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Abstract

Numerical Solutions of Matrix Equations Arising

in Model Reduction of Large-Scale

Linear-Time-Invariant Systems

by

Hung Dinh Nong

This thesis presents and analyzes new algorithms for matrix equations arising from

model reduction of linear-time-invariant (LTI) systems. Such systems arise in a vari-

ety of areas, especially in circuit simulation. When an integrated circuit has millions

of devices, performing a full-system simulation can be infeasible due to the time re-

quired for the nonlinear solver to compute the solution of large linearized systems.

Model reduction becomes indispensable since model reduction techniques aim to pro-

duce low-dimensional systems that capture the same response characteristics as the

originals while enabling substantial improvement in simulation time and resulting in

greatly reduced storage requirements.

One of the crucial physical features of LTI systems in circuit simulation is pas-

sivity, which is essential to preserve during model reduction. Passivity preserving

model reduction using the invariant subspace method in conjunction with positive

real balancing for LTI systems provides an error bound and involves the solution of

two Riccati equations. The contributions of this thesis are fourfold. First, a gener-



iii

alization of the invariant subspace method for passivity preserving model reduction

is presented for LTI systems in descriptor form. Second, two iterative algorithms to

compute the solution of the two algebraic Riccati equations are derived. Even though

these two iterative algorithms have been in existence, the thesis introduces them here

in addition with specific conditions on LTI systems for their convergence.

At each step of either iteration, a pair of Lyapunov equations result. The the-

sis next investigates a parameter free ADI-like (PFADI) method for the solution of

the Lyapunov equation. This PFADI method involves the solution of the Sylvester

equation at each step, and its computational complexity depends on how efficiently

the solution of the Sylvester equation is obtained. The final part of the thesis is

devoted to the study of two techniques to solve the Sylvester equation. The first

technique is to obtain the solution of the Sylvester equation via that of an invariant

subspace problem. The thesis presents a complete analysis and an efficient algorithm

to compute the optimal real shift for the Cayley transformation used in the invariant

subspace technique. The analysis is then generalized for multiple optimal real shift

selection for the ADI technique for the solution of the Sylvester equation.
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Chapter 1

Introduction

Physical systems are commonly described by mathematical models and these models

have become more and more complex due to advanced requirements in manufactur-

ing. In addition, demands of accuracy in computational results, as for constructional

designs for example, and of speed in performance, as for electronic devices for ex-

ample, result in sophisticated and large-scale mathematical models. It is crucial to

understand how these models behave dynamically under certain constraints in time.

In some cases, such as in wave surge forecasting or in weather prediction, this desire

becomes essential. However, most of the time, the goal is out of reach due to a dis-

crepancy between the moderate computational capability of the current technology

and a desired superior one. Model reduction becomes important and indispensable

in significantly reducing the size of the original models while keeping their response

characteristics, and hence enables substantial improvement in simulation time and

results in greatly reduced storage requirements.

This thesis is concerned with linear-time-invariant (LTI) systems, which result

from a variety of fields, especially in circuit simulation. An invariant subspace method

for passivity preserving model reduction is recalled and generalized for descriptor

1
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systems. This invariant subspace method is used in the context of positive real

balancing model reduction, which requires the solution of a pair of Riccati equations.

The thesis then presents two iterative methods to construct the minimal solutions of

these two large-scale controllability and observability algebraic Riccati equations. The

conditions under which the iterative methods converge are presented. At each step of

the iterations, a pair of Lyapunov equations need to be solved. A parameter free ADI-

like (PFADI) method is used exclusively for this task. Within the PFADI method, the

thesis presents a complete analysis and an efficient algorithm to compute the optimal

shift for the Cayley transformation used in constructing a required invariant subspace

for the solution of the projected Sylvester equation. This analysis is then generalized

for optimal multiple real shift selection of the ADI method in solving the Sylvester

equation. Numerical examples will be provided to demonstrate the presented theories.

In this thesis, except when specified otherwise, upper case bold letters (A, B, etc.)

denote matrices, lower case bold letters (x, y, etc.) vectors, and non-bold or Greek

letters scalars. Script letters (A, E , etc.) denote special or structured matrices. The

transpose of the matrix A is denoted by AT .

This chapter first motivates model reduction in producing systems of smaller size

to overcome a lack in computational and storage capability available with current

technology. It then provides a mathematical description of LTI systems. Next, pas-

sive systems are defined and passivity preserving model reduction for LTI systems is

presented as the problem of interest.

1.1 Motivation for Model Reduction

Demands of accuracy in results (such as in weather prediction or in chemical reac-

tions) and of speed in performance (such as in electronic devices) result in complex
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and sophisticated physical systems. Thus, the resulting mathematical models that

describe these physical systems are significantly large in size. Take for example a wave

surge forecast in the North Sea. Figure 1.1 shows the depth of the sea at various loca-

tions. Since part of the Netherlands is below the sea level, it is important to monitor

and predict wave surges at river openings. In addition, warnings are expected to be

issued at least six hours ahead to provide enough time for necessary preparations

(Verlaan et al. [87]).

Figure 1.1: Wave surge forecast in the North Sea. Wave propagation in the shallow sea is described
by the shallow water equations. The resulting mathematical model has 60, 000 equations and requires
more than two days of computational time (Obtained from Verlaan [86]).

In this problem, wave propagation in the shallow sea is described by the shallow

water equations. With a finite element discretization, the resulting mathematical

model has approximately 60, 000 ODEs and requires more than two days of compu-

tation (on a laptop) to return the results on how the sea level responds to the current

input data (Verlaan [86] and Heemink et al. [42]). This kind of computational com-

J : W 

:« ,u 

110 2,-00 

2000 
< 

'""' 
'""' 
,oo 

C 
0 



4

plexity and time demand is due to a lack of computational and storage capability of

the current technology (1998-2000).

Imagine an even more demanding situation in which a certain simulation is ex-

pected to produce results dynamically (in real-time simulation), i.e., the output of

the dynamical system is part of the input and thus will take part in calibrating the

entire dynamics of the system. Then the computational complexity and time in this

case need to be reduced significantly for the simulation to take place.

Model reduction has come to the rescue because model reduction algorithms aim

to produce low-dimensional systems that capture the same response characteristics

as the original systems while enabling substantial improvement in simulation time

and resulting in greatly reduced storage requirements. In other words, the resulting

low-dimensional reduced models represent the original systems to a certain prescribed

error tolerance and preserve the essential features.

Model reduction sees its applications in a wide range of areas such as chemical

reactions, neuronal modeling, wave surge forecasting, civil engineering, circuit sim-

ulation and so on. As mentioned earlier, this thesis is concerned with LTI systems,

which result from a variety of fields, especially in circuit simulation. The following

sections will focus on circuit simulation and its resulting LTI systems.

1.2 Linear Time Invariant (LTI) Systems

An LTI system Σ can be represented as the following set of first order ordinary

differential equations (ODEs):

Eẋ(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t),
(1.1)
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where E ∈ Rn×n need not be invertible, A ∈ Rn×n, B ∈ Rn×m, C ∈ Rp×n and

D ∈ Rp×m and x(t) ∈ Rn is the state, u(t) ∈ Rm the input and y(t) ∈ Rp the output

of Σ at time t. In addition, n is the size of the system Σ, m the number of inputs

and p the number of outputs. The system Σ in (1.1) is in descriptor form. If E = I,

the identity matrix, then Σ is in non-descriptor form:

ẋ(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + Du(t).
(1.2)

If m = p = 1, then (1.1) (and hence, (1.2)) is referred to as a single-input single-

output (SISO) system and, if m > 1 and p > 1, it is a multi-input multi-output

(MIMO) system.

Given an LTI system Σ in (1.1), its input-output relationship in the frequency

domain is determined by its transfer function:

G(s) = C(sE−A)−1B + D. (1.3)

Similarly, the transfer function of (1.2) is

G(s) = C(sI−A)−1B + D. (1.4)

1.3 Circuit Simulation

Advances in manufacturing enable the fabrication of integrated circuits containing

tens-to-hundreds of millions of devices. However, the time-sensitive modeling and

simulation necessary to design these circuits pose a significant computational chal-

lenge. When the integrated circuit has millions of devices, performing a full system
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simulation can be infeasible. For instance, Figure 1.2 shows the evolution of integrated

circuits (IC). In particular, the Intel Pentium IV chip consists of approximately 55

million components, which require about 4 kilometers of interconnect between devices

on the chip. This interconnect consists of coupled transmission lines of RLC cells and

can be modeled as an LTI system. Simulations are required to verify that internal

electromagnetic fields do not significantly delay or distort circuit signals. However,

the resulting LTI system would be very large in terms of computational complexity

(on the order of n = 106 to 109), which in turn would require a very long compu-

tational time to simulate (van der Meijs [83]). In reality, even standard simulation

packages such as SPICE cannot handle systems this large. Thus, these LTI systems

need to be reduced so that the simulation process can be conducted.

Also as mentioned in Section 1.1, in addition to representing the original systems

to a certain prescribed tolerance, the reduced models need to have the same response

characteristics as the original systems. In other words, essential features of the origi-

nals need be preserved during model reduction. In this case of circuit simulation, the

resulting LTI systems are coupled transmission lines of RLC cells. Therefore, they

are passive. It turns out that passivity is a very important feature that needs to be

preserved during model reduction of these LTI systems.

1.4 Passive Systems and the Importance of Pas-

sivity in Circuit Simulation

In this section, definitions and properties of passive systems are presented. The

section then shows why passivity is important in circuit simulation, and hence needs

to be preserved during model reduction.
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1960’s: IC 1971: Intel 4004 2002: Intel Pentium IV
10µm details 10µm details 0.13µm details

2300 components 55M components
108KHz speed 2.4GHz speed

4km interconnect
7 layers

Figure 1.2: Evolution of IC design. The interconnects in these processors can be modeled as passive
systems for they are coupled transmission lines of RLC cells. (The first picture is obtained from
Antoulas [3]. The last two pictures and the corresponding information are obtained from Intel [47]
and Intel [48].)

1.4.1 Passive Systems

Consider the LTI system Σ defined in (1.1). A passive system is defined as follows:

Definition 1.1. The system Σ in (1.1) is passive if

Re

∫ t

−∞
u(τ)Ty(τ)dτ ≥ 0,

∀t ∈ R and ∀u ∈ L2(R), and strictly passive if there exists a positive real δ such that

Re

∫ t

−∞
u(τ)Ty(τ)dτ ≥ δ

∫ t

−∞
u(τ)Tu(τ)dτ,
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∀t ∈ R and ∀u ∈ L2(R).

Intuitively, a system Σ is passive if it does not generate energy internally and

is strictly passive if it consumes energy. Recall that the LTI system Σ in (1.1) has

the transfer function G(s) = C(sE −A)−1B + D, which addresses the relationship

between the input u(s) and the output y(s) in the frequency domain. Then the

following result (Willems [90]) follows.

Theorem 1.1. A system Σ is passive if and only if G(s) is positive real. In other

words, Σ is passive if and only if the following three conditions hold:

1. G(s) is analytic for Re(s) > 0,

2. G(s̄) = G(s),∀s ∈ C,

3. G(s) + (G(s))∗ � 0 for Re(s) > 0, where M � 0 means xTMx ≥ 0, ∀x.

Note that the last condition implies that there exists a stable rational matrix

function Q(s) such that G(s) + GT (−s) = Q(s)QT (−s).

1.4.2 Importance of Passivity in Circuit Simulation

Passivity is an essential property that needs to be preserved during model reduction

of LTI systems in circuit simulation. The reason, as pointed out in Odabasioglu

et al. [67], is that stable but not passive models can produce unstable systems when

connected to other stable, even passive, loads. A well-known result from circuit theory

states that: interconnections of stable systems may not necessarily be stable, but

(strictly) passive circuits are (asymptotically) stable, and arbitrary interconnections

of (strictly) passive circuits are (strictly) passive, and therefore, (asymptotically)

stable (Odabasioglu et al. [67]).

---
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As will be explained and presented in more detail in Section 2.3, the ultimate goal

of passivity preserving model reduction algorithms is to construct reduced models

that are relatively smaller in size than the originals, represent the originals well and

are also passive. To list a few, there has been considerable interest in passivity pre-

serving model reduction such as in Odabasioglu et al. [67], Antoulas [4], Sorensen [78],

Faßbender and Benner [27] and so on. These approaches aim to construct reduced

models as good approximations to the original systems and to preserve passivity dur-

ing model reduction at the same time. This thesis focuses on the method developed

in [78].

1.5 Organization of the Thesis

The thesis is organized as follows: Chapter 2 gives an overview of projection-based

model reduction, which is the common theme of most of the current model reduction

techniques. Two main schemes are presented: moment-matching-based and singular-

value-decomposition-based. The chapter concludes with a mathematical introduction

to passivity preserving model reduction. In Chapter 3, the theory of passivity pre-

serving model reduction via spectral zero interpolation by Antoulas [3, 4] is summa-

rized. This theory inspires the invariant subspace method of Sorensen [78], which is

presented in Chapter 4. In Chapter 5, the invariant subspace method for passivity

preserving model reduction in conjunction with the theory of positive real balanc-

ing result in the controllability and observability algebraic Riccati equations. The

derivation of these two Riccati equations and iterative techniques to compute ap-

proximations to the minimal solutions of the two equations in the large-scale setting

are next presented. Chapters 6 and 7 present the conditions under which the sug-

gested iterations for the two Riccati equations are convergent. Specifically, Chapter 6
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introduces the theory of M -matrices. Most of the results in this chapter are due to or

based upon the works done by Guo, Higham and Laub [39, 37, 38]. In Chapter 7, the

analysis of Newton’s method and the modified Newton’s method by Kantorovich and

Akilov [50] is presented. At the end of each of these two chapters, it is shown that, for

systems that satisfy the properties of M -matrices or the conditions shown in the anal-

ysis by Kantorovich and Akilov, the suggested iterations in Chapter 5 converge to the

minimal solutions of the corresponding algebraic Riccati equations. The focus now is

on the proposed iterations for the large-scale algebraic Riccati equations; each step of

each of the iterations involves solving a Lyapunov equation. Chapter 8 then presents

a brief summary of the current approaches to solve Lyapunov equations. The two

main schemes of interest are the approximate power iteration (API) and the Smith or

alternating direction implicit (ADI) method. These two schemes inspire the parame-

ter free ADI-like (PFADI) method [65], which is presented in Chapter 9. The chapter

concludes with details on the implementation of the PFADI. One of the important

steps of the PFADI method is to solve a projected Sylvester equation. Chapter 10

is devoted to study a technique, which obtains the solution of the Sylvester equation

via solving an associated invariant subspace problem. An analysis and an algorithm

are presented to compute the optimal shift for the Cayley transformation used for

constructing a required invariant subspace for the solution of the Sylvester equation.

In Chapter 11, the analysis to compute the optimal shift for the Cayley transforma-

tion used in the eigenvalue problem approach presented in Chapter 10 is generalized

for multiple optimal real shift selection for the ADI method to solve the Sylvester

equation. Chapter 12 presents numerical demonstrations of the PFADI method to

solve the Lyapunov equation with the invariant subspace problem approach to solve

the projected Sylvester equation. Chapter 13 provides concluding remarks with a

summary of the contributions of the thesis. A few future research directions will then
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be drawn to conclude the thesis.



Chapter 2

Projection-Based Model Reduction

Most of the current techniques in model reduction are projection-based methods,

which means that these techniques construct reduced systems by projecting the orig-

inals onto some lower-dimensional subspace. Mathematically, in all of these tech-

niques, given the original system Σ of degree n as in (1.1), one essentially starts

with the state space realization (E,A,B,C,D) of Σ and constructs two projection

matrices

V = [v1, . . . ,vk] ∈ Rn×k and W = [w1, . . . ,wk] ∈ Rn×k,

whose columns form bases of the two k-dimensional subspaces K and L of Rn, re-

spectively. These two k-dimensional bases for K and L satisfy

WTEV = Ik

so that a reduced model Σ̂ of order k (k � n) of Σ is obtained as a projection of Σ

on K and the residual of Σ̂ with respect to Σ is orthogonal to L.

Now, let x be an approximate solution to Σ in (1.1), where x satisfies the above

12
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specifications, i.e., x is a projection of the true solution on K and the residual is

orthogonal to L. Then x can be written as,

x = Vx̂,

for some x̂ ∈ Rk. Thus,

ẋ = V ˙̂x

⇒ Eẋ = EV ˙̂x

and the residual is

Eẋ−Bu−Ax = EV ˙̂x−Bu−AVx̂.

By requiring that the residual be orthogonal to L, it follows that

WT (EV ˙̂x−Bu−AVx̂) = 0

⇒ WTEV ˙̂x−WTAVx̂−WTBu = 0.

With WTEV = Ik, the reduced model Σ̂ of order k of Σ is obtained as follows,

˙̂x(t) = Âx̂(t) + B̂u(t)

ŷ(t) = Ĉx̂(t) + Du(t),
(2.1)

with its transfer function

Ĝ(s) = Ĉ(sIk − Â)−1B̂ + D, (2.2)

where Â = WTAV ∈ Rk×k, B̂ = WTB ∈ Rk×m, and Ĉ = CV ∈ Rp×k. The goal
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is to minimize the difference between ŷ in (2.1) and y in (1.1), i.e., to preserve the

original system’s response characteristics.

It is common in practice that the dimension of n is on the order of hundreds of

thousands or even millions while k is on the order of hundreds or thousands.

2.1 Moment-Matching-Based Model Reduction

In this section, a mathematical formulation of the moment-matching-based model

reduction is introduced. It is then followed by a short survey of existing techniques

of this form. For a more extensive study of the techniques, see for example [2] and

the references therein.

2.1.1 Mathematical Background

Consider the original LTI system Σ as in (1.1), its reduced model Σ̂ as in (2.1), and

their corresponding transfer functions as in (1.3) and (2.2). Let s0 ∈ C be some point

in the complex plane. Now one can write down the Laurent expansions of the transfer

functions (1.3) and (2.2) about s0 as follows:

G(s0 + σ) = η0 + η1σ + η2σ
2 + . . . (2.3)

Ĝ(s0 + σ) = η̂0 + η̂1σ + η̂2σ
2 + . . . , (2.4)

where ηi and η̂i are the moments of Σ and Σ̂ at s0 respectively. The moment-matching-

based model reduction methods aim to construct a reduced model Σ̂, with a certain

number of moments matching those of the original system Σ, i.e.,

ηi = η̂i, i = 1, . . . , l,
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for some l � n. In addition, the low-dimensional projections for these techniques

are constructed using Krylov subspace methods such as the Lanczos, Arnoldi and

rational Krylov subspace methods.

2.1.2 Existing Techniques

In the following, three representatives using these three different Krylov subspace

methods are presented: Padé via Lanczos (PVL), Passive Reduced-Order Intercon-

nect Macromodeling Algorithm (PRIMA) and multipoint rational interpolation.

Padé via Lanczos (PVL)

PVL was proposed by Feldmann and Freund [28] in 1995. Given an LTI system

Σ ≡ (E,A,B,C,D), the technique utilizes the Lanczos biorthogonalization proce-

dure to construct the two desired projection matrices as follows

((A− s0E)−1E)V = VT + feT
k ,

((A− s0E)−1E)TW = WTT + geT
k ,

where T = WT ((A− s0E)−1E)V is a tridiagonal matrix with WTV = Ik, WT f = 0,

VTg = 0, V,W ∈ Rn×k, f ,g ∈ Rn×m and T ∈ Rk×k. Then the oblique projector is

VWT . Since the Lanczos biorthogonalization procedure is two-sided, the number of

matched moments between the original and reduced models is twice the desired size

of the reduced model Σ̂ divided by the number of inputs, i.e, l = 2k/m. However,

stability and passivity of the reduced system are not assured. In addition, since the

construction of the projection via the Lanczos procedure depends on the pre-specified

expansion point, the method is local in nature. Hence, no global error bounds exist.
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In 1999, Bai et al. [10] proposed some error estimates for the reduction. However,

the analysis is restrictive to SISO systems and the error estimation depends heavily

on the expansion point and on the system characteristics.

Passive Reduced-Order Interconnect Macromodeling Algorithm (PRIMA)

PRIMA was proposed by Odabasioglu et al. [67] in 1998. Given an LTI system

Σ ≡ (E,A,B,C,D), the algorithm uses a block Arnoldi factorization as its core

method to construct the desired projection matrix as follows

((A− s0E)−1E)V = VH + feT
k ,

where H = VT ((A − s0E)−1E)V is an upper Hessenberg matrix with VTV = Ik,

VT f = 0, V ∈ Rn×k, f ∈ Rn×m and H ∈ Rk×k. Note that in this case, W = V. Then

the orthogonal projector is VVT . The number of matched moments is l = k/m. In

addition, the reduced system is proved to be stable and passive. However, the algo-

rithm is application-specific in that it only applies to LTI systems resulting from a

modified-nodal analysis (MNA) formulation. In addition, similar to PVL, the method

is local because the construction of the projection via the Arnoldi procedure depends

on the pre-specified expansion point. Thus, no global error bounds exist. In 2005, in

his Ph.D. thesis, Heres [43] provides some heuristic considerations for error control of

PRIMA. However, the error estimates depend significantly on the interpolation point.

Multipoint Rational Interpolation

The multipoint rational interpolation algorithm for model reduction was proposed
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by Grimme [34] in 1997 and Skoogh [76] in 1998. The method uses the rational

Krylov subspace procedure of Ruhe [73], which is a generalization of the standard

Arnoldi method. The multipoint rational interpolation method provides the flexibil-

ity of choosing a set of q different interpolation points (q ≤ k/m), and thus enhances

approximation of the transfer functions over a broad frequency range. The reduced

system matches a total of l = k/m moments of the original system at these interpola-

tion points. However, the shortcomings of the method are that it is local, and hence

does not have global error bounds and that it requires a user-specified selection of

interpolation points, which are not automated. In addition, passivity preservation is

not guaranteed.

In summary, the common features of moment-matching-based model reduction meth-

ods are as follows: First, they are designed to produce reduced-order models that

match original systems with a certain number of moments at interpolation points.

Second, they take advantage of Krylov iterative methods, and hence are very effi-

cient in terms of computational time complexity. Third, they are local in nature,

depending on interpolation points specified by the users, and therefore no global er-

ror bounds exist. Intuitively, this feature implies that the users cannot tell how good

the resulting approximates are mathematically. Heuristic considerations in error es-

timation have been proposed. However, these proposals are often system-dependent

and interpolation-point-dependent. Also, with an exception of a few well-designed

techniques such as PRIMA, most of the methods do not assure stability and passivity

during model reduction.
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2.2 Singular-Value-Decomposition-Based Model Re-

duction

In this section, a mathematical formulation of the singular-value-decomposition-based

model reduction is introduced. It is then followed by a short survey of existing

methods of the scheme. For a more extensive study of the methods, see for example

[2, 3] and the references therein.

2.2.1 Mathematical Background

Consider a matrix A ∈ Rn×m of rank r ≤ p = min{n,m}. Then its singular value

decomposition (SVD) reveals its geometric structure and is defined as follows:

A = USVT ,

where

U = [Ur|Ûr] = [u1, . . . ,ur|ur+1, . . . ,un] ∈ Rn×n

and

V = [Vr|V̂r] = [v1, . . . ,vr|vr+1, . . . ,vm] ∈ Rm×m

are two orthogonal matrices, i.e.,

UTU = UUT = In and VTV = VVT = Im,
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and S ∈ Rn×m is a diagonal matrix whose diagonal entries are

σ1 ≥ · · · ≥ σr > σr+1 = · · · = σp = 0.

Geometrically, the SVD provides orthonormal bases for the four fundamental spaces

of A as follows:

Range(A) = Range(Ur) = span{u1, . . . ,ur},

Null(AT ) = Range(Ûr) = span{ur+1, . . . ,un},

Range(AT ) = Range(Vr) = span{v1, . . . ,vr},

Null(A) = Range(V̂r) = span{vr+1, . . . ,vm}.

Finally, the SVD induces a dyadic decomposition of A:

A = σ1u1v
T
1 + · · ·+ σrurv

T
r .

The dyadic decomposition is a solid motivation for computing low-rank approxi-

mations of a matrix, one of the important applications of the SVD. The approximation

problem is stated as follows: Given a matrix A ∈ Rn×m with rank(A) = r ≤ p = min

{n,m}, find X ∈ Rn×m with rank(X) = k < r such that ‖A−X‖2 is minimized. The

following result by Schmidt-Mirsky, Eckart-Young [25, 60, 75] presents the answer to

the problem.

Theorem 2.1. Provided that σk > σk+1, it follows that

min
rank(X)≤k

‖A−X‖2 = σk+1.
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A minimizer X∗ is obtained by truncating the dyadic decomposition of A:

X∗ = σ1u1v
T
1 + · · ·+ σkukv

T
k .

Note that X∗ is not unique.

2.2.2 Existing Approaches

SVD-based model reduction is an application of the SVD theory to dynamical sys-

tems. For LTI dynamical systems, there are a number of different approaches such

as the Hankel-norm approximation, which is a generalization of the Schmidt-Mirsky

theorem, and closely related methods such as approximation by balanced truncation

and approximation by singular perturbation. In this section, a brief introduction to

balanced truncation model reduction is presented. For other approaches, see for in-

stance [3].

Approximation by Balanced Truncation

The concept of balanced truncation was proposed by Mullis and Roberts [62] in 1976

and Moore [61] in 1981. The scheme is closely based upon the notions of controlla-

bility and observability of a dynamical system of interest and a desire to balance the

system.

Given a dynamical system Σ as in (1.2) with an intial state x0, its controllability

and observability are defined as follows:

Definition 2.1. A pair A and B is controllable for all T > 0 and x0, xT ∈ Rn if

there exists an input u(t) with t ∈ [0, T ] such that x(T ) = xT .
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Definition 2.2. A pair A and C is observable if for any T > 0, u(t) and y(t) with

t ∈ [0, T ] can be used to uniquely recover x0.

The balanced truncation methodology is based on the following facts:

1. The input/output map does not depend on the state-space coordinate system.

2. The controllability and observability of a dynamical system are independent of

the state-space coordinates.

Given these facts, the balanced truncation method first selects a coordinate system

in which states of the dynamical system that are easy to observe also are easy to

control (balancing step). It then projects the system onto the coordinate directions

corresponding to the easy-to-observe and -control states and proceeds to truncate to

obtain approximations.

The degree of observability of a state is measured by the amount of energy it

produces. Intuitively, a state is easy to observe if it produces a relatively large amount

of energy. Mathematically, if u(t) = 0 for all t, then the maximum amount of energy

produced by the initial state x0 is

∫ ∞

0

‖y(t)‖2dt =

∫ ∞

0

‖CetAx0‖2dt = xT
0 Qx0,

where Q =
∫∞

0
etAT

CTCetAdt is called the observability Gramian of the system Σ.

It can be shown that Q satisfies the Lyapunov equation

ATQ + QA + CTC = 0

and that the states that are easy to observe are the eigenvectors corresponding to the

large eigenvalues of Q.
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The degree of controllability of a state is measured by the amount of input energy

required to drive the dynamical system to the state. Intuitively, a state is easy to

control if it requires a relatively small amount of energy to reach. Suppose mathe-

matically that a state xT is required to reach at time T given x0 = 0. Note that with

x0 = 0, at time T ,

x(T ) =

∫ T

0

e(T−t)ABu(t)dt.

It can be shown that x(T ) = xT can be achieved with

u(t) = BT e(T−t)AT

P−1
T xT ,

where PT =
∫ T

0
etABBT etAT

dt. Then the amount of input energy required to reach

xT from x0 is

∫ T

0

‖u(t)‖2dt =

∫ T

0

‖BT e(T−t)AT

P−1
T xT‖2dt = xT

TP−1
T xT .

Thus, the minimum amount of input energy in this case can be achieved by taking

T =∞, i.e.,

∫ ∞

0

‖u(t)‖2dt = xTP−1xT ,

where P =
∫∞

0
etABBT etAT

dt is called the controllability Gramian of the system Σ.

It can be shown that P satisfies the Lyapunov equation

AP + PAT + BBT = 0
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and that the states that are easy to control are the eigenvectors corresponding to the

large eigenvalues of P.

Recall that the balanced truncation method consists of two steps: balancing and

truncating.

Definition 2.3. An LTI system Σ ≡ (A,B,C,D) is called balanced if the two system

Gramians are equal and diagonal:

P = Q = S = diag(σ1, . . . , σn).

Note that σ1 ≥ σ2 ≥ · · · ≥ σn are called the Hankel singular values. Every

controllable and observable system can be transformed into balanced form via a basis

change x̂ = Tx, which can be constructed using the two system Gramians as follows:

Consider the Cholesky factorizations of the system Gramians:

P = UUT and Q = LLT ,

where U and L are upper and lower triangular matrices, respectively. Now compute

the SVD of UTL:

UTL = ZSYT .

Then a balancing transformation is as follows:

T = S
1
2ZTU−1.
-
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With this balancing transformation, Σ is balanced with its Gramians equal to

S =

S1 0

0 S2

 ,

where S1 = diag(σ1, . . . , σk) and S2 = diag(σk+1 . . . , σn) with k < n being the size

of the desired approximating system. Let the state space realization of the balanced

system be Σ̃ ≡ (Ã, B̃, C̃,D), where Ã = TAT−1, B̃ = TB and C̃ = CT−1. Now

partition the balanced system into

Σ̃ =


Ã11 Ã12 B̃1

Ã21 Ã22 B̃2

C̃1 C̃2 D

 , (2.5)

where Ã11 ∈ Rk×k, B̃1 ∈ Rk×m, C̃1 ∈ Rp×k. Then the system Σ̂ as in

Σ̂ =

 Ã11 B̃1

C̃1 D


is a reduced order model obtained from balanced truncation.

Balanced truncation possesses an error bound as follows:

σk+1 ≤ ‖Σ− Σ̂‖∞ ≤ 2(σk+1 + · · ·+ σn),

where the error is measured in the H∞ norm, which returns the largest singular value

of the frequency response. In addition, stability is preserved for the reduced order

model as long as σk > σk+1.

+ 
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In summary, the common features of singular-value-decomposition-based model re-

duction methods are as follows: First, the construction of reduced models involves

solving the two associated Lyapunov equations for the system Gramians. These

equations are quite expensive to solve using direct methods. In the case of large-scale

systems, one should take advantage of iterative solvers for the feasibility of solving

these equations. Second, a rapid decay in the Hankel singular values is an essen-

tial requirement if significantly-small-size reduced models are desired. Third, major

advantages of these methods over those in the moment-matching scheme are the guar-

antee of stability for the reduced systems and the availability of a priori global error

bounds. In addition, a number of proposed algorithms in the scheme have succeeded

in preserving passivity during model reduction. The following section presents an

introduction to passivity preserving model reduction.

2.3 Passivity Preserving Model Reduction

As defined and explained in Section 1.4, passivity is an essential property of LTI

dynamical systems in circuit simulation that needs to be preserved during model

reduction. Thus, given a passive original LTI system Σ of size n as defined in (1.1)

Eẋ = Ax(t) + Bu(t)

y = Cx(t) + Du(t),

in addition to constructing a reduced order model Σ̂ of size k as in (2.1)

˙̂x(t) = Âx̂(t) + B̂u(t)

ŷ(t) = Ĉx̂(t) + Du(t),
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which is of relatively smaller size than that of the original Σ (k � n), the model

reduction methods need to assure that the system response characteristics such as

stability and passivity are preserved during model reduction, i.e., Σ̂ must be passive.

This is equivalent to the requirement that, by Theorem 1.1, the transfer function

Ĝ(s) of the reduced system Σ̂

Ĝ(s) = Ĉ(sIk − Â)−1B̂ + D,

must be positive real. Mathematically, Ĝ(s) then must satisfy the following three

specified conditions:

• Ĝ(s) is analytic for Re(s) > 0,

• Ĝ(s̄) = Ĝ(s),∀s ∈ C,

• Ĝ(s) + (Ĝ(s))∗ � 0 for Re(s) > 0.

This problem has been studied extensively by a number of researchers such as

Ober [66], Kim et al. [51], Feldmann and Freund [28], Bai et al. [6, 7], Odabasioglu

et al. [67], Freund [30, 31], Knockaert and Zutter [52], Bai and Freund [8, 9], Gugercin

and Antoulas [35], Antoulas [4], Sorensen [78], Faßbender and Benner [27] and so on.

The common theme in most of the methods is to construct the reduced model and

then show that the transfer function of the resulting reduced model meets the three

desired conditions. As a representative, consider PRIMA, the algorithm proposed

by Odabasioglu et al. [67]. This algorithm is a moment matching scheme in that a

certain number of moments of the original Σ are preserved during the model reduction

as mentioned in Section 2.1.2. Note that PRIMA is proposed to work exclusively

with circuit systems generated by the modified nodal analysis (MNA) formulation

in circuit theory. In order to preserve stability, instead of using the block Arnoldi

---
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algorithm for model reduction as shown in Section 2.1.2, PRIMA explicitly reduces the

components of the state space realization of the original system Σ, which are known as

the conductance and susceptance matrices. As a result, the reduced system is proved

to be stable and passive. The algorithm is very efficient in terms of computational

complexity due to the use of a block Arnoldi factorization and hence is suitable for

model reduction of systems in the large-scale setting. However, as mentioned earlier,

being a moment-matching method, PRIMA is local in nature and hence does not

possess global error bounds.

In 2005, Antoulas [4] observed that, for a passive system Σ whose rational transfer

function is G(s), the reduced model Σ̂ with the corresponding interpolated transfer

function Ĝ(s) is also passive if the set of interpolation points is S1 ∪ S2, where S1

is a subset of the set of stable spectral zeros of G(s) and S2 the mirror image of

S1 about the imaginary axis. The stable spectral zeros are the zeros of Q(s), where

G(s) + GT (−s) = Q(s)QT (−s) is the spectral factorization of G(s). In addition,

passivity is preserved regardless of the selections of S1 in the set of stable spectral

zeros.

In contrast to PRIMA [67], the spectral zero interpolation scheme does not restrict

its application to systems generated by the MNA formulation. Antoulas [4] then

adapted an algorithm by Villemagne and Skelton [88] and Grimme [34] to construct

the projection matrices. In this algorithm, in order for the resulting reduced model to

be interpolatory, the set of interpolation points, chosen as spectral zeros of the system

Σ, must be computed in advance for the construction of projection matrices. In

addition, this scheme of rational function interpolation and the explicit computation

of spectral zeros restrict the analysis of model reduction and the construction of

reduced models to SISO systems. A brief mathematical introduction of the rational

function interpolation scheme is shown in Chapter 3.
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Inspired by Antoulas’ observation, also in 2005, Sorensen [78] introduced a new

algorithm which also results in interpolatory model reduction. However, the algo-

rithm is novel in that the interpolation points, which are the spectral zeros of the

original system Σ, need not be computed explicitly. The algorithm transforms the

model reduction problem into a highly-structured eigenvalue problem whose general-

ized eigenvalues are the spectral zeros of the transfer function of the original model

Σ. The projection matrices are then constructed from the computation of a basis

for a selected invariant subspace. Moreover, the algorithm is quite general in that

it can handle MIMO systems. When the systems are MIMO, this method assures

tangential interpolation (see Appendix B in [64] for a proof). Mathematically, the

algorithm makes use of the following result, generally known as the Yakubovich-

Kalman-Popov-Anderson lemma or the Positive Real lemma (see Chapter 13 in [94]

and the references therein), which presents the sufficient conditions for Ĝ(s) to be a

positive real function:

Theorem 2.2. Consider an LTI dynamical system Σ̂ as in (2.1) whose state space

realization is (Â, B̂, Ĉ,D) with Â stable and whose transfer function is Ĝ(s). If there

exist X, a symmetric positive semi-definite matrix, and Q and W such that

XÂ + ÂTX = −QTQ

B̂TX + WTQ = Ĉ

D + DT = WTW,

(2.6)

then Ĝ(s) is positive real. Hence, Σ̂ is passive.

This result hints at a possibility of constructing a matrix (and hence, a corre-

sponding subspace) that satisfies the desired sufficient conditions so that the transfer

function Ĝ(s) is positive real and hence, the reduced system Σ̂ is passive. This is
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exactly the approach taken by Sorensen [78] in introducing the so-called invariant

subspace algorithm for passivity preserving model reduction, which is presented in

detail and generalized to descriptor systems in Chapter 4.



Chapter 3

Spectral Zero Interpolation

In this chapter, a brief mathematical introduction to the theory of spectral zero

interpolation of Antoulas [4] is presented. Recall that the problem of interest is

passivity preserving model reduction. The objective is, given passive original LTI

dynamical systems Σ as in (1.1) or in (1.2), construct reduced order models Σ̂ as in

(2.1) that are passive. In other words, by Theorem 1.1, the transfer function Ĝ(s) of Σ̂

must be positive real. Löwner matrices play an important role in the theory of rational

interpolation, while Pick matrices involve positive real interpolation. Observing the

similarity in structure between Löwner and Pick matrices, Antoulas presented a new

idea for passivity preserving model reduction by interpolating spectral zeros of the

original system. Mathematically, the theory goes as follows:

Consider an array of points

J = {(xi, yi) : xi, yi ∈ C, i = 1, . . . , N, xi 6= xj, i 6= j}. (3.1)

30
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Now partition (3.1) into two disjoint subarrays JC and JR as follows:

JC = {(xi, yi) : i = 1, . . . , r}, (3.2)

JR = {(x̃i, ỹi) : i = 1, . . . , p}, (3.3)

where p+ r = N . Consider the function f(x) defined such that

r∑
i=1

ci
f(x)− yi

x− xi

= 0, (3.4)

where ci 6= 0 and i = 1, . . . , r. Then the closed-form expression of f(x) is

f(x) =

∑r
j=1 yjcj

∏
i6=j(x− xi)∑r

j=1 cj
∏

i6=j(x− xi)
, (3.5)

with cj 6= 0. It is obvious that (3.5) interpolates the points of JC . In order for f(x)

to interpolate the points of JR, the coefficients ci must satisfy the following equation:

Lc = 0, (3.6)

where

L =


ỹ1−y1

x̃1−x1
· · · ỹ1−yr

x̃1−xr

...
. . .

...

ỹp−y1

x̃p−x1
· · · ỹp−yr

x̃p−xr

 ∈ Cp×r and c =


c1
...

cr

 ∈ Cr.

The matrix L is called the Löwner matrix, defined by means of the row array JR and

the column array JC and plays an important role in the study of rational interpolation.

Now examine the positive real interpolation problem and still consider the array

of points J as in (3.1). In 1967, Youla and Saito [92] showed that the necessary and
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sufficient condition for the existence of a positive real interpolant is that the following

Hermitian Pick matrix Π is positive semidefinite:

Π =


y1+y∗1
x1+x∗1

· · · y1+yN

x1+x∗N
...

. . .
...

yN+y∗1
xN+x∗1

· · · yN+y∗N
xN+x∗N

 ∈ RN×N .

Comparing the Löwner matrix L and Pick matrix Π suggests that L = Π if the row

and column arrays for L are respectively taken as

JC = {(xi, yi) : i = 1, . . . , N},

JR = {(−x∗i ,−y∗i ) : i = 1, . . . , N}.

Let J ∗ denote the mirror-image array of J in (3.1), defined as follows:

J ∗ = {(−x∗i ,−y∗i ), i = 1, . . . , N}. (3.7)

Then the Löwner matrix constructed with J as the row array and J ∗ the column

array is the same as the Pick matrix. This implies the following result:

Lemma 3.1. All minimal-degree interpolants of the augmented array J ∪ J ∗ are

positive real.

This result in turn implies the following:

• If Π is symmetric positive semidefinite, the minimal degree rational functions

that interpolate simultaneously the original array and its mirror image array

are automatically positive real and hence stable.

• It follows that the interpolants of the augmented array constructed by means
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of the Löwner matrix satisfy

f(x) + f(−x) = 0 at x = xi.

Thus, the construction of positive real interpolants using the Löwner matrix

forces them to have the given interpolation points as spectral zeros which are

the roots of f(x) + f(−x) = 0.

The analysis above has been carried out for the case when J consists of distinct points.

The case when J has multiple points can be analyzed in the similar manner even

though in this case, the Löwner matrix and Pick matrix are not equal but congruent.

Thus, the final result is as in this following theorem:

Theorem 3.1. Consider an array of N interpolating points with multiplicities

J = {(xi; yi,0, yi,1, . . . , yi,ki
) : xi, yi ∈ C, i = 1, . . . , n, xi 6= xj, i 6= j, k1 + · · ·+ kn = N}

and its mirror image array defined as

J ∗ = {(−x∗i ;−y∗i,0, y∗i,1, . . . , (−1)ki+1y∗i,ki
), i = 1, . . . , n, k1 + · · ·+ kn = N}.

Let Π be the Löwner matrix constructed with J as the row array and J ∗ as the

column array. If Π is symmetric positive semidefinite, then any minimal interpolant

of the original array J together with the mirror image array J ∗ is positive real.

Now examine this result in the context of passivity preserving model reduction.
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Consider the LTI system Σ as in (1.2)

ẋ(t) = Ax(t) + Bu(t),

y(t) = Cx(t) + Du(t),

where A ∈ Rn×n, B ∈ Rn×1, C ∈ R1×n, and D ∈ R is positive. The corresponding

transfer function G(s) of Σ is in (1.3):

G(s) = C(sI−A)−1B + D.

Suppose that a reduced LTI model Σ̂ as defined in (2.1) has been obtained:

˙̂x(t) = Âx̂(t) + B̂u(t)

ŷ(t) = Ĉx̂(t) + Du(t),

with its transfer function Ĝ(s) as in (2.2):

Ĝ(s) = Ĉ(sIk − Â)−1B̂ + D.

By Theorem 1.1, in order for Σ̂ to be passive, Ĝ(s) must be positive real. Thus, by

Theorem 3.1, this can be achieved if Ĝ(s) interpolates G(s) at the spectral zeros of

Σ, which in general are defined as the roots of

G(s) + G(−s) = 0. (3.8)

Given the theory of spectral zero interpolation for passivity preserving model

reduction, the task now is to construct reduced systems that interpolate spectral

zeros of original LTI systems. The reduced systems will automatically be passive.
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The following chapter will present a novel technique constructing reduced models

that meet this interpolation property. This technique transforms the model reduction

problem into a highly-structured invariant subspace problem, and hence is suitable

for large-scale computation.



Chapter 4

Invariant Subspace Method

The invariant subspace method by Sorensen [78] is a novel algorithm that preserves

passivity for model reduction of LTI dynamical systems. As described in [78], the

algorithm grows out of a desire to satisfy the spectral zero interpolation conditions

in the theory of Antoulas [4] indirectly with a computational scheme that is suitable

for large-scale computation. The projection matrices for the model order reduction

are obtained from the construction of an invariant subspace of a highly-structured

invariant subspace problem. The reduced system Σ̂ is shown to be passive via sat-

isfaction of the sufficient conditions of Theorem 2.2. In [78], Sorensen proposed the

algorithm for non-descriptor LTI systems (1.2) and remarked that the algorithm can

be generalized to descriptor LTI systems (1.1). In the following, a generalization of

the algorithm to descriptor LTI systems is presented.

The following discussion is concerned with the LTI descriptor system Σ as in (1.1):

Eẋ(t) = Ax(t) + Bu(t),

y(t) = Cx(t) + Du(t),

where E ∈ Rn×n, A ∈ Rn×n, B ∈ Rn×p, C ∈ Rp×n, and D ∈ Rp×p is positive definite.

36
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The corresponding transfer function G(s) of Σ is in (1.3):

G(s) = C(sE−A)−1B + D.

Note that it is now assumed that Σ has the same number of inputs and outputs.

In addition, assume that Σ is stable, passive, controllable and observable. For more

definitions and properties of controllability and observability, see for instance Zhou

et al. [94]. Consider the following generalized eigenvalue problem

Av = Evλ, (4.1)

where

A =


A B

−AT −CT

C BT D

 , E =


E

ET

0

 , and D = D + DT .

The following result in Nong [64] shows that the (finite) spectral zeros of G(s) are

the set of all (finite) complex numbers λ such that

rank(A− λE) < 2n+ p.

Lemma 4.1. Let Σ be a descriptor LTI system as in (1.1) whose transfer function

G(s) is as in (1.3). Consider the generalized eigenvalue problem as in (4.1). Then

the set of all (finite) complex numbers λ such that

rank(A− λE) < 2n+ p.
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while (A − λE) and (AT + λET ) are full-rank are the (finite) spectral zeros of G(s)

which are the (finite) zeros of det(G(s) + GT (−s)).

Proof. Let λ be a complex number. Consider the following matrix manipulation:

λE − A =


λE

λET

0

−


A B

−AT −CT

C BT D



=


λE−A −B

λET + AT CT

−C −BT −D



=


I

I

−C(λE−A)−1 −BT (λET + AT )−1 I



λE−A −B

λET + AT CT

M

 ,

(4.2)

where the final result is an LU factorization of λE − A. Now, multiplying the L and

U factors and equating terms with the line right above it give

C(λE−A)−1B−BT (λET + AT )−1CT + M = −D = −(D + DT ).

Solving this for M gives

M = −(C(λE−A)−1B−BT (λET + AT )−1CT + D + DT )

= −(G(λ) + GT (−λ)),
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where G(s) is the transfer function of Σ. By (4.2), it follows that

det(λE − A) = −det(λE−A) det(λET + AT ) det(G(λ) + GT (−λ)). (4.3)

Since det(λE−A) 6= 0 and det(λET +AT ) 6= 0, det(λE −A) = 0 implies det(G(λ)+

GT (−λ)) = 0. Thus, the lemma follows.

Suppose that a reduced system Σ̂ as defined in (2.1) has been obtained,

˙̂x(t) = Âx̂(t) + B̂u(t)

ŷ(t) = Ĉx̂(t) + Du(t),

with its transfer function Ĝ(s) as in (2.2),

Ĝ(s) = Ĉ(sIk − Â)−1B̂ + D.

It is desirable to impose conditions on Ĝ(s) so that the reduced system Σ̂ inherits

passivity from the original Σ. According to the theory of spectral zero interpolation

in [4], this means a certain number of the spectral zeros of the original Σ must be

interpolated in the reduced model Σ̂.

Given the result in Lemma 4.1, instead of attempting to satisfy these interpo-

lation conditions directly, the approach here is to achieve them indirectly through

the construction of a basis for a selected invariant subspace of the pair (A, E). Let

AQ = EQR be a partial real Schur decomposition of (A, E). Then QTQ = I and R

is real and quasi-upper triangular. Partition QT = (XT ,YT ,ZT ) so that its structure

D 
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corresponds to the block structure of A as follows:


A B

−AT −CT

C BT D




X

Y

Z

 =


E

ET

0




X

Y

Z

R. (4.4)

The projection matrices will be constructed from X and Y and a reduced model Σ̂

will be obtained from these. The spectral zero interpolation conditions do not appear

explicitly (even though it will be shown later that they in fact hold). Instead, as

mentioned earlier in Section 2.3, the fact that passivity and stability are preserved for

the reduced model Σ̂ can be verified via a demonstration that the sufficient conditions

of Theorem 2.2 are satisfied by the reduced system Σ̂. To begin the derivation, it is

useful to have the following lemmas.

Lemma 4.2. Suppose that R in (4.4) satisfies Re(λ) > 0 for all λ ∈ σ(R). Then

(EX)TY = YT (EX) is symmetric.

Proof. For QT = (XT ,YT ,ZT ), define Q̂T = (YT ,−XT ,ZT ). Observe that AQ =

EQR implies Q̂TA = −RT Q̂TE . Thus,

Q̂TEQR = Q̂TAQ = −RT Q̂TEQ.

Since Q̂TEQ = YT (EX)− (EX)TY, it follows that

RT [YT (EX)− (EX)TY] + [YT (EX)− (EX)TY]R = 0.

Hence, by Lemma 2.7 in Zhou et al. [94], YT (EX) − (EX)TY = 0 is the unique

solution to this Lyapunov equation under the assumption on σ(R), and the lemma

follows. D 
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Lemma 4.3. Let X,Y,Z,R be as specified in (4.4) and suppose that R satisfies

Re(λ) > 0 for all λ ∈ σ(R). Then

XTATY + YTAX = ZTDZ, (4.5)

CX + BTY = −DZ. (4.6)

Moreover, if E in (4.4) is full rank, then X and Y are both full rank.

Proof. From (4.4), it follows that

AX + BZ = EXR,

ATY + CTZ = −ETYR,

CX + BTY +DZ = 0.

Thus,

YTAX + YTBZ = YT (EX)R,

XTATY + XTCTZ = −(EX)TYR,

ZTCX + ZTBTY = −ZTDZ.

Since YT (EX) = (EX)TY by Lemma 4.2, it follows that

XTATY + YTAX = −(ZTCX + ZTBTY)T = ZTDZ.

Therefore, (4.5) and (4.6) follow.

Now given that E is full rank, suppose for contradiction that X is not full rank,
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i.e., Xq = 0 with q 6= 0 (i.e., q ∈ Null(X)). Then from (4.5), it follows that

qTZTDZq = qTXTATYq + qTYTAXq = 0,

which implies that Zq = 0 since D is positive definite. Now, note that

(Qq)T = qT [XT ,YT ,ZT ] = [0,qTYT ,0]

and that Q is full rank. Therefore, Yq 6= 0 (i.e., q /∈ Null(Y)), which means that

Null(X) ∩ Null(Y) = {0} since q is arbitrarily chosen from Null(X).

Note that since E is full rank, Null(EX) = Null(X). Now, (4.4) implies that

0 = AXq + BZq = EXRq,

ATYq = ATYq + CTZq = −ETYRq,

BTYq = CXq + BTYq +DZq = 0.

Therefore, Rq = Nt, where N is full rank and Null(X) = Range(N). Moreover,

ATYq = −ETYRq = ETYN(−t) and BTYq = 0. Applying this argument succes-

sively to each column of N gives

RN = NT,

ATYN = ETYN(−T),

BTYN = 0.

If (−T)y = yλ with y 6= 0, let v = ETYNy. Then (E−1A)Tv = vλ and (E−1B)Tv =

0, with v 6= 0 since Null(X) ∩ Null(Y) = {0}. According to the Popov-Belevitch-
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Hautus Lemma [70, 14, 41], this contradicts the assumption that Σ is controllable.

A similar argument starting with q ∈ Null(Y) and replacing E by ET in the

argument will lead to a contradiction to the assumption that Σ is observable, and

this concludes the proof.

From this point on, E is assumed full rank. Given that E is full rank, the reduced

kth-order interpolatory passive system Σ̂ of the original nth-order passive system Σ

can be constructed as follows:

Find a basis for an invariant subspace with all eigenvalues of R in (4.4) in the open

right half-plane. Let QxS
2QT

y = (EX)TY be the SVD of (EX)TY. Since (EX)TY

is symmetric by Lemma 4.2, Qy = QxJ, where J is a signature matrix. Now if S � 0

is nonsingular, let

V = XQxS
−1, (4.7)

W = YQyS
−1. (4.8)

Note that WT (EV) = I. In addition, let X̂ ≡ SQT
x and Ŷ ≡ SQT

y . Observe that

X = VX̂ and Y = WŶ. Now start with (4.4),


A B

−AT −CT

C BT D




X

Y

Z

 =


E

ET

0




X

Y

Z

R.

D 
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Then
A B

−AT −CT

C BT D




V

W

I




X̂

Ŷ

Z

 =


E

ET

0




V

W

I




X̂

Ŷ

Z

R.

Premultiply this by


W

V

I


T

to get


WTAV WTB

−VTATW −VTCT

CV BTW D




X̂

Ŷ

Z

 =


WTEV

VTETW

0




X̂

Ŷ

Z

R,

which means 
Â B̂

−ÂT −ĈT

Ĉ B̂T D




X̂

Ŷ

Z

 =


I

I

0




X̂

Ŷ

Z

R, (4.9)

where Â = WTAV, B̂ = WTB and Ĉ = CV. Again, note that WTEV =

VTETW = I. This shows that in this case, the model reduction is interpolatory,

i.e., the spectral zeros of the reduced system Σ̂ = (Â, B̂, Ĉ,D) are a subset of the

spectral zeros of the original system Σ. The theory of spectral zero interpolation

[4] can be applied here to conclude that the reduced system Σ̂ is passive. However,
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passivity and stability can be proved by construction as follows. First, note that

ŶX̂−1 = SQT
y QxS

−1 = J, since Qy = QxJ. Thus, V = XX̂−1 and WJ = YX̂−1.

Lemma 4.4. The reduced model Σ̂ satisfies

ÂT (−J) + (−J)Â = −CT
0 C0,

B̂T (−J) + WT
0 C0 = Ĉ,

D + DT = WT
0 W0,

where C0 ≡ −W0ZX̂−1.

Proof. From (4.5) and (4.6), it follows that

X̂−TXTATYX̂−1 + X̂−TYTAXX̂−1 = X̂−TZTDZX̂−1,

CXX̂−1 + BTYX̂−1 = −DZX̂−1,

and hence that

VTATWJ + JWTAV = X̂−TZTDZX̂−1 = CT
0 C0,

CV + BTWJ = −DZX̂−1 = WT
0 C0,

where C0 = −W0ZX̂−1, since D + DT = D = WT
0 W0. This gives the desired

result.

Lemma 4.5. If J = −I in Lemma 4.4, then Ĝ is positive real and the reduced order

system Σ̂ is stable and passive, where Ĝ is the transfer function of Σ̂.

D 
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Proof. Assume that J = −I and that Âq = qλ with q 6= 0. Then

2Re(λ) = qT ÂTq + qT Âq = −‖C0q‖2 ≤ 0.

If 0 = ‖C0q‖ = ‖W0Z(X̂−1q)‖ then Z(X̂−1q) = 0, since W0 is nonsingular.

It follows from the first block-row of (4.9) that

qλ = Âq = (ÂX̂ + B̂Z)(X̂−1q) = X̂RX̂−1q.

This would imply that λ ∈ σ(R), and hence that Re(λ) > 0, which is a contradiction

and hence the stability of Â is established. Now, all of the sufficient conditions of

Theorem 2.2 are satisfied and hence, the reduced system must be passive.

It remains to show that J = −I. To do this, it is sufficient to show that X̂T Ŷ is

negative definite. The following lemma establishes the result.

Lemma 4.6. The symmetric matrix (EX)TY is negative semi-definite and, as a

consequence, the matrix X̂T Ŷ in Lemma 4.4 is also symmetric and negative semi-

definite. If, in addition, G is strictly positive real then both matrices are negative

definite. In either case, J = −I.

Proof. Assume for the moment that G is strictly positive real, i.e., has no spectral

zeros on the imaginary axis. Then its spectral zeros must consists of n roots in the

open right half-plane together with their reflections across the imaginary axis. Let

Q̃ ≡ [Q,Q2] and let

R̃ ≡

R R12

0 R22



D 
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represent an extension of the partial Schur decomposition defined by Q and R to

include all of the spectral zeros in the open right half-plane as eigenvalues of R̃,

forming a new partial Schur decomposition of order n. Thus, AQ̃ = EQ̃R̃ and one

can partition

Q̃ =


X X2

Y Y2

Z Z2


as before. Now apply Lemma 4.3 to this system with X̃ ≡ [X,X2] in place of X,

Ỹ ≡ [Y,Y2] in place of Y, Z̃ ≡ [Z,Z2] in place of Z and R̃ in place of R.

From (4.5),

X̃TAT Ỹ + ỸTAX̃ = Z̃TDZ̃,

where X̃ is nonsingular (due to Lemma 4.3 with E full rank). Thus,

(AE−1)T (Ỹ(EX̃)−1) + (Ỹ(EX̃)−1)T (AE−1) = E−T X̃−T Z̃TWT
0 W0Z̃X̃−1E−1.

On the other hand, from Lemma 4.2, (EX̃)T Ỹ = ỸT (EX̃). Then

(EX̃)−T (EX̃)T Ỹ(EX̃)−1 = (EX̃)−T ỸT (EX̃)(EX̃)−1.

Thus, Q ≡ Ỹ(EX̃)−1 is symmetric, and it follows that

(AE−1)TQ + Q(AE−1) = C̃T
0 C̃0,

where C̃0 ≡ W0Z̃X̃−1E−1. Thus, Q is negative semi-definite and it follows that
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(EX̃)T Ỹ = (EX̃)TQ(EX̃) is also symmetric negative semi-definite. However, since

ỸT (EX̃) is nonsingular, this matrix is actually negative definite. Moreover, since

(EX)TY is a leading principle sub-matrix of (EX̃)T Ỹ, it must also be negative defi-

nite.

Thus, the desired result holds when G is strictly positive real. This strictly positive

condition can be relaxed to positive real using a continuity argument based upon

considering Dε ≡ εI +D for ε decreasing to 0. In this limit, definiteness may be lost.

Thus, (EX)TY is only negative semi-definite in general.

Now, since QxS
2JQT

x = X̂T Ŷ = X̂TVTETWŶ = (EX)TY, it follows that the

diagonal elements of S2J are non-positive. For every positive diagonal element of S,

the corresponding diagonal element of J is negative. The remaining diagonal elements

of J are of arbitrary sign and thus may be taken as negative. Hence, J = −I.

Dealing with degeneracy

If S in the SVD of (EX)TY (i.e. QxS
2QT

y = (EX)TY) is singular, then the con-

struction proposed earlier is no longer valid. In other words, the interpolation scheme

will break down. However, it is possible to construct a noninterpolatory passive and

stable reduced model. The following remedy mechanism is proposed in [78] and will

be presented in more detail as follows:

Beginning with X,Y from (4.4) and with the SVD QxS
2QT

y = (EX)TY, specify

a cut off tolerance τc ∈ (0, 1) and let j be the largest positive integer such that

σj ≥ τcσ1, where σj ≡ S(j, j). Note that in the following, if X,Y resulting from an

invariant subspace of size k, then the order j of the resulting reduced model may be

smaller than k due to the cut off. If a reduced model of order exactly k is desired,

D 
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then an invariant subspace of size larger than k should be obtained and the cut off

tolerance can be calibrated so that j = k. Note that if the conditions in Lemma 4.2

are met, then (EX)TY is symmetric. Therefore, in this case, Qy = QxJ, where J is

a signature matrix as before. Now define Qj ≡ Qx(:, 1 : j), Sj ≡ S(1 : j, 1 : j) and

Jj ≡ J(1 : j, 1 : j). Let

V = XQjS
−1
j , (4.10)

W = YQjJjS
−1
j . (4.11)

Note that

WT (EV) = S−1
j JjQ

T
j (YTEX)QjS

−1
j

= S−1
j JjQ

T
j QxJS2QT

x QjS
−1
j

= I.

Now consider the following noninterpolatory reduced model Σ̂ = (Â, B̂, Ĉ,D) of

order j, where Â = WTAV, B̂ = WTB, and Ĉ = CV. It can be shown that Σ̂ is

passive and stable as follows. First, let XI
j ≡ QjS

−1
j and observe that V = XXI

j and

WJj = YXI
j .

Lemma 4.7. The reduced model Σ satisfies

ÂT (−Jj) + (−Jj)Â = −CT
0 C0,

B̂T (−Jj) + WT
0 C0 = Ĉ,

D + DT = WT
0 W0,

where C0 ≡ −W0ZX̂I
j .
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Proof. From (4.5) and (4.6), it follows that

(X̂I
j)

TXTATYX̂I
j + (X̂I

j)
TYTAXX̂I

j = X̂I
jZ

TDZX̂I
j ,

CXX̂I
j + BTYX̂I

j = −DZX̂I
j ,

and hence that

VTATWJj + JjW
TAV = X̂−TZTDZX̂−1 = CT

0 C0,

CV + BTWJj = −DZX̂−1 = WT
0 C0,

where C0 = −W0ZX̂I
j , since D + DT = D = WT

0 W0. This gives the desired

result.

Lemma 4.8. If Jj = −I in Lemma 4.7 and Z is full column rank in (4.4), then Ĝ

is positive real and the reduced order system Σ̂ is stable and passive, where Ĝ is the

transfer function of Σ̂.

Proof. Assume that Jj = −I and that Âq = qλ with q 6= 0. Then

2Re(λ) = qT ÂTq + qT Âq = −‖C0q‖2 = −‖W0ZX̂I
jq‖2 < 0

since W0 is nonsingular and Z and X̂I
j are full rank. Thus, the stability of Â is

established. Now, all of the conditions in Theorem 2.2 are satisfied, and hence the

reduced system must be passive.

Now again it remains to show that Jj = −I. Since Jj is a leading principle

sub-matrix of J, it is sufficient to show that J = −I.

Lemma 4.9. The symmetric matrix (EX)TY is negative semi-definite. Hence, J =

−I.

D 

D 
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Proof. The proof is similar to that of Lemma 4.6.

In summary, it has been shown that the invariant subspace method is a passivity

preserving model reduction algorithm. Since the algorithm transforms the model re-

duction problem into a generalized eigenvalue problem, it is suitable in the large-scale

setting. However, one of the remaining questions is: What subset of the generalized

eigenvalues of the system (A, E) (or equivalently, what spectral zeros of G(s) of Σ)

should be selected in order to result in a reduced passive model Σ̂ that well approx-

imates the original Σ? Another important issue regards the existence of an error

bound for the method. If it exists, then what does it look like and how can one go

about computing it? Some heuristic suggestions have been made in [64, 49] regarding

which spectral zeros to select; however, the question remains open.

D 



Chapter 5

Algebraic Riccati Equations and

Reduced Order Positive Real

Balancing

With the invariant subspace method presented in the previous chapter, an approach

to model order reduction of passive systems based on the solutions of a certain pair

of generalized Riccati equations is introduced in this chapter. This analysis is devel-

oped in [78] for non-descriptor systems. In the following, a generalization of that to

descriptor systems is presented. The chapter begins with a derivation of algebraic

Riccati equations as an application of the invariant subspace method. Reduced order

positive real balancing is motivated using the algebraic Riccati equations. Newton’s

method as an iterative solver for the algebraic Riccati equations is briefly derived.

The chapter concludes with suggestions on iterations for the problem of interest to

overcome limitations posed by current approaches.

52
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5.1 Algebraic Riccati Equations

In the following discussion, using the invariant subspace method, an approach to

model reduction of passive systems based on the solutions of a certain pair of gen-

eralized Riccati equations is presented. It will be shown that the associated pair of

generalized Riccati equations are implicitly solved when the invariant subspace bases

are computed. There are a number of solution methods for algebraic Riccati equations

that involve numerical computation of a stable invariant subspace of a related Hamil-

tonian matrix. These include the Schur vector method by Laub [54], the Hamiltonian

QR-algorithm of Byers [19], the HHDR-algorithm of Bunse-Gerstner and Mehrmann

[18], the matrix sign function method [20] and the multi-shift method of Ammar et

al. [1]. Again, the approach considered next was proposed in [78] for non-descriptor

LTI systems (1.2). The following presentation is a generalization of [78] to descriptor

LTI systems (1.1).

To begin the discussion, it is assumed that the transfer function G(s) is strictly

positive real. Initially, in (4.4), consider the invariant subspace corresponding to the

n spectral zeros in the open right half-plane. In addition, suppose that E is full rank.

Thus, X and Y are both full rank according to Lemma 4.3, and by Lemma 4.2

(EX)TY = YT (EX), (5.1)

i.e., (EX)TY is symmetric and negative semi-definite. Note that respectively multi-

plying (EX)−T and (EX)−1 to the left and right of (5.1) implies that Y(EX)−1 is

symmetric and negative semi-definite. Now rewriting (5.1) as XT (ETY) = (ETY)TX.

Then respectively multiplying (ETY)−T and (ETY)−1 to the left and right of the re-

sulting equation implies that X(ETY)−1 is also symmetric and negative semi-definite.
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By Lemma 4.3,

XTATY + YTAX = ZTDZ.

Thus,

AT (Y(EX)−1)E + ET (Y(EX)−1)TA = X−TZTDZX−1. (5.2)

Set Q = −Y(EX)−1, D = WT
0 W0 and C0 = W0ZX−1. Then (5.2) can be rewritten

as

ATQE + ETQA = −CT
0 C0. (5.3)

Also by Lemma 4.3,

CX + BTY = −DZ

⇒ C + BTYX−1 = −DZX−1.

Thus,

C−BTQE = −WT
0 C0

⇒ C0 = −W−T
0 (C−BTQE). (5.4)

Substituting (5.4) into (5.3) results in the generalized observability Riccati equa-

tion

ATQE + ETQA = −(CT − ETQB)D−1(C−BTQE). (5.5)
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To arrive at the dual generalized Riccati equation, which is also known as the

generalized controllability Riccati equation, the same procedure is applied as follows:

By Lemma 4.3,

XTATY + YTAX = ZTDZ.

Thus,

E(X(ETY)−1)TAT + A(X(ETY)−1)ET = Y−TZTDZY−1. (5.6)

Let P = −X(ETY)−1 be symmetric, D = WT
0 W0 as above and BT

0 = −W0ZY−1.

Then (5.6) can be rewritten as

EPAT + APET = −B0B
T
0 . (5.7)

Also by Lemma 4.3,

CX + BTY = −DZ

⇒ CXY−1 + BT = −DZY−1.

Thus,

BT −CPET = −WT
0 BT

0

⇒ BT
0 = −W−T

0 (BT −CPET ). (5.8)

Substituting (5.8) into (5.7) results in the generalized controllability Riccati equa-
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tion

EPAT + APET = −(B− EPCT )D−1(BT −CPET ). (5.9)

The solutions of (5.5) and (5.9) are of interest and it is desirable to have either Q

or P be a minimal solution.

Definition 5.1. Q is a maximal solution if Q � Q̂ for any other solution Q̂ to (5.5)

and Q is a minimal solution if Q � Q̂ for any other solution Q̂ to (5.5). Likewise, P

is a maximal solution if P � P̂ for any other solution P̂ to (5.9) and P is a minimal

solution if P � P̂ for any other solution to P̂ (5.9).

Theorem 5.1. The solution Q to (5.5) constructed above is maximal.

Proof. Let Q̂ = Q +M be any other symmetric solution to (5.5). To show Q̂ � Q,

it is sufficient to show thatM is negative semi-definite. Now consider the following

ATQE + ETQA = −(CT − ETQB)D−1(C−BTQE),

AT Q̂E + ET Q̂A = −(CT − ET Q̂B)D−1(C−BT Q̂E).

Expanding the second equation for Q̂ = Q+M about Q gives the following equation

for the perturbationM:

ATME + ETMA = ETMBD−1(C−BTQE)

+(CT − ETQB)D−1BTME

−ETMBD−1BTME.
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Collecting terms results in the equation

ÂTME + ETMÂ + ETMBD−1BTME = 0,

where Â = A−BD−1(C−BTQE). Recall that Q = −Y(EX)−1. Now consider the

matrix manipulation

Â = A−BD−1(C−BTQE)

= (AX−BD−1(CX−BTQEX))X−1

= (AX−BD−1(CX + BTY))X−1

= (AX−BD−1(−DZ))X−1

= (AX + BZ)X−1

= EXRX−1.

This shows that the matrix pencil (Â,E) is anti-stable, and in fact its generalized

eigenvalues are the n spectral zeros in the open right half-plane. Since

ETMBD−1BTME is positive semi-definite, it follows thatM must be negative semi-

definite. Hence, Q̂ � Q.

Theorem 5.2. The solution P to (5.9) constructed above is minimal.

Proof. Let P̂ = P+M be any other symmetric solution to (5.9). A similar argument

as in the proof of Theorem 5.1 shows thatM is positive semi-definite. Thus, P̂ � P .

Theorem 5.3. The solution Q to (5.5) resulting from interpolating the spectral zeros

of G(s) in the open left half-plane is minimal.

D 

D 
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Theorem 5.4. The solution P to (5.9) resulting from interpolating the spectral zeros

of G(s) in the open left half-plane is maximal.

The proofs for the last two theorems are similar to those of the first two theorems

in light of the observations in [78].

5.2 Reduced Order Positive Real Balancing

The previous section shows that the invariant subspace method constructs the solu-

tions to the two algebraic Riccati equations (5.5) and (5.9). Thus, the positive real

balanced reduction introduced by Ober [66] applies in this case. (Note that, as shown

by Gugercin and Antoulas [35], positive real balancing possesses error bounds.) The

procedure goes as follows: Construct a minimal solution P to (5.9) by interpolating

the spectral zeros in the open right half-plane and a minimal solution Q to (5.5) by

interpolating the spectral zeros in the open left half-plane. Then a balancing trans-

formation can be formed from the singular value decomposition of the product PQ

(or better, from the the product of the Cholesky factors). However, since the con-

struction of the minimal solutions of (5.9) and (5.5) requires two invariant subspaces

of size n (the size of the original system Σ), the procedure is not very attractive and

suitable in the large-scale setting. Thus, instead of solving the eigenvalue problem for

the invariant subspaces, one can take advantage of the implication of the result in the

previous section, directly solving the algebraic Riccati equations (5.9) and (5.5) for

their minimal solutions. With the result in the previous section, the reduced model

Σ̂ obtained from the balanced truncation of the two minimal solutions of (5.9) and

(5.5) is stable and passive. Thus, the focus now is on the two controllability and

observability Riccati equations (5.9) and (5.5).
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5.3 Iterative Solvers for Riccati Equations

In addition to the methods of solving an algebraic Riccati equation mentioned earlier

that involve numerical computation of a stable invariant subspace of a related Hamil-

tonian matrix, Newton’s method is another common way. As presented in Mehrmann

[59] and Benner and Byers [15] for instance, Newton’s algorithm tackles an algebraic

Riccati equation by solving a Lyapunov equation at each iteration step. Despite

their attractive numerical accuracy property, these methods are general solvers for

algebraic Riccati equations and are of limited applicability due to their high com-

putational complexity. Thus, they are not suitable for large-scale algebraic Riccati

equations. In 2004, Wong et al. [91], taking advantage of low-rank matrices in alge-

braic Riccati equations, proposed the so-called Newton Smith (NSCARE) algorithm,

which is a combination of Newton’s method for algebraic Riccati equations and the

Smith method for solving the resulting Lyapunov equations. A brief summary of the

NSCARE algorithm is as follows:

Consider the following quadratic matrix function P in X :

P(X ) = AXET + EXAT + BBT + EXCTCXET

and the corresponding algebraic Riccati equation:

P(X ) = 0.

Consider Newton’s method to solve this algebraic Riccati equation. Let Xk be the

current estimation of the solution and Xk+1 = Xk +∆k, where ∆k is the Newton step.
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Then

P(Xk+1) = P(Xk) + (A + EXkC
TC)∆kE

T

+ E∆k(A
T + CTCXkE

T ) + E∆kC
TC∆kE

T .
(5.10)

On the other hand, at each iteration k, Newton’s method implies

P(Xk) + (A + EXkC
TC)∆kE

T + E∆k(A
T + CTCXkE

T ) = 0. (5.11)

Therefore, from the second step onwards, (5.10) becomes

P(Xk) = E∆k−1C
TC∆k−1E

T . (5.12)

Hence, in turn, (5.11) becomes

(A + EXkC
TC)∆kE

T + E∆k(A
T + CTCXkE

T ) + E∆k−1C
TC∆k−1E

T = 0, (5.13)

which is a generalized Lyapunov equation in ∆k. Taking advantage of the low-rank

property of C, the Smith method is used to solve this Lyapunov equation for ∆k.

As will be mathematically presented and rigorously explained later, the Smith

method first requires a selection of shift(s) µ and then constructs the operator

(E + µÂ)−1(E− µÂ), (5.14)

where Â = A + EXkC
TC for the Lyapunov equation in (5.13). Note that the se-

lection of shift(s) µ is dependent on Â. Thus, in this case, since Â is updated at

each Newton iteration, the “optimal” selection of shift(s) µ need be recomputed and

hence, the operator in (5.14) needs to be reconstructed. In addition, even though
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Newton’s method is well-known to have quadratic convergence, a starting guess must

be initiated close to the solution of the equation for this property to exhibit.

To avoid the two mentioned expensive operations at each Newton step, this thesis

introduces iterations other than Newton’s and uses parameter free solvers instead of

the original Smith method to solve Lyapunov equations. The conditions for conver-

gence of these iterations are also presented. Specifically, the following two iterations

are considered: The first iteration, which will be derived in detail later, is commonly

known as a modified Newton’s method:

AXkE
T + EXkA

T = −BBT − EXk−1C
TCXk−1E

T . (5.15)

The second iteration grows out of a desire of not modifying A in (5.9) (and (5.5))

even from the start. This iteration is sometimes referred to as a fixed-point iteration:

EXkA
T + AXkE

T = −(B− EXk−1C
T )D−1(BT −CXk−1E

T ). (5.16)

For both of the iterations, the starting guess is X0 = 0.

Given the iterations with an initial guess, the task now is to determine the condi-

tions under which they converge to the solution of the algebraic Riccati equations. As

mentioned earlier, this thesis focuses on a parameter free solver for Lyapunov equa-

tions which at the current stage has only been developed for non-descriptor systems.

Thus, the two iterations are simplified to

AXk + XkA
T = −BBT −Xk−1C

TCXk−1 (5.17)
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and

XkA
T + AXk = −(B−Xk−1C

T )D−1(BT −CXk−1). (5.18)

In the following, Chapter 6 will present a class of systems and the corresponding

conditions where both of the iterations converge. Chapter 7 will present the conditions

on general systems under which the first iteration converges.



Chapter 6

Theory of M-Matrices and Its

Applications to Algebraic Riccati

Equations

In this chapter, an introduction and a collection of relevant results of the theory of

M -matrices are presented. More information on M -matrices can be found in [17, 84,

37]. The theory of M -matrices is then applied to a nonsymmetric algebraic Riccati

equation to study its solution. Most of the presented results in Sections 6.1 and

6.2 are due to Guo and Laub [39], Guo [37] and Guo and Higham [38] and the

references therein. Since the results provided by these authors were presented in a

compact fashion and sometimes the proofs were skipped, Sections 6.1 and 6.2 serve to

reorganize the results and present them and their proofs to aid in understanding the

results of this chapter. Once the conditions under which the existence of the solution

are established based on the theory of M -matrices, Section 6.3 will investigate the

iterations (5.17) and (5.18) presented in the previous chapter to construct the minimal

solutions to the controllability and observability algebraic Riccati equations.

63
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6.1 Theory of M-Matrices

First, consider the following definitions and results of the theory of M -matrices.

Definition 6.1. Let A = (aij) and B = (bij) ∈ Rn×m. Then A ≥ B (A > B) if

aij ≥ bij (aij > bij), ∀i ∈ {1, 2, . . . , n} and ∀j ∈ {1, 2, . . . ,m}.

Note that this matrix ordering (>) is different from the matrix ordering (�) as

defined earlier in Theorem 1.1.

Definition 6.2. Let A = (aij) ∈ Rn×n. A is called a Z-matrix if all of its off-

diagonal entries are nonpositive, i.e., aij ≤ 0, i 6= j, ∀i, j ∈ {1, 2, . . . , n}. Thus, any

Z-matrix A ∈ Rn×n can be written as A = sI−B with B ∈ Rn×n and B ≥ 0, where

0 ∈ Rn×n is the n× n-matrix with all zero entries.

Definition 6.3. Let A ∈ Rn×n be a Z-matrix. A is called an M-matrix if each of

the eigenvalues of A has a nonnegative real part. Mathematically, if A = sI −B as

in Definition 6.2, then s ≥ ρ(B), where ρ(B) is the spectral radius of B. In addition,

if s > ρ(B), A is a nonsingular M-matrix. If s = ρ(B), A is a singular M-matrix.

Theorem 6.1. Let A ∈ Rn×n be a Z-matrix. The following statements are equivalent:

1. A is a nonsingular M-matrix.

2. A−1 ≥ 0, where 0 ∈ Rn×n is the n× n-matrix with all zero entries.

3. Av > 0 for some v > 0, where v ∈ Rn and 0 ∈ Rn is the n-vector with all zero

entries.

4. σ(A) ⊂ C+, where σ(A) is the spectrum of A and C+ is the open right half of

the complex plane.
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Proof. The proof can be found in Theorem 2.3 of Chapter 6 on page 134 in Berman

and Plemmons [17]. The statements are referred to as the hypothesis, N38, I27 and

G20, respectively.

Lemma 6.1. Let A ∈ Rn×n be a nonsingular M-matrix. If B ∈ Rn×n is a Z-matrix

such that B ≥ A, then B is also a nonsingular M-matrix.

Proof. Let B = A + Q, where Q ∈ Rn×n. Since B ≥ A, Q ≥ 0. Since A is a

nonsingular M -matrix, Av > 0 for some vector v > 0 by Theorem 6.1. Consider

Bv = (A + Q)v = Av + Qv. Notice that Qv ≥ 0 implies Bv > 0. Again, by

Theorem 6.1, B is a nonsingular M -matrix.

Definition 6.4. Let A ∈ Rn×n. A is reducible if there exists a permutation matrix

P ∈ Rn×n such that

Â = PTAP =

 Â11 Â12

0 Â22

 ,
where Â11 and Â22 are two square block matrices.

Definition 6.5. A matrix A is irreducible if it is not reducible.

Lemma 6.2. Let A, B, C and D ∈ Rn×n. Let 0 ∈ Rn×n be the matrix with all zero

entries. Consider

M =

 D −C

−B A

 . (6.1)

LetM be a nonsingular M-matrix or an irreducible singular M-matrix. Then B ≥ 0,

C ≥ 0 and A and D are nonsingular M-matrices.

D 

D 
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Proof. By definition of an M -matrix, B ≥ 0 and C ≥ 0. If M is a nonsingular M -

matrix, then T = diag(D,A) ≥ M is also a nonsingular M -matrix by Lemma 6.1.

Thus, A and D are nonsingular M -matrices.

IfM is an irreducible singular M -matrix, then A and D, as principal submatrices

of M, are nonsingular M -matrices (See Theorem 4.16 of Chapter 6 on page 156 in

[17] for a proof).

Definition 6.6. Let A = (aij) ∈ Rm×n and B ∈ Rp×q. Then the Kronecker product

A⊗B ∈ Rmp×nq is the following block matrix

A⊗B =


a11B · · · a1nB

...
. . .

...

am1B · · · amnB

 .

Lemma 6.3. Let A and D ∈ Rn×n be nonsingular M-matrices and I ∈ Rn×n the

identity matrix. Then I⊗A + DT ⊗ I ∈ Rn2×n2
is also a nonsingular M-matrix.

Proof. Since A and D are Z-matrices, it is straightforward to observe that I⊗A +

DT ⊗I is also a Z-matrix. Note that any eigenvalue of I⊗A+DT ⊗I is the sum of an

eigenvalue of A and an eigenvalue of D (See Theorem 1 in Section 12.2 in [53]), which

is in the open right half of the complex plane. Thus, by Theorem 6.1, I⊗A+DT ⊗ I

is a nonsingular M -matrix.

D 

D 



67

6.2 Applications of M-Matrices to Algebraic Ric-

cati Equations

The following discussion concerns the existence of a solution of the following nonsym-

metric algebraic Riccati equation:

P (X) = XCX−XD−AX + B = 0. (6.2)

Let the matrix in (6.1),

M =

 D −C

−B A

 ,
be a nonsingular M -matrix or an irreducible singular M -matrix. By Lemma 6.2,

B ≥ 0, C ≥ 0 and A and D are nonsingular M -matrices. Consider the splittings

A = A1 −A2 and D = D1 −D2,

where A1 = diag(A) and D1 = diag(D). By Lemma 6.1, A1 and D1 are nonsingular

M -matrices and thus, by Lemma 6.3, I⊗A1 +DT
1 ⊗I is also a nonsingular M -matrix.

In addition, since A and D are nonsingular M -matrices, A2 ≥ 0 and D2 ≥ 0.

Consider the sequence {Xk}, Xk ∈ Rn×n, k = 0, 1, . . . generated by the iteration

 X0 = 0,

A1Xk+1 + Xk+1D1 = XkCXk + XkD2 + A2Xk + B, k = 0, 1, . . .
(6.3)

Lemma 6.4. In the iteration (6.3), 0 ≤ Xk ≤ Xk+1, ∀ k ≥ 0.
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Proof. This can be proved by induction on k. With k = 0 and X0 = 0, (6.3) gives

A1X1 + X1D1 = B.

With Kronecker products, this matrix equation can be written as

(I⊗A1 + DT
1 ⊗ I) vec(X1) = vec(B),

where vec(B) is the vector formed by putting the columns of B on top of each other

from left to right. Since B ≥ 0, vec(B) ≥ 0. Since I⊗A1 + DT
1 ⊗ I is a nonsingular

M -matrix, (I⊗A1 + DT
1 ⊗ I)−1 ≥ 0 by Theorem 6.1. Thus, vec(X1) ≥ 0 and hence,

X0 = 0 ≤ X1.

Suppose that 0 ≤ Xk−1 ≤ Xk. Then

A1(Xk+1 −Xk) + (Xk+1 −Xk)D1

= XkCXk −Xk−1CXk−1 + A2(Xk −Xk−1) + (Xk −Xk−1)D2.
(6.4)

The following shows that the right hand side of (6.4) is nonnegative. First, A2 ≥ 0,

D2 ≥ 0 and Xk−1 ≤ Xk imply A2(Xk −Xk−1) ≥ 0 and (Xk −Xk−1)D2 ≥ 0. Now

since Xk−1 ≤ Xk by the induction hypothesis, there exists Q ∈ Rn×n, Q ≥ 0 such

that Xk = Xk−1 + Q. Then

XkCXk −Xk−1CXk−1 = (Xk−1 + Q)C(Xk−1 + Q)−Xk−1CXk−1

= Xk−1CQ + QCXk−1 + QCQ

≥ 0.

Thus, A1(Xk+1 −Xk) + (Xk+1 −Xk)D1 ≥ 0. Using Kronecker products, the matrix
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inequality is equivalent to

(I⊗A1 + DT
1 ⊗ I) vec(Xk+1 −Xk) ≥ 0.

Again since (I⊗A1 + DT
1 ⊗ I) is a nonsingular M -matrix, (I⊗A1 + DT

1 ⊗ I)−1 ≥ 0.

Thus, vec(Xk+1 −Xk) ≥ 0. Hence, 0 ≤ Xk ≤ Xk+1.

Lemma 6.5. Let M in (6.1) be a nonsingular M-matrix or an irreducible singular

M-matrix. Then the nonsymmetric algebraic Riccati equation in (6.2),

P (X) = XCX−XD−AX + B = 0

has a nonnegative solution X∗ ∈ Rn×n.

Proof. Consider the iteration (6.3). By Lemma 6.4, 0 ≤ Xk ≤ Xk+1, ∀ k ≥ 0. If M

is a nonsingular M -matrix, then by Theorem 6.1, there exist v1 and v2 ∈ Rn, v1 > 0

and v2 > 0 such that

u1 ≡ D1v1 −D2v1 −Cv2 > 0 and u2 ≡ A1v2 −A2v2 −Bv1 > 0.

It can be shown by induction on k that Xkv1 ≤ v2 − A−1
1 u2, ∀ k ≥ 0. (Note that

because A1 is a nonsingular M -matrix, A−1
1 ≥ 0 is well-defined by Theorem 6.1.) For

k = 0, by the second equality, it follows that

v2 −A−1
1 u2 = A−1

1 (A2v2 + Bv1) ≥ 0 = X0v1,

recalling that A2 ≥ 0 and B ≥ 0 by construction and by definition.

Now assume that Xkv1 ≤ v2 −A−1
1 u2 (≤ v2 since A−1

1 u2 ≥ 0) for some k > 0.

D 
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Multiplying (6.3) by v1 gives

A1Xk+1v1 + Xk+1D1v1 = XkCXkv1 + XkD2v1 + A2Xkv1 + Bv1.

Since Xkv1 ≤ v2,

A1Xk+1v1 + Xk+1D1v1 ≤ XkCv2 + XkD2v1 + A2v2 + Bv1.

Since Cv2 + D2v1 = D1v1 − u1 ≤ D1v1 and A2v2 + Bv1 = A1v2 − u2,

A1Xk+1v1 + Xk+1D1v1 ≤ XkD1v1 + A1v2 − u2.

Since Xk+1D1v1 ≥ XkD1v1 (because D1v1 = D2v1 +Cv2 +u1 > 0 and Xk+1 ≥ Xk),

it follows that A1Xk+1v1 ≤ A1v2 − u2. Thus, Xk+1v1 ≤ v2 −A−1
1 u2.

Therefore, the sequence {Xk} is monotonically increasing and bounded above.

Hence, it has a limit [72]. Let X∗ = limk→∞Xk, which is nonnegative. Thus, it has

been proved that (6.2) has a nonnegative solution ifM is a nonsingular M -matrix.

Now ifM is an irreducible singular M -matrix, then by Theorem 4.16 in [17], there

exist v1 > 0 and v2 > 0 such that

D1v1 −D2v1 −Cv2 = 0 and A1v2 −A2v2 −Bv1 = 0.

It can be shown by induction on k that Xkv1 ≤ v2, ∀ k ≥ 0. (Again note that

because A1 is a nonsingular M -matrix, A−1
1 ≥ 0 is well-defined by Theorem 6.1.) For

k = 0, by the second equality, it follows that

v2 = A−1
1 (A2v2 + Bv1) ≥ 0 = X0v1,
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recalling that A2 ≥ 0 and B ≥ 0 by construction and definition.

Now assume that Xkv1 ≤ v2 for some k > 0. Multiplying (6.3) by v1 gives

A1Xk+1v1 + Xk+1D1v1 = XkCXkv1 + XkD2v1 + A2Xkv1 + Bv1.

Since Xkv1 ≤ v2,

A1Xk+1v1 + Xk+1D1v1 ≤ XkCv2 + XkD2v1 + A2v2 + Bv1.

Since Cv2 + D2v1 = D1v1 and A2v2 + Bv1 = A1v2,

A1Xk+1v1 + Xk+1D1v1 ≤ XkD1v1 + A1v2.

Since Xk+1D1v1 ≥ XkD1v1 (because D1v1 = D2v1 + Cv2 ≥ 0 and Xk+1 ≥ Xk), it

follows that A1Xk+1v1 ≤ A1v2. Thus, Xk+1v1 ≤ v2.

Therefore, the sequence {Xk} is monotonically increasing and bounded above,

and hence has a limit. Let X∗ = limk→∞Xk, which is nonnegative. Thus, it has

been proved that (6.2) has a nonnegative solution if M is an irreducible singular

M -matrix.

6.3 Applications of M-Matrices to the Controlla-

bility and Observability Algebraic Riccati Equa-

tions

The following discussion concerns the construction of the corresponding minimal so-

lutions of the controllability and observability algebraic Riccati equations as in (5.9)

D 



72

and (5.5):

EPAT + APET = −(B− EPCT )D−1(BT −CPET ),

ATQE + ETQA = −(CT − ETQB)D−1(C−BTQE).

Since for the time being, only non-descriptor LTI systems Σ as in (1.2) are of interest,

i.e., E = I, these generalized algebraic Riccati equations can be simplified to be

PAT + AP = −(B− PCT )D−1(BT −CP), (6.5)

ATQ+QA = −(CT −QB)D−1(C−BTQ). (6.6)

In the following, the controllability algebraic Riccati equation (6.5) is discussed in

detail. Analogous derivations and conclusions can be obtained for the observability

algebraic Riccati equation (6.6). Note that (6.5) is equivalent to

AP + PAT = −BD−1BT + BD−1CP + PCTD−1BT − PCTD−1CP

⇒ (A−BD−1C)P + P(A−BD−1C)T = −BD−1BT − PCTD−1CP . (6.7)

Consider the following two iteration schemes: For k = 0, 1, . . . ,

 P0 = 0,

(A−BD−1C)Pk+1 + Pk+1(A−BD−1C)T = −BD−1BT − PkC
TD−1CPk

(6.8)

and  P0 = 0,

APk+1 + Pk+1A
T = −(B− PkC

T )D−1 (BT −CPk).
(6.9)

Then the following results hold:
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Theorem 6.2. Let the matrix

M =

−(A−BD−1C)T −CTD−1C

−BD−1BT −(A−BD−1C)

 (6.10)

be a nonsingular M-matrix or an irreducible singular M-matrix. Then the iteration

scheme (6.8) converges to the minimal nonnegative solution P∗ of (6.5). The conver-

gence is monotone in that Pk ≤ Pk+1, for k = 0, 1, . . . .

Proof. To simplify the notations, denote Â ≡ A − BD−1C. Since M in (6.10) is

a nonsingular M -matrix or an irreducible singular M -matrix, the algebraic Riccati

equation (6.7) has a nonnegative solution P by Lemma 6.5. In addition, by Lemma

6.2, BD−1BT ≥ 0 , CTD−1C ≥ 0 and −ÂT and −Â are nonsingular M -matrices.

Thus, Lemma 6.3 implies that −(I⊗ Â + Â⊗ I) is also a nonsingular M -matrix and

hence, −(I⊗ Â + Â⊗ I)−1 ≥ 0 by Theorem 6.1.

It now can be shown by induction on k that the iteration (6.8) monotonically

converges to the minimal nonnegative solution P∗ of (6.5). First, it can be shown

that the iteration (6.8) is monotonically increasing. With k = 0 and P0 = 0, (6.8)

implies that

ÂP1 + P1Â
T = −BD−1BT .

Using Kronecker products gives

(I⊗ Â + Â⊗ I) vec(P1) = −vec(BD−1BT ).

Since BD−1BT ≥ 0, vec(BD−1BT ) ≥ 0. With −(I ⊗ Â + Â ⊗ I)−1 ≥ 0, it follows

-
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that vec(P1) ≥ 0. Hence, P1 ≥ 0 = P0. If 0 ≤ Pk ≤ Pk+1, then

Â(Pk+1 − Pk+2) + (Pk+1 − Pk+2)Â
T = −PkC

TD−1CPk + Pk+1C
TD−1CPk+1.

It can be shown that the right hand side is nonnegative (by letting Pk+1 = Pk + Q

for some Q ≥ 0, because Pk ≤ Pk+1 by the induction hypothesis). Thus,

(I⊗ Â + Â⊗ I) vec(Pk+1 − Pk+2) ≥ 0.

Again, since −(I⊗ Â + Â⊗ I) ≥ 0, vec(Pk+1−Pk+2) ≤ 0. Hence, 0 ≤ Pk+1 ≤ Pk+2.

Thus, the iteration (6.8) is monotonically increasing. The following shows that the

iteration (6.8) is bounded above by P . Note that P ≥ 0 = P0. Now suppose that

0 ≤ Pk ≤ P . Then

Â(Pk+1 − P) + (Pk+1 − P)ÂT = −PkC
TD−1CPk + PCTD−1CP .

It can be shown that the right hand side is nonnegative (by letting P = Pk + P for

some P ≥ 0, because Pk ≤ P by the induction hypothesis). Thus,

(I⊗ Â + Â⊗ I) vec(Pk+1 − P) ≥ 0.

Again, since −(I⊗ Â+ Â⊗ I) ≥ 0, vec(Pk+1−P) ≤ 0. Hence, 0 ≤ Pk+1 ≤ P . Thus,

the iteration (6.8) is bounded above by P .

Since the sequence {Pk} is monotonically increasing and bounded above, it has

a limit. Let P∗ = limk→∞Pk, which is nonnegative and minimal. Thus, it has been

proved that the iteration (6.8) monotonically converges to the minimal nonnegative

solution P∗ of (6.5). D 
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Theorem 6.3. Let the matrix M in (6.10) be a nonsingular M-matrix or an irre-

ducible singular M-matrix. In addition, let −A be a Z-matrix and BD−1C ≤ 0.

Then the iteration scheme (6.9) converges to the minimal nonnegative solution P∗ of

(6.5). The convergence is monotone in that Pk ≤ Pk+1, for k = 0, 1, . . . .

Proof. First, since M in (6.10) is a nonsingular M -matrix or an irreducible singu-

lar M -matrix, the algebraic Riccati equation (6.7) has a nonnegative solution P by

Lemma 6.5. Hence, so does the algebraic Riccati equation (6.5). In addition, by

Lemma 6.2, BD−1BT ≥ 0 , CTD−1C ≥ 0 and −AT + CTD−1BT and −A + BD−1C

are nonsingular M -matrices. Since BD−1C ≤ 0, −A and −AT are also nonsingular

M -matrices by Lemma 6.1. Thus, Lemma 6.3 implies that −(I⊗A + A⊗ I) is also

a nonsingular M -matrix and, hence, −(I⊗A + A⊗ I)−1 ≥ 0 by Theorem 6.1.

It now can be shown by induction on k that the iteration (6.9) monotonically

converges to the minimal nonnegative solution P∗ of (6.5). First, it can be shown

that the iteration (6.9) is monotonically increasing. With k = 0 and P0 = 0, (6.9)

implies that

AP1 + P1A
T = −BD−1BT .

Using Kronecker products gives

(I⊗A + A⊗ I) vec(P1) = −vec(BD−1BT ).

Since BD−1BT ≥ 0, vec(BD−1BT ) ≥ 0. With −(I ⊗A + A ⊗ I)−1 ≥ 0, it follows

-
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that vec(P1) ≥ 0. Hence, P1 ≥ 0 = P0. Now suppose that 0 ≤ Pk ≤ Pk+1. Then

A(Pk+1 − Pk+2) + (Pk+1 − Pk+2)A
T

= −(B− PkC
T )D−1(BT −CPk) + (B− Pk+1C

T )D−1(BT −CPk+1)

= BD−1CPk + PkC
TD−1BT − PkC

TD−1CPk −BD−1CPk+1 − Pk+1C
TD−1BT +

Pk+1C
TD−1CPk+1

= BD−1C(Pk − Pk+1) + (Pk − Pk+1)C
TD−1BT − PkC

TD−1CPk+

Pk+1C
TD−1CPk+1.

It can be shown that the right hand side is nonnegative (by letting Pk+1 = Pk + Q

for some Q ≥ 0, because Pk ≤ Pk+1 by the induction hypothesis and noticing that

BD−1C ≤ 0). Thus,

(I⊗A + A⊗ I) vec(Pk+1 − Pk+2) ≥ 0.

Again, since −(I⊗A + A⊗ I) ≥ 0, vec(Pk+1−Pk+2) ≤ 0. Hence, 0 ≤ Pk+1 ≤ Pk+2.

Thus, the iteration (6.9) is monotonically increasing. Now, the following shows that

the iteration (6.9) is bounded above by P . Note that P ≥ 0 = P0. Now suppose that

0 ≤ Pk ≤ P . Then

A(Pk+1 − P) + (Pk+1 − P)AT

= −(B− PkC
T )D−1(BT −CPk) + (B− PCT )D−1(BT −CP)

= BD−1CPk + PkC
TD−1BT − PkC

TD−1CPk −BD−1CP − PCTD−1BT +

PCTD−1CP

= BD−1C(Pk − P) + (Pk − P)CTD−1BT − PkC
TD−1CPk + PCTD−1CP .

It can be shown that the right hand side is nonnegative (by letting P = Pk + P
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for some P ≥ 0 because Pk ≤ P by the induction hypothesis and noticing that

BD−1C ≤ 0). Thus,

(I⊗A + A⊗ I) vec(Pk+1 − P) ≥ 0.

Again, since −(I⊗A+A⊗ I) ≥ 0, vec(Pk+1−P) ≤ 0. Hence, 0 ≤ Pk+1 ≤ P . Thus,

the iteration (6.8) is bounded above by P .

Since the sequence {Pk} is monotonically increasing and bounded above, it has

a limit. Let P∗ = limk→∞Pk, which is nonnegative and minimal. Thus, it has been

proved that the iteration (6.9) monotonically converges to the minimal nonnegative

solution P∗ of (6.5).

6.4 Summary

This chapter has explored LTI dynamical systems with a state space realization that

has M -matrix properties. It then has mathematically demonstrated that, for systems

with the given conditions, the two iterations (6.8) and (6.9) converge to the minimal

solution of the algebraic Riccati equation (6.5).

Chapter 7 will present a convergence study of a modified Newton’s method for

systems that do not necessarily have M -matrix properties. In particular, it will

present the conditions imposed upon LTI systems such that the modified Newton’s

method converges to the solution of the algebraic Riccati equation of interest.

D 



Chapter 7

Newton’s Method for Matrix

Equations and Its Applications

In this chapter, Newton’s method is derived in a Banach space setting. A modified

Newton’s method is then introduced to relax the conditions required in Newton’s

method. A convergence analysis of this modified Newton’s method by Kantorovich

and Akilov [50] follows. More details on Newton’s method can be found in [50]. The

theory is then applied to an algebraic Riccati equation. In the following discussion,

knowledge of Banach spaces is assumed. A reference can be found in [93].

7.1 Newton’s Method

Let X and Y be two Banach spaces. Let Ω ⊂ X be open. Let L(X,Y) be the space

of all bounded linear operators from X to Y. Consider a mapping f : Ω→ Y. Let f

have a zero in Ω, i.e., there exists an element x∗ ∈ Ω such that

f(x∗) = 0.
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In addition, assume that f has a continuous first Fréchet derivative Df ∈ L(X,Y) in

Ω, i.e., for all x ∈ Ω, there exists Df(x) : Ω→ Y, where Df(x) is defined such that

lim
h→0

‖f(x+ h)− f(x)−Df(x)(h)‖Y
‖h‖X

= 0,

and also, for every ε > 0, there exists a δ > 0 such that

‖Df(x)(z)−Df(x)(y)‖Y < ε,

for all y, z ∈ Ω such that ‖z − y‖X < δ.

Consider any element x0 ∈ Ω and an approximation of f(x0) as

f(x0) = f(x0)− f(x∗) ≈ Df(x0)(x0 − x∗)

such that the solution of the equation

Df(x0)(x0 − x) = f(x0) (7.1)

is close to x∗. With the assumption that Df(x0)
−1 exists, the solution of (7.1) is

x1 = x0 −Df(x0)
−1f(x0).

Then Newton’s method is the process of forming the sequence {xn}, n = 0, 1, . . . ,

where

xn+1 = xn −Df(xn)−1f(xn), (7.2)

such that each xn is an approximate solution of the equation f(x) = 0 and in general
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becomes more accurate with increasing n. The assumption here is that Df(xn)−1

exists for n ∈ {0, 1, . . . }. In addition, quadratic convergence to a solution x∗ of

f(x) = 0 is in practice achieved with the requirement that the initial approximation

x0 must stay in a sufficiently small neighborhood of the solution x∗.

7.2 Modified Newton’s Method

In Newton’s method (7.2), at each step of the iteration, the existence of Df(xn)−1,

n ∈ {0, 1, . . . } is required. However, this may not be possible due to computational

expense or due to lack of availability. A number of modifications have been made to

the method in order to maneuver around this requirement. These modifications boil

down to replacing Df(xn)−1 by some other available operator, resulting in modified

Newton’s methods:

xn+1 = xn −Mnf(xn),

where Mn is some available operator of choice. Modified Newton’s methods are conve-

nient; however, they result in less attractive convergence rates and there are conditions

for convergence of the methods.

One particular modified Newton’s method of interest is that Mn is chosen to be

Df(x0)
−1 for all n. Observe that if convergence of the iteration (7.2) is achieved

and x0 is chosen sufficiently close to x∗, then Df(xn)−1 and Df(x0)
−1 are not signifi-

cantly different due to the continuity of Df . Thus, a modified Newton’s method can

be formulated by replacing Df(xn)−1 with Df(x0)
−1 in Newton’s iteration (7.2) as
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follows

xn+1 = xn −Df(x0)
−1f(xn). (7.3)

One major convenience of the modified Newton’s method (7.3) is that only the ex-

istence of Df(x0)
−1 is required for the whole iteration. The following section will

present a convergence analysis for this modified Newton’s method.

7.3 Convergence Analysis of the Modified New-

ton’s Method

The following discussion is a summary of the analysis done in [50]. This analysis

presents the conditions under which the modified Newton’s method is convergent.

For proofs of these results, see [50].

Note that the modified Newton’s method (7.3) for the equation f(x) = 0 is equiv-

alent to the method of successive approximations respectively applied to the equation

x = g(x),

where g(x) = x−Df(x0)
−1f(x). Thus, consider the following equation

x = g(x), (7.4)

where g : Ω→ X with Ω = {x ∈ X : ‖x− x0‖ < R, where R ∈ R+ and x0 ∈ X} ⊂ X



82

and X being a Banach space. In addition, consider the real equation

t = ϕ(t), (7.5)

where ϕ : [t0, t̂]→ R with t̂ = t0 + r < t0 +R.

Definition 7.1. The equation (7.5) is said to majorize the equation (7.4) if the

following two conditions hold:

(i). ‖g(x0)− x0‖ ≤ ϕ(t0)− t0,

(ii). ‖Dg(x)‖ ≤ ϕ′(t), whenever ‖x− x0‖ ≤ t− t0.

Theorem 7.1. Let g have a continuous derivative in Ω0 = {x ∈ X : ‖x− x0‖ ≤ r}.

Let ϕ be differentiable in [t0, t̂]. If (7.5) majorizes (7.4), and (7.5) has a solution

t̃ ∈ [t0, t̂], then (7.4) also has a solution x∗ to which the sequence {xn} constructed by

xn+1 = g(xn), for n = 0, 1, . . . , (7.6)

is convergent. In addition,

‖x∗ − x0‖ ≤ t∗ − t0, (7.7)

where t∗ is the least solution of (7.5).

Proof. See Theorem 1 (1.XVIII) in [50].

Consider two Banach spaces X and Y. For any x0 ∈ X and R > 0, define Ω =

{x ∈ X : ‖x− x0‖ < R} ⊂ X. Now, refocus the attention to

f(x) = 0, (7.8)

D 
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where f : Ω → Y. Let L2(X × X,Y) denote the space of all continuous bilinear

maps from X to Y. Now assume that f has a continuous second Fréchet derivative

D2f ∈ L2(X× X,Y) in Ω0 = {x ∈ X : ‖x− x0‖ ≤ r, r < R} ⊂ Ω, i.e., for all x ∈ Ω0,

there exists D2f(x) : Ω× Ω→ Y, where D2f(x) is defined such that

lim
h2→0

‖Df(x+ h2)(h1)−Df(x)(h1)−D2f(x)(h1, h2)‖Y
‖h2‖X

= 0.

In addition, consider the following equation

ψ(t) = 0, (7.9)

where ψ : [t0, t̂] → R with t̂ = t0 + r and also assume that ψ is twice continuously

differentiable in [t0, t̂].

Theorem 7.2. Let the following conditions be satisfied:

(i). Df(x0)
−1 exists,

(ii). c0 = −ψ′(t0)−1 > 0,

(iii). ‖Df(x0)
−1(f(x0))‖ ≤ c0ψ(t0),

(iv). ‖Df(x0)
−1D2f(x)‖ ≤ c0ψ

′′(t) if ‖x− x0‖ ≤ t− t0 ≤ r,

(v). (7.9) has a solution t̃ ∈ [t0, t̂].

Then the modified Newton’s method (7.3) applied to (7.8) and (7.9) with initial points

x0 and t0 respectively is convergent and leads to solutions x∗ and t∗ of these equations,

where

‖x∗ − x0‖ ≤ t∗ − t0.
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Proof. See Theorem 3 (1.XVIII) in [50].

The function ψ may not be easily found despite its mathematical existence. The

following result may be more useful in this regard and presents major advantages in

practice. Note that the attention is still on (7.8),

f(x) = 0.

Theorem 7.3. Let f be defined as previously on Ω and have a continuous second

derivative in Ω0. In addition, let the following conditions hold:

(a). Df(x0)
−1 exists,

(b). ‖Df(x0)
−1(f(x0))‖ ≤ η,

(c). ‖Df(x0)
−1D2f(x)‖ ≤ K for all x ∈ Ω0.

Now, if

h = Kη ≤ 1

2
(7.10)

and

r ≥ r0 =
1−
√

1− 2h

h
η, (7.11)

then the equation (7.8) has a solution x∗ to which the modified Newton’s method is

convergent, where

‖x∗ − x0‖ ≤ r0. (7.12)

D 
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The convergence rate of the modified Newton’s method for h < 1/2 is

‖x∗ − xn‖ ≤
η

h
(1−

√
1− 2h)n+1, n = 0, 1, . . . . (7.13)

Proof. See Theorem 6 (1.XVIII) in [50].

The following discussion will use the results provided above to study convergence

of the modified Newton’s method in solving the controllability and observability al-

gebraic Riccati equations of interest.

7.4 Applications of the Modified Newton’s Method

to the Controllability and Observability Alge-

braic Riccati Equations

The following discussion concerns the construction of the corresponding minimal so-

lutions of the controllability and observability algebraic Riccati equations as in (5.9)

and (5.5):

EPAT + APET = −(B− EPCT )D−1(BT −CPET ),

ATQE + ETQA = −(CT − ETQB)D−1(C−BTQE).

Again since for the time being, only non-descriptor LTI systems Σ as in (1.2) are of

interest, i.e., E = I, these generalized algebraic Riccati equations can be simplified to

D 
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be those in (6.5) and (6.6):

PAT + AP = −(B− PCT )D−1(BT −CP),

ATQ+QA = −(CT −QB)D−1(C−BTQ).

In the following, the controllability algebraic Riccati equation (6.5) is discussed in

detail. Analogous derivations and conclusions can be obtained for the observability

algebraic Riccati equation (6.6). Again note that (6.5) is equivalent to (6.7) as follows:

AP + PAT = −BD−1BT + BD−1CP + PCTD−1BT − PCTD−1CP

⇒ (A−BD−1C)P + P(A−BD−1C)T = −BD−1BT − PCTD−1CP .

Now consider the iteration scheme (6.8): For k = 0, 1, . . . ,

 P0 = 0,

(A−BD−1C)Pk+1 + Pk+1(A−BD−1C)T = −BD−1BT − PkC
TD−1CPk.

First, it can be shown that this iteration is a modified Newton’s method. Put Â =

A−BD−1C and consider the following quadratic operator:

P (P) = PCTD−1CP + ÂP + PÂT + BD−1BT . (7.14)

The first Fréchet derivative of P (P) is

DP (P)(·) = PCTD−1C(·) + (·)CTD−1CP + Â(·) + (·)ÂT .
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Then the modified Newton’s method (7.3) in this case is as follows:

Pk+1 = Pk −DP (P0)
−1P (Pk). (7.15)

Thus, the following matrix manipulation holds:

Pk+1 = Pk −DP (P0)
−1P (Pk)

⇒ DP (P0)Pk+1 = DP (P0)Pk − P (Pk)

⇒ P0C
TD−1CPk+1 + Pk+1C

TD−1CP0 + ÂPk+1 + Pk+1Â
T

= P0C
TD−1CPk + PkC

TD−1CP0 + ÂPk + PkÂ
T−

PkC
TD−1CPk − ÂPk − PkÂ

T −BD−1BT .

After simplification and noting that in this case, P0 = 0, it follows that

ÂPk+1 + Pk+1Â
T = −PkC

TD−1CPk −BD−1BT ,

which is exactly the iteration (6.8).

Having shown that the iteration (6.8) is a modified Newton’s method, the following

presents a convergence analysis of the iteration for the controllability algebraic Riccati

equation (6.5). Using the results in Section 7.3, the following result holds:

Theorem 7.4. Suppose that Â is stable. Let Z∗ and W∗ respectively be the solutions

to the following two Lyapunov equations:

ÂZ + ZÂT = BD−1BT and ÂW + WÂT = 2CTD−1C.
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In addition, let ‖Z∗‖ ≤ η and ‖W∗‖ ≤ K. If

h = Kη ≤ 1

2
,

then the quadratic operator (7.14) has a solution P∗ to which the iteration (6.8)

converges.

Proof. First, the stability condition on Â is to ensure the existence and uniqueness of

Z∗ and W∗. This theorem can be proved by identifying the quadratic operator P in

(7.14) with f in Theorem 7.3 and showing that the corresponding sufficient conditions

hold. Consider the quadratic operator (7.14)

P (P) = PCTD−1CP + ÂP + PÂT + BD−1BT .

Its first and second Fréchet derivatives respectively are

DP (P)(·) = PCTD−1C(·) + (·)CTD−1CP + Â(·) + (·)ÂT (7.16)

and

D2P (P) = 2CTD−1C. (7.17)

Note that in this case, Ω can be any open subspace of the space of all symmetric

matrices P and Ω0 any closed subspace of Ω. It can be easily verified that (7.16) and

(7.17) are continuous in Ω and Ω0, respectively. Now note that in the iteration (6.8),

P0 = 0. Thus, from (7.16), it follows that

DP (P0)(·) = Â(·) + (·)ÂT .

-
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Thus, DP (P0)
−1 can be implicitly constructed using Kronecker products. Therefore,

DP (P0)
−1 exists. Hence, the condition (a) in Theorem 7.3 is satisfied. In addition, by

observing that P (P0) = BD−1BT and (7.17), one can see that ‖Z∗‖ ≤ η is equivalent

to the condition (b) and ‖W∗‖ ≤ K the condition (c).

Now since all the conditions in Theorem 7.3 are satisfied, the claim follows.

With a given LTI dynamical system Σ of interest, Chapter 6 has shown that if

the state space realization of Σ possesses the properties and structure of M -matrices

as presented, the iterations introduced in Chapter 5 converge to the desired solution

of the corresponding Riccati equation. Similarly, this chapter presents the conditions

on Σ under which the modified Newton’s algorithm converges to the desired solution

of the Riccati equation. Given that these conditions are met, the focus now is on

solving the resulting Lyapunov equation at each iteration step. The following chapter

will present a short survey of existing techniques to construct the solution of the

Lyapunov equation.
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Chapter 8

Current Solvers for the Lyapunov

Equation

A number of methods constructing the solution of the Lyapunov equation have been

proposed and investigated. In the following, a few standard techniques such as the

Kronecker product technique, the Bartels–Stewart method, the Hammarling method

and the matrix sign function algorithm are summarized. It is known that these meth-

ods are not suitable in the large-scale setting due to their computational complexity

and storage requirements. Next, the approximate power iteration (API) and the al-

ternating direction implicit (ADI) methods are briefly derived and analyzed. These

two iterative methods aim to compute low-rank approximations to the solution of the

large-scale Lyapunov equation

AX + XAT + BBT = 0, (8.1)

where A ∈ Rn×n and B ∈ Rn×p with p � n and k � n. In addition, it is assumed

throughout that A is stable, i.e., its spectrum is strictly contained in the open left
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half of the complex plane.

8.1 Using the Kronecker Product

The most simple and straightforward approach to solve the Lyapunov equation is to

use the Kronecker product as defined in Definition 6.6 to transform the Lyapunov

equation into another matrix equation in familiar form:

Mx = b,

where M = [I⊗A+A⊗ I] ∈ Rn2×n2
, x = vec(X ) ∈ Rn2

and b = −vec(BBT ) ∈ Rn2
.

To solve this linear system of equations, one can use standard techniques such as

the LU and QR factorizations or iterative methods such as GMRES and others of

its class. However, given that the size of A is n, this Kronecker product technique

leads to a system of size n2. As a result, the computational complexity in solving

the system using the LU or QR factorization would be O(n6), or O(n4) if GMRES is

used. In either case, this expensive computational complexity is unacceptable.

8.2 Bartels–Stewart Method

One of the standard techniques to solve the Lyapunov equation was proposed by

Bartels and Stewart [11] in 1972. This technique considers a Schur decomposition of

the matrix AT given by

AT = QRQT ,
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where Q ∈ Rn×n is orthogonal and R ∈ Rn×n is upper triangular. Then the Lyapunov

equation (8.1) becomes

RT X̃ + X̃R = −C̃,

where X̃ = QTXQ and C̃ = B̃B̃T with B̃ = QTB. Then the desired solution can be

constructed as X = QX̃QT . Now partition R, C̃ and X̃ as

R =

r11 rT

0 R1

 , C̃ =

c̃11 c̃T

c̃ C̃1

 and X̃ =

x̃11 x̃T

x̃ X̃1

 ,

where r11, c̃11 and x̃11 are either scalars or 2 × 2 matrices and r, c̃ and x̃ are either

vectors or matrices with two columns. Then the actual computation can be carried

out as in the following:

rT
11x̃11 + x̃11r11 = −c̃11

RT
1 x̃ + x̃r11 = −c̃− r̃x̃11

RT
1 X̃1 + X̃1R1 = −C̃1 − (rx̃T + x̃rT ).

Specifically, the first equation is solved for x̃11 and then the second for x̃. The

same procedure can be next applied to the third equation and the successive steps

follow. The computational complexity of the algorithm is O(n3). The drawback of the

method is that it does not take advantage of any available sparsity and/or low-rank

property in the equation and is not attractive for parallelization.
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8.3 Hammarling Method

While the Bartels–Stewart algorithm computes directly the solution X of the Lya-

punov equation (8.1), the Hammarling method computes the Cholesky factors of the

solution instead. Since A is stable and BBT is non-negative definite, X is symmetric

non-negative definite. Thus, it possesses a Cholesky factorization

X = UTU,

where U ∈ Rn×n is upper triangular with real non-negative diagonal entries. The

motivation for considering the Cholesky factors of X in place of itself is that X may

be considerably more ill-conditioned with respect to inversion than U. The reason is

as follows: Let

cond(X ) = ‖X‖2‖X−1‖2

denote the condition number of X , which describes the accuracy with which linear

systems involving X can be solved. Then

cond(X ) = cond(U)2.

Thus, if the Lyapunov equation can be solved directly for U, then using U in place of

X may help prevent the loss of accuracy associated with the squaring of the condition

number, as shown above. In 1982, Hammarling [40] proposed a variant of the Bartels–

Stewart algorithm that aims to fulfill this desire by computing the Cholesky factors of

X without first finding X . The following is a brief summary of the algorithm. With

the Cholesky factorization of X as shown above, the Lyapunov equation (8.1) can be
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written as

AUTU + UTUAT + BBT = 0. (8.2)

Recall that B ∈ Rn×p with p� n. Let B be partitioned as

B =

B1

B2

 ,

where B1 ∈ Rp×p. Consider the QR factorization of BT
1 as in

BT
1 = Q1B̂1

and form the matrix B̂ ∈ Rn×n such that

B̂ =

B̂1 QT
1 BT

2

0 0

 .

Then (8.2) can be written as

AUTU + UTUAT + B̂T B̂ = 0. (8.3)

Now consider a Schur decomposition of the matrix AT as before,

AT = QRQT .
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Then (8.3) becomes

RTQTUTUQ + QTUTUQR + QT B̂T B̂Q = 0. (8.4)

With the QR factorization of B̂Q as in

B̂Q = P̃B̃,

(8.4) can be further simplified to

RTQTUTUQ + QTUTUQR + B̃T B̃ = 0. (8.5)

If the following equation is solved for the real upper triangular matrix Ũ

RT ŨT Ũ + ŨT ŨR + B̃T B̃ = 0, (8.6)

then the Cholesky factor U of X can be obtained from U = ŨQT . Now partition R,

Ũ and B̃ as

R =

r11 rT

0 R1

 , Ũ =

ũ11 ũT

0 Ũ1

 and B̃ =

b̃11 b̃T

0 B̃1

 ,

where r11, ũ11 and b̃11 are either scalars or 2 × 2 matrices and r, ũ and b̃ are either

vectors or matrices with two columns. The actual computation can be carried out as
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in the following:

rT
11(ũ

T
11ũ11) + (ũT

11ũ11)r11 = −b̃T11b̃11

RT
1 ũ + ũ(ũ11r11ũ

−1
11 ) = −b̃α− rũT

11

RT
1 (ŨT

1 Ũ1) + (ŨT
1 Ũ1) = −B̂T

1 B̂1,

where B̂T
1 B̂1 = B̃T

1 B̃1 + yyT , y = b̃ − ũαT and α = b̃11ũ
−1
11 . Specifically, the first

equation is solved for ũ11 and then the second for ũ. The same procedure can be next

applied to the third and the successive steps follow.

Similar to the Bartels–Stewart method, the computational complexity of the Ham-

marling algorithm isO(n3). Also, the method does not take advantage of any available

sparsity and/or low-rank property in the equation and is not attractive for paralleliza-

tion. In 2003, Sorensen and Zhou [80] presented a variant of the method. This variant

works with real Schur form and stays in real arithmetic. In particular, the authors

constructed three schemes for solving unitarily reduced quasi-triangular systems and

also constructed a new rank-1 updating scheme for the method. The variant has been

demonstrated to be more computationally efficient. However, the variant remains a

direct method.

8.4 Matrix Sign Function Method

The matrix sign function method was first introduced by Roberts [71] in 1971 to solve

Riccati equations of the form

ATX + XA−XBX + C = 0, (8.7)
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where A,B,C,X ∈ Rn×n, A is stable, B and C are symmetric, and X is the unknown

solution. This technique also solves the Lyapunov equation,

ATX + XA + C = 0, (8.8)

which is a special case of (8.7) with B = 0. The computation of the original version

of the technique in [71] to solve the Lyapunov equation is rather expensive compared

to that of the Bartels–Stewart algorithm or that of the Hammarling method. There

have been a number of modifications and generalizations to the original version of the

matrix sign function method in order to improve the computation of the technique as

well as to extend the technique into solving the generalized Lyapunov equation. See

for instance, [13, 22, 32, 46, 16] and the references therein. A brief summary of the

technique is as follows:

Given a matrix M ∈ Rn×n with no eigenvalue on the imaginary axis, its Jordan

decomposition can be written as

M = S

J− 0

0 J+

S−1,

where the Jordan blocks corresponding to the k eigenvalues in the open left half plane

are in J− and the Jordan blocks corresponding to the remaining n− k eigenvalues in

the open right half plane are in J+. The matrix sign function of M is defined as

sign(M) ≡ S

−Ik 0

0 In−k

S−1.

This matrix sign function can be computed via the Newton iteration as follows: For
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k = 0, 1, . . . ,

M0 ←M, Mk+1 ← (Mk + M−1
k )/2.

It can be shown [71] that

sign(M) = lim
k→∞

Mk.

Now, from the Lyapunov equation in (8.8), form the matrix

M =

A 0

C −AT

 .

Then, as shown in [71], the solution of the Lyapunov equation can be obtained using

the identity:

1

2
(I + sign(M)) =

0 0

X I

 .

Computationally, the method proceeds as follows [71]: For k = 0, 1, . . . ,

A0 ← A, Ak+1 ← 1
2
(Ak + A−1

k ),

C0 ← C, Ck+1 ← 1
2
(Ck + A−T

k CkA
−1
k ).

(8.9)

Then the solution of the Lyapunov equation (8.8) is:

X =
1

2
lim
k→∞

Ck.

Similar to the Bartels–Stewart and Hammarling methods, the computational com-
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plexity of the matrix sign function method is also O(n3).

Even though the Bartels–Stewart method, the Hammarling method and the matrix

sign function method may be considered the standard techniques for small and dense

Lyapunov equations, their use is limited for large and sparse systems. The following

sections summarize a few current techniques that target large and sparse Lyapunov

equations. These methods aim to compute low-rank approximations to the solution

of large-scale Lyapunov equations.

8.5 Approximate Power Iteration (API)

One of the approaches in computing approximate solutions of large-scale Lyapunov

equations known as the Approximate Power Iteration (API) was proposed by Hodel

et al. [44] in 1996. The method uses a subspace iteration technique to approximately

compute the dominant low-rank invariant subspace of the exact solution X of (8.1)

without first computing the matrix X itself. Since X is not available, approximate

matrix-matrix products of the form Z = XU must be provided indirectly. The main

idea of the API is as follows: Let X be a solution of (8.1) as in

AX + XAT + BBT = 0

and U ∈ Rn×k be any matrix. Then multiplying (8.1) from the right by U introduces

AXU + XATU + BBTU = 0.
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Now adding and subtracting XUUTATU to and from the above equation give

AXU + XUUTATU + BBTU + X (I−UUT )ATU = 0.

Now let H = UTAU. Consider X (I − UUT )ATU an error and suppose that it is

small in norm. Then

AXU + XUHT + BBTU ≈ 0.

Thus, solving the Sylvester equation

AZ + ZHT + BBTU = 0

provides an approximation Z to the desired matrix-matrix product XU.

An iteration can be formed from this as follows: At iteration j,

• Construct Hj = UT
j AUj.

• Solve AZj + ZjH
T
j + BBTUj = 0 for Zj.

• Obtain Uj+1 from the SVD of Zj as in Zj = Uj+1Sj+1V
T
j+1.

Given the assumption of the error term being small, this iteration converges rapidly

in many cases and often results in very good approximations. However, there is no

assurance that the discarded term is small, and when it is not, the convergence may

be slow or non-existent. A variant of the method is proposed in [85], where the term

X (I−UUT )ATU is not discarded but instead approximated, with X being replaced

by a low-rank approximation. Computational evidence is given to indicate that this

modification improves convergence in practice, but no mathematical proof is provided

to guarantee this improvement.



101

8.6 Alternating Direction Implicit (ADI) Method

While little theory is available about convergence properties of the API technique, the

Smith method or the Alternating Direction Implicit (ADI) method has a complete and

well-understood convergence theory. The ADI method was originally proposed in 1955

and 1956 by Peaceman, Rachford and Douglas [68, 24] to solve PDE problems in oil

reservoir simulation. The method was then adapted for the solution of the Lyapunov

equation by Smith [77] in 1968 and Wachspress [89] in 1988. A number of research

contributions have been made toward improving the technique for constructing low-

rank approximations to the solution of large-scale systems. See for instance, Penzl

[69], Li and White [58], Gugercin et al. [36], Sabino [74] and the references therein.

A brief derivation is as follows: Consider a negative real number µ and the original

equation as in (8.1),

AX + XAT + BBT = 0.

Adding and subtracting µX to and from it gives

(A + µI)X + X (A− µI)T + BBT = 0

and hence

X = −(A + µI)−1[X (A− µI)T + BBT ]. (8.10)

Similarly, adding and subtracting µX to and from (8.1) in a different fashion gives

(A− µI)X + X (A + µI)T + BBT = 0
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and hence

X = −[(A− µI)X + BBT ](A + µI)−T . (8.11)

Now substituting the formula for X in (8.11) into the right hand side of (8.10) results

in a Stein equation of the form

X = AµXAT
µ + BµB

T
µ , (8.12)

where

Aµ = (A + µI)−1(A− µI) and Bµ =
√

2|µ|(A + µI)−1B.

Note that A+µI is invertible, given that A is stable and µ < 0. Recall a well-known

fact that the Cayley transformation Aµ, with µ a negative real number, strictly maps

the open left half of the complex plane into the interior of the unit disc. In other

words, since A is stable, the spectral radius of Aµ is strictly less than 1. It is then

straightforward to verify that the analytic solution of (8.12) can be written as the

infinite matrix series

X =
∞∑

j=0

Aj
µBµB

T
µ (Aj

µ)T . (8.13)

Denote the semi-infinite matrix

L = [Bµ,AµBµ,A
2
µBµ, . . . ].

---
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Then, formally, the solution can be expressed in factored form as

X = LLT . (8.14)

In addition, the following analysis of convergence is readily available. From (8.13),

denote

Xm =
m−1∑
j=0

Aj
µBµB

T
µ (Aj

µ)T .

Then the error between Xm and X is

Em = X − Xm

=
∑∞

j=0 Aj
µBµB

T
µ (Aj

µ)T −
∑m−1

j=0 Aj
µBµB

T
µ (Aj

µ)T

=
∑∞

j=m Aj
µBµB

T
µ (Aj

µ)T

= Am
µ (
∑∞

j=0 Aj
µBµB

T
µ (Aj

µ)T )(Am
µ )T

= Am
µ X (Am

µ )T .

(8.15)

Now consider a Schur decomposition of Aµ:

Aµ = QRQ∗,

where Q ∈ Cn×n is an orthogonal matrix, R ∈ Cn×n is a upper triangular matrix and

Q∗ denotes the conjugate transpose of Q. Then

Am
µ = QRmQ∗.
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Decompose R into:

R = D + U,

where D is a diagonal matrix and U is a strictly upper triangular matrix. Note that

since the spectral radius of Aµ is strictly less than 1, so is the spectral radius of D.

In addition, since U is strictly upper triangular, Um = 0, for m ≥ n.

It can be shown that, for m ≥ n,

‖Am
µ ‖ ≤ ‖Rm‖

≤
∑n−1

j=0
m!

j!(m−j)!
‖D‖m−j‖U‖j

≤ nmn‖D‖m−n
∑n−1

j=0
1
j!
‖D‖n−j‖U‖j.

Therefore, as m → ∞, ‖Am
µ ‖ → 0. However, it should be noted that there may be

transient behaviors in the sequence Am
µ when m < n. In other words, as m increases

to ∞, ‖Am
µ ‖ may grow before eventually dying out to 0.

For the error between Xm and X in (8.15), the analysis above implies that

‖Em‖ = ‖Am
µ X (Am

µ )T‖

≤ ‖Am
µ ‖‖X‖‖(Am

µ )T‖

→ 0 as m→∞.

A similar derivation and analysis can be performed for a complex shift µ with ρ =

Real(µ) < 0, where

Aµ = (A + µI)−1(A− µI) and Bµ =
√

2|µ|(A + µI)−1B

and all the transposes are replaced by the conjugate transposes. An asymptotic
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convergence rate of the method is obtained from the spectral radius of Aµ, ρ(Aµ),

and one may attempt to select an optimal value of µ to minimize this spectral radius,

which also will diminish the transient effects as mentioned above. Usually a single

shift µ is not sufficient to obtain a spectral radius significantly less than 1. Therefore,

multiple shifts µj are recommended.

The ADI method can be constructed by forming an iteration from (8.12) as in

Xk+1 = Aµk+1
XkA

T
µk+1

+ Bµk+1
Bµk+1

.

The desire to achieve a spectral radius significantly less than 1 using multiple shifts

µj, j = 1, . . . , p leads to the minimax problem

min
µ1,µ2,...,µp∈C−

max
λ∈σ(A)

∣∣∣∣∣
p∏

j=1

λ− µj

λ+ µj

∣∣∣∣∣ . (8.16)

When A is symmetric and σ(A) in the minimax problem is replaced by a union of

real intervals bracketing the eigenvalues, the resulting minimax problem can be solved

for optimal shifts via a theory using elliptic functions as shown in [26, 74]. Sabino

[74] also adapted the Remez exchange algorithm to solve this problem numerically.

However, the theory is incomplete for the nonsymmetric case. As pointed out in

Sabino [74], the fact that the search space of rational functions is not linear makes

the theory of linear complex approximation not applicable to this problem. In ad-

dition, derivative-based optimization algorithms are not directly applicable, and an

extension of the Remez exchange algorithm to solve this problem numerically is not

straightforward. For a more detailed argument on reasons for the incompleteness of

the theory for the nonsymmetric case, see Sabino [74].

A few heuristic proposals by Penzl [69] and Sabino [74] for computing optimal
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shifts for this problem in the nonsymmetric case will be summarized at the end of

this chapter. As a contribution of this thesis to the field, an improvement in the

mathematical formulation of the minimax problem will be presented in Chapter 11.

This improvement will be mathematically and numerically demonstrated to provide

aid in the search for optimal real shifts.

Recall that in (8.1), B ∈ Rn×p. If p is significantly less than n, one can take

advantage of this low-rank property and the fact that the solution X can be formally

expressed in factored form as in (8.14), to construct low-rank approximations of X .

The low-rank Smith method developed by Penzl [69] repeatedly updates the factored

form

Xm = LmLT
m

via

Lm+1 = [AµLm,Bµ] or Lm+1 = [Am+1
µ Bµ,Lm].

However, both of the formulations require prohibitively large amounts of storage.

In addition, with multiple shift applications, each individual shift requires a matrix

factorization, which must be stored and recomputed each time a particular shift

is applied. In 2002, Gugercin et al. [36] introduced a modified Smith method to

overcome the storage difficulties and also to enable applications of multiple shifts

with only one matrix factorization per shift. A brief summary of the analysis is as

follows:
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Let

Xm =
m−1∑
j=0

Aj
µBµB

T
µ (Aj

µ)T

be the approximate solution obtained after m applications of the (real) shift µ. Then

AXm + XmAT + BBT = A(Xm −X ) + (Xm −X )AT

= −A
(∑∞

j=m Aj
µBµB

T
µ (Aj

µ)T
)

−
(∑∞

j=m Aj
µBµB

T
µ (Aj

µ)T
)

AT

= −Am
µ (AX + XAT )(Am

µ )T

= Am
µ B(Am

µ B)T .

It follows that the difference X − Xm satisfies the modified Lyapunov equation

A(X − Xm) + (X − Xm)AT + BmBT
m = 0,

where Bm ≡ Am
µ B. Hence, after m steps, one may replace B by Bm and proceed to

solve

AZ + ZAT + BmBT
m = 0

to obtain

X = Xm + Z.

The method propagates a low rank SVD approximation to Lm and aggregates the

shift application so that all instances of a particular shift are applied before the next

shift is brought in and applied. At each shift application, the SVD of L is updated and
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truncated in a manner that maintains sufficient accuracy of the SVD approximation

to L. This modified Smith method is much faster and requires far less storage than

the original method. The steps of an iteration (with the initializations Z = Bµ and

L0 = [ ]) are

[V,S,Q] = svd([Z,Lm]); (via SVD updating)

Lm+1 ← VkSk; (σk+1 < tol σ1)

Z ← AµZ;

where σj are the singular values residing in S.

As mentioned earlier, the key to performance however is still the selection of shifts

to minimize the spectral radius of the product Aµ1Aµ2 . . .Aµp . In 2000, Penzl [69] pro-

posed choosing shifts as Ritz values of the matrix A and its inverse. First, the Arnoldi

factorization is performed on A and A−1 to obtain a set of Ritz values that approx-

imate the eigenvalues of A with largest and smallest magnitude. Then a greedy-like

algorithm is proposed and used to pick out a subset of the resulting Ritz values that

minimize the spectral radius of the matrix product of interest. This heuristic leads to

small values for the ADI objective function over the Ritz values. However, the ADI

objective function may remain large over the rest of the spectrum. In 2006, in his

Ph.D. thesis, Sabino [74] proposed selecting shifts that approximate the eigenvalues

of A with largest magnitude, smallest magnitude, largest imaginary part and smallest

real part, and then used the Nelder–Mead method to directly search for the optimal

shifts. Sabino [74] also considered shift selection based on the pseudospectra of A.

These heuristics provide some improvements upon the current heuristic and results

in more rapid convergence in computing low-rank approximations to the solution of

large scale Lyapunov equations.
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Summary

Computational techniques that solve the Lyapunov equation in the small- and medium-

scale settings are well-developed and quite efficient. These techniques however see

limitations of application in the large-scale setting due to their expensive computa-

tional complexity. A number of algorithms have been developed to solve the equation

in this large-scale regime and perform well numerically. Unfortunately, in most of the

cases, the accompanied theory appears incomplete. For example, the ADI method as

presented above relies on heuristics for optimal parameter selection. In the following

chapter, a parameter free ADI-like method will be presented. This algorithm, based

upon a synthesis of the API and ADI methods, inherits convergence properties of the

ADI method and has shift selection done via an API step.



Chapter 9

Parameter Free ADI-like Method

for the Lyapunov Equation

As presented in the previous chapter, the API method is parameter free and efficient

in practice but there is little theoretical understanding of its convergence properties.

On the other hand, the Smith or ADI method has a well-developed convergence theory

but in practice relies on good shift selections for rapid convergence. In this chapter, a

parameter free ADI-like (PFADI) algorithm [65] is presented. This algorithm is based

on a synthesis of the API and the ADI methods. The chapter first introduces the

theory of the algorithm. Implementation details will be addressed next. In particular,

the implementation of one of the steps will then be investigated in depth in the next

chapter.

110
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9.1 Parameter Free ADI-like Method

The PFADI method is concerned with constructing low-rank approximations to the

solution of the large-scale Lyapunov equation of the form

AX + XAT + BBT = 0, (9.1)

where A ∈ Rn×n and B ∈ Rn×p with p ≤ n. With A stable, it is well-known that

X is symmetric positive semidefinite. The ultimate goal of both of the API and

the ADI methods is to construct a basis U for the dominant invariant subspace of

X corresponding to its eigenvalues with largest magnitude. The PFADI method is

based upon a synthesis of the API and the ADI methods, where at each iteration,

it uses an API step to obtain a basis update and then constructs an appropriate re-

weighting of this basis update to provide a factorization update that satisfies ADI-like

convergence properties. Specifically, at iteration j, let Uj be an orthogonal matrix and

Bj a matrix evolving during the iteration and initially set to be B. Set Hj = UT
j AUj

and B̂j = UT
j Bj. Then the PFADI method consists of the following four steps:

1. Solve the reduced order Lyapunov equation for X̂j:

HjX̂j + X̂jH
T
j + B̂jB̂

T
j = 0.

2. (API step) Solve the projected Sylvester equation for Zj:

AZj + ZjH
T
j + BjB̂

T
j = 0.
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3. Modify Bj as follows:

Bj+1 ← (I− ZjX̂−1
j UT

j )Bj.

4. (ADI step) Update the factorization and basis U with the following steps:

a. Rescale Zj as in

Zj ← ZjX̂−1/2
j .

b. Update and truncate as follows

• [U,S,V] = svd([Lj,Zj]).

• Lj+1 = US.

• Uj+1 ← U(:, 1 : kj), a basis for the dominant subspace of dimension

kj.

In other words, at step j, an orthogonal basis Uj for an approximate invariant sub-

space of X is assumed to be available. This provides an approximate factorization

Xj = LjL
T
j with Lj = US and XjU = US2. Thus, U is an orthonormal basis for

Range(Xj). A selected subspace of Range(U) is spanned by the columns of an or-

thonormal matrix Uj typically having fewer columns than U. The matrix Uj can be

thought of as an approximate basis for the dominant invariant subspace of Xj.
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Observe that at iteration j,

Xj+1 = Lj+1L
T
j+1

= LjL
T
j + ZjZ

T
j

� LjL
T
j

= Xj.

In addition, it can be shown that the modification to Bj at Step 3 resulting in Bj+1

provides an updated Lyapunov equation for the difference X − Xj+1, i.e.,

A(X − Xj+1) + (X − Xj+1)A
T + Bj+1B

T
j+1 = 0.

This implies X � Xj+1. Thus, the iteration results in a sequence of monotonically

increasing symmetric positive semidefinite approximations {Xj} bounded above by

the solution X as in Xj � Xj+1 � X , for all j = 1, 2, . . . .

Moreover, it can be shown that when B is a vector, the sequence {Xj} converges

to the true solution X at a linear rate. In addition, with B a vector, this PFADI

method provides exactly the same update as the ADI would construct with shifts

given by the eigenvalues of the projected Hj. The advantage of the PFADI method is

that the ADI convergence properties are guaranteed without the need to select shifts.

Shift selection is done automatically via solving a projected Sylvester equation and

can be done in real arithmetic effectively and optimally as will be demonstrated in

the next chapter. For more details on the analysis of the PFADI method, see [65].

In the following section, implementation details of the PFADI method are dis-

cussed. Treatments are presented to prevent any numerical instabilities in imple-

menting the algorithm. In addition, different techniques are considered in solving

projected Sylvester equations.
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9.2 Implementation Details

At each iteration, the PFADI method consists of four steps as presented in the pre-

vious section. Step 1 requires the solution of the reduced order Lyapunov equation

HX̂ + X̂HT + B̂B̂T = 0.

This small-scale Lyapunov equation can be solved using standard techniques such as

the Bartels–Stewart method, the Hammarling method or the matrix sign function

method as shown in the previous chapter. The solution X̂ of this equation is then

used for the modification to B in Step 3 and for the update to Z in Step 4(a). The

computation of this modification and update involves some delicate numerical issues

requiring care to avoid numerical instabilities. The problem arises when X̂ is ill-

conditioned. The convergence analysis of X̂j may be used to show that the update

ZX̂−1UTB must be well-behaved in exact arithmetic even though X̂−1 may become

arbitrarily large in norm as the iteration progresses. However, in finite precision, this

term can be problematic and must be handled with care.

One way to deal with this is to control the conditioning of X̂ . First, recall that

X̂ is symmetric positive semidefinite. Hence, the following eigen-decomposition is

available: X̂ = QŜQT , where Ŝ is a diagonal matrix with non-negative diagonal

entries σ̂1 ≥ σ̂2 ≥ · · · ≥ σ̂m ≥ 0. The strategy is to maintain a uniformly bounded

condition number for X̂ via truncation. In other words, with a given tolerance tol, if

σ̂k ≥ tol σ̂1 ≥ σ̂k+1, then the search subspace is reduced to order k using the leading

k columns of Q. With this treatment, Step 1 of the PFADI algorithm becomes:

1. Solve the reduced order Lyapunov equation for X̂ :
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a. Solve

HjX̂j + X̂jH
T
j + B̂jB̂

T
j = 0.

b. Reduce the size of the subspace so that cond(X̂j) <
1

tol
.

The remaining step of the algorithm is Step 2, where the solution of the projected

Sylvester equation

AZ + ZHT + BB̂T = 0 (9.2)

is required. A number of techniques can be used in this case. First, one can directly

solve this Sylvester equation using a minor variant of the Bartels–Stewart algorithm.

This scheme was essentially developed in [33], where just one of the two matrices

in the Sylvester equation is reduced all the way to Schur form. This idea was also

suggested in [85] for the case of large sparse A and small dense H. The actual

computation is as follows: Let HT = QRQT be a Schur decomposition of HT . The

Sylvester equation becomes

AZ̃ + Z̃R + BB̃T = 0,

where Z̃ = ZQ and B̃ = QT B̂. Let ρij denote the entries of R and zj the columns of

Z̃. There are two scenarios:

i. R is strictly triangular and therefore complex if HT has complex eigenvalues.

ii. R is real and block triangular, i.e, its complex eigenvalues appear as 2×2 blocks

on the diagonal.

--
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In the first case (i), the Sylvester equation may be solved as follows:

for j = 1 : k

Solve (A + ρjjI)zj = −BB̃Tej −
∑j−1

i=1 ziρij

end

Put Z = Z̃QT .

Note that each step requires the sparse direct factorization of A+ ρjjI and this must

be done in complex arithmetic whenever an eigenvalue ρjj of H is complex. In the

second case (ii), when the eigenvalue is real, the computation is the same as in the

first case. If the eigenvalue is complex and appears as a 2× 2 block

 ρjj ρj,j+1

ρj+1,j ρj+1,j+1


on the diagonal, then the following system needs to be solved:

A + ρjjI ρj+1,jI

ρj,j+1I A + ρj+1,j+1I


 zj

zj+1

 = −

 BB̃Tej +
∑j−1

i=1 ziρij

BB̃Tej+1 +
∑j−1

i=1 ziρi,j+1

 .

This time the sparse direct factorization of the matrix on the left is done in real

arithmetic. However, the size of the system now is twice as large. Note that in both

cases, the algorithm is valid regardless of the stability of H as long as σ(A)∩σ(−H) =

∅.

It is possible to completely avoid multiple sparse matrix factorizations in complex

arithmetic through an invariant subspace approach. One alternative is to consider
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the eigenvalue problem

A M

0 −HT


X

Y

 =

X

Y

 R̂, (9.3)

where M = BB̂T and σ(R̂) = σ(−HT ). It will be shown in the next chapter that Y is

nonsingular if and only if σ(R̂) = σ(−HT ). Therefore, the solution Z of (9.2) can be

constructed by Z = XY−1. In this approach, H is assumed stable. This requirement

can be met if A + AT is negative definite, as shown in the following result:

Lemma 9.1. If A + AT is negative definite, then H = UTAU is stable, where U is

an orthogonal matrix.

Proof. By definition, A + AT being negative definite implies

x∗(A + AT )x < 0, ∀x ∈ Cn with ‖x‖ = 1.

Therefore, ∀x ∈ Cn with ‖x‖ = 1, x∗Ax ∈ C−.

Suppose for contradiction that H is not stable. Then there exists x ∈ Cn with

‖x‖ = 1 such that

Hx = xλ,

where λ /∈ C−. This leads to a contradiction:

C− 63 λ

= x∗Hx

= x∗UTAUx

= y∗Ay.
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Thus, the lemma follows.

In the case when A + AT is not negative definite, H may not be stable. Thus, in

the situation where H is not stable, one must deflate the unwanted subspace out of

H and this can be done as follows: Compute a Schur decomposition of H as in

H

(
Q1 Q2

)
=

(
Q1 Q2

)R11 R12

0 R22

 ,

where R11 is strictly stable and R22 anti-stable. Now update H and U as follows:

H← R11

U← UQ1.

To motivate these updates, recall that H = UTAU. From the Schur decomposition,

HQ1 = Q1R11.

Therefore,

R11 = QT
1 HQ1 = (UQ1)

TA(UQ1).

After the deflation, H is guaranteed stable although the size k of the search subspace

may have been reduced.

Now define

Ã ≡

A M

0 −HT

 .

D 
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Then the problem is to compute an invariant subspace of Ã corresponding to σ(−HT ).

Consider the Cayley transformation

Cµ ≡ (µI− Ã)−1(µI + Ã),

where µ is a positive real number. Under this transformation, an eigenvalue λ of Ã

is mapped into an eigenvalue

ω =
µ+ λ

µ− λ

of Cµ. These eigenvalues have the same eigenvector. Note that σ(Ã) = σ(A) ∪

σ(−HT ). Since both A and H are stable, the eigenvalues of A are mapped strictly

into the interior of the unit disc while those of −HT are mapped strictly into the

exterior of the unit disc. An iterative method (such as the implicitly restarted Arnoldi

method [79] available in ARPACK [55] or the Krylov–Schur algorithm [81]) then may

be used to rapidly compute the k eigenvalues of largest magnitude of Cµ. These

will be the transformed eigenvalues of −HT , which are the k eigenvalues that are

exterior to the unit disk. The purpose of this calculation is to construct a basis

corresponding to the invariant subspace corresponding to the known eigenvalues of

Ã (i.e., the eigenvalues of −HT ). Repeated application of the Cayley transformed

matrix to vectors requires only a single sparse direct factorization, which can be

done in real arithmetic. The parameter µ may be chosen to enhance convergence of

the iterative eigenvalue method. If a sparse direct factorization is too expensive, an

iterative approach can be used to apply the Cayley transformation to approximate a

matrix-vector product with Cµ.

The following chapter will present an analysis on selecting an optimal value for

----
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the parameter µ to enhance convergence of the iterative eigenvalue method.



Chapter 10

Solving the Sylvester Equation via

Computing an Invariant Subspace

The following discussion is concerned with the solution of the Sylvester equation

AZ + ZHT + BB̂T = 0, (10.1)

where A ∈ Rn×n, H ∈ Rk×k, B ∈ Rn×m and B̂ ∈ Rk×m with k � n and m ≤ n.

Assume that A and H are stable, i.e., their spectra are strictly in the open left half

of the complex plane. With this assumption, it is well-known that the solution Z

exists and is unique. In addition, k is assumed moderate so that it is possible to

compute all the eigenvalues of H. This chapter introduces a technique to solve the

Sylvester equation (10.1) via computing an invariant subspace. In order to enhance

convergence of iterative eigenvalue solvers, an analysis is presented for optimal shift

selection. The chapter will conclude with numerical demonstrations.
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10.1 Invariant Subspace Formulation

Consider the following invariant subspace problem

A M

0 −HT


X

Y

 =

X

Y

R, (10.2)

where M = BB̂T and σ(R) = σ(−HT ). It will be shown that the solution of the

Sylvester equation (10.1) can be obtained via the solution of the invariant subspace

problem (10.2).

Lemma 10.1. In the invariant subspace problem (10.2), Y is nonsingular if and only

if σ(R) = σ(−HT ).

Proof. Suppose first that Y is nonsingular. Equation (10.2) implies

−HTY = YR.

Thus, −HT and R are similar, and σ(R) = σ(−HT ).

Now, suppose that σ(R) = σ(−HT ). Since both A and H are stable, σ(A) ⊂ C−

and σ(−HT ) ⊂ C+ and σ(A) ∩ σ(−HT ) = ∅. If Y is singular, then Null(Y) is

nontrivial with dim(Null(Y)) ≥ 1. Let N be a matrix whose columns form a basis

for Null(Y). Observe that XN is full rank, since the matrix

XN

0

 =

XN

YN

 =

X

Y

N

is full rank.
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The relation −HTY = YR gives

YRN = HTYN = 0.

Since N is a basis for Null(Y), Y(RN) = 0 implies that RN = NG, and ∅ 6= σ(G) ⊂

σ(R) follows.

The equation AX + MY = XR implies

XNG = XRN = AXN + MYN = AXN,

so that A(XN) = (XN)G, and σ(G) ⊂ σ(A). This is a contradiction since it implies

∅ 6= σ(G) ⊂ σ(R) ∩ σ(A) = σ(−HT ) ∩ σ(A).

Lemma 10.2. Consider the invariant subspace problem (10.2). Then Z = XY−1 is

the solution of the Sylvester equation (10.1).

Proof. The invariant subspace problem (10.2) is equivalent to

 AX + MY = XR

−HTY = YR.

By Lemma 10.1, Y is nonsingular. Thus, the second equation implies

R = −Y−1HTY.

Substituting this into the first equation gives

AX + MY = −XY−1HTY

⇒ AXY−1 + M = −XY−1HT .

D 
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Thus, Z = XY−1 is the solution of (10.1).

Now define

Ã ≡

A M

0 −HT

 . (10.3)

Then the goal is to compute an invariant subspace of Ã corresponding to σ(−HT ).

Consider the Cayley transformation

Cµ ≡ (µI− Ã)−1(µI + Ã), (10.4)

where µ is a positive real number. Under this transformation, an eigenvalue λ of Ã

is mapped into an eigenvalue

ω =
µ+ λ

µ− λ

of Cµ. These eigenvalues have the same eigenvector. Note that σ(Ã) = σ(A) ∪

σ(−HT ). Since both A and H are stable, the eigenvalues of A are mapped strictly

into the interior of the unit disc while those of −HT are mapped strictly into the

exterior of the unit disc. An iterative method (such as the implicitly restarted Arnoldi

method [79] available in ARPACK [55] or the Krylov–Schur algorithm [81]) then may

be used to rapidly compute the k eigenvalues of largest magnitude of Cµ. These

will be the transformed eigenvalues of −HT , which are the k eigenvalues that are

exterior to the unit disk. The purpose of this calculation is to construct a basis

corresponding to the invariant subspace corresponding to the known eigenvalues of

Ã (i.e., the eigenvalues of −HT ). Repeated application of the Cayley transformed

matrix to vectors requires only a single sparse direct factorization, which can be done

D 
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in real arithmetic. The parameter µ may be chosen to enhance convergence of the

iterative eigenvalue method.

In the following discussion, an analysis is presented for the computation of an

optimal value for µ. This optimal value of µ will lead to rapid convergence in com-

puting the desired invariant subspace. The discussion will begin with observations

and results on how the image of a fixed complex number z behaves under the Cayley

transformation as the parameter µ varies. An existing analysis of polynomial restart

Krylov methods for eigenvalue computation [12] indicates that convengence to the

wanted eigenvalues (those exterior to the unit disk) is optimally enhanced if they

are as distanced as possible from the unit circle. Thus, using the results regarding

the behavior of a single fixed complex number under the Cayley transformation, a

mathematical formulation for the optimal value of µ will be derived. Finally, an ef-

ficient algorithm to compute this optimal value of µ will be presented. Numerical

demonstrations will follow.

10.2 Cayley Transformation

First, examine the behavior of a fixed complex number z under the Cayley transfor-

mation as the parameter µ varies. Specifically, let z ∈ C be fixed and consider the

Cayley transformation

w(µ) =
µ+ z

µ− z
, (10.5)

where µ varies in R+. As µ→ 0, w → −1. As µ→∞, w → 1. In fact, as µ increases

from 0 to ∞, w(µ) traces out a circular arc in the complex plane C with −1 and 1

being the two end-points, as shown in the following lemma.

----
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Lemma 10.3. Let z = a + ib ∈ C with a 6= 0 be a fixed complex number and let µ

vary in (0,∞). Consider the Cayley transformation in (10.5).

1. If b 6= 0, then (10.5) maps (0,∞) onto a circular arc C centered at ia
b

with

radius r =
√

1 +
(

a
b

)2
. In addition, w → −1 as µ→ 0+ and w → 1 as µ→∞.

2. If b = 0, i.e., z = a ∈ R, there are two cases:

(a) If a > 0, then (10.5) maps (0, a) onto (−∞,−1) with

lim
µ→0+

w = −1 and lim
µ→a−

w = −∞,

and (a,∞) onto (1,∞) with

lim
µ→a+

w =∞ and lim
µ→∞

w = 1.

(b) If a < 0, then (10.5) maps (0,∞) onto (−1, 1) with

lim
µ→0+

w = −1 and lim
µ→∞

w = 1.

Proof. 1. Let b 6= 0. It is well known that w maps the real line to a circle. If this

circle is centered at w0 ∈ C with radius r, then |w(µ) − w0|2 = r2 for any real

value µ. It is easily seen that w(0) = −1 and w(∞) = 1. If w0 = c + id, it

follows that

r2 = |w(0)− w0|2 = (1 + c)2 + d2 and r2 = |w(∞)− w0|2 = (1− c)2 + d2.

This implies 0 = (1 + c)2 − (1− c)2 = 4c so that c = 0 and r2 = 1 + d2. Thus,

the image of w is a circle centered on the imaginary axis at w0 = id with radius
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r =
√

1 + d2. It remains to show that d = a
b

.

Let z = a+ ib. Then for µ real,

w(µ) =
µ+ z

µ− z
=

µ2 − a2 − b2

(µ− a)2 + b2
+ i

2bµ

(µ− a)2 + b2
. (10.6)

The imaginary axis bisects the circle and intersects it at the purely imaginary

points w(µ0) and w(−µ0) with µ0 =
√
a2 + b2 = |z|. The center id must satisfy

id = 1
2
(w(µ0) + w(−µ0)), and then (10.6) implies

2d =
2bµ0

(µ0 − a)2 + b2
− 2bµ0

(µ0 + a)2 + b2

= (2bµ0)

(
1

2µ0(µ0 − a)
− 1

2µ0(µ0 + a)

)
= b

(
1

µ0 − a
− 1

µ0 + a

)
=

2ab

µ2
0 − a2

= 2
a

b
,

where b2 = (µ0 + a)(µ0 − a) = µ2
0 − a2 is used in the denominators.

This argument shows the Cayley transformation in (10.5) maps (0,∞) onto a

circular arc C centered at w0 = ia
b

with radius r =
√

1 + (a
b
)2. It is straightfor-

ward to verify that w → −1 as µ→ 0+ and that w → 1 as µ→∞.

2. For b = 0, the Cayley transformation in (10.5) is a differentiable real-valued

function in µ on the specified intervals. Thus, it is straightforward to verify the

claims.

The monotonicity of |w(µ)| is established in the following lemma.

D 
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Lemma 10.4. Let z = a + ib ∈ C with a 6= 0 be a fixed complex number and let µ

vary in (0,∞). Consider the Cayley transformation in (10.5).

1. For b 6= 0, there are two cases:

(a) If a > 0, then |w| attains its maximum value of
√

1 +
(

a
b

)2
+
∣∣a

b

∣∣ at µ0 =

|z| =
√
a2 + b2. In addition, the function |w| monotonically increases from

1 to its maximum value in (0, µ0) and monotonically decreases from its

maximum value down to 1 in (µ0,∞).

(b) If a < 0, then |w| attains its minimum value of
√

1 +
(

a
b

)2 − ∣∣a
b

∣∣ at µ0 =

|z| =
√
a2 + b2. In addition, the function |w| monotonically decreases from

1 down to its minimum value in (0, µ0) and monotonically increases from

its minimum value to 1 in (µ0,∞).

2. For b = 0, there are two cases:

(a) If a > 0, then

lim
µ→a
|w(µ)| =∞.

In addition, the function |w| monotonically increases from 1 to ∞ in (0, a)

and monotonically decreases from ∞ down to 1 in (a,∞).

(b) If a < 0, then |w| attains its minimum value of 0 at µ0 = |z| = |a| = −a.

In addition, the function |w| monotonically decreases from 1 down to its

minimum value in (0,−a) and monotonically increases from its minimum

value to 1 in (−a,∞).

Proof. When b 6= 0, the proof of Lemma 10.3 showed the image w(µ) of the real line

−∞ < µ <∞ is a circle bisected by the imaginary axis with µ = µ0 = |z| =
√
a2 + b2
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giving the point of intersection for the image of µ ∈ (0,∞). This point gives either a

maximum or a minimum of |w(µ)| depending on the sign of a, as established in the

following discussion.

Since |w| > 0, studying the monotonicity of |w| is equivalent to studying that of

|w|2. Consider

|w|2 = ww =
(µ2 − a2 − b2)2 + (2µb)2

((µ− a)2 + b2)2
.

It is straightforward to verify the following:

For a > 0,

d

dµ
|w|2 > 0 for µ ∈ (0, µ0) and

d

dµ
|w|2 < 0 for µ ∈ (µ0,∞). (10.7)

For a < 0,

d

dµ
|w|2 < 0 for µ ∈ (0, µ0) and

d

dµ
|w|2 > 0 for µ ∈ (µ0,∞). (10.8)

Claims 1(a) and 1(b) are established with these results.

When b = 0, Conditions (10.7) and (10.8) are still valid and establish monotonicity.

The limiting values of |w(µ)| as µ→ µ0 can be verified directly from the formula for

w(µ) to obtain Claims 2(a) and 2(b).

Figure 10.1 shows a few examples illustrating the results presented in Lemmas

10.3 and 10.4.

D 
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Figure 10.1: The behavior of complex numbers z under the Cayley transformation (10.5) as µ
varies in [0.1, 10]. As µ varies, each w traces out a circular arc. In addition, |w| as a function of µ
attains its maximum/minimum at |z|.

10.3 Notes on Iterative Eigenvalue Solvers

As indicated by the analysis of polynomial restart Krylov methods given in [12],

convergence to the k eigenvalues outside the unit disk will be optimally enhanced if

these transformed eigenvalues are distanced as far as possible from the unit circle.

That is, an optimal convergence rate will be achieved if one is able to choose a real

shift µ in the Cayley transformation that is constructed to maximize the minimum

distance of these k eigenvalues to the unit circle. With the results in Lemmas 10.3

and 10.4, the following discussion will explain how this is done.

10.4 Optimal Shift for the Eigenvalue Problem

Before presenting suggestions on choosing µ, first consider the following example.

Let z1 = 2 + i and z2 = 4 + 3i and consider their corresponding images w1 and w2

via the Cayley transformation (10.5). According to Lemma 10.4, |w1| monotonically

increases from 1 to its maximum value of 2 +
√

5 as µ increases from 0 to |z1| =
√

5

and monotonically decreases from its maximum value of 2 +
√

5 down to 1 as µ
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increases from |z1| =
√

5 to ∞. Similarly, |w2| monotonically increases from 1 to its

maximum value of 3 as µ increases from 0 to |z2| = 5 and monotonically decreases

from its maximum value of 3 down to 1 as µ increases from |z2| = 5 to∞. Combining

these two together, it can be seen that as µ increases from 0 to |z1| =
√

5, both of

|w1| and |w2| monotonically increase, that as µ increases from |z1| =
√

5 to |z2| =

5, |w1| decreases monotonically from its maximum value of 2 +
√

5 while |w2| still

monotonically increases to its maximum value of 3, and that as µ varies increasingly

from |z2| = 5 to∞, both of |w1| and |w2| monotonically decrease down to 1. Thus, in

this example, µ should be chosen between |z1| =
√

5 and |z2| = 5 in order to maximize

both of the distance between w1 and the origin and that between w2 and the origin.

In fact, the optimal value of µ in this case is obtained (in between |z1| =
√

5 and

|z2| = 5) if and only if |w1| = |w2|. The geometry of the example can be observed in

Figure 10.2.
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Figure 10.2: The moduli of the images w1 and w2 of the two unstable complex numbers z1 = 2+ i
and z2 = 4 + 3i via the Cayley transformation (10.5) as functions of µ. The optimal value of µ in
this case is attained when |w1| = |w2|.

In general, the goal now is to find the optimal value of µ ∈ (0,∞) so that the

set of eigenvalues z of −HT (which are in the open right half of the complex plane)

get mapped via the Cayley transformation (10.5) to the set of points w that are
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separated as much as possible from the closed unit disk. Lemmas 10.3 and 10.4 lead

to the following result, which shows that the optimal µ lies in an interval determined

by eigenvalues of smallest and largest magnitude.

Theorem 10.1. If zs and zl are eigenvalues of H with smallest and largest magnitude

respectively, then the optimal value of µ lies in the interval [|zs|, |zl|] and solves

max
µ∈[|zs|,|zl|]

min
z∈σ(−HT )

∣∣∣∣µ+ z

µ− z

∣∣∣∣ . (10.9)

Proof. Define

w(µ; z) ≡ µ+ z

µ− z
.

Since H is stable, all eigenvalues of −HT have positive real part and Lemma 10.4

implies |w(µ; z)| achieves its maximum at µ = |z| ∈ [|zs|, |zl|] for each z ∈ σ(−HT ).

Moreover, |w(µ; z)| is strictly increasing on (0, |z|) and strictly decreasing on (|z|,∞).

Suppose µ < |zs|. Let ẑ ∈ σ(−HT ) satisfy |w(|zs|; ẑ)| ≤ |w(|zs|; z)| for all z ∈

σ(−HT ). Then

max
η∈[|zs|,|zl|]

min
z∈σ(−HT )

|w(η; z)| ≥ |w(|zs|; ẑ)| > |w(µ; ẑ)|,

since |w(µ; ẑ)| is strictly increasing on (0, |zs|). A similar argument applies to the

right endpoint |zl|. D 



133

10.5 Algorithm to Compute the Optimal Shift

In the following, an efficient algorithm is developed to solve the maximin problem

(10.9). First, denote

f(µ, z) = |w| =
∣∣∣∣µ+ z

µ− z

∣∣∣∣ ,
where z ∈ C+ and µ ∈ (0,∞). Note that for any fixed z, f(µ, z) is differentiable with

respect to µ, where µ 6= z. Now consider the algorithm in Figure 10.3. The following

result shows that the algorithm solves the maximin problem (10.9).

Theorem 10.2. Let S be defined as in the algorithm in Figure 10.3. The algorithm

solves the maximin problem (10.9) in at most 2(|S| − 1) iterations, where |S| is the

cardinality of the set S.

Proof. The following argument first shows that the algorithm terminates in a finite

number of steps and then proves that the solution of the maximin problem (10.9) is

obtained at the algorithm’s termination.

Let |S| denote the cardinality of the set S as defined in the algorithm. Since

S ⊂ σ(−HT ) where H ∈ Rk×k, |S| ≤ k. In addition, let S− and S+ denote two sets

of complex numbers and initially be the same as S. It will be shown that at each step

of the algorithm, either the solution is found which leads to the termination of the

iteration or the cardinality of one of these two sets S− and S+ is reduced by 1. In the

case when both of the sets S− and S+ have cardinality one and that the solution has

not yet been returned, the solution is determined using the remaining two elements

in the two sets.

At a given step in the algorithm, z− and z+ are available. The algorithm then

determines if f(µ, z−) and f(µ, z+) intersect in [|z−|, |z+|]. (Note that [|z−|, |z+|] ⊆

----



134

Input: H ∈ Rk×k such that σ(H) ⊂ C−

Output: Optimal µ0, which solves (10.9)
Algorithm:

Compute σ(−HT ) = {z1, z2, . . . , zk} and let S ⊂ σ(−HT ) be the set of all the
distinct eigenvalues zi with imag(zi) ≥ 0.
Set z− = zs and z+ = zl, where zs, zl ∈ S such that |zs| ≤ |zi| ≤ |zl|, ∀zi ∈ S.
While “not terminated”

Compute f−− = f(|z−|, z−), f−+ = f(|z+|, z−), f+
− = f(|z−|, z+) and

f+
+ = f(|z+|, z+).

If (f−− − f+
− )(f+

+ − f−+ ) ≤ 0 (i.e., no intersection)
If f−− < f+

+

Determine z∗ = arg minz∈S f(|z−|, z) and f∗ = f(|z−|, z∗).
If f∗ < f−−

Compute df∗ = f ′(µ, z∗) at |z−|.
If df∗ < 0, then z+ = z− and z− = z∗

else z+ = z∗

endif
else µ0 = |z−|
endif

else (i.e., f−− ≥ f+
+ )

Determine z∗ = arg minz∈S f(|z+|, z) and f∗ = f(|z+|, z∗).
If f∗ < f+

+

Compute df∗ = f ′(µ, z∗) at |z+|.
If df∗ > 0, then z− = z+ and z+ = z∗

else z− = z∗

endif
else µ0 = |z+|
endif

endif
else (i.e., (f−− − f+

− )(f+
+ − f−+ ) > 0: intersection)

Solve f(µ, z−) = f(µ, z+) for µ∗ and evaluate f̂ = f(µ∗, z−) = f(µ∗, z+).
Determine z∗ = arg minz∈S f(µ∗, z) and f∗ = f(µ∗, z∗).
If f∗ < f̂

Compute df∗ = f ′(µ, z∗) at µ∗.
If df∗ < 0, then z− = z∗

else z+ = z∗

endif
else µ0 = µ∗

endif
endif

endwhile

Figure 10.3: An algorithm to Compute an Optimal Value for µ
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[|zs|, |zl|] because of the choice of zs and zl.) There are two scenarios: intersection and

no intersection. If there is an intersection, then it is the only one at µ∗ ∈ [|z−|, |z+|]

because f(µ, z−) and f(µ, z+) monotonically decreases and monotonically increases in

[|z−|, |z+|], respectively. Let f̂ denote the value of f(µ, z−) (or equivalently, f(µ, z+))

at µ∗. Next, the algorithm determines z∗, which solves

min
z∈S

f(µ∗, z),

and then evaluates f ∗ = f(µ∗, z) at z∗. Now there are two cases: If f̂ ≤ f ∗, then

µ0 = µ∗ solves the maximin problem (10.9) because f(µ, z−) and f(µ, z+) intersect

at µ∗ ∈ [|z−|, |z+|] and f(µ, z+) monotonically increases in [|z−|, µ∗] (and hence, in

[|zs|, µ∗]) and f(µ, z−) monotonically decreases in [µ∗, |z+|] (and hence, in [µ∗, |zl|]).

Thus, the algorithm terminates in this case. If f̂ > f ∗, the algorithm now replaces

either z− or z+ with z∗. The choice depends upon the sign of the derivative df∗ of

f(µ, z∗) at µ∗. The selection mechanism is to examine the signs of the derivatives

of f(µ, z−) and f(µ, z+) at µ∗ and select for replacement the one that has the same

derivative sign as the sign of df∗. Again, there are two cases: If df∗ < 0, then the

current z− is replaced by z∗ because f ′(µ, z−) < 0 at µ∗. At the time of replacement, it

can be shown as follows that the current z− can be dropped off from the current set S−

of possible replacements for future z− values. First, recall that f(µ, z−) monotonically

decreases in [|z−|, |zl|] and hence, f ′(µ, z−) ≤ 0, ∀µ ∈ (|z−|, |zl|). Second, f(µ, z−) is

bounded below by f(µ, z+) in [|z−|, µ∗]. Third, by construction, µ∗ solves

max
µ∈[µ∗,|zl|]

min
z∈S−

∣∣∣∣µ+ z

µ− z

∣∣∣∣ .
Thus, the current z− can be dropped off from the current set S−. Given this result,

----
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the cardinality |S−| of S− is then reduced by 1. An analogous argument for the case

where df∗ > 0 leads to dropping off the current z+ from the current set S+ of possible

replacements for future z+ values. Hence, the cardinality |S+| of S+ is then reduced

by 1.

The same argument also applies for the case where there is no intersection between

f(µ, z−) and f(µ, z+). Thus, either µ0 solves the maximin problem (10.9) or the

cardinality of either S− or S+ is reduced by 1.

Recall that at the beginning, |S−| = |S+| = |S| and the algorithm starts out with

zs and zl. Thus, it takes at most 2(|S| − 1) steps to terminate the algorithm.

The following will show that at the termination of the algorithm, the maximin

problem (10.9) is solved. Notice that the algorithm returns µ0 = µ∗, where µ∗ is either

the unique solution of f(µ, z−) = f(µ, z+) if there is an intersection or either µ0 = |z−|

or µ0 = |z+| if there is no intersection. In the case where there is an intersection, since

f(µ, z+) monotonically increases in [|zs|, µ∗] and f(µ, z−) monotonically decreases in

[µ∗, |zl|], µ∗ solves the problem. In the case where there is no intersection, since |z−|

(or |z+|) is the argmax of f(µ, z−) (or f(µ, z+)) by Lemma 10.4, |z−| (or |z+|) solves

the problem.

A Simple Illustration

To illustrate how the algorithm essentially works, a simple example is presented

in Figure 10.4. This example consists of a matrix H with a spectrum of only three

complex pairs −2.5 ± i, −4.5 ± 4i and −8 ± 4i. Thus, S = {z1, z2, z3} = {2.5 +

i, 4.5 + 4i, 8 + 4i}. In Figure 10.4(a), the modulus of w in (10.6) is plotted for each of

the eigenvalues zj as µ varies. Most of the features that determine the steps to find

the optimal µ occur in the region inside the rectangle which can be seen in Figure

D 
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10.4(b). Let wj denote the curve w(µj, z), j = 1, 2, 3. The algorithm first computes

the intersection of |w1| and |w3|, which is at µ1 = 5.0812 and denoted by a circle

at position 1 in Figure 10.4(b). Next, the algorithm looks straight down and sees

a smaller value on |w2| at position 2. Since the signs of the derivatives of |w2| and

|w3| at µ1 are the same, the algorithm replaces |w3| by |w2|. It then starts over by

computing the intersection of |w1| and |w2|, which is at µ2 = 5.3852 and denoted by

a circle at position 3 in Figure 10.4(b). As it looks down and sees no smaller value

than its current value, the algorithm returns µ2 = 5.3852 as the optimal shift.
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Figure 10.4: An illustration of how to solve (10.9). Most of the activities of computing the
optimal shift occur inside the rectangle in (a), which can be seen in (b). The steps of the algorithm
are denoted as 1, 2 and 3. In this particular example, the algorithm stops at position 3 and returns
5.3852 as the optimal value for µ.

Detailed Specifications

In the algorithm, beside a number of function evaluations, the solution of the

following equation for µ,

f(µ, z1) = f(µ, z2) (10.10)
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is often required, where z1 and z2 ∈ C+ are given. The following presents the closed-

form solution to this equation. Let z1 = x1 + iy1 and z2 = x2 + iy2 and note that only

µ ∈ R+ is of interest. Then

f(µ, z1) = f(µ, z2)

⇒
∣∣∣µ+z1

µ−z1

∣∣∣ =
∣∣∣µ+z2

µ−z2

∣∣∣
⇒

∣∣∣µ+x1+iy1

µ−x1−iy1

∣∣∣ =
∣∣∣µ+x2+iy2

µ−x2−iy2

∣∣∣ .
It can be shown that

µ =

√
x2

1x2 − x1x2
2 + x2y2

1 − x1y2
2

x1 − x2

. (10.11)

It can also be verified that if x1 = x2, there is no non-trivial solution for (10.10).

In other words, f(µ, z1) and f(µ, z2) do not intersect in (0,∞) if x1 = x2. Then

according to the algorithm, the solution of the equation (10.10) is not desired in

this case. Thus, there should not be a concern that a division by zero will ever be

encountered in (10.11).

Numerical Demonstrations

In the following, two examples are presented in Figures 10.5 and 10.6 to demon-

strate how the algorithm effectively returns optimal values for µ in larger and more

realistic problems. In the first example, a randomly generated stable matrix H of

size 30 is considered. (A matrix is first generated using the MATLAB command

randn(30), and its entire spectrum is then shifted into the left half-plane to result

in a stable matrix.) The algorithm is used to find the optimal value for µ that solves

the maximin problem (10.9). For this system, the algorithm requires only two itera-

tions to terminate. In the second example, a stable matrix H of size 16 is obtained
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from the study of a streamlined upwind Petrov-Galerkin (SUPG) discretization of

the 2-dimensional steady-state advection-diffusion equation with Dirichlet boundary

conditions (Fischer et al. [29]). The algorithm is used to compute the optimal value

for µ and requires only two iterations to terminate.
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Figure 10.5: A randomly generated stable matrix H of size 30. Optimal value for µ is obtained
using the algorithm in Figure 10.3, which takes only two iterations (shown in red stars) to terminate.
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Figure 10.6: A stable matrix H of size 16 obtained from an SUPG discretization of the advection
diffusion operator on a square grid of bilinear finite elements. Optimal value for µ is obtained using
the algorithm in Figure 10.3, which takes only two iterations (shown in red stars) to terminate.
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10.6 Numerical Demonstrations for the Invariant

Subspace Problem

In this section, three examples are presented to demonstrate the computational ef-

fectiveness of the optimal choice for µ in constructing the solution of the projected

Sylvester equation (9.2) via solving the corresponding invariant subspace problem

(9.3). In the first example, a system is obtained from an SUPG discretization of the

advection-diffusion operator on a square grid of bilinear finite elements (Fischer et

al. [29]). In this system, A has size 400 and is the negation of the matrix obtained

from the discretization, while H has size 15 and results from the first iteration of the

PFADI method on A. B is a random matrix of size 400× 4. Let Ã be defined as in

(10.3). Then σ(Ã), the spectrum of Ã, is shown in Figure 10.7.
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(a) Spectrum of Ã

Size of A : 400
Size of H : 15
Largest mag. |zl| of σ(H) : 0.081
Smallest mag. |zs| of σ(H) : 0.019
Optimal shift µ0 : 0.0388

(b) System Information

Figure 10.7: The spectrum of the matrix Ã defined in (10.3), where A and H respectively are
obtained from an SUPG discretization of the advection-diffusion operator on a square grid of bilinear
finite elements and from the first iteration of the PFADI method on A. The eigenvalues of A and
−HT are shown in red stars and blue circles, respectively.

Let zs and zl denote the two eigenvalues of H that have the smallest and largest

modulus. In this case, |zs| ' 0.019 and |zl| ' 0.081. The invariant subspace of Ã
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µ = 0.080162, 12 iterations

(a) Spectrum of Cµ

Largest mag. |zl| of σ(H) : 0.081
Smallest mag. |zs| of σ(H) : 0.019
Optimal shift µ0 : 0.0388
Shift µ(= 0.99|zl|) : 0.08016
Number of iterations: 12

(b) Specifications

Figure 10.8: The image of σ(Ã) in Figure 10.7 via the Cayley transformation with µ = 0.08016.
It takes an iterative eigensolver 12 iterations to return an invariant subspace of Cµ corresponding
to the eigenvalues outside the unit circle.
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µ = 0.038843, 4 iterations

(a) Spectrum of Ã

Largest mag. |zl| of σ(H) : 0.081
Smallest mag. |zs| of σ(H) : 0.019
Optimal shift µ0 : 0.0388
Shift µ(= µ0) : 0.0388
Number of iterations: 4

(b) Specifications

Figure 10.9: The image of σ(Ã) in Figure 10.7 via the Cayley transformation with µ = 0.0388.
It takes an iterative eigensolver 4 iterations to return an invariant subspace of Cµ corresponding to
the eigenvalues outside the unit circle.

corresponding to σ(−HT ) is desired. The Cayley transformation in (10.4) is consid-

ered with two different values of µ: 0.08016, which is 0.99|zl|, and 0.0388, which is

the optimal value of µ computed using the algorithm in Figure 10.3. The images of

σ(Ã) via the Cayley transformation with these two values of µ are shown in Figures
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10.8 and 10.9. From these two figures, one can see that with 0.0388, which is the

optimal value of µ, the spectrum of −HT via the Cayley transformation (10.4) gets

mapped farther away from the unit circle. In addition, the iteration count using an

iterative eigenvalue solver to obtain the desired invariant subspace using this optimal

value of µ is 4, which is smaller than 12 for the case of larger µ of 0.08016.

An identical procedure is also carried out for two other mathematical models: one

obtained from a randomly generated power grid (Zhou et al. [95]) and the other

a model of an atmospheric storm track (Chahlaoui and van Dooren [21]). For the

randomly generated power grid model, A has size 641 while H has size 46 and results

from the first iteration of the PFADI method on A. B is a matrix of size 641 × 23.

Again, let Ã be defined as in (10.3). Then σ(Ã), the spectrum of Ã, is shown in

Figure 10.10.
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(a) Spectrum of Ã

Size of A : 641
Size of H : 46
Largest mag. |zl| of σ(H) : 1.7748
Smallest mag. |zs| of σ(H) : 0.0145
Optimal shift µ0 : 0.1988

(b) System Information

Figure 10.10: The spectrum of the matrix Ã defined in (10.3), where A and H respectively are
obtained from a randomly generated power grid and from the first iteration of the PFADI method
on A. The eigenvalues of A and −HT are shown in red stars and blue circles, respectively.

Let zs and zl denote the two eigenvalues of H that have the smallest and largest

modulus. In this case, |zs| ' 0.0145 and |zl| ' 1.7748. An invariant subspace

of Ã corresponding to σ(−HT ) is desired. The Cayley transformation in (10.4) is
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µ = 1.7571, 56 iterations

(a) Spectrum of Cµ

Largest mag. |zl| of σ(H) : 1.7748
Smallest mag. |zs| of σ(H) : 0.0145
Optimal shift µ0 : 0.1988
Shift µ(= 0.99|zl|) : 1.7571
Number of iterations: 56

(b) Specifications

Figure 10.11: The image of σ(Ã) in Figure 10.10 via the Cayley transformation with µ = 1.7571.
It takes an iterative solver 56 iterations to return an invariant subspace of Cµ corresponding to the
eigenvalues outside the unit circle.
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µ = 0.19878, 11 iterations

(a) Spectrum of Ã

Largest mag. |zl| of σ(H) : 1.7748
Smallest mag. |zs| of σ(H) : 0.0145
Optimal shift µ0 : 0.1988
Shift µ(= µ0) : 0.1988
Number of iterations: 11

(b) Specifications

Figure 10.12: The image of σ(Ã) in Figure 10.10 via the Cayley transformation with µ = 0.1988.
It takes an iterative solver 11 iterations to return an invariant subspace of Cµ corresponding to the
eigenvalues outside the unit circle.

considered with two different values of µ: 1.7571, which is 0.99|zl|, and 0.1988, which

is the optimal value of µ computed using the algorithm in Figure 10.3. The images of

σ(Ã) via the Cayley transformation with these two values of µ are shown in Figures

10.11 and 10.12.
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From these figures, one can see that with 0.1988, which is the optimal value of µ,

the spectrum of −H via the Cayley transformation (10.4) gets mapped farther away

from the unit circle. In addition, the iteration count using an iterative eigenvalue

solver to obtain the desired invariant subspace using this optimal value of µ is 11,

which is smaller than 56 for the case of larger µ of 1.847.

For the atmospheric storm track model, A has size 598 while H has size 15 and

results from the first iteration of the PFADI method on A. B is a matrix of size

598 × 1. Again, let Ã be defined as in (10.3). Then σ(Ã), the spectrum of Ã, is

shown in Figure 10.13.
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(a) Spectrum of Ã

Size of A : 598
Size of H : 15
Largest mag. |zl| of σ(H) : 11.5426
Smallest mag. |zs| of σ(H) : 0.1673
Optimal shift µ0 : 6.5046

(b) System Information

Figure 10.13: The spectrum of the matrix Ã defined in (10.3), where A and H respectively are
obtained from an atmospheric storm track model and from the first iteration of the PFADI method
on A. The eigenvalues of A and −HT are shown in red stars and blue circles, respectively.

Let zs and zl denote the two eigenvalues of H that have the smallest and largest

modulus. In this case, |zs| ' 0.1673 and |zl| ' 11.5426. An invariant subspace

of Ã corresponding to σ(−HT ) is desired. The Cayley transformation in (10.4) is

considered with three different values of µ: 0.4183, which is 2.5|zs|, and 6.5046, which

is the optimal value of µ computed using the algorithm in Figure 10.3. The images of

σ(Ã) via the Cayley transformation with these two values of µ are shown in Figures
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µ = 0.41828, 112 iterations

(a) Spectrum of Cµ

Largest mag. |zl| of σ(H) : 11.5426
Smallest mag. |zs| of σ(H) : 0.1673
Optimal shift µ0 : 6.5046
Shift µ(= 2.5|zs|) : 0.4183
Number of iterations: 112

(b) Specifications

Figure 10.14: The image of σ(Ã) in Figure 10.10 via the Cayley transformation with µ = 0.4183.
It takes an iterative solver 112 iterations to return an invariant subspace of Cµ corresponding to the
eigenvalues outside the unit circle.
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µ = 6.5046, 11 iterations

(a) Spectrum of Ã

Largest mag. |zl| of σ(H) : 11.5426
Smallest mag. |zs| of σ(H) : 0.1673
Optimal shift µ0 : 6.5046
Shift µ(= µ0) : 6.5046
Number of iterations: 11

(b) Specifications

Figure 10.15: The image of σ(Ã) in Figure 10.13 via the Cayley transformation with µ = 6.5046.
It takes an iterative solver 11 iterations to return an invariant subspace of Cµ corresponding to the
eigenvalues outside the unit circle.

10.14 and 10.15.

From these figures, one can see that with 6.5046, which is the optimal value of µ,

the spectrum of −H via the Cayley transformation (10.4) gets mapped farther away

from the unit circle. In addition, the iteration count using an iterative eigenvalue

~-) . 
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solver to obtain the desired invariant subspace using this optimal value of µ is 11,

which is smaller than 112 for the case of smaller µ of 0.169.

The analysis and examples above have demonstrated that the optimal value of µ

can be determined and computed using the algorithm in Figure 10.3. In addition, the

optimal value of µ significantly enhances convergence of the iterative eigenvalue solver.

Note that the algorithm in Figure 10.3 is not expensive computationally, consisting of

computing the spectrum of the small-size k matrix H and a few function evaluations

and comparisons. According to Theorem 10.2, it takes O(|S|) steps for the algorithm

to return the optimal value of µ. However, in practice, no more than a handful of

steps are required for the task. Thus, the total computational cost at the termination

of the algorithm is insignificant. Once the desired invariant subspace is returned, the

solution of the Sylvester equation (10.1) is obtained, as shown in Lemma 10.2.

Another approach to solve the projected Sylvester equation is to use the ADI

method. The following chapter will show that selecting an optimal value for a single

real shift in the ADI method for the projected Sylvester equation is equivalent to

selecting an optimal value for the parameter µ for the iterative eigenvalue solver as

presented above. Essentially, the same analysis can be carried out for computing an

optimal value for a single real shift in the ADI method. Moreover, this analysis can

be generalized in order to choose an optimal set of multiple real shifts for the ADI

method for the Sylvester equation (10.1).



Chapter 11

Solving the Sylvester Equation

using the ADI Method

The previous chapter has demonstrated that the solution of the projected Sylvester

equation can be efficiently obtained via that of the associated invariant subspace

problem. The optimal value for the parameter µ in the Cayley transformation is

chosen to enhance convergence of the iterative eigenvalue method by pushing out

the part of spectrum of interest from the remainder, which is trapped inside the

unit circle. As will be shown in this chapter, the analysis carried out for computing

the optimal value of the parameter µ for the iterative eigenvalue solver can be used

to select an optimal value for a single real shift in the ADI method in solving the

projected Sylvester equation. In addition, the analysis can be generalized in order to

choose an optimal set of multiple real shifts for the ADI method.

This chapter first summarizes the ADI method to solve the Sylvester equation. It

then introduces the analysis for the optimal value selection of a single real shift in the

ADI method. A generalization follows for selection of optimal multiple real shifts.

147
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11.1 ADI Method for the Sylvester Equation with

a Single Real Shift

Consider the Sylvester equation (10.1)

AZ + ZHT + BB̂T = 0,

where A ∈ Rn×n, H ∈ Rk×k, B ∈ Rn×m and B̂ ∈ Rk×m. Assume that A and H are

stable, i.e., their spectra are strictly in the open left half of the complex plane.

With µ < 0, adding and subtracting µZ to and from (10.1) gives

(A + µI)Z + Z(H− µI)T + BB̂T = 0

and hence,

Z = −(A + µI)−1[Z(H− µI)T + BB̂T ]. (11.1)

Similarly, adding and subtracting µZ to and from (10.1) in a different fashion gives

(A− µI)Z + Z(H + µI)T + BB̂T = 0

and hence,

Z = −[(A− µI)Z + BB̂T ](H + µI)−T . (11.2)

Now substituting the formula for Z in (11.2) into the right hand side of (11.1) results
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in a Stein equation of the form

Z = AµZHT
µ + BµB̂

T
µ , (11.3)

where

Aµ = (A + µI)−1(A− µI), Hµ = (H + µI)−1(H− µI),

Bµ =
√

2|µ|(A + µI)−1B, and B̂µ =
√

2|µ|(H + µI)−1B̂.

Given that A and H are stable and µ < 0, it follows that A + µI and H + µI are

invertible and that the spectral radii of Aµ and Hµ are less than 1. Thus, the analytic

solution of (11.3) is the infinite matrix series

Z =
∞∑

j=0

Aj
µBµB̂

T
µ (Hj

µ)T . (11.4)

Denote

L = [Bµ,AµBµ,A
2
µBµ, . . . ] and L̂ = [B̂µ,HµB̂µ,H

2
µB̂µ, . . . ].

Then the solution can be formally expressed in factored form as

Z = LL̂T . (11.5)

Again since the spectral radii of Aµ and Hµ are less than 1, the following analysis

of convergence is readily available. From (11.4), denote

Zm =
m−1∑
j=0

Aj
µBµB̂

T
µ (Hj

µ)T .
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Then the error between Zm and Z is

Em = Z− Zm

=
∑∞

j=0 Aj
µBµB̂

T
µ (Hj

µ)T −
∑m−1

j=0 Aj
µBµB̂

T
µ (Hj

µ)T

=
∑∞

j=m Aj
µBµB̂

T
µ (Hj

µ)T

= Am
µ (
∑∞

j=0 Aj
µBµB̂

T
µ (Hj

µ)T )(Hm
µ )T

= Am
µ Z(Hm

µ )T .

A similar analysis as in Chapter 8 shows that

‖Em‖ → 0 as m→∞.

An asymptotic convergence rate of the method is obtained from the spectral radii

of Aµ and Hµ. One may attempt to select an optimal value of µ to achieve an optimal

asymptotic convergence rate for the method. This optimal value of µ minimizes the

product of the spectral radii of these two matrices. In other words, this optimal value

of µ requires the solution of the following minimax problem

min
µ∈R−

max
x∈σ(A)
y∈σ(H)

∣∣∣∣(x− µ)(y − µ)

(x+ µ)(y + µ)

∣∣∣∣ . (11.6)

Note that since A is stable (and hence, the spectral radius of Aµ is strictly less than

one), the following inequality holds:

min
µ∈R−

max
x∈σ(A)
y∈σ(H)

∣∣∣∣(x− µ)(y − µ)

(x+ µ)(y + µ)

∣∣∣∣ ≤ min
µ∈R−

max
z∈σ(H)

∣∣∣∣z − µz + µ

∣∣∣∣ .
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In fact, it can be shown that

min
µ∈R−

max
x∈σ(A)
y∈σ(H)

∣∣∣∣(x− µ)(y − µ)

(x+ µ)(y + µ)

∣∣∣∣ ≤ ρ(Aµ0) min
µ∈R−

max
z∈σ(H)

∣∣∣∣z − µz + µ

∣∣∣∣ ,
where ρ(Aµ0) denotes the spectral radius of Aµ0 with µ0 solving the minimax problem

on the right of the inequality. In other words,

µ0 = arg min
µ∈R−

max
z∈σ(H)

∣∣∣∣z − µz + µ

∣∣∣∣
is a sub-optimal value for the solution of (11.6). It will be shown in the next section

that the analysis in Sections 10.2, 10.4 and 10.5 can be used to compute this sub-

optimal value.

11.2 Sub-Optimal Single Real Shift

The following results are analogous to those in Chapter 10. Let z ∈ C be fixed and

consider the following Cayley transformation

ŵ(µ) =
z − µ
z + µ

, (11.7)

where µ varies in R−. Note that ŵ(µ) in (11.7) is −w(−µ), where w(µ) is defined in

(10.5). Therefore, the following results follow.

Lemma 11.1. Let z = a + ib ∈ C with a 6= 0 be a fixed complex number and let µ

vary in (−∞, 0). Consider the Cayley transformation in (11.7).

1. If b 6= 0, then (11.7) maps (−∞, 0) onto a circular arc C centered at −ia
b

with

radius r =
√

1 +
(

a
b

)2
. In addition, ŵ → −1 as µ → −∞ and ŵ → 1 as
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µ→ 0−.

2. If b = 0, i.e., z = a ∈ R, there are two cases:

(a) If a > 0, then (11.7) maps (−∞,−a) onto (−∞,−1) with

lim
µ→−∞

ŵ = −1 and lim
µ→−a−

ŵ = −∞,

and (−a, 0) onto (1,∞) with

lim
µ→−a+

ŵ =∞ and lim
µ→0

ŵ = 1.

(b) If a < 0, then (11.7) maps (−∞, 0) onto (−1, 1) with

lim
µ→−∞

ŵ = −1 and lim
µ→0−

ŵ = 1.

Proof. See Lemma 10.3.

The monotonicity of |ŵ(µ)| is established in the following lemma.

Lemma 11.2. Let z = a + ib ∈ C with a 6= 0 be a fixed complex number and let µ

vary in (−∞, 0). Consider the Cayley transformation in (11.7).

1. For b 6= 0, there are two cases:

(a) If a > 0, then |ŵ| attains its maximum value of
√

1 +
(

a
b

)2
+
∣∣a

b

∣∣ at µ0 =

−|z| = −
√
a2 + b2. In addition, the function |ŵ| monotonically increases

from 1 to its maximum value in (−∞, µ0) and monotonically decreases

from its maximum value down to 1 in (µ0, 0).

D 
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(b) If a < 0, then |ŵ| attains its minimum value of
√

1 +
(

a
b

)2 − ∣∣a
b

∣∣ at

µ0 = −|z| = −
√
a2 + b2. In addition, the function |ŵ| monotonically de-

creases from 1 down to its minimum value in (−∞, µ0) and monotonically

increases from its minimum value to 1 in (µ0, 0).

2. For b = 0, there are two cases:

(a) If a > 0, then

lim
µ→−a

|ŵ(µ)| =∞.

In addition, the function |ŵ| monotonically increases from 1 to ∞ in

(−∞,−a) and monotonically decreases from ∞ down to 1 in (−a, 0).

(b) If a < 0, then |ŵ| attains its minimum value of 0 at µ0 = −|z| = a.

In addition, the function |ŵ| monotonically decreases from 1 down to its

minimum value in (−∞, a) and monotonically increases from its minimum

value to 1 in (a, 0).

Proof. See Lemma 10.4.

The following will show how to use the results in Lemmas 11.1 and 11.2 to deter-

mine the optimal value for µ that solves

min
µ∈R−

max
λ∈σ(H)

∣∣∣∣λ− µλ+ µ

∣∣∣∣ , (11.8)

where σ(H) ⊂ C−.

Theorem 11.1. If zs and zl are eigenvalues of H with smallest and largest magni-

tude respectively, then the optimal value of µ that solves (11.8) lies in the interval

D 
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[−|zl|,−|zs|]. In other words, solving (11.8) is equivalent to solving the following

simpler problem

min
µ∈[−|zl|,−|zs|]

max
z∈σ(H)

∣∣∣∣z − µz + µ

∣∣∣∣ . (11.9)

Proof. See Theorem 10.1.

With this result, the following section introduces a similar algorithm to compute

the optimal value for µ.

11.3 Algorithm to Compute the Sub-Optimal Real

Shift

By Theorem 11.1, the sub-optimal real value of µ solves the minimax problem (11.9).

First, denote

f(µ, z) = |w| =
∣∣∣∣z − µz + µ

∣∣∣∣ ,
where z ∈ C− and µ ∈ (−∞, 0). Note that for any fixed z, f(µ, z) is differentiable

with respect to µ, where µ 6= z. Now consider the algorithm in Figure 11.1. The

following result shows the algorithm solves the minimax problem (11.9).

Theorem 11.2. Let S be defined as in the algorithm in Figure 11.1. The algorithm

solves the minimax problem (11.9) in at most 2(|S|− 1) iterations, where |S| denotes

the cardinality of the set S.

Proof. The proof is similar to that of Theorem 10.2.

D 

D 
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Input: H ∈ Rk×k such that σ(H) ⊂ C−

Output: Optimal µ0, which solves (11.9)
Algorithm:

Compute σ(H) = {z1, z2, . . . , zk} and let S ⊂ σ(H) be the set of all the
distinct eigenvalues zi with imag(zi) ≥ 0.
Set z+ = zs and z− = zl, where zs, zl ∈ S such that |zs| ≤ |zi| ≤ |zl|, ∀zi ∈ S.
While “not terminated”

Compute f−− = f(−|z−|, z−), f−+ = f(−|z+|, z−), f+
− = f(−|z−|, z+) and

f+
+ = f(−|z+|, z+).

If (f−− − f+
− )(f+

+ − f−+ ) ≤ 0 (i.e., no intersection)
If f−− > f+

+

Determine z∗ = arg maxz∈S f(−|z−|, z) and f∗ = f(−|z−|, z∗).
If f∗ > f−−

Compute df∗ = f ′(µ, z∗) at −|z−|.
If df∗ > 0, then z+ = z− and z− = z∗

else z+ = z∗

endif
else µ0 = −|z−|
endif

else (i.e., f−− ≤ f+
+ )

Determine z∗ = arg maxz∈S f(−|z+|, z) and f∗ = f(−|z+|, z∗).
If f∗ > f+

+

Compute df∗ = f ′(µ, z∗) at −|z+|.
If df∗ < 0, then z− = z+ and z+ = z∗

else z− = z∗

endif
else µ0 = −|z+|
endif

endif
else (i.e., (f−− − f+

− )(f+
+ − f−+ ) > 0: intersection)

Solve f(µ, z−) = f(µ, z+) for µ∗ and evaluate f̂ = f(µ∗, z−) = f(µ∗, z+).
Determine z∗ = arg maxz∈S f(µ∗, z) and f∗ = f(µ∗, z∗).
If f∗ > f̂

Compute df∗ = f ′(µ, z∗) at µ∗.
If df∗ > 0, then z− = z∗

else z+ = z∗

endif
else µ0 = µ∗

endif
endif

endwhile

Figure 11.1: An algorithm to Compute an Optimal Value for µ
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Detailed Specifications

In the algorithm in Figure 11.1, beside a number of function evaluations, the

solution of the following equation for µ,

f(µ, z1) = f(µ, z2) (11.10)

is often required, where z1 and z2 ∈ C− are given. The following presents the closed-

form solution to this equation. Let z1 = x1 + iy1 and z2 = x2 + iy2 and note that only

µ ∈ R− is of interest. Then

f(µ, z1) = f(µ, z2)

⇒
∣∣∣ z1−µ
z1+µ

∣∣∣ =
∣∣∣ z2−µ
z2+µ

∣∣∣
⇒

∣∣∣x1−µ+iy1

x1+µ+iy1

∣∣∣ =
∣∣∣x2−µ+iy2

x2+µ+iy2

∣∣∣ .
It can be shown that

µ = −

√
x2

1x2 − x1x2
2 + x2y2

1 − x1y2
2

x1 − x2

. (11.11)

It can also be verified that if x1 = x2, there is no non-trivial solution for (11.10).

In other words, f(µ, z1) and f(µ, z2) do not intersect in (−∞, 0) if x1 = x2. Then

according to the algorithm in Figure 11.1, the solution of the equation (11.10) is not

desired in this case. Thus, there should not be a concern that a division by zero will

ever be encountered in (11.11).

Numerical Demonstrations

In the following, two examples are presented in Figures 11.2 and 11.3 to demon-

strate how the algorithm effectively returns optimal values for µ. In the first example,
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a randomly generated stable matrix H of size 30 is considered. (A matrix is first gen-

erated using the MATLAB command randn(30), and its entire spectrum is then

shifted into the left half-plane to result in a stable matrix.) The algorithm is used to

find the optimal value for µ that solves the minimax problem (11.9). For this system,

the algorithm requires only three steps to terminate. In the second example, a stable

matrix H of size 20 is obtained from a randomly generated power grid [95]. The

algorithm is used to compute the optimal value for µ and requires only one iteration

to terminate.

−5 −4 −3 −2 −1 0
0
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0.3

0.4

0.5
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0.9

1
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|w
|

Figure 11.2: Randomly generated stable matrix H of size 30. Optimal value for µ is obtained using
the algorithm in Figure 11.1, which takes only three iterations (shown in red stars) to terminate.

11.4 ADI Method for the Sylvester Equation with

Multiple Real Shifts

Sections 11.2 and 11.3 have demonstrated how to select an optimal value for a single

real shift µ to minimize the spectral radius of Hµ for rapid convergence in the ADI

method for the Sylvester equation. However, a single shift usually is not sufficient

to obtain a spectral radius significantly less than one. Therefore, multiple shifts are
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Figure 11.3: A stable matrix H of size 20 obtained from a randomly generated power grid.
Optimal value for µ is obtained using the algorithm in Figure 11.1, which takes only one iteration
(shown as a red star) to terminate.

recommended. The following discussion will show that the analysis above can be

generalized for selection of multiple real shifts.

Revisit the Sylvester equation in (10.1)

AZ + ZHT + BB̂T = 0,

where A ∈ Rn×n, H ∈ Rk×k, B ∈ Rn×m and B̂ ∈ Rk×m. The analysis in Section

11.1 shows that with µ < 0, this Sylvester equation can be transformed into a Stein

equation in (11.3)

Z = AµZHT
µ + BµB̂

T
µ ,

where

Aµ = (A + µI)−1(A− µI), Hµ = (H + µI)−1(H− µI),

Bµ =
√

2|µ|(A + µI)−1B, and B̂µ =
√

2|µ|(H + µI)−1B̂.
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The closed-form solution of (10.1) is the infinite matrix series (11.4)

Z =
∞∑

j=0

Aj
µBµB̂

T
µ (Hj

µ)T ,

which can be approximated as the partial sum

Z =
m∑

j=0

Aj
µBµB̂

T
µ (Hj

µ)T

given that A and H are stable and that µ < 0. Again, an asymptotic convergence

rate for the method is obtained from the spectral radii of Aµ and Hµ, which solely

depend upon selection of µ.

The ADI method with multiple real shifts µj ∈ R− can be constructed by forming

an iteration from (11.3) as in

Zk+1 = Aµk+1
ZkH

T
µk+1

+ Bµk+1
B̂T

µk+1
.

The desire to achieve significant rapid convergence using multiple real shifts µj ∈

R−, j = 1, . . . , p, leads to the minimax problem

min
µ1,...,µp∈R−

max
x∈σ(A)
y∈σ(H)

p∏
j=1

∣∣∣∣(x− µj)(y − µj)

(x+ µj)(y + µj)

∣∣∣∣ , (11.12)

i.e., to minimize the product of the spectral radius of
∏p

j=1 Aµj
and the spectral radius

of
∏p

j=1 Hµj
. Since A is stable (Hence, the spectral radius of

∏p
j=1 Aµj

is strictly less

than one. This result can be derived from Lemma 11.3.), the following inequality
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holds:

min
µ1,...,µp∈R−

max
x∈σ(A)
y∈σ(H)

p∏
j=1

∣∣∣∣(x− µj)(y − µj)

(x+ µj)(y + µj)

∣∣∣∣ ≤ min
µ1,...,µp∈R−

max
z∈σ(H)

p∏
j=1

∣∣∣∣z − µj

z + µj

∣∣∣∣ .
In fact, it can be shown that

min
µ1,...,µp∈R−

max
x∈σ(A)
y∈σ(H)

p∏
j=1

∣∣∣∣(x− µj)(y − µj)

(x+ µj)(y + µj)

∣∣∣∣ ≤ ρ

(
p∏

j=1

Aµ̂j

)
min

µ1,...,µp∈R−
max

z∈σ(H)

p∏
j=1

∣∣∣∣z − µj

z + µj

∣∣∣∣ ,
where ρ

(∏p
j=1 Aµ̂j

)
is the spectral radius of

∏p
j=1 Aµ̂j

with {µ̂1, . . . , µ̂p} solving the

minimax problem on the right of the inequality. In other words, the set of shifts

{µ̂1, . . . , µ̂p} = arg min
µ1,...,µp∈R−

max
z∈σ(H)

p∏
j=1

∣∣∣∣z − µj

z + µj

∣∣∣∣
provide a set of sub-optimal values for the solution of (11.12). Thus, the problem of

interest is the minimax problem

min
µ1,...,µp∈R−

max
z∈σ(H)

p∏
j=1

∣∣∣∣z − µj

z + µj

∣∣∣∣ , (11.13)

where σ(H) ⊂ C−, i.e., to minimize the spectral radius of the matrix product∏p
j=1 Hµj

. In the following section, an analysis will be presented to show that the

search region for µj in (11.13) can be narrowed down significantly, which may reduce

computational work in searching for optimal shifts.
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11.5 Sub-Optimal Multiple Real Shifts

Let z ∈ C and consider the following function w : R− × R− × · · · × R−︸ ︷︷ ︸
p

→ C such

that

w(µ1, µ2, . . . , µp) =

p∏
j=1

z − µj

z + µj

. (11.14)

As a result, the modulus |w| of w as a function of µj, j = 1, . . . , p, is

f(µ1, µ2, . . . , µp) = |w(µ1, µ2, . . . , µp)| =
p∏

j=1

∣∣∣∣z − µj

z + µj

∣∣∣∣ . (11.15)

The following results hold:

Lemma 11.3. Let z = a + ib ∈ C with a 6= 0 be a fixed complex number and

µ1, µ2, . . . , µp ∈ R−. Consider the function (11.15).

1. For b 6= 0, there are two cases:

(a) If a > 0, then f(µ1, µ2, . . . , µp) attains its maximum value of(√
1 +

(
a
b

)2
+
∣∣a

b

∣∣)p

at (µ1, µ2, . . . , µp) = (µ0, µ0, . . . , µ0), where µ0 =

−|z| = −
√
a2 + b2. In addition, the directional derivative Duf(µ1, µ2, . . . , µp)

of f(µ1, µ2, . . . , µp) at any point

(µ1, µ2, . . . , µp) ∈ R−×R−×· · ·×R−\{(µ0, µ0, . . . , µ0)} in the direction of

the vector v = (µ1 − µ0, µ2 − µ0, . . . , µp − µ0)
T is negative, where u = v

‖v‖ .

(b) If a < 0, then f(µ1, µ2, . . . , µp) attains its minimum value of(√
1 +

(
a
b

)2 − ∣∣a
b

∣∣)p

at (µ1, µ2, . . . , µp) = (µ0, µ0, . . . , µ0), where µ0 =

−|z| = −
√
a2 + b2. In addition, the directional derivative Duf(µ1, µ2, . . . , µp)

of f(µ1, µ2, . . . , µp) at any point
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(µ1, µ2, . . . , µp) ∈ R−×R−×· · ·×R−\{(µ0, µ0, . . . , µ0)} in the direction of

the vector v = (µ1 − µ0, µ2 − µ0, . . . , µp − µ0)
T is positive, where u = v

‖v‖ .

2. For b = 0, there are two cases:

(a) If a > 0, then

lim
µ1→−a

µj,j 6=1 6=−a

f =∞, . . . , lim
µp→−a

µj,j 6=p 6=−a

f =∞ and lim
µj→−a
j=1,...,p

f =∞.

In addition, the directional derivative Duf(µ1, µ2, . . . , µp) of f(µ1, µ2, . . . , µp)

at any point (µ1, µ2, . . . , µp) ∈ R−\{−a} × R−\{−a} × · · · × R−\{−a} in

the direction of the vector v = (µ1 + a, µ2 + a, . . . , µp + a)T is negative,

where u = v
‖v‖ .

(b) If a < 0, then f attains its minimum value of 0 at µj = −|z| = a for any

j ∈ {1, 2, . . . , p}. In addition, the directional derivative Duf(µ1, µ2, . . . , µp)

of f(µ1, µ2, . . . , µp) at any point (µ1, µ2, . . . , µp) ∈ R−\{a}×R−\{a}×· · ·×

R−\{a} in the direction of the vector v = (µ1 − a, µ2 − a, . . . , µp − a)T is

positive, where u = v
‖v‖ .

Proof. Lemma 11.2 will be used to prove this.

1. For b 6= 0, the maximum (or minimum) value and the corresponding argmax

(or argmin) can be obtained directly from Lemma 11.2. The reason is that

f as defined in (11.15) is a product of p independent identical factors
∣∣∣ z−µ
z+µ

∣∣∣.
Thus, the maximum (or minimum) value of the product is the product of the

maximum (or minimum) values of the independent factors.
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Now by definition,

Duf(µ1, µ2, . . . , µp) = ∇f(µ1, µ2, . . . , µp)
Tu,

where ∇f = ( d
dµ1
f, d

dµ2
f, . . . , d

dµp
f)T is the gradient of f . Thus, by Lemma 11.2

and with u defined as above, the following results follow:

(a) For a > 0, with any (µ1, µ2, . . . , µp) ∈ R−×R−×· · ·×R−\{(µ0, µ0, . . . , µ0)},

Duf(µ1, µ2, . . . , µp) = ∇f(µ1, µ2, . . . , µp)
Tu

=

p∑
j=1

uj

(
∂

∂µj

f

)

=

p∑
j=1

µj − µ0

‖v‖

 p∏
i=1
i6=j

∣∣∣∣z − µi

z + µi

∣∣∣∣
 d

dµj

∣∣∣∣z − µj

z + µj

∣∣∣∣
=

p∑
j=1

1

‖v‖

 p∏
i=1
i6=j

∣∣∣∣z − µi

z + µi

∣∣∣∣


︸ ︷︷ ︸
>0

(µj − µ0)
d

dµj

∣∣∣∣z − µj

z + µj

∣∣∣∣︸ ︷︷ ︸
<0 by Lemma 11.2

< 0.

(b) For a < 0, similarly, one can show that

Duf(µ1, µ2, . . . , µp) = ∇f(µ1, µ2, . . . , µp)
Tu > 0,

for all (µ1, µ2, . . . , µp) ∈ R− × R− × · · · × R−\{(µ0, µ0, . . . , µ0)}.

2. For b = 0, the corresponding limit (or minimum) value can be obtained via

direct evaluation. Regarding the directional derivatives, b = 0 is a special case

of the previous argument. Thus, the claims also follow.
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With this result, the following simpler formulation of the problem of interest can

be derived.

Theorem 11.3. If zs and zl are eigenvalues of H with smallest and largest magnitude

respectively, then the optimal values of µj, j = 1, . . . , p, lie in the p-dimensional cube

D = [−|zl|,−|zs|]× [−|zl|,−|zs|]× · · · × [−|zl|,−|zs|]︸ ︷︷ ︸
p

. In other words, solving (11.13)

is equivalent to solving the following problem with a more compact search region:

min
µ1,µ2,...,µp∈[−|zl|,−|zs|]

max
z∈σ(H)

p∏
j=1

∣∣∣∣z − µj

z + µj

∣∣∣∣ . (11.16)

Proof. As a standard notation, let ∂D denote the boundary of the p-dimensional cube

D. Define

w(z;µ1, µ2, . . . , µp) ≡
p∏

j=1

z − µj

z + µj

.

As a special case, w(z;µ1, µ2, . . . , µp) will be denoted as w(z;µ0) if µj = µ0 for all

j = 1, . . . , p.

For any given eigenvalue z = a + ib ∈ σ(H), set µ0 = −|z| = −
√
a2 + b2. Con-

sider any two distinct points (µ1, µ2, . . . , µp) and (η1, η2, . . . , ηp) ∈ R− × R− × · · · ×

R−\{(µ0, µ0, . . . , µ0)} such that

vT
1 v2 = ‖v1‖‖v2‖, (11.17)

where v1 = (µ1 − η1, µ2 − η2, . . . , µp − ηp)
T and v2 = (η1 − µ0, η2 − µ0, . . . , ηp − µ0)

T .

D 
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Then Lemma 11.3 implies

|w(z;µ1, µ2, . . . , µp)| > |w(z; η1, η2, . . . , ηp)|

> |w(z;µ0)|

=


(√

1 +
(

a
b

)2 − ∣∣a
b

∣∣)p

, if b 6= 0;

0, if b = 0.

(11.18)

For each (α1, α2, . . . , αp) ∈ ∂D, let ẑ ∈ σ(H) satisfy

|w(ẑ;α1, α2, . . . , αp)| ≥ |w(z;α1, α2, . . . , αp)| (11.19)

for all z ∈ σ(H). Now let (α̂1, α̂2, . . . , α̂p) ∈ ∂D and z̃ ∈ σ(H) satisfy

|w(z̃; α̂1, α̂2, . . . , α̂p)| ≤ |w(ẑ;α1, α2, . . . , αp)| (11.20)

for all (α1, α2, . . . , αp) ∈ ∂D. Note that z̃ ∈ σ(H) is the eigenvalue associated with

(α̂1, α̂2, . . . , α̂p) ∈ ∂D that obeys Condition (11.19). In light of (11.18), for any

(µ1, µ2, . . . , µp) ∈ R− × R− × · · · × R−\D,

minη1,η2,...,ηp∈[−|zl|,−|zs|] maxz∈σ(H) |w(z; η1, η2, . . . , ηp)| ≤ |w(z̃; α̂1, α̂2, . . . , α̂p)|

≤ |w(ẑ;α1, α2, . . . , αp)|

< |w(ẑ, µ1, µ2, . . . , µp)|,

where (α1, α2, . . . , αp) and (µ1, µ2, . . . , µp) satisfy the construction in (11.17). Thus,

the theorem follows.

Even though the focus of the section (and also that of the thesis) is not the ADI

D 
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method for solving the Lyapunov equation, it is worth mentioning that Theorem

11.3 implies the following simpler formulation for the minimax problem in computing

optimal real shifts in the ADI method for solving the Lyapunov equation. Consider

the Lyapunov equation in (8.1)

AX + XAT + BBT = 0.

The following result holds.

Corollary 11.1. If zs and zl are eigenvalues of A with smallest and largest mag-

nitude respectively, then the optimal values of real shifts µj, j = 1, . . . , p, lie in the

p-dimensional cube D = [−|zl|,−|zs|]× [−|zl|,−|zs|]× · · · × [−|zl|,−|zs|]︸ ︷︷ ︸
p

. In other

words, solving (8.16) is equivalent to solving the following simpler problem with a

more compact search region

min
µ1,µ2,...,µp∈[−|zl|,−|zs|]

max
z∈σ(A)

p∏
j=1

∣∣∣∣z − µj

z + µj

∣∣∣∣ .
Proof. The result follows by direct substitution of A for H in Theorem 11.3.

In the following, an example is presented to demonstrate the significance of the

result in Theorem 11.3 in solving the minimax problem (11.13) in practice. Recall

that the problem of interest is to minimize the spectral radius of the matrix product∏p
j=1 Hµj

. In other words, it is of interest to solve the minimax problem (11.13)

min
µ1,...,µp∈R−

max
λ∈σ(H)

p∏
j=1

∣∣∣∣λ− µj

λ+ µj

∣∣∣∣ ,
with the nonconvex and nondifferentiable objective function maxλ∈σ(H)

∏p
j=1

∣∣∣λ−µj

λ+µj

∣∣∣.

D 
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An example of such a function with p = 2 is shown in Figure 11.4. Unfortunately, to

Figure 11.4: An example of the objective function of the minimax problem (11.13) with two shifts.
This function is nonconvex and nondifferentiable. (This figure is regenerated, based on Figure 3.6
in Sabino [74].)

my knowledge, there do not exist algorithms to compute the solution of this minimax

problem. As pointed out by Sabino [74], the most current reliable minimization

techniques to solve this minimax problem are the direct search methods [5, 23, 45,

56, 57, 82] that examine nearby points for decreases in the objective function and are

simple to implement. The power of these methods is that they can be immediately

applied to nonlinear, nondifferentiable and nonconvex problems. Thus, for the task

at hand, the Nelder–Mead simplex method [63] is used (as was also chosen in Sabino

[74]) to tackle the minimax problem of interest.

In the minimax problem (11.13), notice that the search region is R− × R− × · · · × R−︸ ︷︷ ︸
p

.

This implies that an initial guess for the Nelder–Mead simplex method can be any-

where in this region. However, Theorem 11.3 indicates that the point that solves the

minimax problem (11.13) is inside the p-dimensional cube

D = [−|zl|,−|zs|]× [−|zl|,−|zs|]× · · · × [−|zl|,−|zs|]︸ ︷︷ ︸
p

,
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where zs and zl are the two eigenvalues of H with smallest and largest magnitude

respectively. In the following example, a stable matrix H of size 20 is considered.

H results from applying the first iteration of the PFADI method to a matrix A,

which is obtained from a randomly generated power grid [95]. The spectrum of H is

shown in Figure 11.5. The Nelder–Mead simplex method (with the MATLAB’s robust

−1.8 −1.6 −1.4 −1.2 −1 −0.8 −0.6 −0.4 −0.2 0
−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

0.5

(a) Spectrum of H

Size of H : 20
Largest mag. |zl| of σ(H) : 1.7685
Smallest mag. |zs| of σ(H) : 0.0103

(b) System Information

Figure 11.5: The spectrum of the matrix H resulting from the first iteration of the PFADI method
on a matrix A, which is obtained from a randomly generated power grid.

implementation fminsearch) is used to compute eight real shifts µj, j = 1, . . . , 8, that

solve the minimax problem (11.13). Two sets of initial guess are chosen, one inside

the 8-dimensional cube D and the other outside. The results are shown in Table 11.1.

From Table 11.1, one can see that the spectral radius of
∏8

j=1 Hµj
with the initial

guess inside the 8-dimensional cube D is almost 17 times smaller than that with the

initial guess outside. In addition, the shifts µj (argmin) resulting from the initial

guess outside of the 8-dimensional cube D are not inside the cube where they should

be according to Theorem 11.3.

I do not claim that and it is not always the case that using the Nelder–Mead

simplex method with an initial guess inside the p-dimensional cube D will return the

f* * * * * * * * 

* 

* 
* 

* 
* 

* 
~ 
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Initial Guess Shifts µj Spectral Radius of
∏8

j=1 Hµj

-0.3619 -0.3079
-0.3619 -0.4275
-0.3619 -0.0105

Inside D: -0.3619 -0.0875 0.0193
-0.3619 -0.8154
-0.3619 -1.0004
-0.3619 -0.3684
-0.3619 -0.2543
-2.7685 -0.0213
-2.7685 -3.5395
-2.7685 -2.4006

Outside D: -2.7685 -1.2588 0.3269
-2.7685 -3.9012
-2.7685 -2.3413
-2.7685 -1.2098
-2.7685 -3.9289

Table 11.1: The Nelder-Mead simplex method is used to compute the solution of the minimax
problem (11.13). Two different sets of initial guesses result in two different solutions. The spectral
radius of

∏8
j=1 Hµj

with the initial guess inside the 8-dimensional cube (based on Theorem 11.3) is
almost 17 times smaller than that with the initial guess outside of the 8-dimensional cube.

optimal point that solves the minimax problem (11.13). However, as demonstrated

with the example, the result in Theorem 11.3 provides good starting points and serves

as a reference so that one can avoid situations where the Nelder–Mead simplex method

may return a point that is nowhere close to the optimal.

It should be noted that the contribution of this section is the mathematical result

presented in Theorem 11.3, which is made towards the formulation of the minimax

problem of interest (11.13). Specifically, for optimal real shift computation, one now

only needs to perform the search in the resulting compact region as shown in (11.16).

For suggestions and techniques on how to approximately compute these optimal real

shifts, one should consult the work done by Sabino [74], which provides an extensive

study of shift selection using the Nelder–Mead method and comparisons between

different shift selection schemes (e.g., using Leja points, real Nelder–Mead points and
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complex Nelder–Mead points).

11.6 Detailed Implementation

This section will present some implementation details of the ADI method to approx-

imately compute low-rank approximations to the solution of the Sylvester equation

(10.1). This technique was originally proposed by Gugercin et al. [36] to solve the

Lyapunov equation. It was then further studied and generalized by Sabino [74] to

solve the Sylvester equation. The technique, which is also known as the modified

low-rank Smith method, was developed to overcome the storage difficulties as may

be encountered in the cyclic Smith method proposed by Penzl [69]. In addition, the

modified low-rank Smith method enables applications of multiple shifts with only one

matrix factorization per shift.

Let Zm =
∑m−1

j=0 Aj
µBµB̂

T
µ (Hj

µ)T be the approximate solution obtained after m

application of the shift µ. Then

AZm + ZmHT + BB̂T = A(Zm − Z) + (Zm − Z)HT

= −A(
∑∞

j=m Aj
µBµB̂

T
µ (Hj

µ)T )− (
∑∞

j=m Aj
µBµB̂

T
µ (Hj

µ)T )HT

= −Am
µ (AZ + ZHT )(Hm

µ )T

= Am
µ BB̂T (Hm

µ )T .

It follows that the difference Z− Zm satisfies the modified Sylvester equation

A(Z− Zm) + (Z− Zm)HT + BmB̂T
m = 0,

where Bm ≡ Am
µ B and B̂m ≡ Hm

µ B̂. Hence, after m steps, one may replace B and
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B̂ by Bm and B̂m respectively and proceed to solve

AY + YHT + BmB̂T
m = 0

to obtain

Z = Zm + Y.

In practice, the modified Smith method constructs a low-rank approximation to

the solution in factored form Z = LL̂T . For each of the factors Lm and L̂m, the

algorithm propagates a low-rank SVD approximation to the factor and aggregates

the shift application so that all instances of a particular shift are applied before the

next shift is brought in and applied. At each shift application, the SVDs of L and

L̂ are updated and truncated in a manner that maintains sufficient accuracy of the

SVDs of the approximations to L and L̂. The generic steps of an iteration (with the

initializations Y = Bµ, Ŷ = B̂µ, L0 = [ ] and L̂0 = [ ]) are

[V,S,Q] = svd([Y,Lm]); (via SVD updating)[
V̂, Ŝ, Q̂

]
= svd(

[
Ŷ, L̂m

]
); (via SVD updating)

Lm+1 ← VkSkQ
T
k ; and L̂m+1 ← V̂kŜkQ̂

T
k ; (σk+1 < tol σ1 and σ̂k+1 < tol σ̂1)

Y ← AµY; and Ŷ ← HµŶ;

where σj and σ̂j are the singular values residing in S and Ŝ, respectively. Note that,

in actual implementation, Lm+1 and L̂m+1 in Step 3 above are not explicitly formed.

The SVDs of these factors are stored and propagated [36, 74].

Summary
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The previous and current chapters have presented two techniques to compute approx-

imations to the solution of the Sylvester equation. Recall that solving the Sylvester

equation is one of the main steps in the PFADI method presented in Chapter 9. More-

over, the computational complexity of the PFADI method depends on how efficiently

the solution of the Sylvester equation is obtained. In the following chapter, the eigen-

value problem approach to solve the Sylvester equation as presented in Chapter 10

will be used within the implementation of the PFADI method. It will be illustrated

that the optimal value of the shift µ in the Cayley transformation results in significant

improvement in computing low-rank approximations to the solution of the Lyapunov

equation using the PFADI method.



Chapter 12

Numerics of the PFADI Method

Recall that the PFADI method presented in Chapter 9 consists of the following four

steps:

1. Solve the reduced order Lyapunov equation for X̂ :

a. Solve

HjX̂j + X̂jH
T
j + B̂jB̂

T
j = 0.

b. Reduce the size of the subspace so that cond(X̂j) <
1

tol
.

2. (API step) Solve the projected Sylvester equation for Zj:

AZj + ZjH
T
j + BjB̂

T
j = 0.

3. Modify Bj as follows:

Bj+1 ← (I− ZjX̂−1
j UT

j )Bj.

173
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4. (ADI step) Update the factorization and basis U with the following steps:

a. Rescale Zj as in

Zj ← ZjX̂−1/2
j .

b. Update and truncate as follows

• [U,S,V] = svd([Lj,Zj]).

• Lj+1 = US.

• Uj+1 ← U(:, 1 : kj), a basis for the dominant subspace of dimension

kj.

Chapter 10 has presented an efficient technique to numerically solve the projected

Sylvester equation (10.1) via the solution of an eigenvalue problem. The solution

of this projected Sylvester equation is required in Step 2 of the PFADI method as

shown above. In this chapter, this eigenvalue problem approach is used within the

implementation of the PFADI method. Numerical demonstrations are then presented

to show how the PFADI method performs. In addition, it will be illustrated that the

optimal value of the shift µ in the Cayley transform results in significant improvement

in computation.

12.1 Stopping Rules

The ultimate goal of the PFADI method is to construct a basis for the dominant

invariant subspace of the solution of the Lyapunov equation (9.1). To achieve this

goal, the algorithm uses an approximate power step at each iteration to obtain a

basis update. Thus, the algorithm will halt when the updates become insignificant
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relative to a prescribed tolerance tol. It is shown in [65] that at each iteration, the

term ZjZ
T
j (with an updated Zj) provides the absolute error between the current and

preceding approximations of X . A practical consequence is that the algorithm may

be stopped if in Step 4 of the algorithm as shown above,

‖Zj‖2 ≤
√
tol‖[Lj,Zj]‖2. (12.1)

This is implemented as follows: At iteration j of the PFADI method, with X̂j obtained

in its Cholesky factors X̂j = RjR
T
j from Step 1 and Zj from Step 2, the singular

values of the rescaled Zj in Step 4 are available via the generalized singular value

decomposition of [Zj,Rj]. Let these singular values reside in Σ. With [U,S,V] ←

svd([Lj,Zj]), then (12.1) becomes

‖Σ‖2 ≤
√
tol‖S‖2. (12.2)

There is no cost associated with making this stopping test, as all the required quan-

tities are readily available.

In addition, it is shown in [65] that BjB
T
j is the Lyapunov equation residual at

iteration j. Thus, to test for convergence, the residual norm is also monitored and is

very cheap to compute at each iteration. This residual norm will be monotonically

decreasing [65]. The residual norm stopping rule is

‖Bj‖2 ≤
√
tol‖B‖2. (12.3)
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12.2 Numerical Demonstrations

The PFADI method is used to solve the Lyapunov equations resulting from the follow-

ing two systems: a system whose state matrix A is obtained from a streamline upwind

Petrov–Galerkin (SUPG) discretization of the 2-dimensional steady-state advection-

diffusion equation with Dirichlet boundary conditions studied in [29], and the other

from a randomly generated power grid studied in [95]. Note that both of the systems

are non-normal. Within the two, the SUPG system satisfies the assumption A + AT

being negative definite. The randomly generated power grid system does not meet

this requirement. However, during the computation, it is observed that the projected

matrices Hj are always stable. In case an indefinite matrix Hj is encountered during

the computation, a deflation step as presented earlier in Chapter 9 should be sufficient

treatment as long as the state matrix A is mildly non-normal.

In Figure 12.1, an SUPG system is considered. The state matrix A has size 400

with a randomly generated input matrix B of size 400 × 4. The dimension k of the

search subspace in the PFADI algorithm is 20 throughout. After 6 iterations, the

algorithm returns an approximate solution with a relative residual norm ‖Bj‖/‖B‖

of O(10−8).

In Figure 12.2, a randomly generated power grid is considered. The state matrix

A has size 276 with an associated input matrix B of size 276×9. The dimension k of

the search subspace in the PFADI algorithm is 20 throughout. After 23 iterations, the

algorithm returns an approximate solution with a relative residual norm ‖Bj‖/‖B‖

of O(10−6).

To demonstrate that the PFADI algorithm works well for large scale systems,

consider an SUPG system of size 102400 with a randomly generated input matrix B

of size 102400 × 4. (Note that the spectrum of this system contains a large number
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Figure 12.1: The spectrum and convergence history of an SUPG system of size 400 using the
PFADI method.

−1.8 −1.6 −1.4 −1.2 −1 −0.8 −0.6 −0.4 −0.2 0
−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0 5 10 15 20 25
10

−7

10
−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

iteration

re
la

tiv
e 

up
da

te

Figure 12.2: The spectrum and convergence history of a power grid system of size 276 using the
PFADI method.

of real eigenvalues. This is quite different from the spectrum of the system in Figure

12.1.) In addition, to show that the optimal value of the shift µ in the Cayley

transform results in significant improvement in computation, in the following, two

sets for results are presented, one with the optimal value of µ and the other with a

non-optimal value. The reported experiments as shown in Table 12.1 were obtained

using Matlab 7.7.0.471 (R2008b) on a laptop with a 2.40 GHz processor and 2.99

GBytes of RAM. From the table, one can see that the PFADI algorithm with the

optimal value of shift µ for the Cayley transformation takes a smaller number of

*******-*+
********* 
*******'** 

* * * 
* * 
* * ; 
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inner iterations (IRAM restarts), which results in much less computational time.

PFADI With optimal µ With non-optimal µ
Relative residual norm 7.65e− 07 1.56e− 04
Number of iterations 18 18

Average number of inner iterations 3.22 11.28
Solution rank 102 102

CPU time (in hours) 0.82 2.51

Table 12.1: Numerical results using the PFADI algorithm for an SUPG system of size 102400. The
optimal value for µ in the Cayley transform results in significant improvement in computation.



Chapter 13

Conclusions and Future Work

13.1 Summary of Contributions

Mathematically, when working with dynamical systems in descriptor form with a

full-rank matrix E in (1.1), one can “absorb” E into A and B by considering E−1,

and thus, the theory will follow. However, it is not obvious how this will be done

in practice when physically inverting E is not recommended. The first contribution

of the thesis is made towards the area of passivity preserving model reduction as in

presenting a generalization of the invariant subspace method (proposed in [78] for

non-descriptor systems) for LTI systems in descriptor form with a full-rank matrix

E.

Next, the thesis has offered a collection of two existing iterative solvers for the

solution of the algebraic Riccati equation: a fixed point iteration and the modified

Newton’s method. In addition, the conditions and system characteristics that guaran-

tee convergence of these iterations have been explored using the theory of M -matrices

[39, 37, 38] and the analysis provided in [50].

Last but most importantly, the thesis has presented a complete analysis and pro-

179
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posed an efficient algorithm to compute the optimal shift for the Cayley transfor-

mation used in constructing an invariant subspace that is required for the solution

of the Sylvester equation. This optimal shift has been mathematically proved and

numerically demonstrated to enhance convergence of iterative eigensolvers, which sig-

nificantly reduces the computational time in obtaining low-rank approximations to

the solution of the Lyapunov equation using the PFADI method [65]. In addition, a

generalization of this analysis is also presented for multiple optimal real shift selec-

tion for the ADI method to solve the Sylvester equation. Specifically, in this case, the

analysis results in a much more compact search region, which serves as a reference

and provides good starting points for the search of multiple optimal real shifts.

13.2 Future Directions

One immediate research direction is to further enhance convergence of eigenvalue

solvers for the solution of the Sylvester equation by considering multiple Cayley trans-

formations equipped with multiple optimal real shifts. A sketch of the idea goes as

follows: Consider the Sylvester equation as in (10.1):

AZ + ZHT + BB̂T = 0.

Define Ã as in (10.3):

Ã ≡

A M

0 −HT

 .

Recall from Chapter 10 that the goal is to compute an invariant subspace of Ã

corresponding to σ(−HT ). The Cayley transformation Cµ with an associated optimal
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value for the positive real shift µ is used to transform the wanted eigenvalues (i.e.,

those of σ(−HT )) into those that are exterior to the unit circle. Note that the optimal

shift µ guarantees these transformed eigenvalues be distanced the most from the unit

circle. Now, instead of using only one Cayley transformation Cµ, consider a product

of p Cayley transformations as in
∏p

j=1 Cµj
, where

Cµj
≡ (µjI− Ã)−1(µjI + Ã).

Using the analysis in Chapters 10 and 11, it can be shown that the set of µj ∈ R+,

j = 1, . . . , p, solve the following maximin problem

max
µ1,µ2,...,µp∈[|zs|,|zl|]

min
z∈σ(−HT )

p∏
j=1

∣∣∣∣µj + z

µj − z

∣∣∣∣ , (13.1)

where zs and zl respectively are the eigenvalues of H with smallest and largest mag-

nitude. It should be observed that, compared to the case with only one Cayley trans-

formation, the transformed eigenvalues via this product of Cayley transformations

equipped with these optimal values µj are distanced even more from the unit circle.

This will result in even faster convergence of iterative eigenvalue solvers in terms of

iteration counts to compute the wanted eigenvalues according to the analysis given

in [12].

Another immediate research direction is to develop a parameter-free approximate

balancing algorithm for model reduction of large-scale LTI dynamical systems where

the controllability and observability Lyapunov equations are solved simultaneously.

The desired projection matrices for the balanced truncation model reduction then

can be constructed using the two dominant invariant subspaces of the two Gramians.

This desire stems from the fact that in optimal control, there are physical dynamical
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systems that either have significantly more inputs than outputs or the other way

around. Because of this imbalance, one of the two Lyapunov equations may take

much longer to solve than the other. The goal of the new algorithm is that, by

solving the two equations simultaneously to construct the projection matrices, the

reduced model system results balanced even though the solution of one of the two

equations may not have converged.

One other research direction is to develop a generalization of the PFADI method

for LTI systems in descriptor form. These descriptor systems are encountered quite

often in circuit simulation, and as mentioned in the beginning of the thesis, passivity

preserving model reduction in circuit simulation is indispensable.
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imation via the Lanczos process. IEEE Transactions on Computer-Aided Design
of Integrated Circuits and Systems, 14, 1995.

[29] Fischer, Ramage, Silvester, and Wathen. Towards parameter-free streamline
upwinding for advection-diffusion problems. Comput. Methods Appl. Mech. Eng.,
179:185–202, 1999.

[30] R. Freund. Passive reduced-order models for interconnect simulation and their
computation via Krylov-subspace algorithms. In Proceedings of the ACM DAC
99, New Orleans, 1999.

[31] R.W. Freund. Passive reduced-order modeling via Krylov subspace methods.
Technical report, Numerical Analysis Manuscripts No. 00-3-02, Bell Laboratories,
2000.

[32] J.D. Gardiner and A.J. Laub. A generalization of the matrix-sign-function solu-
tion for algebraic Riccati equations. Internat. J. Control, 44:823–832, 1986.

[33] G.H. Golub, S. Nash, and C. van Loan. A Hessenberg-Schur method for the
problem AX+XB=C. IEEE Transactions on Automatic Control, 24:909–913,
1979.

[34] E.J. Grimme. Krylov Projection Methods for Model Reduction. PhD thesis,
University of Illinois, Urbana-Champaign, 1997.

[35] S. Gugercin and A.C. Antoulas. A survey of model reduction by balanced trun-
cation and some new results. International Journal of Control, 77(8):748–766,
2004.

[36] S. Gugercin, D.C. Sorensen, and A.C. Antoulas. A modified low-rank Smith
method for large-scale Lyapunov equations. Numerical Algorithms, 32:27–55,
2003.

[37] Chun-Hua Guo. Nonsymmetric algebraic Riccati equations and Wiener-Hopf
factorization for M-matrices. SIAM J. Matrix Anal. Appl., 23:225–242, 2001.

[38] Chun-Hua Guo and Nicholas J. Higham. Iterative solution of a nonsymmetric
algebraic Riccati equation. SIAM J. Matrix Anal. Appl., 29:396–412, 2007.



186

[39] Chun-Hua Guo and Alan J. Laub. On the iterative solution of a class of non-
symmetric algebraic Riccati equations. SIAM J. Matrix Anal. Appl., 22:376–391,
2000.

[40] S.J. Hammarling. Numerical solution of the stable, non-negative definite Lya-
punov equation. IMA Journal of Numerical Analysis, 2:303–323, 1982.

[41] M.L.J. Hautus. Controllability and observability conditions of linear autonomous
systems. Ned. Akad. Wetenschappen, Proc. Ser. A, 72:443–448, 1969.

[42] A.W. Heemink, M. Verlaan, and A.J. Segers. Variance reduced ensemble Kalman
filter. Report 00-03, Department of Applied Mathematical Analysis, Delft Uni-
versity of Technology, 2000.

[43] P. J. Heres. Robust and Efficient Krylov Subspace Methods for Model Order
Reduction. PhD thesis, Eindhoven University of Technology, 2005.

[44] A. Scottedward Hodel, Bruce Tenison, and Kameshwar R. Poolla. Numerical so-
lution of the Lyapunov equation by approximate power iteration. Linear Algebra
and Its Applications, 236:205–230, 1996.

[45] R. Hooke and T.A. Jeeves. Direct search solution of numerical and statistical
problems. J. Assoc. Comput. Mach., 8:212–229, 1961.

[46] W. D. Hoskins, D. S. Meek, and D. J. Walton. The numerical solution of
A’Q+QA=-C. IEEE Trans. Automat. Control, AC-22:882–883, 1977.

[47] Intel. Intel museum. http://www.intel.com/museum/online/hist micro/

hof/index.htm, May 2007.

[48] Intel. Microprocessor quick reference guide. http://www.intel.com/

pressroom/kits/quickreffam.htm, May 2007.

[49] R. Ionutiu, J. Rommes, and A.C. Antoulas. Passivity-preserving model reduction
using dominant spectral-zero interpolation. IEEE Transactions on Computer-
Aided Design of Integrated Circuits and Systems, 27:2250–2263, 2008.

[50] L. V. Kantorovich and G. P. Akilov. Functional Analysis in Normed Spaces. The
MacMillan Company, 1964. Translated from the Russian by D. E. Brown.

[51] S. Y. Kim, N. Gopal, and L. T. Pillage. Time-domain macromodels for VLSI
interconnect analysis. IEEE Trans. Computer-Aided Design Integrated Circuits
Systems, 13:1257–1270, 1994.

[52] L. Knockaert and D. De Zutter. Passive reduced order multiport modeling: the
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