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ABSTRACT

A Spectrum-based Regularization Approach to Linear Inverse Problems: Models,

Learned Parameters and Algorithms

by

Jorge A. Castañón

In this thesis, we study the problem of recovering signals, in particular images, that

approximately satisfy severely ill-conditioned or underdetermined linear systems. For

example, such a linear system may represent a set of under-sampled and noisy linear

measurements. It is well-known that the quality of the recovery critically depends on

the choice of an appropriate regularization model that incorporates prior information

about the target solution. Two of the most successful regularization models are the

Tikhonov and Total Variation (TV) models, each of which is used in a wide range of

applications.

We design and investigate a class of spectrum-based models that generalize and

improve upon both the Tikhonov and the TV methods, as well as their combina-

tions or so-called hybrids. The proposed models contain “spectrum parameters” that

are learned from training data sets through solving optimization problems. This

parameter-learning feature gives these models the flexibility to adapt to desired tar-

get solutions. We devise efficient algorithms for all the proposed models and conduct

comprehensive numerical experiments to evaluate their performance as compared to

established models. Numerical results show a generally superior quality in recov-

ered images by our approach from under-sampled linear measurements. Using the



proposed algorithms, one can often obtain much improved quality at a moderate

increase in computational time.
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Chapter 1

Introduction

Linear inverse problems arise in a wide variety of scientific applications such as seis-

mology [26, 51], signal and image processing [3, 14, 25] , statistical inference [55], just

to mention a few. In these problems we assume that there is a linear relationship

between the object of interest and observable quantities. We model the object of

interest as x∗ ∈ Rn, the linear operator as matrix A ∈ Rm×n and the measured data

as b ∈ Rm. This formulation lead us to study a discrete linear system of the form

b = Ax∗ + ω,

where ω ∈ Rm is an unknown noise vector.

In this thesis, we focus on signal recovery problems, where x∗ is the unknown sig-

nal to be estimated, the matrix A describes an under-sampling operator and m ≤ n.

The signal recovery problem is to approximate x∗ from m noisy linear measurements

b. The main difficulty is that even when A is square and non-singular, it is of-

ten ill-conditioned. Standard techniques for solving linear systems, such as Gaus-

sian elimination and least squares, often fail when the matrix is ill-conditioned [24].

In other words, the standard techniques solutions usually have a very large norm

and become inaccurate. Regularization methods have been introduced to overcome
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the mentioned disadvantages. In a nutshell, regularization replaces the original ill-

conditioned problem with a well-conditioned problem whose solution approximates

the signal of interest. The quality of the recovered signal critically depends on the

choice of an appropriate regularization model that incorporates prior information of

the underlying signal.

The main contribution of this thesis is a novel idea for regularization models.

This new family of regularization models utilize prior information of training data.

The learning set is used to estimate parameters through solving optimization prob-

lems. This parameter-learning feature gives the proposed regularization models the

flexibility to adapt to desired objects of interest.

1.1 Organization

The thesis is organized as follows: details on the numerical experiments and metrics

for the quality of recovered solutions will be covered in the remainder on this chapter;

Chapter 2 reviews the main concepts of regularization models, compressive sensing

and dictionary learning and their relation with this thesis; Chapter 3 develops a spec-

tral analysis applied to linear transformations to study the quality of recovered signals

and gives an analytical SVD of the first order finite difference matrix; Chapter 4 in-

troduces the 1D version of our proposed regularization models, training schemes and

numerical evidence of the superior accuracy of our models; Chapter 5 presents the 2D

version of our models, learning strategies, convergent algorithms and numerical re-
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sults that show higher quality in the recovery of medical images; Chapter 6 concludes

this thesis with a summary of contributions and a discussion of future work.

1.2 A Note on the Numerical Experiments of this Thesis

All the numerical experiments were run on a DELL with 3.7 GiB of memory and 4

processors, each with CPU @ 3.30GHz. The MATLAB version used was R2013b 64-

bit (glnxa64) [42]. The GUROBI software version used was Gurobi Optimizer version

5.5 [22]. The Fast Walsh-Hadamard functions used are C++ implementations from

[52].

In the numerical experiments of this thesis, we use several data sets with different

kind of signals in 1D or 2D. In each test, the measurement vector b is generated by

firstly, if the signal is 2D, stacking the columns of the 2D signals into a long vector

and then applying the fast transform or random matrix to it. Mathematically, the

sampling of the underlying signals is represented by b = Ax∗, where x∗ is the signal

in vector form. When noise on the measurement vector is added, we use additive

Gaussian noise with mean 0 and unitary standard deviation. In MATLAB, the noisy

measurements are explicitly given by

b = b+ σ ∗ norm(b) ∗ (r/norm(r)),

where σ > 0 represents the noise level, r = randn(m,1) is a vector of Gaussian

observation and m the number of recorded measurements.

The medical images used in the numerical experiments are Magnetic Resonance
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(MR) images taken from healthcare.siemens.com and Computed Tomography (CT)

images taken from radiopaedia.org.

In the next two subsections, we describe both the quality metrics used in this thesis

and the fast Walsh-Hadamard (WH) matrices, that are used as sampling matrices in

numerical experiments. In addition, WH matrices have the properties that the matrix-

vector product can be done fast, require low storage and have adequate properties

for compressive sensing applications.

1.2.1 Measuring the Quality of Recovered Signals

In the numerical results provided in this thesis, we used several ways to measure the

quality of recovered signals. We define and explain each of this measurements in this

section. The ways to measure the quality of the recovered signals that are used in this

thesis are the relative error (RE), signal to noise ratio (SNR), peak signal to noise

ratio (PSNR) and absolute error (AE). For defining these formulas of interest, the

following definitions are going to be used:

• The mean squared error (MSE) of a vector x ∈ Rn with respect to a refer-

ence vector x∗ ∈ Rn is given by

MSE(x, x∗) =
1

n
||x− x∗||22 (1.1)

• The mean of a vector x ∈ Rn denoted by µx is

µx =
1

n

n∑
j=1

xj (1.2)

healthcare.siemens.com
radiopaedia.org


5

• The variance of a vector x ∈ Rn (VAR) is

VAR(x) =
1

n
||x− eµx||22, (1.3)

where e ∈ Rn is a vector of ones.

We proceed to define the error metrics that we use in this thesis for measuring

the quality of the recovered signals.

1. Relative Error (RE)

RE(x, x∗) =
||x− x∗||2
||x∗||2

∈ IR. (1.4)

2. Signal to Noise Ratio (SNR)

SNR(x, x∗) = 10 log10

VAR(x∗)

MSE(x, x∗)
∈ IR. (1.5)

3. Peak Signal to Noise Ratio (PSNR)

PSNR(x, x∗) = 10 log10

||x∗||2∞
MSE(x, x∗)

∈ IR. (1.6)

4. Absolute error (ABSE)

ABSE(x, x∗) = |x− x∗| ∈ Rn, (1.7)

where | · | denotes entry-wise absolute value.

The PSNR (1.6) of a signal x with respect to its reference x∗ is frequently used for

image processing tasks and it is given in decibels (dB). The absolute error (ABSE)
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of a signal x with respect to its reference x∗ is useful for visual examinations of the

error. In the particular case of images, the absolute error helps to realize in which

parts of the images the error is lower or higher. Moreover, recognizable patterns in

the ABSE translate into lost regions in the recovered image.

1.2.2 Walsh-Hadamard Matrices

In most of the experiments in this Thesis, we use randomized fast Walsh-Hadamard

matrices to sample the signal of interest. These matrices do not need to be stored and

the matrix-vector multiplication can be done faster than the regular matrix-vector

dense multiplication.

Let us start by defining a Hadamard matrix.

Definition 1.1

A Hadamard matrix of dimension 2i for a positive integer i is given by the recursive

formula

H0 = (1), H1 =
1√
2

 1 1

1 −1


and in general

Hi =
1√
2

 Hi−1 Hi−1

Hi−1 −Hi−1

 .

Note that Hadamard matrices are orthogonal.

Fast Walsh-Hadamard (FWH) matrices have been extensively used in compressive
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sensing applications; see for instance [12] for an application to the single pixel camera.

FWH matrices are randomized by choosing some random rows from a Hadamard

matrix, followed by a randon permutation of its columns. Besides satisfying suitable

conditions for exact `1 recovery [6] (so-called Restricted Isometry Property), these

matrices demand low storage (only two permutation vectors) and the matrix-vector

product can be done with the same operation complexity as Fast Fourier matrices

and other fast transformations [52].
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Chapter 2

Regularization

In this thesis, we propose novel regularization techniques for linear inverse problems.

Chapter (2) reviews the literature that is relevant to this work. In the first section,

we explain in detail what is regularization and how it is useful to solve linear inverse

problems. An example follows, where we clarify when the main two regularization

techniques (`1 and `2 minimization) are useful. In the second section of this chapter,

we introduce the Tikhonov model. In the third, we review `1 regularization along with

compressive sensing, total variation and dictionary learning. In the fourth section,

we provide some basic definitions and properties of Kronecker products. In the last

section, we summarize the content of this chapter and the relationship with our work.

2.1 Introduction to Regularization and an Example

Regularization methods incorporates prior information about the solution x∗ into

mathematical models to convert an ill-posed problem to a well-posed one. For exam-

ple, an undetermined linear system of equations Ax = b may have infinitely many

solutions or no solutions at all. Regularization methods point to the most desirable

solution by incorporating prior information of x∗ into a regularization term R(·) such
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that R(x∗) is small. Hence, to approximate x∗, we solve program

min
x
{R(x) s.t. Ax = b}. (2.1)

Commonly used regularization terms are R(x) = ||Ψx||qq for q ∈ {1, 2} and Ψ ∈ IRt×n

is a linear transformation applied to x.

The matrix Ψ in model (2.1) is chosen according to the prior information of the

solution x∗. For instance, if it is known that x∗ can be approximated by a piecewise

constant function, we can choose R(x) = ||Ψx||1 where Ψ = D1 ∈ IR(n−1)×n is a

discrete approximation of the first derivative given by

D1 =


−1 1

. . . . . .

−1 1

 . (2.2)

Since D1x
∗ is sparse, we can use `1 norm that is sparse promoting.

When it is known that x∗ can be approximated by a piecewise linear function, we

can choose R(x) = ||Ψx||1 with Ψ = D2 ∈ IR(n−2)×n as a discrete approximation of

the second order finite difference matrix

D2 =


1 −2 1

. . . . . . . . .

1 −2 1

 . (2.3)

In general, when the solution can be approximated by a piecewise polynomial vector

of degree p−1 for p ≥ 1, we can use R(x) = ||Ψx||1 with Ψ = Dp ∈ IR(n−p)×n chosen as

a discrete approximation of the derivative operator of order p. More generally, matrix
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Ψ can be any sparsifying transformation for x∗ with R(x) = ||Ψx||1. Similarly, when

x∗ is known to be smooth, we can use R(x) = ||Ψx||22 with Ψ = Dp ∈ IR(n−p)×n and

p ≥ 1. In addition, to promote smothness on x∗, matrix Ψ can also be chosen as the

identity matrix.

For an intuitive explanation of the difference between the `1 and `2 regularization

funcitons, a two-dimensional example that compares the solutions is presented in

Figure (2.1). Notice that the `1 solution has a zero entry (sparse) and that the `2

solution has two nonzero entries.

Minimum 1-norm and 2-norm solutions

Figure 2.1 : The `1 solution (circle) is sparse, but not the `2 solution (square). The
dashed-line denotes the set {x : Ax = b}.
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To explain the use of different regularization types, we show in Figure (2.2) an

example of a problem where the solution is sparse under a discretization of a first

derivative operator (i.e., solution is approximately piecewise constant). Figure (2.2)

shows the true solution and the `1 and `2 approximate solutions. We can see that the

`1 solution can approximate more accurately both of the discontinuities than the `2

solution.

0 10 20 30 40 50 60 70 80 90 100
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0.12
Solutions using !1 and !2 Regularization

 

 
True
!2
!1

Figure 2.2 : Comparison of the `1 solution (dashed-dotted black line) and the `2

solution (dashed red line) with the true solution (solid blue line).

One of the most important regularization methods is the so-called Tikhonov

method proposed independently by Tikhonov and Phillips in 1962 [56, 45]. In the next

section, we will introduce the Tikhonov model that belongs to the `2-regularization
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family. In this thesis, we will propose a novel regularization model that is a general-

ization of the Tikhonov model.

2.2 Tikhonov Regularization (`2)

When prior information about the smoothness of the solution is known, we often solve

the following regularization problem

min
x
{||Ψx||22 s.t. Ax = b}, (2.4)

when, for example, Ψ is the identity matrix or a finite difference matrix of certain

order. A comprehensive treatment of smooth-promoting regularization methods can

be found in Hansen’s book published in 1996 [24].

The discrete Tikhonov method requires solving the unconstrained minimization

problem

min
x
{||Ax− b||22 + λ2||Ψx||22}, (2.5)

where λ > 0 is a balancing parameter. In model (2.5), prior information about

the size and the smoothness of the solution is incorporated in λ and Ψ respectively.

Problem (2.5) has a unique solution, given λ and Ψ, whenever the intersection of the

null spaces of A and Ψ is trivial (see [24] p. 100). In this thesis, we introduce a model

that has a similar form of model (2.5) but with an specific way to choose the matrix

Ψ.

The regularization parameter λ > 0 in problem (2.5) can also be used to weight

how small the residual term ||Ax− b||22 is needs to be and depends on the application.
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When λ > 0 increases and problem (2.5) is solved, the norm ||Ax−b||22 also increases,

but the size of the solution ||Ψx||22 decreases. A small choice of λ > 0 may be adequate

when high accuracy for solving Ax ≈ b is desired. Hence, the regularization parameter

acts like a trade-off between the residual norm and the size of the solution. For more

details on how to choose the balancing parameter λ when we have an estimate of

the noise level see [51]. In such a case, we can choose λ to be proportional to the

estimate of the noise level on the right-hand side. The size of the solution given by

the second term of problem (2.5) can be measured in several ways depending on the

application. For instance, it is a known fact that the Tikhonov method, with matrix

Ψ as a finite difference matrix of certain degree, is useful when the solution comes

from the discretization of a continuous function.

In the next section, we introduce the `1 sparsity promoting regularization models.

These models have been extensively studied in the last years because of the wide range

of scientific applications. In this thesis, we will propose a regularization model that

will be compared to the total variation model, that is a sparsity promoting model.

2.3 Sparsity Promoting (`1) Regularization

When the solution of interest is sufficiently sparse [8] (i.e. the solution contains a

considerable amount of zero entries), the norm in the second term in the Tikhonov

model (2.5) can be replaced with the `1 norm to force the small entries of the solution

to become zero [51]. Hence, when the vector Ψx ∈ IRt is sparse, `1 minimization is
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an alternative to the discrete Tikhonov method. Note that when, for example, x is

piecewise constant and Ψ = D1, the vector Ψx is sparse and `1 regularization can be

used to recover its discontinuities (e.g., see Figure (2.2)). Santosa and Symes in 1986

[51] were the first to use `1 minimization for promoting sparsity of the regularized

solution and it was in the context of seismic wave inversion.

In this section, we introduce the topics of compressive sensing, analysis and syn-

thesis models and dictionary learning, which are all related to this thesis. These

relationships are stated in the last section of this chapter.

2.3.1 Compressive Sensing (CS)

Before compressive sensing (also called compressive sampling), signal processing the-

ory was based on the Shannon sampling theorem (1949) [53]. This theory relies on

the fact that the sampling rate of a signal must be at least twice the Nyquist cri-

teria (the highest frequency) to avoid losing information. Recently, the compressive

sensing theory built the modern approach to data acquisition and compression. This

approach overcomes the deficiencies of the Shannon/Nyquist rate. In 2006, Donoho,

Candès, Romberg and Tao showed that the sampling rate can be decreased dramat-

ically [5, 7, 16]. The CS theory relies on the sparsity of the signal and the sampling

scheme to make the exact recovery possible. CS can be explained as a two-step pro-

cess [49]. The first step involves encoding a digital signal in order to compress it

because it is very expensive to save the full data. The second step is the decoding or
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reconstruction process, which demands solving a minimization problem.

For encoding the signal, one takes a set of linear measurements

b = Ax∗ ∈ Rm,

where A ∈ Rm×n is a measurement matrix and m ≤ n. The signal x∗ is decoded

from b ∈ Rm. In short, when x∗ is sparse and A has the so-called restricted isometry

property (RIP), then x∗ can be recovered from b with high probability by solving an

`1 minimization problem [6]. The `1-norm regularization is a convex relaxation of the

so-called nuclear norm minimization where we

min
x
{||x||0 s.t. Ax = b}, (2.6)

where ||v||0 represents the number of nonzero entries of v. As stated in [1, 49], model

(2.6) can recover x∗ with high probability and using a small number of random linear

measurements (meaning m� n), but it is numerically unstable and computationally

intractable, provided that combinatorial search is required. An alternative is to solve

min
x
{||x||1 s.t. Ax = b}, (2.7)

which is a convex program, and hence it is easier to solve. Under certain assumptions

given by Donoho in [17], both objective functions ||x||0 and ||x||1 yield the same

regularized solution.

In order to solve problem (2.7) it can be written as a linear program (LP) and

use standard methods to solve them. Chen, Donoho and Saunders in 2001 [13] affirm
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that there are two classical approaches for solving the LP (2.7): simplex and interior

point methods. On the one hand, the simplex method, in each iteration, moves from

one extreme point of the polyhedron formed by the feasible set, to another one where

the objective function value is less than the one given by the last extreme point.

On the other hand, interior point methods compute iterations in the interior of the

polyhedron form by the feasible set until the convergence to an extreme point. Some

examples of state-of-the-art solvers for CS are SpaRSA [61] by Wright, Nowak and

Figuereido in 2009, SPGL1 [59] by van den Berg and Friedlander in 2008 and YALL1

[65] by Zhang, Deng, Yang and Yin in 2009, among others.

Compressive sensing has been applied to various scientific fields, such as magnetic

resonance imaging [37, 38, 39, 40], radar imaging [28], hyperspectral data processing

[36], single-pixel camera [18, 12], among others.

2.3.2 Analysis and Synthesis Models

In this subsection, we describe the difference between analysis and synthesis regu-

larization models. First, let us assume that x∗ is sparse under a known matrix Ψ.

We can approximate x∗ by solving a modification of model (2.7), where its objective

function is replaced by ||Ψx||1. That is

min
x
{||Ψx||1 s.t. Ax = b}. (2.8)
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Moreover, when we observe noise on the right hand side, we cannot solve the linear

system very accurately and the aforementioned models are often replaced by

min
x
{||Ψx||1 +

µ

2
||Ax− b||22}, (2.9)

where µ > 0 is a balancing parameter.

Problem (2.7) was named basis pursuit in compressive sensing [13], and problem

(2.9) was called Lasso in the statistical community [55]. Elad et al. [19] referred to

the model (2.7) as synthesis-type and analysis-type to model (2.8). The synthesis

and analysis models are equivalent when Ψ is square and non-singular. An important

special case of this equivalence is when Ψ is orthonormal because the compressive

sensing theory holds as long as x∗ is sparse enough and A has the RIP [6].

Compared to the attention received in the last years by the synthesis-type models

(see, e.g. [1, 49]), the analysis-type has not been fully explored. In 2011 Candès

et al. [9] provided conditions for A and Ψ that guarantee an accurate recovery of

a sufficiently sparse solution. Needel and Ward [43] extended the results mentioned

before to the two-dimensional Total Variation (TV) that will be explained later in

this chapter. Recent work has been done by Fadili et al. [58] to provide conditions

on Ψ and x∗ to ensure that a signal is the unique solution of model (2.7) and (2.9)

when the noise is bounded.

The TV model is considered an analysis type model because it can be written

as model (2.8) with Ψ = D1 (first order finite difference matrix). In this thesis,

we compared our proposed regularization model with TV. As a matter of fact, our

-
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model can be seen as a generalization of TV, where our Ψ matrix preserves some of

the structure of D1. We will explain this regularization model later in this thesis. In

the next subsection, we introduce the total variation model.

2.3.3 Total Variation (TV)

One of the most popular sparse promoting regularization methods is called Total Vari-

ation (TV). The assumption of the TV method is that the gradient of the solution is

approximately sparse. Therefore, TV minimization looks for the solution whose dis-

crete gradient is the sparsest and favors approximately piecewise constant solutions,

such as staircase digital images. In recent years, TV regularization has gained a lot

of attention because the regularized approximated image preserve the sharp edges

or boundaries accurately. Theoretical results of exact recovery of piecewise constant

solutions have been proven under some scenarios [5]; however, in practice, it is clearly

useful in a broader class of problems such as images that are approximately piecewise

constant. In this thesis, we propose a regularization model that, for a class of signals,

attains higher quality of the recovered images than the ones recovered by TV.

Historically, TV goes back to 1881, when Camille Jordan, a French politician,

introduced the concept of total variation in the context of Fourier series [32]. The

TV as a regularization method was originally proposed by Rudin, Osher and Fatemi

(ROF) in 1992, in the context of image restoration [50]. After 1992, thousands of

articles involving TV models have been published in the context of image processing.
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For a comprehensive study of TV see [11]. The discrete TV problem is

min
x
{TV(x) s.t. Ax = b}, (2.10)

where TV(x) = ||D1x||1 =
∑n−1

j=1 |xj+1 − xj|. For 2-dimensional solutions, we can

replace D1 for a 2-dimensional finite difference matrix.

In this thesis we enhance the quality of the TV recoveries for a class of medical

signals; we give numerical evidence that in some situations we can replace TV with

Tikhonov, which is a differentiable and strictly convex regularizer in contrast to TV

which is not differentiable. We also propose a hybrid regularization model that is

a combination of an `2 term to be explained in chapter (4) and TV. This `2 term

incorporates prior information of the underlying solution to estimate some parameters

to build the model. This estimation can be called learning and it is a similar technique

than the one used in the theory of Dictionary Learning, that is going to be explained

in the next subsection.

2.3.4 Dictionary Learning

A dictionary is a matrix whose columns (often called atoms) are used to represent an

underlying signal. The main goal is to explain the object of interest in terms of a linear

combination of a few columns of the dictionary. When we only need a few atoms from

the dictionary to write the underlying signal, the coefficients of the linear combination

of the columns of the dictionary are sparse. There are predefined (e.g., Wavelets

[15, 41]) and learned dictionaries. The dictionary learning idea relies on having access



20

to a training set of vectors that is used to construct both sparse coefficients and

atoms. The dictionary learning problem can be cast as an optimization problem

whose variables are the atoms of the dictionary and the sparse coefficients. The

learning model proposed in this thesis has far less parameters to estimate than the

typical dictionary learning model, as we will see later on chapters (4) and (5)

2.4 Basic Results of Kronecker Products

In this section, we define the Kronecker product and we give some basic results about

them that are going to be used on chapter (5).

For any two matrices G ∈ IRp×q and H ∈ IRr×l, the Kronecker product of G and

H is defined as

G⊗H =



g11H g12H · · · g1qH

g21H g22H · · · g2qH

...
...

...
...

gp1H gp2H · · · gpqH


∈ IRpr×ql. (2.11)

The following 3 well-known fact about Kronecker products are going to be of use in

this thesis.

1. For any matrices A1,A2 and A3 such that the product A1A3A2 is well defined,

we have that

(AT2 ⊗ A1)vecA3 = vec(A1A3A2) (2.12)
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2. Let A1, A2, A3 and A4 be matrices such that the products A1A3 and A2A4 are

well defined, then

(A1 ⊗ A2)(A3 ⊗ A4) = A1A3 ⊗ A2A4. (2.13)

3. Let A1, A2 be any matrices

(A1 ⊗ A2)T = AT1 ⊗ AT2 . (2.14)

2.5 Relation of Introduced Topics with this Thesis

In this thesis, we propose regularization models that are deeply related with the main

models for linear inverse problems: Tikhonov and TV. These novel regularizations

are equipped with a learning scheme that is cast as an optimization problem that is

similar to the technique used in dictionary learning, but with a considerably smaller

number of variables. Our method incorporates both predefined matrices and learned

parameters to construct a regularization model. The predefined matrices are discrete

sine and cosine transformations. In chapter (3) we relate the left and right singular

vectors of finite difference matrices with the discrete sine and cosine transformations.

This relationship directly connects our proposed regularization models with the TV

and Tikhonov models, which both use finite difference matrices. Tikhonov can use

other matrices than finite differences, for instance, the identity matrix. The learning

algorithms are important contributions in this thesis and are explained in chapter

(4). In chapter (4) and (5) we explain the proposed regularization models for 1D and

2D, respectively.
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Chapter 3

A Spectral Analysis of Linear Regularizations

The content of this chapter is based on our observation that approximations to the

desired solution x∗, are often far more accurate than approximations to the trans-

formed solution Ψx∗, sometimes up to orders of magnitude. This fact was recently

introduced as an open question in 2012 [10]. Its importance arises from the fact that

in the context of `1-minimization, it presents a possible extension of the compressive

sensing theory, where an accurate approximation to Ψx∗ is reached, under mild con-

ditions, thus an accurate approximation of x∗. In this chapter, we will show examples

where the theory of compressive sensing do not hold, but we can still compute an

approximate solution with some digits of accuracy.

This chapter is organized as follows. In the first section of this chapter, we present

an example that serves as a motivation to develop the spectral analysis contained in

the second section. In the third section, we investigate the “frequency” of piecewise

constant signals with different jump sign patterns . With our spectral analysis, we

explain that the quality of the TV approximations critically depends on the “fre-

quency” of the piecewise constant signals. Finally, in the last section, we provide and

analytical singular value decomposition of the first order finite difference. We finish

the chapter with a summary of the results and contributions.
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3.1 Motivation

We are interested in studying the difference between the relative error of the ap-

proximation to the transformed signal of interest Ψx∗, and the relative error of the

approximation to the actual signal of interest x∗. Our goal is to quantify the following

inequality that we often observe in numerical experiments

||x− x∗||
||x∗||

� ||Ψx−Ψx∗||
||Ψx∗||

, (3.1)

where x is an approximation to x∗ by solving the minimization problem (2.8) or (2.4)

for some choice of matrix Ψ.

In Figure (3.1) we show two examples where the sampling scheme is not random

(or RIP) and thus the compressive sensing theory does not hold. Hence, we cannot

ensure an exact recovery of a piecewise polynomial signal. In this example A ∈

IR156×1000 and κ(A) = 107 the signals x∗ are piecewise constant (left column) and

piecewise linear (right column) so Ψ = D1 and D2 are chosen, respectively. The

number of discontinuities (sparsity level) is 26. Even though we have enough linear

measurements with respect to the sparsity level of the solutions, our sampling is not

random (or RIP), thus the compressive sensing theory do not hold.

In the first row of Figure (3.1), we show the true and approximate transformed

signal, i.e. Ψx∗ and Ψx, for both the piecewise constant and piecewise linear cases.

Moreover, in the second row, we show the true and approximate signal, i.e. x∗ and

x. In these two examples the relative error of the solution is two and three orders of
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Figure 3.1 : True and recovered signals and spikes for two examples when the com-
pressive sensing theory does not hold and κ(A) = 107. Nevertheless, approximations
to the solutions have 2 and 3 digits of accuracy. Left column: piecewise constant
signal. Right column: piecewise linear signal.

magnitude smaller than the relative error of the transformed solution. The difference

is larger in the piecewise linear example, where the relative errors are 8.29 and 4∗10−3,

than in the piecewise constant, where the relative errors are will be explained later in
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this chapter 1.17 and 1.3∗10−2. We will explain this observation later in this chapter.

In other scenarios where the compressive sensing theory does not hold because

the sampling of the signal is not enough with respect to its the sparsity level, we

also observed approximations with modest accuracy that may be sufficient for many

applications. Thus, we can approximate solutions up to some digits of accuracy

while weakening some of the assumptions in the compressive sensing theory, thereby

opening a new avenue of further investigations. This motivates our spectral analysis

that is developed in the next section.

3.2 A Spectral Analysis of Linear Regularizations

We start this section by giving a definition that quantifies inequality (3.1).

Definition 3.1

(The gap) Given a matrix Ψ ∈ IRt×n, a reference signal x∗ and an approximation to

the reference signal x, we define the gap as the following quantity

GΨ(x, x∗) = log10 RE(Ψx,Ψx∗)− log10 RE(x, x∗), (3.2)

where RE(·, ·) is the relative error defined in (1.4).

The gap in definition (3.1) can be interpreted as the number of digits of accuracy

that the relative error of the solution is smaller than the relative error of the solution

under the transformation Ψ. In the piecewise linear example shown on the right

column of Figure (3.1), the gap is

GD2(x, x
∗) = log10

||D2x−D2x
∗||2

||D2x∗||2
− log10

||x− x∗||2
||x∗||2

≈ 0.92− (−2.33) = 3.25.
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Thus, the approximation to the signal of interest is 3.25 digits (more than 3 order

of magnitude) more accurate than the approximation under the second order finite

difference D2. In the same fashion, the gap of the piecewise constant example in the

left of Figure (3.1), the gap is GD1(x, x
∗) ≈ 1.96 (almost 2 orders of magnitude).

Next, we provide a definition that is only the square of a change of basis of a

given vector followed by a normalization. This definition will help us relate the gap

with the basis given by the eigenvectors of ΨTΨ. Since ΨTΨ ∈ Rn is symmetric and

semi-positive definite, it admits an eigenvalue decomposition of the form

ΨTΨ = V ΛV T =
n∑
j=1

λjvjv
T
j , (3.3)

where 0 ≤ λ1 ≤ λ2 ≤ ... ≤ λn are the eigenvalues and v1, v2, ..., vn the corresponding

eigenvectors of ΨTΨ and matrix V = [v1, ..., vn] ∈ Rn×n is an orthonormal matrix

V TV = I.

Definition 3.2

(Coefficients of a vector with respect to matrix Ψ) Given a vector w ∈ Rn and matrix

Ψ ∈ IRt×n, we define the jth coefficient of vector w with respect to Ψ as

(cΨ(w))j =
(wTvj)

2

||w||22
,

where vj is the jth eigenvector of ΨTΨ.
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Note that
∑n

j=1(cΨ(w))j = 1 for any w ∈ Rn and any Ψ. Since V is unitary,

||V Tw||2 = ||w||2. Then

n∑
j=1

(cΨ(w))j =
n∑
j=1

(wTvj)
2

||w||22

=
1

||w||22
||[wTv1, ..., w

Tvn]T ||22

=
1

||w||22
||V Tw||22 = 1.

We will relate the definition of the gap (3.1) with the coefficients of the solution

x∗ and the error vector e = x∗ − x. We use the definition of the gap (3.1) and the

relative error (1.4) to get

GΨ(x, x∗) = log10

RE(Ψx,Ψx∗)

RE(x, x∗)
= log10

(
||Ψe||2/||e||2
||Ψx∗||2/||x∗||2

)
. (3.4)

The eigenvalue decomposition of ΨTΨ =
∑n

j=1 λjvjv
T
j (3.3) used twice in equation

(3.4) leads to

GΨ(x, x∗) =
1

2
log10

∑n
j=1 λj

Coefficients︷ ︸︸ ︷
(cΨ(e))2

j∑n
j=1 λj (cΨ(x∗))2

j︸ ︷︷ ︸
Coefficients

. (3.5)

Note that in both, the numerator and denominator of equality (3.5) we recognize a

comvex linear combination of the eigenvalues of ΨTΨ.

In the next subsection, we give an example to explain the use of the introduced

definitions of the gap (3.1) and the coefficients (3.2). We also interpret formula (3.5)

that relates the gap with the coefficients of x∗ and e for an example.
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3.2.1 An Example

In this section, we will give an example that clarifies the definitions of the gap (3.1)

and the coefficients (3.2) given earlier in this chapter. In this example, we assume

that our signal of interest is piecewise constant, thus we use model (2.8) with Ψ = D1

to approximate it. Recall that model (2.8) with Ψ = D1 is the 1D TV model. In this

example, the signal x∗ ∈ IR100 and Ψ = D1 ∈ IR99×100 is first order finite difference

matrix as defined in (2.2).

In the top plot of Figure (3.2), we show the coefficients of the piecewise constant

signal x∗ (shown in red diamonds) an the coefficients of the error vector e (shown in

blue circles). In the bottom plot of Figure (3.2), we show the eigenvalues of DT
1 D1.

In Figure (3.3) we show the eingenvectors of DT
1 D1. These eigenvectors correspond

to a discrete cosine transformation (DCT) [54]. The value of the gap is GD1 = 1.29

and can be explained as following:

1. Recall that the sum of the coefficients add to one for any vector, in particular∑n
j=1(cD1(e))j = 1 and

∑n
j=1(cD1(x

∗))j = 1.

2. Note that the larger the index of the eigenvector, the higher its frequency (see

Figure (3.3))

3. The fast decay of the coefficients of x∗ means that x∗ is correlated to the low

frequencies of the DCT. See in the top plot of Figure (3.2) that the first few

coefficients of x∗ almost add to the unity. The rest of the coefficients of x∗ are
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very small. In contrast, the coefficients of the error e are correlated with all the

frequencies of the DCT.

4. Recall that, by convention, the eigenvalues are in decreasing order.

5. The different behaviour of the decay of the coefficients of x∗ and the coefficients

of e explain that the gap is GD1 = 1.29. Formula (3.5) relates the gap with the

eigenvalues of DT
1 D1 , the coefficients of x∗ and the coefficients of e.

Note that the gap in equation (3.5) depends on the eigenvalues of ΨTΨ. For

instance, in the case of finite difference matrices of increasing order, the larger the

degree of the finite difference matrix p, the larger the condition number of Dp. Note

that ||D1||22 ≈ 4, ||D2||22 ≈ 16 and ||D3||22 ≈ 64 in Figure (3.4). The fact that ||D1||22 ≈

4 and ||D2||22 ≈ 16 explains that, in our motivational example at the beginning of

this chapter, there is a larger gap for the piecewise linear case than for the piecewise

constant (see Figure (3.1)).

3.2.2 Bounds for GΨ

In this section, we give lower and upper bounds for the gap (3.1). Recall that the gap

is an important quantity in describing the relative error of our approximations to the

desired solution. Thus, we are interested in estimates of the gap GΨ. Throughout

this section, we give bounds for the gap GΨ in proposition (3.1), prove our statement

is correct and offer an explanation of our results.
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Figure 3.2 : Top plot: coefficients of the error e (blue circles) and the true solution
x∗ (red diamonds). Bottom plot: eigenvalues of DT

1 D1. The coefficients of x∗ decay
faster than the ones of e, implying that GD1 = 1.29. See equation (3.5).

Proposition 3.1

Given a non-singular matrix Ψ ∈ Rn×n, a signal x∗ ∈ Rn and a matrix A ∈ Rm×n for

some m ≤ n. Let r be the row rank of A and Z ∈ IRn×(n−r) be an orthonormal basis

of the null space of A. Take linear samples of x∗ such that b = Ax∗, and let x be an

approximate solution to x∗ such that

x = arg min{||Ψy||qq s.t. Ay = b}, (3.6)



31

Eigenvectors of DT
1 D1

Figure 3.3 : First three (bottom) and last (top) eigenvectors of DT
1 D1, which form

a discrete cosine transform. The higher the index of the eigenvector, the higher the
frequency of the cosine.

for q = 1, 2. Let 0 ≤ λmin ≤ λmax and 0 ≤ µmin ≤ µmax be the smallest and largest

eigenvalues of ΨTΨ and ZTΨTΨZ respectively. Then the following inequalities are

lower and upper bounds for the gap

1

2
log10

µmin

λmax

≤ GΨ(x, x∗) ≤ 1

2
log10

µmax

λmin

.
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Figure 3.4 : Eigenvalues of DT
pDp for p ∈ {1, 2, 3}.

Proof Recall that the error is defined as e = x∗ − x. By feasibility of x,

Ae = A(x∗ − x) = Ax− Ax∗ = b− b = 0,

which means that e ∈ null(A). Then we can write e = Zw for some w ∈ IRn−r to get

that

||Ψe||2/||e||2
||Ψx∗||2/||x∗||2

=
||ΨZw||2/||Zw||2
||Ψx∗||2/||x∗||2

=
||ΨZw||2/||w||2
||Ψx∗||2/||x∗||2

∈
[√

µmin

λmax

,

√
µmax

λmin

]
. (3.7)

The second equality in equation (3.7) uses the fact that Z is unitary. The containment

interval in equation (3.7) relies on the fact that the Rayleigh quotients of symmetric

matrices are bounded by the smallest and largest eigenvalues, which are real. By

taking log10 in equation (3.7), we identify the gap in the left hand side of the equation
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as follows,

log10

||Ψe||2/||e||2
||Ψx∗||2/||x∗||2

= log10 RE(Ψx,Ψx∗)− log10 RE(x, x∗) = GΨ(x, x∗).

Therefore,

1

2
log10

µmin

λmax

≤ GΨ(x, x∗) ≤ 1

2
log10

µmax

λmin

,

that gives the desired result. �

Some important comments about proposition (3.1) follows:

• If Ψ is an orthonormal matrix, then ρ(ΨTΨ) = ρ(In) so λmin = λmax = 1 and

ρ(ZTΨTΨZ) = ρ(ZTZ) = ρ(In−r) which means that µmin = µmax = 1. In this

case, the gap and the bounds are all zero.

• Note that x, as defined in (3.6) determines the error e = x∗ − x, so the gap

depends implicitly on the optimization model.

A simple calculation implies that if we only assume that Ψ ∈ Rn×n is non-singular,

then

− log κ(Ψ) ≤ GΨ(x, x∗) ≤ log κ(Ψ), (3.8)

where κ denotes the condition number of Ψ. This calculation is given by

||x− x∗||2
||x∗||2

=
||Ψ−1Ψ(x− x∗)||2

||x∗||2
||Ψx∗||2
||Ψx∗||2

≤ ||Ψ−1||2
||Ψ(x− x∗)||2
||x∗||2||Ψx∗||2

||Ψ||2||x∗||2

= κ(Ψ)
||Ψ(x− x∗)||2
||Ψx∗||2

,
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which gives the lower bound in (3.8). The upper bound in (3.8) relies on the fact

that the Rayleigh quotients of symmetric matrices are bounded by the smallest and

largest eigenvalues.

In Figure (3.5), we show the gap and the bounds given in Proposition (3.1) and

bound (3.8) for 100 observations. For each run, x∗ is a random piecewise constant

vector of dimension 512 with 52 discontinuities. We use the TV model to estimate x.

The sampling ratio is 25% and matrix A is Gaussian. Hence, we do not have enough

measurements per discontinuity to guarantee the exact recovery of the solution. Ma-

trix Ψ ∈ Rn×n was defined as

Ψ =

 eT1

D1

 , (3.9)

where eT1 = (1, 0, · · · , 0) ∈ Rn such that Ψ is invertible.
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Figure 3.5 : Left: The gap and its bounds. Right: The gap and the relative error of
x∗ and Ψx∗ for Ψ defined in (3.9).
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On the left of Figure (3.5), we show a plot of the gap (blue circles) and the

bounds given in Proposition (3.1) (red solid lines) and (3.8) (black dotted lines) for

100 observations. Notice that the bounds proved in Proposition (3.1) are tighter

than the ones from inequality (3.8). On the right of Figure (3.5), we show a plot

of the gap GΨ(x, x∗) (blue circles), the error log10 RE(Ψx,Ψx∗) (green squares) and

the relative error log10 RE(x, x∗) (red crosses) for 100 observations. By the definition

of the gap (3.1), the difference between the gap and the log10 RE(Ψx,Ψx∗) gives

the error log10 RE(x, x∗) of the approximation of the solution of interest. In this

example, the average gap is 1.17, the average log10 RE(Ψx,Ψx∗) is −0.08 and the

average log10 RE(x, x∗) is −1.26. This means that, on average, the approximation to

the solution of interest has 1.26 more digits of accuracy than the approximation to

the sparse solution. This can be explained by the fact that, on average, the gap is

larger than the log10 RE(Ψx,Ψx∗).

3.3 The “Frequency” of Piecewise Constant Signals

With the purpose of understanding what “frequency” means in the context of piece-

wise constant vectors, we investigated the quality of approximations to solutions with

different structure of the sign jumps. That is, for a given matrix A ∈ IR26×128 and a

fix number of discontinuities (d = 13), locations (randomly chosen uniformly in the

domain) and heights of the jumps, we construct 3 types of x∗:

1. Type I (high frequency) have sign jumps that alternate (+,-,+,-, . . . )
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2. Type II (medium frequency) have sign jumps that are positive in the first half

of the domain negative in the second (+,. . . ,+,-,. . . ,-) and

3. Type III (low frequency) have sign jumps that are always positive (+,+,. . . ,+).

We proceed by sampling the 3 types of piecewise constant vectors at different rates

and with different matrices and approximate them with the TV model. Our main

observation is that TV achieves smaller relative errors for solutions of Type III (low

frequency) than solutions of Type I or II (medium or high frequency). Moreover,

solutions of Type III have a larger gap compared to solutions of Type I or II.

A Type m RE(D1x,D1x
∗) GD1(x, x

∗) RE(x, x∗)
Gaussian I (0.2)n 70.16% 0.5325 23.38%
Gaussian II (0.2)n 64.07% 0.9238 7.90%
Gaussian III (0.2)n 70.20% 1.2003 4.46%

In-painting I (0.5)n 98.50% 0.6766 23.23%
In-painting II (0.5)n 97.73% 1.0658 8.85%
In-painting III (0.5)n 98.03% 1.3646 4.33%
Walsh-Had I (0.2)n 75.84% 0.1656 60.62%
Walsh-Had II (0.2)n 72.54% 0.4184 32.11%
Walsh-Had III (0.2)n 74.48% 0.6272 20.71%

Table 3.1 : Results shown are the average of 1000 runs of piecewise constant solutions
of Type I, II and III recovered by TV. Figure (3.6) shows an example of one run
(Gaussian case). TV is more accurate for the low frequency solutions (Type III) for
each of the 3 matrices used for sampling: Gaussian, In-painting and Walsh-Hadamard.

In Figure (3.6) we show a run of the three piecewise constant solutions and their

TV approximations. In Table (3.1), we show the average gap, average relative error

and average sparse relative error of 1000 simulations for each of the 3 solutions and

each of the 3 different matrices: Gaussian, randomized Walsh-Hadamard and In-
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Figure 3.6 : True (dotted) and TV approximation (solid) to piecewise constant signals
of Type I (left), II (center) and III (right). Matrix A is Gaussian. Approximations
are visually more accurate for Type III (low frequency) solutions.

painting. The Gaussian and randomized Walsh-Hadamard matrices are often used

for compressive sampling, while the In-painting matrices, which are constructed with

m rows of an n × n identity matrix, are used for In-painting or Image completion

problems where parts of the pixels of an image are lost. Notice in Table (3.1) that

the average sparse relative error is similar for the 3 types of solutions and for the

3 types of matrices. Moreover, the largest average gap corresponds to the Type III

signals and the smallest to the Type I. Thus, the smallest average relative error is

for solutions the signals of Type III, followed by signals of Type II and followed by

signals of Type I. This is true for the 3 kind of matrices A.

In the next chapter we propose a regularization model motivated by the fact

that model (2.8) with Ψ = D1 approximate solutions with higher quality when the

underlying signal is low frequency. In our model, we design regularization matrices

based on prior knowledge of the solutions of interest and their correlations to different
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frequencies.

3.4 Analytical SVD of First Order Finite Difference Matrices

In this section, we derive the analytical singular value decomposition of a first order

finite difference matrix. We state this results as a proposition at the end of this

section. This decomposition involves discretizations of the sine and cosine functions.

We put together well-known results for diagonalizing the Laplacian with Neumann

and Dirichlet boundary conditions, respectively and relate them with the left and

right singular values of the first order finite difference matrix. We recognize that

the structure of the left and right singular vectors of D1, being the discrete sine and

cosine transformations, permits fast multiplications. This analytical factorization is

is a key piece for the efficiency of our algorithms for 2D regularization problems. In

chapter (5) we extend the 1D analytical SVD of D1 to 2D.

Recall that D1 ∈ IR(n−1)×n is a first order finite difference matrix defined as

D1 =


−1 1

. . . . . .

−1 1

 .

Thus D1D
T
1 ∈ IR(n−1)×(n−1) is
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D1D
T
1 =



2 −1 0 · · · 0 0 0

−1 2 −1 · · · 0 0 0

...
...

...
. . .

...
...

...

0 0 0 · · · −1 2 −1

0 0 0 · · · 0 −1 2


(3.10)

and DT
1 D1 ∈ IRn×n is

DT
1 D1 =



1 −1 0 · · · 0 0 0

−1 2 −1 · · · 0 0 0

...
...

...
. . .

...
...

...

0 0 0 · · · −1 2 −1

0 0 0 · · · 0 −1 1


, (3.11)

which are discretizations of the Laplacian with Dirichlet and Neumann boundary

conditions, respectively. Note that the values of the inner rows of matrices (3.10) and

(3.11) are the same. In contrast, the first and last row of these matrices are different

as well as the dimensions. There is a strong connection between matrices (3.10) and

(3.11), which naturally appear in discretizations of the one dimensional Laplacian

equation

d2φ(x)

dx2
= −λφ(x) (3.12)

where x ∈ [0, 1]. We are interested in two different boundary conditions:
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1. Dirichlet: φ(0) = φ(1) = 0, which discretization corresponds to matrix (3.10),

and

2. Neumann: φ′(0) = φ′(1) = 0, which discretization corresponds to matrix (3.11).

On one hand, it is easy to verify that the solutions to (3.12) with Dirichlet boundary

conditions are the eigenfunctions φk(x) = sin(kπx) with corresponding eigenvalues

λk = k2π2 with k = 1, 2, ... On the other hand, the solutions to (3.12) with Neumann

boundary conditions are the eigenfunctions φk(x) = cos(kπx) with corresponding

eigenvalues λk = (kπ)2 with k = 0, 1, 2, ....

We can compute the singular value decomposition (SVD) of D1 by determining the

eigenvalue decompositions of both D1D
T
1 = USUT and DT

1 D1 = V ΛV T . The columns

of the orthonormal matrices U and V are the left and right singular vectors of matrix

D1. Moreover, the non-zero eigenvalues of D1D
T
1 = USUT and DT

1 D1 = V ΛV T are

the squares of the singular values of D1. We proceed to calculate the eigenvectors

of the discrete Laplacian with Dirichlet boundary conditions (3.10). The entry-wise

formula for the i-th eigenvector with n− 1 uniform samples on the interval (0, 1) is

Ui,j =

√
2

n
sin

(
ijπ

n

)
, (3.13)

for i, j = 1, ..., n−1, where Ui, j represent the (i, j) entry of matrix U (see for example

[2]). The scaling factor
√

2
n

makes ||ui||2 = 1 for all i = 1, ..., n−1, where ui represent

the ith column of matrix U . A direct calculation shows that the eigenvalues of D1D
T
1
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have the closed form

Si,i = 2− 2 cos

(
iπ

n

)
, (3.14)

for i = 1, .., n − 1 (see [44]). Note that Si,i ∈ (0, 4) for all i. Matrix S is diagonal

and U is orthonormal and D1D
T
1 = USUT . The multiplication of U times a vector

is known as the discrete sine transformation (DST-1, see [2]) and can be performed

in n log n operations with the use of a divide-and-conquer strategy similar to the one

used in the fast Fourier transformation (FFT).

Similarly, the eigenvalue decomposition of matrix DT
1 D1 = V ΛV T ∈ Rn×n can

be computed by discretizing the eigenfunctions of equation (3.12) with Neumann

boundary conditions on the interval [0, 1] using a midpoint rule. As we can see in

[54], these eigenvectors of DT
1 D1 have the form

Vi,j = wi cos

(
(i− 1

2
)(j − 1)π

n

)
, (3.15)

for i, j = 1, ..., n and the normalization factor

wi =


1√
n

if i = 1√
2
n

if i = 2, ..., n

so that V TV = I (identity matrix). The eigenvalues of DT
1 D1 are given by the

diagonal matrix

Λi,i = 2− 2 cos

(
(i− 1)π

n

)
,

for i = 1, ..., n. Note that Λi,i ∈ [0, 4) for all i.
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Both discrete Laplacians, (3.10) and (3.11), share n− 1 eigenvalues Λi+1,i+1 = Si,i

for i = 1, ..., n−1 and Λ1,1 = 0. The square root of the aforementioned eigenvalues are

the singular values of D1. The matrix-vector multiplication of V times a vector can be

performed in n log n operations and it is known as the discrete cosine transformation

(DCT-2). The DCT-2 is the most popular of the DCT family because i = 1 gives the

flat eigenvector 1√
n
(1, 1, ..., 1)T (see [54] by Gilbert Strang in 2009). The DCT basis is

the heart of one of the “Joint Photographic Experts Group” (JPEG, [60]) algorithms

that is widely used in image compression, among other applications. The DCT was

first discovered in 1990 by Rao and Yip [48].

Now we are ready to write the SVD ofD1 in terms of the eigenvalue decompositions

of D1D
T
1 = USUT and DT

1 D1 = V ΛV T . We have not found this result formally

written in the literature.

Proposition 3.2

Let matrices U and V be defined as in (3.13) and (3.15), respectively. Let the diagonal

matrix S be defined as in (3.14). Then, the SVD of D1 is given by

D1 = ŪΣ̄V̄ T ,

where

• Ū = PU with P a diagonal matrix so that Pj,j = (−1)j for j = 1, · · · , n,

• Σ̄j,j =
√
Sn−j,n−j for j = 1, · · · , n− 1.

• V̄ = [vn, vn−1, ..., v2, v1], where vj are the columns of V for j = 1, ..., n.
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Note that we are using the convention of ordering the singular values in descending

order and we must reorder the vectors of V .

3.5 Summary

In this chapter we developed an spectral analysis of linear transformations. We in-

troduce the definition of the gap (3.1) that is an important quantity in describing

the relative error of our approximations to the desired solution. We gave bounds for

the gap in proposition (3.1), proved these bounds and offered an explanation of our

results. We investigated the “frequency” of piecewise constant signals with different

structures. With our spectral analysis, we explained that the quality of the TV ap-

proximations critically depends on the “frequency” of the piecewise constant signals.

The fact that TV depends on the frequency of the solutions is the motivation for the

proposed regularization models in chapters (4) and (5).

At the end of this chapter, we derived the analytical singular value decomposition

of a first order finite difference matrix. This decomposition involves discretizations of

the sine and cosine functions. We put together well-known results for diagonalizing

the Laplacian with Neumann and Dirichlet boundary conditions, respectively and

relate them with the left and right singular vectors of the first order finite difference

matrix. This analytical factorization, and its extension to 2D, is fundamental in the

efficiency of our algorithms for imaging problems in chapter (5).
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Chapter 4

Spectrum-Learning Regularization Models: 1D

In this chapter we propose a family of models for one-dimensional signal recovery

that we call spectrum-learning regularization (SLR). In chapter (3), we showed that

for the 1D TV model, the quality of the recovered signals depends dramatically on its

“frequency” structure. That is, smaller relative errors are obtained for solutions of

Type III (low frequency) than solutions of Type I or II (medium and high frequency).

This dependence arises the following question: given prior knowledge on the frequen-

cies of the true solution x∗, can we design a regularization matrix Ψ, alternative to

D1, that enhance the quality of our approximate solutions? We will use the ideas

on Chapter (2) about pre-defined and learned dictionaries to propose novel regular-

ization matrices that preserve the left and right singular vectors of finite differences

while estimating the singular values with the use of prior information. In addition,

we provide details on how to estimate spectrum parameters to construct such regu-

larization matrices. Moreover, we present results based on numerical experiments to

compare the performance of our methods to other well-known models, such as TV

and Tikhonov.
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4.1 Spectrum-learning Models

Let x∗ ∈ Rn be a signal. Let b = Ax∗ ∈ Rm be a vector of linear measurements

of the signal of interest such that m ≤ n. We design regularization matrices Ψ to

approximate the solution of interest x∗ with the solution of the following model

min
x
||Ψx||qq s.t. Ax = b, (4.1)

for q ∈ {1, 2}.

Our proposed matrix Ψ is a combination of two predefined basis and an estimated

diagonal matrix. The predefined matrices, that we call U ∈ IR(n−1)×(n−1) and V ∈

Rn×n are discrete sine (DST) and cosine transformations (DCT), respectively. The

diagonal matrix, that we call Σ̂ ∈ IR(n−1)×n is estimated with learning techniques and

a given training data set. We build our regularization matrix as follows

Ψ = UΣ̂V T ∈ IR(n−1)×n.

Due to the connection established in Proposition (3.2) in chapter (3) between the

matrices U, V and the left and right singular vectors of a finite difference matrix, we

adopt the notation

D̂ = UΣ̂V T , (4.2)

where U and V are DST and DCT matrices. We will call the profile to the vector

containing the diagonal elements of matrix Σ̂.

In the following two sections, we will provide two ways to estimate the profile.

Firstly, we present a method where it is assumed that the diagonal elements of Σ̂
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are approximately piecewise linear with 2 pieces. This learning strategy was inspired

by the Tikhonov model (with finite difference matrices of certain order) that can be

seen as a low-frequency filter. The piecewise linear structure of the profile allows to

favor medium to high frequencies in the recovery model, as opposed to Tikhonov,

that favors only the low frequencies. Secondly, we present a training model that uses

prior information of the solution to estimate the profile. This learning task has the

ability to adapt to different kind of solutions. To estimate the profile, we solve an

optimization.

4.1.1 Training Piecewise-Linear Profiles

Let D̂ = UΣ̂V T ∈ IR(n−1)×n, where Σ̂ ∈ IR(n−1)×n is an unknown diagonal matrix

and U ∈ IR(n−1)×(n−1) and V ∈ IRn×n as defined in (4.2). Given a set of training

vectors {p1, ..., pk} with pj ∈ Rn for j = 1, · · · , k, we estimate matrix Σ̂ such that its

diagonal elements are approximately piecewise linear with two pieces. To estimate

the breakpoint of the piecewise linear vector, we use the training set {p1, ..., pk} ⊂ Rn.

Given a threshold parameter δ ∈ (0, 1], compute the smallest K ∈ {1, 2, ..., n} such

that
K∑
j=1

(vTj pi)
2 ≥ δ, (4.3)

for all i = 1, .., k, where vj is the jth column of matrix V . Note that if δ = 1,

then K = n. Then we proceed to construct a 2-piece piecewise linear profile with 3

points: (1, B), (K,H) and (n, S). The only breakpoint occurs at (K,H). Scalars S,H
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and B are the heights of the three points needed to construct the 2-piece piecewise

linear profile and we choose them such that the profile is a decreasing function, i.e.

0 < S < H < B <∞. Let σj be the (j, j) element of matrix Σ̂.

Algorithm 4.1

[Training Piecewise Linear Profile]

Given 0 < δ ≤ 1, training set {p1, · · · , pk} ⊂ Rn and 0 < S < H < B <∞

1. Compute the smallest integer K satisfying inequality (4.3).

2. Form a piecewise linear function pl(·) such that

pl(1) = B, pl(K) = H and pl(n) = S.

3. Compute σj = pl(j) for j = 1, · · · , n.

end

In the following section, we give a different approach to estimate the profile. In

contrast to the piecewise linear profile that only learns a single parameter, in the next

scheme we learn n− 1 parameters to estimate Σ̂.

4.1.2 Training Profiles with Optimization

Let D̂ = UΣ̂V T ∈ IR(n−1)×n, where Σ̂ ∈ IR(n−1)×n is an unknown diagonal matrix and

U ∈ IR(n−1)×(n−1) and V ∈ IRn×n as defined in (4.2). Given a set of training vectors

{p1, ..., pk} ⊂ Rn with pj ∈ Rn, we want to estimate the diagonal matrix Σ̂ such that

||D̂pj||qq ≈ small,



48

for each j and for a fix q ∈ {1, 2}. For this purpose we can solve the following

optimization problem

min
σ∈Ω

1

q

k∑
j=1

||D̂pj||qq, (4.4)

where σ = diag Σ̂ and

Ω = {v ∈ IR(n−1) : vj ≥ 0,
n−1∑
j=1

vj = γ > 0}, (4.5)

to avoid a trivial solution. To solve problem (4.4), first note that

D̂pj = UΣ̂V Tpj = UYjσ,

where Yj ∈ IR(n−1)×(n−1) is a diagonal matrix whose ith entry is

vTi pj,

where vi is the ith column of matrix V . When q = 1, we can write problem (4.4) as

the following equivalent linear program (LP)

min
σ∈Ω,t

k(n−1)∑
i=1

ti s.t. − t ≤ UY σ ≤ t, (4.6)

where

UY =



U 0 · · · 0

0 U · · · 0

...
...

. . .
...

0 0 · · · U





Y1

Y2

...

Yk


=



UY1

UY2

...

UYk


∈ IRk(n−1)×(n−1). (4.7)

-
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When q = 2, the learning problem (4.4) becomes

min
σ∈Ω

1

2

k∑
j=1

||D̂pj||22, (4.8)

where Ω is defined as before (4.5). Since matrix U is unitary, the objective function

in problem (4.8) is given by

1

2

k∑
j=1

||Σ̂V Tpj||22.

Hence, we can add one more parameter to estimate. That is, the diagonal matrix

Σ̂ ∈ IRn×n as opposed to the case when q = 1 where we have n − 1 parameters and

Σ̂ ∈ IR(n−1)×n. Let us add a dimension to the feasible set of problem (4.8) by defining

Ω′ = {v ∈ IRn : vj ≥ 0,
n∑
j=1

vj = γ > 0}. (4.9)

The learning optimization problem with n parameters is given by

min
σ∈Ω′

1

2

k∑
j=1

||Yjσ||22, (4.10)

where Yj ∈ Rn×n is a diagonal matrix which entries are given by the vector V Tpj for

each j = 1, · · · , k. By expanding the k term sum, we write problem (4.10) as

min
σ∈Ω′

1

2
σTSσ, (4.11)

where S ∈ IRn×n is the diagonal matrix defined as

S = Y T
1 Y1 + · · ·+ Y T

k Yk = Y 2
1 + · · ·+ Y 2

k .

To solve the quadratic problem (4.11), we form its Lagrangian function

L(σ, λ) =
1

2
σTSσ − λ(σT e− γ)
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where λ ∈ IR is a Lagrange multiplier and e ∈ Rn is the vector of all ones. The

gradient and Hessian of the Lagrangian above with respect to σ are given by

∇σL(σ, λ) = Sσ − λe

and

∇σσL(σ, λ) = S.

By the second order Karush-Kuhn-Tucker (KKT) necessary conditions, σ∗ is the

global solution of (4.11), if there exist a multiplier λ∗ such that

Sσ∗ − λ∗e = 0 (4.12)

eTσ∗ − γ = 0 (4.13)

λ∗(eTσ∗ − γ) = 0 (4.14)

are satisfied, provided that the Hessian matrix S =
∑k

j=1 Y
2
j is diagonal with positive

entries, hence positive definite. By equation (4.12), σ∗ = λ∗S−1e. By substitution of

σ∗ in equation (4.13), we get that

λ∗ =
γ

eTS−1e
, (4.15)

which implies that

σ∗ =
γ

eTS−1e
S−1e. (4.16)
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Since S is positive definite, so is its inverse. Hence, in particular, eTS−1e > 0

which implies that λ∗ > 0, provided that the given scalar γ > 0. Let s1, · · · , sn

be the entries on the diagonal of matrix S. Note that S−1e = (s−1
1 , ..., s−1

n )T > 0,

which implies that σ∗ > 0 and that σ∗ ∈ Ω. Condition (4.14) is always satisfied if

condition (4.13) is satisfied. Then λ∗ and σ∗ given in equations (4.15) and (4.16) are

the solution to the `2 training problem (4.8).

In the following algorithm, we summarize the novel training scheme proposed in

this thesis to estimate the profile. Note that the case q = 2 is especially simple and

do not requires a lot of computation.

Algorithm 4.2

[Training with Optimization]

Given q ∈ {1, 2}, γ > 0 and training set p1, · · · , pk ∈ Rn

if q = 1

1. Form matrix UY with formula (4.7)

2. Solve LP (4.6) to get σ∗

else

1. Compute Yj = diag V Tpj for j = 1, ..., k

2. Form diagonal matrix S = Y 2
1 + · · ·+ Y 2

k

3. Compute λ∗ with formula (4.15)

4. Compute σ∗ with formula (4.16)

end
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Figure 4.1 : Left: image used to train profiles. Right: profiles of D1 (red circles),
SLR-Plin (black dotted line) and SLR-Opt (blue +).
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An example of the two training procedures to estimate the profile is shown in

Figure (4.1). In this example we randomly chose k = 20 training column vectors

p1, · · · , p20 from a medical image of size 1024 × 1024 shown on Figure (4.1), so n =

1024. In Figure (4.1) we show the profiles of the first order finite difference matrix D1

(red circles), the SLR with piecewise linear profile (black dotted line) and the SLR

using optimization (blue +). Note that the plot of the profiles in Figure (4.1) is in

logarithmic scale. For the piecewise linear training we use the threshold parameter

δ = 0.995, S =
√

2− 2 cos(π/n), B = 2 (which are the smallest and largest singular

values of D1) and H = .05. We used algorithm (4.1) to compute the breakpoint

K = 666. For algorithm (4.2), we use q = 2 and

γ =
n∑
j=1

√
2− 2 cos

jπ

(n− 1)
,

the sum of all the singular values of the first order finite difference matrix D1.

4.1.3 Can We Recover Singular Values of Finite Differences using the

Optimization-based Training Model?

Approximately piecewise polynomial vectors are sparse under finite difference of cer-

tain degree. Hence, if we use piecewise smooth training data to train our `1 model

(4.6), it is natural to think that we can recover the singular values of a finite dif-

ference. In this small section, we provide examples of the aforementioned recovery

as well as how many training vectors are needed for a successful training. We will

provide numerical evidence to argue that the recovery of singular values of finite dif-
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ferences is possible. Moreover, in particular for first order finite differences, we can

recover its singular values with only 3 or 4 piecewise constant vectors.

Let {p1, · · · , pk} ⊂ Rn be a set of piecewise constant vectors generated randomly.

Then, the vectors D1pj are sparse for each j = 1, · · · , k, where D1 is a first order

finite difference as defined before (2.2). In the following example we vary the number

of piecewise constant vectors k from 1 to 4 and solve the training model (4.6). That

is, we use the sets {p1}, {p1, p2}, {p1, p2, p3} and {p1, p2, p3, p4} as training sets and

solve model (4.6). In this example, the dimension of the training vectors is n = 50,

so D1 is of size 49× 50. Figure (4.2) shows the set of piecewise constant vectors used

for training and its sparsity level is 0.1 ∗ n = 5. We used GUROBI software [22] to

solve the linear program (4.6) but any LP solver can be used.

Figure (4.3) shows that estimations of the singular values of the first order finite

difference by solving (4.6) reach at least 9 digits of accuracy when using training sets

{p1, p2, p3} and {p1, p2, p3, p4}. In Figure (4.2) and (4.3), we chose n = 50 for the

purpose of visual clarity. However, the same conclusion is true for different values

of n as shown in Table (4.1), where the average relative error is shown for 10 runs.

Similar results were obtained for the estimation of the singular values of a second

order finite difference matrix using a few piecewise linear training vectors.
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Figure 4.2 : Piecewise constant vectors used for training. Results are shown in Figure
(4.3)
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k = 1 k = 2 k = 3 k = 4

n = 100 8.22 4.57 1.59e-12 5.99e-10

n = 500 13.1 6.26 6.40e-10 1.33e-09

n = 1000 6.11 5.76 1.52e-09 1.15e-09

Table 4.1 : Average relative error of estimated singular values by solving (4.6).

The numerical experiments presented in this subsection hint that the singular

values of a first order finite difference can be recovered with high accuracy by training

model (4.6) with piecewise constant vectors. In both, Figure (4.3) and Table (4.1) we

notice that the recovery of the singular values improves sharply if k > 2. This behavior

is typical of `1 sparse recovery signals, where in-depth theory has been studied. In

fact, the `1 training model (4.4) can be written as the following problem

min
σ∈Ω
||UY σ||1, (4.17)

where matrix UY is defined as in equation (4.7) and the feasible set is given by

Ω = {v ∈ IR(n−1) : vj ≥ 0, eTv = γ > 0}, where e ∈ IRn−1 is the vector of ones. Let

c = UY σ. Then, problem (4.17) is equivalent to

min
σ∈Ω,c

||c||1, s.t. U †Y c− σ = 0, (4.18)

where U †Y represents the generalized inverse of UY , that is U †YUY = I. To write

problem (4.18) only in terms of variable c, we can substitute σ = U †Y c into the
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constraint eTσ = γ in Ω. Therefore, we write problem (4.18) as

min
c
||c||1, s.t. eTU †Y c− γ = 0, U †Y c ≥ 0, (4.19)

where c ∈ IRk(n−1) and k is the number of training vectors. Therefore, the theory

of sparse recovery can potentially be applied to answer the following question: how

many piecewise polynomial vectors are needed to train model (4.6) and recover the

sparse coefficients c in problem (4.19)? The answer to the last question opens a new

avenue of investigation.

4.2 1D Models

In this section, we introduce regularization models based on the learning strategies

presented in the last section. The prior information of the underlying signal is funda-

mental to correctly choose a regularization model. For example, `2 norm regulariza-

tions are more adequate when the target signal is approximately smooth as opposed

to `1 norm regularizations, that are useful when the underlying signal is sparse or

sparse under a known linear transformation. Therefore, prior information is essential

to choose q in model (4.1). Additionally, SLR requires a training data set to estimate

the profile. In this section we introduce the SLR models.

4.2.1 Spectrum-learning Regularization (SLR) Models

Given a training data set, we estimate Σ̂ using algorithm (4.1) or (4.2). When the

solution of interest x∗ is approximately smooth, we can approximate it with the
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following SLR model:

min
x

1

2
||D̂x||22 s.t. Ax = b, (4.20)

where D̂ = UΣ̂V T , U and V are DST and DCT matrix.

We will proceed to solve model (4.20). Let y = V Tx. Since U is unitary, we can

write problem (4.20) as the following equivalent problem

min
y

1

2
||Σ̂y||22 s.t. AV y = b. (4.21)

Standard Karush-Kuhn-Tucker (KKT) theory implies that solving problem (4.21)

is equivalent to solve the system

(Σ̂T Σ̂)y − V TAT z = 0, (4.22)

AV y − b = 0, (4.23)

for y and z, where z is a Lagrange multiplier. Since we estimate Σ̂ such that its

diagonal entries are non-zero, Σ̂T Σ̂ is non singular. Plug equation (4.22) into equation

(4.23) to get the m×m system

(AV (Σ̂T Σ̂)−1V TAT )z = b, (4.24)

and solve for z. If A has full row rank, which is the case of standard sampling

matrices, then system (4.24) is non-singular. Recall that x = V y. Hence, the solution

for problem (4.20) is given by

x∗ = V (Σ̂T Σ̂)−1V TAT (AV (Σ̂T Σ̂)−1V TAT )−1b.
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Note that system (4.24) is m × m with m < n and can be solved using Gaussian

elimination or conjugate gradient, depending on the size of the problem.

To summarize the derivation above, given A, b and Σ̂, we solve problem (4.20) by

the following two simple steps:

1. Solve system (AV (Σ̂T Σ̂)−1V TAT )z = b for z

2. Use z to compute x∗ = V (Σ̂T Σ̂)−1V TAT z.

4.2.2 1D Hybrid Model

The inspiration of the hybrid model comes from the fact that some signals look like a

combination of piecewise polynomial and smooth signals. For instance, Figure (4.4)

shows a brain image and a slice of it that looks like a combination of a piecewise

constant signal and a smooth signal.

Hence, we can impose different regularizations to the different summable parts of

the signals. Assume that the true solution can be written as x∗ = p+f , where p is an

approximately piecewise constant vector, and f is an approximately smooth vector.

We can think of a regularization that is a combination between TV and SLR. We

propose the following regularization model

min
p,f

1

2
||Σ̂V Tf ||22 + α||D1p||1 s.t. A(p+ f) = b, (4.25)

where D1 is a first order finite difference, V is a DCT matrix, Σ̂ is a diagonal matrix

estimated with algorithms (4.1) or (4.2) and α > 0 is a balancing parameter. From

model (4.25) we can derive all the family of regularization models:

-
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1. If we assume that p = 0,

• and set Σ̂ to be the singular values of a finite difference, we get the

Tikhonov model.

• and estimate Σ̂ with algorithm (4.1) or (4.2) we obtain SLR.

2. If we assume that f = 0, we get the TV model.

3. If p, f 6= 0 and 0 < α < ∞, we get the hybrid model that combines TV and a

form of SLR (note that Tikhonov is a form of SLR).
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4.2.3 1D Solvers

We use GUROBI software [22], developed by Gu, Rothberg and Bixby in 2008, to solve

the one-dimensional TV model as well as the hybrid model. Among other models,

Gurobi software solves quadratic and linear programs efficiently with linear equality

and inequality constraints. To solve the linear system for the one-dimensional SLR

model (4.20), we use Gaussian elimination in MATLAB [42].

Let us introduce the one-dimensional TV model as

min
x
||D1x||1 s.t. Ax = b, (4.26)

where D1 is defined as a first order finite difference as in (2.2). Problem (4.26) can

be written as the following equivalent program

min
x,t

eT t s.t. Ax = b,−t ≤ D1x ≤ t,

where e is the vector of ones. Moreover, this last problem is equivalent to the following

linear program (LP)

min
x̄
cT x̄ s.t. Āx̄ = b, B̄x̄ ≤ 0, (4.27)

where x̄T = (xT , tT ), cT = (0T , eT ) and

Ā =

(
A 0

)
, B̄ =

 D1 −I

−D1 −I

 .

We use GUROBI to solve problem (4.27). However, we can use any LP solver to solve

problem (4.27). Although, there are faster ways to solve the TV problem (4.26) by
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exploiting its structure, in the experiments shown in the next section our goal is to

compare the models rather than the speed of the algorithms. For this purpose, we

solved our model to a high degree of accuracy (10−10).

Our derivation to solve the hybrid program with GUROBI is similar to the deriva-

tion covered earlier in this section. The hybrid model (4.25) is a quadratic program

with linear equality and inequality constraints of the form

min
f,p,t

1

2
fTV Σ̂T Σ̂V Tf + αeT t s.t. A(f + p) = b,−t ≤ D1p ≤ t, (4.28)

where e is a vector of ones and t satisfies that |(D1p)j| < tj for each j = 1, · · · , n− 1.

With the introduction of our new variable t, we can write problem (4.28) as the

following equivalent problem

min
x̄

1

2
x̄TQx̄+ cT x̄ s.t. Āx̄ = b, B̄x̄ ≤ 0, (4.29)

where the variable is x̄T = (fT , pT , tT ), the matrices in the objective function are

Q =


V Σ̂T Σ̂V T 0 0

0 0 0

0 0 0

 , c =


0

0

αe


and the constraint matrices are

Ā =

(
A A 0

)
, B̄ =


0 D1 −I

0 −D1 −I

0 0 0

 .
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The benefit of formulation (4.29) is that it allows us to use GUROBI, or any quadratic

programming software, to solve it.

Recall that solving the SLR model (4.20) is equivalent to solve a positive definite

linear system of equations. For our experiments, we use Gaussian elimination to solve

system (4.24). For large-scale problems (e.g., 2D problems), different techniques are

needed. These techniques will be explained later in this chapter.

4.3 Numerical Experiments

In this section, we present numerical experiments to contrast the quality of the re-

covered signals by the TV, Tikhonov, SLR and Hybrid models. Our data comes from

1D slices of the knee images shown in Figure (7.1). Each knee image is 1024× 1024

pixels, so the dimension of the 1D problems is n = 1024. For each slice, called

x∗ ∈ Rn, we take Gaussian linear measurements and recorded on a right hand side

vector b = Ax∗ ∈ Rm. Each entry of A obeys a standard Gaussian distribution with

zero mean and unitary standard deviation. These sampling matrices are frequently

used in compressive sensing applications. For simplicity, we abbreviate SLR-Plin and

SLR-Opt to the SLR models trained with the piecewise linear algorithm (4.1) and

with the optimization model (4.2), respectively. We split the numerical experiments

in two subsections. Firstly, we compare the quality of the recovered signals by TV,

Tikhonov, SLR-Plin and SLR-Opt. Secondly, we give an example where the hybrid

model is useful and mention its limitations.
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4.3.1 Quality of TV, Tikhonov and SLR

In Figure (4.5), we show aggregate quality results for 350 one-dimensional signals for

the TV, Tikhonov, SLR-Plin and SLR-Opt models. The signals were randomly chosen

from seven knee images taken from [47]. The size of the signals is n = 1024. The

sampling ratio for each recovery problem was 25% of n, that is m = 0.25∗1024 = 256.

The number of training vectors was k = 20 per image. On the left of Figure (4.5),

we show a box-plot of the quality, in PSNR, of all the signal recoveries for each of

the models. The top and bottom sides of the boxes are marked in the 25th and 75th

percentile of the distribution of the data. The line (red) inside the boxes indicates

the median of the distribution of the data. Between the top and bottom whiskers of

the box all the data is contained. The left plot of Figure (4.5), shows that the quality

of the recovered solutions by the SLR is in general higher than the one recovered by

TV and Tikhonov. In addition, to analyze how much better SLR is than TV and

Tikhonov in each run, we added the plot on the right of Figure (4.5). In this plot

we show the box-plot of the differences in PSNR of SLR with respect to TV and

Tikhonov. We notice that in some cases SLR-Opt can be more than 13 dB higher

than TV and almost 12 dB higher than Tikhonov. SLR-Opt always attain a higher

quality than SLR-Plin in the recoveries. From all the 350 problems solved, we only

observed 3 cases where the quality of the TV recovery is slightly higher (less than 1

dB) than the SLR-Opt recovery.

In Figures (4.6) and (4.7), we show plots of the true and recovered signal by each
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Figure 4.5 : Quality of 350 recovered signals. Left plot: PSNR of signals recovered
by different models. Right plot: PSNR difference of proposed models with respect
to TV and Tikhonov.
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Figure 4.6 : A slice of an image recovered by TV (top left), Tikhonov (bottom left),
SLR-Plin (top right) and SLR-Opt (bottom right).

model. These two examples were chosen because they represent the extreme cases

where SLR-Opt is only slightly worst than TV and SLR-Opt is much better than TV.
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Figure 4.7 : A slice of an image recovered by TV (top left), Tikhonov (bottom left),
SLR-Plin (top right) and SLR-Opt (bottom right).

These two signals are column 517 of image knee5 and column 635 of image knee4,

respectively. Figure (4.6) shows the worst quality performance for the SLR model

from the 350 problems. In contrast, Figure (4.6) shows the best quality performance

of SLR-Opt with respect to TV. Note that the true signal in Figure (4.6) has 4 peaks

where the pixel value change rapidly from small values (≈ 20) to large values (≈

100-140) and then back again to small values (≈ 20). These extreme changes are

hard to recover for all the models, including the SLR. In contrast, the signal shown

in Figure (4.7), that also contains high oscillations but not as sharp as the mentioned

before, is recovered with high accuracy by the SLR, compared to the other models.

Note that the SLR, specially the SLR-Opt, recovers the peak values of the signal with
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higher accuracy than TV and Tikhonov. The TV recovery (top left) clearly suffers the

well-known “staircase effect”, that occurs when TV tries to approximate the smooth

parts of a signal with a piecewise constant signal. The Tikhonov recovery (bottom

left), that is approximately smooth, cannot recover the lower and upper peaks of the

signal. In general, the SLR-Opt attains higher quality of the recovered signals than

the SLR-Plin. This could be explained by the fact that in the SLR-Plin we learn a

single parameter, in contrast to the SLR-opt where we learn n parameters.
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Figure 4.8 : A combined signal recovered by TV (top left), SLR-Opt (top right) and
a hybrid that combines SLR-Opt and TV (bottom left). The true solution is a sum
of a piecewise constant vector with a slice of an image.
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Figure 4.9 : Recovery for the 1D Hybrid model. The true and the recovered piecewise
constant signal (top) and slice of an image (bottom).

4.3.2 TV, SLR-Opt and Hybrid

The assumption of the the hybrid model (4.25) is that the signal to recover is a sum

of two signals. In the example shown in Figure (4.8), we created the true signal as an

average of a piecewise constant signal with 10 jumps and column 635 of image knee4.

That is, we constructed the true signal as x∗ = p∗+ f ∗, where p∗ is an approximately

piecewise constant vector with 10 random jumps and f ∗ is a slice of a knee image.

The balancing parameter was set to α = 0.62. We used Gaussian sampling at 25%

and we recover using TV, SLR-Opt and the hybrid model (4.25). We show these

recoveries and the true signal in Figure (4.8): TV (top left), SLR-Opt (top right) and
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hybrid SLR-TV (bottom left). The highest quality recovery, 43.5 (dB), corresponds

to the hybrid model SLR-TV. The TV recovery, 34.15 (dB), does well in the jumps

but not in the top and bottom peaks of the signal. The SLR-Opt recovery, 39.09

(dB), does well in most of the top and bottom peaks of the signal but looses accuracy

in the big jump on the right hand side of the solution. In Figure (4.9), we show the

true and recovered signals for the two parts of the solution. On top, we show the

piecewise constant true and recovered signal by SLR-TV. Notice that in general the

jump locations are well approximated. Recall that the linear constraint for the hybrid

model is A(p+ f) = b, so our true and recovered part of the signal, p and f , may be

off by a constant as long as the sum approximates x. On the bottom of Figure (4.9),

we show the true and recovered signal that is a slice of a knee image.

4.4 Summary

In this chapter we introduced the SLR models and the learning strategies for 1D prob-

lems. Examples for the two different training algorithms were shown. We presented

numerical evidence that shows that the quality of the recovered solutions by the SLR

models is higher than the ones recovered by TV and Tikhonov in a set of signals that

are slices of knee images. In order to give understanding of the properties of each

model, we show figures of the following scenarios:

1. An example where SLR-Opt is extremely accurate in contrast to TV. In this

case, the underlying signal contain high oscillations, see Figure (4.7).
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2. An example where SLR-Opt is slightly worst than TV. In this case, the under-

lying signal contain sharp peaks, see Figure (4.6).

3. An example where the hybrid model can recover the solution more accurately

than the TV or SLR-Opt. In this case, the underlying solution is a combination

of a piecewise constant and a highly oscillatory signal, see Figure (4.9).

In the next chapter, we will generalize the regularization models and learning

strategies to solve image recovery problems. In contrast to the 2D models, the 1D

models can be solved very accurately. Thus, the numerical experiments in this section

help us understand the properties of each of the models.

For the rest of this thesis, we will adopt the SLR-Opt as our learning algorithm

(4.2) because of its superiority with respect to the piecewise linear learning strategy,

SLR-Plin. We will abbreviate SLR-Opt to the shorter acronym SLR.
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Chapter 5

Spectrum-Learning Regularization Models and

Algorithms: 2D

The motivation for the 2-dimensional models is the wide variety of imaging problems

that can be solved using regularization. Many image processing applications like

image recovery, debluring, in-painting and denoising use regularization methods. In

this section, we extend the one-dimensional proposed models to two dimensions and

give algorithms to solve them. We will show numerical results to demonstrate that

the proposed models attain higher quality of recovered medical images than TV and

Tikhonov.

5.1 2D Models

Let “vec” denote the operator that stacks the columns of a matrix to form a vector.

Let U∗ ∈ Rn×n be the true signal and u∗ =vec U∗ ∈ RN with N = n2. For clarity,

we explain the models and algorithms for square images. Nonetheless, all the models

and algorithm can be easily extended to rectangular images. Let M be the number of

linear samples (number of rows of A) that are recorded into the measurement vector

b = Au∗. Let D1 be a two dimensional first order finite difference matrix. We can
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express matrix D1 in terms of the one-dimensional D1 as

D1 =

 D1 ⊗ In

In ⊗D1

 ∈ IR2(n−1)2×n2

. (5.1)

Multiplying each of the blocks of D1 by a vector u = vec U ∈ RN is equivalent to

compute the first order finite differences to the rows and columns of U respectively.

That is, by proposition (2.12) we have that

(D1 ⊗ In)u = vec(UDT
1 )

and

(In ⊗D1)u = vec(D1U).

Therefore, we can define the two dimensional TV model (anisotropic) as the following

problem

min
u
||D1u||1 s.t. Au = b. (5.2)

To generalize SLR to two dimensions, let us define matrix D̂ as

D̂ =

 D̂ ⊗ In

In ⊗ D̂

 , (5.3)

where D̂ = UΣ̂V T and U and V are unitary matrices that are DST and DCT matrices,

respectively as defined in 3.13 and 3.15, respectively. Matrices (D̂⊗ In) and (In⊗ D̂)

act on the rows and columns of a vectorized 2D signal. Therefore, we can estimate
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a different set of spectrum parameters, Σ̂, for the rows and for the columns that we

call Σ̂row and Σ̂col. Hence,

D̂ =

 D̂row ⊗ In

In ⊗ D̂col

 =

 UΣ̂rowV
T ⊗ In

In ⊗ UΣ̂colV
T

 . (5.4)

The factorization of D̂ = UΣ̂VT given in the next Theorem (5.1) is going to be

fundamental for the efficient computation of approximate solutions to the proposed

2D SLR and hybrid SLR-TV models. Without the aforementioned factorization, we

would need to treat D̂ as a dense matrix and store it, which is prohibitive for large-

scale problems like image recovery. In addition, Theorem (5.1) allow us to exploit the

fast multiplication structure of the DST and DCT matrices in our algorithms. The

mathematical derivation of Theorem (5.1) is simple and it is extremely useful for our

2D algorithms.

Theorem 5.1

Factorization of D̂. Given the SVD factorization of the first order finite difference

matrix D1 = UΣV T ∈ IR(n−1)×n, a matrix factorization of D̂ is given by

D̂ = UΣ̂VT ,

where

U =

 U ⊗ V 0n2×n2

0n2×n2 V ⊗ U

 , Σ̂ =

 Σ̂row ⊗ In

In ⊗ Σ̂col

 and V = (V ⊗ V ).

Moreover, UTU = I, VTV = I and each of the blocks of Σ̂ is a diagonal matrix.

Note that the factorization is not an SVD of D̂ because Σ̂ is not diagonal, but each

of its blocks is diagonal.
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Proof By (2.14), VT = V T ⊗V T . We use (2.13) two times in each block in the third

equality of the next equation to get the desired factorization that reads

UΣ̂VT =

 U ⊗ V 0n2×n2

0n2×n2 V ⊗ U


 Σ̂row ⊗ In

In ⊗ Σ̂col

 (V T ⊗ V T )

=

 (U ⊗ V )(Σ̂row ⊗ In)(V T ⊗ V T )

(V ⊗ U)(In ⊗ Σ̂col)(V
T ⊗ V T )



=

 UΣ̂rowV
T ⊗ V InV T

V InV
T ⊗ UΣ̂colV

T



=

 D̂row ⊗ In

In ⊗ D̂col

 = D̂.

Now we proceed to proof that U and V are unitary. By (2.13)

VTV = (V T ⊗ V T )(V ⊗ V ) = (V TV ⊗ V TV ) = (In ⊗ In) = IN .

By (2.14) and (2.13)



75

UTU =

 UT ⊗ V T 0n2×n2

0n2×n2 V T ⊗ UT


 U ⊗ V 0n2×n2

0n2×n2 V ⊗ U



=

 UTU ⊗ V TV 0

0 V TV ⊗ UTU



=

 I(n−1)n 0

0 I(n−1)n

 = I2(n−1)n.

Finally, note that each block of Σ̂ is diagonal by definition (2.11)

In ⊗ Σ̂col =



Σ̂col 0 · · · 0

0 Σ̂col · · · 0

...
...

...
...

0 0 · · · Σ̂col


.

In a similar fashion, Σ̂row ⊗ In is diagonal. �

Throughout this section, we have built the necessary platform to provide the

SLR generalization to 2D problems. Given a set of k rows and k columns used as

training vectors, let Σ̂row and Σ̂col be estimated by algorithm (4.2). Let us assume

that we have samples of the true solution b = Au∗ ∈ RM for some M ≤ N and some

sampling matrix A. Once we have built matrix D̂ with estimations Σ̂row and Σ̂col, to

approximate u∗, we solve the following program
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min
u

1

2
||D̂u||22 s.t. Au = b. (5.5)

We proceed to solve model (5.5). Let z = VTu. Since U is unitary, problem (5.5)

is equivalent to

min
z

1

2
||Σ̂z||22 s.t. AVz = b. (5.6)

By the Karush-Kuhn-Tucker (KKT) conditions, to solve (5.6) we solve the system of

equations

Σ̂T Σ̂z −VTATλ = 0 (5.7)

AVz − b = 0, (5.8)

for z and λ, where λ is a the Lagrange multiplier. Henceforth, we assume that

Σ̂row and Σ̂col are non-singular, which entries we denote by rj and cj respectively for

j = 1, · · · , n. We first notice that Σ̂T Σ̂ ∈ RN×N is diagonal with entries
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Σ̂T Σ̂ = (Σ̂T
row ⊗ In)(Σ̂row ⊗ In) + (Σ̂T

col ⊗ In)(Σ̂col ⊗ In) (5.9)

= (Σ̂2
row ⊗ In) + (Σ̂2

col ⊗ In) (5.10)

=



r2
1In 0 · · · 0

0 r2
2In · · · 0

...
...

...
...

0 0 · · · r2
nIn


+



Σ̂2
col 0 · · · 0

0 Σ̂2
col · · · 0

...
...

...
...

0 0 · · · Σ̂2
col


(5.11)

= diag (r2
1 + c2

1, r
2
1 + c2

2, · · · , r2
1 + c2

n, · · · , r2
n + c2

1, r
2
n + c2

2, · · · , r2
n + c2

n) (5.12)

We proceed to solve the KKT system (5.7) by substitution of z = (Σ̂T Σ̂)−1VTATλ

into equation (5.8). We get an M ×M symmetric positive definite linear system

AV(Σ̂T Σ̂)−1(AV)Tλ = b, (5.13)

and solve for the Lagrange multiplier λ. Note that the second order necessity condition

is always satisfied provided that for any w 6= 0, we have that wT (Σ̂T Σ̂)w = ||Σ̂w||22.

If Σ̂w = 0, then w = 0 because all the entries Σ̂ are strictly positive. Therefore

problem (5.5) is strictly convex and has a unique solution.

5.1.1 Algorithm for 2D SLR

We summarize the algorithm to solve the 2D SLR model (5.5) as follows.
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Algorithm 5.1

[2D SLR trained with Optimization]

Given A ∈ RM×N , b ∈ RM and a training row and column set

1. Estimate Σ̂row and Σ̂col with algorithm (4.2).

2. Form matrix Σ̂T Σ̂.

3. Solve system (5.13) for λ using conjugate gradient.

4. Compute z = (Σ̂T Σ̂)−1(AV)Tλ.

5. Compute solution u = Vz.

end

The third step of algorithm (5.1) is the most expensive because M can be large.

That step is solving an M ×M symmetric positive definite linear system (5.13). For

instance, for a 1024× 1024 image n = 1024, N = 10242 ≈ 106, with a sampling ratio

of 10%, the size of system (5.13) is M ≈ 105. The conjugate gradient method was

discovered by Hestenes and Stiefel in 1952 [30] and it solves symmetric positive defi-

nite systems of equations. We use Kelley’s implementation of the conjugate gradient

method [33] and Fast Walsh-Hadamard (FWH) matrices A ∈ RM×N , defined in (1.1).

FWH matrices were randomized by choosing M random rows, followed by a permu-

tation of its columns. These matrices demand low storage (only two permutation

vectors), and the matrix-vector product can be done with the same complexity as

Fast Fourier matrices as well as other fast transformation [52]. See [35] for a practical

implementation of FWH matrices.
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Figure 5.1 : The condition number κ(Cγ) is smaller for larger values of γ > 0.

In order to make CG converge faster when solving system (5.13), we proposed

a continuation method that was inspired on the work by Hale, Yin and Zhang [23].

In a nutshell, continuation methods solve a sequence of problems that are easier to

solve and are approximations to the original problem. Let γ ≥ 0 be a continuation

parameter and define

Σ̂γ = Σ̂ + γIn.
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Note that Σ̂0 = Σ̂. Let matrix Cγ = AV(Σ̂T
γ Σ̂γ)

−1(AV)T . The solution to system

(5.13) can be approximated by the solution of Cγλ = b when γ is small. It is a

well-known result that the convergence rate of CG for solving Cγλ = b depends on

the condition number of matrix Cγ [57]. We define the condition number of a general

matrix G as

κ(G) =
σmax(G)

σmin(G)
,

where σmin and σmax are the smallest and largest singular values of G. Other well-

known results for the condition number are:

1. For any two matrices G1 and G2 such that G1G2 is well defined, we have that

κ(G1G2) ≤ κ(G1)κ(G2).

2. For any matrix G, κ(GT ) = κ(G).

3. For any non-singular matrix G, κ(G) = κ(G−1).

4. For any unitary matrix G, κ(G) = 1.

See, for example, Horn and Johnson [31]. Hence, since matrix V is unitary, it follows

that

κ(Cγ) = κ(AV(Σ̂T
γ Σ̂γ)

−1(AV)T )

≤ κ2(A)κ(Σ̂T
γ Σ̂γ)κ

2(V)

= c1κ(Σ̂T
γ Σ̂γ)
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where c1 = κ2(A) > 1 is a constant that depends on the sampling matrix. Figure

(5.1) shows that the condition number of Cγ is decreased when γ > 0. The larger the

values of γ, the smaller the condition number κ(Cγ). Therefore, we can use this fact

to accelerate CG to solve system (5.13) by the proposed continuation method. Then,

step 3 of algorithm (5.1) can be replaced by the following scheme:

Algorithm 5.2

[Accelerated CG using continuation]

Given sampling matrix A ∈ RM×N , b ∈ RM , trained profile Σ̂ and γ > 0

1. Select 0 ≤ γ ≤ γl ≤ γl−1 ≤ · · · ≤ γ1.

for j = 1 : l

2. Use matrix Σ̂T
γj

Σ̂γj to define Cγj .

3. Solve system Cγjλj = b for λj using conjugate gradient and

warm the start solution λj−1.

end for

end

Figure (5.2) and Table (5.1) show results comparing CPU time, in seconds, of

CG and the proposed accelerated CG described in algorithm (5.2). On average, the

acceleration results in approximately half of the time, as shown in Table (5.1). Figure

(5.2) shows a box-plot of the distribution of the CPU time in seconds. The bottom and

top edges of the box are the 25th and 75th percentile. The line inside the box indicates

the median of the distribution of the cpu times measured in seconds. Inside the two
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whiskers in the bottom and top all the data points are contained. The sequence used

for the continuation was l = 3 and γ1 = 0.1, γ2 = 0.01 and γ3 = 0.00025. The results

shown correspond to seven knee images each trained with six different data sets,

adding up to 42 cases. Each knee image is 1024× 1024 pixels and the sampling ratio

is 10% of a FWH matrix, hence N = 10242 and M ≈ 105. We show the knee images

in Figure (7.1), obtained from radiopaedia.org [47], which is a free educational

radiology resource.

In the last experiment, the linear system to solve with CG is roughly 105 × 105.

In order to solve this system efficiently, we treat matrices as functions. That is, we de-

velop functions to evaluate the matrix-vector product of matrix Cγ = AV(Σ̂T
γ Σ̂γ)

−1(AV)T

times a vector efficiently. For this purpose, we exploit the fast multiplication structure

of A,AT ,V and VT , which are fast Walsh-Hadamard matrices and 2D discrete cosine

transformations, respectively. Recall that (Σ̂T
γ Σ̂γ)

−1 is diagonal. We do not store any

of these potentially dense matrices. For A, we store 2 N -dimensional vectors of ran-

dom permutations and for Σ̂γ, we only store 2 n-dimensional vectors corresponding

to the estimated row and column profile. We do not require storage at all for matrix

V because it is a 2D DCT. In summary, we develop an efficient routine of Cγ ∗ v,

which is the most expensive operation required in CG.

Regular Accelerated

Average CPU time (sec) 290.4718 164.1941
Standard Deviation 66.2983 24.2709

Table 5.1 : Average and standard deviation of CPU time (in seconds).

radiopaedia.org
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Figure 5.2 : Box-plot of CPU time (in seconds) of regular and accelerated CG.

5.1.2 How Many Training Vectors are Needed? Just a few...

In this subsection we perform numerical experiments to decide the amount of training

vectors needed to estimate the profile of the SLR. More specifically, we answer the

question of how to choose the value of k in algorithm (4.2). We conclude that only a

few training vectors are needed to get the highest benefits of the training algorithm.

We performed a series of experiments with different images and different trained

data set sizes and observed the quality of the recovered images. More precisely,

we sampled images with randomized Walsh-Hadamard matrices at different sampling

ratios and we varied the value of k. The images used for this experiments can be found

on Figures (7.2), (7.3), (7.4) and (7.5) taken from [27]. The sampling ratios used were

5%, 10%, 15% and 20%. We measured the quality with PSNR (1.6). We chose the

___J__ 

L 
___J__ 
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training data by randomly choosing k rows and k columns from each of the images

of the group that was not going to be recovered at that specific experiment. For

instance, to recover image heart1 (the heart data set contain 4 images), we randomly

chose k rows and k columns from heart2, heart3 and heart4 to form the training set.

Our procedure for this experiment is the following:

1. For each k = 1, 5, 10, 20, 50, 75, 100, 150, 200, 500.

2. Obtain a training set of size k as explained before.

3. Estimate each profile Σ̂row and Σ̂row with algorithm (4.2).

4. Solve model (5.5).

k 1 5 10 20 50 100 500

heart1 25.94 26.57 26.44 26.52 26.64 26.44 26.32
heart2 24.24 25.59 25.26 25.90 26.14 26.18 26.28
heart3 28.30 29.37 29.82 29.78 29.72 29.63 29.62
heart4 29.55 29.89 30.99 31.29 31.15 31.08 31.58

average 27.07 27.86 28.13 28.38 28.42 28.33 28.45

Table 5.2 : Quality in PSNR (dB) for heart data set. Sampling ratio 10%.

In Table (5.2), we show an example of the aforementioned results for the particular

knee data set of images (see Figure (7.2) for images) with a sampling ratio of 10%.

Each of the four images in the heart data set is 720 × 720. The PSNR (metric of

quality) of the recovered images do not change much when varying the parameter k

from 1 to 500. The results for other groups of images and different sampling rates also
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Figure 5.3 : Average quality in PSNR (dB), when varying the training data size k for
each group of images in the siemens data set. Sampling ratio is 10%.

favor values of k ∈ {10, .., 20}. In Figure (5.3) we show the average quality, in PSNR

(dB), when varying the value of k for four different groups of images taken from the

siemens data set [27]. The sampling ratio is 10%. Clearly, the average quality is not

affected when k ≥ 20, which confirms that we only new a few training vectors to train

model (4.2).

5.1.3 A Visualization of the 2D SLR Profiles

In this subsection, we show a visualization of the 2D trained profiles. We also com-

pared the learned profiles with those of the 2D first order finite difference matrix.

These visualizations clarify the flexibility of the training algorithm to adapt to spe-

cific groups of images. We give an interpretation of the 2D profiles in relationship
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with the square of the 2D DCT coefficients of target images.

To visualize the 2D profiles, we reshape the n2 elements of the diagonal of Σ̂T Σ̂

into a matrix of size n×n. Recall, from derivation (5.12), that these diagonal elements

have the form

Σ̂T Σ̂ = diag (r2
1 + c2

1, r
2
1 + c2

2, · · · , r2
1 + c2

n, · · · , r2
n + c2

1, r
2
n + c2

2, · · · , r2
n + c2

n),

where rj and cj for j = 1, · · · , n are estimated with algorithm (4.2). Each of these

diagonal elements of Σ̂T Σ̂ weights each of the 2D DCT coefficients of the image in the

objective function of the SLR model (5.5). That is, the mentioned objective function

is

1

2
uTVΣ̂T Σ̂VTu,

where V is a 2D DCT. In summary, the estimated weights will give relative importance

to each of the 2D DCT coefficients.

In Figure (5.4), we show 2D profiles corresponding to the 2D first order finite dif-

ference (top left) and 2D trained profiles with heart images (center left), brain images

(center right), shoulder images (bottom left) and thorax images (bottom right). Note

that the range of colors from blue to red correspond to the range of values from 0 to

8. The smallest values are closer to blue and the largest are closer to blue. The top

left corner of the profiles correspond to low frequencies and the right bottom corner

to high frequencies of the 2D DCT. The profile corresponding to the finite difference

(top left in Figure (5.4)) favors low frequencies and penalizes high frequencies of the

2D DCT. Note that in the rest of the profiles, there is also certain preference for

-
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Figure 5.4 : Top left: 2D profile of Finite Difference. Trained profile with heart
images (center left), brain images (center right), shoulder images (bottom left) and
thorax images (bottom right).
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the low frequencies but also for the medium frequencies. Note that the profiles are

different for each group of images. For instance, the 2D profile on the center right of

Figure (5.4) corresponds to the shoulder images and allows more medium to high fre-

quencies (there are more blue values) than the rest of the profiles shown. In short, our

proposed learning process (4.2) has the flexibility to choose the relative importance

of each 2D-DCT frequency for each group of images and can be visualize.

5.1.4 Enhanced Quality Recoveries by SLR

The proposed spectrum-learning regularization methods are practical in the context of

image recovery from under-sampled measurements. Examples of these kind of image

processing applications are compressive imaging, image denoising, image completion

and image debluring. All the mentioned applications correspond to a different kind of

matrix A. For compressive sensing, A is a sensing randomized matrix; for denoising,

A = IN ; for image completion (sometimes called inpainting), A is constructed with

M rows of IN corresponding to the known pixels; and for image debluring, A is a

convolution matrix representing a kernel. The structure of A is of utmost importance

in the design of efficient algorithms.

Table (5.3) shows a comparison of the quality of recovered images by TV, Tikhonov

and SLR models for compressive sensing application with sampling ratios of 0.05, 0.10,

0.15 ,0.20 and N = 10242. To measure the quality, we use PSNR (dB) formula (1.6).

FWH matrices were used as sensing matrices and a data set of knees [47]. TVAL3
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software [34] was used to solve the TV model and our algorithm (5.1) with acceleration

(5.2) was used to solve Tikhonov and SLR models. Note that it is not necessary to

compare with other TV softwares because we are not proposing an alternative way

to solve TV, but a new model to recover images. The training set is a combination of

samples from each of the knee images that is not going to be recovered. For instance,

if we are going to recover knee1, we randomly chose k = 10 columns and rows from

each of the remaining knee images: knee2,...,knee7. The SLR profile was estimated

with training algorithm (4.2). Noise was not added to the right hand side of these

experiments.

Our observations from Table (5.3) are the following:

1. The quality of TV and Tikhonov is very similar when the ratio sampling is 20%,

while TV model is slightly better than Tikhonov when the sampling is smaller

than 20%.

2. When the sampling ratio is greater or equal to 10%, on average SLR is approx-

imately 4 PSNR (dB) points better than TV and Tikhonov.

3. The quality gained from 5% to 10% of sampling ratio is much higher for SLR

than for the other models.

4. When the sampling ratio is 20%, SLR model attains a higher quality of the

recovered image than both, TV and Tikhonov models in all the cases.
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Original: 1024 × 1024

Sampling @ 10%
knee4

TV

PSNR = 33.27dB
RelErr = 8.46%
CPU = 100.63s

Tikhonov

PSNR = 33.60dB
RelErr = 8.15%
CPU = 54.93s

SLR

PSNR = 43.36dB
RelErr = 2.65%
CPU = 151.21s

Figure 5.5 : Knee4, sampling @10%. SLR outperforms in PSNR (quality).
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Original: 1024 × 1024

Sampling @ 10%
knee1

TV

PSNR = 29.67dB
RelErr = 6.70%
CPU = 100.65s

Tikhonov

PSNR = 29.83dB
RelErr = 6.58%
CPU = 54.87s

SLR

PSNR = 34.66dB
RelErr = 3.77%
CPU = 161.14s

Original: 1024 × 1024

Sampling @ 10%
knee2

TV

PSNR = 34.73dB
RelErr = 3.88%
CPU = 100.89s

Tikhonov

PSNR = 32.82dB
RelErr = 4.84%
CPU = 54.54s

SLR

PSNR = 33.68dB
RelErr = 4.38%
CPU = 138.63s

Original: 1024 × 1024

Sampling @ 10%
knee4

TV

PSNR = 33.27dB
RelErr = 8.46%
CPU = 100.63s

Tikhonov

PSNR = 33.60dB
RelErr = 8.15%
CPU = 54.93s

SLR

PSNR = 43.36dB
RelErr = 2.65%
CPU = 151.21s

Original: 1024 × 1024

Sampling @ 10%
knee7

TV

PSNR = 28.88dB
RelErr = 8.53%
CPU = 101.28s

Tikhonov

PSNR = 26.31dB
RelErr = 11.47%
CPU = 54.72s

SLR

PSNR = 28.94dB
RelErr = 8.48%
CPU = 153.67s

Figure 5.6 : SLR recovers textures and bone structures with higher definition than
TV and Tikhonov. Images are zoom-in versions of knee1, knee2, knee4 and knee7.
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Figure 5.7 : Absolute Errors of TV (left), Tik (center) and SLR (right) with sampling
at 10%. From top to bottom: knee2, knee3, knee6 and knee7.
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Sampling @ 5% Sampling @ 10% Sampling @ 15% Sampling @ 20%

TV Tik SLR TV Tik SLR TV Tik SLR TV Tik SLR

1 27.0 27.1 27.3 29.7 29.8 34.7 30.9 32.2 39.3 33.7 34.3 40.5
2 29.8 27.3 28.9 34.7 32.8 33.7 36.7 33.2 34.7 36.9 36.4 38.6
3 30.0 29.8 29.2 34.9 32.8 41.8 36.9 36.6 41.3 37.2 38.9 39.9
4 29.3 25.8 35.8 33.3 33.6 43.4 36.0 36.7 41.3 34.6 38.4 39.0
5 26.2 26.0 28.5 30.8 28.4 34.0 33.8 30.4 36.8 32.2 32.1 38.9
6 25.4 24.6 27.9 30.4 27.0 33.1 32.1 29.3 36.0 34.3 30.0 36.4
7 24.7 23.5 25.3 28.9 26.3 28.9 28.7 27.3 31.3 29.8 28.7 32.4

µ 27.5 26.3 29.0 31.8 30.1 35.6 33.6 32.2 37.2 34.1 34.1 38.0

Table 5.3 : Quality in PSNR (dB) for knee data set. Average denoted by µ.

Figure (5.5) shows the original image knee4 and the recovered images by TV,

Tikhonov and SLR. The quality of the recovered image by SLR is higher, on average,

in both, PSNR (dB) and relative error in contrast to TV and Tikhonov. The relative

error for TV and Tikhonov is more than 8%, while the relative error for SLR is 2.65%.

The PSNR for the image recovered by SLR is approximately 10 dB higher than the

ones recovered by TV and Tikhonov. To notice the quality enhancement visually,

Figure (5.6) shows a zoom-in version of knee1, knee2, knee4 and knee7 where we can

see that the definition of the image recovered by SLR is higher than the other two

recovered images. As a matter of fact, the bone textures are recovered better by the

SLR model than the other two models.

In Table (5.3), we observe that, on images knee2 and knee7 with sampling at 10%,

there is advantage of using SLR in contrast to TV. Nevertheless, Figure (5.6) shows

that the quality of the image recovered by SLR is higher visually for these images,
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including knee2 and knee7. In addition, Figure (5.7) shows that the absolute errors

of the images recovered by TV and Tikhonov contain undesired patterns. In contrast,

the ones recovered by SLR are cleaner. Note that in knee2 and knee7 on Table (5.3),

the quality PSNR (dB) of the recovered images by TV is slightly higher than SLR.

Nevertheless, the absolute error is much cleaner visually for the images recovered

by SLR. In addition, the highest absolute error of the images recovered by SLR are

located close to the boundaries of the images, which may not be the most interesting

regions in a medical context. We can identify these high absolute errors, especially,

in the bottom boundaries of all the absolute errors in Figure (5.7) corresponding to

SLR. Furthermore, some line patterns are still recognizable in the absolute errors of

the images recovered by SLR. We conclude that the PSNR is not a sufficient metric

to contrast the models and this is why we include the absolute error images shown in

Figure (5.7).

The numerical evidence so far indicates that a higher quality is attained for the

recovered images by our proposed model compared to the ones recovered by TV and

Tikhonov. Nevertheless, the quality of the recovered images by the SLR model could

be improved in the boundaries and in the sharp edges inside the images. Therefore,

a hybrid model that incorporates both terms SLR and TV in the objective function

can help overcome the mentioned difficulties. This is motivated by the fact that

TV regularization is well-known to have the property of recovering exactly sharp

boundaries in images which are sparse under finite differences [5]. In the next section,
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a hybrid model will be introduced, as well as an algorithm to solve it and numerical

experiments to show its advantages.

5.2 2D Hybrid Model: SLR-TV

In this section, we will introduce a 2D hybrid model for image recovery from under-

sampled linear measurements. Let Σ̂row ∈ Rn×n and Σ̂col ∈ Rn×n be diagonal matrices

estimated by algorithm (4.2) with a set of k training rows and columns in Rn. We

construct D̂ ∈ IR2N×N with Σ̂row and Σ̂col as in (5.3) and sample the true solution

b = Au∗ ∈ RM for some M ≤ N , where A is a sampling matrix. Recall that u∗ ∈ RN

is a vectorization of a 2D signal of size n×n, i.e., N = n2. To approximate u∗ ∈ RN ,

we solve the following program

min
u

1

2
||D̂u||22 + α||D1u||1 s.t. Au = b, (5.14)

where α > 0 is a balancing parameter and D1 ∈ IR2n(n−1)×N is a two-dimensional

first order finite difference matrix as defined earlier (5.1). The objective function of

problem (5.14) is a sum of the SLR regularization and the TV model. Therefore, we

will refer to this model as SLR-TV or hybrid. In the next subsection, we will provide

an algorithm to solve the SLR-TV model.

-
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5.2.1 An Algorithm for the 2D SLR-TV Model

We will use an alternating direction method (ADM) to solve problem (5.14). The

general ADM formulation is given by

min
u,y

F (u) +G(y) s.t. Āu+ B̄y = b̄. (5.15)

Later in this section, we will show that model (5.14) can be written as model (5.15)

for some choice of F,G, Ā, B̄ and b̄. Alternating direction methods were first proposed

by Gabay and Mercier [20] and Glowinski and Marrocco [21]. A thorough study of

the ADM with a wide variety of applications can be found in [4]. ADM algorithms

have been extensively used to solve compressive sensing problems [3, 62, 63, 64].

In the general context of ADM, we assume that variables u and y appear sepa-

rate in the objective function and coupled in the linear constraint. The augmented

Lagrangean function of problem (5.15) is given by

L(u, y, λ) = F (u) +G(y) + λT (Āu+ B̄y − b̄) +
β

2
||Āu+ B̄y − b̄||22, (5.16)

where λ is a Lagrange multiplier and β > 0 is a penalty parameter. The augmented

Lagrangean method was proposed by Hestenes and Powell in 1969 [29, 46] and is

given by a two-step iterative scheme. These two steps, given λk, are

(uk+1, yk+1)← arg min
u,y
L(u, y, λk)

λk+1 ← λk + β(Āuk+1 + B̄yk+1 − b̄).

-



97

Although there are convergence guarantees for the Lagrangean method, the joint

minimization of L(u, y, λ) can be expensive. In contrast, ADM solves two separable

easier subproblems instead of solving the joint optimization problem. That is, given

(yk, λk), ADM follows the three-step iteration

uk+1 ← arg min
u
L(u, yk, λk) (5.17)

yk+1 ← arg min
y
L(uk+1, y, λk) (5.18)

λk+1 ← λk + β(Āuk+1 + B̄yk+1 − b̄). (5.19)

In practice, ADM can converge slowly to high accuracy. Nevertheless, in our

case the ADM converge to satisfying accuracy in a few tens of iterations as we will

demonstrate with numerical experiments later in this section.

For simplicity, we use the scaled dual version of ADM that consists of combining

the linear and quadratic terms in L(u, y, λ) and letting s = 1
β
λ be the scaled dual

variable. Therefore, we can write the augmented Lagrangean function in terms of the

introduced variable u as follows

L(u, y, s) = F (u) +G(y) +
β

2
||Āu+ B̄y − b̄+ s||22 + constants. (5.20)

Using the scaled dual variable, we can write the iteration scheme of ADM as

uk+1 ← arg min
u
F (u) +

β

2
||Āu+ B̄yk − b̄+ sk||22 (5.21)

yk+1 ← arg min
y
G(y) +

β

2
||Āuk+1 + B̄y − b̄+ sk||22 (5.22)

sk+1 ← sk + Āuk+1 + B̄yk+1 − b̄. (5.23)
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To solve problem (5.14), we first notice that we can write it in the form of ADM

(5.15) and proceed to solve each subproblem. Let y = D1u be a splitting variable.

The objective function is defined in terms of the two functions F (u) = 1
2
||D̂u||22 and

G(y) = α||y||1. The linear constraint matrices are defined as

Ā =

 A

D1

 , B̄ =

 0M×2(n−1)n

−I2(n−1)×n

 and b̄ =

 b

02(n−1)n

 .

Definitions of F,G, Ā, B̄ and b̄, allow us to write problem (5.14) in ADM form (5.15).

We will proceed to solve each subproblem of the dual scaled ADM iteration applied

to problem (5.14). For simplicity, we drop the iteration index k for solving the

subproblems. We start by solving the u-subproblem (5.21) that is equivalent to solve

the following linear system

∇F (u) + βĀT (Āu+ B̄y − b̄) = 0 ⇐⇒ (D̂T D̂ + βĀT Ā)u = r, (5.24)

where we define the right hand side r = −βĀT (B̄y− b̄+u). Note that system (5.24) is

an N ×N system. In order to reduce the system to solve to a smaller M ×M system,

we will use a well-known inversion formula. Recall that D1
TD1 = V(ΣTΣ)VT and

D̂T D̂ = V(Σ̂T Σ̂)VT . We use ĀT = (AT , D1
T ) to expand matrix (5.24)

D̂T D̂ + βĀT Ā = D̂T D̂ + β(ATA+ D1
TD1)

= V(Σ̂T Σ̂)VT + βATA+ βV(ΣTΣ)VT

= V(Σ̂T Σ̂ + βΣTΣ)VT + βATA.

-
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Note that matrix Σ̂T Σ̂ + βΣTΣ is diagonal and V is unitary. The aforementioned

matrix inversion formula reads

(P + βATA)−1 = P−1 − βP−1AT (I + βAP−1AT )−1AP−1, (5.25)

for non-singular P and (I + βAP−1AT ). By the use of the matrix inversion formula

(5.25), we can reduce the dimension of the system to M ×M , instead of N ×N . In

some examples shown in this thesis M is an order of magnitude smaller than N . Let

P = V(Σ̂T Σ̂+βΣTΣ)VT , then its inverse is given by P−1 = V(Σ̂T Σ̂+βΣTΣ)−1VT .

The complexity of computing P−1 times a vector, w, is two fast multiplications Vw

and VTw plus the inversion of the diagonal matrix (Σ̂T Σ̂ + βΣTΣ). Note that the

dimension of matrix (I+βAP−1AT ) isM×M , which was our objective. To summarize

how we solve the u-subproblem we give the following steps

r ← −β(AT (s1 − b) + D1
T (s2 − y)) (5.26)

z ← Conjugate Gradient((I + βAP−1AT ), AP−1r) (5.27)

u∗ ← P−1r − βP−1AT z, (5.28)

where the dual scaled variable is split into two blocks with s1 ∈ RM and s2 ∈ IR2(n−1)n.

The dominant computational cost is solving the M × M linear system. We use

conjugate gradient with increasing tolerance accuracy at each iteration, that is a

commonly used technique to accelerate the converge of ADM. We use the warm-start

solution from the last iteration as an initial guess to accelerate the CG.

The y-subproblem (5.22) can be solved exactly. Note that the objective function of
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problem (5.22) is separable for each entry of vector y. Consequently, the minimization

can be done entry-wise

y∗i = arg min
yi

α|yi|+
β

2
(yi − vi)2, (5.29)

where v = (D1u+ s2) and i = 1, · · · , 2(n− 1)n. The solution of problem (5.29) is the

well-known shrinkage formula (or soft thresholding) given by

Sτ (a) =


a− τ a > τ

0 |a| ≤ τ

a+ τ a < −τ

(5.30)

For a derivation of the shrinkage formula see [4]. Therefore, the solution of the y-

subproblem is given by the entry-wise shrinkage formula

y∗i = Sα
β
(vi). (5.31)

To complete our ADM algorithm, the dual scaled update (5.23), given (uk+1, yk+1)

reads

sk+1 = sk + (Āu+ B̄y − b̄) (5.32)

= sk +

 Auk+1 − b

D1u
k+1 − yk+1

 . (5.33)

5.2.2 Proposed ADM, Convergence, Stopping Criteria and Accelerations

We summarize the proposed ADM for the two-dimensional hybrid model (5.14) on

algorithm (5.3). Given a tolerance ε > 0, our stopping criteria is when the primal
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residual is small, that is

||Āu+ B̄y − b̄||2 ≤ ε||b||2. (5.34)

Note that Āu+ B̄y − b̄ is the scaled dual update.

Theorem (5.2) shows that our ADM algorithm converges. This convergence result

is not a contribution of this thesis but applies to our proposed ADM algorithm to

solve the SLR-TV model (5.14).

Theorem 5.2

Let F and G in problem (5.15) be convex, proper and closed functions. Moreover,

assume that function (5.20) with β = 0 has a saddle point. Then the ADM algorithm

defined in iterations (5.17), (5.18) and (5.19) applied to problem (5.15) satisfy the

following:

• Residual convergence. Āuk + B̄yk − b̄ → 0 as k → ∞, that is, the iterates

approach feasibility.

• Objective convergence. F (uk) +G(yk)→ p∗ as k →∞, where p∗ is the optimal

value of the objective function.

• Dual variable convergence. λk → s∗ as k → ∞, where s∗ is a dual optimal

point.

Proof See [4].

Next, we summarize the ADM algorithm to solve the hybrid model (5.14).
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Algorithm 5.3

[2D Hybrid TV-SLR trained with Optimization]

Given A ∈ RM×N , b ∈ RM , sets of training rows and columns and initial

vectors u0, y0 and s0:

1. Estimate Σ̂row and Σ̂col with algorithm (4.2).

2. Form matrix Σ̂T Σ̂.

while(not converged)

3. Given (yk, sk), compute uk+1 with (5.26), (5.27) and (5.28)

4. Given (uk+1, sk), compute yk+1 with shrinkage formula (5.31)

5. Update dual scaled variable sk+1 with formula (5.33)

end while

end

Standard techniques are used to accelerate the convergence of the ADM. We ac-

celerate the conjugate gradient step in algorithm (5.3), that is the most expensive

step of the ADM, by decreasing the tolerance in each iteration and using warm-start

solutions. For instance, we choose an initial CG tolerance, say 10−3, and at each

ADM iteration, we decrease the CG tolerance by a factor of 2. In addition, we use

the CG solution from the last iteration zk (5.27) as an initial guess to compute zk+1.

Note that the tolerance of the ADM, that is ε > 0 in (5.34), is different than the CG

tolerance that corresponds to an inner iterative scheme.

The purpose of the parameter α > 0 in model (5.14) is to balance the scale of the



103

two terms in the objective function. As an alternative to choose a different balancing

parameter α > 0 for each problem, we scale the two terms in the objective function

||D1u||1 and 1
2
||D̂u||22 by introducing a weighted 2-norm to the SLR term. First, we

choose Σ̂row and Σ̂col such that the sum of their entries are equal to the sum of the

singular values of D1. That is,

n−1∑
j=1

σj =
n−1∑
j=1

√
2− 2 cos(jπ/n) =

n∑
j=1

rj =
n∑
j=1

cj,

where σj, rj and cj are the singular values of D1, D̂row and D̂col, respectively. Secondly,

recall that U is unitary, which implies

1

2
||D̂u||22 =

1

2
||UΣ̂VTu||22 =

1

2
||Σ̂VTu||22.

We introduce a diagonal matrix of weights, W , as following

1

2
||W Σ̂VTu||22,

such that the weights in W are used to balance the two terms in the objective function

of problem (5.14) as an alternative to a single value α > 0. Let us define the 2N×2N

diagonal matrix of weights as

W =

 (Σ̂
−1/2
row ⊗ In) 0N×N

0N×N (In ⊗ Σ̂
−1/2
col )

 , (5.35)

where the exponent on the diagonal matrices acts on each entry of the matrices Σ̂row

and Σ̂col. Then the product W Σ̂ reads

W Σ̂ =

 Σ̂
1/2
row ⊗ In

In ⊗ Σ̂
1/2
col

 (5.36)
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and its quadratic form (W Σ̂)T (W Σ̂) = Σ̂row⊗In+In⊗Σ̂col. Therefore, the magnitude

of the terms ||D1u||1 = ||UΣVTu||1 and 1
2
||W Σ̂VTu||22 = uTVΣ̂VTu is balanced and

there is no need to choose a balancing parameter α > 0 for each problem. In general,

the choice of a balancing parameter, when optimizing an objective function with two

functions is problem dependent and there is not a general rule to choose it. With our

approach, matrix W can be used for all the problems for which the estimation of the

profile Σ̂ will be used.

Next, we show numerical experiments to clarify the convergence of the ADM and

the balancing approach using weighted 2-norm. In these computational results, a

randomized Walsh-Hadamard matrix A was used at 10% of sampling ratio. We use

the data set of 10 images [47], of size 630 × 630 pixels shown in Figure (7.6). We

use algorithm (4.2) to train the profile of the SLR. For each image, our training set

was constructed by sampling k = 10 rows and k = 10 columns from the 9 images not

being recovered.

Figure (5.8) shows an example to clarify that the two terms in the objective

function of problem (5.14) have the same scale while iterating the ADM algorithm

(5.3). The examples in Figure (5.8) show the typical behavior observed in many

other examples when using the weighted 2-norm balancing diagonal matrix defined

in (5.35).

ADM converges in the first few iterations. That is, the relative error decays only

in the first iterations, while the relative residual decreases in all the iterations, as

-
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Figure 5.8 : Balanced terms of the objective function of the hybrid model (5.14). No
balancing parameter is needed when using weighted 2-norm in the SLR (left) (5.35).
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Figure 5.9 : The relative error (left) decreases only in the first iterations. In contrast,
the relative residual (right) decreases for all the iterations.

we can see in the examples shown in Figure (5.9). In practice, based on numerical

experiments, there is no gain in the quality of the recovered images when solving model
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(5.14) to a high accuracy because there is no theoretical guarantee that the model

can recover the solution exactly. Therefore, the choice of the tolerance parameter ε

in the stopping criteria (5.34) was ε = 10−3.

5.3 Numerical Experiments: TV, SLR and SLR-TV

In this section, we show results that contrast models TV, Tikhonov, SLR and Hybrid

SLR-TV models in terms of quality, speed and robustness to noise. For the experi-

ments presented in this section, we use a total of 22 images of size 720 × 720 from

healthcare.siemens.com [27] of hearts, shoulders, brains and thorax. These images

are in Figures (7.2), (7.3), (7.4) and (7.5) in the appendix. Randomized Walsh-

Hadamard sampling matrices A were used at different sampling ratios. Algorithm

(4.2) was used to train the profile of the SLR. For each image, our training set was

constructed by sampling k = 10 rows and k = 10 columns from all the images of the

same group that were not being recovered.

5.3.1 Enhanced Quality Recoveries by SLR-TV

Tables (5.4), (5.5), (5.6) and (5.7) show the PSNR (dB) of each of the problems solved

for each group of images from the siemens data set at different sampling ratios. Figure

(5.11) shows a plot that summarizes the four mentioned tables. That is, the average

quality in PSNR (dB) for each group of images of the siemens data set. Note that

the structure of certain images may be more complicated than others. For instance,

healthcare.siemens.com
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the attained quality by all the models is higher for the heart group than for the rest

of the groups. Some facts to highlight about the average quality per group shown in

Figure (5.11) are the following:

• the quality attained by the hybrid model is superior than those of TV and SLR

for all the groups and for every sampling ratio.

• the quality attained by the SLR model is superior than that of TV for all the

groups, except when sampling is 5% for the shoulder and thorax groups.

• for the hybrid model, the biggest difference in the attained quality from one

sampling to the next occurs when sampling goes from 5% to 10%.

• the group of images with the lowest attained quality are the brain images,

followed in order by the groups of thorax, shoulders and hearts.

Sampling @ 5% Sampling @ 10% Sampling @ 15% Sampling @ 20%

TV SLR HYB TV SLR HYB TV SLR HYB TV SLR HYB

1 21.5 23.6 26.9 22.6 26.4 28.3 23.5 28.3 30.1 25.6 29.8 32.1
2 23.6 25.1 38.9 23.6 25.3 41.3 25 27.6 42.6 26.4 27.8 42.2
3 27.9 27.6 28.5 28.8 29.8 36 29.3 32.6 36.2 27.5 30.8 35.9
4 21.5 29.4 43.7 22 31 46.6 32.2 33.9 50 34 33.1 51.3

µ 23.6 26.4 34.5 24.2 28.1 38.1 27.5 30.6 39.7 28.4 30.4 40.4

Table 5.4 : PSNR (quality) for heart data set. Average denoted by µ.

As mentioned earlier, the motivation of the hybrid model (5.14) is to capture

sharp boundaries in addition to the bone textures and higher definitions that SLR
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Sampling @ 5% Sampling @ 10% Sampling @ 15% Sampling @ 20%

TV SLR HYB TV SLR HYB TV SLR HYB TV SLR HYB

1 17.4 17.8 22.9 19.2 21 26.9 20.8 23.8 30.5 21.6 25 33.1
2 22.3 21.6 27.6 23.1 24.8 31.9 26.5 27.9 33.7 27.8 29.1 36.7
3 21.9 22.9 25 22.9 28.8 30.5 25.2 29.7 32.4 27.4 31.4 33
4 19.3 17.8 29.8 19.1 21 32.2 20.2 22.1 36.2 21.7 24.9 36.8

µ 20.2 20 26.3 21.1 23.9 30.4 23.2 25.9 33.2 24.6 27.6 34.9

Table 5.5 : PSNR (quality) for shoulder data set. Average denoted by µ.

Sampling @ 5% Sampling @ 10% Sampling @ 15% Sampling @ 20%

TV SLR HYB TV SLR HYB TV SLR HYB TV SLR HYB

1 16.9 18.2 20.4 19.1 23.4 25.6 21 25.8 28.4 22.2 28.6 30.2
2 18.8 19.1 20.5 19.4 24.3 25.9 20.5 27.4 29.4 24.1 29 30.3
3 15.7 14.5 16.3 17.6 17 18 18.7 19.1 18 18.6 21.1 20.5
4 19.1 20.3 22.7 21.2 25.1 27.8 22.3 29.2 31.3 23.3 30.2 32.9
5 18.8 18.9 21.6 20.8 23.4 26.4 20.9 26.8 30 22.2 28.9 30.5
6 17.5 17 19.2 18 21.1 24.4 20.7 23.9 26.4 22.3 25.5 27
7 19.7 19.5 21.8 21.7 22.8 26.2 23.4 27.1 29.6 24.7 29.7 31.8

µ 18.1 18.2 20.4 19.7 22.4 24.9 21.1 25.6 27.6 22.5 27.6 29

Table 5.6 : PSNR (quality) for brain data set. Average denoted by µ.

captures in a superior fashion than the TV and Tikhonov models. In Figure (5.7), it

was shown that the absolute errors of the images recovered by the SLR model contain

less patterns than the ones corresponding to TV or Tikhonov models. We noticed

that the absolute error of the images recovered by SLR contain some patterns on the

parts of the image corresponding to sharp edges. In addition to the absolute error

that we showed in Figure (5.7), we added the absolute error of the image recovered

by the hybrid model for the knee6 image and show it in Figure (5.10). We discover
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Sampling @ 5% Sampling @ 10% Sampling @ 15% Sampling @ 20%

TV SLR HYB TV SLR HYB TV SLR HYB TV SLR HYB

1 18.5 18.4 21.1 19.9 21.3 23.5 22.2 23.2 25.9 22.9 24.8 26.4
2 21 17.9 19 20.6 20.5 19.1 19.2 22.7 22.5 22.5 24 26.4
3 20.5 21.3 23.5 22.4 25.6 30.4 25.9 27.8 33.9 25.9 29.4 34.8
4 26.6 18.8 19 25.7 23.9 25.5 24.6 25.1 27.3 25.1 28.7 29.2
5 19.2 20.5 28.7 19 24.6 33 22.5 27.3 34 26.3 27.9 35.1
6 16 16.9 17.4 18.9 21.3 23.7 20.2 23.6 25.3 21.8 25.4 27.7
7 20.4 19.1 22.3 21.4 23.6 28.4 21.8 25 30.7 24.7 27.4 33.2

µ 20.3 19 21.6 21.1 23 26.2 22.3 25 28.5 24.2 26.8 30.4

Table 5.7 : PSNR (quality) for thorax data set. Average denoted by µ.
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Figure 5.10 : Absolute error for TV (left), SLR (center) and HYB (right) for knee6
with sampling at 10%.

that the absolute error of the recovered image by the hybrid model, compared to the

one recovered by SLR is smaller everywhere (darker) and the patterns corresponding

to sharp edges in the mid-center of the image are less intense.
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Figure 5.11 : Average PSNR (quality) for each group of images.

In Figure (5.10), we show the recovered images by TV, SLR and Hybrid models

for some examples from the siemens data set [27]. On the first column, we observe the

original image followed by the images that the previously mentioned models recovered.

From the second to the fourth columns (left to right), we observe a progression in the
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Original: 720 × 720

Sampling @ 10%
heart4

TV

PSNR = 22.03dB
RelErr = 12.96%
CPU = 46.83s

SLR

PSNR = 30.99dB
RelErr = 4.62%
CPU = 59.60s

Hybrid SLR-TV

PSNR = 46.65dB
RelErr = 0.76%
CPU = 77.87s

Original: 720 × 720

Sampling @ 10%
shoulder3

TV

PSNR = 22.91dB
RelErr = 26.92%
CPU = 46.07s

SLR

PSNR = 28.80dB
RelErr = 13.66%
CPU = 65.77s

Hybrid SLR-TV

PSNR = 30.52dB
RelErr = 11.21%
CPU = 147.78s

Original: 720 × 720

Sampling @ 10%
brain2

TV

PSNR = 19.41dB
RelErr = 26.74%
CPU = 46.22s

SLR

PSNR = 24.33dB
RelErr = 15.17%
CPU = 32.42s

Hybrid SLR-TV

PSNR = 25.94dB
RelErr = 12.61%
CPU = 133.66s

Original: 720 × 720

Sampling @ 10%
thorax5

TV

PSNR = 18.95dB
RelErr = 17.94%
CPU = 46.65s

SLR

PSNR = 24.64dB
RelErr = 9.31%
CPU = 37.42s

Hybrid SLR-TV

PSNR = 33.00dB
RelErr = 3.56%
CPU = 109.19s

Figure 5.12 : Zoom-in to some images of the siemens data set to show visual quality.
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quality improvement of the recovered images. On the images recovered by TV, we

observe uniformly spread undesired noisy artifacts. SLR performed a better recovery

than TV in terms of quality; although, we still notice unwanted noisy artifacts. In

contrast to both of the previously mentioned methods, the images recovered by the

hybrid model display more details and a cleaner definition of the objects. We also

observe that the noisy artifacts are almost absent.

5.3.2 CPU Time and Noisy Problems

So far we have investigated the quality of the recovered images by the proposed

models SLR and hybrid in contrast to TV and Tikhonov. In the following results,

we compare the aforementioned models in terms of its CPU time and robustness to

noise.

Table (5.8) shows the average CPU time in seconds for the 22 problems of the

siemens data set [27] at different sampling rates. We observe that the Hybrid model

takes longer to run because it solves an M ×M linear system at each iteration of the

ADM. When sampling is 5%, SLR is faster than TV but TV is faster when sampling

is 10%, 15% or 20%.

Figure (5.13) shows the recovered images by the different models with increasing

noise level on the right hand side. We add noise to the right hand side by generating

a unitary random Gaussian vector r ∈ RN and scaling it by the magnitude of the
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percentage of the noise level and the norm of the right hand side. That is,

b← b+ σ
r

||r||2
||b||2, (5.37)

where σ ≥ 0 denotes the magnitude of the noise . In Figure (5.13), the magnitude

of the added noise is σ ∈ {0, .005, .01, .05, .10, .15}. This experiment, as depicted in

Figure (5.13), suggests that the proposed models have a certain degree of robustness

with respect to noisy data. However, the TV model appears to be somewhat more

robust in terms of large noise. Nevertheless, unless the noise level is larger than 10%,

the proposed hybrid model attained higher quality of the recovered images than TV.

When the noise magnitude is less than 7%, both SLR and the hybrid attain a more

accurate solution than TV.

Sampling @ 5% @ 10% @ 15% @ 20%

TV 45.2873 47.2455 40.2173 40.7032
Tik 11.5250 16.7309 21.0855 25.0682
SLR 29.5505 47.9923 66.9336 80.5736
HYB 109.3282 125.3786 141.6900 156.6373

Table 5.8 : Average CPU time in seconds for siemens data set [27].

5.4 Summary

We finish this chapter with a figure that summarizes the quality enhancement of the

proposed models. Figure (5.14) shows the absolute errors of the recovered images by

TV (top left), Tikhonov (top right), SLR (bottom left) and the Hybrid (SLR-TV,
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Figure 5.13 : Average quality when adding Gaussian noise, in PSNR(dB), for each
group of images of siemens data set [27]. The sampling rate is 10%.

bottom right) models. We used a randomized Walsh-Hadamard sampling matrix with

a sampling ratio of only 10%. Note that the images on the top, corresponding to TV

and Tikhonov, contain clear patterns. In addition, the overall error for Tikhonov

looks smaller (darker blue) but the pattern is weaker for TV. The absolute error of

the third image approximated with the SLR model does not contain a clear pattern,

but contains 4 noticeable big errors near the right boundary. Finally, the absolute

error of the last image recovered with the hybrid SLR-TV model is uniformly small,

does not contain undesirable patterns and has a uniformly small absolute error (looks



115

darker than the rest of the images).

In this chapter, we introduced the 2D SLR and hybrid regularization models

and present in-depth numerical experimentation to show their superior quality of

recovered medical images. We proposed convergent algorithms to solve the novel

models. We showed that just a few training vectors (k = 10) are needed to get all

the benefits of the proposed learning algorithm. A visualization of the 2D profiles

as well as an interpretation of them was introduced. The 2D profiles estimated with

the learning algorithm look substantially different than the 2D profile of the first

order finite difference D1. In the next chapter, we provide conclusions, remarks and

possible direction for future work.
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Figure 5.14 : Absolute error of the recovered heart4 image by TV (top left, 22.03
dB), Tikhonov (top right, 31.22 dB), SLR (center left, 30.99 dB), Hybrid SLR+TV
(center right, 46.65 dB) and Hybrid Tik+TV (bottom left, 37.34 dB) models. The
sampling ratio is 10%.



117

Chapter 6

Conclusions and Remarks

In this chapter, we summarize the contributions of this thesis. In addition, we outline

remarks and possible directions to guide further studies and future work.

6.1 Contributions

This thesis makes the following major contributions:

• Proposes a novel regularization model that uses a training data set to learn

important features to recover the underlying signal more accurately; designs

simple learning algorithms that do not demand a large training set or high

computational complexity; recommends a continuation scheme to accelerate

the conjugate gradient method that is used to solve the proposed model;

• Introduces a hybrid model that is a combination of the aforementioned learning

strategy and the total variation norm, whose approximate solutions are more

accurate than that generated by either of the two models alone; develops a

convergent alternating direction algorithm to solve the hybrid model; proposes

a simple way to balance the objective function of the hybrid model to make it

parameter-free;
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• Presents in-depth numerical evidence that the proposed models and algorithms

are practical to recover medical images with higher quality than the well-known

models: TV and Tikhonov; shows models that recover signals with high accu-

racy even when the sampling ratio is low; exhibits regularization methods that

obtain a pattern-free absolute error of the recovered solutions as opposed to TV

and Tikhonov whose absolute errors contain undesired patterns (even when the

PSNR is almost the same).

This thesis also presents the following contributions:

• Develops a spectral analysis to study the quality of recovered signals in contexts

where the theory of compressive sensing does not holds; introduces the definition

of the gap, which is relevant to the study of the relative error of recovered signals;

gives bounds for the gap and proves them;

• Identifies the sine and cosine structure of the left and right singular vectors of

finite difference matrices; develops analytical singular value decomposition of

one and two-dimensional finite difference matrices; discovers that the quality of

recovered piecewise constant signals by the TV model depends critically on the

frequency of the signals;

6.2 Remarks and Future Work

In this thesis, we present two different models to solve inverse linear problems, namely

SLR and the hybrid model of SLR-TV. Our interest in these models evolved from
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the wide variety of applications in image processing tasks. In particular, we present

numerical results on medical images. The SLR and the hybrid outperformed state

of the art models in terms of quality of the recovered images. In other words, we

are able to obtain more information, which may be meaningful in a medical context.

Although our results focus on medical images, the contributions of this work are

potentially useful in other realms.

We have shown that the quality of the images recovered by our proposed models is

superior to that by other commonly used methods. However, it is possible to further

accelerate the proposed algorithms and improve computational time. In both of our

proposed algorithms, we solve linear systems utilizing the conjugate gradient method.

It is well known that preconditioning can significantly accelerate the convergence of

the conjugate gradient method. Thus, it would be helpful to work in the design of a

pre-conditioner for the linear systems solved in SLR or in the hybrid ADM algorithm.

In contrast to the standard techniques, SLR improves the recovery quality in sce-

narios where compressive sensing theory does not hold. For instance, images whose

sparsity level of the gradient is high and requires an unrealistic amount of sampling.

Our spectral analysis in Chapter 3 introduces a gap” quantity which leads to a uncon-

ventional study of errors in recovered signals. In our study, we have derived bounds

for the gap. Even though these bounds may not be tight, they may open a new

avenue for research in the area of signal recovery.

Our methods rely on learning from training data sets. In contrast to dictionary
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learning techniques that need to estimate a complete matrix and a set of coefficients,

our training strategy only requires to estimate a small number of parameters. Fur-

thermore, we provide numerical evidence to demonstrate that our methods only need

a few training vectors for the estimation of its parameters. As a consequence, the com-

putational cost of solving the optimization problem is low when using our proposed

model. We showed numerically that when the training data is piecewise constant,

we recover the singular values of the finite difference matrix (TV model). This fact

empirically validates our training strategy, because TV is well known to outperform

other models when dealing with piecewise constant solutions.

Throughout this thesis most of our experiments have been on a signal recovery

context where the matrix A represents a sampling matrix. However, the spectral

analysis and the proposed models only require a storage-free matrix, but do not rely

on the types of matrix A. This enables the possibility of using our results in a wide

variety of applications such as image deblurring, impainting, denoising, etc.
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Chapter 7

Appendix

knee1 knee2 knee3

knee4 knee5 knee6

knee7

Figure 7.1 : Knee images taken from [47].
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heart1 heart2

heart3 heart4

Figure 7.2 : Heart images taken from [27].

shoulder1 shoulder2

shoulder3 shoulder4

Figure 7.3 : Shoulder images taken from [27].
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brain1 brain2 brain3

brain4 brain5 brain6

brain7

Figure 7.4 : Brain images taken from [27].
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thorax1 thorax2 thorax3

thorax4 thorax5 thorax6

thorax7

Figure 7.5 : Thorax images taken from [27].
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bone1 bone2 bone3

bone4 bone5 bone6

bone7 bone8 bone9

bone10

Figure 7.6 : Knee, skull, femur, wrist images taken from [47].
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