dimensions for a G iy2,0O(fl) (see also [2], [60]). Stability in two spatial dimensions 

d = 2 was shown by Liu in [59] for cr G W2,p(Ù), p > 1, which was improved in 

Barcelo et. al. [8] to include a in C1+Q(Q), a > 0. While the above results seem like 

they make the EIT problem well posed, in practice they are not of much value. Let 

us consider a typical stability estimate from [9] (Theorem 1.1). 

Theorem 1.1.1. Let fi be Lipschitz domain in the plane. Let o\, a2 be two planar 

conductivities satisfying 

• Ellipticity: 1—cr7- 

1+0j L°°(ü) 
< ft < 1} j — 1,2, 

a-regularity: Oj G Ca(fl) with a > 0 and with a priori bound ||crj||c« < L, 

j = 1,2, 
Then there exists a non-decreasing continuous function V : R —>■ M with 1/(0) = 0 

such that 

Ikl - ^2||L°°(Q.) < V'dlAo-! - (1.4) 

where V can be taken 

V(p) = Clog(p)~a, (1.5) 

where C, a depend on a, K, L. 

First note, that a priori bounds on ellipticity and regularity of the conductivity 

are required. Second, even if the conductivity is known a priori to have the desired 

properties, the stability bound has a logarithmic modulus of continuity V. Thus, a 

linear improvement of the misfit between 0$ requires an exponential improvement of 

the misfit between the data ACj. In practice it means that the quality of the solution 

with any numerical scheme will be severely restricted by the errors in measuring Aa, 

as well as by the round-off errors of the finite precision arithmetic. In the work of 
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Mandache [60] it is shown that the inconvenient feature of logarithmic stability is 

indeed unavoidable for d > 2 under any a priori assumption of the form 

ll°illc*(n) ^ E, j — 1,2, (1.6) 

for any E, and finite k = 0,1,2,..i.e. no matter how much regularity we ask from 

(Tj, the logarithmic stability bound is the best possible. 

The above stability estimates demonstrate that for all practical purposes the EIT 

problem is ill-conditioned. Because of the logarithmic nature of stability bounds, 

we expect the conditioning of the numerical approximations to the continuum EIT 

problem to deteriorate exponentially fast as the size of discretization is increased. 

Consequentially, the discrete problem has to be properly regularized. These questions 

are addressed in chapter 2, where we describe a method of solution of the EIT problem 

discretized on optimal grids. 

1.2 Partial data EIT 

In the partial data EIT problem we can measure potentials and currents only on parts 

of the boundary. We write the mathematical formulation in compact form as follows 

V • (crVit) = 0, in fl C R2, (1.7) 

u = /, on r, (1.8) 

du 
au + per— = 0, 

on 
on cftl\f, (1.9) 

where the constants a and j3 in (1.9) provide us with the choice of enforcing either 

a homogeneous Dirichlet (a = 1, f5 = 0) or Neumann (a = 0, (3 = 1) condition, 
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depending on whether the inaccessible part of the boundary is grounded or insulated. 

The problem is then to find the conductivity a given the partial measurements of the 

current 

(1.10) 

where Tm C dfl. In what follows we refer to df2/ = cftl\f as the inaccessible boundary. 

When this inaccessible boundary is insulated, we take Tm Ç f. Otherwise, Tm may 

not be contained in È. In the case where T and Tm are the same set, we refer to 

it as the accessible boundary dfl A = T = Tm. It is worth mentioning that many of 

the works referenced in this section deal with recovery of bounded potentials q of 

Schrôdinger equation Au + qu = 0, which can be related to the conductivity a. in 

(1-7) by 

9=^#, (111) 
va 

assuming obvious regularity of a. 

Unlike the classical EIT problem with full data, which has been studied extensively 

since the early 1980s starting with Calderon’s paper [20], most of the global results 

about existence and uniqueness of the solutions of the partial data EIT were not 

obtained until 2000s. Before that the existence and uniqueness of the solution to 

the partial data EIT problem was known only for real-analytic [53] or piecewise real- 

analytic [54] conductivities in three dimensions (see also [34]). 

The first global result of existence and uniqueness was obtained in [19] for C2(Q) 

conductivities, in a special setting where the potential is specified on the whole bound¬ 

ary dQ, (which has to be a sphere in three or more dimensions), and the current is 

measured on a subset slightly larger than half of dQ. The result was subsequently 

generalized to less restrictive measurement settings in [50]. 

For two spatial dimensions the first global result for a € C3+e(f2), e > 0 was 
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established in [46], however it required fij C Tm (a = 1, /? = 0), i.e. the current is 

measured on a subset slightly larger than the grounded part of the boundary. For 

realistic measurement setups it is more convenient to have the measurements of the 

current on the accessible boundary, which was considered in [45]. Below is a result 

from [45] (Corollary 1.1) that establishes uniqueness of the solution to the partial 

data EIT problem for the setting we are interested in: a = 1, (3 = 0, f* = TTO. 

Theorem 1.2.1. Let Oj G C3+e(Sl), j = 1,2, for some e > 0 be non-negative func¬ 

tions. Assume that 

(Acn/)|f = (A<72/)|f, 

for any f G Hl^2{diï), suppf C f. Then <xi = a%. 

To the best of our knowledge, no stability results exist yet for the partial data 

problem in the setting of the Theorem 1.2.1. Obviously, stability of the partial data 

problem could not be better then logarithmic, as follows from the full data case. For 

the setting with Ë = d£l, the estimate exists for the three dimensional problem only 

with the modulus of continuity of log-log type (see [44]). 

1.3 Numerical methods 

Since the introduction of the EIT problem in [20] a lot of research has been dedicated 

to the numerical solution of the problem. Non-linearity and severe ill-conditioning 

make such studies challenging. The existing approaches can be sorted into the fol¬ 

lowing groups: 

1. Non-iterative algorithms solving a linearized problem; 

2. Iterative methods solving the non-linear problem; 
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3. Direct methods based on integral equations (non-linear problem); 

4. Direct methods based on layer stripping (non-linear problem); 

5. Optimal grid based methods (non-linear problem). 

The first two groups of methods are general techniques, that can be applied to a wide 

range of inverse problems. Linearization approaches search for the unknown conduc¬ 

tivity in the form a = <7Q + 5a, with the inverse problem linearized around a reference 

conductivity a0 (usually a constant), and a perturbation Sa considered to be small. 

Calderon proposed in [20] a linearization scheme, that uses complex exponentials to 

obtain the Fourier transform of Sa. The implementation of his method was given in 

[21], [49]. Other linearization based methods include one-step Newton algorithms [22], 

[63], [64], and backprojection algorithms [7], [71]. The iterative methods are usually 

formulated as an optimization problem with some form of least squares functional 

and a regularization term added to account for the ill-conditioning of the problem. 

Examples of output least squares algorithms are given in [10], [14], [13], [31], [32]. 

Equation-error methods are also used in an iterative framework [81], [55], [52]. 

The third and the fourth categories of methods solve the full non-linear problem, 

but unlike the iterative methods require a finite number of steps to do so. The 

constructive existence and uniqueness proofs of Nachman in d > 3 dimensions [67], 

and in d = 2 dimensions [68], reduce the non-linear EIT problem to two linear integral 

equations in a manner somewhat similar to Gel’fand-Levitan’s treatment of inverse 

spectral problem [41]. These integral equations can be solved numerically using the 

so-called 9-method (dbar-method), which has been successfully implemented in [66], 

[65], [73), [74], 

The layer stripping (peeling) methods determine the unknown conductivity on a 

subset of Q adjacent to the boundary, this subset is then stripped away, resulting in 
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an EIT problem on a smaller domain, for which the same step is applied again. Layer 

stripping methods can be applied directly to a continuum problem [75], [78], or to a 

discretized one [24]. 

Finally, the class of methods that we are most interested in are the algorithms 

based on the use of optimal grids. The optimal grid approach can be used for solving 

inverse PDE problems as described in the next section. At the core of the method is 

the separation of the data fitting step and the reconstruction step. In the data fitting 

step we solve a discrete inverse problem for a resistor network with a DtN map that 

is obtained via a measurement operator applied to the continuum DtN map. The 

discrete inverse problem can be solved using either an iterative or a layer stripping 

method. In the next step, we use the solution of the discrete inverse problem to obtain 

an approximation of the continuum one at the nodes of a special finite-difference 

grid,, known as an optimal grid. This approximation can be further improved using a 

Newton-type iteration [17]. Thus, the optimal grid based methods can be viewed as 

a combination of ideas from different classes of algorithms. The concept of optimal 

grids is detailed in the next section. 

Note that the methods that form the above mentioned groups are usually devel¬ 

oped to solve the EIT problem with full data. Depending on the class of algorithms, 

it may be straightforward or difficult to use them in the partial data setting. For 

example, the linearization or iterative schemes, being the most general approaches to 

inverse problems, are the easiest to generalize to solve partial data problems. However, 

they tend to be inefficient. The linearization approach can usually determine only 

small perturbations relative to the background conductivity, and the iterative schemes 

require careful regularization. On the other hand, the direct methods based on layer 

stripping or Nachman’s integral equations are more powerful, but their generalization 

to partial data cases is non-trivial. In this work we explore different approaches to 
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generalizing the optimal grid reconstruction procedure of [17] to partial data EIT 

problems. 

1.4 Optimal grids for inverse problems 

The similarities between the inverse problems in discrete and continuous settings 

have been observed by a number of authors. For example, consider a one-dimensional 

inverse spectral problem for the Sturm-Liouville equation 

d 

dz 
Xa(z)u(z) 

«( 0) 

u(L) 

0, z € [0,L]. 

1, 

0, 

(1.12) 

with Dirichlet-to-Neumann map given by Fa{X) = — . The continuum inverse 

spectral problem is to determine cr(z) for z G [0, L\, given the knowledge of Fa as a 

function of A (this is equivalent to knowing the spectrum of the differential operator 

in (1.12)). A constructive proof of existence and uniqueness of the solution of this 

problem is due to Gel’fand and Levitan [41] (see also [58], [61]). 

When discretized using a finite difference method on a staggered grid with a three 

point stencil, equation (1.12) takes the form 

Tu = Xu, (1.13) 

where T is a Jacobi matrix (in an appropriately weighted inner product space), with 
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entries determined by 

7j = 
dz 

7(Ty (1.14) 

Here Zj, Zj are the primal and dual grid nodes, hj, hj are the primal and dual grid 

steps, and Oj, \joj are the algebraic and harmonic averages of a(z) respectively. 

If we are given only the first N poles A* and residues yk of Fa (i.e. the truncated 

spectral measure of the differential operator in (1.12)), then we can solve a discrete 

inverse spectral problem to find the matrix T with eigenvalues A*, k = 1,N and 

first components of the eigenvectors equal to yk, k = 1,... ,1V, (see [23], [35]). This 

can be done, for example using Lanczos’ method [23]. An alternative method that 

shows the connection to Gel’fand-Levitan’s approach is due to Natterer [69]. 

While the connection between the discrete and continuum problem exists in the 

above sense, it is not enough by itself to construct a numerical method that gives 

an approximation of the solution of the continuum inverse problem. The entries of 

T depend on the averages of the unknown coefficient o over cells of a grid, that is 

unknown. This is where the concept of optimal grids comes in. Optimal grids have 

been introduced in [35], [36] to obtain very accurate finite-difference approximations 

to F<7(A) using grids with a few nodes. In our context these grids are constructed 

by solving the discrete inverse problem for a fixed reference conductivity <j\ (usually 

taken as o\(z) = 1), for which Fai is known analytically (or can be computed). The 

optimal grid spacings are then obtained from 7\ using relations (1.14). 

The optimal grids have been used in a variety of settings [6], [5], [48], [37], in order 

to obtain very fast (usually exponential) convergence of the numerical approximation 

of the DtN map. The first use of optimal grids in inversion was proposed in [15]. That 

the optimal grids are essential to obtaining convergence of the solution of discrete 



12 

inverse spectral problem to the continuum one was established in [16]. The optimal 

grid based approach for the numerical solution of the full data EIT problem was 

introduced in [17]. We review briefly the results of [17] in section 2.3. Then we 

describe in chapter 3 our work, which extends the optimal grid approach to the 

partial data EIT problem. 



Chapter 2 

Electrical Impedance Tomography 

with resistor networks 

In this chapter we present a framework for solving the Electrical Impedance Tomog¬ 

raphy problem using resistor networks. The chapter is organized as follows. First, a 

finite-volume discretization of the two-dimensional EIT problem on a staggered grid is 

discussed, and how the resulting system of linear equations resembles that of a resis¬ 

tor network. Properties of the networks with the topology of circular planar graphs, 

including the existence and uniqueness of the solution of the forward problem, are 

presented in section 2.2. The concept of the Dirichlet-to-Neumann map for a resistor 

network, and the formulation of the discrete inverse problem are introduced in sec¬ 

tion 2.2.1. The study of the discrete inverse problem is concluded in section 2.2.2 by 

establishing the conditions under which the problem is uniquely solvable. In section 

2.3 a connection is made between the discrete and continuum inverse problems, and 

the notion of optimal grids is introduced. Finally, the optimal grids for the layered 

disk are studied in 2.3.1, in 2.3.3 we present our results. 

13 
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2.1 Resistor networks and finite volume discretiza¬ 

tion 

Let fi be a simply connected bounded domain in R2, where the positive-valued con¬ 

ductivity function a(x) is defined. The equation for the electric potential u(x) is 

V • (a(x)'Vu(x)) = 0, x G Q. (2.1) 

We discretize (2.1) on a tensor product staggered grid. In a staggered grid the 

primal and dual grid lines interlace, and the finite-volume discretization is obtained 

by integrating the equation (2.1) over the dual grid cells. 

Let Pitj be a point in the interior of Cl. The surrounding dual grid cell Vij is 

bounded by UEj_i j USy.i UEj+i p where we use the notation Ei±i 

EiJ±i for the segments connecting the points Pi+y+i, Pi-y+i, 
Pi-\j-'r 

Pi+y~\ 

as shown in Figure 2.1. 

I 
I 

PM,i ! 

Ip 
,rM/2.J-1/2 ■ ^  

_ _ - k1/2,j+1/2 

i,j+1/2 

Ip 
.rN-1/2,J-1/2  ^  

Figure 2.1: Finite volume discretization on a staggered tensor-product grid. Primal 
grid lines are solid, dual grid lines are dashed. Primal grid nodes are x, dual grid 
nodes are o. Resistor midpoint is □. Resistor itself is a white rectangle. 
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If we integrate equation (2.1), and use the divergence theorem we obtain 

f V • {oVu)dV = f (aVu) • n dS = 
JViJ JXij 

= (f + f + / + / ) A=°- 
Vsu+j ".J-J Js»y) ** 

(2.2) 

(2.3) 

This equation represents the balance of fluxes through the boundary Ejj of the dual 

cell Vij. Let us consider one of the four terms in (2.3). By approximating the integral 

with a mid-point rule we obtain 

where L(P; Q) is the arc length of the dual grid line between the points P and Q (in 

case of a curvilinear grid this will differ from ||P — QH2)- If we now approximate the 

normal derivative of the potential with a finite difference rule, we get 

L 
~PU AX' ~ T> , \T(T> . D . . \ (U(Pi,j+l) U(Pi,j)) 

ri Cl£J ^ (jilz ;il )1J{ 1 2 il .’il y I4 1. ) r / r~\ r> \ 
. 1 dn *+

2J+2 2^+2
/ L(Pij+U Pij) 

’j+12 

We use notation 

~ . l=lr(p.. ) 7.J+, L(Pw,Pti) ■ 

Note that if a = 1, then 

T«+i i(Py+i.P«) ’ 

and so we can write 

(2.5) 

(2.6) 

(2.7) 

(2.8) 
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If we perform transformations similar to (2.6) for the other three terms in (2.3), we 

obtain the finite-volume approximation 

7y+} (uij+i - «1 j)+7i-Jj Ki-i - «ij)+7i+JJ (“«•« _ = °- 

(2.9) 

This can be interpreted as an equation for a potential at a node (i,j) of a resistor 

network. Prom (2.6) and the positivity of conductivity cr we see that all 7 > 0. Equa¬ 

tion (2.9) is then a Kirchhoff’s law at node (i,j), which is connected to four adjacent 

nodes with potentials v+j+h ui,j-i and ni+lj- by resistors of conductance 7ij+i, 

7i-ij, and 7i+ij respectively. 

2.2 Circular planar graphs and resistor networks 

In the previous section we review the results about the forward and inverse problems 

for resistor networks that we use in Chapter 3 to construct an inversion method for 

the EIT problem with partial data. Most of the results discussed in this section are 

due to Curtis, Morrow and Ingerman [24], [25], [26], and to Colin de Verdière in [29] 

and [30]. A comprehensive summary of most mentioned results is given in [27]. 

Since we are interested in solving the EIT problem in two dimensions, we restrict 

our attention to networks that can be embedded in the plane, i.e. the networks with 

planar underlying graphs. Suppose we have a graph T = (V, E), where V is a set of 

vertices, and E is a subset of V x V called the set of edges. Two vertices Vi, vi are 

called adjacent if (^1,^2) G E (we work with non-directional graphs so if (^1,^2) G E, 

then (t>2, fi) € E). In what follows, it is convenient to split the set of vertices into 

two disjoint subsets V = IUB, I OB = 0, referred to as the interior I and boundary 
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B vertices (or nodes). 1 

A graph T is called circular planar if it can be embedded in R2 in such a way, that 

all the interior vertices / lie strictly inside the (unit) disk D, and the boundary vertices 

axe on the circle dD. Once such embedding is done, we can number the boundary 

vertices so that they appear in circular (clockwise or counterclockwise) order on dD, 

so we can write B = {vi,V2,... ,vn}. The importance of circular planar graphs to 

solving discrete inverse problems is discussed in section 2.2.2. 

A path P connecting two vertices v and w is a subset of edges, such that P = 

{(u, ui), (ui,U2),..., (un-i, un), (un, to)}. The graph is called connected if for every 

pair of vertices v,w G V, there exist at least one path connecting them. In what 

follows we only consider connected graphs. 

A resistor network is a pair (F,7), where T is a graph, and 7 : E —> R+ is a 

function that assigns to each edge e G E a positive conductance 7(e). The Kirchhoff 

matrix of a network is defined as 

Kij < 

-7(e), 

0, 

E 7(e), 
, fc:e=(t>i,vk)eE 

if i j and e = (i>j, Vj) G E 

if i ^ j and (Vi, vj) fi E 

if i = j- 

(2.10) 

It is a symmetric matrix (since T is non-directed), with columns and rows summing 

to zero. 

A potential on a network is a function u : V —► R that satisfies the system of 

linear equations 

7(c)(«(p) “ «(«)) = 0, YP G I, (2.11) 
Vq: e=(p>q)€E 

written in short as Kjyu = 0. Here we use the notation KXY to denote the submatrix 
1 Throughout this work we use terms vertices and nodes interchangeably. 
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of K with rows indexed by the elements of X Ç V, and columns indexed by the 

elements of F Ç V. Potentials u that satisfy equations (2.11) are referred to as 7- 

harmonic functions. Note that since I is a proper subset of V, the system (2.11) is 

underdetermined. To make the system formally determined, we specify the (Dirichlet) 

boundary conditions uB = <t>, and we write (2.11) as 

0 =[KHKib\ 
ur 

uB 

= Kjjui + KjBuB. (2.12) 

Hence, we obtain the formally determined system of |I| equations with |/| unknowns 

Ul 

Knui = —KIB4>, (2.13) 

where |/| is the cardinality of the set I. 

To prove that (2.13) is in fact solvable, we need to use analogy from the continuum 

case. As we have seen in section 2.1, the equations for certain networks resemble the 

discretized continuum elliptic equation (2.1), and it comes with no surprise that both 

problems share a fundamental property known as the maximum principle. The proofs 

below are taken from [24] and are included here for convience. 

Lemma 2.2.1. Maximum principle for resistor networks. A 7-harmonic func¬ 

tions attains its maximum (minimum) value on B. 

Proof. If u is constant on V, then the lemma is true. Suppose u is not constant, and 

hence it has strict maximum (the argument for minimum is similar) at some point 

p (here we implicitly use the connectedness of the graph of a network). Suppose 

for contradiction that p G I. Then all terms in (2.11) of the form (u(p) — u(q)) for 

(p, q) € E are non-negative, and at least one of them is strictly positive. Then, since 
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7(e) > 0, we have J2 7(e)(u(p) — u{q)) > 0, which contradicts the assumption 
Vq: e=(p,q)£E 

that u is 7-harmonic. □ 

As an immediate consequence of the maximum principle, we have the following 

result. 

Lemma 2.2.2. Existence and uniqueness of 7-harmonic potentials for Dirich- 

let problem. For a fixed Dirichlet boundary condition (j>, if KIB has full rank, there 

exists a unique 7-harmonic potential u satisfying the boundary condition UB = <f>- 

Proof. Let us denote the right hand side of (2.13) by b = —KiB<f>- To show that the 

linear system (2.13) is uniquely solvable we must prove that ttj = 0 if and only if 

6 = 0. Suppose that it/ = 0, then it follows immediately that 6 = KJIUJ = 0. Now 

suppose that 6 = 0. From the technical assumption that KIB has full rank it follows 

that <f> = 0. But UB = <t> and from the maximum principle it follows that both the 

maximum and minimum of u are zero, hence «/ = 0. □ 

2.2.1 The Dirichlet-to-Neumann map and the inverse prob¬ 

lem for resistor networks 

The existence of a unique potential in a network with prescribed boundary values 

allows us to define a linear map A7 acting on boundary potentials <f>. This is the 

Dirichlet-to-Neumann (DtN) map, which maps the boundary potential <f> to JB = 

A7(0), the current through boundary nodes in B. Explicitly for any p Ç. B we have 

Jp = X) 7(e)(u(p) — u(q)). Combining the definition of A7 with (2.10) and 
Vq: e=(ptq)£E 

(2.12) we get 

Kn KIB UI 0 

KBI KBB UB JB 

(2.14) 
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Let us substitute UB — <j> in (2.14), and use that KJJ is non-singular per Lemma 

2.2.2, to write 

The linearity of the DtN map is now obvious, and we denote the matrix of the map 

with the same symbol A7, as the map itself. Therefore, the DtN map is the Schur 

complement of the block KBB of the Kirchhoff matrix K 

The DtN matrix has the following properties. It is symmetric A7 = A7, which 

follows from the symmetry of the Kirchhoff matrix (KBB = KBB> KII = Kfit KIB = 

KBI)■ Row (and column) sums of A7 are all zero, which gives the conservation of 

current in the resistor network. This follows from the fact that row and column sums 

of K are also zero. Then if e is a vector of all ones, we have Ke = 0. and from (2.14), 

we have JB = 0 for <j) = es- Hence A7e# = 0, which means that the columns of A7 

sum to zero. Zero row sum property follows from the symmetry of A7. 

The DtN map describes completely the electric current response of a resistor 

network under all possible boundary potential excitations. The question is what 

information about the network can be recovered from the knowledge of the A7. We 

are interested in determining the conductances 7(e) of resistors in the network, given 

as additional information the topology of the network, i.e. the set E. We refer to this 

problem as a discrete inverse problem (as opposed to the continuum EIT problem as 

described in section 1.1). At least for certain sets E, A7 determines the conductances 

7(e), e € E uniquely, as we discuss in the next section. 

* = (KBB - KB,KrfKIB)$, (2.15) 

A, = KBB - KB,KrfK,B. (2.16) 
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2.2.2 Critical graphs, recoverable networks, characterization 

of the Dirichlet-to-Neumann map 

Before we discuss the criteria from [25] for recoverability of the conductances in a 

network from the DtN data, we need to establish the following notation. Suppose T 

is a circular planar graph as defined in section 2.2, with the sets of edges E, vertices 

V, boundary nodes B, and interior nodes I defined accordingly. A pair (P;Q) of 

subsets of B is called a circular pair if P = ,... ,%>}, Q = {vjx,..., }, and 

the vertices {v.^,..., vip, Vjx,..., VjQ} are in circular order on dD. A circular pair 

(P; Q) = (pi,... ,pk; qi,..., qk) is called connected through F if there exist k disjoint 

paths otj, j = 1,..., k connecting pj with qj, j = 1,..., k respectively. Note that the 

paths otj can only touch the boundary at nodes pj and qj. The set {aj.,..., a*} is 

called a connection between P and Q. In a well connected graph all circular pairs 

(P; Q) are connected. 

It was observed by a number of authors [25], [29], [30] that the notion of a critical 

graph plays a crucial role in the study of the discrete inverse problem. Following [25] 

we denote the set of all circular pairs connected through T by 7r(r). We say that 

removal of an edge e from T (the resulting graph is denoted by T') breaks connection 

from P to Q, if (P; Q) 6 7r(r), but (P; Q) ^ Tr(r'), i.e. 7r(r) ^ Tr(r'). A graph is said 

to be critical, if removal of any edge breaks some connection in 7r(r). The following 

result from [25] (Theorem 2, and Lemma 13.2) gives a complete characterization of 

recoverable resistor networks with circular planar graphs. We use it in section 3.3.1 

to show that the networks with graphs of certain topology are recoverable. 

Theorem 2.2.3. Let (T,7) be a resistor network with circular planar T. The values 

of 7(e), e E E, can be uniquely computed from the DtN map A, if and only if F is 

critical. 
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Another important fact from the theory of resistor networks is the characterization 

of the matrices of DtN maps. Denote by Qn the set of all n x n symmetric matrices 

M with the following properties: 

• The sum of entries in each row (column) of M is zero, 

• For a circular pair (P; Q), with |P| = \Q\ = k, the inequality (—l)fc det MPQ > 0 

The following criterion is taken from [25] (Theorems 3 and 4.2). 

Theorem 2.2.4. A matrix M € RnXn is the DtN map of a resistor network (r,7) 

with a circular planar graph T if and only if M G On. 

In the next section we present a similar characterization of the DtN map for the 

continuum case. 

2.3 Optimal grids for the EIT problem in the disk 

In this section we review the optimal grids used for numerical solution of the full 

data EIT problem in a two-dimensional unit disk, introduced in [17]. Then we study 

in detail the properties of the optimal grids, and their applications to inverse and 

forward problems. 

Let us begin with the EIT problem in a unit disk fl = {(r,r) | r € [0,1], 0 G 

[0,27r]} CR2. In polar coordinates the equation for the potential u has the form 

holds. 

(2.17) 
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We discretize (2.17) on a staggered grid using the finite-volume scheme of section 2.1. 

We take the tensor product of a uniform grid in angle, with interlacing primal nodes 

6k = and dual nodes 6k = M*"1/2); fc = 1,... ,n, and an adaptive staggered 

grid in radii. Now introduce a parameter mi/2 € {0,1} to distinguish between the 

following two radial grid types 

1 = n = ri > r2 > f2 > ... > rm+i > fm+i > rm+2 > 0, for mi/2 = 0, (2.18) 

1 = fi = n > f2 > r2 > ... > rm+1 > rm+2 > rm+2 > 0, for m1/2 = 1. (2.19) 

In either case the radial grid has m+2 primal nodes rj, and m+mi/2 + l dual nodes f) 

numbered starting from the boundary dQ, = {r = 1, 6 € [0,27r]}. The conductances 

of the resistors in the corresponding network follow from equations (2.6) written in 

polar coordinates 

7j,fc = = °(rj,6k) 
he 

, 3 = . ,m +1, k = l,...,n, 
log (?«) 

^ log 
mi/2 = 0 : %,k = = v(rj,6k) 

\ 3 / 
he 

3 = 2,.. . ,m + 1, k = l,...,n, 

mi/2 = 1 : 7i,k = 
_ log 

= v(rj,6k) 
(*) 
he 3 = 1, • • . ,m + 1, k = l,...,n. 

Here 7^ are radial resistors, 7^ are angular resistors, and he — 2s. is the angular 

grid step. The grids and resistor networks are illustrated in Figure 2.2. Note that the 

network has an outer layer of angular resistors when mi/2 = 1. Following [24] we call 

these networks circular. 

Let us now consider the discretization of the boundary data. The DtN map of 

the continuum problem is Ka4>{6) — cr(l,6) ^|r=1- Following [17], we define dis¬ 

crete measurements of the continuum DtN map using non-negative measurement 
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Figure 2.2: Discretization of the EIT problem in a unit disk. Primal grid lines 
(resistors in a network) are solid, dual grid lines are dashed. Primal grid radii are 
rj, j = 1,..., m + 2, dual grid radii are fj, j = 1,..., m + + 1. Measurement 
functions Xji 3 = 1, ■. ■ ,n are red rectangles. Boundary angular discretization nodes: 
primal 9k are x, dual 6k are o, k = 1,..., n. Number of electrodes n — 4m + 2m1/2 + 3: 
left m — 1, rrti/2 — 0, n = 7; right m = 1, m 1/2 = 1, n = 9. 

functions (so called electrode functions) Xk(9) > 0, k = 1 ,...,n. These measure¬ 

ment functions have disjoint supports, confined to dual angular boundary grid cells 

supp Xk C (6k-1, 6k), k = 1 ,...,n, where 9-1 = (in general operations on circular 

index k are understood (mod n) + 1). The measurement functions are normalized as 

Xk(9)d6= 1, k = 1,..., n, (2.21) 

and the off-diagonal entries of the measurement matrix M are defined as 

MP,Q= Xp(0)(KXq)(0)d6, p,g=l,...,n; (2.22) 
Jo 

The diagonal entries of M are determined from the conservation of current law 
n 

^2 Mp q = 0, p = 1,..., n. In the simplest case shown in Figure 2.2, the measurement 
9=1 
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functions are just the indicator functions of proper subsets of the dual cells (9k-i, 9k) 

normalized as in (2.21). This setting corresponds to a set of n electrodes attached 

to the boundary of the disk, at which the potential is constant. The portions of the 

boundary between the electrodes remain grounded (zero Dirichlet data). 

It is shown in [17] that the matrix M belongs to fln, the set of DtN maps of 

resistor networks. Thus we would like to find a circular resistor network with the 

DtN map M. The proof that M € f2„ requires the following results. 

The first result is due to Ingerman and Morrow [62], and it uses the fact that the 

DtN map Aa : H^2(dÙ) —> H~^2(dü) is a pseudodifferential operator of order 1, at 

least for sufficiently smooth a. Thus we can write 

J/»27T 

' KC(9,T)4>(T)(1T, (2.23) 
o 

where the kernel Ka is a symmetric function Ka(9, r) = Ka(r,9), that is continuous 

on [0,27r] x [0,27r] away from the diagonal 9 = r. The following statement (Theorem 

1.1 in [62]) then holds. 

Theorem 2.3.1. Let (X; Y) with X = {xi,..., xs}, Y = (yi,..., ys}, be a circular 

pair on dfl. Let L be a matrix with entries Litj = Ka(xi,Xj), then 

(—l)21^ detL > 0. 

The above theorem holds for any simply connected bounded domain in R2 with 

sufficiently smooth (C2 in [62]) boundary, not necessarily a unit circle. Using Theorem 

2.3.1 it is shown in [17] (Theorem 4.1) that the following holds. 

Theorem 2.3.2. For a sufficiently smooth conductivity a, the measurement matrix 

M belongs to Qn. 
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Thus, it follows from Theorem 2.2.4 that given a measurement matrix M we can 

find a unique resistor network (T, 7) with critical circular planar graph, so that its 

DtN map Ay = M. More explicitly, we can fit the measured data M exactly by 

solving the discrete inverse problem. 

We use the the networks with circular graphs (circular networks), as it is done 

in [17]. Circular networks were first introduced in [24], where it was demonstrated 

that they are recoverable under some assumptions on the number of boundary nodes 

n and a number of layers m, which are the same n and m used to define the tensor 

product grid in a disk. As follows from formulas (2.20), the total number of resistors 

in a circular network is NE = n(2m + mi/2 + 1). Since the DtN matrix is a n x n 

symmetric matrix with diagonal entries determined by the off-diagonal ones, it has a 

total number of degrees of freedom . A network with a critical graph is defined 

uniquely by the DtN map (Theorem 2.2.3), so it has a total number of resistors equal 

to the number of degrees of freedom of the DtN matrix NE = ■ Therefore 

n = Am + 2mi/2 + 3, which shows that the circular networks are recoverable only for 

an odd number of boundary nodes n. 

Remark The unique solvability of the discrete inverse problem allows us to determine 

two resistor networks. The first one has the DtN map equal to the matrix M defined 

in (2.22) by the continuum DtN map Aa, corresponding to the unknown conductivity 

a. The second one is defined similarly, with the matrix M determined by the DtN 

map Ai of the reference conductivity o\ = 1. We use the second network to define the 

optimal grid, as shown in the next section. We use in Chapter 3 equations (2.20) to 

approximate the unknown conductivity a on the optimal grid from the conductances 

of the first network. 
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2.3.1 Optimal grids and the inversion in layered media 

Even though the construction of the optimal grid is done for the reference C\ = 1, the 

method applies to a the slightly more general case of layered conductivities <x(r, 6) = 

a(r), as we explain below. 

The independence of a on 9 makes the problem separable, so we can expand the 
+00 

potential in a Fourier series u(r,0) = ^ a,k(r)elke and substitute it into (2.17), to 
fc=—OO 

obtain 

rJr (r<T(r) ” k2a(r)ak(r) = 0, re (0,1). (2.24) 

At the boundary we have 

+oo 

U (2.25) 

so ajk(l) are just the Fourier coefficients of the Dirichlet data 4>{0). The boundary 

condition at r = 0 must be 

flfc(O) = 0, (2.26) 

as shown in [47]. Thus (2.24) is a well-defined two point boundary value problem. 

The DtN map satisfies 

K4> = 

+ 00 

E ^ 
r=l h——oo 

Ak9 (2.27) 
r=l 

which we rewrite formally as 

+oo +oo o 

E E w elke 

l 
(2.28) 
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Therefore elk9 are the eigenfunctions of A„ 

A ae
ike = ^Heik0 = Rc{k)eM, keZ 

Ofc(l) 
(2.29) 

with eigenvalues Ra(k). We refer to Ra as an admittance function. We note that it 

can be defined in the whole complex plane in terms of the spectral measure of the 

differential operator (2.24), [16], so we write it as Ra(A) for any A € C. 

To get the optimal grid let us take <r(r) = 1, and obtain after an elementary 

calculation that 

fli(A) = |A|. 

Note that the operator has the eigenvalues —k2, so we may formally write 

Ax 
d2 

de2' 
(2.30) 

A relation similar to 2.30 holds after the discretization of (2.24) as we show next. 

Consider the boundary potential 4>^k\9) = elke, the resulting normal boundary current 

is J(k\d) = Ai0(fc) (6) = |A:|elfce. We integrate this current over the support of the 

“electrodes” (9j, ^7+1 ) “ ( n (j — 1/2), ^-(j + 1/2)) to obtain the measured current 

^0—1/2) 

= J \k\e*k0d9 = 2 jsin | ■ (2.31) 

^0-1/2) 

If we denote the vector [jj^]”=1 by [J^], and [e*fce] = ]?=1, then we can formally 

write 

= [AiHe^] = 2 sin (?) (2.32) 

where [Ax] : En —► Rn is a linear operator acting on vectors of discrete values of 
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boundary potentials. Relation (2.32) then states that the eigenvalues of [Aj] are 

OJi (2.33) 

To obtain a discrete relation similar to (2.30), consider the following symmetric 

circulant matrix 

d2 

ae2 

-2 

l 

o 

l 

-2 

1 

0 

0 ... 

1 0 

-2 ••• 

0 1 

0 0 

\ 

0 0 

1 0 

•• 0 

-2 1 

1 -2 

0 1 

0 

1 

-2 

(2.34) 

/ 

which is a standard three-point stencil discretization of the second derivative operator 

^ (up to scaling) on a periodic domain. It is known [28], [42] that the eigenvalues of a 

circulant matrix are the entries of a discrete Fourier transform of its first column, and 

the eigenvectors in our notation are [elke]. According to [42] if the first column of a 
n—1 

circulant is [co, Cn-i,..., C2, ci]T, then the eigenvalues are given by A* = 
.>=o 

which in our case becomes 

% ~ 1 2?rfc Afc = —2 -be n +6 -l 
2TT k 

thus we may write 
d2 

de2 [eiM] = - (4”’)2 [eiMl- 

(2.35) 

(2.36) 

(2.37) 
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Note that if n is odd, then all the eigenvalues of are double, except for 0, which 

is single. That follows from for k = 1,..., (n — l)/2. 

Comparing (2.37) with (2.32) we arrive at 

[Ai] = 
'd2' 
dd2\ ’ 

(2.38) 

which is a discrete analogue of (2.30). We should make an observation here. The 

measurement formulas (2.31) are different from (2.22), and thus the Theorem 2.3.2 is 

not applicable, thus we do not know if [Ai] is indeed a DtN matrix of some circular 

resistor network. However, in was shown in [12] that it is indeed the case, moreover 

a closed form solution for the resistors of such network is available. Before discussing 

results of [12], let us review next how we can obtain these resistors using rational 

interpolation. 

2.3.2 Layered networks and rational interpolation 

A layered resistor network is a network, in which the values of conductances do not 

depend on angular index k, i.e. 7^ = 7j, 7) *. = 77-. Let us for now consider a critical 

circular network with rai/2 = 0, therefore n = 4m + 3. The Kirchhoff law is 

7j-i(ui,fc Uj—iyk) 4" 7j{^j,k %+i,fc) + ^j,k+i uj,k—1) = 0, (2.39) 

where j = 2,... ,m + 1, k = 1,... ,n, um+2 = 0, the Dirichlet boundary condition is 

uitk = 4>k, and the boundary current is given by J* = 71 («î,* — «2,fc)- The difference 

operator in the third term of (2.39) is nothing but — [jpJ. Note that the eigenvectors 

of [Ai] and JjU are the same. Thus, we can do a discrete Fourier transform of 
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equation (2.39), 

and obtain from (2.37) 

it. J,S 

(n-X)/2 

- E 
*=—(n—1)/2 

,(*U 2nks 
(2.40) 

7i_l(af - a«) + 7i(af> - «« ) + (a**) %«?> = 0. (2.41) 

We denote the eigenvalues of [Ax] by A&. Let = 7j-(a^ — a(+x), then the 

(k) 
boundary current is b\J, and we may write A* = -fo, if we use the normalization 

al 

— 1. From the definition of b^ and from (2.41) we derive 

„(*) _ „(*) , J_6(fc) 
ai ~ aj+i+.°i » 

<3 

h(k) _ dfc) . ('MYZ „(*> 
bj - °j+1 + \uk ) 7i+i«j+i> 

6V 
which gives us an expansion of -fa 

(2.42) 

(2.43) 

1 

1 
 1~ 
7j 

7j+i + 
&<*> 
°j+i 

a(fc) ai+i 

(2.44) 

which we can apply recursively to obtain the expression for the eigenvalues of the 
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DtN map of the layered network 

Ak = = (2.45) 

7i 
• + 

72 wr +...+ 
i 
 h 
Trra 

2 1 

7m+l (^k ' ) +   

1 
8”>); 

7m+l 

By analogy to the continuum case, we call Rn(A) the discrete admittance function. 

Recall that equation (2.45) holds for mi/2 = 0. In the case mi/2 = 1 the discrete 

admittance takes the form 

1 
Rn{ A) = 7IA

2
 + . (2.46) 

1 1 
 1  
71 1 

72A
2 + ... H  

1 1 

7m 7m+l A2 + 7m+l 

Equations (2.45) and (2.46) hold for any layered resistor network with, not just 

for the network corresponding to [Ai], which we are interested in. The discrete ad¬ 

mittance Rn is related to continuum one via rational interpolation, which takes the 

simple form 

Rn(4
n)) = 4n), k = l,...,(n- l)/2, (2.47) 

in the case a = 1. The rational interpolation problem (2.47) is solved explicity in 
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[12], and the conductances are 

(2.48) 

(2.49) 

The radii of the the optimal grid follow from (2.20) 

mi/2 = 1 : fs+i = exp s = 1,... ,ra + 1. 

mi/2 = 0 : ra = exp s = 2,..., m + 1, (2.50) 

rs+i = exp s = 1,... ,m+1, 

Examples of the grids and some of their properties are discussed in the next section. 

2.3.3 Properties of the optimal grid 

The construction of the optimal grids reviewed above is due to [17]. In this section 

we present our results that show the interlacing property of the optimal grid, and the 

exponential convergence of the forward problem for the DtN map in layered media 

discretized on optimal grids. 

Interlacing property. 

The first property is that the grid radii given by (2.50) correspond to the staggered 

grid, i.e. satisfy the interlacing conditions (2.18), (2.19). Interlacing property was 

conjectured in [17], however it was formulated for the grids obtained using measure¬ 

ment condition (2.22), for which no closed form grid steps exist. Numerical evidence 

(see fig. 2.3) suggests that the grid obtained using (2.22) is indeed very close to the 

one computed using measurement formula (2.31), for which the grid steps are given 
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by (2.48), (2.49), (2.50). The following result gives the interlacing property of the 

m=5, m1/2=1, n=25 

X o X o X oxoxo x ox 

XO X O XOXOXO X0» 

 I I I I » 

0 0.2 0.4 0.6 0.8 1 
re [0,1] 

m=8, m1/2=0, n=35 

xo x o x oxoxoxox o nom 

xo x o x oxoxoxox o xo* 

 I I I I 1 

0 0.2 0.4 0.6 0.8 1 
re [0,1] 

Figure 2.3: Radial grid steps of the optimal grid for the EIT in a unit disk for two 
different choices of the number of grid steps. At each subplot primal grid nodes rj are 
x, dual grid nodes rj are o. Bottom grid (red) is obtained using closed form solution 
(2.50), top grid (blue) is obtained using measurement formula (2.22). Note that the 
grid is refined towards the boundary of the unit circle r = 1. 

optimal grid. 

Lemma 2.3.3. The optimal grid given by (2-48), (2.49), (2.50) satisfies the inter¬ 

lacing conditions (2.18), (2.19). 

Proof. Let us only consider the case rai/2 = 0, the case rai/2 = 1 is similar. From 

(2.48), (2.49), (2.50) it follows that 

3 

-he cot 
i=i 

S 

-he X) cot 
i=2 

( 
7r(2m + 3 — 2j) 

n 

Ar(2m + 4 — 2j)\\ s = 2_ __ 

m + 1, 

m +1. 

(2.51) 
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To show that (2.18) is satisfied, we need to demonstrate that ra > ra > rs+1, s = 

2,..., m + 1. Let us show that ra > ra+j. Using strict monotonicity of the cotangent 

and exponential functions, as well as the positivity of jj, j) we obtain 

7r(2m+4—2j) 
n > 7r(2m+3—2j) 

n (2.52) 

cot ^ *-(2m+4-2j) ^ < cot (2.53) 

^cot ^(2™+4~2^ < ^cot (^2m+3~2i>) (2.54) 
j=2 3=2 

]Tcot (^2m+4-2^) < J2cot (ji2m+3~2^ (2.55) 
j=2 j=l 

> 
/ 8 \ 

exp( I (2-56) 
\ j=2 ' ) \ j=l 7 ) ! 

4**N. 

rs > ra+1 (2.57) 

A similar chain of inequalities shows that ra>ra. □ 

Exponential convergence of the forward problem. 

As we mentioned in section 1.4, the optimal grids were first developed in [6] to 

obtain a fast (exponential) convergence of the numerical approximations of the NtD 

(DtN) map, i.e. to solve the forward problem on the boundary very accurately, while 

the approximation inside the domain is of lower order. We would like to perform 

a similar study for the optimal grids for the conductivity problem in the unit disk 

discretized on the optimal grids constructed above. 

Following [47] let us introduce notation /3(A) = \R(X). A similar notation is 

used for the discrete admittance. Since R(A) is an even function of A, we can only 

consider A > 0. A relation for the measured boundary current for the non-constant 



36 

conductivity a analogous to (2.31) is 

rW 
JJ 

ken. (2.58) 

The numerical approximation to (3(k) is /3n(u^) = -^Rn(u>^), thus 

R(k) i^(4n)), k = l,...,(n—1)/2. 
(j, 

(n) (2.59) 

Note that for the inverse problem we enforce relation (2.59) exactly as a rational 

interpolation condition. For the constant conductivity is is also satisfied exactly as 

follows from 2.47. It follows immediately that for a = 1 the numerical approximation 

of the DtN map converges exponentially at least in the weak sense. Consider a real 
+oo 

analytic periodic boundary potential <f>{9) = ]T) a,kelkd. The boundary current is 
k=—oo 

+oo 

then Ai(f>(6) = ^ ak\k\elkd, and its numerical approximation is a truncated Fourier 
h=—oo 

(n-l)/2 

series Jn(9) = X) ak\k\elke, so the square of the L2 error is given by 
fc=—(n—1)/2 

R = I|A,^ - JJi = Y. <2-60) 
|fc|>(n-l)/2 

Since (f> is analytic, and so are its derivatives, the remainder term in (2.60) decays 

exponentially, hence < Can, for some C > 0, a e (0,1). Thus, we have shown 

that the numerical approximation of the DtN map on the optimal grid converges 

exponentially in the sense of equation (2.60) for a = 1. 

For non-constant sufficiently regular conductivity the expression for the error will 
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have two terms 

(n-l)/2 / \ 2 

K= E -RS»(‘4”>) + E W' <2-61) 
fc=—(n—1)/2 \ œk ) |fc|>(n—1)/2 

The exponential rate of decay of the second term follows from analyticity of <p similarly 

to the constant conductivity case. The study of the first term requires more effort, so 

the exponential convergence for a non-constant a remains a conjecture and a subject 

of future work. 



Chapter 3 

Electrical Impedance Tomography 

with partial data 

In this chapter we present our approach for solving the EIT problem with partial 

boundary data. We begin is section 3.1 with a numerical technique that uses con¬ 

formal mappings to extend the approach reviewed in Chapter 2 to the partial data 

case. Further extensions based on quasi-conformal mappings are proposed in section 

3.2. A different approach using resistor networks of different topology is presented in 

section 3.3. 

3.1 Circular networks and conformal mapping 

The optimal grid approach in section 2.3 relied on the rotational symmetry of the 

EIT problem in the disk for the reference conductivity <7 = 1. Explicitly, in the full 

data case the measurement matrix M is rotationally invariant (circulant). In the 

partial data case this symmetry does not hold, so the question is how to define the 

optimal grid. In this section we construct an optimal grid by relating the partial data 

38 
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problem to the well-understood full data setting using conformal mappings. 

3.1.1 The conductivity problem under the conformal map¬ 

ping 

Suppose that our reference domain is the unit disk Cl = {(r,r) | r G [0,1], 6 G [0, 27T]}, 

with the boundary dQ split into the accessible part 0Q,A = {r = 1, r € [—/?,/?]}, and 

the inaccessible part d£li = {r = 1, r G [/3,2-7T — /?]}, where (3 G (0,7r) is the half of 

angular size of the accessible part. Let r*, k = 0,..., 2n—1 be some staggered angular 

grid (unknown for now) on the boundary dVt with primal grid nodes corresponding to 

even k, and dual nodes to odd k (the index k of is understood modulo 2ra). As we 

explained in section 2.3 we take n odd to have a uniquely solvable discrete problem. 

Since we know how to construct an optimal grid and recover the conductivity 

for the uniform angular discretization of dQ, (see Chapter 2), we seek a mapping F 

that takes the full data problem to the partial data one. To define this mapping let 

us recall from section 2.3 the measurement matrix M (2.22). The supports of the 

measurement functions Xj are now confined to the dual cells 

supp Xj c (T2j-3,T2j-i) C dnA, (3.1) 

and they are concentrated around primary nodes 72,-2 € supp Xj- Suppose that the 

support of Xj is small compared to the size of the dual cell (r2j_3, T2,-I), SO that we 

can assume that we deal with point measurements performed at the primal nodes Tfe, 

k = 0,2,4,... 2rc — 2. Then if we let rn_ 1 = (3 and rn+1 = 2ir — (3, no measurements 

are performed on the inaccessible boundary dClj. 

Let 9k = k = 0,..., 2n — 1 be the staggered uniform grid in angle for the full 
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data problem, mapped by F to the partial data problem. Both the full and the partial 

data problems are solved in the same domain, so the mapping F must preserve the 

domain il along with its boundary dQ. Moreover, the nodes 0* should be mapped to 

the nodes T*,. We require F to be a diffeomorphism of fl to itself, and we denote its 

inverse by G. 

We have from [56], [57] that if the potential u solves V • (aVu) = 0, then after the 

mapping, ü(x) = u(F(x)) satisfies a similar equation with conductivity a given by 

a{x) = 
G'{y)a(y){G'{y))T 

|det G'(y)\ 1 

y=F(x) 
(3.2) 

where G' denotes the Jacobian of G. The transformed conductivity <r is often referred 

to as a push forward of a by G, and it is usually denoted by à — G*(er). Note that 

since G' is a matrix, the conductivity cr is in general anisotropic. 

To derive the transformed Dirichlet-to-Neumann map, we use the restriction g of 

G to dQ, (g = G|afi). The push forward of the DtN map g*Aa is then 

° g))(r)\T=m (3.3) 

for ip e /F/2(df2). As established in [77], the DtN map is invariant under the push 

forward 

fl'+Ao- = A Gmtr- (3-4) 

This invariance tells us that given the diffeomorphism F, its boundary restriction 

/ = Fl^, their respective inverses G and g, and the DtN map A^, we can compute 

the push forward of the DtN map, solve the inverse problem for g*Aff to obtain cr, 
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and then map it back using the following relation 

°(y) = 
F’{x)a{x){F'{x)Y 

|detF'(x)| x—G(y) 

(3.5) 

Recall from Chapter 1 that the EIT problem is uniquely solvable only for isotropic 

conductivities. The unknown conductivity a is also isotropic, so we require F and 

G to preserve this isotropy. It follows from equations (3.2), (3.5), that both F'(F')T 

and G'(G')T must be 2 x 2 identity matrices, i.e. the mapping F must be conformal 

The push forward of the conductivity is then just 

S(x) = o(F(z)). (3.6) 

Our domain is the unit disk, and since it is preserved by our mapping, F must 

be a conformal automorphism of the unit disk. It is known from the theory of complex 

variables ([40], chap. IX.2) that all possible conformal automorphisms of the unit disk 

are Mobius transformations of the form 

F<2>=e<"S <3-7> 

Here we associate R2 with C, and so z e C, |z| < 1, with u € [0, br], and a € C being 

the free parameters. We constrain a by |a| < 1 to ensure that the mapping (3.7) is 

conformal inside the unit disk. 

We wish to map the nodes 6k to r*, where rn_i = 0 and rn+i = 2ir — 0 are the 

end points of 8QA- Using notation 0„_i = a, 6n+l = 2ir — a, we deduce that F must 

satisfy F(e±ia) = e±î/3 (see figure 3.1), therefore the parameters in (3.7) are given by 

_ cos a — cos 0 
a 1 — cos(a + 0) ’ 

u) = 0. (3.8) 
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If we denote the image of point z — reld by w = pelT, then 

r(l + a2) cos 9 — a(l + r2) 
1 + a2r2 — 2 ar cos 6 
r( 1 — a2) sin# 

1 + a2r2 — 2ar cos 9 

(3.9) 

(3.10) 

3.1.2 Optimal grids under conformal mapping 

The first question that arises is how does the optimal grid behave under the mapping 

F. Note that by enforcing condition F(e±ia) = e±lf) we have exhausted all degrees 

of freedom of the Mobius transform, and thus we have no control over the boundary 

grid points Tfc. The image of the optimal grid with n = 13 primary nodes under F 

is given in Figure 3.1. We can notice, that the distances between the boundary grid 

Figure 3.1: The optimal grid with n = 13 under conformal mapping F, with @ = 
37T/4. Left: uniform grid; right: grid under F. Primary grid lines are solid black, 
dual grid lines are dotted black. Boundary grid nodes: x primal, o dual. Accessible 
boundary 8QA is solid red. 

nodes T*, become large as 9k approaches n. It is for 9 close to 0 (the middle of 5f2>i), 

that we observe the accumulation of the grid nodes r^. 

The natural question to ask is if such non-uniformity in the distribution of grid 
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nodes on 8Q,A will go away as we increase the number of nodes n. To answer it we 

need to establish a limiting distribution of r* = F (Ok), fc = 0,..., 2n — 1. A simple 

analysis shows that a much stronger result holds than just the existence of a limiting 

distribution. In fact, each T* has its own limit (determined by the index of the node 

k and the size of the inaccessible boundary 0). Let us do the renumbering fj = rn+j, 

where l = — n + 1,..., n. Then for any given l we have the limits 

lim cosfj 
n—► oo 

lim sin-fj 
n—> oo 

/2-l + (Z2 + l)cos/? 

Z2 + 1 + (Z2 — l)cos/?’ 
21 sin 0 

l2 + 1 + (l2 — l)cos/3’ 

(3-11) 

(3.12) 

so there is no grid refinement in angle, except for the point z = 1, which F maps to 

itself, along with the rest of the interval [—1,1]. See Figure 3.2 for the illustration of 

Figure 3.2: Limiting behavior (n = 37) of the optimal grid under F, with /? = 3îr/4. 
Primary grid lines are solid, dual grid lines are dotted. Boundary grid nodes: x 
primal, o dual. Limit points of fj for l = —6,..., 6 are V- 
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this limiting behavior. We observe that already for n = 37 the rightmost 13 nodes fi, 

l = — 6,..., 6 are very close to their respective limiting values. This means that as 

we increase n there is going to be no further angular refinement of the grid in that 

region. 

The explanation of such behavior of the grid is that the ’’limiting'1 mapping is not 

_ 1 1 — cos(cc + 0) 
conformal in ÎÎ. Indeed, the only pole of F is given by zp = — = —, and 

CL COS Ot “ COS LJ 

TV 1 + cos 0 
as n —► oo we have a = n ► 7r, thus zv —*■ —    = —1 G dfi. 

n — 1 — cos p 

3.1.3 Inversion with conformal mapping optimal grids 

Considering the limiting behavior of the optimal grid one may think that the con¬ 

formal mapping approach is not useful for solving the partial data EIT problem. 

However, the instability of the EIT problem (see section 1.1) tells us that we cannot 

improve the resolution of the images by simply taking more measurement points. Put 

otherwise, the limit n —► oo is not practically important in this problem. We now 

show the numerical results, which demonstrate that the conformal mapping approach 

gives reasonable reconstructions of the conductivity a. 

To recover the conductances in the circular network we use the direct layer peeling 

method derived in [24]. We use it to obtain two sets of resistors (7^,7^) and 

(7,7) corresponding to measurement matrices and M for the reference and the 

unknown conductivities respectively. The values of the numerical approximation to 

unknown a are then given by relations (2.8), which we interpret as the approximation 

to the point values of a at the intersection of the primal and dual optimal grid 

lines. The values are then interpolated linearly between the points. We refer to such 

numerical approximation as the reconstruction of cr. 
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Figure 3.3: True (left) and reconstructed (right) conductivity; n = 21, (3 = 37T/4. 

Synthetic example sigX. 

We test our method with the same two examples as in [17] (see Appendix B.). The 

first one called sigX is a purely synthetic example, which tests how well a method 

can recover a smooth conductivity with relatively complicated features. The second 

example phantoml is a piecewise constant conductivity, that represents a simplified 

chest phantom (see [51]). The three inclusions correspond to the lungs and heart, and 

their relative conductivities are close to those of the human body during expiration. 

In Figures 3.3, 3.4 and 3.5, the parameter (3 that determines the arc-length of 8Q.A 

is fixed at (3 = 37T/4. Notice that the accessible boundary is not precisely (—/?,/?), 

since the measurements of the DtN map are not exactly point measurements. We plot 

the support of measurement functions Xj as small red squares. We rotate the test 

conductivities to explore the resolving power of the method in different regions of the 

domain relative to the accessible boundary. The number of boundary measurements 

for all examples is n = 21, for which the resistor network reconstructions are reliable 

and stable. 

First consider the test conductivity sigX. The Figure 3.3 compares the true and 

reconstructed conductivity. Since some of the features are in the region with very 
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Figure 3.4: True (left column) and reconstructed (right column) conductivity; n = 
21, P — 37T/4. Synthetic example sigX rotated by 3TT/4 (top row) and —7T/4 (bottom 
row). 

few grid nodes, the image quality is not very good. After rotating the conductivity 

so that one of the features becomes close to the point of accumulation of grid nodes, 

the picture changes dramatically. We are now able to recover the features rather 

precisely, as can be seen from Figure 3.4. Note also, that both the geometry and the 

values of the conductivity are well resolved. 

The second set of results that we consider correspond to the piecewise constant 

conductivity phantoml. The discontinuous conductivities are in general harder to 

recover than smooth ones. One would expect spurious oscillations to appear in the 
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Figure 3.5: True (left column) and reconstructed (right column) conductivity; n = 
21, (3 = 37T/4. Synthetic example phantoml : original (top row), and rotated by —7r/2 
(bottom row). 

reconstruction. The results are presented in Figure 3.5, for different orientations of 

the conductivity relatively to DCIA- A visible overshoot is observed only in the bottom 

right plot in Figure 3.5 between the “lungs”, the rest of the reconstructions are free 

from visible artifacts of piecewise constant reconstruction. As with sigX we observe, 

that the features close to the point of accumulation of the grid nodes are resolved 

better. The distortions are inevitable in the regions where the grid nodes are few (the 

heart on the top right plot in hg. 3.5). 

We also study how the size of the accessible boundary (3 affects the reconstruction 
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Figure 3.6: True (top left) and reconstructed (three others) conductivity; n = 21. 
Synthetic example phantoml rotated by n/2. Values of (3\ top right 27T/3; bottom 
left 7T/2; bottom right 7r/3. 

quality. In figure 3.6 the conductivity phantoml is rotated in such way, that the 

“heart” is relatively close to the accessible boundary (top left plot). The reconstruc¬ 

tions for three different values of (5 are presented. For (3 = 27T/3 we can recover the 

position of the heart very accurately and somewhat estimate the conductivity of the 

lungs. In case (3 = ir/2 (half the boundary of Q is available for measurements) the 

heart is still recovered reasonably well. And even in the case where we can observe 

approximately one third of 90 (bottom right plot in fig. 3.6), we can still somewhat 

estimate the location and the conductivity of the heart. 
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From the presented numerical results we conclude that though the conformal 

mapping reconstruction approach does not possess a continuum limit, it can still be 

a viable technique given the ill-conditioned nature of the EIT problem, where the 

continuum limit is practically unachievable because of stability issues. The method is 

not flexible with respect to positioning, since the only essential degree of freedom is 

used to enforce the mapping of the inaccessible boundary. In section 3.2 we propose 

a more general method that is free of such limitations. 

We should point out that the reduced resolution away from the middle of the 

accessible boundary comes with increased resolution near it. This feature can be 

used to derive a method of solving the full data EIT with a rotating set of electrodes 

that are moved around the boundary to obtain high resolution reconstructions of a 

within different subsets of fi. The resulting reconstructions then can be combined to 

obtain a high resolution image of the conductivity in the whole domain. The above 

approach of course requires multiple measurements to be made for different positions 

of the measurement tool consisting of the rotating set of electrodes. We refer to such 

approach as the “rotating tool”. 

3.2 Anisotropy and extremal quasi-conformal map¬ 

pings 

In the previous section we have learned that the conformal mapping approach is 

restrictive. It does not allow us to choose the location of the boundary nodes as we 

please. This is because the group of conformal self-mappings of the unit disk is too 

small. Here we propose a more general approach that allows us to choose a priori the 

boundary measurement points, by enriching the space of possible mappings. Note 
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however, that according to (3.2) only conformal mappings preserve the isotropy of 

the conductivity, which is essential for the uniqueness of the solution of the EIT to 

hold. When we allow non-conformal maps, the conductivity becomes anisotropic, so 

the best we can do is to seek mappings that minimize the artificial anisotropy. This 

leads us to considering quasi-conformal mappings. 

According to [11] a quasi-conformal mapping is a diffeomorphism w(z) that sat¬ 

isfies the Beltrami equation 
dw , .dw 

(3.13) 

where a complex valued measurable function fJ-(z), known as Beltrami coefficient, 

obeys 

ML = ess sup |/i(z)| < 1. (3.14) 

The function K(w,z)given by 

K(w, z) 1 + \n(z)\ 

i-l M*)l’ 
(3.15) 

is called the dilation of w at z. The maximal dilation of w is denoted by 

K(w) 1 + M*)Hoo 

1-IMOIIoo’ 
(3.16) 

and it measures how close the mapping is to being conformal. Conformal maps have 

maximal dilations K = 1. 

Similarly we can define an anisotropy of a symmetric positive definite tensor field 

o(z). Let Ai(z) > A2(Z) > 0 be the eigenvalues of <J(Z). Then according to [56] the 
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anisotropy of a(z) is 

K(<T,Z) fjfH, iW = #l 
y/L(z) + 1 Mz) 

The maximal anisotropy is defined as 

(3.17) 

K(CT) = sup K(<7, Z), (3.18) 

and we note that isotropic conductivities have zero anisotropy. 

The relation between the Beltrami coefficient of a quasi-conformal mapping and 

the anisotropy of the push forward of an isotropic conductivity by the mapping is 

given by the following result. 1 

Lemma 3.2.1. Let F(x,y) = [u(x,y), v(x,y)]T be a quasi-conformal diffeomorphism, 

with the complex form w(z) = u(z) + iv{z), z = x + iy, and the Beltrami coefficient 

p(z). If a is an isotropic conductivity, then 

K(F.(<T),Z) = \p{z)\ 

Proof. Since only the ratio of the eigenvalues L matters for determining the anisotropy, 

we can consider only the part H = F'(F')T of the definition of the push forward in 

equation (3.5). 

1This result is probably known, but we could not find a proof in the literature. 

" 
ux Uy 

, H = 
ul + ul 'U'x'^x 

Vx Vy 'U'xVx A
 

+
 

A
 

1
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The eigenvalues Ai, A2 of H satisfy 

Ai + A2 = I\H = u2
x + u2

y + v2
x + v2

y, (3.20) 

AIA2 = detif = (detF)2 = (uxvy — uyvx)
2. (3.21) 

From (3.13) and the definition of complex derivatives — 
dz 

1 
2 ( dx ldy ) 

we derive 

1 (d_ .d_\ d_ 
2 1dy) ’ dz 

/* = 
dz _ (Ux + Vy) + j(Vx - Uy) 

% (Ux - Vy) + l{vx + Uy) ’ 

so that 

N = 
Ul + Ul + Vl + Vl + ZjUxVy ~ UyVx) 

«x + “y + Vl + ~ 2(«x^ ~ Mÿ^x) ' 

Comparing (3.23) to (3.20) and (3.21) we can write 

I + À2 + 2\/ÀIÀ2 

AI + A2 — 2\/AIA2 

Æ+Æ V& + 1 
■\Aï —"sÆ /âî_I 

(•\/Âï + x/Â^)2 

(Æ — \/Ââ)2 

VL-1 
y/L + 1’ 

(3.22) 

(3.23) 

(3.24) 

(3.25) 

which completes the proof. □ 

The above lemma establishes that the anisotropy of the push forward of an 

isotropic conductivity by a quasi-conformal mapping is determined solely by the di¬ 

lation of the mapping. Since the true conductivity in our case is isotropic, we would 

like to minimize the artificial anisotropy introduced by the mapping, and hence to 

minimize the dilation of the mapping. Recall, that we also would like to specify the 
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location of the grid nodes on the boundary, so the desired quasi-conformal mapping 

must have the boundary action that we specify. 

It follows from the results of [76], [70] that if a sufficiently regular function / is 

chosen on d£l, than there exists a unique quasi-conformal mapping F defined on f2, 

with minimum Halloo, out of all quasi-conformal mappings satisfying F|gn = /. Such 

mappings are known as extremal quasi-conformal mappings. It is known (see [76], 

[70], [72]) that they are Teichmiiller mappings, i.e. their Beltrami coefficient is of the 

form 

M = M-l^i = P-26) 
where <f>(z) is holomorphic in Q. 

While the above arguments establish the existence of the quasi-conformal map¬ 

pings that minimize the artificial anisotropy of the mapped conductivity while pre¬ 

serving the positions of the electrodes, the computation of fj. and F can present 

substantial difficulties. First, while certain criteria for determining <f>(z) in (3.26) 

have been established, they are usually non-constructive in nature. Second, even if 

4>{z) and thus fi(z) are determined, solving (3.13) for F requires careful treatment of 

the zeros of The partial data EIT with quasi-conformal mappings thus remains 

a focus of future work. 

3.3 Partial data EIT in a triangular region 

Here we propose an alternative approach to the EIT problem with partial data. This 

approach is motivated by the difficulties facing the conformal and quasi-conformal 

methods described before. The root of these difficulties lies in the fact that the ratio 

of the size of inaccessible boundary to the size of accessible boundary in the reference 
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domain (after the conformal mapping) goes to zero as the grid becomes more refined. 

The conformal mapping is then forced to apply more deformation, which results in 

grids that do not refine asymptotically. The new approach proposed in this section 

models explicitly the inaccessible boundary, so that the ratio between its size and the 

size of the accessible boundary is fixed. 

The choice of the reference domain is governed by the geometry of the resistor 

network that allows for explicit modeling of the inaccessible boundary. At the core 

of this model is a resistor network with a pyramidal graph (see section 3.3.1). We 

associate this network with a unit triangle domain 

T = {(x, y) € R2 | x > 0, y > 0, x + y < 1}, (3.27) 

with the boundary dT split into the accessible boundary OTA = &TAV U 8TAX = {x = 

0, y € [0,l]}U{y = 0,x€ [0,1]}, and the inaccessible boundary dTj = {x+y=l,x€ 

[0,1], ye [0,1]}, as shown in Figure 3.7. Note that T can be mapped conformally to 

the unit disk using the Schwartz-Christoffel mapping. 

Since we use pyramidal resistor networks to discretize the continuum partial data 

EIT problem, we model the inaccessible boundary with homogeneous Neumann con¬ 

dition on the inaccessible boundary (as explained in section 3.3.1). The equations for 

the potential take the form 

V • (crVit) = 0, in T, (3.28) 

u = <f>A, on dT A, (3.29) 

on dTi. (3.30) 

The partial data EIT problem is to find a from simultaneous measurements of the 
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(0,1) 

d T Ay 

(0,0) 
d T, (1,0) 

Ax 

Figure 3.7: Triangular reference domain T. Boundary nodes vj, j = 1,... ,n, n = 2m 
of the associated pyramidal network with graph En are plotted as x. 

potential <f>A and the boundary current JA = Note, that uniqueness Theorem 

1.2.1 is proven in a different setting (homogeneous Dirichlet conditions on dTj). The 

uniqueness question for our problem remains open as far as we know. 

Now let us define the measurement matrix M. If we take the measurement func¬ 

tions Xp similar to those in section 2.3, so that supp Xp C OTA, then we need to 

introduce a correction xP with supp xP = dTj, so that Aa(xP + Xp)\&rt = 0- Then 

the measurements are 

(3.31) 

(3.32) 

/ XpKiXq + Xg)dS. 
JarA 

(3.33) 

Note also that the consistency between the measured matrix M continuum problem 

and the DtN map of the discrete problem has been established in Theorem 2.3.2. 
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Numerical results in section 3.3.3 suggest that the above measurements are consistent 

with resistor networks, however this fact seems to be a non-trivial generalization of 

the underlying results from [62]. The proof of consistency is part of our proposed 

work. 

3.3.1 Recoverability of pyramidal resistor networks 

The graphs that we call pyramidal also appear in the literature under the name 

standard [25], where they are denoted £n, with n=\B\ being the number of boundary 

nodes. Figure 3.8 shows pyramidal networks with n = 6,7. We will refer to edges of 

£n as vertical or horizontal according to their orientation in Figure 3.8. 

h h 

Figure 3.8: Standard graphs £n, n = 6,7. Boundary nodes Vj, j = l,...,n, are 
plotted as x, interior nodes as o. 

Unlike the circular graphs from [24] that allow recovery only for odd number of 

boundary nodes n, pyramidal networks can be uniquely recovered for both odd and 

even n. Another remarkable difference between the pyramidal and circular networks 

is that the pyramidal networks are self-similar in the following sense. If we peel the 
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outer layer of edges of a pyramidal graph £„ (remove the edges adjacent to boundary 

nodes), the resulting graph would be £n_2. The number of layers that we could peel 

from a pyramidal graph we denote by m, and thus the number of boundary nodes 

is either n = 2m or n = 2m + 1 depending on whether the graph has even or odd 

number of boundary nodes. 

Since our reference domain is the triangle T, it is natural to associate the boundary 

nodes of the network with the accessible boundary OTA and the interior nodes at the 

“bottom” of the pyramid (as given in figure 3.8) with the inaccessible boundary dTj. 

In case of odd n = 2m+1 the boundary node vm+\ is then necessarily associated with 

the vertex (0,0) = 8TAX fl &TAV of the reference triangle T. This poses a problem, 

since it is natural to speak of current at the boundary nodes as of the normal current 

in the continuum case, and at the vertex (0,0) of T the normal to dT is not defined. 

We thus limit the discussion to the case of even number of boundary nodes n = 2m. 

The association of the boundary nodes Vj, j = 1,... ,n with the accessible boundary 

6TA is shown in figure 3.7. 

Our goal is to use the pyramidal networks to solve the discrete inverse problem, 

thus we must study if the networks on En, n = 2m are recoverable, as defined in 

sections 2.2.1 and 2.2.2. As follows from Theorem 2.2.3 the question of whether the 

network is recoverable is equivalent to establishing whether its underlying circular 

planar graph is critical. It is mentioned in [25] (Proposition 7.3) that for n > 3 the 

graphs £n are critical and well-connected, however no proof is given. Since we are 

only interested in case n = 2m, we give the proof of the following result. 

Lemma 3.3.1. For even n — 2m, m G N, the graph £„ is critical. 

Proof. To prove that the graph is critical we must show that at least one connection 

between some connected circular pair (P; Q) is broken when an edge is removed from 
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the graph. For our purpose it is enough to consider the circular pairs of maximal size 

|P| = \Q\ = m. We first show that there exists a unique connection between a circular 

pair of size m. Then, given an edge e we construct a circular pair (Pe; Qe) of size 

m, such that its unique connection passes through e. Finally, since the connection is 

unique, removal of e breaks (Pe; Qe) and thus the graph is critical. 

v,x- -KV4 v, x- “®V4 

Figure 3.9: Induction base S4. P are o, Q are x. 

Since |P| + \Q\ = 2m = |P|, we have B = P U Q, and because (P; Q) is circular, 

w.l.o.g. we can write P = {vs+1,...,us+m}, Q = {us+m+i,..., v2m, vi,..., va}, where 

1 < s < m. We prove the existence of a unique connection between P and Q by 

induction on the size of graph n. The induction goes in steps of 4, so we need to 

consider two base cases n = 2 and n = 4. In case n = 2 only one (up to swapping 

P and Q) circular pair is possible P = {ui}, Q = {u2}, and in case n = 4 two such 

pairs exist P = {^2,^3}, Q = {vi,Uj}, and P = {^3,14}, Q = {vi,v2}. For n = 2 the 

graph contains only one edge, so the connection is trivial, the unique connections for 

n = 4 are shown in figure 3.9. 

Suppose that for Sn_4 there exist a unique connection between every circular pair 

of size m — 2 denoted by (P';Q') ■ Remember that £n has as its subgraphs all Ej, 

j = 2,4,..., n — 2, that can be obtained by repeatedly removing the edges adjacent to 

boundary nodes. Thus, we want to connect the pair (P; Q) of £„ to some circular pair 

(P'; Q') of the subgraph £n-4 (which is obtained from £n by peeling the outer layer 

twice) in a unique manner, so that we can use inductive hypothesis. The following 

argument is illustrated in figure 3.10, the boundary nodes of £n are denoted by Vj, 
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Figure 3.10: Induction step from £„_4 to S„. P and P' are o, Q and Q' are x. 
Nodes in (P;Q) are Vj, nodes in (P'\Q') are Wj. Edges not in the connection are 
dashed, edges in the connection are thick solid. Narrow solid lines bound E„_4. 

the boundary nodes of the subgraph £n_4 are denoted by Wj. * 

Let us for now consider the case 1 < s < m. We begin to construct the connection 

starting from Vi € Q and t>2m € Q. Since these two nodes are connected to £„ with 

only one horizontal edge each, there is a unique way of connecting them to £„_2- 

Once Vi and V2m 
916 connected with the horizontal edges, we observe that Vi and 

V2m-i can also be connected to £n-2 by horizontal edges only, because if we connect 

them with the vertical edges, the paths will intersect with the horizontal edges added 

for v\ and V2m- We can now add more edges from Q until we reach vs and us+m+i, and 

using the previous argument all of them should be connected to £„_2 by horizontal 

edges. Now we add the edges connecting the nodes in P. We start from vm € P and 

vm+i e P and since we are not allowed to connect them with a common horizontal 

edge (the paths must be disjoint), the only possibility is to connect them with a 

vertical edge. This in turn leaves the only possibility for other nodes in Q to be 

connected to £„_2 with vertical edges. The above arguments for P and Q show that 

the paths between vs and va+i, as well as between vs+m and vs+m+i must be the 
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“doglegs” as shown in figure 3.10. Using a similar argument we can show that the 

connection between S„_2 and En_4 must be continued by horizontal edges for Q and 

vertical edges for P. And thus we get a unique circular pair (P'; Q') on En_4 with 

Q {tei, ■ ■ ■ j—I? wa+m—2> ■ ■ ■ ju?2m—A}, P = {u^aj ■ • • j ^a+m—3} that is connected to 

(P;Q)- 

Now we can consider the case s = m, P = {vm+i,..., V2m}, Q = {v 1,..., um}. In 

this case both P and Q are connected with horizontal edges, since Vi € Q, vm € P, 

and so a unique (P'; Q') has the form P = {wm_x,..., u;2m_4}, Q = {u>i, ..., 

We can now use the inductive hypothesis that (P'; Q') is uniquely connected through 

En_4, and thus we have shown that every circular pair of size m can be uniquely 

connected through En, n = 2m. 

Figure 3.11: Left: two circular gaps between p and q denoted by v and n (note 
that both gaps have an even number of nodes simultaneously). Right: circular gaps 
between qi and p (□), and between p and qr (v); the vertical resistor for which 
(Pe; Qe) is constructed is e; the gap between p and qr has even number of nodes. 

Next we show how to construct a circular pair (Pe; Qe) of size m for which its 

connection passes through a given edge e. If e is a horizontal edge, then as we showed 

above the connection for the pair (P; Q) with s = m consists of all horizontal edges of 

En. Let e = (t, b) be a vertical edge connecting nodes t (top end) and b (bottom end). 

We follow the vertical edges above e from t up to the boundary, and add the resulting 

boundary node p to P. From b we can follow two paths of horizontal edges, one to the 

left and one to the right, which end at the boundary at nodes qi and qT respectively. If 
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arranged in circular order, two boundary nodes p and q are separated by a number of 

other boundary nodes that form two gaps (leftmost plot on fig. 3.11). Since n = 2m 

is even, both gaps have either odd or even number of nodes simultaneously. Zero 

number of nodes in the gap is considered even. 

Consider a subgraph of £n which consists of its upper part lying above the line 

of horizontal resistors connecting qi and qT. This subgraph is pyramidal itself with 

even number of boundary nodes, with qi being the lower left boundary node, qr the 

lower right, and p somewhere in between, hence either the gap between p and qi or p 

and qr has an even number of nodes (see the rightmost plot on fig. 3.11). We pick q 

corresponding to such gap and place it in Q. Once p and q are chosen, we complete P 

and Q with the remaining boundary nodes of £n, filling both circular gaps between 

p and q by adding half of the nodes in the gap closest to p to P, and half of the 

nodes closest to q to Q. This is possible because we ensured that both gaps have 

even number of boundary nodes. It follows then from the inductive construction of a 

unique connection for (P; Q) that the dogleg connecting p and q passes through e. 

We have thus shown that for every edge e there exists a circular pair (Pe; Qe), which 

has a connection passing through e, and since the connection is unique, removal of e 

will result in breaking it, hence £n is critical. □ 

3.3.2 Layer peeling for pyramidal networks 

Once we have established that £„ is critical, and thus the pyramidal network is 

uniquely recoverable, we can construct a method for finding conductances 7(e) from 

the DtN map Ay. The method presented here follows the layer stripping scheme 

from [24], that relies on constructing certain potentials known as special solutions. 

The layer stripping approach consists of finding the conductances for the edges of £„ 
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adjacent to the boundary nodes, then stripping them from the network and computing 

the DtN map for the smaller network En_2. The method terminates when the last 

layer E2 consisting of one resistor is determined. 

We first show how to find the conductances for the edges adjacent to the boundary. 

Let vp be a boundary node and ePih = (vp, wp), ePiV = (vp, wp-i) be the horizontal and 

vertical edges adjacent to it, here we denote by Wj, j = 1,... ,n — 2 the boundary 

nodes of the subgraph En_2 of E„ (see figure 3.12). Let for now 1 < p < m. We 

want to find 7(ePj/,), l(eP,v), so we construct special solutions u^’^, u^’v^ so that the 

potential drop on ePth, ePyV is fixed, and thus the measured current is equal to the 

conductance. 

Figure 3.12: Special solutions - potentials used to determine 7(ep<h) (top) and 7(ep>„) 
(bottom). Zero potential nodes are o, unit potential nodes are x. Subgraph En_2 is 
bounded by narrow solid line, its boundary nodes are Wj. Thick solid lines mark the 
outer layer of resistors to be found and then peeled. 
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Let us consider first the special solution u^,hK We form the following subsets of 

B = {uj,..., vn}, the set of boundary nodes of En: E = {vi,..., vp} for which the 

boundary potential is one <j>E = 1; Z = {17,... ,vp_i, vp+i,..., um}, so that there is 

no boundary current flowing through these nodes Jz = 0; F = {up+i,... ,vm+i} for 

which the boundary potential is zero <f>p = 0; C = {vm+2,..., t>2m}> f°r which the 

boundary potential is to be determined via conditions 

<t>E = 1, 

* <(>F = 0, (3.34) 

Jz = 0. 

We first establish that the potential drop on ePth is one. Let S = {u7,..., W2m-2} 

be the subset of interior nodes of £n adjacent to the boundary B (see figure 3.12), the 

potential at S we denote by ip = us. The conditions 3.34 propagate the unit and zero 

potential to the end nodes of ePth- The propagation of zero potential starts at vm. The 

current at vm is given by Jm = 7(em,k)(<f>m ~ 4>m+1) + l{em,v){4>m - V'm-i), and since 

vme Z and vm, vm+1 G F, conditions (3.34) give us 0 = —7(em,„)VVn-i, hence V’m-i = 

0. Now let p+1 < j < m—1, then from Jj = 7(ej,&)(<£, — V’i)+7(ej>)(0i— V'j-i)) fr°m 

j E Z, j E F and (3.34), we obtain 0 = —7(^j,h)^j — 7(eJ>)V’j-i> using induction on 

V’j = 0 starting from j = m — 1 we get 0 = tpj-i for j = m — 1,... ,p+1, hence ipp = 0. 

Potential drop on ePth = (vp,wp) is then <fip — ipp = 1, thus Jp = 7(ep,/»)(0p — ipp) = 

7(ep,/i)* 

The special solution is treated similarly to The sets E and F are 

defined as follows: E = {vp,... ,um+i}, F = {17,... ,vp_i}, the sets Z and C as well 

as relations (3.34) remain the same. Potential drop on ePtV for is determined as 

follows. We show by induction that V’j = 0 for j = 1,... ,p— 1. Since Vi E F, we have 
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0i = 0 and V\ Ç. Z gives J\ = 0, hence 0 = J\ = 7(ei)t,)(0i — ipi) = —7(ei,„)0i, thus 

ipi = 0, which establishes the induction base. Now let j = 2,... ,p — 1, then for Uj we 

have Vj G F, Uj G Z and by inductive hypothesis tpj-i = 0, hence 0 = Jj = 7(^>)(0j— 

ipj) + 7(ej,v)(<pj — 'ipj-1), thus 0 = —'Y(ej>h)ipj, which finally gives ipp~\ = 0. Potential 

drop on ePtV = (vp,wp-1) is then <pp - ipv-\ = 1, thus Jp = 7(ePtV)(<pp - ipp) = 'ï(ePyV). 

So far we have determined that the special solutions provide us with a method of 

finding conductances of the resistors adjacent to the boundary. However, existence of 

such solutions is still in question. Conditions (3.34) only specify potential at boundary 

nodes F U E, we also need to know the potential at C = B\(F U E) to be able to 

determine the potential according to Lemma 2.2.2. Let A be the DtN map of the 

resistor network, then the expression for the current at Z is 0 = Jz = EZB<P, which 

we can rewrite as 0 = AZF<PF + ^ZB<PE + ^zc<Pc, but <PF = 0, and (pE = ?E is a vector 

of all ones of dimension |F|, hence 

<Pc = AZCAZECE, (3.35) 

is the expression for the potential on C provided that Azc is invertible. We first 

observe that \Z\ = \C\ — m — 1, so A zc G is a square matrix. To 

establish that A zc is non-singular we need the following result (Theorem 4.2 in [25]). 

Theorem 3.3.2. Suppose (T,7) is a resistor network with circular planar Y, A = Ay 

is the matrix of its DtN map, and (P; Q) is a circular pair of sequences of boundary 

nodes of Y with |P| = |Q| = k. 

(a) If (P; Q) are not connected through T, then det APQ = 0. 

(b) If (P; Q) are connected through T, then (—l)fcdet APQ > 0. 

The question of existence of u^’,h\ is thus reduced to showing that (Z; C) 
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is connected as a circular pair. We construct the connection explicitly, as illustrated 

in figure 3.13. For j = 1,... ,p — 1 we connect Vj £ Z and V2m-j+i € C with paths 

Figure 3.13: Connection for a circular pair (Z\ C). Nodes in Z are o, nodes in C are 
x, wji 3 = p, • - • ,m — 1 are V- Edges in the connection are thick solid lines, edges 
not in the connection are narrow solid lines. 

comprised of horizontal edges only. For j — p + 1,... ,m we connect Vj € Z and 

Vton-j+2 € C with dogleg paths consisting of one vertical edge ej>v = (vj,Wj-i) and a 

chain of horizontal edges connecting Wj-i and V2m-j+2- 

The above construction shows that {Z\ C) is a circular pair connected through En 

and thus according to Theorem 3.3.2 Azc is non-singular, so <f>c is uniquely deter¬ 

mined by (3.35). Once <j>c is known, we can compute the boundary current at node 

Vp. Jp = APE<f>E + Apc<pc and thus find the conductances 7{ePth) and 7(ep,„). 

Recall that so far we considered the case 1 < p < m. The case m + 1 < p < 2m 

can be considered using a similar argument. In fact, the argument becomes identical 

to the previous one, if we flip E„ around its vertical axis of symmetry, and relabel 

the boundary nodes Vj v^m-j+i, j = 1,..., 2m. 

Once we know how to determine conductances of the outer layer of resistors in 

the network (En,7), the final step in reducing the problem to (E„_2,7) is to compute 

the DtN map for the reduced network. Let us denote the matrix of the DtN map 
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for (Ej,7) by Aj 6 RJXJ, j = n,n — 2. Recall from section 2.2.1 that the matrix of 

the DtN map for the network (En,7) has the form An = KBB — KBIKJJKIB• This 

relation can be rewritten if we use the specific form of the Kirchhoff matrix of (£„, 7). 

Since E„ can be viewed as consisting of m layers of nodes, such that the connections 

by edges exist only between the nodes in consecutive layers, its Kirchhoff matrix K 

has a block tridiagonal structure 

Kn K12 0   0 

K21 K22 R23 0 • • • 0 

0 KZ2 •• : 

K — 
\ 0 •. ••• ■- 0 

: : ’ ‘ • Kss KSB 

0 0 • • • 0 KBS KBB 

where Kjj e R2jx2j, j = l,...,m, are the diagonal blocks with = Kss, 

Km,m = KBB, and KjJ+l e R2jx(2j+2), KjJ+l = Kf+1J, j = 1,..., m - 1, are the off- 

diagonal blocks corresponding to connections between layers j and j +1. From (3.36) 

we see KBI = [0 0 • • • 0 KBS], KJB = Kg{, hence the expression for An becomes 

A„ = KBB - KBS {Kjl)ss KSB• (3.37) 

Using previously defined notation UB — (j>,us = expression relating potential at 

the boundary B of En and the boundary S of the subgraph En_2 is Kssty + KBB<I> — 

An(f>, which gives 

KBs^ = (An-KBB)<l>. (3.38) 

Ku KIB 

KBI KBB 

(3.36) 

The matrix of the DtN map is defined as the current response of the resistor network 
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for point excitations of the form (0,..., 0,1,0,..., 0), i.e. the columns of the identity 

matrix. Thus, if we rewrite (3.38) in matrix form by taking \k, to be matrices, and 

^ = In—2 G R(n-2)x(n-2) is an identity matrix, we get 

KBS = {K-Kbb)$. (3.39) 

Notice that M = (An — KBB) € Rnxn and $ € Rnx(n-2) so the system (3.39) is 

overdetermined. However, it is solvable, which we show next. From (3.37) it follows 

that 

M = -KBS (KJ})SS Ksb. (3.40) 

Since the graph En is connected, KBs and KSB have full rank: rank(KBs) = rank(ifss) 

n — 2. To establish that the square matrix (if/^)55 € R(n-2)x(n-2) is invertible we 

consider the following decomposition of if//. It was established in Lemma 2.2.2 that 

if// is invertible and from (3.36) it follows that if// it tridiagonal, hence it has a 

block LDU decomposition if// = LDU, with block sizes as in (3.36), and L, U being 

block bidiagonal: 

/ 0 

In I 

I 0 

0 Lm~ 2 I 

(3.41) 
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D\ 0 

0 D2 

0 

0 

0 An-1 

(3-42) 

I Ux 0 

0 I • 

••• I An- 2 

0 I 

(3.43) 

all blocks Dj, j = 1,..., m — 1, are of course non-singular. If we denote the diagonal 

blocks of Kjj by Zj, j = 1,... ,m — 1, it can be shown (first appear in [80], see also 

[39], [38]) that they can be expressed in terms of the LDU decomposition of KH as 

1 = Dj_ 1, (3.44) 

Zj = Dj -hUjZj+iLj, j = m 2,..., 1. (3.45) 

Of particular interest to us is (3.44), which can be written as = 

{KJJ)SS = which ensures that (K^)ss is non-singular. Now we have es¬ 

tablished that all the terms in (3.40) have full rank, and so rank M = n — 2. 

We can now solve equation (3.39). Let P € R(n_2)xn be a full rank projection 

matrix, such that PPT = 2. Then if we search for $ in the form $ = PT<h, 



69 

multiplying (3.39) from the left by P we get 

PKBS = PMPT$, 

$ = {PMP
T
)~

X
PKBS, 

$ = P
T
(PMP

T
)~

X
PKBS- 

(3.46) 

(3.47) 

(3.48) 

Once we have (3.48), the final step in deriving the relation for An_2 is to write the 

Kirchhoff law for the nodes in S. Let G — I\S, then 

where we split Kss into two parts Kss = A$+A<j corresponding to resistors connect¬ 

ing S to B and S to the rest of nodes in £„ respectively. The DtN map of (£n_2,7) 

is then the current through S to B given by JSB = —Kstp — KsB<t>, which we write 

in the matrix form using = Jn_2 and (3.48) as 

This concludes the method for recovery of the outer layers of resistors in (£«,7) 

from An and reducing the problem to recovering (£n_2, 7) from An_2. We summarize 

the results of sections 3.3.1 and 3.3.2 in the following theorem. 

Theorem 3.3.3. Suppose (Sn>7) *s a resistor network with pyramidal (standard) 

graph £n, n = 2m, m G N. Its Dirichlet-to-Neumann map An determines the con¬ 

ductances 7(e) of resistors in the network uniquely, and their values can be obtained 

using the following algorithm: 

KSGV-G + (As + AG)^ + KSB4> — 0) (3.49) 

An_2 = -As - KSBP
T
(PMP

T
)-

1
PKBS (3.50) 

1. For p = 1,... ,m defineZ = {v1,...,vp-1,vp+1,...,vm}, C = {vm+2,...,v2 m}, 
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E(p, h) = {vi,..., vp}, E(p, v) = {vp,..., twi}; 

Forp = m+1,..., 2m define Z = {vTO+i,..., vp_i, Vp+uv2m}, C = {v i,..., 

E(p, h) = {vp,..., v2m}, E(p, v) = {vm,..., vp}; 

2. Forp = 1,..., 2m compute the conductances for horizontal and vertical resistors 

adjacent to boundary nodes B = {vi,... ,v2m} using 

'V(ep,h) = {kp,E(p,h) + Ap<c A^Z,E(p,h)) eE 

l(ep,v) = (APlE(p,v) -t* Ap<c h-z,c Az,/?(p,^)) &E 

3. Once 7(ePth), l(ep,v) are known assemble the blocks Ks, KSB, KBS> EBB of the 

Kirchhoff matrix of (En» 7) and compute An_2 from 

An—2 = -Ks - KSB P
T
 {P (An - KBB) Pt)~1 P KBS 

4. If m = 1 terminate; otherwise decrease m by 1 and go to step 1. 

Once existence, uniqueness, and a constructive approach are available for the 

discrete inverse problem, we can apply it to obtain an approximate numerical solution 

to the partial data EIT in a triangle. 

3.3.3 Optimal grids and reconstructions in the triangle 

In this section we apply our results described in the previous section to solve the 

EIT problem with partial data in a triangular domain. As described in section 2.3 

we first need to compute the optimal grid for this setting. Recall that in the case 

of the full data EIT in a unit disk with uniformly spaced boundary measurements, 

the optimal grid could be represented as a tensor product of two one-dimensional 
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grids. In general, there is no guarantee that there exist an orthogonal tensor product 

grid that corresponds to the conductances 7^, 7O) obtained by solving the discrete 

inverse problem in the triangle with the measurements of the DtN map Aj of the 

EIT problem with a = 1. Thus, the true optimal grid for the triangular domain is a 

purely two-dimensional object. However, it is desirable to have a discretization grid 

that is at least orthogonal, since the discretization formulas in section 2.1 become 

inaccurate otherwise. We can enforce orthogonality of the grid by relaxing relations 

(2.7), so that they hold approximately. 

Let us introduce an orthogonal tensor product grid in the triangle. As illustrated 

in Figure 3.14, we denote the x coordinates of the primal grid nodes on the part 0TAX 

of the accessible boundary 6TA by Xj, j = 1,m and the x coordinates of the 

dual nodes by Xj, j = 1,..., m + 1. Here m determines the size of the corresponding 

pyramidal network. The grid is staggered, i.e. the nodes satisfy the interlacing 

condition 

0 = Xi < X\ < X2 < ■.. < xm < xm < xm+i < 1. (3.51) 

The y coordinates of the grid nodes on the part 8TAV of the accessible boundary axe 

given by yj = Xj, j = 1,..., m, and ÿj = Xj, j = 1,..., m + 1. Once we fix the grid 

nodes on 8TA and require the grid to be orthogonal, it is defined uniquely, as shown 

in Figure 3.14. 

The supports of measurement functions x*j(x) on ^AX are 

supp Xx,j(x) = [(1 - S)xj + 5xj,( 1 - 5)xj + 5%+i], j = 1,...,m, (3.52) 

where parameter 5 6 (0,1) indicates what fraction of the dual cell [xj,x)+1] the 

support occupies. Supports of Xy,j(y) on 9TAy are defined similarly. Note that the 
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Figure 3.14: Orthogonal grid in the triangle. Primal grid nodes Xj and yj, j = 
1,m, are x, dual grid nodes Xj and yj, j = 1,...,m + 1, are o. 

measurement functions depend implicitly on the grid nodes, and so does the measure¬ 

ment matrix = M^(x,x). If we apply the layer peeling method from section 

3.3.2 to we obtain the conductances 7(M^(x,x)) and 7(M^\x,x)). On the 

other hand, if we apply the averaging formulas (2.7) for a = 1 directly to the grid 

constructed above, we get the conductances 7^(0:, x) and j^(x,x). There is of 

course no guarantee that the two sets of conductances are equal for some grid (x, x), 

so the best we can hope for is to get an orthogonal grid that minimizes the misfit be¬ 

tween the two. For example, in the numerical results below we used the least squares 

optimization 

min ||7 (Mw(x,x)) - 7(1)(z,z)||l + ||7 (Mm(x,x)) - 7W{x,x)f2, (3.53) 
(1,1) 

to compute the optimal grid. 

An example of the optimal grid for m = 4 computed with (3.53) is given in 

Figure 3.15. We notice that the grid has a feature similar to the conformal mapping 
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grids of section 3.1.2, namely the grid nodes accumulate towards the middle of the 

accessible boundary (the corner x = y = 0). Such behavior is another evidence that 

the essentially non-uniform distribution of the electrodes on the accessible boundary 

is an intrinsic feature of the partial data inverse problem, and not just an artifact of 

the conformal mapping inversion approach. 

For the numerical solution of the optimization problem (3.53) we used a gradient- 

based method, but the derivatives of the objective function were computed using finite 

differences. Moreover, a fine grid finite volumes discretization was used to compute 

Ai, which is needed to obtain M^l\ A combination of these two discretizations results 

in an algorithm that can be sensitive to the initial guess, as well as to the size of the 

problem m. Such sensitivity limited the resolution of our reconstructions given below. 

Improvements in the numerical solution of (3.53) are part of the future work proposed 

in Chapter 4. 

Once we obtain the grid, the support of the measurement functions Xxj, Xy,j 

becomes known, so we can form the measurement matrix M corresponding to the 

unknown conductivity a. Then we apply the layer peeling method from section 3.3.2 

to compute the conductances 7,7. From the relation (2.8) we obtain the reconstructed 

point values of a at the intersections of primal and dual grid lines. Finally, we 

interpolate the values of a linearly between the points to obtain the reconstructed 

conductivity. 

We apply the method described above to the following test conductivities. In 

all examples a pyramidal network with m = 4 layers and n = 8 boundary nodes is 

used, as it is the largest network for which our method of solving (3.53) produces a 

reasonable grid. The first example is a smooth Gaussian pulse conductivity given by 

. . . _ (g-in)2+(v-»n): 

&G(X, y) = A +Be s (3.54) 
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Figure 3.15: Reconstruction of the Gaussian pulse conductivity GQ with x0 = y0 — 
0.15. True conductivity on the left, reconstructed conductivity on the right. Boundary 
optimal grid nodes x3 = y3 and x3 = y3 are (blue) x and o respectively. Primal grid 
lines are solid, dual grid lines are dotted (black). 

Figure 3.16: Reconstruction of the Gaussian pulse conductivity GQ with x0 = 0.15, 
y0 = 0.25. True conductivity on the left, reconstructed conductivity on the right. 
Grid as in Figure 3.15. 

with A = 2, B = 3, S = 10~2. We use two sets of parameters x0, yo to move the 

Gaussian pulse around the domain T. Since the optimal grid is refined towards the 

origin, we expect to have better reconstruction close to it. Such behavior is indeed 

observed as we see in Figures 3.15, 3.16. Both the shape and the maximum value of 
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Figure 3.17: Reconstruction of piecewise constant conductivity oc. True conductivity 
on the left, reconstructed conductivity on the right. Grid as in Figure 3.15. 

Figure 3.18: Reconstruction of piecewise constant conductivity aQ. True conductivity 
on the left, reconstructed conductivity on the right. Grid as in Figure 3.15. 

the pulse are reconstructed better when it is closer to the origin. The distortions in 

the shape of the pulse are due to the fact that the optimal grid is extremely coarse. 

However, we are still able to recover the position of the pulse and get a rough idea of 

its shape. 
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The next examples are piecewise-constant conductivities given by 

A, x > 1/2 

B, *<1/2 
(3.55) 

where we take A = 2, B = 4. The reconstructions for <rc and o0 are given in Figures 

3.17 and 3.18 respectively. For ac that has a discontinuity across the dual grid line 

y = x, we observe an almost perfect reconstruction. Note that not only the location 

of the interface of discontinuity is recovered, but the values of the reconstructed 

conductivity are captured almost exactly. The reconstruction for o0 is noticeably 

worse. As with the Gaussian pulse this is due to poor grid resolution near the interface 

of discontinuity. However, the values of the conductivity on the sides of the interface 

are recovered correctly, and the location of the interface can be roughly traced along 

the line where cr(x,y) = (A + B)/2 = 3. 

While the numerical results presented above suffer from the use of very coarse 

discretization grids, our method recovers both the spatial distributions and the values 

of the test conductivities reasonably well given the limitations of the grid. Besides 

the use of more refined grids we can further improve the reconstruction a* by using 

(a single) Gauss-Newton iteration for the functional 

as described in [17]. Here r(cr) = Qo F(a), where F(a) = M, a measurement matrix 

corresponding to conductivity <r, and Q takes measurements M to parameterized 

conductivities using formulas (2.8). In [17] this method is shown to be superior to 

the traditional (regularized) output least squares approach to the EIT with full data. 

As a part of future work we propose to extend this method to the partial data case. 

MO = ||r«)-r(<7)|| l (3.56) 



Chapter 4 

Summary and future work 

In Chapter 3 we have formulated and tested numerically two distinct computational 

methods for solving the partial data EIT problem. Both approaches are based on the 

theory of optimal grids and resistor networks with critical circular planar graphs. 

The first approach is based on a well-studied case of full data EIT in the unit 

disk. Our method transforms the partial data problem to a full data one by using 

the conformal automorphisms of the unit disk. Conformal mappings preserve both 

the isotropy of the conductivity and the orthogonality of the optimal grid, which 

we construct explicitly in Chapter 2. Numerical reconstructions of both smooth and 

discontinuous test conductivities suggest that our method is capable of solving the 

partial data EIT problem within its instability constraints. However, the method is 

not without difficulties. First, the optimal grids do not refine asymptotically, thus 

limiting severely the resolution. Second, the method is not flexible with respect to 

the placement of electrodes on the boundary. We proposed to resolve the above two 

difficulties by using quasi-conformal mappings, and we shown how such an approach 

introduces an artificial anisotropy to the solution, which can be minimized using 

extremal quasi-conformal mappings. 
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The second approach to the partial data EIT problem that we formulated uses 

the triangular domain and the pyramidal resistor networks. We developed a theory 

of discrete inverse problems for such networks and provided the direct layer stripping 

method of finding conductances in these networks. The method of solving the partial 

data EIT with pyramidal networks avoids the difficulties of the (quasi-) conformal 

approach by constructing the optimal grid without any additional mappings. Such 

construction comes at a price of dealing with a purely two-dimensional optimal grids, 

that to our knowledge is the first such study. We have demonstrated how to construct 

the optimal grids using an optimization formulation. Numerical examples of recon¬ 

structions on such grids suggest that the approach is indeed viable, however some 

improvements in grid generation are required. 

Throughout this work we pointed out many natural extensions and possible im¬ 

provements of our results. The list below summarizes the proposed topics of future 

work. 

• Prove the exponential convergence of the forward problem for the DtN map in 

the unit disk, discretized on the optimal grid for sufficiently smooth conductiv¬ 

ities and analytic boundary potentials. 

• Apply the ideas of conformal mapping partial data inversion to full data prob¬ 

lems to improve the resolution of the images using the “rotating tool” approach, 

as described in section 3.1.3. 

• Extend the conformal mapping based inversion to the arbitrary electrode place¬ 

ment case using quasi-conformal mappings. Study the question of minimizing 

artificial anisotropy with extremal quasi-conformal mappings. 

• Implement an existing, or derive a new method of obtaining the Beltrami co- 
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efficient and solving the Beltrami equation for an extremal quasi-conformal 

mapping with prescribed boundary values. 

• Prove the consistency of the measurements of the partial data problem with 

insulated inaccessible boundary with critical circular planar resistor networks 

(pyramidal networks in particular). Recall that we proved in Chapter 3 that the 

pyramidal networks are critical and thus uniquely recoverable from consistent 

measurements. The layer peeling algorithm that we developed in Chapter 3 

recovers these networks based on the assumption that the measurements are 

consistent. 

• Implement a more robust grid generation method for the partial data problem 

in the triangle. 

• Improve the reconstruction quality by applying the Gauss-Newton iteration of 

[17] in both the (quasi-) conformal unit disk based and triangle based settings. 

• Further explore the question of uniqueness of solutions of the partial data EIT 

with homogeneous Neumann condition on the inaccessible boundary. 
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