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We numerically study the dissipative transverse field Ising model in a bosonic bath with
Ohmic spectral density. We present Monte Carlo techniques for studying this model in
previously inaccessible regimes of strong frustration. We then consider a well-studied
limit of this model, infinite-separation, and further show that even for finite separations
there is no magnetic ordering associated with the case of an infinite bath cutoff fre-
quency. We discuss future applications for the Monte Carlo method. © 2018 Author(s).
All article content, except where otherwise noted, is licensed under a Creative
Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).
https://doi.org/10.1063/1.5043096

I. INTRODUCTION

The process in which a quantum system undergoes decoherence due to its environment is gen-
erally termed “dissipation”. One of the simplest models for dissipation is the spin-boson model, in
which a single two-level system is coupled to a bath of harmonic oscillators. This model1,2 hosts a
second order impurity quantum phase transition where the dynamics of the two-level system go from
asymptotically free at weak dissipation to effectively frozen (or “localized”) at strong dissipation.
Recently, it has become clear that an array of two-level systems coupled to a dissipative reservoir
exhibits phenomena beyond those described by the spin boson model. For instance, ultra cold atoms in
an optical lattice can form two-level systems immersed in a Bose-Einstein condensate (BEC), where
the Goldstone modes of the superfluid produce a shared bosonic bath. Due to the low magnetic order-
ing temperature of such systems, using a bosonic bath could mediate an effective interaction between
the two-level systems to help produce a magnetically ordered ground state.3–5 This would represent
a bosonic analog of the RKKY effect in itinerant metals, and it is of fundamental importance to see if
this effect can be harnessed to engineer magnetically ordered states in quantum simulators. We will
focus on the dissipative transverse field Ising model (DTFIM) as a model for dissipation-induced
magnetism:
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The first summation is a transverse-field Ising chain of length L, with direct interaction J and field
strength ∆x. The second term is the energy of the bath modes, which are assumed to have a linear
dispersion ωk = 3|k|. In the cold atom realization, 3 corresponds to the sound velocity of superfluid
excitations.6 The final term gives the coupling gk between the spins and the bath, which is assumed
to have an Ohmic spectral density:

J(ω)= 4π
∑

k

|gk |
2δ(ω − ωk)≡ 2παωfωc (ω) (2)
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Ohmic dissipation is a natural choice because it is realized in the BEC-embedded optical lattice
implementation.7 The dimensionless constant α determines the strength of the dissipation and in the
case of a single spin controls the phase transition between a quantum paramagnetic phase and the
decoherent “localized” phase.8,9 We have introduced the frequency cutoff function fωc (ω), which is
often chosen to be in the form of either a hard cutoff fωc (ω)=Θ(ωc − ω) or a smooth exponential
cutoff fωc (ω)= exp(−ω/ωc). The bath introduces the length scale λ ∼ 3/ωc (i.e. the “healing length”
in a BEC bath7), thus defining a characteristic momentum

Q≡
ωc

3
(3)

in units of the lattice spacing a, which will control the scale of the bath-induced ordering of the
spins. As we shall show, Q is the bosonic analog of the Fermi momentum in the conventional RKKY
interaction. In this Contribution, we study the model defined in Eq. (1) with classical Monte Carlo
simulations via a quantum-to-classical mapping. We then discuss the generic dependence on (Qa)
by mapping this to known results for vanishing lattice separation (a→ 0) and via our Monte Carlo
procedure for Q → ∞. We conclude by suggesting the region(s) of the phase diagram that can be
studied by the methods outlined in this Contribution.

II. QUANTUM-TO-CLASSICAL MAPPING

For the DTFIM given by Eq. (1), the quantum-to-classical mapping10 is performed by integrating
out the bosonic modes and discretizing the imaginary time trajectory of the σ̂z

i eigenstates. The states
will then be denoted as a two-dimensional lattice of classical Ising spins sj(τn) at position rj = aj
and imaginary time τn = τ0n for lattice spacing a and imaginary time discretization τ0 = β/N. The
thermodynamic limit for a constant T = 1/β is achieved by taking N →∞ with Nτ0 = β (Ref. 11).
The finite temperature partition function is

Z(β)= lim
N→∞

∑
{si(τn)}

e−SC [si(τn),β] (4)

with the classical action

SC =−

L∑
i=1

N∑
n=1

[
(τ0J)si(τn)si+1(τn) + Γsi(τn)si(τn+1)

]
−

∑
i,j

∑
n>m

K(ri − rj, τn − τm)si(τn)sj(τm) (5)

The local couplings Γ=− 1
2 ln(tanh(τ0∆x)) and τ0J originate from the usual quantum-to-classical

mapping of the transverse field Ising model,10,11 and in our simulations they are chosen so that there
is no long-range order at α = 0. The bath-induced effective interaction for a hard cutoff is given by

K(r, τ)= ατ2
0

∫ ωc

0
dωω cos

(Q rω
ωc

) eω(β−τ) + eωτ

eωβ − 1
. (6)

This induced interaction acquires a particularly transparent physical meaning if one considers the
static limit:

K(r,ω = 0)=
∫ β

0
dτK(r, τ)= 2ατ2

0ωc
sin(Qr)

Qr
(7)

suggesting that the bosonic bath induces spatially oscillating spin interactions similar to the RKKY
interactions mediated by the Friedel oscillations of the Fermi sea.

III. MONTE CARLO METHOD

In general, K(r, τ) oscillates in both space and imaginary time, leading to frustrated interactions
for most of the phase diagram spanned by the model parameters (α, β). The naı̈ve implementation
of the Metropolis algorithm is too slow to achieve adequate Monte Carlo sampling in systems large
enough to avoid significant finite size effects (on the order of L ∼ 102 and N ∼ 104). Therefore, to
achieve the proper sampling, we employ a combination of cluster updates and parallel tempering.
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A. Generalized Wolff cluster algorithm

The Wolff cluster algorithm12 was originally introduced to facilitate faster Monte Carlo updates
in spin systems with purely ferromagnetic interactions, such as the 2D Ising model. Here, we introduce
a generalization of the Wolff algorithm to arbitrary sign of interactions.

For clarity, consider every spin in the 2D system to be numbered by a single index, and begin
the cluster by choosing a random seed spin si. The probability of selecting another spin sj (pi

s(j)) and
the probability of adding a selected spin to the cluster with the original seed (pi

add(j)) are

pi
s(j)= 1 − e−2 |J̃ij | and pi

add(j)=Θ
(
J̃ijsisj

)
(8)

and J̃ij is the sum of all interactions given by Eq. (5) between spins si and sj, such that SC =
1
2

∑
ij J̃ijsisj,

andΘ is the Heaviside function. Suppose a seed si has been chosen, and the last spin to be considered
to add to the cluster was sk−1. To select the next spin, the cumulative probability of skipping over
spins k through m − 1 and selecting spin sm is

Ci
s(k, m)=

m∑
l=k

( l−1∏
j=k

(1 − pi
s(j))

)
pi

s(l)= 1 − e−2
∑m

l=k |J̃il | (9)

So to build a cluster, one traverses the lattice by choosing a random number C, finding m such that
Ci

s(k, m − 1)<C <Ci
s(k, m), then querying spin sm via pi

add(m) to see if it should be added. When the
lattice has been traversed for every spin currently in the cluster, the spins in the cluster are inverted
and the step algorithm begins again.

This procedure satisfies detailed balance, but does not escape the exponential slowdown implied
by the sign problem.13 More advanced sampling via parallel tempering is required to obtain a viable
numerical solution.

B. Parallel tempering

Parallel tempering14,15 is a method by which replicated systems at varying parameter values
can be exchanged to enhance Monte Carlo sampling by reducing autocorrelation times, as shown
in Fig. 1. This procedure is particularly important for systems with high frustration such as spin
glasses,16 as it provides a method to escape from the energetic local minima that become deeper as
the classical temperature is lowered or for quantum simulations as coupling constants get larger. Here,
we overcome the difficulty due to the frustration induced by the long range interactions by swapping
replicas across both different temperatures and coupling constants. Suppose there are two Monte

FIG. 1. Comparison of autocorrelation times for various system sizes (L × N) with N = 128L. (a) shows correlation times for
the generalized Wolff cluster updates and (b) shows the same results for a simulation that also includes a parallel tempering
sweep for every 4 cluster updates. The parallel tempering increases the efficiency by a factor of 5 to 10.
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FIG. 2. State-mixing through parallel tempering. Each histogram represents the distribution of values of the instantaneous
classical action for states visited during a simulation of L = 16 spins with N = 2048 imaginary time steps at Qa = 3π/2. The
rightmost (blue) histograms are at α = 0.5 and the leftmost (red) are at α = 0.6. By tuning the values of τ0 we obtain mixing
at β = 25.6 in (a) and no mixing for β = 102.4 in (b). To obtain mixing for larger spreads in α, we can tune τ0 =

β
N to increase

overlap between neighboring α values. This is demonstrated in (c), where we achieve mixing between states at α = 0.5, β =
98.0 and α = 0.6, β = 102.4.

Carlo simulations running at different values of β and α, denoting the spin state of each process by
µ(α1, β1) and ν(α2, β2). The acceptance probability of exchanging the states µ and ν in parallel
simulations is

P(µ(α1, β1)↔ ν(α2, β2))=min(1, exp(SC[µ, α1, β1]

+ SC[ν, α2, β2] − SC[ν, α1, β1] − SC[µ, α2, β2])). (10)

For an array of processes µ(α, β) at different (α, β), Eq. (10) is used to give the probability for
exchanges differing in both α and β; the only caveat is the system sizes need to be the same so
varying β necessarily requires varying τ0. The parallel tempering procedure for varying both α and
β in the same simulation is necessary to achieve good mixing of states, as shown in Fig. 2.

IV. RESULTS

For a single spin (L = 1), this model is known to exhibit a Berezinskii-Kosterlitz-Thouless (BKT)
phase transition as a function of α in which the spin dynamics freezes or “localizes” with long range
order in imaginary time.1,2,8,9 For the DTFIM (L > 1), the phase transition is controlled by length scale
ratio Qa. Taking the limit of a → 0 is equivalent to removing the phase factor eikri in the spin-bath
coupling of the Hamiltonian in Eq. (1), so the bath-induced interaction becomes independent of the
spatial separation. For J = 0, the spins become aligned in both spatial and imaginary time directions
simultaneously at a BKT transition.17 Here we investigate the case with a,0 in the limit Q → ∞,
which retains spatial dependence in the induced interaction.
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A. Q →∞ limit

For finite lattice spacings a,0, the Q → ∞ limit corresponds to ωc → ∞. To access this limit,
we can employ an exponential cutoff fωc (ω)= exp(−ω/ωc) in Eq. (2) to obtain

K(r, τ)= 4ατ2
0 Re

[
ψ(1)

(
z +

1
βωc

)
+ ψ(1)

(
1 − z +

1
βωc

)]
(11)

where z≡ τ
β + ir

βv and ψ(1) is the trigamma function. We can determine the behavior in this limit by
considering the correlation function

C(r, τ)=
〈 1

LN

L∑
i

N∑
n

si(τn)si+r(τn + τ)
〉
, (12)

where 〈·〉 denotes the thermodynamic average according to the partition function (Eq. (4)). As shown
in Fig. 3 the spins develop long-range order in imaginary time, similar to the behavior found in the
single spin boson model1,2 and the a = 0 limit.17 However, the static (ω = 0) spatial correlations show
no ordering. For large dissipation with imaginary-time-ordered spins, the leading contribution to the
effective action from the bosonic bath is6

FIG. 3. (a) Demonstration of full imaginary time ordering with ωc → ∞. (b) Spatial correlations are nonexistent at all α
values with ωc →∞. Logarithmic plot of spatial correlations shows no discernible ordering (inset b).

FIG. 4. Results in the Q→∞ limit. We set J = 0.103842, Γ = 0.136, N = 5L2, and find αc = 0.6002 in (a) by examining the
collapse of the Binder cumulant. (b) The critical exponentν can be calculated from the scaling ansatz18 〈mn〉 = L−nβ /νφn[τ0(J
− Jc)L1/ν ], where m =

∑
i
∑

nsi(τn). By defining [mn]≡ 〈mnΣx〉Jc − 〈m
n〉Jc 〈Σx〉Jc , where Σx =

∑
i ,nsi(τn)si+1(τn), we obtain

ν as the inverse slope of (b), calculated at J = 0.103842 and α = 0.6002. Calculated value: ν = 0.68 ± 0.06.
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K(r,ω = 0)=
∫ β

0

∫ τ

0
K(r, τ − τ′)dτ′dτ =

2αβωc

1 + (Qr)2
. (13)

Thus, in the limit ωc → ∞ we see that the effective interaction between temporally ordered spins
vanishes. This result implies that when the spins have ordered in the imaginary time direction, the
bosonic bath induced spatial interaction vanishes in the Q→∞ limit and therefore no spatial ordering
occurs, consistent with Fig. 3. This is qualitatively similar to taking the a→ ∞ limit, which is also
in the same universality class as Werner et al. find when J,0.18 To make this connection explicit, we

compute the Binder cumulant U4 =
〈m2〉2

〈m4〉
where m =

∑
i
∑

nsi(τn) to accurately pinpoint the location of
the transition via the crossing in the data at αc for various systems sizes, as shown in Fig. 4a. Fig. 4b
shows the calculation of the critical exponent ν according to the procedure in Ref. 18, verifying that
the two models fall within the same universality class to within our numerical accuracy.

V. DISCUSSION AND APPLICATION TO FUTURE WORK

The results from the DTFIM for ωc → ∞ do not appear to depend on the value of the lattice
constant a, as evidenced by finding the transition is in the same universality class as the Werner
et al.18 model. Additionally, we have found that by altering the form of the cut-off function at high
frequency has modified the form of the bosonic RKKY interaction. By comparing Eqs. (7) and (13),
we conclude that a hard cut-off introduces a static, oscillating, and thus frustration-inducing interac-
tion,17,19 whereas the exponential cut-off produces a power law decay that is always ferromagnetic.6

The situation is most interesting for finite, nonzero Q and a hard cutoff in frequency ωc. Studying
the resulting competing interactions and their effect on the magnetic ordering, using the methods
described in this Contribution, will be a subject of future work.

In this Contribution, we have outlined a set of algorithms that will allow the study of dissipative
quantum systems down to zero temperature by classical Monte Carlo simulation. Specifically, this
method can be used to study the dissipative quantum Ising chain without ignoring interactions. We
have already used these methods to demonstrate that there is no magnetic ordering in a DTFIM
with infinite bath cutoff frequency, and will determine the magnetic ordering for finite values of the
characteristic wavevector Q in forthcoming work.
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