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We consider the scaling behavior of thermodynamic quantities in the one-dimensional transverse field
Ising model near its quantum critical point (QCP). Our study has been motivated by the question about the
thermodynamical signatures of this paradigmatic quantum critical system and, more generally, by the issue of
how quantum criticality accumulates entropy. We find that the crossovers in the phase diagram of temperature and
(the nonthermal control parameter) transverse field obey a general scaling ansatz, and so does the critical scaling
behavior of the specific heat and magnetic expansion coefficient. Furthermore, the Grüneisen ratio diverges in a
power-law way when the QCP is accessed as a function of the transverse field at zero temperature, which follows
the prediction of quantum critical scaling. However, at the critical field, upon decreasing the temperature, the
Grüneisen ratio approaches a constant instead of showing the expected divergence. We are able to understand
this unusual result in terms of a peculiar form of the quantum critical scaling function for the free energy; the
contribution to the Grüneisen ratio vanishes at the linear order in a suitable Taylor expansion of the scaling
function. In spite of this special form of the scaling function, we show that the entropy is still maximized near the
QCP, as expected from the general scaling argument. Our results establish the telltale thermodynamic signature of
a transverse-field Ising chain, and will thus facilitate the experimental identification of this model quantum-critical
system in real materials.
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I. INTRODUCTION

Quantum phase transition arises in a many-body system at
zero temperature, when the energy of its ground state is tuned
by a nonthermal parameter to a point of nonanalyticity [1–4].
When a transition is continuous, it describes a quantum critical
point (QCP). The interplay between thermal and quantum
fluctuations strongly influences physical properties near a QCP
[5–11]. In this context, an important thermodynamic quantity is
the Grüneisen ratio [12]—the ratio of the thermal expansion co-
efficient to the specific heat. Reference [13] advanced a quan-
tum critical scaling form for the free energy, and demonstrated
that the Grüneisen ratio diverges. This divergence is to be con-
trasted with the case of the classical (i.e., thermally driven) crit-
ical point, where the Grüneisen ratio remains finite [12,14]. The
divergence of the Grüneisen ratio has been experimentally ob-
served in heavy fermion metals [15]. Indeed, such a divergence
has been established as a means of diagnosing quantum criti-
cality. An important consequence of this divergence is that the
entropy is maximized near the QCP [13,16], which has recently
been directly shown experimentally in several quantum critical
materials, including Sr3Ru2O7 [17] and CeCu6−xAux [18].

In this paper we focus on the one-dimensional (1D)
transverse field Ising model (1DTFIM) – a paradigmatic
system for quantum criticality [19–26]. The 1DTFIM and its
related one-dimensional models remain a topic of considerable
interest [27–35]. The 1DTFIM undergoes a continuous
quantum phase transition when the transverse field, which we
measure in unit of the nearest-neighbor exchange interaction

and define as g [see Eq. (6) below], is tuned across its
critical value, gc. Near gc, the correlation length diverges as
|g − gc|−1, and the excitation gap closes as |g − gc| with the
correlation length and dynamic critical exponents ν = z = 1.
The divergence of the correlation length implies the existence
of long-range entanglement of the ground-state wave function
near the QCP, which is a linear superposition of enormous
possible product states of spins in the huge 2N Hilbert space
with N being the total number of sites of this thermodynamic
system. This long-range entanglement strongly influences the
physics around the QCP, leading to a rich T -g phase diagram
shown in Fig. 1, where the crossover boundaries between the
different regimes are characterized by T ∝ |g − gc| [24].

The hyperscaling ansatz [13] leads to general statements
about the crossover and scaling behavior of the thermodynamic
quantities near a QCP. While such an analysis is very powerful,
what the ansatz does not specify is the actual form of the scaling
functions. In order to identify signatures that are unique to the
1DTFIM, here we systematically analyze such crossover and
scaling properties by determining the scaling functions. We
demonstrate that the entropy is indeed maximized near the
QCP of the 1DTFIM. We also show that the specific heat and
magnetic expansion coefficient [cf. Eq. (1)] exhibit crossovers
and scaling behavior compatible with the hyperscaling ansatz,
but with some unique features that serve as telltale signs for the
1DTFIM. These features can be used to experimentally ascer-
tain whether the 1DTFIM is realized in candidate materials.

The specific features we have identified are as follows.
While the free energy for the 1DTFIM does obey the
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FIG. 1. The phase diagram of the 1DTFIM. g denotes the trans-
verse field measured in unit of J , with gc being the QCP. The red
solid line shows the ordered region at zero temperature. The two
tilted dash lines illustrate crossover boundaries between different
disordered regions at nonzero temperatures. The dashed line on the top
silhouettes the crossover to the classical region at high temperatures.

hyperscaling ansatz, there is an unusual contrast between the
T and g dependencies of the Grüneisen ratio. We find that
the Grüneisen ratio is power-law divergent when the system
is tuned through the QCP at zero temperature by varying the
transverse field, but approaches a finite constant when the QCP
is reached with decreasing temperatures. The former respects
the conventional analysis based on the hyperscaling ansatz
[13,36]. The latter, however, fails to display the expected sin-
gular behavior. We identify the origin of this special feature in
the quantum critical region: In the 1DTFIM, the nonvanishing
scaling term in this part of the phase diagram (cf. Fig. 1) begins
at the second order.

The remainder of the paper is organized as follows. Sec-
tion II is devoted to a general discussion of the critical scaling
behaviors of the Grüneisen ratio near generic QCPs. Section III
specifies the exact integral expressions for the thermodynamic
quantities of the 1DTFIM. In Sec. IV, we determine the scaling
function for the free energy of the 1DTFIM in the classical
disordered, quantum disordered, and quantum critical regions;
in turn, we extract the analytic expressions that describe the
critical scaling of various thermodynamic quantities. Section
V presents the numerical results on the crossover scaling
behaviors for these thermodynamic quantities. Section VI
contains the discussions and conclusions.

II. GRÜNEISEN RATIO NEAR GENERIC
MAGNETIC-FIELD-TUNED QCPS

When the control parameter is an external magnetic field
H , the Grüneisen ratio is defined as [12–14]

�H = αH

cH

= − 1

T

(∂M/∂T )H
(∂S/∂T )H

= − 1

T

(∂S/∂H )T
(∂S/∂T )H

, (1)

where cH , αH , and S are the molar specific heat, magnetic
expansion coefficient, and entropy, respectively. In addition
M is the magnetization per mole. The scaling analysis leads
to the expectation that the Grüneisen ratio is generically
divergent at QCPs [13]. Since the effective dimension (d + z)
for the 1DTFIM is 2 (d = 1,z = 1), the quantum criticality is
expected to be non-Gaussian, and the hyperscaling hypothesis

should work well for the model in the thermodynamic limit.
In the hyperscaling ansatz, the critical behavior is governed by
the correlation length along the space and time dimensions,
ξ and ξτ , and the critical component of the free energy of
a thermodynamic system near its critical point, Fcr , can be
generally written as [13]

Fcr

N
= −ρ0|r|ν(d+z)f̃

(
T

T0|r|νz

)
(2)

= −ρ0

(
T

T0

)(d+z)/z

f

(
r

(T/T0)1/(νz)

)
, (3)

where ρ0 and T0 are nonuniversal constants; r = (H − Hc)/Hc

is the magnetic-field-tuning parameter normalized by the
critical field Hc, shifted such that the QCP corresponds to r = 0
at T = 0; and f (x) and f̃ (x) are universal scaling functions.
It then follows that the Grüneisen ratio near a generic QCP has
the following forms [13]:

�cr (T ,r = 0) = αcr

ccr

= −GT T −1/(νz), (4)

�cr (T → 0,r) = −Gr

1

Vm(H − Hc)
, (5)

where GT = {[(d + z − 1/ν)zf ′(0)]/[d(d + z)f (0)]}[T 1/(νz)
0

/(HcVm)] and Gr = ν(d − y0z)/y0 with y0 coming from the
expansion of f̃ (x → 0) = f̃ (0) + cxy0+1; y0 is introduced to
guarantee that the entropy vanishes in the zero temperature
limit. It is expected that Gr � 0 due to the stronger competition
in the quantum critical region between noncommutative fields
than that in the disordered region [36]; this is indeed true for
the 1DTFIM. Then from Eq. (5) one can observe that when the
magnetic field H varies from values smaller to larger than
Hc, the sign of the Grüneisen ratio changes from negative
to positive. As a result, from the original definition of the
Grüneisen ratio [Eq. (1)] the entropy at a low but nonzero
temperature generally is maximized near the QCP. We shall
explicitly demonstrate that Eq. (5) is correct for the 1DTFIM.
By contrast, we will show that Eq. (4) does not hold in the
1DTFIM although the free energy follows the form of the
hyperscaling ansatz.

III. THERMODYNAMIC QUANTITIES IN THE 1DTFIM

The 1DTFIM with nearest-neighboring interaction corre-
sponds to the following Hamiltonian,

HI = −J
∑

i

(
gσ̂ x

i + σ̂ z
i σ̂ z

i+1

)
, (6)

where the spins Sα
i = 1

2σα
i (α = x,y,z) with σα

i and i denoting
the Pauli matrices and the site positions, respectively. The
nearest-neighbor distance is set to 1. We consider ferro-
magnetic exchange interactions, with the nearest-neighbor
coupling J , between the Ising (z) component of the spins,
taken to be positive J > 0. In addition, gJ describes an
external magnetic field for the transverse (x) component of
the spins. As is standard, after applying the Jordan-Wigner
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transformation,

σx
i = 1 − 2c

†
i ci

(7)
σ z

i = −
∏
j<i

(1 − 2c
†
j cj )(ci + c

†
i ),

and Bogoliubov quasiparticle transformation γk = ukck −
ivkc

†
k with conditions of u2

k + v2
k = 1,u−k = uk , v−k = −vk ,

and ck = 1√
N

∑
j cj e

−ikj , one obtains a diagonalized Hamil-
tonian in the Bogoliubov quasiparticle representation,

HI =
∑

k

εk(γ †
k γk − 1/2) (8)

with the single-particle spectrum εk = 2J (1 + g2 −
2g cos k)1/2. It follows that the free-energy density for
the 1DTFIM, normalized by J , has the form [21,37]

fI = FI

NJ
= − 1

β

[
ln 2 + 1

π

∫ π

0
dk ln cosh

(
βεk

2

)]
, (9)

where the dimensionless temperature t = kBT /J and β = 1/t

are introduced for convenience. Additionally, the εk here and
in the following does not contain the factor of J any more.
With the free-energy density Eq. (9), the (dimensionless)
entropy s = −(∂fI /∂t), magnetic expansion coefficient α =
−(∂s/∂g)t , and specific heat cv = t(∂s/∂t)g are determined
as follows

s = ln 2 + 1

π

∫ π

0
dk

[
ln cosh

(
βεk

2

)
− βεk

2
tanh

(
βεk

2

)]
;

(10)

α = 1

π

∫ π

0
dk

g − cos k

t2
sech2(βεk/2); (11)

cv = 1

π

∫ π

0
dk(βεk/2)2sech2(βεk/2). (12)

Armed with these expressions, we now turn to analyzing and
discussing the crossover and critical scaling behaviors.

IV. SCALING BEHAVIORS OF THERMODYNAMIC
QUANTITIES IN THE 1DTFIM

In this section, we discuss the scaling behaviors of thermo-
dynamic quantities of the 1DTFIM in the classical disordered
region (CDR), quantum disordered region (QDR), and quan-
tum critical region (QCR) (Fig. 1).

A. Classical and quantum disordered regions

The CDR and QDR in the 1DTFIM are qualitatively charac-
terized by |g − 1|/t � 1. In these two regions the free-energy
density takes the form

fI ≈ E(g) − t

π

∫ π

0
e−2Adk (13)

with A =
√

1 + g2 − 2g cos k/t , and E(g) =
− 1

π

∫ π

0

√
1 + g2 − 2g cos kdk as its ground state energy

density in unit of J . The temperature-dependent information is
encoded in the integral of Eq. (13), which can be asymptotically

FIG. 2. The entropy (divided by t) as a function of the reduced
temperature t and reduced transverse field g. When the temperature
is high the entropy maxima deviate from the line gc = 1, but when
the temperature is low the maxima of entropy appear near the QCP.

performed via the steepest descent method [38,39],

t

π

∫ π

0
e−2Adk ≈ t2

√
2πg

f

( |1 − g|
t

)
(14)

with the universal scaling function f (|1 − g|/t) =
(|1 − g|/t)1/2e−2|1−g|/t . Therefore in the CDR and QDR,
the leading contribution to the free-energy density becomes

fI − E(g) ≈ −|1 − g|2√
2πg

(
t

|1 − g|
)3/2

e− 2|1−g|
t . (15)

Although Eq. (15) includes an exponentially thermal sup-
pression term, it still is consistent with the general hyperscaling
ansatz for the free energy in Eq. (2). From Eq. (15), we
can readily determine the critical scaling behaviors of various
thermodynamic quantities to the leading term as follows:

s ≈
√

2

πg
|g − 1|3/2t−1/2e− 2

t
|1−g|; (16)

cv ≈
√

2πt

g/|1 − g|
( |g − 1|

t

)2

e− 2
t
|1−g|; (17)

α ≈
√

2πt

g/|1 − g|
|g − 1|

t2
e− 2

t
|1−g|sgn(g − 1); (18)

�cr (t → 0,g) ≈ α

cv

= sgn(g − 1)

|g − 1| . (19)

The Grüneisen ratio in Eq. (19) is clearly divergent when
approaching the QCP in the CDR or QDR at low temperatures.
A direct result of Eq. (19) is that at low temperatures the entropy
is maximized near the QCP when the control parameter g is
tuned to across the QCP, at gc = 1, as discussed in Sec. II.
Figure 2 explicitly shows the maximization of the entropy near
the QCP.

B. Quantum critical region

When the system stays in the QCR, one immediately
obtains �cr (t,g = 1) = 1/2, which deviates from the scaling
prediction of Eq. (4). In order to understand this result, we note
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that the scaling prediction of Eq. (4) has been made based on
the assumption [13] that the linear term in the scaling expansion
series of Eq. (3) in powers of r/(T/T0)1/(νz) is nonzero. When
the linear scaling term vanishes, we need to expand the series
to the subleading terms, and this may yield different critical
behaviors beyond the prediction of Eq. (4). Indeed, from the
scaling form of the free energy in the QCR of the 1DTFIM, the
linear scaling term vanishes and the quadratic one appears as
the leading contribution, resulting in a classical-like constant
scaling behavior for the Grüneisen ratio �cr near the QCP in
the QCR (the vanishing of GT in Eq. (4) for 1DTFIM is also
obtained in Ref. [36] following a different analysis).

In the QCR, |1 − g| � t is a natural constraint. We work in
the low-temperature limit. We note that A = [(1 − g)2/t2 +
4g sin2(k/2)/t2]1/2, and, moreover, there is a crossover kc ≈ t

such that when k < kc, |sin (k/2)|/t � 1 and when k > kc,
|sin (k/2)|/t � 1. Correspondingly, we split the integration in
the expression for the free energy into two parts,

fI = − t

π

(∫ kc

0
+

∫ π

kc

)
dk ln(eA + e−A). (20)

We only consider the low-lying contributions from k < kc, then√
( 1−g

t
)
2 + 4g( sin (k/2)

t
)
2 � 1. As a result,

− t

π

∫ kc

0
dk ln(eA + e−A)

kc≈t≈ − t2

π

[
ag + 1

2

(
1 − g

t

)2
]
,

(21)

where ag = (g/6 + ln 2). It follows that in the low-temperature
limit in the QCR,

fI ∼ −t2

(
ag + 1

2

(1 − g)2

t2

)
, (22)

which is consistent with the hyperscaling ansatz. However, the
leading scaling term is quadratic in the expansion parameter
(1 − g)/t . From Eq. (22) we obtain

s ∼
(

2 ln 2 + g

3

)
t ⇒

{
α ∼ t/3

cv ∼ (g/3 + 2 ln 2)t
(23)

and (g is fixed near critical point)

�cr = α

cv

∼ const. (24)

We have thus provided the understanding for the Grüneisen
ratio reaching a constant in the QCR, |1 − g| � t . The case
we considered earlier, g = gc = 1, falls in this regime. The
contradiction with the usual scaling prediction of Eq. (4) is only
apparent. Generically, in each regime (such as QCR, CDR, or
QDR), we can express the scaling function of the free energy
in terms of a scaling variable that is small in that regime [ cf.
Eq. (2) for the CDR and QDR, and Eq. (3) for the QCR], and
we expect that the leading linear term in the Taylor expansion
is nonzero. Equations (4), (5) then follow. However, it is
special for the 1DTFIM in all regions. For the CDR or QDR,
corresponding to t/|g − gc| � 1, the leading term actually
exponentially decays [Eq. (14)]. Nevertheless the obtained
Grüneisen ratio still respects the general analysis Eq. (5),
though the combined exponents for the coefficient Gr in Eq. (5)
can not apply to the 1DTFIM. By contrast, the scaling function

in the QCR indeed has a Taylor expansion form. However, we
have shown that, for the QCR of the 1DTFIM, the linear term
in the Taylor expansion of the scaling function for the free
energy, f (|1 − g|/t) vanishes. The leading nonvanishing term
is quadratic, which leads to the apparent violation of Eq. (4)
in the QCR. (We believe that this mechanism also applies
to the anisotropic XY model, in which a similar constant
behavior of the Grüneisen ratio arises in the QCR [40].) We
stress that our analysis for the 1DTFIM makes it clear that
the hyperscaling form for the singular part of the free energy
introduced in Ref. [13] still applies here. The constant behavior
of the Grüneisen ratio in the QCR does not violate the scaling
form of the free energy, but is a reflection of a unique form of
the scaling function.

V. CROSSOVER SCALING OF THERMODYNAMIC
QUANTITIES

Based on different dominant factors, the phase diagram of
the 1DTFIM can be qualitatively divided into three regions: the
low-temperature CDR, QDR, and the QCR, as shown in Fig. 1.
Near the boundaries of the different regions, there is a strong
competition between the thermal and quantum fluctuations
and, as a result, crossover signatures are expected in physical
properties as we tune the transverse field or temperature across
the boundaries. In the following we shall demonstrate that there
indeed exist crossover scaling behaviors in the 1DTFIM for
the specific heat and magnetic expansion coefficient. However,
subtleties emerge for the Grüneisen ratio in the QCR.

A. Crossover at fixed temperatures

Consider first the isothermal behavior as illustrated in Fig. 3,
where each horizontal line of arrows illustrates tuning the
transverse magnetic field through the different regions of the
phase diagram at a fixed (low) temperature t . The results are
plotted in Figs. 4(a)–4(c). They show that the thermodynamic
quantities of the 1DTFIM reach extrema when g is tuned across
the boundaries of the different regions. The crossover scaling
exponent extracted from the numerical results of Fig. 4(d) is
0.99, which agrees well with the universal scaling exponent in
the 1DTFIM, zν = 1. The minor deviation of the exponent
from the exact value is because when the temperature is
relatively high the thermal fluctuations become stronger such

FIG. 3. The horizontal (vertical) lines of arrows denote tuning
control parameters (temperatures) across different regions of the
1DTFIM at fixed temperatures (tuning parameters).
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(a) (b)

(c) (d)

FIG. 4. (a) The crossover scaling behaviors of the specific heat,
(b) magnetic expansion coefficient, and (c) the Grüneisen ratio. The
control parameter g varies in the range (0.5,1.5). The extrema in the
figures for each thermodynamic quantity at each fixed t are illustrated
by the red solid line. Those extrema are then plot on the g-t plane to
identify the corresponding line of the crossover, which are shown in
(d). The crossover lines for cv , α, and the Grüneisen ratio can be fit-
ted as t = 8 × 10−5 + 1.16|g − 1.00|0.99, t = 7 × 10−5 + 1.17|g −
1.00|0.99, and t = 8 × 10−5 + 1.18|g − 1.00|0.99, respectively. The
exponent 0.99 very close to the exact scaling exponent 1. The
crossover lines almost overlap with each other.

that those crossover signatures in the crossover are weakened,
making it harder to precisely locate the crossover. However, the
deviation is negligible, indicating the existence of a large region
of quantum criticality in the 1DTFIM, which is consistent with
the conclusions drawn from a recent NMR experiment on the
quasi-1D ferromagnet CoNb2O6 [19].

B. Crossovers at fixed control parameters

The crossovers at fixed g are illustrated in Fig. 3, where
each vertical line of arrows represents temperatures tuning
across different regions at a fixed tuning parameter g. Similarly,
we use the extrema in Figs. 5(a)–5(f) to extract the crossover
of cv , α, and the Grüneisen ratio. Figure 5(g) shows that
the crossover scaling of the specific heat coefficient and
magnetic expansion coefficient are consistent with the scaling
prediction with scaling exponent νz = 1. It is also coincident
with previous discussions on the crossover scalings with tuning
control parameters at fixed temperatures. However, for the
Grüneisen ratio, its crossover scaling exponent significantly
deviates from the general crossover scaling argument, as it
is shown in Fig. 5(g). The crossover scaling with power-law
fitting gives rise to an exponent of 1.18, which is about 20%
larger than the exact value. This reflects the weaker form of
the critical singularity in the Grüneisen ratio as a function of
temperature, as we discussed in Sec. IV B and seen in Fig. 5(g).

VI. DISCUSSION AND CONCLUSIONS

In this paper, we have studied in some detail the scaling
behavior of thermodynamic properties in the 1DTFIM at
low temperatures. The results are unusual and can serve as
telltale signs of the 1DTFIM: the Grüneisen ratio is power-law

(a) (b)

(c) (d)

(e) (f)

(g)

FIG. 5. (a), (b) The crossover scaling behaviors of the specific
heat; (c), (d) magnetic expansion coefficient; and (e), (f) Grüneisen
ratio. The temperature is set in the range (0.01,0.2). The extrema in the
figures for each thermodynamic quantity at each fixed g are illustrated
by the red solid line. Those extrema are then plot on g-t plane to fit
the crossover scaling behaviors, shown in (g). The crossover scaling
for cv , α, and � fit as t = 6 × 10−4 + 1.27|g − 1.00|1.02, t = 0.003 +
1.38|g − 1.00|1.07, and t = 0.007 + 1.73|g − 0.99|1.18, respectively.

divergent following the conventional scaling analysis when
the system is tuned across the QCP as a function of the
nonthermal control parameter (the transverse magnetic field)
at zero temperature; by contrast, it approaches a constant when
the QCP is approached with a decreasing temperature in the
quantum critical region.

We clarified the reasons for this unusual feature. The
singular part of the free energy satisfies the form introduced
earlier (Ref. [13]). However, its scaling function is unique in
that, in the quantum critical region (but not in the quantum
disordered or classical disordered region), the scaling function
can be Taylor expanded and its linear term vanishes. This
unusual form of the scaling function makes the temperature de-
pendence of the Grüneisen ratio in the quantum critical region
differ from the generic expectations of the scaling analysis.
In the quantum disordered and classical disordered regions,
the leading behavior of the scaling functions is dominated by
a peculiar exponential form different from the usual Taylor
expansion one. Despite lacking simple combined exponents
for Gr [Eq. (5)] used in Ref. [13], the obtained power-law
divergent form of the Grüneisen ratio as a function of the
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nonthermal control parameter still respects the results obtained
in these two regimes. Consequently, entropy is enhanced as the
transverse field is tuned to its critical value at low but nonzero
temperatures, as expected from generic scaling analysis.

We have also discussed the crossover behavior of the spe-
cific heat, magnetic expansion coefficient, and the Grüneisen
rato. The contrast between the critical behavior of the
Grüneisen ratio between the quantum critical and quantum
or classical disordered regions is also manifested in how the
thermodynamic quantities capture the crossovers when they
are approached from different directions in the phase diagram
of temperature and transverse magnetic field.

The one-dimensional transverse-field Ising model is a
paradigmatic theoretical model for quantum criticality, and
our work clarifies the singularities, scaling, and crossover of
the thermodynamic quantities in this model. Given the wide
interest in quantum criticality, it would be important to have
actual materials that realize the one-dimensional transverse-
field Ising model. At the present time, the materials that are
well established to be describable by the one-dimensional
transverse-field Ising model are still rare. The unique forms of

critical scaling and crossover we have determined in this work
will serve as signatures to experimentally identify materials
that realize this prototype model system for quantum criticality.
Finally, the one-dimensional transverse-field Ising model has
a fermionic representation [Eqs. (7, 8)], ergo, our results can
also shed light on understanding the critical scaling behaviors
in the relevant fermionic model.

Note added. Recently we learned the experimental studies
in a quasi-one-dimensional material had provided evidence to
support our scaling predictions [41].
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