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Abstract Accurately simulating neurons with realistic morphological structure and

synaptic inputs requires the solution of large systems of nonlinear ordinary differen-

tial equations. We apply model reduction techniques to recover the complete nonlinear

voltage dynamics of a neuron using a system of much lower dimension. Using a proper

orthogonal decomposition, we build a reduced-order system from salient snapshots of

the full system output, thus reducing the number of state variables. A discrete empir-

ical interpolation method is then used to reduce the complexity of the nonlinear term

to be proportional to the number of reduced variables. Together these two techniques

allow for up to two orders of magnitude dimension reduction without sacrificing the

spatially-distributed input structure, with an associated order of magnitude speed-up

in simulation time. We demonstrate that both nonlinear spiking behavior and sub-

threshold response of realistic cells are accurately captured by these low-dimensional

models.

Keywords Nonlinear model reduction · Hodgkin–Huxley · Proper orthogonal

decomposition · Empirical interpolation method · Compartmental models

1 Introduction

Efforts to describe the interplay between morphology, kinetics, and synaptic inputs of

single neurons are always, at their core, attempts at model reduction. For, all simula-

tions require a balance between the realism of the model and the constraints of time

and computing power. Investigators have developed neuronal models of varying levels

of biophysical faithfulness, with the more detailed ones taking the form of compart-

mental models with voltage-gated ion channels. In order to resolve features at the level

of dendritic spines (1 µm), this can require many thousands of compartments, and to

include realistic Na+, K+, and Ca2+ channel kinetics requires upwards of 10 variables

Anthony R. Kellems
Rice University
Tel.: (713)-348-3700
E-mail: tkellems@rice.edu



2

per compartment. We thus arrive at a large, coupled, nonlinear system of differential

equations which must be solved to obtain the cell’s voltage dynamics.

Model reduction seeks to shrink the number of state variables while reproducing,

as much as possible, the behaviors of the original model. Techniques to simplify the

kinetics have resulted in approximations which use fewer gating variables, such as

the method of equivalent potentials (Kepler et al., 1992). While such techniques were

developed for single-compartment models, the kinetic schemes can be readily integrated

into multicompartment models. Other techniques aim to simplify the morphology of

the neuron in order to reduce the number of compartments and thus more drastically

reduce the computational load. The first attempts at this were made by Wilfrid Rall.

Using passive membrane models and morphologies satisfying the “3/2” power law, he

was able to rigorously show that symmetric synaptic inputs can be mapped to a single

passive cable (Rall, 1959). However, his model assumptions were too strict for general

use, and did not apply to cells with active kinetic properties, which are necessary to

investigate realistic neuronal functions.

Investigators have since used other ad hoc techniques to achieve their model reduc-

tion goals. The 19-compartment reduction of hippocampal cells by (Traub and Miles,

1991) and the subsequent 2-compartment reduction by (Pinsky and Rinzel, 1994) have

demonstrated that certain properties can be retained in such simple models by lump-

ing many compartments together. However, this type of reduction sacrifices the spatial

location of synapses. Previously, we demonstrated that we can preserve the spatial

input-output relationship in a reduced neuronal model if we are content to reproduce

only the subthreshold dynamics by considering the quasi-active version of the full model

(Kellems et al., 2009).

Here we extend the results of our previous work to reproduce the full nonlinear be-

havior of morphologically accurate models by applying two model reduction techniques.

The first reduces the number of state variables, while the second reduces the complexity

of the nonlinear term by interpolating at a small number of dendritic locations. These

techniques preserve the spatial precision of synaptic input while reproducing the global

voltage dynamics, including both subthreshold and spiking behaviors.

We start in §2 with a description of the full model and the solution methods we

employ. In §3 we apply the model reduction techniques to simulation data to arrive at

the reduced system. Using this framework, in §4 we examine the accuracy of the reduced

system on simplified morphologies and discuss challenges that branched cells pose. We

promptly introduce algorithms to tackle these challenges, and show that they succeed

for simple branched cells. In §5–6 we show that these techniques accurately reproduce

the spiking dynamics of a broad class of realistic cells. We end with a discussion of

applications, improvements, and extensions in §7.

2 Nonlinear Cable Equation

We consider dendritic neurons (see, e.g., Figure 1) with D branched dendrites meeting

at the soma. The dth dendrite possesses Bd branches, and we denote by ℓb the length of

branch b and encode its radius, as a function of distance from its distal end, by ab(x).

The transmembrane potential along branch b will be denoted by vb(x, t). We assume

that the axial resistivity, Ri (kΩ cm), and membrane capacitance, Cm (µF/cm2), are

uniform throughout the cell. We suppose that branch b carries C distinct currents, with

associated densities, Gbc(x) (mS/cm2) and reversal potentials Ec, c = 1, . . . , C. The
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Fig. 1 Example of a simplified neuron to demonstrate our labeling scheme. Branches are
indexed using the Hines ordering (Hines, 1984), and junctions are labeled with italics. For this
cell there are D = 3 dendrites and J = 4 junctions. Our labeling scheme implies, for example,
that at junction 3 the children are indexed by b13 = 5, b23 = 6 and the mother is indexed by
b33 = 8

kinetics of current c on branch b are governed by (powers of) the Fc gating variables,

wbcf , f = 1, . . . , Fc. When subjected to input at Sb synapses, these gating variables,

together with vb, obey the nonlinear cable equation

abCm∂tvb =
1

2Ri
∂x(a2

b∂xvb) − ab

CX

c=1

Gbc(x)(vb − Ec)

FcY

f=1

w
qcf

bcf

−
1

2π

SbX

s=1

gbs(t)δ(x− xbs)(vb − Ebs)

(1)

∂twbcf =
wcf,∞(vb) − wbcf

τcf (vb)
, 0 < x < ℓb, 0 < t. (2)

Here gbs (nS) is the time course, xbs is the spatial location, and Ebs is the reveral

potential of the sth synapse on branch b.

These branch potentials interact at J junction points, where junction J denotes

the soma. At junction j < J we denote by b1j and b2j the branch indices of the two

children and by b3j the branch index of the mother. Continuity of the potential at each

junction requires

vb1
j
(ℓb1

j
, t) = vb2

j
(ℓb2

j
, t) = vb3

j
(0, t), j = 1, . . . , J − 1 (3)

while current balance there requires

a2
b1

j
(ℓb1j

)∂xvb1j
(ℓb1j

, t) + a2
b2

j
(ℓb2j

)∂xvb2j
(ℓb2j

, t) = a2
b3

j
(0)∂xvb3j

(0, t), j = 1, . . . , J − 1.

(4)

The D dendrites join at the soma and associated branch indices are bd
J , d = 1, . . . , D.

Continuity of the potential at the soma then reads

vb1
J
(ℓb1

J
, t) = vbd

J
(ℓbd

J
, t), d = 2, . . . , D (5)
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we denote this common value by vσ(t) and note that current balance there requires

Cm∂tvσ(t) =
π

AσRi

DX

d=1

a2
bd

J
(ℓbd

J
)∂xvbd

J
(ℓbd

J
, t) −

CX

c=1

Gσc(vσ(t) − Ec)

FcY

f=1

w
qcf

σcf
(t)

−
1

Aσ

SσX

s=1

gσs(t)(vσ(t) − Eσs)

(6)

∂twσcf (t) =
wcf,∞(vσ(t)) − wσcf (t)

τcf (vσ(t))
, 0 < x < ℓb, 0 < t. (7)

where σ is the somatic index and Aσ is the surface area of the soma. Finally, we denote

by L the set of leaf indices, where a leaf is a branch with no children. We suppose that

each leaf is sealed at its distal end, i.e.,

∂xvb(0, t) = 0, b ∈ L. (8)

Initially the neuron is at rest, implying that ∂tvb(x, 0) = 0. We solve for the rest state

and denote it by vb(x), and similarly for the gating variables, which yields the initial

conditions

vb(x, 0) = vb(x) (9)

wbcf (x, 0) = wbcf (x) ≡ wcf,∞

`
vb(x)

´
. (10)

With the rest state defined, it is easy to modify (1) to use current injection instead of

synaptic conductance. If we substitute the rest state vb(x) for the vb(x) in the synaptic

input term, then this is equivalent to directly injecting current into the cell, which

yields

Iinj,b(t) ≡
1

2π

SbX

s=1

gbs(t)δ(x − xbs)(vb(x) − Ebs). (11)

If we now partition the cell into N compartments, with C currents per compartment

and at most F gating variables per current, then we arrive at the following system of

ordinary differential equations

v
′(t) = Hv(t) − Φ(w(t))(e.v(t) − Ei) + G(t).(v(t) − Es), v(t) ∈ R

N (12)

w
′(t) =

`
A(v(t)) − w(t)

´
./B(v(t)), w(t) ∈ R

N×C×F (13)

where H is the N-by-N Hines matrix, e = [1 1 · · · 1]T ∈ RC ,

Φ : RN×C×F → R
N×C , G : R → R

N ,

A : RN → R
N×C×F and B : RN → R

N×C×F ,

Ei is the vector of channel reversal potentials

Ei = [ECl ENa EK · · · ]T ∈ R
C ,

Es is the vector of synaptic reversal potentials

Es = [Eex Eex Ein · · · ]T ∈ R
N ,
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and the ‘dot’ operator, a.b, denotes element-wise multiplication. In this paper, we use

only excitatory synapses with Eex = 0 mV. Here A and B are pointwise functions whose

actions are defined, recall (2), by

A(v)i = w:,∞(vi), B(v)i = τ:(vi), i = 1, . . . , N. (14)

We discretize (12)–(13) following the second-order staggered Euler scheme of (Hines,

1984). More precisely, for a fixed timestep ∆t, we evaluate

G
(j) = G((j−3/2)∆t), w

(j) ≈ w((j−3/2)∆t) and v
(j) ≈ v((j−1)∆t), j = 1, 2, . . .

via the marching scheme: Given w
(j−1) and v

(j−1), evaluate

w
(j) =

ˆ`
2B(v(j−1)) − ∆t

´
.w(j−1) + 2A(v(j−1))∆t

˜
./

ˆ
2B(v(j−1)) + ∆t

˜
(15)

and

v
(j) = 2vmid − v

(j−1) (16)

where vmid is the solution to the linear system

(2I/∆t − H + Φ(w(j))e. + G
(j).)vmid = 2v(j−1)/∆t + Φ(w(j))Ei + G

(j).Es. (17)

In the case of current injection, vmid is the solution to the linear system

(2I/∆t − H + Φ(w(j))e.)vmid = 2v(j−1)/∆t + Φ(w(j))Ei − G
(j).(v− Es), (18)

where v is the rest potential of the discretized system.

3 The Reduced Cable Equation

We apply two model reduction techniques to this ODE system, both of which use

the proper orthogonal decomposition (POD). The first technique generates a low-

dimensional basis for the state variables, v and w, while the second generates a low-

dimensional basis for the nonlinear term.

3.1 Proper Orthogonal Decomposition

Given that v ∈ RN , we wish to find a subspace U ⊂ RN of dimension k ≪ N in

which the relevant states v are nearly contained. Specifically, given n “snapshots” of

the state variables X = [ξ(t1) ξ(t2) · · · ξ(tn)], we wish to find an orthonormal basis

{φi}
k
i=1 ⊂ RN which solves the minimization problem

min
{φi}k

i=1

nX

j=1

‚‚‚‚ξ(tj) −
kX

i=1

(ξ(tj)
T φi)φi

‚‚‚‚
2

2

, (19)

i.e., we desire the k-dimensional basis which best fits, in the least squares sense, the

snapshot data (Kunisch and Volkwein, 2002). The proper orthogonal decomposition

(POD) provides a solution to this problem via the singular value decomposition (SVD)

(Liang et al., 2002).
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To obtain the POD basis we first take “snapshots” of the voltage and nonlinear

terms at specific (usually equally-spaced) time points during the simulation. For con-

venience we denote the nonlinear term by

N(v(t), w(t)) ≡ Φ(w(t))(e.v(t) − Ei). (20)

We save the values of v and N(v, w) at times t1, t2, . . . , tn, where tj = j∆t. The snapshots

are stored column-wise in matrices

V = [v(t1) v(t2) · · · v(tn)]

F = [N(v(t1), w(t1)) N(v(t2), w(t2)) · · · N(v(tn), w(tn))]

The matrix V ∈ RN×n will be used to build the POD basis, while F ∈ RN×n will be

used in §3.2.

We begin with the SVD’s of the snapshot matrices

V = UΣXT , F = WΛY T ,

where UT U = I , XT X = I , W T W = I , Y T Y = I , and Σ and Λ are diagonal and

non-negative. These diagonal elements are ordered in a descending fashion. We choose

kv ≤ n and kf ≤ n, set

U = U( : , 1: kv) and W = W ( : , 1: kf ).

The columns of these matrices form the bases which are the solutions to (19) for the

corresponding snapshot sets.

To complete the POD reduction, we define the reduced variable

v = Uṽ (21)

and upon substitution into (12) we arrive at the reduced-order system

ṽ′ = U
T
HUṽ − U

T
N(Uṽ, w) + U

T
G.(Uṽ − Es). (22)

3.2 Reduction of the Nonlinear Term via the Discrete Empirical Interpolation Method

While the dimension of (22) is now kv ≪ N , the nonlinear term still depends on the

full dimension N , which indicates that the system has not been truly reduced. For,

the reduced voltage ṽ must be projected up by U to the full subspace before we can

evaluate the nonlinear term, and the result must be projected back down to the reduced

subspace by UT . We apply an empirical interpolation method to find a set of spatial

interpolation points z = {zi}
kf

i=1 from which the behavior of the full nonlinear term can

be reconstructed, thus reducing the complexity of N to kf ≪ N (Barrault et al., 2004).

This method, originally described for use with finite elements, has been extended to

our case of finite differences via the discrete empirical interpolation method (DEIM)

as given by (Chaturantabut and Sorensen, 2009).

We begin with the basis W for the snapshot set F of nonlinear terms and seek a

“maximally independent basis set” for W (Nguyen et al., 2008). The first interpolation

point z1 is the index of the entry of W1 with the largest magnitude. For i = 2, . . . , kf

each point zi is chosen as the index of the entry of the largest magnitude of the residual
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Algorithm 1 : DEIM

Input: {Wi}
kf

i=1
⊂ RN linearly independent

Output: z = [z1, . . . , zkf
]T ∈ Rkf

1: Define z1 by W1(z1) = maxj |W1(j)|

2: Q = [W1], P = [ez1
], z = [z1]

3: for i = 2 to kf do

4: Solve (PTQ)s = PT Wi for s

5: r ≡ Wi −Qs

6: Define zi by r(zi) = maxj |r(j)|

7: Q ← [Q Wi], P← [P ezi
], z←

»
z

zi

–

8: end for

vector r ≡ Wi −Qs, where Q is the matrix of the previous i− 1 DEIM basis vectors for

N as given in Algorithm 1 (Chaturantabut and Sorensen, 2009).

We define the reduced gating variables

w = Pw̃, (23)

substitute into the nonlinear term, and apply the matrices computed from the DEIM

to obtain

N(Uṽ, w) ≈ Q(PTQ)−1
P

T
N(Uṽ, Pw̃). (24)

Substituting (23)–(24) into (22) and (13), and applying (20), we obtain

ṽ′ = H̃ṽ − RΦ̃(w̃)(e.Zṽ − Ei) + U
T
G.(Uṽ − Es) (25)

w̃′ =
`
Ã(ṽ) − w̃

´
./B̃(ṽ), (26)

where the reduced functions are

Ã(ṽ) ≡ P
T
A(Uṽ), B̃(ṽ) ≡ P

T
B(Uṽ), and Φ̃(w̃) ≡ P

T Φ(Pw̃) (27)

and

Z ≡ P
T
U : Rkv → R

kf

H̃ ≡ U
T
HU : Rkv → R

kv

R ≡ U
TQ(PTQ)−1 : Rkf → R

kv .

Since in (27) all are pointwise functions, the matrix P
T just picks off the entries at the

interpolation points z, and thus by recalling (14) we find

Ã(ṽ)i ≡ w:,∞
`
(Zṽ)i

´
, B̃(ṽ)i ≡ τ:

`
(Zṽ)i

´
, i = 1, . . . , kf

and similarly Φ̃ just computes the rows of Φ corresponding to the indices z. Hence the

reduced functions are of complexity kf , as desired.
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We solve the reduced system using the same staggered Euler scheme. We denote

G
(j) = G((j−3/2)∆t), w̃(j) ≈ w̃((j−3/2)∆t) and ṽ(j) ≈ ṽ((j−1)∆t), j = 1, 2, . . .

and use the scheme: Given w̃(j−1) and ṽ(j−1), evaluate

w̃(j) =
ˆ`

2B̃(ṽ(j−1)) − ∆t
´
.w̃(j−1) + 2Ã(ṽ(j−1))∆t

˜
./

ˆ
2B̃(ṽ(j−1)) + ∆t

˜
(28)

and

ṽ(j) = 2ṽmid − ṽ(j−1) (29)

where, for current injection, ṽmid is the solution to the linear system

L
(j)ṽmid = r

(j) − U
T (G(j).(v− Es)), (30)

where

L
(j) ≡ 2I/∆t − H̃ + Rdiag(Φ̃(w̃(j))e)Z

r
(j) ≡ 2ṽ(j−1)/∆t + RΦ̃(w̃(j))Ei.

In the case of synaptic conductance, ṽmid is the solution to the linear system

`
L
(j) + U

T diag(G(j))U
´
ṽmid = r

(j) + U
T (G(j).Es). (31)

3.3 Numerical Solution of the Reduced System

We have written a MATLAB suite of functions that loads morphology and channel

kinetics and distributions, simulates the full system and obtains POD and DEIM snap-

shots, and then simulates the reduced system and displays the response of these models

to the desired inputs. Two ion channel models were used in this study: one follows

Hodgkin–Huxley kinetics, while the other augments this model by including an A-type

K+ current with a spatially-varying conductance density (we refer to these models

as HH and HHA, respectively). Parameters for these models are the same as given in

(Kellems et al., 2009). Gating variable evaluation was performed via a look-up table

similar to (Hines, 1984). These codes are available from the authors upon request.

All computations were performed on a Sun Ultra 20 computer with a 2.2 GHz AMD

Opteron processor. Detailed simulation documentation can be found in Supplementary

Material 1.

3.3.1 Computational Notes

For the purpose of analyzing spiking behavior, we need only consider the voltage traces

from one site (namely, the soma). It is easy to obtain this voltage vsoma from the

reduced system via (21), but computing the full matrix-vector product at each time

step becomes expensive. However, noting that vsoma = U(jsoma, : )ṽ, it is clear that

performing this inner product is much cheaper. Thus we can accelerate the reduced

system by saving voltage data at different temporal resolutions: a fine resolution for

the soma, and a coarse one everywhere else. For instance, saving the somatic potential

every rs timesteps and saving all other potentials every rc timesteps, where rs < rc,

will reduce the computational expense of (21) while still giving the detail we desire at

the soma. In this paper, all timings reflect the use of rs = 1 and rc = 10.
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4 Results on Simplified Morphologies

4.1 Straight Fiber

Consider a uniform fiber that is 1 mm long with N = 1401 compartments with HH ki-

netics. We generate a reduced model using 200 snapshots over 10 ms (solving (15)–(18)

with ∆t = 0.01 ms) for both the POD and DEIM bases by applying a suprathreshold

step current of 500 pA for 1 ms at the distal end. This choice of stimulus location per-

mits the action potential to traverse the whole fiber, thus providing a sufficiently rich

set of snapshots from which to build the reduced system (see Figure 2A). Computing

the singular values for the POD and DEIM snapshot matrices as in (3.1), we find that

they decay quite rapidly (see Figure 2B), thus it is reasonable to expect that a small

reduced system can approximate the full system well.
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Fig. 2 (a) Sample traces of voltage snapshots used to construct the HH fiber reduced system.
Shown are snapshots 22:10:132 of the simulation. (b) Decay of singular values for the POD and
DEIM bases for the HH fiber. (c) Location of the first 20 DEIM points on the fiber, indexed
by order in which they were computed

Note that the decay of these singular values to some tolerance does not necessarily

imply a corresponding accuracy of the reduced system as compared to the full one. For

example, for linear systems there exist SVD-based model reduction methods, such as

Balanced Truncation, for which rigorous error bounds exist in terms of the decay of

Hankel singular values (Glover, 1984) (Antoulas and Sorensen, 2001); these have been

successfully applied to the linearized version of (1) (Kellems et al., 2009). For nonlinear

systems the reduction relies upon having a good snapshot set. Hence if the snapshot

set is poor, then the decay of the singular values cannot be interpreted as yielding a

good reduced system. However, if the snapshot set is good then it can be used as a

guide to estimate how large the reduced system must be.

To test accuracy and speed, we perform a series of simulations using random inputs

and compare the reduced system’s performance with that of the full system. A match

is said to occur when a spike in the reduced system occurs within τref = 2 ms of a

', 

----

' ' ,_ ,_ 

·--............... --• • • • • • • • • .. ·-..... --..... --• • • • ••• 
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spike in the full system. Our metrics for quantifying the spike-capturing accuracy of

the reduced system include the coincidence factor Γ (Kistler et al., 1997), defined as

Γ =
Nmatch − NfullNreduced(τref/T )

(Nfull + Nreduced)(1 − Nfull(τref/T ))/2
, (32)

where Nfull and Nreduced are the number of spikes in the full and reduced models,

respectively, Nmatch is the number of matches, and T is the length of the simulation.

The value Γ = 1 implies the spike trains are equal and Γ = 0 implies the spike trains

would occur purely by chance. To better evaluate the effect of false positives, we use

the percentage matched and percentage mismatched measures of (Kellems et al., 2009):

% matched = 100
Nmatch

Nfull
(33)

% mismatched = 100
Nreduced − Nmatch

Nreduced
. (34)

We simulate for 1 second with 200 random step currents, each lasting 0–5 ms and

having amplitudes of 0–100 pA, applied to random locations on the fiber. To solve

both systems we use ∆t = 0.1 ms. We vary the dimension of the reduced system,

using kv = kf , and run 20 simulations at each value (the same 20 input patterns were

used for each reduced system). The results, shown in Table 1, indicate that reduced

systems nearly 100-fold smaller than the original ones reproduce highly accurate spiking

patterns and are about 5× faster.

Table 1 Performance of reduced model (here kv = kf ) of HH fiber, N = 1401, as compared
with the full model

kv Speed-up % Matched % Mismatched Γ

10 6.3× 87.4 8.2 0.893
15 5.9× 98.9 1.1 0.988
20 5.6× 99.7 0 0.998
30 4.6× 100 0.6 0.997

To assess the effects of different ion channel models on accuracy and speed, we

perform the same experiment, but with a channel model incorporating an A-type K+

current (HHA model). Due to the decreased excitability of the distal part of the fiber,

we increase the number of stimuli to 500 and the range of amplitudes of the step

currents to 0–300 pA. As shown in Table 2, although the accuracy initially decreases

for very small kv values, it is rapidly regained so that nearly exact spike dynamics

(Γ = 0.990) are reproduced with kv = kf = 30, a 46-fold reduction in dimension.

Additionally, the reduced systems show greater speed-ups versus the full systems than

do the HH ones. Examination of voltage traces (Figure 3) shows that not only are the

spike times correct, but in fact the sub- and suprathreshold voltage dynamics agree

very well.

One may wonder why the speed-up is basically one order of magnitude while the

dimension reduction is two orders of magnitude. The reason lies in the fact that the

full system matrices are large but sparse, whereas the reduced matrices are small but

dense. Hence the associated matrix-vector products have different computational costs,

and we ought not expect the same scalings.
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Table 2 Performance of reduced model (here kv = kf ) of HHA fiber, N = 1401, as compared
with the full model

kv Speed-up % Matched % Mismatched Γ

10 8× 81.7 64.3 0.457
15 7.5× 77.7 7.7 0.840
20 6.9× 95.8 0.5 0.976
30 5.8× 98.6 0.5 0.990
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Fig. 3 Comparison of somatic voltage traces as computed by the full (solid) and reduced
(dashed) systems for the HHA fiber. Although two curves are plotted, only one is seen because
the reduced system is so accurate (kv = kf = 30) that it nearly exactly reproduces the
dynamics

4.2 Forked Neuron: Challenges of Branched Cells

Now consider the a forked neuron which has one mother branch and two daughter

branches, all with radius 1 µm and length 500 µm. The cell consists of N = 1501

compartments having HH kinetics. The first step in constructing a reduced model is

to generate a sufficiently rich set of snapshots, but this simple cell illustrates that the

task is not trivial.

4.2.1 Phantom Spiking

We desire a reduced model which will reproduce the correct dynamics of the full model

independent of the location of the inputs. In order to capture spiking behavior, this

implies that the snapshots to be used must contain local descriptions of action poten-

tials. For example, on the fiber we needed to ensure that each node experienced spike

dynamics. This was accomplished by initiating a spike at one end and allowing it to

travel to the other end (this includes the after-hyperpolarization as well).

For the forked neuron, isolating the local spiking behavior is not so simple because

each spike that is initiated will split upon reaching the junction point, and thus at

least two branches will contain a spike at the same time. Such a situation is not

good, because the snapshots will contain information about both spikes simultaneously

(Figure 4), causing phantom spiking. This phenomenon consists of stimulus arriving at

one location, but, because of the double spikes in the snapshots, the same output is

observed at a mirror location on another branch (see Figure 5).

There are at least two remedies for this. The first is to take more snapshots and use

inputs that are chosen so that the resulting set of snapshots will eliminate phantom
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Fig. 4 The cause of phantom spiking can be traced to poor snapshots. Snapshots of (a) voltage
and (b) ionic terms were obtained for the forked neuron during a 10 ms simulation in which
the most distal node of branch 1 is stimulated with a 500 pA step current lasting 1 ms. Notice
that the presence of two spikes (on different branches) occurs in both plots, but in this case it
is more clearly shown in (b), which is used to generate the DEIM basis. Fine dotted lines in
both plots indicate the ends of a branch

spiking. One such solution is to stimulate the extreme ends of each branch successively,

so that each stimulus initiates a spike on one branch that then travels and splits onto

the other two. In this way, there are snapshots in which each branch is active alone,

and the effects of snapshots with two active branches cancel each other out. Though

this approach works, it is not readily extensible to more complex morphologies. The

forked neuron is essentially a symmetric morphology, so with some thought it is easy

to conceive of a set of inputs that generate good snapshots. However, for a realistic

hippocampal neuron it is not clear how to proceed, nor whether this approach has a

solution.

4.2.2 Branchwise Orthogonalization

A more clever approach to solving the problem of phantom spiking is to try to exploit

snapshots from a short simulation in order to tell us more about the local branch

dynamics. The idea is to isolate the dynamics for a single branch and keep the other

branches silent (i.e., at rest).

To accomplish this, we simulate the full model with a suprathreshold stimulus

applied at a location which will allow a spike to propagate throughout the whole cell;

this location should be the soma, a junction point, or the distal end of a leaf in order

to prevent two spikes from occurring on the same branch. Let us denote the resulting

set of snapshots as S . To isolate the dynamics of branch j we find the snapshots during

which branch j was active. We extract these snapshots from the original set to create

a local set Lj . These snapshots are then modified by setting to rest all the voltage

values of elements that do not belong to branch j. The final new set of snapshots bS
is then the union of the local sets. Hence the snapshots are “orthogonal” in the sense

that only one branch is active in each snapshot (Figure 6).

This technique, called Branch-Ortho, is formulated in Algorithm 2.

4.2.3 V-Slim: Variance-based Snapshot Elimination Algorithm

In order to implement the branchwise orthogonalization algorithm in any generality,

we must have a notion of what it means for a branch to be active. The most obvious
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Fig. 5 Phantom spiking occurs for poor choices of snapshots. (a) Spatial traces of voltage at
selected time-points demonstrate phantom spiking in a reduced fork model which was built
from a poor set of snapshots. Due to the inaccuracy of the resulting reduced system, the
reduced traces (dashed lines) do not coincide with those of the full system (solid lines) in time.
Phantom spiking is made drastically clear by comparing the spatio-temporal voltage plots of
the full (b) and reduced (b) systems

Algorithm 2 : Branch-Ortho

1: Obtain set S of snapshots by simulating full system with suprathreshold somatic input,
allowing the action potential to propagate to all dendrites and decay back to near rest

2: Let b = number of branches

3: for j = 1 to b do

4: Define Aj = {indices of snapshots for which branch j is active}

5: Lj = {Sk : k ∈ Aj}

6: Bj = {indices of compartments that DO NOT belong to branch j}

7: Set values of elements Bj of each snapshot in Lj to their rest values

8: end for

9: “Orthogonalized” set is bS =
Sb

j=1 Lj

(b) 
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Fig. 6 Illustration of the Branch-Ortho and V-Slim algorithms. (a) The original set of snap-
shots, with white dashed lines bounding the global active zone (snapshots 22–131) obtained
via the first application of V-Slim. (b) The resulting snapshot set after the Branch-Ortho al-
gorithm is run, with white dashed lines enclosing the snapshots to be removed (111–134 and
221–244) as computed from the second application of V-Slim. The final snapshot set consists
only of snapshots in the local active zones

notion is that the branch must not be at rest. However, since the cable equation is

inherently diffusive, it is unlikely that under stimulation any branch will be exactly at

rest. Yet, the change may be so small that it is insignificant. A more useful definition

is that a branch is active when any compartment of that branch is “far enough” from

rest.

A simple way to check this condition is to compute the variance with respect to

rest of the snapshot and compare this value to the variances of the other snapshots,

normalized to the snapshot with greatest variance. If this value is above some tolerance,

then the branch is active; otherwise, the branch is inactive, and the snapshot can be

neglected. This process, called V-Slim, is detailed in Algorithm 3.

Algorithm 3 : V-Slim

1: Given a set S of m snapshots, choose a tolerance ε ∈ [0, 1)

2: For j = 1 : m, compute the variance σ2
j , with respect to rest, of the jth snapshot

3: Let M = maxj=1:m(σ2
j )

4: Normalize variances (set σ2 := σ2/M)

5: For j = 1 : m, if σ2
j < ε then remove snapshot j from S

Another technique to shrink the size of bS is to store only every kth snapshot in Aj .

This is reasonable because snapshots which are close together in time are more similar.

Keeping every snapshot gives maximal information, but we expect that we can get by

with less (and we provide evidence in our results that this is indeed the case).

Such attention to shrinking the set of snapshots is necessary because computing

the SVD’s of the POD and DEIM inner product matrices is potentially very slow in

our current implementation. Since the SVD scales as O(N3), taking more snapshots

will dramatically increase the computation time to obtain the reduced bases. For small

numbers of snapshots (dim( bS) < 1000) this may not be so bad, but if we require
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many thousands of snapshots (as may be the case for highly-branched cells) then the

SVD step may become intractable in a reasonable period of time. In the future we

will use ARPACK (via the eigs command in MATLAB), which is a suite of iterative

eigensolvers tailored to large-scale problems, to drastically reduce the cost of computing

these SVD’s. Previous experience gives us confidence that by using this package we

can even eliminate the need for the aforementioned snapshot-shrinking algorithms.

Nevertheless, the methods given here contribute a one-time cost, because results of

these computations can be stored and reused for all future simulations of a specific

morphology. This, along with the fact POD and DEIM set-up times for the simulations

in this paper often required ≈ 1 second and at most ≈ 10 seconds, means we do not

include set-up times in any of our timing comparisons.

4.2.4 Branch-Ortho and V-Slim Implementation

For branched cells it is useful to apply V-Slim to the orthogonalized set bS. In its

first use in the Branch-Ortho algorithm, V-Slim operates globally in the sense that it

determines the global active zone for the neuron. But for the orthogonalized set bS all

that matters is the local active zone, i.e. the snapshots for which a given branch is

active. Since the local active zone is likely to be smaller than the global active zone,

the difference is composed of inactive snapshots. By using V-Slim on bS the method

operates locally, pruning these artifacts (see Figure 6).

Thus our implementation of Branch-Ortho and V-Slim uses a 3-step process. First

we apply V-Slim to S to obtain the global active zone, Aglobal. Next we run Branch-

Ortho with Aj = Aglobal to obtain bS. Finally, we apply V-Slim to bS, which effectively

isolates the local active zones for each branch and yields the final snapshot set.

4.3 Forked Neuron Results

Equipped with the tools from the above sections, we return to the task of reducing the

forked neuron. We take 200 snapshots over a 10 ms window (using ∆t = 0.1 ms), and

we obtain them by giving a suprathreshold stimulus to a distal branch. We use the

branchwise orthogonalization algorithm to generate snapshots of branches in isolation,

where the active zone is computed by applying V-Slim with tolerances 10−6 and 10−5

for the POD and DEIM bases, respectively, and then saving every 4th snapshot from

this resulting set; no secondary V-Slim is used. Simulations consist of 750 random step

currents injected over a 1 second interval, with each current having amplitude 0–60 pA

and lasting 0–5 ms.

Branch-ortho turns out to be a very effective method of improving the accuracy

of the reduced system, as Table 3 demonstrates. Not only are spike times accurately

reproduced, but the somatic voltage traces are nearly exactly duplicated in the reduced

system, as shown in Figure 8. The improvement can be seen qualitatively in Figure

7 by observing that the DEIM points are more evenly spaced throughout the neuron

than they are without Branch-Ortho.

Our next test is done with the HHA model, but with all the other parameters kept

the same, except in this case, we use a secondary V-Slim algorithm with tolerances of

10−4 and 10−5 for the POD and DEIM bases, respectively, and we use 1000 random
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Table 3 Performance of reduced model (here kv = kf ) of HH fork, N = 1501, as compared
with the full model. The first simulation set does not use Branch-Ortho for the reduced system,
while the next four sets use it, leading to far superior accuracy

kv Speed-up % Matched % Mismatched Γ

30, no Branch-Ortho 17.5× 34.9 19.0 0.484

10 24.1× 63.4 16.0 0.718
15 22.5× 88.3 2.8 0.925
20 21.2× 94.3 0.8 0.967
30 17.5× 99.6 0.4 0.996

stimuli of between 0–250 pA. Even though the spatially-varying A-type K+ conduc-

tance necessitates a slightly larger reduced system in order maintain the accuracy seen

in the HH fork, we still observe a similar speed-up, as Table 4 indicates.

Table 4 Performance of reduced model (here kv = kf ) of HHA fork, N = 1401, as compared
with the full model

kv Speed-up % Matched % Mismatched Γ

20 23.5× 66.7 21.6 0.713
25 22.0× 97.3 2.9 0.971
30 19.7× 97.1 0.8 0.981
40 15.4× 98.7 0 0.993

4.4 Branched Cell Obeying Rall’s 3/2 Power Law

To examine more complex branching patterns we now consider a binary branching tree

which satisfies the 3/2 power law as explained in (Rall, 1959). The cell has a depth of

3 (for a total of 15 branches), and the root branch has length 200 µm and radius 8 µm,

agreeing with the morphological parameters as given in Rallpack 2 of (Bhalla et al.,

1992). We consider two variants of such a tree: one in which the dendritic radii do not

taper and one in which they do. We run 20 simulations of 1000 ms each with ∆t = 0.1

ms, just as for the forked neuron, only this time we use 600 random currents of 0–500

pA amplitude and 0–5 ms duration.

The results shown in Table 5 show that the reduced system recovers spiking dy-

namics to high accuracy. The tapered cell is less excitable than the non-tapered cell

(which may be expected since there are more compartments with greater surface areas

in the tapered cell). Also, the non-tapered cell requires a larger reduced system to

capture the dynamics, which suggests that cells with smoothly varying dendritic radii

may yield better results than cells whose radii change abruptly.

5 Results on Realistic Morphologies

Realistic cells necessitate simulations of larger dimension (to retain high spatial resolu-

tion for the inputs) and more POD and DEIM basis vectors (to maintain high accuracy
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Fig. 7 DEIM points computed for the HH forked neuron when branchwise orthogonalization
is (a) not used and (b) used. The improvement from using Branch-Ortho is evident in the
qualitative difference in DEIM point location: notice that in (a) the lower-right branch has few
DEIM points, whereas in (b) the DEIM points are more evenly distributed. In (b) there is a
small cluster of points near the junction, with each point lying on distinct branches

Table 5 Performance of reduced model (here kv = kf ) of HH Rall cells of depth 3 for tapered
and non-tapered branches, N = 1823, as compared with the full model

kv Speed-up % Matched % Mismatched Γ

30, tapered 19.0× 95.9 1.1 0.974
30, non-tapered 18.9× 79.2 8.9 0.847
40, non-tapered 14.8× 91.5 5.6 0.929
50, non-tapered 12.0× 93.9 5.4 0.941
60, non-tapered 9.8× 96.9 3.8 0.965
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Fig. 8 Somatic voltage traces of the nonlinear and reduced models for (a) first half and (b)
second half of simulation 1 of the HH forked neuron

80µm

Fig. 9 Rendering of a binary branching cell of depth 3 obeying Rall’s 3/2 power law. The
root branch has length 200 µm and radius 8 µm, agreeing with the morphological parameters
as given in Rallpack 2 of (Bhalla et al., 1992)

of the reduced system). There are many more dendrites on realistic cells than the toy

neurons we considered in §4, and thus the branchwise orthogonalization will generate

many snapshots that must then be pruned to obtain the most relevant ones in order

to be able to compute the SVD in a reasonable time (as mentioned in §4.2.3, the use
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of ARPACK may eliminate this bottleneck). This snapshot set bS typically yields poor

results on realistic cells because the branchwise orthogonalization algorithm in §4.2.2

completely isolates branches, effectively throwing away information about the coupling

that occurs at junctions. Fortunately, this information can be partially recovered by

considering a more intelligent variant of Branch-Ortho.

5.1 Branch-Ortho with Routes

A major improvement is to not just generate snapshots of isolated branches, but of

connected branches that form continuous routes throughout the dendritic tree. A route

R is defined as a set of branches in which

– at most one branch is present at each depth in the dendritic tree

– the branch at depth j − 1 is the parent of the branch at depth j.

Hence the dimension of a route, dim(R), is equal to the number of branches it con-

tains, and the length of a route is the sum of the lengths of the branches it contains,

i.e. len(R) =
P

b∈R
ℓb. Routes are useful because if we are given a set of snapshots in

which an action potential travels from the soma throughout the dendritic tree, then

routes form long, continuous snapshots of the dynamics and maintain coupling infor-

mation between parents and children.

Not only does using routes improve accuracy, but it further shrinks the size of the

snapshot set. Since the active zones of the parent and child branches overlap, routes

yield more information in fewer snapshots (see Figure 10).

Fig. 10 Illustration of Algorithm 4 on a forked neuron. Two routes are used: one consisting of
branches 1 and 3, and one of just branch 2. Notice that information about the coupling at the
junction is preserved in the first route, and that fewer snapshots are used than in the original
algorithm (compare with Figure 6(b)). White dashed lines in this plot enclose the snapshots
(111–134) to be removed, as computed via the second V-Slim application

Which routes should comprise the Branch-Ortho snapshot set? Let R denote a set

of routes and let dim(R) be defined as the number of routes in the set. We define R

to be optimal if

– it contains every branch of the cell

– all routes are non-intersecting (i.e., no branch appears in more than one route)

– it contains the fewest routes possible,
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and we denote an optimal set of routes by bR. After a little thought, we can conclude

that we can build an optimal set of routes entirely of routes which begin with leaves.

Thus we know that if there are L leaves in a cell, then we need to store only L routes,

and hence dim( bR) = L. Thus the smaller the ratio of L/B the better this method

should be. It also follows that every bR contains at least one R such that dim(R) = 1.

Algorithm 4 implements Branch-Ortho with a set of optimal routes, which is obtained

by proceeding outside-in from leaves to soma.

Is there a best set of routes? Probably, but we do not know it for certain. We merely

conjecture that the best set of routes, R∗, is the optimal one with the longest smallest

route, i.e. it must maximize the length of the shortest route of dimension 1:

R∗ = arg max
bR

2
64 min

R∈ bR
dim(R)=1

len(R)

3
75 .

Algorithm 4 : Branch-Ortho with Routes

1: Obtain set S of snapshots as in Algorithm 2

2: for j = 1 to L do

3: Let n = 1, pn ≡ the index of leaf j

4: pn+1 ≡ index of parent of branch pn

5: while (pn+1 /∈
Sj−1

k=1
Rk) AND (pn+1 is not the soma) do

6: Increment n

7: pn+1 ≡ index of parent of branch pn

8: end while

9: Route Rj = {p1, . . . , pn}

10: end for

11: Optimal set of routes is bR =
SL

j=1
Rj

12: for j = 1 to L do

13: Define Aj = {indices of snapshots for which route j is active}

14: Lj = {Sk : k ∈ Aj}

15: Bj = {indices of compartments that DO NOT belong to route j}

16: Set values of elements Bj of each snapshot in Lj to their rest values

17: end for

18: “Orthogonalized” set is bS =
SL

j=1
Lj

5.2 Results on Neuron AR-1-20-04-A

Consider the projection interneuron AR-1-20-04-A (Martinez), which has 35 branches

and 20 leaves. At 1 µm resolution, the full system has N = 2233 compartments.
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We conduct a set of 20 simulations of 1 second duration, each using 500 random

current injections of amplitudes between 0–150 pA and lasting 0–5 ms. We compare

the spike-capturing accuracy of the full system to that of two reduced systems: one

with routes, and one without. In both systems, the V-Slim tolerances are εv = 0.002

and εf = 0.0005, the active zone tolerances are ǫv = 10−6 and ǫf = 10−5, and the

step between snapshots in the active zone is 4. It should be noted that the original,

un-orthogonalized snapshot set S is the same for both reduced systems; the only thing

different is how we generate bS.

The dramatic improvement in accuracy is shown in Figure 11. Notice that this

seemingly small change in the Branch-Ortho algorithm nearly doubles the accuracy.

In fact, for kv = kf = 60 the coincidence factor without routes is Γ = 0.587 while

with routes it leaps to Γ = 0.916. Increasing the dimensions of the POD and DEIM

bases from 60 to 90, the coincidence factors reach Γ = 0.953 and 0.977, respectively.

The implications of these results are huge because smaller reduced systems can be

constructed using Algorithm 4, decreasing the simulation time greatly.
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Fig. 11 (a) Rendering of cell AR-1-20-04-A (Martinez). (b) Bar plot showing the percentage
matched and mismatched for the reduced systems (with and without routes) for cell AR-1-20-
04-A. Using routes dramatically increases the accuracy of the reduced system

Table 6 AR-1-20-04-A, N = 2233 (here kv = kf ), 500 step currents, HHA model, with and
without routes

kv Speed-up % Matched % Mismatched Γ

30 w/o 29.0× 5.3 28.6 0.096
30 w/ 29.0× 19.2 27.7 0.299
45 w/o 19.7× 16.0 30.7 0.256
45 w/ 19.7× 50.8 8.9 0.649
60 w/o 14.8× 43.7 9.3 0.587
60 w/ 14.8× 87.9 4.0 0.916
75 w/o 9.6× 51.3 8.9 0.654
75 w/ 9.6× 95.5 2.7 0.963
90 w/o 6.9× 94.7 3.7 0.953
90 w/ 6.9× 98.1 2.6 0.977

I~ 
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5.3 Results on Other Morphologies

The POD and DEIM modeling framework is applicable to a wide class of neurons

comprising many brain regions. A growing online database (http://NeuroMorpho.org)

(Ascoli, 2006) exists where experimentalists can upload detailed tracings of individ-

ual cells which may then be obtained by anyone and used in simulations. Using this

database we have assembled a broad test group of neurons. In Table 7 we summarize

the accuracy and speed of the corresponding reduced systems, and we plot the coinci-

dence factors for a range of reduced system sizes in Figure 12. In general, the reduced

systems are successful at capturing the spiking dynamics of each cell, and they simulate

faster than their full system counterparts. Additionally, the voltage dynamics at any

location can be recovered from the reduced system, not just the somatic potential, as

illustrated in Figure 13. This offers convincing evidence that these model reduction

techniques can be of use to a wide range of researchers in neuroscience.

Table 7 Model specifications and performance of reduced systems (kv = kf ) for the mor-
phologies shown in Figure 12. Coincidence factors shown correspond to using Algorithm 4.
Here B = number of branches in each cell

Cell Model B h (µm) N kv N/kv Speed-up Γ

AR-1-20-04-A HHA 35 1 2233 75 29.8× 9.6× 0.963
951005a HHA 44 1 1106 45 24.6× 10.0× 0.960
pv22j HH 37 2 2686 75 35.8× 10.2× 0.751
100103a HHA 32 1 2707 90 30.1× 7.3× 0.903
mp tb 40984 gc1 HH 54 1 2541 45 56.5× 19.9× 0.659
512882 HH 35 2 2329 75 31.1× 8.6× 0.915
P8-DEV66 HH 47 1 1712 60 28.5× 9.8× 0.903

6 Synaptic Conductances vs. Current Injection

The reduced system can handle synaptic conductances and current injections, and they

can be used interchangeably (i.e., a set of snapshots generated using current injection

can also be used for a simulation with synaptic conductances). But, synaptic conduc-

tances take a computational toll on the reduced model because, in order to maintain an

implicit time-stepping scheme, (31) implies that we must compute UT diag(G(t))U, where

G(t) is the input synaptic conductance to each compartment. When many synaptic in-

puts are present, this becomes an expensive double-matrix product which can dominate

the total simulation time. If alpha functions are used to model synaptic events, we can

decrease the number of active inputs via a shutoff mechanism, thus greatly accelerating

this computation.

Alpha functions can have a characteristic form

g(t) =

8
><
>:

g
t − ton

τ
exp

„
1 −

t − ton
τ

«
, t < toff

0, t ≥ toff.

(35)

which is always positive for t ≥ ton, where τ is the time constant and g is the maximal

conductance. Here we assume that the synaptic event is inactive after some shutoff
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Fig. 12 Coincidence factors Γ show spike capturing accuracy for seven different cells using
various sizes of reduced systems (k = kv = kf ) and Algorithm 4 (see (h)). From top to bot-
tom the cells are: (a) projection interneuron AR-1-20-04-A (Martinez), (b) CA3 hippocampal
interneuron 951005a (Chitwood et al., 1999), (c) CA1 hippocampal interneuron pv22j (Gulyás
et al., 1999), (d) CA1 hippocampal interneuron 100103a from the stratum oriens (Golding
et al., 2001) (Golding et al., 2005), (e) retinal ganglion cell mp tb 40984 gc1 (Toris et al.,
1995), (f) hippocampal cell 512882 from the dentate gyrus (Rihn and Claiborne, 1990), and
(g) pyramidal cell P8-DEV66 from the cerebral cortex (Furtak et al., 2007). Scale bars on all
cells represent 100µm

time, toff, at which g(toff) = ε for some small tolerance ε. Shutoff times for every alpha

function can be computed via a rootfinding algorithm such as Newton’s Method and

stored in a queue for easy implementation during the simulation.
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Fig. 13 Voltage traces for a few dendritic locations of the full (N = 1106, blue) and reduced
(k = 45, red) systems for simulation 1 of the cell in Figure 12(b). The traces are nearly
identical for both systems, indicating that the reduced system can recover the global voltage
dynamics to high accuracy. Only values below 30 mV depolarizations are shown (i.e., when a
spike occurs, any data point whose voltage was > 30 mV from rest was omitted from the plot
so that subthreshold dynamics could be more accurately shown)

Shutoff mechanisms can significantly speed up simulations when many synaptic

inputs are used. For example, for cell AR-1-20-04-A with N = 2233, kv = kf =

60, and 500 inputs with g = 2 nS and τ = 1, we observe a speed-up in calculating

the double-matrix product from 30 seconds to 3.3 seconds when the shutoff tolerance

ε = 10−4 is used. Now the reduced system is much more competitive with the full

system, as Table 8 illustrates. Additionally, Table 9 shows that these systems provide

accurate solutions, especially when the Branch-Ortho algorithm with routes is used.

Compared to Table 6 the accuracy and speed-ups are less, due to the fact that synaptic

input is more complex than current injection, but the reduced system is still very

successful at capturing the cell’s behavior. Finally, we note that shutoff mechanisms

can be analogously implemented for any decaying synaptic conductance time course.
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·-,,, _______ _ 

,,,,•' 

,,,,•' 
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Table 8 Alpha synapse shutoff mechanism (ε = 10−4) accelerates the reduced system of
neuron AR-1-20-04-A

Sim. Time (sec)
Type Dimension Without shutoff With shutoff

Full N = 2233 115 115
Reduced kv = kf = 60 41 15
Reduced kv = kf = 90 73 32

Table 9 AR-1-20-04-A, N = 2233 (here kv = kf ), 500 alpha synapses, HHA model, with and
without routes

kv Speed-up % Matched % Mismatched Γ

60 w/o 8.9× 21.2 41.5 0.302
60 w/ 8.9× 87.1 20.9 0.821
90 w/o 4.6× 93.0 22.7 0.834
90 w/ 4.6× 96.5 12.2 0.914

7 Discussion

We have applied nonlinear model reduction techniques to morphologically realistic

cells in a way that preserves the input-output relationships while accurately reproduc-

ing the complete voltage dynamics. We approximate the voltage using a POD basis,

which reduces the number of state variables. Using the DEIM we build a set of spatial

interpolation points and basis vectors to reduce the complexity of the nonlinear term so

that it is proportional to the number of reduced variables. These techniques rely upon

having “snapshots” of the dynamics which are rich enough to reproduce the full range

of neuronal behavior. We introduce simple methods for obtaining these snapshots, and

we develop algorithms to eliminate unimportant snapshots and to maximize the infor-

mation in the important ones. When these tools are applied to realistic cells, they can

generate reduced systems of dimensions nearly two orders of magnitude smaller than

the originals and which yield highly accurate simulations in an order of magnitude less

time.

Application of these model reduction techniques is likely to have the greatest effect

on neuronal models with realistic ionic currents. Our simulations currently use stan-

dard, but limited, channel kinetics. Behaviors such as action potential initiation near

the soma (Colbert and Pan, 2002) (Kole et al., 2008) rely upon better models for the

spatial conductance densities, as well as the inclusion of different channels (Mainen

and Sejnowski, 1998). Additionally, in this paper we have only considered excitatory

inputs, but inhibition plays a key role in modulating neuronal output, both at the sin-

gle cell and network levels (Brunel and Wang, 2003). Inhibition can be included with

no change to the present methodology.

Synaptic conductances can also be treated via AMPA, GABA, and NMDA recep-

tors, and their implementation in the reduced model is straightforward. The DEIM can

even be used to reduce the dimension of the voltage-dependent NMDA receptor, as we

have done in preliminary codes. But, for receptors to permit fast reduced simulations,

we need to implement a shutoff mechanism similar to that in §6, which we have not

done.
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An even higher level of realism can be achieved by modeling dendritic spines,

which offers intriguing possibilities for the reduced system. Since spines interact only

with their parent compartments, they have often been treated like gating variables

for efficiency. However, this forces the use of hybrid time-stepping schemes, and also

precludes consideration of multi-compartment spines, whose parameters such as spine

head and spine neck sizes can affect the transmission of synaptic input (Schmidt and

Eilers, 2009). Since the reduced systems are so small, we should be able to treat the

spine compartments as true voltages, thus avoiding hybrid schemes and allowing true

spatial coupling. Furthermore, if we assume each dendritic compartment has its own

spine, then the full problem size grows to 2N but the number of inputs remains at N ,

offering the promise of even greater dimension reduction and faster simulation.

A natural extension is to employ reduced cells in network simulations. Prototyp-

ical reductions can be computed for cells with different biophysical properties. These

reduced cells are then building blocks that we can link together to form networks, open-

ing the door to investigation of other neuronal functions, such as synaptic plasticity,

using realistic morphologies but without the price of slow simulations.
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