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Abstract The spatial component of input signals often

carries information crucial to a neuron’s function, but

models which map synaptic inputs to the transmem-
brane potential can be computationally expensive. Ex-

isting reduced models of the neuron either merge com-

partments, thereby sacrificing the spatial specificity of
inputs, or apply model reduction techniques which sac-

rifice the biological interpretation of the model. We use

Krylov subspace projection methods to construct re-
duced models of the passive and quasi-active neurons

which preserve both the spatial specificity of inputs and

the biological interpretation as an RC and RLC cir-

cuit, respectively. Each reduced model accurately com-
putes the potential at the spike initiation zone (siz)

given a much smaller dimension and simulation time,

as we show numerically and theoretically. The struc-
ture is preserved through the similarity in the circuit

representations, for which we provide circuit diagrams

and mathematical expressions for the circuit elements.
Furthermore, the transformation from the full to the

reduced system is straightforward and depends on the

intrinsic properties of the dendrite. As each reduced

model is accurate and has a clear biological interpreta-
tion, the reduced models can be used not only to sim-

ulate morphologically accurate neurons but also to ex-

amine the underlying functions performed in dendrites.
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1 Introduction

For many neurons the locations of active synapses pro-

vide important information about a given stimulus, and

accurate models of such neurons must retain the spa-

tial as well as the temporal component of input sig-
nals in dendrites. For example, the Lobula Giant Move-

ment Detector (LGMD), a collision-detecting neuron in

the locust, tracks an object’s movement within the lo-
cust’s field of vision through the topology of the exci-

tatory inputs onto its dendrites (Krapp and Gabbiani,

2005; O’Shea and Rowell, 1976), and the locations of
active synapses depend on the object’s location in vi-

sual space. As a second example, the synaptic locations

within the dendritic tree of a CA1 pyramidal neuron

in the hippocampus depend on the distinct brain re-
gions containing the presynaptic neurons, where affer-

ents from the neighboring CA3 subregion synapse onto

the apical trunk while afferents from the entorhinal cor-
tex (EC) synapse onto the distal apical tuft (Johnston

and Amaral, 1998). Both modeling and experimental

studies indicate that this spatial distribution may cause
the CA3 input signal to gate the transmission of the EC

signal to the soma as well as the back-propagation of

action potentials necessary for Hebbian plasticity at the

distal EC-CA1 synapses (Golding et al., 2001; Jarsky
et al., 2005; Spruston, 2008).

While the spatial component of input signals can

be crucial, retaining the spatial specificity of inputs ne-
cessitates complex computational models with poten-

tially tens of thousands of variables. Wilfrid Rall was

the first to systematically reduce the spatial complexity

of the dendritic tree, showing that under certain con-
ditions, the passive dendritic tree can be mapped to a

single equivalent cable (Rall, 1959). The assumptions

prescribed by Rall, however, are rarely satisfied in re-
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alistic dendrites, and models which followed his work
(Poznanski, 1991; Schierwagen, 1989) were unable to

relax the assumptions enough to render the reduction

useful to models of the general dendritic tree. Since the

work of Rall, several reduced models have been con-
structed which capture a certain functional aspect of

the neuron while requiring a much smaller dimension

and simulation time. We highlight two such models be-
low.

In the 1990s Pinsky and Rinzel presented a two-

compartment model of the CA3 neuron which repro-
duces the complex bursting patterns at the soma as a

function of stimulus strength (Pinsky and Rinzel, 1994).

Their work is based on the nineteen-compartment em-
pirical model of Traub and Miles (Traub and Miles,

1991; Traub et al., 1991), which they reduced by recog-

nizing that most fast-spiking ionic currents are located
in the soma and proximal compartments while most

calcium channels are relegated to the distal compart-

ments. Their work is exemplary in that it not only re-

duces the computational time and expense required to
accurately reproduce neuronal bursting patterns, but

it also has a clear biological interpretation which led

to theories concerning the necessary electrotonic sepa-
ration between fast, low-threshold currents in proximal

regions and slow, high-threshold currents in distal re-

gions. However, the reduced model is applicable only
to the CA3 neuron and loses the spatial specificity of

inputs as compartments are merged.

Kellems et al. recently applied model reduction tech-
niques to reduce the general dendritic tree and repro-

duce the transmembrane potential at the spike initi-

ation zone (siz) without sacrificing the spatial distri-
bution of inputs. They reduced the passive and quasi-

active neurons using both the Iterative Rational Krylov

Algorithm and balanced truncation (Kellems et al., 2009;

Gugercin et al., 2008) as well as the active neuron using
the Direct Empirical Interpolation Method (Kellems

et al., 2010; Chaturantabut and Sorensen, 2010). While

the resulting reduced models are accurate, the reduc-
tion procedures do not preserve any apparent biological

interpretation.

We present reduced models of the passive and quasi-
active neurons which accurately capture the potential

at the siz while retaining both the spatial specificity of

inputs and the biological interpretation as an RC cir-
cuit for the passive neuron and as an RLC circuit for

the quasi-active neuron. In our numerical simulations,

the siz potential is accurate given a reduced system as

little as 0.5% of the full system size with a speed-up
factor of up to one hundred. The model reduction tech-

nique is rooted in PRIMA, a classic algorithm for re-

ducing RC and RLC circuits (Odabasioglu et al., 1998),

and the reduction procedure, which is far simpler than
those used by Kellems et al., depends on the filtering

properties of the dendrite by which the response at the

siz to a synaptic input is attenuated according to the

electrotonic distance between the synapse and siz.
We begin in §2 by reducing the passive model for

current injections. We then extend these results to the

quasi-active model for current injections and to the pas-
sive model for synaptic input in §3 and §4, respectively.

In each section we present the full and reduced mod-

els, compare the circuit structure of the reduced model
to that of the full model, and analyze the accuracy of

the reduced system both numerically and theoretically.

Similar reduced models were recently presented by Yan

and Li, who numerically illustrate the accuracy of the
reduced systems but do not preserve the structure (Yan

and Li, 2011). In §3 we use a structure-preserving model

reduction technique (Li and Bai, 2005) to simplify the
reduced system of Yan and Li in such a way as to re-

tain the RLC circuit structure of the quasi-active neu-

ron. In §4 we use a reduction method similar to those
derived for bilinear systems (Phillips, 2000, 2003; Bai

and Skoogh, 2006; Lin et al., 2009) to present a re-

duced model of the passive system which is independent

of synaptic inputs, a significant improvement over the
Yan and Li reduced model which depends on the synap-

tic locations and grows with the number of synapses.

The reduced system is constructed to approximate the
leading terms in the Volterra series expansion of the siz

potential, and we compare our reduced system both nu-

merically and analytically to the partial summations in
the Volterra series as well as to the Yan and Li reduced

system.

In all three cases, the reduced model provides an ac-

curate mapping from the synaptic conductances to the
siz potential while requiring a much smaller dimension

and simulation time than does the full model. Further-

more, as the reduced models retain the circuit struc-
ture, they may be useful not only computationally but

also theoretically in helping to uncover the underlying

functions of dendrites.

2 Current Injection into the Passive Neuron

Consider an active sealed cable of length ℓ and ra-

dius a driven by m synaptic inputs at positions {xj :
j = 1, . . . ,m}, where each synapse j has an associ-

ated conductance g(xj , t) (mS) and reversal potential

V (xj) (mV ). The cable’s passive properties are described

by its membrane capacitance Cm (µF/cm2), axial resis-
tivity Ra (kΩ cm), leakage conductance gL (mS/cm2),

and leakage reversal potential VL (mV ). The nonlinear-

ities in the membrane potential are introduced through
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the cell’s active ionic channels characterized by voltage-
dependent conductances. If Iact denotes the active cur-

rent passing through the cell membrane, then the trans-

membrane potential, φ(x, t), is governed by

(2πa){Cm∂tφ + gL(φ − VL)} + Iact(φ) − πa2

Ra
∂xxφ

= −
m∑

j=1

g(xj , t)δ(x − xj)(φ − V (xj)),

φ(x, 0) = φ, ∂xφ(0, t) = ∂xφ(ℓ, t) = 0, (1)

where φ is the resting potential and δ denotes the Dirac-
delta function. We begin by considering the passive ca-

ble for which Iact = 0. The resting potential is given

by φ = VL, and the change of variables v ≡ φ − VL

and E(xj) ≡ V (xj)− VL for each synapse j lead to the
classic passive cable equation,

(2πaCm)∂tv + (2πagL)v − πa2

Ra
∂xxv

= −
m∑

j=1

g(xj , t)δ(x − xj)(v − E(xj)),

v(x, 0) = 0, ∂xv(0, t) = ∂xv(ℓ, t) = 0. (2)

For small, transient synaptic conductances, the poten-

tial is close to rest while the synapse is active. We can
thus approximate Eq. 2 by the corresponding system

for current injection,

(2πaCm)∂tv + (2πagL)v − πa2

Ra
∂xxv

=

m∑

j=1

g(xj , t)δ(x − xj)E(xj),

v(x, 0) = 0, ∂xv(0, t) = ∂xv(ℓ, t) = 0. (3)

To develop intuition, we begin by constructing the re-
duced model of the passive uniform cable for which the

potential is governed by Eq. 3, and we show how the re-

sults easily extend to the general dendritic tree in §2.6.
We will return to Eqs. 1 and 2 when we reduce the

quasi-active system and the passive system driven by

synaptic input in §3 and §4, respectively.

2.1 The Model

Upon spatial discretization of Eq. 3 into compartments

of length dx, we arrive at the n = ℓ/dx compartment
circuit of Fig. 2A. Our interest is in the potential at the

spike initiation zone (siz), usually assumed to be the

soma, which is determined through the n-dimensional
linear system

Cv′(t) + Gv(t) = u(t), y(t) = eT
sizv(t), (4)

where vj is the transmembrane potential at the center
of compartment j, and y is the potential at the siz. The

capacitance and conductance matrices are given by

C = ACmIn and G = AgLIn − Gax, (5)

respectively, where A ≡ 2πadx is the compartmental

surface area, In is the n×n identity matrix, and Gax en-

codes the dendritic structure such that the jth element
of Gaxv is the total axial current entering compartment

j. For the uniform cable,

Gax =
πa2

Radx




−1 1
1 −2 1

1 −2 1
. . .

. . .
. . .

1 −2 1

1 −1




. (6)

The input locations xj now correspond to input com-
partments pj = ceil(xj/dx), giving rise to the input

vector u with nonzero elements

upj
(t) = gpj

(t)Epj
, j = 1, . . . ,m. (7)

Finally, the output y is obtained through the canonical

unit vector esiz, which takes a value of 1 at the element

corresponding to the siz.

2.2 The Reduced Model

Given a reducer X of size n x r, where r ≪ n, the re-

duced system is constructed such that its state vector
v̂ obeys XT (CXv̂′ + GXv̂ − u) = 0. That is, the resid-

ual of Eq. 4 evaluated at v = Xv̂ is orthogonal to X

(Gugercin et al., 2008). This condition is satisfied by
the reduced system

Ĉv̂′(t) + Ĝv̂(t) = XT u(t), ŷ(t) = eT
sizXv̂(t), (8)

where the reduced r x r capacitance and conductance
matrices are respectively given by

Ĉ = XT CX and Ĝ = XT GX, (9)

and the input vector u contains the inputs driving each
compartment of the full model, given by Eq. 7. The

goal of model reduction is to construct a reducer X

such that ŷ ≈ y, the siz potential, while the resulting
reduced system has a much smaller dimension than does

the full system.

As the passive neuron is well represented by an RC

circuit, we use a reduction procedure shown to be effec-
tive for reducing RC circuits (Odabasioglu et al., 1998).

The idea is to project the full system onto a particular

Krylov subspace of dimension r. For any given matrix
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A and vector b, let sp(A) denote the range of A, or the
span of its columns, and define the Krylov subspace

Kr(A, b) ≡ sp(b, Ab,A2b, . . . , Ar−1b). We claim that if

sp(X) = Kr(G
−1, G−1esiz), then the reduced system

accurately captures the siz potential both in theory and
in practice and has a direct interpretation as a reduced

RC circuit. Such a reducer can be generated from the

basis vectors

Xbasis =
(
G−1esiz G−2esiz . . . G−resiz

)
. (10)

For numerical stability one may use the Arnoldi proce-

dure to orthogonalize the columns of Xbasis, thereby ob-

taining a well-conditioned system in which XT X = Ir.
Algorithm 1 outlines this procedure. The algorithm is

classic and can be found in many texts, including (Tre-

fethen and Bau, 1997).

Algorithm 1: Arnoldi procedure for the

uniform cable

Input: G, esiz, r

Output: X

X1 = G−1esiz/‖G−1esiz‖
for j = 1 : r − 1

x = G−1Xj

for k = 1 : j

x = x − (XT
k x)Xk

Xj+1 = x/‖x‖
X =

(
X1 X2 . . . Xr

)

2.3 Numerical Examples

Consider the passive uniform cable for which

ℓ = 1mm, dx = 0.01 mm, a = 1µm, Cm = 1µF/cm2,

Ra = 0.3 kΩ cm, and gL = 1/15mS/cm2. (11)

Unless otherwise specified, these parameters are used

throughout the paper. Assuming each synapse j is ex-

citatory, Epj
= 50 mV . For example 1 we drive this

cable with square pulse synaptic conductances each of

duration 1 ms with onset times tpj
and the peak con-

ductance g, given by

gpj
(t) = ḡχ[tpj

,tpj
+1](t), ḡ = 1nS, (12)

where χ[tpj
,tpj

+1](t) = 1 if t ∈ [tpj
, tpj

+ 1] and 0 other-

wise. For example 2 we apply the alpha conductances

gpj
(t) = g((t − tpj

)/τα) exp(1 − (t − tpj
)/τα)χ[tpj

,∞)(t),

ḡ = 0.2nS, τα = 2ms. (13)

For both examples the synaptic compartments {pj} and

onset times {tpj
} are selected randomly. The numerics
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Fig. 1 Testing of the reduced passive cable driven by current
injections. Fifty synapses are randomly distributed through-
out the cable with square pulse conductances (top) given by
Eq. 12 or with alpha conductances (bottom) given by Eq. 13.
A. Response at the siz in a 100-compartment cell and the
corresponding 3-compartment reduced cell to identical cur-
rent injections. B. Relative 2-norm error in the siz potential
given the reduced system with r compartments. The reduced
systems require 40% to 60% of the full simulation time.

indicate that the siz potential is well-approximated us-

ing a reduced system no greater than 5% of the full

system size, as shown in Fig. 1. Example 1 can be con-

sidered as a worst case scenario as sharp input pulses
elicit jagged responses in the potential. The results of

these two examples are representative, and the reduc-

tion is similarly effective for any general injected inputs.

2.4 RC Circuit Structure of the Passive Neuron

Assuming X is orthonormal, by Eqs. 5 and 9,

C = ACmIn ⇒ Ĉ = ACmIr, and

G = AgLIn − Gax ⇒ Ĝ = AgLIr − XT GaxX,

where In and Ir denote the n x n and r x r identity
matrices, respectively. As C and G are symmetric pos-

itive definite, so too are Ĉ and Ĝ, the capacitance and

conductance matrices for the reduced system. The full

and reduced systems can thus be interpreted as RC
circuits in which each compartment has a membrane

capacitance ACm in parallel with a membrane leakage

conductance AgL. To resolve the second term of Ĝ, we

. . 

· . . ... ·· .. 
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A B

y = v1

Cm = 6.28 x 10−7 µF, gL = 0.042 nS
gax = 104.7 nS

ŷ = X1(1)v̂1 + X2(1)v̂2 + X3(1)v̂3

ĝL,1 = 0.057 nS, ĝL,2 = −0.209 nS, ĝL,3 = 0.785 nS

Ĝax(1, 2) = −0.081 nS, Ĝax(1, 3) = 0.108 nS,

Ĝax(2, 3) = −0.35 nS

Fig. 2 RC circuit structure for the passive cable given current injections. A. Schematic of the full cable with n compartments,
each containing the membrane capacitance Cm = ACm and membrane leakage conductance gL = AgL, where A is the com-
partmental surface area. Ground is considered to be extracellular fluid. Axial current flows between neighboring compartments
proportional to gax = πa2/(Radx). Each compartment j is driven by the injected current uj given by Eq. 7, and the first
compartment contains the siz. B. Schematic of the reduced cable with three compartments, each containing a membrane
capacitance and leakage conductance identical to those in (A). Each compartment j also has an additional membrane leakage

conductance ĝL,j given by Eq. 16. Axial current flows between any two compartments j and k proportional to Ĝax(j, k), given
by Eq. 15. Each reduced compartment j is driven by the injected input current XT

j u, where Xj denotes the jth column of X,
and the siz potential is approximated by the summation of the compartmental potentials weighted by the first row of X.

A B

Fig. 3 Augmentation of the reduced circuit. Given a reduced RC circuit of size r, the circuit of size r + 1 can be constructed
with minimal changes to the existing circuit. A. Subcircuit of Fig. 2B showing all components connected to compartment 1
in a reduced circuit with three compartments. B. All components connected to compartment 1 when a fourth compartment is
added to the existing circuit. A resistor is added to ground with conductance −Ĝax(1, 4) and between compartments 1 and 4

with conductance Ĝax(1, 4). All components present in (A) are unchanged.

decompose it into an axial term and an additional leak-

age term by setting

−XT GaxX = −Ĝax + diag(ĝL), (14)

where the jth element of Ĝaxv̂ is the total axial current
entering reduced compartment j, and AĝL,j is an addi-

tional leakage conductance for reduced compartment j.

Since the sum of each row in Ĝax must be zero, Eq. 14

implies that for any j, k,

Ĝax(j, k) = XT
j Gax

{
Xk if j 6= k,

−∑i6=j Xi if j = k.
(15)

The diagonal of Eq. 14 then reveals that for any j,

ĝL,j = −XT
j Gax

r∑

k=1

Xk. (16)

-=-
-=-

cm QL 
cm ~t 9L1 cm gl 9L,2 cm gl QL,3 

cm 

/ v1 Gax(1,2) / v2 Gax(2,3) / v3 

9ax 9ax / Vn 
X1TU x;u X3TU 

u n 

Gax(1,3) 

-=-

cm ~( Q L,1 

v1 ct(1.2) v2 

Gax(1,3) v3 

Gax (1,3) 
Gax(1,4) 

v 
4 
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The circuits for the full and reduced systems are com-
pared in Fig. 2.

Given a reduced system of size r, the reduced sys-

tem of size r+1 can be easily constructed in the sense of

both the underlying circuit and the reduced matrices.

When adding compartment r+1 to the reduced system,
two resistors are added for each existing compartment

j ≤ r, one between compartment j and ground with

conductance −Ĝax(j, r + 1) and one between compart-
ments j and r + 1 with conductance Ĝax(j, r + 1). All

existing components connected to compartment j re-

main unchanged, and the initial r x r submatrices of
Ĉr+1 and Ĝr+1 are simply Ĉr and Ĝr, where the sub-

script specifies the reduced system size. This can be

seen mathematically, where if the n x r reducer X is

augmented by Xr+1 via one more step of the Arnoldi
procedure, then the reduced capacitance and conduc-

tance matrices become

Ĉr+1 =

(
XT

XT
r+1

)
C
(
X Xr+1

)
=

(
Ĉr 0

0 ACm

)

and

Ĝr+1 =

(
Ĝr XT GXr+1

XT
r+1GX XT

r+1GXr+1

)
,

where XT GXr+1 = −Ĝax(1 : r, r+1). Fig. 3 illustrates

the augmentation of the reduced circuit.

One unconventional nuance of the reduced circuit is

that roughly half the conductances are negative. From
a circuit standpoint, negative conductances can be in-

terpreted as a reversal in polarity, which can be imple-

mented through op-amps. From a neuronal standpoint,
positive axial conductances connect two compartments

which excite one another, and negative axial conduc-

tances connect two compartments which inhibit one
another. Similarly, positive leakage conductances im-

ply that when the compartment is depolarized, positive

current leaks out of the cell, as is the case for the full

neuron. On the other hand, negative leakage conduc-
tances imply that positive current flows into depolar-

ized compartments, causing a small depolarization to

lead to large potential changes. However, the passivity
of the overall circuit is maintained, a well-established

result of the model reduction procedure (Freund, 2000).

Input Mapping Given the input vector u in Eq. 7 con-

taining the currents injected into each compartment of

the full neuron, the input current XT
j u is injected into

each compartment j of the reduced neuron, where Xj

denotes column j of X. The columns of X thus map

the true inputs to their reduced representation. The

A B

0 0.05 0.1

0.05

0.1

0.15

0.2

Distance from the siz (cm)

 

 

X
basis

(1)

X
basis

(2)

X
basis

(3)

0 0.05 0.1
−0.3

−0.15

0

0.15

0.3

Distance from the siz (cm)

 

 

X
1

X
2

X
3

Fig. 4 Input mapping. A. Columns of Xbasis (Eq. 10) pre-
sented as a function of distance from the siz. The columns are
orthogonalized to construct the columns of X. B. Orthonor-
mal columns of X. Column 1 (solid black) specifies the rela-
tive impact that current injected at each location has on re-
duced compartment 1. The remaining two curves specify the
impact that injected current has on reduced compartments 2
and 3. The circled elements weight the compartmental poten-
tials as they are summed to approximate the siz potential.

element in each column corresponding to the siz com-
partment then weights each potential to produce the

siz approximation. Fig. 4 shows the columns and basis

vectors of X.

As the only degree of freedom in constructing the

reduced model is the choice of Xbasis, we pause to de-
rive its analytical expression. Assuming compartment 1

contains the siz, the first column of X is the normalized

solution of GX1 = esiz, i.e.,

(AgLIn − gaxS)X1 = (1 0 · · · 0)T ,

where S is the second difference matrix in Eq. 6 and

gax = πa2/(Radx). We divide through by dx and let

dx → 0 to arrive at the boundary value problem for the
continuous analogue of Xbasis(1),

−λ2f ′′
1 (x)+f1(x) = 0, f ′

1(0) = −Ra/(πa2), f ′
1(ℓ) = 0,

where λ2 ≡ a/(2RagL) is the commonly used space con-

stant. The solution is proportional to cosh((ℓ − x)/λ).

Hence X1, which maps the true inputs into the input
for reduced compartment 1, acts as the dendritic filter

to attenuate each input according to the electrotonic

distance between the synapse and siz. The subsequent
basis vectors are given by the inverse iteration on G and

converge to the constant eigenvector associated with

the smallest eigenvalue of G, where for any j,

fj+1(x) = cosh((ℓ − x)/λ)

∫ x

0

cosh(y/λ)fj(y) dy

+ cosh(x/λ)

∫ ℓ

x

cosh((ℓ − y)/λ)fj(y) dy.

The basis vectors thus depend exclusively on the intrin-

sic filtering properties of the dendrites.
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Fig. 5 Agreement between the transfer functions for the full
and reduced systems. A. 2-norm of the transfer functions
evaluated at iω. Both transfer functions are low-pass filters
symmetric about the real axis. B-D. Transfer functions eval-
uated at 0, 0.25i, and 0.5i. For ω = 0, the transfer functions
are real, and the distance from the siz is plotted on the x-axis.
For ω = 0.25 and 0.5, the imaginary vs. real components of
the transfer functions are plotted.

2.5 Theory

In Fig. 1 we illustrate that if X is generated from the
basis vectors given by Eq. 10, then the siz potential

is well-approximated by the reduced system. We now

provide the theory which justifies our choice for Xbasis.
According to the classic theory for moment-matching

methods, the accuracy of the reduced system can be an-

alyzed by examining the transfer functions which pro-
vide the input-output maps in the frequency domain,

Ly(s) = H(s)Lu(s) and Lŷ(s) = Ĥ(s)Lu(s),

where L denotes the Laplace transform. The transfer

functions are given by

H(s) = eT
siz(G+sC)−1, Ĥ(s) = eT

sizX(Ĝ+sĈ)−1XT .

The inverse Laplace transform leads to the error bound

|y(t) − ŷ(t)| =
1

2π

∣∣∣∣
∫ ∞

−∞
eiωt(H(iω) − Ĥ(iω))Lu(iω) dω

∣∣∣∣

≤ 1

2π

∫ ∞

−∞
‖H(iω) − Ĥ(iω)‖‖Lu(iω)‖dω

≤ 1

2π

(∫ ∞

−∞
‖Lu(iω)‖2 dω

)1/2

×
(∫ ∞

−∞
‖H(iω) − Ĥ(iω)‖2 dω

)1/2

. (17)

Hence the goal is to minimize the error between the
transfer functions along the imaginary axis. For the pas-

sive system, H has only real, negative poles and is a

low-pass filter, as illustrated in Fig. 5A. We thus seek

a reduced system for which Ĥ ≈ H at low frequencies
and compute the Taylor expansions about the origin,

H(s) =

∞∑

j=0

(−s)jMj , Mj = eT
siz(G

−1C)jG−1;

Ĥ(s) =
∞∑

j=0

(−s)jM̂j , M̂j = eT
sizX(Ĝ−1Ĉ)jĜ−1XT .

(18)

The reducer X is constructed to match the leading

r moments, for if M̂j = Mj for 0 ≤ j < r, then

Ĥ(s) = H(s) + O(sr). We modify Theorem 3.3 of (Li
and Bai, 2005) to obtain Prop. 1.

Prop. 1 If Kr(G
−1C,G−1esiz) ⊆ sp(X), then M̂j =

Mj for 0 ≤ j < r.

Proof: Define P ≡ XĜ−1XT G. Since P 2 = P and

PX = X, P is an oblique projector onto sp(X). Thus,

M̂T
0 = XĜ−1XT esiz = PG−1esiz = G−1esiz = MT

0

by Eq. 18, where the penultimate equality follows from

the assumption that G−1esiz ∈ sp(X) and the fact that
P acts like the identity on sp(X). By substituting Ĉ =

XT CX into Eq. 18,

M̂T
1 = XĜ−1XT CXĜ−1XT esiz = PG−1CPG−1esiz

= G−1CG−1esiz = MT
1 ,

where the penultimate equality follows from the as-
sumption that (G−1C)G−1esiz ∈ sp(X). The remaining

moment equalities follow in an identical fashion. �

Note that for the uniform cable, C = ACmIn, im-

plying that Kr(G
−1C,G−1esiz) = Kr(G

−1, G−1esiz).
In this case a reducer generated from Eq. 10 satis-

fies the assumptions of Prop. 1. In Fig. 5 we illustrate

that the transfer function H is a low-pass filter well-
approximated by Ĥ given small frequencies.

2.6 Extension to the Dendritic Tree

Consider a general dendritic tree in which the radius
varies in space but Cm, gL, and VL are uniform. The

formulation and structure of the reduced model extends

easily to this more general case. Let Aj = 2πajdx be the
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surface area of compartment j, and define the diagonal
matrix D such that for each j,

Djj = Aj/A, where A = (1/n)

n∑

j=1

Aj . (19)

The capacitance and conductance matrices of the full
system are slightly modified, given by

C = ACmD and G = AgLD − Gax, (20)

where the jth element of Gaxv is again the axial current

entering compartment j. Prop. 1 holds for any given G
and C such that G is invertible, and for any k ≤ r, the

kth basis vector for X becomes

Xbasis(k) = (G−1D)k−1G−1esiz.

To retain the RC circuit structure of Fig. 2, we use the
modified Arnoldi procedure detailed in Algorithm 2 to

orthogonalize X in the weighted sense that XT DX =

Ir, leading to the reduced matrices

Ĉ = ACmIr and Ĝ = AgLIr − XT GaxX.

Using this procedure, each compartment j of the full
neuron has a membrane capacitance AjCm and mem-

brane leakage conductance AjgL, while each compart-

ment j of the reduced neuron has a membrane capac-
itance ACm and membrane leakage conductance AgL.

All other circuit elements are identical to those in Fig. 2.

We provide the numerical example of reducing a pyra-
midal neuron in Fig. 6.

Algorithm 2: Arnoldi procedure for the
cable with a variable radius

Input: G, D, esiz, r

Output: X

Y1 = D1/2G−1esiz/‖D1/2G−1esiz‖
X1 = D−1/2Y1

for j = 1 : r − 1

y = D1/2G−1DXj

for k = 1 : j
y = y − (Y T

k y)Yk

Yj+1 = y/‖y‖
Xj+1 = D−1/2Yj+1

X =
(
X1 X2 . . . Xr

)

3 Current Injection into the Quasi-Active

Neuron

We next reduce the quasi-active system, which cap-

tures the linear perturbations of Eq. 1 from rest. We
begin with the instructive example of Iact = Ih, the so-

called h-current which allows both sodium and potas-

sium ions to pass and activates upon hyperpolarization.
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Fig. 6 Reduction of a morphologically accurate pyramidal
neuron in the CA1 driven by fifteen square pulse current in-
jections with conductances given by Eq. 12. A. Times and
locations for synaptic inputs shown on a 2D projection of the
dendritic tree. B. Potential at the siz (soma) for the full sys-
tem of size n = 1058 (solid black) and reduced system of size
r = 8 (dashed red). C. Proportion of the simulation time for
the reduced system with r compartments to that of the full
system. D. Relative 2-norm error in the siz potential.

The derivation and resulting models for any general

active currents are analogous, and we reduce a quasi-
active system with multiple channel types in §3.5. For a

detailed description of the quasi-active model, see Ch.

5 of (Gabbiani and Cox, 2010).

3.1 The Model

Consider the h-current given by

Ih = 2πaghq2(φ − Vh), τq(φ)∂tq = q∞(φ) − q, (21)

where gh is the peak conductance (mS/cm2) and Vh =
−40 mV is the reversal potential. If the transmembrane

potential φ were constant, the gating variable q would

approach q∞(φ) with a rate determined by τq(φ). The
formulas and plots of both functionals can be found

in Ch. 5 of (Gabbiani and Cox, 2010). The potential

is governed by Eq. 1 with Iact = Ih, and the resting
potential φ satisfies

gL(φ − VL) + ghq2(φ − Vh) = 0, where q = q∞(φ).

Given the synaptic conductances g(xj , t) = εg̃(xj , t) for

some small ε > 0, the potential and gating variable can

6.1 

. · 

25.3 

.... 
. . . . .. 

.. 
.. .. . . . 

. .. 
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be written as φ(t) = φ + εφ̃ + O(ε2) and q(t) = q +
εq̃(t)+O(ε2). We write τq and q∞ as Taylor expansions

about φ and expand Eqs. 1 and 21, matching terms of

order ε to obtain the linear perturbations from rest,

(2πa){Cm∂tφ̃ + (gL + gq1
)φ̃ + i} − πa2

Ra
∂xxφ̃

= −
m∑

j=1

g̃(xj , t)δ(x − xj)(φ − V (xj)),

Lq∂ti − φ̃ + (1/gq2
)i = 0,

φ̃(x, 0) = i(x, 0) = 0, ∂xφ̃(0, t) = ∂xφ̃(ℓ, t) = 0. (22)

The cable has two additional resistors and one addi-
tional inductor given by

gq1
≡ ghq2, gq2

≡ 2ghqq′∞(φ)(φ − Vh), and

Lq ≡ τq(φ)/gq2
, (23)

where gq1
and gq2

have the units mS/cm2, and Lq has

the units H ·cm. The n-dimensional current i is defined

i ≡ (gq2
/q′∞(φ))q̃ (µA/cm2). (24)

We discretize in space with compartment length dx to

model the cable using n = ℓ/dx compartments. Given

the state vector of size 2n, z ≡ (i1 . . . in φ̃1 . . . φ̃n)T ,
the siz potential is determined by

Cz′ + Gz = Bu, y = LT z, (25)

where

C =

(
ALqIn 0

0 C

)
, G =

(
(A/gq2

)In −AIn

AIn G + Agq1
In

)
,

B =

(
0

In

)
, and L =

(
0

esiz

)
. (26)

C and G are given by Eq. 5, and the compartments {pj}
containing synapses give rise to the nonzero elements of

the n-dimensional input vector u, given by

upj
(t) = g̃pj

(t)Vpj
, j = 1, . . . ,m.

3.2 The Reduced Model

Analogous to the construction of the reduced model for

the passive system, the reduced quasi-active model is

constructed from a reducer X of size 2n x 2r, where
the siz potential approximation is determined by

Ĉẑ′(t) + Ĝẑ(t) = B̂u(t), ŷ(t) = L̂T ẑ(t),

Ĉ = X TCX , Ĝ = X TGX , B̂ = X TB, and L̂ = X T L.
(27)
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Fig. 7 Testing of the reduced quasi-active cable for which
Iact = Ih. The cable is driven by fifty inhibitory inputs
with square pulse conductances (top) given by Eq. 12 or
with alpha conductances (bottom) given by Eq. 13. The siz
is located in the first compartment, gh = 2 mS/cm2, and
Vpj

= −70 mV for each synapse j. A. Response at the siz in a
100-compartment cell and the corresponding r-compartment
reduced cell to identical synaptic conductances distributed
randomly in space and time. Upon removal of the stimulus at
50 ms, the potential rises above rest before decaying to the
resting potential, a characteristic of the quasi-active model
not seen in the passive case. B. Relative 2-norm error in the
siz potential given the reduced system with r compartments.
The full system has dimension 200, and each reduced system
has dimension 2r. The reduced systems require 25% to 40%
of the full simulation time.

We construct the reducer to obtain an accurate reduced

system which preserves the RLC circuit structure (see
§3.4 for the theory). Given r ≪ n, we first generate the

n x r matrix X from the basis vectors

Xbasis =
(
G−1

effesiz G−2
effesiz . . . G−r

effesiz

)
(28)

such that X = orth(Xbasis), where

Geff = A(gL + gq1
+ gq2

)In − Gax. (29)

The 2n x 2r reducer X is then given by

X =

(
X 0
0 X

)
. (30)

X can be generated using Algorithm 1 with the in-
put matrix Geff . Since the h-current is activated upon

hyperpolarization, we test the reduced model using in-

hibitory synaptic inputs and plot the results in Fig. 7.

. . 
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3.3 RLC Circuit Structure of the Quasi-Active Neuron

By the last n equations of Eq. 25, ACmφ̃′ + A(gL +

gq1
)φ̃ + Ai − Gaxφ̃ = u, implying that the quasi-active

model is represented by the passive circuit for injected
input augmented by two currents to ground placed in

parallel. The first current passes through a resistor with

conductance Agq1
, and the second current is given by

Ai. By the first n equations of Eq. 25, Lqi
′ + i/gq2

= φ̃,
implying that Ai describes the current flowing through

an inductor and resistor in series with inductance Lq/A

and conductance Agq2
.

Since XT X = Ir, the reduced matrices are given by

Ĉ =

(
ALqIr 0

0 ACmIr

)
, B̂ =

(
0

XT

)
, L̂ =

(
0

XT esiz

)
,

and Ĝ =

(
(A/gq2

)Ir −AIr

AIr A(gL + gq1
)Ir + diag(ĝL) − Ĝax

)
.

where Ĝax and ĝL are given by Eqs. 15 and 16, respec-
tively. The reduced state vector of size 2r is given by

ẑ = (̂i1, . . . , îr, φ̂1, . . . , φ̂r)
T , where for each reduced

compartment k, Aîk is the current to ground passing
through an inductor and resistor in series with induc-

tance Lq/A and conductance Agq2
, and φ̂k is the linear

perturbation from rest of the potential. Therefore, all
currents flowing to ground in the full neuron are pre-

served in the reduced neuron, and both the axial con-

ductances and the additional leakage conductances in

the reduced neuron are identical to those found in the
reduced passive neuron. The full and reduced circuits

for the quasi-active model are compared in Fig. 8.

3.4 Theory

The theory underlying the reduced quasi-active model
uses the block structure in the system’s matrices to ex-

tend the theory presented in §2.5. The Laplace trans-

forms of Eqs. 25 and 27 provide the linear mappings

Ly(s) = H(s)Lu(s) and Lŷ(s) = Ĥ(s)Lu(s)

in the frequency domain, where the transfer functions
are given by

H(s) = LT (G + sC)−1B, Ĥ(s) = L̂T (Ĝ + sĈ)−1B̂. (31)

As in Eq. 18, each transfer function can be expanded

as a Taylor series about s = 0 with the moments

Mj = LT (G−1C)jG−1 and M̂j = L̂TX (Ĝ−1Ĉ)j Ĝ−1X T .

The reducer is constructed to match as many of the

leading moments as possible given the reduced system

size. Prop. 2 is the quasi-active analogue of Prop. 1.

Prop. 2 If Kr(G−TC,G−T L) ⊆ sp(X ), then M̂j = Mj

for 0 ≤ j < r.

Proof: The proof follows in an identical fashion to that

of Prop. 1.

A standard approach to constructing a reduced model

is to generate the columns of the reducer using the basis

vectors {(G−T C)kG−T L}r−1
k=0, as was done in (Yan and

Li, 2011). However, such a reduced system does not

preserve the RLC circuit structure of the quasi-active

neuron. To establish the accuracy of the reduced system

given by Eqs. 27-30, we first consider a reducer in Prop.
3 which is based on the structure-preserving reduction

technique presented in §4 of (Li and Bai, 2005). We use

this result in Prop. 4 to show the effectiveness of the
reducer given by Eqs. 28-30.

Prop. 3 Let the 2n x r matrix W̃ be such that
Kr(G−TC,G−T L) ⊆ sp(W̃ ), and assume the n x r ma-

trices X and Y satisfy

W̃ =

(
X̃

Ỹ

)
, sp(X̃) ⊆ sp(X), and sp(Ỹ ) ⊆ sp(Y ).

If the 2n x 2r reducer X is given by

X =

(
X 0

0 Y

)
,

then M̂j = Mj for 0 ≤ j < r. Furthermore, the matrix
structure is retained in the sense that if

C =

(
C11 C12

C21 C22

)
, then Ĉ =

(
Ĉ11 Ĉ12

Ĉ21 Ĉ22

)
,

where Ĉjk = XT
j CjkXk. The block structures of G, B,

and L are similarly retained.

Proof: The proof follows from Prop. 2 and the fact that

sp(W̃ ) ⊆ sp(X ).

Prop. 4 Let Geff be given by Eq. 29, and assume that

Kr(G
−1
eff , G−1

effesiz) ⊆ sp(X). If X is a 2n x 2r block di-

agonal matrix with X in each n x r diagonal sub-block,

then M̂j = Mj for 0 ≤ j < r.

Proof: Define the 2n x r matrix W̃ such that for any

k ≤ r, both the first n elements and the last n elements
in column k of W̃ are given by G−k

effesiz. By Eq. 26,

G−1 =



−g2

q2
G−1

eff + (gq2
/A)In gq2

G−1
eff

−gq2
G−1

eff G−1
eff


 .
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A

B

Fig. 8 RLC circuit structure of the quasi-active cable. A. Full model with n compartments. The passive RC circuit in Fig. 2A
is augmented by two parallel currents to ground for each compartment, one with conductance gq1

= Agq1
, and one with

inductance Lq = Lq/A and conductance gq2
= Agq2

, where gq1
, gq2

, and Lq are given by Eq. 23. B. Reduced model with
three compartments. The reduced circuit preserves all currents to ground in (A). The additional membrane leakage and axial
conductances are identical to those found in the reduced passive neuron in Fig. 2B.

Thus,

G−T L =




gq2
G−1

effesiz

G−1
effesiz


 ,

and

G−TC =




gq2
Lq(−Agq2

G−1
eff + In) Agq2

CmG−1
eff

−Agq2
LqG

−1
eff ACmG−1

eff


 .

Therefore, Kr(G−TC,G−T L) ⊆ sp(W̃ ), and Prop. 3 holds
if Kr(G

−1
eff , G−1

effesiz) ⊆ sp(X) and Y = X. �

3.5 Extension to the General Quasi-Active System

Dendritic Tree Consider the dendritic tree for which

Iact = Ih, the radius varies in space, and Cm, gL, and gh

are uniform. Given D and A of Eq. 19, the capacitance

and conductance matrices of the full system become

C =

(
ALqD 0

0 C

)
, G =

(
(A/gq2

)D −AD

AD G + Agq1
D

)
,

where C and G are given by Eq. 20, and B and L are

given by Eq. 26. One can show that the assumptions of
Prop. 3 are satisfied if Y = X and sp(X) = sp(Xbasis),

where for any k ≤ r,

Xbasis(k) = (G−1
effD)k−1G−1

effesiz,

Geff = A(gL + gq1
+ gq2

)D − Gax.

Furthermore, if X is orthogonal in the weighted sense

that XT DX = Ir, then the reduced system preserves

the RLC circuit structure. The n x r matrix X can be
generated from Algorithm 2 using the input matrices

Geff and D.

Multiple Channel Types The reduction procedure gen-

eralizes naturally for any active channel types. To demon-

strate the generality of the method as well as its robust-
ness to resonance and instability, we test the reduced

quasi-active neuron for the dendritic tree with the clas-

sic Hodgkin and Huxley sodium and potassium cur-

rents as well as the h-current. For this system, Iact =
IK + INa + Ih, where Ih is given by Eq. 21;

IK = gKb4(φ − VK), gK = 36, and VK = −77; and

INa = gNam3h(φ − VNa), gNa = 120, and VNa = 56;

with the units mS/cm2 and mV . Let w ∈ {b,m, h, q}
denote any gating variable, governed by τw(φ)∂tw =

w∞(φ) − w. The formulas and plots for all functionals

can be found in Ch. 4 of (Gabbiani and Cox, 2010).
As was done in §3.1, the potential and each gating

variable are written as φ = φ + εφ̃ + O(ε2) and w =

w + εw̃ + O(ε2), and the linear perturbations from rest

are determined by matching terms of order ε. With re-
spect to the passive system, each gating variable adds

two resistors and one inductor, where gq1
, gq2

, and Lq

are given by Eq. 23, and the expressions for gw1
, gw2

,

..=. 

cm i;t 9q, l cm gL 9q2 l cm gL 9q, 9q, 

tn [ 
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and Lw are derived analogously for any w. As in Eq. 24,
each gating variable gives rise to the transmembrane

current given by iw = (gw2
/w′

∞(φ))w̃. The state vector

has size 5n and is governed by Eq. 25, where

z =




ib
im
ih
iq
φ̃




, G =




A
gb2

D −AD
A

gm2
D −AD

A
gh2

D −AD
A

gq2
D −AD

AD AD AD AD G55




,

G55 = A(gL +
∑

w gw1
)D − Gax, and

C =




ALbD

ALmD

ALhD

ALqD

ACmD




.

As in Eq. 26, only the last n rows of B and L are

nonzero, given by In and esiz, respectively.

The reduced matrices are given by Eq. 27, where X
is a 5n x 5r block diagonal matrix with X on each n
x r diagonal sub-block, X satisfies sp(X) = sp(Xbasis)

and XT DX = Ir, and for any k ≤ r,

Xbasis(k) = (G−1
effD)k−1G−1

effesiz,

Geff = A(gL +
∑

w

(gw1
+ gw2

))D − Gax.

A numerical example is provided in Fig. 9.

Theory: Resonance and Instability Unlike the passive

system, the quasi-active system can become unstable

under certain conditions, requiring the modification in

the error bound (Eq. 17)

|y(t)−ŷ(t)|2 ≤ c(u)

∫ ∞

−∞
‖H(ω0+iω)−Ĥ(ω0+iω)‖2 dω,

(32)

where c depends only on the input u, and ω0 is greater

than the real component of all poles. Regardless of sta-

bility, the transfer function is a band-pass filter which

peaks along the imaginary axis near ±iωres, where ωres

is the cell’s resonant frequency (rad/ms) and is gen-

erally nonzero. Since the reduced model is constructed

such that the transfer functions agree near s0, the center
of their Taylor expansions, both resonance and instabil-

ity cast doubt on the effectiveness of setting s0 = 0.

Consider the quasi-active cable with a uniform ra-

dius for which Iact = IK + INa + Ih. In Fig. 10 we show

the agreement between the transfer functions along the
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Fig. 9 Quasi-active Hodgkin and Huxley tree augmented by
the h-current, where gh = 0.3 mS/cm2. A. Onset times and
locations for synaptic inputs shown on a 2D projection of a
morphologically accurate pyramidal neuron in the CA1. B.

Response at the siz to square pulse synaptic conductances
given by Eq. 12 presented between 0 and 30 ms according
to (A). Since there are five variables for each compartment,
the full system (solid black) has dimension 5290, while the
reduced systems have dimensions 15 (dashed red) and 30
(dashed green). C. Proportion of the simulation time for the
reduced system with r compartments to that of the full sys-
tem. D. Relative 2-norm error in the siz potential.

line of integration in Eq. 32 when s0 = 0. As gh in-

creases, the resonant frequency increases, causing the

transfer function’s peak to shift away from the origin
and become sharper. For each value of gh tested, how-

ever, wres is sufficiently small for the reduced transfer

function to capture this peak given a relatively small

reduced dimension. In general, if the temporal reso-
nant frequency fres is less than 150 Hz, then wres =

2πfres/1000 is less than one, implying that Ĥ(iωres) ≈
H(iωres) for sufficiently large r since Ĥ(iω) = H(iω)+
O(ωr). The convergence slows as ωres increases, as il-

lustrated in Fig. 10D.

We next examine the reduced output itself for a
range of s0 values. As shown in (Li and Bai, 2005),

H(s) = LT (G + sC)−1B = LT (G(s0) + s̃C)−1B, where

G(s0) ≡ G + s0C and s̃ ≡ s− s0. Therefore, the method

used to generate the reducer X for s0 = 0 can still be
applied for a nonzero s0 if G is replaced by G(s0), s is

replaced by s̃, and H(s̃) is expanded about s̃ = 0. The

reduced system is then equivalent to that derived for

. 

. . 

. . 
.. .. . 

. . ... 

.. .. ... 

... .... 
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Fig. 10 Effectiveness of setting s0 = 0 in reducing the quasi-active cable for which Iact = INa + IK + Ih. The potential
oscillations grow as gh increases, as shown in Fig. 11, and the system is unstable when gh = 0.6 mS/cm2. A-C. 2-norm of
the transfer functions evaluated at ω0 + iω for the full (solid black) and reduced (dashed) systems, where w0 is greater than
the real component of all poles. All plots are symmetric about the real axis. Stars indicate the imaginary component of each
pole, and the inset shows the transfer functions evaluated at ω0 + iωres (circled). D. Relative 2-norm error in the siz potential
given ten inputs with square-pulse conductances given by Eq. 12. E. Complex eigenvalues of −C−1G, which are poles of the
transfer functions. The spectrum contains the complex conjugate of each eigenvalue. The resonant frequency is given by the
imaginary component of the complex eigenvalue with largest real part, which is circled.

s0 = 0 with Geff replaced by

Geff (s0) ≡ AgL + s0ACm + A
∑

w

gw1
In

+ A
∑

w

gw2
/(1 + s0τw(φ))In − Gax,

the summations being taken over all gating variables.

If s0 is nonreal, then the reduced system is nonreal,
creating nonreal potentials. We thus confine s0 to the

real axis. Fig. 11 illustrates that although s0 = 0 is not

always the optimal choice, it is effective, even if the sys-
tem becomes unstable.

4 Synaptic Drive of the Passive Neuron

The siz potential for the passive cable given synaptic

input, described by Eq. 2, has a nonlinear dependence

on the synaptic conductances as the input current de-
pends on the products g(xj , t)v(xj , t). This nonlinear-

ity causes an effect known as sublinear summation in

which the potential given two inputs is less than the

summation of the potentials given each input individu-
ally. In §4.1 we present a reduced model which retains

the RC circuit structure, is input-independent, and ap-

proximates the siz potential, capturing much of the sub-
linear summation effect. In §4.2 we expand Eq. 2 as a

series of linear ODEs known as the Volterra series, eval-

uate its convergence, and relate the error in the siz po-

tential to the error in each term of the series. We close
by presenting a reduced system proven to approximate

each Volterra term, and we analytically and numeri-

cally compare the accuracy of this system to our own
in §4.3.

4.1 Methods and Numerical Results

Upon spatial discretization of Eq. 2 with compartment

length dx, we arrive at the n-dimensional model deter-

mining the siz potential driven by m synaptic inputs,

Cv′(t) + Gv(t) = u(t) −
m∑

j=1

gpj
(t)N (pj)v(t),

y(t) = eT
sizv(t), (33)

* 
* 
* 

* 
* 

* *• *. 
* • 
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Fig. 11 Accuracy of the reduced quasi-active model as s0 varies along the real axis. The cable and its synaptic inputs are
identical to those used in Fig. 10. A. Relative 2-norm error in the siz potential as a function of s0 for three reduced system
sizes. B. Potential at the siz for the full system (solid black) and reduced systems (dashed) for r = 3, where s0 = 0 (red) and
s0 = 0.2 (green), as indicated by the stars in (A). Each value of s0 included in (A) gives rise to an accurate reduced system,
but the optimal region seems to be between 0 and 0.3.

where for each synapse j at compartment pj , the n x n
matrix N (pj) has the single nonzero element N (pj)(pj , pj)

= 1. All other terms are defined in §2.1. The model is

identical to that derived for injected input (Eq. 4) with
one additional term containing a time-varying coeffi-

cient of the membrane potential.

The reduced model of dimension r is again con-

structed from a reducer X of size n x r, where the siz
potential approximation is determined by

Ĉv̂′(t) + Ĝv̂(t) = XT u(t) −
m∑

j=1

gpj
(t)N̂ (pj)v̂(t),

ŷ(t) = eT
sizXv̂(t), (34)

where N̂ (pj) = XT N (pj)X, and Ĉ and Ĝ are given by

Eq. 9. We claim that if X is generated from the basis

vectors given by Eq. 10, as was done for the injected

input case, then the reduced system accurately repro-
duces the siz potential, displaying the sublinear sum-

mation due to the nonlinear term.

In Fig. 12 we provide two numerical examples to

illustrate the effectiveness of the reduced model. For
these examples each compartment contains a synapse,

and thus pj = j and
∑

gjN̂
(j) = XT diag(g)X, the com-

putation of which can annihilate the gain in efficiency

of the reduced system. For certain conductances, this
product can be updated at each timestep to avoid the

computational expense. For example, given the square

pulse conductances of Eq. 12, gX(j, :)T X(j, :) is added
to the product if tj is in the current timestep and sub-

tracted from the product if tj + 1 is in the current

timestep, where X(j, :) denotes row j of X. A similar
update rule can be applied for transient conductances

with an instantaneous rise time, given by

gj(t) = g exp((t − tj)/τ)χ[tj ,∞). (35)

The circuit representation of the full system given

by Eq. 33 is that of Fig. 2A augmented by a time-
varying membrane conductance gpj

at each compart-

ment containing a synapse. Analogous to Eq. 14, we

uncover the circuit structure of the reduced system by

forming the decomposition

m∑

j=1

gpj
(t)N̂ (pj) = −Ŵax + diag(ĝ), (36)

implying that for any i, k ≤ r,

Ŵax(i, k) = XT
i

m∑

j=1

gpj
(t)N (pj)

{
−Xk. if i 6= k,
∑

q 6=i Xq if i = k.

' ,_, 
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Fig. 12 Testing of the reduced passive cable driven by synap-
tic inputs with square pulse conductances (top) given by
Eq. 12 or with transient conductances (bottom) given by
Eq. 35. A. Response at the siz of a 100-compartment cell
(solid black) and the corresponding 3-compartment reduced
cell (dashed red) to fifty identical synaptic currents dis-
tributed randomly in space and time. For the top plot, the
synaptic conductances are identical to those used to generate
Fig. 1A (top), and the sublinear summation is seen in the
reduction of the siz potential. B. Relative 2-norm error in
the siz potential given the reduced system with r compart-
ments. The reduced systems require 60% to 75% of the full
simulation time.

(37)

By the diagonal of Eq. 36, for each i ≤ r,

ĝi(t) = XT
i

m∑

j=1

gpj
(t)N (pj)

r∑

k=1

Xk. (38)

Therefore, a synapse is located at each compartment i

of the reduced neuron with a synaptic conductance ĝi

dependent on the original synaptic conductances {gpj
}.

An additional time-varying resistor also forms between

any two compartments i and k of the reduced neuron

with a conductance given by Ŵax(i, k). The full and

reduced RC circuits are compared in Fig. 13.

4.2 Volterra Series Expansion for Monosynaptic Input

The theory of §2.5 no longer applies as the time-varying

coefficients render the transfer functions more difficult
to compute. Following the lead of Phillips (Phillips,

2000, 2003), we expand Eq. 2 as a series of linear ODEs

known as the Volterra series. In this section we present

the series and examine its convergence for the passive
cable driven by synaptic input. We then use the series

in §4.3 to analyze the accuracy of the reduced model.

The theory is presented in the context of monosynaptic

input but can be generalized for polysynaptic input.
Assume the cable is driven by a single synaptic in-

put at location xsyn with conductance g(t) and reversal

potential E. Let v1(x, t) be the solution of Eq. 3, where
the synaptic input of Eq. 2 has been approximated by

the injected input g(t)δ(x− xsyn)E. The nonlinearities

are incorporated through the iterative sequence {vk},
where for any k ≥ 2,

(2πaCm)∂tv
k(x, t) + (2πagL)vk(x, t) − πa2

Ra
∂xxvk(x, t)

= −g(t)δ(x − xsyn)vk−1(x, t)

vk(x, 0) = 0, ∂xvk(0, t) = ∂xvk(ℓ, t) = 0. (39)

As shown in Appendix A, Eq. 2 is solved by the infinite

series v =
∑

vk. Upon spatial discretization,

C(v1)′(t) + Gv1(t) = g(t)Eep, and

C(vk)′(t) + Gvk(t) = −g(t)Nvk−1(t) for k ≥ 2,

where compartment p contains the synapse, ep is a unit

vector such that ep(p) = 1, and C, G, and N are the
matrices in Eq. 33. The reduced system can be similarly

expanded by the infinite series v̂ =
∑

v̂k, where

Ĉ(v̂1)′(t) + Ĝv̂1(t) = g(t)XT Eep, and

Ĉ(v̂k)′(t) + Ĝv̂k(t) = −g(t)N̂ v̂k−1(t) for k ≥ 2,

where Ĉ, Ĝ, and N̂ are the matrices in Eq. 34. Define

yk ≡ eT
sizv

k and ŷk ≡ eT
sizXv̂k. Then, the siz potentials

for the full and reduced systems are respectively given
by y =

∑
yk and ŷ =

∑
ŷk.

Convergence Rate We next argue that the potential v

is well-approximated by v1 + v2 given fast, small input

conductances. The theory is developed for the infinite-
length cable for which the boundary conditions of Eqs. 3

and 39 are replaced by vk(−∞, t) = vk(∞, t) = 0. The

results obtained under this simplification can be applied
to the finite cable, as we show numerically. Without loss

of generality, assume xsyn = 0.

Upon dividing Eqs. 3 and 39 by 2πagL, the govern-

ing equation for each Volterra term becomes

τ∂tv
1 + v1 − λ2∂xxv1 = c(t)δ(x)E, and

τ∂tv
k + vk − λ2∂xxvk = −c(t)δ(x)vk−1 for k ≥ 2,

where λ and τ are the familiar space and time constants
given by

λ2 =
a

2RagL
(cm) and τ =

Cm

gL
(ms), (40)

··. 

. 

·-. ... 
····· 

······· .... 
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A

B

Fig. 13 RC circuit structure of the passive cable for synaptic input. A. Schematic of the full system with n compartments.
Given the circuit for injected input of Fig. 2A, a resistor is added across the membrane of each compartment pj containing a
synapse with the synaptic conductance gpj

(t). B. Schematic of the reduced system with three compartments. Each reduced
compartment i has the synaptic conductance ĝi(t), given by Eq. 38, and an additional leakage conductance ĝL,i, given by

Eq. 16. Axial resistors connect any two compartments according to Ĝax and Ŵax(t), given by Eqs. 15 and 37, respectively.

and the normalized synaptic conductance is given by

c(t) =
g(t)

2πagL
(cm).

The heat equation governs z1 ≡ v1 exp(t/τ) by

(λ2/τ)∂xxz1 = ∂tz
1 − c(t) exp(t/τ)δ(x)E/τ.

Thus,

z1(x, t) =
E

τ

∫ t

0

∫ ∞

−∞
K(x − y, t − s)c(s)es/τδ(y) dy ds,

given the Green’s function

K(x, t) =
e−(x/λ)2/(4t/τ)

√
4πλ2t/τ

.

At the synapse x = 0, and

z1(0, t) = (E/τ)

∫ t

0

c(s)es/τ

√
4πλ2(t − s)/τ

ds.

By the change of variables s = t − u2,

z1(0, t) =
E

λ
√

τπ

∫ √
t

0

c(t − u2)e(t−u2)/τ du.

Therefore, the synaptic potential of the first Volterra
term is given by

v1(0, t) = e−t/τz1(0, t) =
E

λ
√

τπ

∫ √
t

0

c(t−u2)e−u2/τ du.

(41)

One can similarly show that for any k ≥ 2,

vk(0, t) = − 1

λ
√

τπ

∫ √
t

0

c(t−u2)e−u2/τvk−1(0, t−u2) du.

(42)

Prop. 5 establishes the contribution of each Volterra

term to the potential at the synapse. Since the cable

-=-

cm gl 91 cm gl 92 gl 9n 

/v1 9ax / v2 / Vn 

u1 u2 Un 

-=-

/v1 /' 
A 

/' 
A 

a •. (1.2> v2 a .. (2.3) VJ 

x1ru x;u x;u 

w •• (1,2) 
A 

w •• (2,3) 

6ox(1,3) 
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Fig. 14 Convergence of the Volterra series. A. Synaptic po-
tential for a 100-compartment cell driven by the single synap-
tic input g(t) = g χ[0,w](t) at the cable’s midpoint (top) or
endpoint (bottom). The potential at the synapse, v(0, t) (solid

black), is compared to the partial summation,
P

k
k=1 vk(0, t)

(dashed). All parameters are given by Eq. 11, and w = 2 ms.
The potentials plotted between 1.6 and 2.4 ms are magni-
fied in the inset. B. Error in the synaptic potential, given

by maxt |v(0, t) −
P

k
k=1 vk(0, t)|, where k is the number of

terms included. The dashed line shows the error bound, given
by Eq. 43 and derived for the infinite-length cable.

is passive and has a single source at the synapse, the

synaptic potential is the upper bound for the potential

throughout the cable, or |vk(x, t)| ≤ |vk(0, t)| for any
x, k, and t.

Prop. 5 Let c(t) ≡ c χ[0,w](t) be a normalized square-

pulse conductance of amplitude c and width w. Each
Volterra term obeys

max
t

|vk(0, t)| ≤ γk−1 max
t

|v1(0, t)|, where γ =
c̄
√

w/τ

λ
√

π
.

Proof: By Eq. 41, v1(0, t) is proportional to

∫ √
t

0

c(t−u2)e−u2/τ du =





c

∫ √
t

0

e−u2/τ du if t ≤ w,

c

∫ √
t

√
t−w

e−u2/τ du if t > w.

Thus, v1(0, t) attains its unique maximum at t = w.

As all potentials decay exponentially to zero upon re-

moval of the stimulus, each |vk(0, t)| attains its maxi-

mum when t ≤ w. By Eq. 42, if k ≥ 2 and t ≤ w,

vk(0, t) =
−c̄

λ
√

τπ

∫ √
t

0

e−u2/τvk−1(0, t − u2) du,

which has the time derivative

∂tv
k(0, t) =

−c̄

λ
√

τπ

∫ √
t

0

e−u2/τ∂tv
k−1(0, t − u2) du.

As v1(0, t) > 0 and ∂tv
1(0, t) > 0 for t < w, v2(0, t) < 0

and ∂tv
2(0, t) < 0 for t < w. This pattern continues for

all k, and thus |vk(0, t)| attains its unique maximum

when t = w for any k, leading to the error bound

max
t

|vk(0, t)| =
c̄

λ
√

πτ

∫ √
w

0

e−u2/τ |vk−1(0, w − u2)| du

≤ c̄

λ
√

π
|vk−1(0, w)|

∫ √
w/τ

0

e−s2

ds

≤ c̄
√

w/τ

λ
√

π
|vk−1(0, w)|

= γ max
t

|vk−1(0, t)|,

given the change of variables s = u/
√

τ . Therefore,

maxt |vk(0, t)| ≤ γk−1 maxt |v1(0, t)| for any k ≥ 1. �

Within the physiological range, γ ≪ 1. For example,

if g = 1 nS, w = 2 ms, and all other parameters are

given by Eq. 11, then γ ≈ 0.098. Therefore, only the
first few terms in the series make noticeable contribu-

tions to the synaptic potential and thus to the potential

throughout the cable. Explicitly,

max
t

∣∣∣∣∣∣
v(0, t) −

k∑

k=1

vk(0, t)

∣∣∣∣∣∣
≤ γk

1 − γ
max

t
|v1(0, t)|. (43)

In Fig. 14 we illustrate the convergence of the series
evaluated at the synapse when the synapse is at the

cable’s midpoint, in which case Eq. 43 applies, and at

an endpoint, in which case the boundary conditions can
no longer be ignored.

Moment-Matching Since each Volterra term is governed

by a linear system, its transfer function provides a linear
mapping from the input (g or gvk−1) to the output (yk)

in the frequency domain. As was done in §2.5, one can

use the inverse Laplace transform to relate the error,
maxt |yk(t) − ŷk(t)|, to the error in the transfer func-

tions evaluated along the imaginary axis. As for the in-

jected input case, each transfer function has only real,

negative poles and is a low-pass filter. We thus write
each transfer function as a Taylor expansion about the

origin and analyze the accuracy of the reduced system

by its ability to match the leading moments.



18 Kathryn Hedrick, Steven J. Cox

We derive the transfer functions in Appendix B. The
moments for the first Volterra term of the full and re-

duced systems are given by

Mj = eT
siz(G

−1C)jG−1Eep, and

M̂j = eT
sizX(Ĝ−1Ĉ)jĜ−1XT Eep. (44)

The transfer functions for the second Volterra terms are

two-dimensional and have the moments

Mij = eT
siz(G

−1C)iG−1N(G−1C)jG−1Eep, and

M̂ij = eT
sizX(Ĝ−1Ĉ)iĜ−1N̂(Ĝ−1Ĉ)jĜ−1XT Eep. (45)

As the accuracy of the reduced system largely depends

on the ability of ŷ1 and ŷ2 to approximate y1 and y2,
we focus in §4.3 on the ability of the reduced system to

match the leading moments Mj and Mij .

4.3 Theory: Reducers for Synaptic Input

We compare the ability of three reduced models to ap-
proximate the siz potential given synaptic input. The

first reduced model was recently presented in (Yan and

Li, 2011), and its theory is based on the work of Phillips
concerning bilinear systems (Phillips, 2000, 2003). Given

a small number of synaptic inputs at compartments

{pj}, let the reducer Z and corresponding reduced ma-
trices be given by

Z = orth
(
G−1B G−2B . . . G−rB

)
, B =

(
ep1

. . . epm

)
,

Ĉ = ZT CZ, Ĝ = ZT GZ, and N̂ = ZT NZ. (46)

Such a reduced model is accurate but is limited by the

number of synaptic inputs. The second reduced model is

constructed from the reducer derived for injected input,

presented in §4.1 and given by

X = orth
(
G−1esiz G−2esiz . . . G−resiz

)
,

Ĉ = XT CX, Ĝ = XT GX, and N̂ = XT NX. (47)

The final reduced model we consider approximates y by
y1, where the synaptic input is replaced by the corre-

sponding injected input approximation. The resulting

reduced model is given by Eq. 47 with N = 0. We com-
pare the accuracy of the three models theoretically in

Props. 6 and 7 and numerically in Figs. 16 and 17. The

theory is again presented in the context of monosynap-
tic input but can be generalized for polysynaptic input.

Prop. 6 If the cable is driven by a single synaptic in-

put at compartment p and the reduced model is given
by Eq. 46, then Ĥreg

k (s1, . . . , sk) = Hreg
k (s1, . . . , sk) +

O(sr
1 · · · sr

k) for any k ≥ 1.

Proof: For the uniform cable, C = ACmIn, and thus
Kr(G

−1C,G−1ep) ⊆ sp(Z). Assume 0 ≤ i < r. By

Eq. 44, one can show that Mi = M̂i similarly to the

proof of Prop. 1. By substituting N = epe
T
p into Eq. 45,

Mij = [eT
siz(G

−1C)iG−1ep][e
T
p (G−1C)jG−1Eep]

= Mie
T
p (G−1C)jG−1ep. (48)

Similarly, since Mi = M̂i,

M̂ij = Mie
T
p Z(Ĝ−1Ĉ)jĜ−1ZT ep.

Using the projector Q ≡ ZĜ−1ZT G onto sp(Z),

M̂ij = Mie
T
p (ZĜ−1ZT C)jZĜ−1ZT ep

= Mie
T
p (QG−1C)jQG−1ep

= Mie
T
p (G−1C)jG−1ep = Mij

for 0 ≤ j < r. One can continue the proof iteratively

for any k > 2. �

While Z leads to an accurate reduced system, the re-

ducer and thus the reduced system depend on synaptic
locations. Even worse, the reduced system size grows

with the number of inputs, and Z could not be used

for simulations such as those in Fig. 12 in which each
compartment of the full neuron contains a synapse. In

contrast, the reduced model given by Eq. 47 is inde-

pendent of synaptic inputs and works well numerically,

as illustrated in Fig. 12. To theoretically examine the
model’s accuracy, we focus on the ability of the reduced

model to match the leading moments Mi and Mi0 for

0 ≤ i < r, which provides a good indication of the ac-
curacy in the siz approximation for fast, small inputs.

Prop. 7 Assume 0 ≤ i < r. If the cable is driven
by a single synaptic input into compartment p and the

reduced model is given by Eq. 47, then M̂i = Mi, and

|Mi0 − M̂i0|
|Mi0|

= 1 −
r∑

k=1

(eT
p qk)2/(eT

p G−1ep) < 1, (49)

where sp(q1, . . . , qr) = sp(X) and qT
j Gqk = δjk, the

Kronecker delta function, for 1 ≤ j, k ≤ r. The relative

error given by Eq. 49 converges to zero monotonically
as r → n, and Mi0 = M̂i0 for any r if the synapse and

siz are located in the same compartment.

Proof: Assume 0 ≤ i < r. One can show that M̂i = Mi

similarly to the proof of Prop. 1. Since N = epe
T
p and

C = ACmIn, Eqs. 44 and 45 imply that

M̂ij = Mie
T
p X(Ĝ−1Ĉ)jĜ−1XT ep

= (ACm)jMie
T
p (XĜ−1XT )j+1ep

= (ACm)jMie
T
p (PG−1)j+1ep,
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where P ≡ XĜ−1XT G is a projector onto sp(X). By
combining this result with Eq. 48,

∣∣Mij − M̂ij

∣∣
∣∣Mij

∣∣ =

∣∣eT
p

[
(G−1)j+1 − (PG−1)j+1

]
ep

∣∣
∣∣eT

p G−(j+1)ep

∣∣ . (50)

Thus, the ability of ŷ2 to approximate y2 depends on

the action of the projector P on G−1. We focus on the

error in the leading moments for which j = 0. As de-

scribed in §2.5, for dx sufficiently small,

G−1(c1, c2) ≈
λRa

πa2 sinh(ℓ/λ)
cosh

(ℓ − xc1

λ

)
cosh

(xc2

λ

)
,

(51)

for any two compartments c1 and c2 at locations xc1
≥

xc2
, where λ is given by Eq. 40. Thus, eT

p G−1ep > 0,
and Eq. 50 can be written in terms of the Rayleigh

quotient R by

|Mi0 − M̂i0|
|Mi0|

= |1 − R|,

where

R =
(G−1/2ep)

T (G1/2PG−1/2)(G−1/2ep)

(G−1/2ep)T (G−1/2ep)
.

Let {θk} and {q̃k} be the n eigenvalues and eigenvectors

of G1/2PG−1/2. Since P is a projector of rank r, each of

its eigenvalues θk and eigenvectors qk = G−1/2q̃k obey

θk = 1 and qk ∈ sp(X) for k = 1, . . . , r;

θk = 0 and Gqk ∈ null(XT ) for k = r + 1, . . . , n;

where we used the fact that if Pqk = 0, then XT Gqk =
0 since both X and Ĝ−1 have full column rank. There-

fore, 0 ≤ R ≤ 1.

By the symmetry of G1/2PG−1/2, assume its eigen-

vectors {q̃k} form an orthonormal basis for R
n, which

permits the decomposition

G−1/2ep =

n∑

k=1

(eT
p G−1/2q̃k)q̃k =

n∑

k=1

(eT
p qk)q̃k,

where qT
j Gqk = q̃T

j q̃k = δjk for 1 ≤ j, k ≤ n. Hence,

(G−1/2ep)
T (G1/2PG−1/2)(G−1/2ep)

=

n∑

k=1

(eT
p qk)2θk =

r∑

k=1

(eT
p qk)2,

and

(G−1/2ep)
T (G−1/2ep) = eT

p G−1ep =

n∑

k=1

(eT
p qk)2.
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Fig. 15 Relative error between Mi0 and M̂i0, given by
Eq. 49 and plotted as a function of the distance between the
synapse and siz. The error is independent of i if i < r, and
we numerically find that the error decreases for j > 0.

Therefore, R → 1 monotonically as r → n, and

R =

r∑

k=1

(eT
p qk)2/(eT

p G−1ep).

Since q1 is proportional to G−1esiz, eT
p q1 > 0 by Eq. 51.

Hence R > 0, and Eq. 49 holds. Finally, G−1/2esiz =

G1/2G−1esiz ∝ q̃1, implying that R = 1 and Mi0 = M̂i0

if xp = xsiz. �

Fig. 15 shows the relative error given by Eq. 49 for

a uniform cable driven by a single synaptic input. Al-

though the reduced model given by Eq. 47 does not cap-
ture the higher dimensional moments as well as does the

reduced model given by Eq. 46, it is independent of the

synaptic input and does not grow with the number of
synapses. Furthermore, since the relative error between

Mi0 and M̂i0 is less than one, it captures some of the

nonlinearity incorporated by y2, providing a better ap-

proximate for the siz potential than does ŷ1, the approx-
imation given only injected input for which M̂ij = 0.

This is illustrated in Fig. 16.

We close by stimulating a CA1 pyramidal neuron
with fifty transient synaptic inputs, 70% of which ar-

rive at distal excitatory synapses and 30% of which ar-

rive at proximal inhibitory synapses. The reducer Z can
no longer be used, and the results again demonstrate

that the reduced system generated from X incorporates

much of the sublinear summation.

5 Conclusion

We construct morphologically accurate reduced models
of the passive neuron given current injection, the quasi-

active neuron given current injection, and the passive

neuron given synaptic input. In each case the reduced
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Fig. 16 Comparison of the reduced passive systems and the
partial summations in the Volterra series given a single synap-
tic input at the midpoint of the cable. A. Potential at the
siz for the full system containing 100 compartments (solid
black), the sum of the leading Volterra terms (dashed blue
and green), and the reduced systems generated from Eq. 46
(dashed red) and Eq. 47 (solid red). B. Relative 2-norm error
in the siz potential for the sum of the leading Volterra terms
(left) and for the two reduced systems (right). The output of
the reduced system constructed from X converges to the sum
of the first two Volterra terms.

model accurately reproduces the transmembrane poten-

tial at the siz, increases the efficiency of numerical sim-

ulations, can be represented by a circuit similar to that
of the full model, and is constructed from a reducer

which is input-independent and formed through a sim-

ple application of the Arnoldi procedure. Our numerical
simulations illustrate that the reduced models are accu-

rate given any general set of inputs, including the worst

case scenario of square pulses with random start times.
We analyze their accuracy by examining the transfer

functions evaluated along the imaginary axis to show

that the reduced models perform well in theory as well

as in practice.

Transient synaptic input currents can be approxi-
mated by the corresponding injected input currents for

which the sublinear summation effect is ignored. The

passive model then becomes a linear mapping from the

injected input currents to the siz potential, and a clas-
sic Krylov subspace projection method gives rise to a

reduced model represented by an RC circuit similar to

the circuit representation of the full model. For both
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Fig. 17 Integration of synaptic input within the full den-
dritic tree of a CA1 pyramidal neuron. A. Spatial distribu-
tion of fifty transient conductances given by Eq. 35 within
a 2D-projection of the dendritic tree, where g = 3 nS and
τ = 3 ms. Red dots indicate excitatory synapses for which
Esyn = 50 mV , and blue dots indicate inhibitory synapses
for which Esyn = 0. B. Potential at the siz for the full sys-
tem of size 1058 (solid black), the first Volterra term (solid
cyan), and the reduced system (dashed) given by Eq. 47. The
potential y1 incorporates only the response to injected input,
while the reduced system demonstrates sublinear summation.
C. Proportion of the simulation time for the reduced system
with r compartments to that of the full system. D. Relative
2-norm error in the siz potential.

the full and reduced systems, the state variables rep-
resent the transmembrane potential within each com-

partment, and currents cross the membrane of each

compartment according to the membrane capacitance
and leakage conductance. The circuits are not identical,

however, as the reduced circuit has an additional trans-

membrane current, and the reduced compartments are

fully connected. Despite this increased density of con-
nections, the reduced model increases the efficiency of

simulations since accuracy is obtained using far fewer

compartments than are needed in the full model. For
example, in our simulations of a CA1 pyramidal neu-

ron, the reduced model accurately reproduces the siz

potential using less than 1% of the number of compart-
ments in the full model and has a speed-up factor of

over ten.

The reducer is a matrix used to transform the full
system into the reduced system and is chosen such that

the transfer functions for the full and reduced systems

agree at small frequencies, a desirable property since

. . . 
' "-\, .. ... . . 

'..- ..... \ . ', 
,, \\,,.· 

. .. 
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the transfer function for the passive neuron is a low-
pass filter. Each column k of the reducer maps the in-

puts for the full system into the input for compartment

k of the reduced system. The first column acts as the

dendritic filter to attenuate each input as a function
of the electrotonic distance between the corresponding

synapse and siz. The subsequent columns are gener-

ated such that the reducer is orthonormal and spans
the space determined by a particular set of basis vec-

tors for which we derive analytical expressions. As the

basis vectors depend only on the location of the siz and
the intrinsic properties of the neuron (the membrane

capacitance and conductance, the axial conductance,

and the compartmental connectivity), the reducer and

thus the reduced model are input-independent.

The quasi-active system is represented by an RLC

circuit. If the neuron has n compartments, then the last
n state variables represent the transmembrane potential

within each compartment, and each prior subgroup of

n state variables represents the transmembrane current
within each compartment dependent on the correspond-

ing gating variable. We use a model reduction technique

designed to preserve the block structure in the system’s
matrices (Li and Bai, 2005) to preserve this RLC circuit

structure. The state variables of the reduced system are

analogous to those of the full system, and the reduced

compartments again become fully connected. As was
found in the passive case, however, accuracy in the siz

potential requires relatively few compartments, and the

reduced system is highly efficient despite the increase in
density. For our simulations of the CA1 pyramidal neu-

ron consisting of sodium and potassium channels as well

as the h-current, the reduced model accurately repro-
duces the siz potential using only 0.5% of the number

of compartments in the full model and has a speed-up

factor of almost one hundred.

The theory underlying the reduction of the quasi-

active system is similar to the theory for the reduced

passive system, but the transfer function is no longer
a low-pass filter. Quasi-active neurons generally have

a nonzero resonant frequency, which shifts the peak of

the transfer function evaluated along the imaginary axis
away from zero to create a band-pass filter. Further-

more, the poles of the transfer function shift closer to

the real axis as the potential oscillations grow, and they
cross into the right half of the complex plane for unsta-

ble systems. Despite these nuances, approximating the

transfer function at small frequencies still produces an

accurate reduced system given the physiological range
of resonant frequencies, as we numerically illustrate by

simulating the quasi-active cable and tree consisting of

potassium and sodium currents as well as the h-current

using various values for the peak conductance in the
h-current.

The reduced model easily generalizes to the den-

dritic tree for which the radius varies in space. When

the peak conductance of an active channel varies, how-
ever, the reduced model generated from Eqs. 27-30 no

longer applies as Prop. 4 no longer holds. A reduced

model of size r can be constructed in this general case
using the basis vectors Xbasis = {(G−1C)kG−1esiz}r−1

k=0,

as was done in (Yan and Li, 2011). Although accurate,

the resulting reduced system does not lend itself to a

circuit representation. Structure-preserving model re-
duction of the general quasi-active system is an impor-

tant future direction of this work.

The passive system given synaptic input is the most
computationally complex system we consider as the siz

potential has a nonlinear dependence on the synaptic

input conductances. Despite this complexity we find
that the siz potential is well-approximated by applying

the reducer derived for the passive system given injected

input. To analyze the accuracy of the resulting reduced

system, we expand the siz potential for each system as
a Volterra series in which each term is governed by a

system of linear ODEs. The leading terms dominate the

series, and for fast, small input conductances, only the
first few terms make a noticeable contribution to the

summation. We thus focus on the ability of the reduced

model to capture the first two Volterra terms.

The reduced model quickly captures the first Volterra
term as this term is nothing more than the response to

injected inputs. Although the convergence is slower for

subsequent Volterra terms, we show through both the-
ory and numerical simulations that the reduced model

captures much of the sublinear summation incorporated

by the second Volterra term, always providing a better
approximation of the siz potential than does the full

model for which the synaptic input is approximated by

injected input. Given a small number of fixed synapses,

the reduced model presented in (Yan and Li, 2011) is
preferable as it captures all Volterra terms by requir-

ing the potential to be accurate at each synapse. This

reduced model, however, depends on the synaptic loca-
tions and grows with the number of synapses, and thus

our reduced model should be used for the general case

in which synaptic input may arrive at any compart-
ment, a necessary assumption for retaining the spatial

specificity in the input signal. The next step in this

work is to construct a reduced model which captures all

Volterra terms but is input-independent and preserves
the circuit structure. Such a reduced model would be

an important step toward structure-preserving model

reduction of the active neuron.
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The reduced models we present are unique as they
not only accurately reproduce the siz potential, but

they also preserve the circuit structure, have simple

construction procedures, can be applied to any neuron,

and are independent of the locations and number of in-
puts. A reduced model with these properties is a pow-

erful tool for modeling neuronal activity as the input-

output map of the reduced model can be analyzed and
interpreted in terms of neuronal function. When mod-

eling neurons for which the inputs are well understood,

such as the LGMD or CA1 pyramidal neuron, the re-
duced model can be used not only for efficient numeri-

cal simulations but also to help elucidate the functions

performed in dendrites.
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Appendix A: Construction of the Volterra Series

The Volterra series is a useful representation of non-
linear systems, but thorough accounts of its derivation

and convergence are sparse in the literature. In this

appendix we derive the Volterra series for the passive
cable given synaptic input and establish its convergence

by relating it to the well–studied Picard iterates. For an

alternative approach to the Volterra series, see §5.3 of

(Mohler, 1991).
Consider the full model for the passive cable driven

by monosynaptic input,

v′(t) = Av(t) + bg(t) + Bv(t)g(t), v(0) = 0,

where by Eq. 33, A = −C−1G, b = C−1Eep, and B =
−C−1N . Define f(t) ≡ e−Atv(t). Then,

f ′(t) = e−At
[
bg(t) + BeAtf(t)g(t)

]
, f(0) = 0. (52)

If g(t) were transient, the product f(t)g(t) would be

relatively small, motivating the initial guess

f1(t) =

∫ t

0

e−Asbg(s)ds.

Eq. 52 is solved by the fixed point problem

f(t) = f1(t) +

∫ t

0

K(s)f(s)ds,

where

K(t) = e−AtBeAtg(t).

Each iterate is used to generate the next guess for f via

fk(t) = f1(t) +

∫ t

0

K(s)fk−1(s)ds.

This method is known as Picard iterations or the method
of successive approximations, and as both fk and K are

continuous, fk(t) converges to f(t), as shown in §1.10

of (Braun, 1975). We construct the Volterra series by

defining v1(t) ≡ eAtf1(t) and vk(t) ≡ eAt(fk−fk−1)(t)
for k > 1. Its convergence follows via

∞∑

k=1

vk(t) = eAt
(
f1 +

∞∑

k=1

(fk+1 − fk)
)

= eAtf(t) = v(t).

Unwrapping each term reveals

v1(t) = eAtf1(t) =

∫ t

0

eA(t−s)bg(s)ds, (53)

implying that (v1)′(t) = Av1(t) + bg(t), or

C(v1)′(t) + Gv1(t) = Eepg(t), v1(0) = 0. (54)

Similarly, for k ≥ 2,

vk(t) = eAt

∫ t

0

K(s)e−Asvk−1(s)ds

=

∫ t

0

eA(t−s)Bg(s)vk−1(s)ds, (55)

implying that (vk)′(t) = Avk(t) + Bg(t)vk−1(t), or

C(vk)′(t)+Gvk(t) = −g(t)Nvk−1(t), vk(0) = 0. (56)

The series easily generalizes for polysynaptic input by

replacing the input of Eq. 54 with
∑m

j=1 Epj
epj

gpj
(t)

and of Eq. 56 with −∑m
j=1 gpj

(t)N (pj)vk−1(t).

Appendix B: Transfer Functions for the Volterra

Series

When the cable is driven by injected input currents, we

construct a reduced system to match the leading mo-
ments of the transfer functions for the full and reduced

systems. The same procedure can lead to an appropri-

ate reducer for the cable driven by synaptic input by
considering the transfer functions for each term in the

Volterra series, where each transfer function maps the

synaptic conductance g to yk = eT
sizv

k. In this appendix
we derive the transfer functions for each Volterra term

given monosynaptic input. The transfer functions can

be generalized for polysynaptic input.

Assume g(t < 0) = 0 and define the kernel

h1(t) ≡
{

eAtb if t ≥ 0,
0 otherwise,

where A = −C−1G and b = C−1Eep. Eq. 53 can be

written as

v1(t) =

∫ ∞

−∞
h1(τ)g(t − τ)dτ = (h1 ⋆ g)(t). (57)
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As expected, v1 depends linearly on g, and by the con-
volution theorem,

Lv1(s) = H̃1(s)Lg(s), where H̃1 = Lh1

and L denotes the Laplace transform. The transfer func-

tion H̃1 is then given by

H̃1(s) =

∫ ∞

0

e(A−sI)tb dt = (G + sC)−1Eep.

Since the passive system is stable, H̃1 is well-defined if

Re(s) ≥ 0 and provides the mapping

Ly1(s) = H1(s)Lg(s), where H1 = eT
sizH̃1. (58)

We next strive to write the second Volterra term as a

convolution, which would allow us to easily compute its
transfer function. By Eq. 55, v2 depends on the product

of v1 and g, both of which depend on g. We thus make

the educated guess that v2 can be written as

v2(t) =

∫∫

ℜ2

h2(τ1, τ2)g(t − τ1)g(t − τ2)dτ1dτ2 (59)

and solve for the kernel h2. As Eq. 59 is not quite a

convolution, we pause to show the advantage of its form.

Define g(t1, t2) ≡ g(t1)g(t2), and define

v(t1, t2) ≡ (h2 ⋆ g)(t1, t2).

Then, v2(t) = v(t, t), and by the convolution theorem,

Lv(s1, s2) = H̃2(s1, s2)Lg(s1, s2)

= H̃2(s1, s2)Lg(s1)Lg(s2),

where H̃2 = Lh2. Therefore,

v2(t) = L−1
(
H̃2(s1, s2)Lg(s1)Lg(s2)

)
(t, t), (60)

and the two-dimensional transfer function H̃2 does in-

deed map the input g to the output v2 in the frequency

domain. We now return to the computation of the ker-

nel h2 and corresponding transfer function. By Eq. 55,

v2(t) =

∫ ∞

0

eAτ1Bv1(t − τ1)g(t − τ1)dτ1,

where B = −C−1N . By Eq. 57,

v1(t − τ1) =

∫ ∞

0

h1(s)g(t − τ1 − s)ds

=

∫ ∞

0

h1(τ2 − τ1)g(t − τ2)dτ2,

given the change of variables τ2 = τ1 +s. Eq. 59 is then

obtained by defining the kernel

h2(t1, t2) ≡
{

eAt1BeA(t2−t1)b if 0 ≤ t1 ≤ t2,

0 otherwise.

The transfer function H̃2 = Lh2 is given by

H̃2(s1, s2) =

∫ ∞

0

∫ ∞

0

e−s1t1−s2t2h2(t1, t2)dt1dt2

=

∫ ∞

0

e(A−s1I)t1BI(t1; s2)dt1

where

I(t1; s2) =

∫ ∞

0

e−s2t2h1(t2 − t1)dt2

=

∫ ∞

0

e−s2(t1+τ)h1(τ)dτ = e−s2t1H̃1(s2).

Hence, if Re(s1 + s2) ≥ 0, then

H̃2(s1, s2) =

∫ ∞

0

e(A−(s1+s2)I)t1BH̃1(s2)dt1,

= −(G + (s1 + s2)C)−1N(G + s2C)−1Eep.

Finally, H2 ≡ eT
sizH̃2 combined with Eq. 60 leads to

y2(t) = L−1
(
H2(s1, s2)Lg(s1)Lg(s2)

)
(t, t). (61)

To simplify notation, the transfer function can be writ-
ten in its regular form, defined in §2.3 of (Rugh, 1981)

such that H2(s1, s2) = Hreg
2 (s1 + s2, s2), or

Hreg
2 (s1, s2) = −eT

siz(G + s1C)−1N(G + s2C)−1Eep.

In a similar manner, one can iteratively compute the
kernels and corresponding transfer functions for each

Volterra term. As each Volterra term has an increas-

ingly nonlinear dependence on g, it can be written as

vk(t) = (hk ⋆ g)(t, · · · , t),

where g(t1, · · · , tk) ≡∏k
j=1 g(tj). Given v(t1, · · · , tk) ≡

(hk ⋆ g)(t1, · · · , tk),

Lv(s1, · · · , sk) = H̃k(s1, · · · , sk)Lg(s1) · · · Lg(sk),

and vk(t) = v(t, · · · , t). The transfer function for the
output yk in its regular form is then given by

Hreg
k (s1, · · · , sk) =(−1)k+1eT

siz

k−1∏

j=1

((G + sjC)−1N)

× (G + skC)−1Eep,

Hk(s1, · · · , sk) = Hreg
k (s1+. . .+sk, s2+. . .+sk, . . . , sk).
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