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Abstract In this study, we simulate a self-consistent magnetic field that satisfies force balance with a
model ring current that is radially localized, axisymmetric, and has anisotropic plasma pressure. We find that
the magnetic field dip forms near the high plasma pressure region with plasma 𝛽 >∼0.6, and the formed
magnetic dip becomes deeper for larger plasma 𝛽 and also slightly deeper for larger anisotropy. We perform
linear analysis on a ppol of self-consistent equilibria for second harmonic compressional poloidal modes
of sufficiently high azimuthal wave number. We investigate the effect of anisotropic pressure on the
eigenfrequency of the poloidal modes and the characteristics of the compressional magnetic field
component. We find that the eigenfrequency is reduced at the outer edge of the thermal pressure peak
and increased at the inner edge. The compressional magnetic field component occurs primarily within 10∘
of the equator on both the inner and outer edges, with stronger compressional magnetic field component
on the outer edge. Larger 𝛽 and smaller anisotropy can increase the change of eigenfrequency and the
strength of the compressional magnetic field component. The critical condition on plasma 𝛽 and pressure
anisotropy of an Alfvén ballooning instability is also identified.

1. Introduction

Ultralow frequency (ULF) waves in the magnetosphere can often be identified as standing Alfvén waves
and coupled to a field line resonance (FLR) [Hughes, 1994]. They can be generated by both external sources
(solar wind, shocks, etc.) and internal sources (substorm injection, plasma instability, etc.), with a characteristic
azimuthal wave number m𝜙: low m𝜙 waves (m𝜙 ∼ O(1)) for external sources and high m𝜙 waves (m𝜙 ∼ O(100))
for internal sources [Takahashi, 1988]. The FLR has three typical modes: (1) the poloidal mode with oscillating
B𝜓 and E𝜙 components, where subscripts 𝜓 and 𝜙 denote the radial and azimuthal directions, respectively;
(2) the toroidal mode with oscillating B𝜙 and E𝜓 ; and (3) the compressional mode with oscillating B∥, B𝜓 , and
E𝜙, where the subscript ∥ represents the direction of the background magnetic field. Compressional poloidal
waves have been observed to correspond to small m𝜙 and variations of the solar wind dynamic pressure
(external source) [Dai et al., 2015], as well as large m𝜙 and drift-bounce resonance (internal source) [Min et al.,
2017], under the condition of low plasma 𝛽 . The ULF waves can resonantly interact with both energetic elec-
trons [e.g., Elkington et al., 1999; Zhou et al., 2016] and ions [e.g., Ren et al., 2016] and also modulate particle
distributions [Claudepierre et al., 2013; Liu et al., 2016; Xia et al., 2016]. Thus, ULF waves play an important role
in magnetospheric dynamic processes.

Many theoretical analyses of FLRs based on the Alfvén mode equation have been presented using different
approaches, including magnetohydrodynamics (MHD) [e.g., Dungey, 1963; Cummings et al., 1969], kinetic the-
ory [e.g., Southwood, 1976; Cheng and Lin, 1987], and gyrokinetic theory [e.g., Chen and Hasegawa, 1991; Chan
et al., 1994; Mager and Klimushkin, 2017]. Most previous models consider a dipole field geometry or one close
to dipole for small 𝛽 . Recently, advanced models have been developed for more complex magnetic fields
to represent realistic magnetospheric conditions. Rankin et al. [2006] developed a fluid model of standing
shear Alfvén waves that is applicable in a general magnetic field, such as the Tsyganenko 96 magnetic field
[Tsyganenko and Stern, 1996; Tsyganenko and Peredo, 1994; Tsyganenko, 1995]. Cheremnykh et al. [2014, 2016]
set up a two-dimensional (2-D) inhomogeneous cylinder model with hot plasma pressure and curved mag-
netic field and investigated the transverse structure and propagation of high m𝜙 ULF waves. Klimushkin and
Mager [2015] derived an Alfvén mode equation in finite-pressure plasma using the gyrokinetic approach and
found that the only wave mode from the solution is the Alfvén-ballooning compressional wave. This wave
mode of high m𝜙 was investigated thoroughly by Chan et al. [1994] for a dipole field modified by a small
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plasma pressure perturbation. However, both studies were limited to a low 𝛽 condition. The previous studies
of FLR in cold plasma condition hardly produce the compressional mode whose presence is important for,
e.g., modulating the distribution of particles and thus the intensity of chorus emission [Li et al., 2011; Xia et al.,
2016]. In order to study the compressional poloidal mode in the magnetosphere, it is necessary to analyze
FLR under a plasma with a finite 𝛽 value of ∼ O(1), which is the typical value for storm time ring current.

In this study, we solve for 2-D axisymmetric self-consistent magnetic field with a radially localized anisotropic
plasma pressure with a finite 𝛽 up to O(1). This model is subsequently applied to investigate compressional
poloidal eigenmodes, specifically for the second harmonic. Moreover, motivated by the association of mag-
netic field dip and ring current [Ukhorskiy et al., 2006], we also use the self-consistent magnetic field to
investigate the effect of plasma 𝛽 and pressure anisotropy on the magnetic field dip formation.

2. Axisymmetric Equilibrium Model

The theory of the equilibrium magnetosphere model used in this study is based on the previous works
of Cheng [1992] and Zaharia et al. [2004], which solve the MHD force balance equation for a quasi-static
equilibrium state. The basic equations for the pressure equilibrium are as follows:

J × B = ∇ ⋅ P (1)

∇ × B = 𝜇0J (2)

∇ ⋅ B = 0, (3)

where J is the current, P is the anisotropic thermal pressure tensor, and B is the magnetic field. For equation (1)
the thermal pressure tensor P can be represented as P⟂I−(P⟂−P∥)b̂b̂, where I is the unit tensor, b̂ = B∕B is the
unit vector of the field line direction, and P⟂ and P∥ are the perpendicular and parallel pressure components.
For such anisotropic pressure, equation (1) can be rewritten as follows:

𝜇0𝜎P(J × B) = 𝜇0∇P⟂ − (B ⋅ ∇𝜎P)B + (1 − 𝜎P)∇(
B2

2
), (4)

where 𝜎P = 1 + 𝜇0(P⟂ − P∥)∕B2.

From equation (3), the magnetic field B is a divergence-free vector and can be expressed in terms of two
Euler potentials 𝜓 and 𝛼 as B = ∇𝜓 × ∇𝛼. According to this definition, B is perpendicular to both ∇𝜓 and
∇𝛼 and the intersections of constant 𝜓 and constant 𝛼 surfaces correspond to magnetic field lines. Thus, in a
field-aligned coordinate system for the geomagnetic field, 𝜓 and 𝛼 are constant along the field line parallel
direction, whose gradients correspond to the other two directions, namely, the radial direction pointing from
the Earth to the outside and the azimuthal direction that is perpendicular to the parallel and radial direction.
For axisymmetric magnetic field model with zero toroidal component, the potential 𝛼 is chosen to be the
azimuthal angle 𝜙 and 𝜓 is defined as the magnetic flux. For the Earth’s dipole magnetic field, 𝜓 = −BDR2

E∕L,
where BD is the equatorial dipole field on the Earth’s surface, RE is the earth radius and L is the L shell value.

The computation coordinates 𝜌, 𝜁 , and 𝜃 used in the axisymmetric model are curvilinear flux coordinates
related to physical coordinates 𝜓 , 𝛼, and the field line distance s, respectively, as follows:

𝜌 =
𝜓 − 𝜓in

𝜓out − 𝜓in
, 𝜌 ∈ [0, 1], (5)

𝜁 = 𝛼 = 𝜙, 𝜁 ∈ [0, 2𝜋], (6)

𝜃 = 𝜋s
s0

+ C𝜃 sin(2𝜋s
s0

), 𝜃 ∈ [0, 𝜋]. (7)

Here 𝜓out and 𝜓in are the 𝜓 values at the outer and inner boundaries, s0 is the length of a magnetic field line,
and C𝜃 is the coefficient to adjust the density of grids in the 𝜃 direction (field line direction). We set C𝜃 = 0.25
in the simulation. 𝜌 is chosen to be linear with𝜓 , while 𝜃 is a nonlinear function of s in order to achieve higher
grid density at higher-latitude regions. Since our model is axisymmetric (that is,𝜙 independent), after dotting
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B × ∇𝛼 at both sides and combining with equation (2) and B = ∇𝜓 × ∇𝛼, equation (4) can be rewritten
as follows:

𝜇0J ⋅ ∇𝛼 = ∇ ⋅ [(∇𝛼 ⋅ ∇𝜓)∇𝛼 − (∇𝛼)2∇𝜓] = −B × ∇𝛼
𝜎PB2

⋅ [𝜇0∇P⟂ + (1 − 𝜎P)∇(
B2

2
)]. (8)

The simulation domain of our equilibrium model is set to be [3 RE , 9 RE]. The outer and inner boundaries are
far enough from L0 (the L shell of the thermal pressure peak) so that the plasma pressures at the boundaries
are nearly zero. The number of 𝜌 grid points n𝜌 is set to 151, and the number of 𝜃 grid points n𝜃 is set to 181
to ensure sufficient accuracy. From equation (8), once we know the distribution of the thermal pressure in the
𝜌− 𝜃 plane, we can obtain the distribution of𝜓 in the magnetosphere space and then calculate the magnetic
field B. We use an iteration method to solve (8) numerically as follows:

The initial anisotropic pressure distribution includes the perpendicular and parallel components P⟂ and P∥,
whose values along the field line at arbitrary location can be given by [Tsyganenko, 2000] the following:

P⟂ =
P⟂e

[1 + Ae(1 − S)]2
(9)

P∥ =
P∥e

1 + Ae(1 − S)
(10)

A = 1
1 + Ae(1 − S)

− 1, (11)

where S = Be∕B is the ratio between the magnitudes of the equatorial magnetic field Be and the magnetic field
at the location of interest B, A = P⟂∕P∥−1 is the anisotropy and a subscript “e” denotes a value in the equatorial
plane. The average pressure in the equatorial plane, defined as Pe = (2P⟂e + P∥e)∕3, assumes a Gaussian
distribution as Pe(𝜌) = P0 exp [−(𝜌 − 𝜌0)2∕2𝜎2

𝜌
], where P0 and 𝜌0 are the peak pressure and the location of the

pressure peak and 𝜎𝜌 is the width of the pressure distribution in the 𝜌 coordinate. Such a pressure distribution
is used to approximately represent the thermal pressure of the ring current, and we choose the location of
pressure peak 𝜌0 corresponding to L0 = 5, near the center of the ring current. The value of P0 is set to 𝛽0Pmag0,
where Pmag0 is the magnetic pressure of the dipole field at L0 and 𝛽0 is the initial 𝛽 (the average 𝛽 which equals
to (2𝛽⟂ + 𝛽∥)∕3) at L0. Thus, the initial distribution of pressure in our model can be determined by the four
parameters: L0, 𝜎𝜌, 𝛽0, and Ae. The 𝛽0 = 0 case represents the cold plasma case (dipole field), and the Ae = 0
case represents the isotropic pressure case. We use the Earth’s dipole field as the initial magnetic field and
the boundary magnetic field at the inner, outer, and high-latitude boundaries. For the initial condition, the
thermal pressure gradient and the J × B force are not balanced. The magnetic field can be updated through
iteration by solving equation (8) for 𝜓 in our model, in order to achieve convergence toward an equilibrium
state. A criterion for the convergence is D = Σi,j|[𝜓i,j(n) − 𝜓i,j(n − 1)]∕𝜓i,j(n − 1)| < 2 × 10−5, where i and
j are the grid indices for the 𝜌 and 𝜃 directions, respectively, n is the step number of the calculation, and D
measures the relative difference between the current step n and the previous step (n − 1).

Figure 1 shows the model result for 𝛽0 = 0.6, Ae = 0.4, L0 = 6, and 𝜎𝜌 = 0.05 (we choose L0 = 6 here to exhibit
the result more clearly). Figure 1a shows the topology of magnetic field lines in the meridian plane, where the
blue dashed lines stand for the initial dipole field and the red solid lines stand for the final self-consistent mag-
netic field. The region in the black box is zoomed in. One can see that the field lines compress from L0 to the
inner boundary and expand from L0 to the outer boundary, which is caused by the presence of plasma ther-
mal pressure. As a result, magnetic pressure is decreased (sparser field lines) in the region with finite plasma
pressure. Figure 1b shows the distribution of P⟂. Note that equatorial pressure is initially a Gaussian function
of 𝜌, but spatial variation of the pressure evolves as the iteration goes forward, because of the dependence
of 𝜌 on spatial position. In general, the pressure peak tends to shift outward, the extent of which depends on
the value of 𝛽peak (𝛽peak is the maximum average 𝛽 value in the equatorial plane). For this case of 𝛽0 = 0.6, P⟂
still peaks near L0 = 6. For each field line, the perpendicular pressure maximizes at the equator and decreases
toward higher latitudes (𝜆) (Figure 1b). The variation of the parallel pressure distribution versus L and 𝜆 is sim-
ilar to that of perpendicular pressure (not shown). The field line variation of P⟂, P∥, and A can be obtained
from equations (9)–(11), respectively. S varies from 1 at the equator to a smaller positive value at higher lat-
itudes. For Ae > 0, all three parameters decrease with latitude. For Ae = 0, P⟂ = P∥ = P⟂e = P∥e, and A = 0
throughout the field line. For Ae < 0, P⟂ and P∥ increase with latitudes and A increases toward 0 (isotropic).
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Figure 1. The self-consistent equilibrium model for 𝛽0 = 0.6, L0 = 6, and 𝜎𝜌 = 0.05, Ae = 0.4. (a) The magnetic field lines
in the noon-midnight meridian plane with a zoom in view of the black box region, where blue dashed lines represent
dipole field lines and red solid lines represent the modeled field lines. (b) The distribution of the perpendicular thermal
pressure. (c) The distribution of the pressure anisotropy. (d) The distribution of the azimuthal current (positive eastward
and negative westward).

Figure 1c shows the distribution of pressure anisotropy (Ae > 0). Along a field line, the anisotropy approaches
zero as 𝜆 increases. The contour lines of anisotropy bend toward the equator near L0, meaning that the
anisotropy approaches zero faster at the higher-pressure region. Figure 1d shows the distribution of azimuthal
current, which exhibits a two-cell structure around the peak pressure point. This azimuthal current is given by
the curl of the magnetic field, which is no longer zero for the nondipole field, and the J × B force is created
to balance the pressure gradient force in a quasi-equilibrium condition. Note that artificial current appearing
at the high-latitude regions is associated with numerical errors when evaluating field line curls there, which
does not affect the calculation below.

To isolate the effect of 𝛽0 and Ae on magnetic field dip (section 3) and compressional poloidal mode
(section 4.2), we create a pool of equilibria with fixed L0 = 5, 𝜎𝜌 = 0.05, and different 𝛽0 and Ae. The values
of 𝛽0 vary from 0.1 to 0.7, with a spacing of 0.1 for 0.1 ⩽ 𝛽0 ⩽ 0.5, 0.05 for 0.5 ⩽ 𝛽0 ⩽ 0.6, and 0.02 for
0.6 ⩽ 𝛽0 ⩽ 0.7. The values of Ae vary from −0.5 to 2.0 with a spacing of 0.1 for −0.5 ⩽ Ae ⩽ 0.0 and 0.2 for
0.0 ⩽ Ae ⩽ 2.0. The pool of the model results is shown by Figure 2 with equilibria categorized into two groups:
stable equilibria (circles) and unstable equilibria (triangle and diamond symbols). The diamond and triangle
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Figure 2. The pool of calculated self-consistent magnetic field for cases with fixed L0 = 5, 𝜎𝜌 = 0.05 but different
combinations of 𝛽0, Ae . (a and b) The x axis is equatorial anisotropy Ae , and the y axis is the maximum plasma average 𝛽 .
The color of the circles denotes the location Lpeak of the peak 𝛽 in Figure 2a and the full width ΔL at half maximum of 𝛽
in Figure 2b. The diamond and triangle symbols represent the equilibria unstable to firehose and mirror instabilities,
respectively.

symbols indicate cases unstable to the firehose and mirror instabilities, respectively, which are excluded from
our equilibrium pool. These two types of instabilities are charactered by the firehose instability parameter 𝜎
and mirror instability parameter 𝜏 defined as follows:

𝜎 = 1 + 1
2
(𝛽⟂ − 𝛽∥) (12)

𝜏 = 1 + 𝛽⟂(1 −
𝛽⟂

𝛽∥
) (13)

𝜎 < 0 and 𝜏 < 0 represent firehose and mirror instabilities, respectively [Chen and Hasegawa, 1991; Chan et al.,
1994], and the boundaries of 𝜎 = 0 and 𝜏 = 0 are labeled by the two dash-dotted lines. In Figure 2, the x axis
is Ae, and the y axis is peak average 𝛽 of the final equilibrium state (𝛽peak). The color of the circles in Figure 2a
represents the L shell corresponding to the 𝛽peak and in Figure 2b represents the full width (ΔL) of half 𝛽peak,
measured by the full width at half maximum of the 𝛽 distribution. From this pool, we find that both the 𝛽peak

and Lpeak increase compared with the initial values of 𝛽0 and L0 = 5, as the result of the reduction of magnetic
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Figure 3. The variation of (a) magnetic field and (b) average 𝛽 on the equator as a function of L shell for isotropic
equilibrium (Ae = 0) with L0 = 5 and 𝜎𝜌 = 0.05. Different colors denote different values of maximum 𝛽 . The black line in
Figure 3a shows the dipole magnetic field variation.

field strength at the pressure peak. The field line with peak thermal pressure moves outward to a lower mag-
netic pressure region, which leads to the increase of 𝛽peak and Lpeak. Although the upper limit of 𝛽0 is chosen
to be 0.7, the largest 𝛽peak can reach up to ∼3, which is large enough to cover the usual 𝛽 values in the inner
magnetosphere. The variation of Lpeak (5.1 to 5.4) is not significant, and the variation of ΔL is also small (∼0.68
to ∼0.72). Therefore, the data of this pool can be used to isolate the effect of 𝛽peak and Ae, respectively.

3. Magnetic Field Dip Formation

Here we investigate the effects of plasma𝛽 and plasma anisotropy on the ambient magnetic field variation and
the condition of the magnetic dip formation. The calculated self-consistent magnetic field is compared with
the dipole field near the pressure peak region. The comparison at the equatorial plane for isotropic (Ae = 0)
cases with different values of 𝛽peak is shown by Figure 3. Figure 3a shows the variations of magnetic field
strength for different cases and Figure 3b shows the corresponding 𝛽 variations. The magnetic field strength
decreases compared to the dipole field at the inner edge of the pressure peak and reaches a minimum near
the pressure peak then starts to increase to approach the strength of dipole field at the large L region. The
reason for the decrease of the magnetic field strength has been explained by the “diamagnetic” effect of finite
plasma pressure, that is, the magnetic field lines expand near the center of the plasma pressure peak. The
magnetic field strength larger than dipole field at large L (L> 5.7) is caused by the fixed dipolar field at the
outer boundary, which leads to accumulation of field lines outside the high-pressure region. In reality, the field
strength in this region should be smaller than the dipole field. Nonetheless, this unrealistic part of the mag-
netic field is not critical in our analysis. When the thermal pressure is large enough, a magnetic field strength
dip with reversed field strength gradients nearby is formed near the peak pressure location. For a uniform
magnetic field, the dip will exist whenever there is a localized thermal pressure that produces the magnetic
field gradient. But in this dipolar-like model, the formation of the dip needs a critical value of 𝛽 because the
dipole field itself has a magnetic gradient and the gradient caused by the additional thermal pressure must
be large enough to overcome the gradient of dipole field in order to produce the dip. For isotropic cases, the
critical 𝛽 for the dip formation is about 0.77 and the depth of the dip (the maximum difference between the
dipole field strength and the dip strength) increases with 𝛽 (Figure 3).

Now we analyze the effect of the pressure anisotropy Ae on the magnetic dip and plot the depth of magnetic
field dip versus Ae and 𝛽peak in Figure 4. In order to increase the accuracy of the critical 𝛽 estimation, we add
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Figure 4. The effects of the maximum average 𝛽 and the equatorial anisotropy Ae on depth of the magnetic field dip dB
(the difference between the dipole magnetic field and the modeled magnetic field at the dip). Different colored lines
denote the different values of Ae .

additional cases between 𝛽0 =0.3 and 𝛽0 =0.5, which are not included in our pool (Figure 2). One can see that
a larger value of 𝛽peak tend to produce a larger magnetic dip. A critical value of 𝛽 (∼0.6–0.7) is required for the
magnetic dip formation. The 𝛽 threshold to form a dip is almost independent of Ae, although the magnetic
dip increases slightly for a more positive Ae. The effect of Ae can be explained by the right-handed side of
equation (8), where the contribution of perpendicular pressure to the diamagnetic current is greater than that
of parallel pressure.

4. Eigenmode Analysis of FLR
4.1. Fundamental Equation for Second Harmonic
As concluded by Chen and Hasegawa [1991] and observed by Takahashi [1988], the most unstable mode or
the most easily excited mode FLR is the second harmonic, which is the lowest-frequency antisymmetric mode.
For this mode, the 𝛿E⟂ and 𝛿B∥ components have odd symmetry with respect to the equator, while the 𝛿B⟂
components have even symmetry. For this study, we focus on analyzing the second harmonic of the compres-
sional poloidal mode. We adopt the simple variation exp(im𝜙𝜙 − i𝜔t) for the eigenmode as in equation (48)
of Chan et al. [1994]:

B
𝜕

𝜕l
(𝜎

2

B
𝜕𝛿𝜓

𝜕l
) +

𝜔2k2
⟂

V2
A

𝛿𝜓 +
𝜇0

B2
Ω𝜅ek ⋅ ∇̃(P∥ +

𝜎

𝜏
P⟂)𝛿𝜓 = 0, (14)

where l is the length along the field line. The boundary condition is assumed to be 𝛿𝜓(lmin) = 𝛿𝜓(lmax) = 0,
where lmin and lmax stand for the two ends of the field line. The first term represents field line bending, the
second term represents the cold plasma inertia, and the third term is the effect of thermal pressure gradients.
Note that when thermal pressure is ignored and the variations of magnetic field and Alfvén speed vanishes,
the Alfvénic mode can be recovered. k⟂ is the perpendicular wave number, 𝜔 is the wave angular frequency,
∇̃ = ∇𝜓(𝜕∕𝜕𝜓) is the gradient along 𝜓 , ek = k⟂ × b, Ωk = ek ⋅ 𝜿. 𝜿 = b ⋅ ∇b is the curvature of the
magnetic field, and VA = B∕

√
𝜇0𝜌 is the Alfvén speed, where 𝜌 is the mass density and 𝜎 and 𝜏 are parameters

for the firehose and mirror instabilities. The first-order quantity 𝛿𝜓 ∼ exp[(im𝜙𝜙 − i𝜔t)] is interpreted as the
potential function for the Alfvénic wave components, where 𝜙 is azimuthal angle and m𝜙 is the azimuthal
mode number. This equation has neglected the kinetic resonant effects and is derived under the following
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assumptions: (1) the gyrokinetic orderings 𝜔 ≪ 𝜔ci (ion cyclotron frequency) and k⟂ ≫ k∥ ∼ 1∕RE , (2) drift
and bounce resonant effects are ignored, and (3) 𝛿E∥ = 0, as in the ideal MHD approximation. In order to
analyze the most unstable modes, another assumption k2

𝜙
≫ k2

𝜓
or k2

⟂ ≈ k2
𝜙
≡ m2

𝜙
∕R2 is added in the following

analysis, where R is the radial distance from the Earth in a cylindrical coordinate system. The third term on the
left-hand side is the anisotropic ballooning-interchange term, and the direction of the factor Ω𝜅ek is always
earthward, which is independent of the coordinate system.

The eigenmode equation for the linearized quantity 𝛿𝜓 requires the operator 𝜕∕𝜕l along a field line and
zeroth-order quantities B, ∇̃(P∥ + (𝜎∕𝜏)P⟂), Ωkek , and VA are needed. We can adopt the result of our pressure
equilibrium model calculation to analyze the eigenmode of the second harmonic poloidal mode. The pres-
sure equilibrium model outputs the magnetic field B and thermal pressure P⟂ and P∥ distributions along each
magnetic field line and thus the instability parameters 𝜎 and 𝜏 , the magnetic field curvature Ωkek and pres-
sure gradient ∇̃(P∥ + (𝜎∕𝜏)P⟂) terms. For the Alfvén speed term, the distribution of mass density 𝜌m along the
field line is assumed to be 𝜌m(𝜆) = n0mi cos−2m(𝜆) [Cummings et al., 1969], where n0 is the number density
and is set to be 107 m−3, mi is the average ion mass and is set to be twice the proton mass, and m is the plasma
density index which is chosen to be 4 for our analysis. The factor k⟂ has been approximated to be equal to
k𝜙 = m𝜙∕R, and m𝜙 is chosen to be 100 according to the observations of the transverse wavelengths of mag-
netospheric hydromagnetic waves [Takahashi, 1988]. As noted by Chan et al. [1994], the results of eigenvalues
become independent of m𝜙 when k𝜙 ≫ k𝜓 .

After calculating all the zeroth-order quantities, we can solve the eigenmode equation for the eigenfrequency
f (= 𝜔∕2𝜋) for each field line resonance and obtain the potential function 𝛿𝜓 variation along each field line.
Then the components of magnetic and electric fields can be obtained as follows [Chan et al., 1994]:

𝛿B∥ =
𝜇0c

𝜏𝜔B2
(ek ⋅ ∇̃P⟂)𝛿𝜓, (15)

𝛿B𝜓 =
k𝜙c

𝜔

𝜕𝛿𝜓

𝜕l
, (16)

𝛿B𝜙 = B
k𝜙

𝜕

𝜕l

𝛿B∥

B
, (17)

𝛿E∥ = 0, (18)

𝛿E𝜓 = − 𝜔

k𝜙c
𝛿B∥, (19)

𝛿E𝜙 = −ik𝜙𝛿𝜓, (20)

where c is the light speed.

4.2. The Effect of Plasma 𝜷 and Anisotropy on Second Harmonic Compressional Poloidal Mode
Applying the self-consistent magnetic field obtained from the pressure equilibrium model to the eigenmode
analysis of compressional poloidal modes for the second harmonic, we can solve the eigenfrequency and the
complex amplitudes of magnetic and electric field components for each field line resonance. Figure 5 shows
the result of eigenmode analysis for the case with 𝛽0 = 0.4 and Ae = 0.4. Figure 5a shows the solution of f 2

(the blue line) from L = 4.5 to L = 6.5, while the black line represents the square of eigenfrequency for the
dipole field (f 2

0 ) without thermal pressure for comparison. Figure 5b shows the variation of equatorial average
P (P = (2P⟂+P∥)∕3) in the same L range. The peak location of P⟂ is at about L = 5.2. The eigenfrequency tends
to decrease as L increases for both cold and thermal plasma cases as expected from a longer field line length
at larger L. The frequency f for the thermal case is larger than f0 at the inner edge of the pressure peak then
becomes equal to f0 at the pressure peak and becomes smaller than f0 at the outer edge of the pressure peak.
Over the region of very low thermal pressure (L> ∼ 6), the eigenfrequency is about f0. This change in eigenfre-
quency across the pressure peak is caused by the pressure gradient in the anisotropic ballooning-interchange
term of equation (14). At the inner edge, the pressure gradient factor ∇̃(P∥ + (𝜎∕𝜏)P⟂) points outward (+r
direction so the anisotropic ballooning-interchange term is negative, which results in the enhancement of f 2.
Conversely, the pressure gradient at the outer edge points inward, leading to a decrease of f 2. At the peak
thermal pressure and over low thermal pressure regions, the pressure gradient is negligible and the frequency
difference vanishes. Figures 5c–5e show the variations of three magnetic field components versus the latitude
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Figure 5. (a) The eigenfrequency squared variation as a function of L shell of second harmonic field line resonance for
the modeled equilibrium with 𝛽0 = 0.4, Lpeak = 5, 𝜎𝜌 = 0.05, and Ae = 0.4. The black line stands for the cold plasma
solution. (b) The average pressure variation versus L shell. (c–e) The variation of the three magnetic field components of
the eigenmodes versus the latitude (𝜆) along the field line at the inner edge (Figure 5c), at the pressure peak (Figure 5d),
and at the outer edge (Figure 5e), respectively. The red, blue, and green lines represent the parallel (𝛿B∥), radial (𝛿B𝜓 ),
and azimuthal (𝛿B𝜙) components, respectively. All the components are normalized by the radial component amplitude
at the foot point of the field line.

along field lines at the inner edge, the peak, and the outer edge of the pressure distribution, respectively. The
red, green, and blue lines denote the parallel (𝛿B∥), azimuthal (𝛿B𝜙), and radial (𝛿B𝜓 ) components of the mag-
netic field, respectively. The components are normalized by the amplitude of radial component (the |𝛿B𝜓 | at
the end of field line). The compressional mode (parallel) component exists at the inner and outer edges, where
large thermal pressure gradients exist, while the compressional component vanishes at the peak point and
very low thermal pressure regions (not shown), where the thermal pressure gradient is small. The amplitude
of the parallel component is comparable to the radial component near the equatorial region, especially at the
outer edge. The parallel component 𝛿B∥ is related to the pressure gradient ek ⋅∇̃P⟂ as shown by equation (15),
from which we expect that the parallel component only exists at the inner and outer edges with nonnegligi-
ble pressure gradients. It should be noted that the phase of the parallel component shifts by 180∘ across the
pressure peak. This is caused by the opposite signs of ek ⋅ ∇̃P⟂ at these two regions.

In order to isolate the effects of 𝛽peak and Ae on the second harmonic compressional poloidal mode, respec-
tively, we compare the results from multiple cases. For the effect of 𝛽peak we choose three different 𝛽peak values
0.12, 0.48, and 1.19 and the same Ae = 0.4. Figures 6a and 6b show the effects of 𝛽peak on the difference
between f 2 and f 2

0 (normalized by f 2
0 as (f 2 − f 2

0 )∕f 2
0 ) and the maximum amplitude of compressional com-

ponent along a field line (normalized by the radial component amplitude at the ionospheric foot points).
From Figure 6a, eigenfrequency increases at the inner edge and decreases at the outer edge. The eigenfre-
quency difference from f0 increases as 𝛽peak increases. For a large 𝛽peak = 1.19 as shown by the red line,
(f 2 − f 2

0 )∕f 2
0 ∼ −0.75 at the outer edge, that is, f ∼ 0.5f0, meaning that the second harmonic eigenfrequency

is close to the frequency of fundamental harmonic using cold plasma in a dipole field. This frequency change
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Figure 6. The effects of 𝛽peak and Ae on relative difference of eigenfrequency and normalized Bz component for second
harmonic field line resonance. (a and c) The variation of normalized frequency difference (f 2 − f 2

0 )∕f 2
0 (f0 is the frequency

for cold plasma case) versus L shell. (b and d) The variation of normalized B∥ (normalized by the max B𝜓 component at
the ionospheric foot point) from the inner edge to the outer edge of the thermal pressure. Figures 6a and 6b show the
effects of different 𝛽peak. Figures 6c and 6d show the effects of Ae .

due to finite pressure is significant and should be taken into account when determining the harmonic number
of field line resonance in the observations. Figure 6b shows that a larger value of 𝛽peak can increase the mag-
netic field compressional component amplitude. One can also see that the compressional amplitude is larger
at the outer edge than inner edge in all cases. To isolate the effect of Ae, we choose among the equilibrium
pool three cases having similar 𝛽peak (∼ 0.76 − 0.77) but different Ae values: −0.2, 0, and 0.4. The compari-
son of eigenmode analysis is shown in Figures 6c and 6d. The decrease of Ae leads to a larger deviation of
eigenfrequency from the cold plasma value f0 (Figure 6c), in particular, at the outer edge. As Ae decreases,
f 2 tends to decrease at the outer edge (toward instability) but the increase at the inner edge (more stable).
The decrease in Ae also leads to the enhancement of the compressional component at the inner edge and a
weaker enhancement of the compressional component amplitude at the outer edge (Figure 6d).

4.3. Critical Condition of Alfvén-Ballooning Instability
We have demonstrated that at the outer edge of the thermal pressure peak, the eigenfrequency square f 2 is
smaller than that of cold plasma condition, and this difference can be enlarged by larger 𝛽peak and smaller Ae.
When the difference is large enough, f 2 will become negative and f becomes imaginary, which allows waves
to grow in time (instability). Therefore, f 2 = 0 is the instability condition due to the pressure gradient in the
high k⟂ limit, and this instability is known as the Alfvén-ballooning instability. The dependence of the critical
condition (f 2 = 0) on 𝛽peak and Ae are investigated using our equilibrium pool (Figure 2). For each case in
the pool except those subject to firehose and mirror instabilities (marked by diamond and triangle symbols
in Figure 2), linear eigenmode analysis is performed for every field line. When there is a solution for second
harmonic mode with f 2 < 0 for any field line, we mark the corresponding case as the equilibrium subject to
Alfvén-ballooning instability. Otherwise, the case is stable to that instability. We mark each case in the pool
in Figure 7 in the domain of the pressure anisotropy Ae (horizontal axis) and 𝛽peak∕ΔL (vertical axis, a measure
of the pressure gradients) using four different categories: diamond symbols for firehose instability, triangle
symbols for mirror instability, red circles for Alfvén-ballooning instabilities, and blue circles for stability. Note
that the ratio 𝛽peak∕ΔL is primarily determined by 𝛽peak in our pool because the ΔL value is approximately
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Figure 7. Instability in the regime of 𝛽peak∕ΔL (ΔL is full width at half maximum 𝛽) and the equatorial anisotropy Ae .
The blue circles denote stable equilibrium, and the red circles denote the equilibria unstable to Alfvén-ballooning
instability. Diamond and triangle symbols denote equilibria unstable to firehose and mirror instabilities, respectively.

constant at ΔL ≃ 0.7. A clear boundary between blue and red circles is marked by the black line, representing
the criteria for the Alfvén-ballooning instability. At very low 𝛽peak∕ΔL (≪ 1), the plasma is stable for all Ae

values. The instability occurs when 𝛽peak∕ΔL reaches a value larger than 1 for the smallest anisotropy value
Ae = −0.5. As Ae increases, the 𝛽peak∕ΔL threshold for the instability increases gradually and requires at least
∼ 2.5 for Ae = 0.2 − 0.4. Over the regime of Ae > 0.4 the mirror instability takes over, while the firehose
instability dominates over the regime of large 𝛽 (𝛽peak∕ΔL> 3.5) and small Ae (⩽ −0.5). The instability criteria
exhibit a similar trend to Chan et al.’s [1994] results in that the threshold 𝛽 increases as Ae increases, although
their results are applicable only for low 𝛽 conditions.

5. Conclusions and Discussion

In this study, we apply a self-consistent equilibrium model to simulate an axisymmetric magnetospheric mag-
netic field with a radially localized plasma pressure with a given pressure anisotropy. We create a pool of
self-consistent magnetic field equilibria for cases with different combinations of maximum plasma 𝛽 and
anisotropy, which is later used to analyze the compressional second harmonic poloidal mode. We investigate
the magnetic field change due to the localized plasma pressure and the effect of plasma pressure peak value
and anisotropy on the eigenfrequency and the compressional component of second harmonic compressional
poloidal modes. Finally, the critical condition for Alfvén-ballooning instability is evaluated for a range of 𝛽 and
Ae. Our results and conclusions are as follows.

1. The magnetic field dip forms near the high plasma pressure region with 𝛽 > ∼ 0.6. The formed magnetic
dip becomes deeper for a larger plasma 𝛽 . The threshold value of 𝛽 for the magnetic dip formation is almost
independent of Ae.

2. The eigenfrequency of the second harmonic compressional poloidal mode increases at the inner edge of
the plasma pressure peak and decreases at the outer edge, compared with the eigenfrequency of the dipole
field. At the pressure peak and over low-pressure regions, where the pressure gradient is small, the results
are consistent with cold plasma theory.

3. The compressional component of the second harmonic compressional poloidal mode exists in both the
inner and outer pressure edges but vanishes at the negligible pressure gradient regions. The amplitude of
the compressional component at the outer edge is generally larger than that at the inner edge.

4. The 𝛽 and anisotropy tend to have opposite effects on the second harmonic compressional poloidal mode.
Higher 𝛽 and smaller anisotropy tend to enlarge the compressional component amplitude at both inner
and outer edges and increase (decrease) the eigenfrequency at the inner (outer) edge.

5. The critical condition for Alfvén-ballooning instability is calculated, and we find that a higher 𝛽peak∕ΔL
threshold is required for higher Ae. The threshold value varies from 𝛽peak∕ΔL ∼ 1 when Ae = −0.5 to
𝛽peak∕ΔL ∼ 2.5 when Ae = 0.2 − 0.4 (with ΔL =∼ 0.7).
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A magnetic dip structure has been reported by Ukhorskiy et al. [2006], as a local magnetic minimum followed
by a magnetic island (maximum) at larger L, which is caused by storm time ring current obtained from the
TS05 model [Tsyganenko and Sitnov, 2005]. Further observational studies are needed to confirm the condition
for the magnetic dip formation.

The FLR model in our study ignores wave-particle resonance and concentrates on the unstable modes cor-
responding to the Alfvén-ballooning instability. To analyze more general eigenmodes of a field line, we need
to go back to the original gyrokinetic eigenmode equations of Chen and Hasegawa [1991], where the wave-
particle interactions are included. Significant deviation of the eigenfrequency from the cold plasma solution is
found in a finite 𝛽 plasma. Pressure anisotropy also influences the eigenfrequency. When using observed ULF
periods to infer the mode number of a field line resonance, one should consider the effect of plasma 𝛽 and
anisotropy, especially during storm time when both are enhanced. A future study is planned to couple the FLR
eigenmodes analysis with the 3-D kinetic ring current model RAM-SCB (Ring current-Atmosphere interaction
Model with Self-Consistent Magnetic field (B)) [Jordanova et al., 2010], which can help us make predictions for
internally driven ULF waves of high azimuthal number in a global 3-D magnetosphere geometry including
the storm time ring current.
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