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The stochastic dynamics of small scale systems are often not known from a priori physical con-
siderations. We present data-driven numerical methods which can be used to approximate the
nonlinear stochastic dynamics associated with time series of system observables. Given a single
time series coming from a simulation or experiment, our approach uses maximum likelihood type
estimates to obtain a sequence of local stochastic differential equations. The local models coming
from one times series are then patched together using a penalized spline procedure. We provide an
efficient algorithm for achieving this which utilizes estimates of the local parameter covariance. We
also use goodness-of-fit tests to quantitatively determine when an overdamped Langevin approxi-
mation can be used to describe the data. For situations where the overdamped approximation fails,
we show that other diffusive models can still be used to approximate the dynamics. In addition, we
also briefly discuss how variation observed in different curves, calibrated from different time series,
can provide information about “hidden” conformational degrees of freedom not explicitly included
in the model and how clustering these curves can help one in learning about the effective underlying
free energy surface governing the dynamics of the atomistic system. The methods presented are
applied to simulations modeling forced time-dependent transport of potassium transport through a
gramicidin A channel, but have applicability to other forced (and unforced) systems.

PACS numbers:

I. INTRODUCTION

The addition of time-dependent biasing forces to
single-molecule systems has provided researchers with
new types of kinetic and thermodynamic information re-
lated to nanoscale systems in both the experimental and
simulation settings. Information of this sort has already
led to new discoveries in complex biological systems [1–
15] and has great potential in various nanoscale engineer-
ing applications [16–18].

This work presents computational tools which can be
used to more fully exploit the rich amount of informa-
tion contained in the time series recorded when a single-
molecule system is manipulated by such external time-
dependent forces. Other works have demonstrated that
signatures of various complex phenomena, characterized
by multiple time-scales, can be quantified by analyzing
various functions associated with stochastic differential
equations (SDEs) calibrated from the time series com-
ing from forced single-molecule systems [19–23]. In this
article, the time series are generated using explicitly sol-
vated all-atom steered molecular dynamics (SMD) simu-
lations that model pulling a single potassium ion through
a gramicidin-A ion channel with a harmonic guiding po-
tential. The atomistic interactions in the interior of the
gramicidin A channel cause the the potassium ion to ex-
perience highly nonlinear dynamics [21, 24, 25]. In addi-
tion, it is known that the channel conformational degrees
of freedom are dynamic and slowly evolve compared to
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the time-scale of the steered ion. For example, it is known
that undulations of the channel’s collective coordinates
significantly influence the dynamics of the molecules in
the channel, but this collective motion is associated with
very slow time-scales relative to those readily accessible
to current simulations [26]. Given this information, our
procedure attempts to use a collection of diffusion models
to describe the dynamics in situations where data is only
available from nanosecond length simulations; implicitly
we are exploiting the time-scale separation. The collec-
tion of diffusion models approximate dynamics occurring
on time-scales much faster than those associated with the
channel undulations. Although we focus exclusively on
stochastic ion-channel dynamics, it should be noted that
the numerical tools presented have potential applicabil-
ity to many other complex time inhomogeneous systems
[19, 20, 22, 23] as well as unconstrained time homoge-
neous systems [27].

The main contributions of this article can be divided
into two categories:

• Numerical methods for patching together the in-
formation (including function value & linear state
sensitivity estimates and the corresponding uncer-
tainties) contained in a sequence of local SDE mod-
els [19, 20] to form a global nonlinear SDE model.

• Demonstration of how to test the goodness-of-fit of
the proposed SDE models in the presence of time-
inhomogeneous forces [29].

Regarding the first item, P-splines are used for function
approximation [28]. An algorithm for efficiently solving
an associated regularized least-squares problem is pro-
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vided and we discuss how to utilize the information con-
tained in the sequence of estimated local SDE parame-
ters. As for the second item, we subject our local mod-
els to physically motivated tests and to the time series
test developed by Hong and Li [29]. These tests demon-
strate that an “overdamped Lanvgevin” type equation
can be used in some constant velocity SMD situations
[30]. However at higher velocities the approximation is
demonstrated to break down and a physical interpreta-
tion of this statistical rejection is discussed. Quantitative
statistical testing methods of this sort are important to
various approximations of complex systems [31–34]. We
also present results which can be utilize the surrogate
model output to form clusters [35, 36]. This information
can possibly be used by future numerical methods which
aim at identifying and quantifying variability induced by
conformational heterogeneity [3, 13–15, 34, 37, 38].

The remainder of the article is organized as follows:
Section II provides the details of the numerical methods
we use throughout, Section III presents the results and
discussion. Section IV gives the conclusion and discusses
how the findings can be used to analyze other single-
molecule systems.

II. METHODS

A. Time Dependent Diffusion Models

Diffusion models have been used in various approxima-
tions of complex systems [19, 20, 30, 31, 39, 40]. We focus
on attempting to fit a collection of nonlinear SDEs [76]
given a collection of observed trajectories coming from
forced single-molecule systems. We refer to a global non-
linear diffusion model as a surrogate process approxima-
tion (SPA). The equations approximating the dynamics
are assumed to be of the form:

dzt = µ(zt, t)dt +
√

2σ(zt)dBt (1)

where Bt represents the standard Brownian motion,
µ(·, ·) the time dependent drift function and σ2(·) is the
diffusion coefficient associated with the SDE. In both
cases we assume that for a given trajectory, these func-
tions are deterministic and smooth differentiable func-
tions. To avoid technical complications we will simply
assume the drift and diffusion function are infinitely dif-
ferentiable, but this assumption can be relaxed [41].

B. Local Maximum Likelihood Models

The functional form of an accurate global stochastic
dynamical describing the system is assumed to be un-
known by a simple parametric model. To quantitatively
summarize the dynamics in our signals in this situation,
we use data-driven [42] modeling techniques which utilize

local maximum likelihood methods [19, 20, 27, 43, 44].
More specifically, given a time series trajectory coming
from a forced-single molecule system, we estimate a se-
quence of simple diffusion models approximating the ob-
served dynamics. Here the nature of the local models
considered take two forms: Model Type I utilizes a diffu-
sive model motivated by the overdamped Langevin equa-
tion [39] and Model Type II is a time-dependent linear
SDE. Both SDEs can account for state-dependent noise
[19, 31, 45–47] given its relevance to low-dimensional ap-
proximations of complex systems.

Model Type I : (2)

σ(z) :=
√

D̃(z; Γ)

≈ (
C + D(z − zo)

)

µ(z, t) := 1
kBT D̃(z; Γ)Fnet(z, t; Γ)

Uλ(z, t; Γ) := U(z; Γ) + 1
2kpull

(
z − λ(t)

)2

λ(t) := λIC + vpullt

F (z; Γ) := − ∂
∂zU(z; Γ)

≈ A + B(z − zo)
Fnet(z, t; Γ) := − ∂

∂zUλ(z, t; Γ)

The variable z represents the system observable ma-
nipulated. In this particular application it represents a
potassium ion’s axial location in the gramicidin A chan-
nel (taking the coordinate origin to be the center of the
channel). Γ denotes the full state space vector, i.e. the
position and momenta of every atom in the system. The
observable can be expressed as a function of Γ’s elements.
kBT is Boltzmann’s constant multiplied by the system
temperature. λ(t) is a fixed control protocol; in this ap-
plication it corresponds to the center (or set-point) of the
harmonic potential which “steers” z. λ(t) takes an ini-
tial value λ(0) = λIC and changes deterministically at a
constant velocity that we prescribe denoted by vpull for
each trajectory. How close the manipulated ion follows
the time varying set-point is dictated by the stiffness of
the harmonic spring constant kpull (we set this parame-
ter as well). Uλ(z, t; Γ) denotes the biased system poten-
tial, U(z; Γ) the unbiased potential, D̃(z; Γ) represents
the diffusion coefficient, and F (z, t; Γ) the effective in-
ternal force experienced by z as a result of the unbiased
potential. Fnet(z, t; Γ) denotes the net force experienced

due to the the biased potential. F (z, t; Γ) and
√

D̃(z; Γ)
are approximated using local linear function approxima-
tions with zo being a specified “expansion point” dis-
cussed further in the last paragraph of this section.

The “overdamped Langevin” appellation stems from
forcing the drift function to relate to the system force and
diffusion coefficient via the relation defining µ(z, t) in the
equations above. In other words we are assuming that
the Einstein relation, D̃(z; Γ) =

(
γ(z; Γ)

)−1
kBT , holds
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locally for each sample path, where γ(z; Γ) denotes the ef-
fective friction coefficient. This structure is built into the
locally parameterized SDE. The local parameter vector
estimated in Model I is denoted by θ ≡ (A,B, C,D). The
particular functional form selected for estimation was se-
lected so that the estimated parameters correspond to
physically interpretable quantities. We also utilize com-
puted parameter covariance estimates of the local param-
eter vector in each window and use this information in
our global spline construction.

We have retained Γ in both the diffusion coefficient and
in the effective force. Typically the other coordinates are
“integrated” out and a potential of mean force is used if
this SDE is assumed to be a valid coarse-grained model of
the dynamics [30]. However, we are making observations
on relatively short time-scale (observations are spaced by
0.1ps). The system cannot readily explore all of phase
space in a single nonequilibrium trajectory. Each dif-
ferent trajectory experiences a significantly different Γ
sequence during the simulation. The only thing we ma-
nipulate in the nonequilibrium simulation is z; the time
dependent protocol used to manipulate this coordinate
does not allow Γ to change appreciably from its initial
value. In this way Γ modulates the dynamical response.
The variability observed in the estimated SDE models
indirectly reflects the influence that the full state-space
vector Γ has on the dynamics of z (i.e. the two coordi-
nates are strongly coupled).

Model Type II : (3)

µ(z, t) := B′
(
λ(t)− (A′ + z))

)

Model Type II has a noise term identical to that of
Type I, but the drift does not explicitly enforce an over-
damped Langevin structure. The information in the
spring constant associated with the harmonic biasing
force is not used either. Instead one can physically inter-
pret the drift as a linear approximation of a time vary-
ing harmonic potential with an effective spring constant
2B′. This spring constant contains contributions from
both the unperturbed potential and the biasing harmonic
potential. The effective time varying potential of this
model is assumed, for each local model, to have a “force
minimum” at λ(t) − A′ where A′ is an estimated con-
stant which determines the average difference between
the true value of z and the desired set-point of the bias-
ing potential. The SMD simulations had kpull and vpull

tuned in hopes of satisfying the so-called stiff-spring ap-
proximation [30, 48] and we used this information in the
physical interpretation of Model Type II provided above.
The local parameter vector of Model II is denoted by
θ ≡ (A′, B′, C ′, D′).

In all cases, the maximum likelihood motivated ap-
proximation of Ref. [49] was used to obtain local param-
eter estimates. Given a time series {zi}N

i=1 [77], we find
the parameter vector θ̂ which maximizes the probability

density p(z1, . . . , zN ; θ) of the normalized innovation se-
quence [49]. Since a constant velocity protocol is used
for λ(·), we set zo to the average value in local time se-
ries windows. The windows were formed by dividing a
single global time series into M windows, each represent-
ing an equal temporal fraction of the total time series
observed. So for each single times series observed, we
obtain a sequence {θn}M

n=1 of local parameter vectors.
Optimal strategies for choosing the neighborhood sizes
are currently under investigation.

C. Testing the Goodness-of-fit of the Models

In nonequilibrium simulations, it is not clear that the
overdamped approximation (Einstein relation) is valid.
For that matter, it is uncertain from a priori considera-
tions whether ignoring the particle velocity in the model
provides a statistically acceptable model. For all data
sets, we estimate Model I and Model II parameters for
every observed times series. To test the validity of the
overdamped approximation using a physically motivated
technique, we check if the following relation holds:

−B′/(
C ′2

kBT
) ?=

(
B − kpull

) ≡ κeff (4)

where κeff denotes the effective spring constant of the lin-
earized biasing potential. The question mark is used in
the equation because it is uncertain whether one can in-
terpret ( C′2

kBT ) as an effective friction coefficient (1/γ′). If
the overdamped Langevin approximation and local linear
force approximations are valid, the estimated parameters
in both models should display similar results (slight dif-
ferences will exist due to different parameter uncertainty
magnitudes in Model I and II).

This test is heuristic in nature and does not provide a
good quantitative metric to asses the model with, how-
ever it does have the advantage of an easy physical in-
terpretation. To more rigorously test the validity of the
models we appeal to an omnibus test [29] which can han-
dle the nonstationary (also sometimes referred to as non-
ergodic) nature of the signals. In this way, we assess
the validity of the approximation given the model and
the data in an a posteriori fashion and demonstrate that
both methods are helpful in diagnosing the validity of the
overdamped approximation.

D. Penalized Spline-Modeling

First we present results with generic variables because
the numerical procedure can be used in many other
penalized-spline (P-spline) applications [28]. After the
general presentation, we connect the generic variables to
those used in our SDE models. Given a parameter of
noisy observations, y, our interest is in solving a large
number of least squares problems. Specifically we need
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to solve for the parameter vector β which solves the least
squares problem C(α)β = y where C(α) is a design ma-
trix used in constructing the global splines and is param-
eterized by the scalar regularization parameter α. The
solution β, which depends on α, can be used to obtain
a smoothed estimate of the data denoted by ŷ(α). The
algorithm we introduce efficiently solves ŷ(α) for a col-
lection of α and does so in a numerically stable fashion.
Our algorithm accomplishes this without having to intro-
duce any ad hoc numerical approximations. The system
needs to be solved for many different values of α because
typically a cost function, e.g. GCV, AIC, AICc, etc.[28],
is used to select the “optimal” α̂ minimizing the selected
criterion. The goal is to choose a α̂ that provides the ap-
propriate level of smoothing given the design matrix and
the observational data. The relevant expressions are:

ŷ(α) =Cβ, (5)

where

β =C(α)−1CT Wy

y =
(
f(x1), . . . , f(xM ), ∂f(x1), . . . , ∂f(xM )

)T + ε

C(α) =(CT WC + αD)

C =



1 x1 . . . xp
1 (κ1 − x1)

p
+ . . . (κK − x1)

p
+

...
...

...
1 xM . . . xp

M (κ1 − x1)
p
+ . . . (κK − xM )p

+

0 1 . . . pxp−1
1 p(κ1 − x1)

p−1
+ . . . p(κK − x1)

p−1
+

...
...

...
0 1 . . . pxp−1

M p(κ1 − xM )p−1
+ . . . p(κK − xM )p−1

+




D =
(
0p+1×p+1

IK×K

)

In the above, xi denotes a “design point” where we
have a noisy measurement of the dependent variable y
assumed related to x through the function f(·), ∂f(·)
represents the derivative of the function with respect to
the (scalar) argument, p represents the degree of a low
order polynomial, κi represents knot i, and K represents
the total number of knots used in the spline [28]. Bold
matrices denote the identity and zero matrices. Although
we have selected a truncated polynomial spline basis in
the design matrix, any full rank set of basis functions
could in principle be used (e.g. B-splines). The noise
vector ε is assumed to be normal, but not necessarily
uniform in magnitude for different elements; furthermore
the elements are allowed to be correlated. The covariance
matrix of ε is denoted by by Σ and it is assumed to be
symmetric and positive definite [78]. We account for this
different noise levels in the data by using a weight matrix

W which is taken to be Σ−1. In what follows, without
loss of generality, assume W is the identity matrix.

The algorithm we introduce requires us to assume that
the design matrix C to be full rank. This assumption is
not restrictive because careful choice of design matrix can
avoid numerical rank deficiency [28] . The pseudocode is
as follows:

1. Obtain the QR decomposition of (C = QR)

2. Set M = R−T D;M ← MR−1

3. M ← 1
2 (M + MT )

4. Obtain eigenvectors (U) and values (S) of M

5. Q ← QU

6. Set z = QT y

7. Finally solve ŷ = Q(I + αS)−1z for multiple α

Steps 1-6 only need to be carried out once (e.g. only a sin-
gle QR decomposition needs to be carried out). The final
step 7 involves inverting a diagonal matrix and multiply-
ing the result by a fixed vector; these operations can be
efficiently implemented in a programming environment
like MATLAB (code available upon request) and a “vec-
torized” solve for many α values can be obtained. The
basic idea behind this algorithm, like that given in Ap-
pendix B of Ref. [28] which motivated this algorithm, is
to construct a basis where the constraint imposed by D is
easy to deal with from a computational cost standpoint.
A more detailed description of the algorithm is provided
in the Appendix, however the main thing to note is that
we can solve the regularization problem for many α with-
out having to “square” the often ill-conditioned design
matrix C [28].

The connection to our specific application comes by
using the zo associated with each of the M local mod-
els (the estimated {θn}M

n=1 parameters) to determine the
design points xi. For Σ, we use a Monte Carlo ap-
proximation of the large sample limit of the (assumed
normal) parameter distribution. The observations y =(
f(x1), . . . , f(xM ), ∂f(x1), . . . , ∂f(xM )

)T + ε correspond

to either
(
A(z0

1), . . . , A(z0
M ), B(z0

1), . . . , B(z0
M )

)T + εµ or(
C(z0

1), . . . , C(z0
M ), D(z0

1), . . . , D(z0
M )

)T + εσ where εµ

(εσ) represents noise associated with estimating the drift
(diffusion) parameter from a finite discrete time series
[79] In all cases reported, the drift and diffusion func-
tions were estimated by P-splines separately because the

-
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underlying functions posses a different level of smooth-
ness. Simultaneous estimation of the two using a nonuni-
form penalty term would be an interesting future di-
rection to explore [50]. We use an order-2 truncated
polynomial spline basis and set the knot parameter to
K = 25 throughout. The Σ matrix was approximated by
first estimating the local models parameters for a given
SMD trajectory, then using an unweighted P-spline to
construct a global model, simulating 1000 samples paths
(using the same initial condition as the SMD trajectory)
and finally the empirical covariance was obtained by esti-
mating the parameters on the simulated SDE paths [80].
Throughout, we minimized the GCV to determine α̂ for
all observed data sets.

E. SMD simulation of gramicidin A

We have used all atom SMD simulations to study the
transport of K+ ion through the gramicidin A chan-
nel. All simulations were performed with NAMD 2.5
[51] and the CHARMM27 force field for proteins and
lipids [52, 53]. A cutoff of 12Å (switching function start-
ing at 10Å) for van der Waals interactions was used.
An integration time step of 2 fs was employed by us-
ing the SHAKE constraint on all hydrogen atoms [54].
The SMD simulations were carried out at constant tem-
perature (T = 310 K) and normal pressure (1 atm), in
the NpT ensemble [55], by employing periodic bound-
ary conditions to minimizes finite-size effects. The full
long-range electrostatic interactions were treated using
the Particle Mesh Ewald (PME) method [56], which has
been shown to be important in simulating lipid bilay-
ers [57].

The system was built by inserting the high resolution
NMR structure (Protein Data Bank code 1JNO [58]) of
gramicidin A into a previously pre-equilibrated patch of
POPE lipid bilayer with size 72 × 72 Å2 by using the
VMD [59] plugin Membrane. After removing the lipids
within 0.55 Å of the channel protein, the membrane-
protein complex was solvated in water, using the VMD
plugin Solvate. The final system comprised a total of
36, 727 atoms, including 155 lipid molecules and 5, 700
water molecules. After proper energy minimization and
0.5 ns long equilibration of the system, a K+ ion was
added at the entrance of the channel. To preserve change
neutrality a Cl− counterion was also added to the sol-
vent. This was followed by another 10, 000 steps energy
minimization and 0.5 ns equilibration with K+ placed in
three different positions along the z-axis of the channel,
namely at z ∈ [−15, 0, 15] Å. The origin of the z-axis cor-
responded to the middle of gramicidin A. In order to pre-
vent the pore from being dragged during the SMD pulls
of the K+ ion, the backbone atoms of gramicidin A were
restrained along the z-axis. SMD pulls were performed
along the z-axis of gramicidin A in the z ∈ [0, 15] Å
domain (the dimer is symmetric and simulations in the
[−15, 0] behave similarly).

When we pull the ion starting from z = 15 Å at time
zero to z = 0 Å at time T (= 1 ns) we label this as the
“forward” or “F” direction. Cases where we start the
ion at z = 0 Å and pull it to z = 15 Å are labeled as
the “reverse” or “R” direction. Regarding the biasing
SMD parameters, we studied two parameter sets each
simulating 10 SMD trajectories. The first parameter set
used vpull = 15 Å/ns and a spring constant of the biasing
harmonic potential of kpull = 20 kcal/mol/Å2 and the
other parameter set used vpull = 30 Å/ns and kpull =
60 kcal/mol/Å2 to simulate an independent set of SMD
trajectories.

III. RESULTS

Figure 1 displays the global effective force of Model I
measured from 10 separate trajectories associated with
pulling in the F direction using the slower pulling veloc-
ity (see end of previous section). The local parameters
were estimated using M = 40 uniformly spaced windows
in each case. The aforementioned local parameters were
post-processed in three different ways to obtain global
models; the different post-processing methods consist of
three different spline smoothing approaches: (i) only the
estimated constants Ai at the points {z0

i }M
i=1 were used

to estimate µ with a standard P-spline; (ii) the estimated
constants Ai, the associated linear sensitivity, Bi (see Eq.
2), and W = I were used in the P-spline outlined here;
(iii) the same as (ii) but using an estimate of the param-
eter covariance to determine W . The highly nonlinear
nature of the underlying function greatly benefits from
using the linear sensitivity as done in cases (ii) and (iii).
This can be seen by inspecting Fig. 1 and noting that
in the case which the linear sensitivity information was
not used, i.e. (i), gives an over-smoothed fit (note the
straight line “outlier” in both panels).

The inclusion of the covariance matrix weighting also
significantly helps in resolving features of the curve and
minimizes the effects of sampling noise. For example,
there is a known local effective force minima near the
entrance of the channel (z ≈ 11.5Å) whose magnitude in
nonequilibrium simulations is difficult to determine [24,
48]. The bottom panel of Fig. 1 demonstrates that the
three regularization schemes yield different prediction for
both the location, magnitude, and curvature associated
with this local minimum; recall the same time series and
local parameters are used in cases (i)-(iii).

In order to test whether these observed differences af-
fect the predictions of the SPA models we simulated three
batches of 500 sample paths using the 10 global drift and
diffusion coefficient functions obtained by patching the
40 estimated local diffusion together. We then approxi-
mated the nonequilibrium work process, Wt, associated
with each of the 10 models [30, 60]. For each time T ,

this path was computed by settingWT =
N∑

i=1

kpull

(
λ(ti)−
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FIG. 1: The effective force was estimated using M = 40 local
SPA models for 10 SMD trajectories. The ion was pulled from
z=15 to 0 Å using a constant steering velocity vpull = 15Å/ns.
The underlying local parameters are the same in each case
studied; the curves differ only in how the spline was con-
structed. For all smoothing splines, the number of underlying
knots was the same (25) and the generalized cross-validation
procedure was used to select the regularization parameter.
The thin lines corresponds to case (i), the thick-dotted lines
corresponds to case (ii) and the thick-solid lines to (iii). See
associated text in the Results for definition of cases (i)-(iii).

zSPA
ti

)
, where ti = i T

N and zSPA
ti

denotes the value at time
ti of a sample path obtained by using the a SPA diffu-
sion model to simulate sample paths using the Euler-
Maruyama scheme [61] (δt of the numerical integrator
used to simulate the SPA models was set to 4×10−3 ps).
We then compared the resulting collection of work paths
to the work tubes observed in the SMD simulation. Fig-
ure 2 plots only the “work tubes” associated with spline
models where the function value and its derivative at a
design point are used (e.g using only A&C and ignoring
B&D causes the accuracy to degrade when using this
spline smoothing scheme). All together we we simulated
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FIG. 2: Simulated work “tubes” obtained with the SPA mod-
els are compared to those observed in the SMD time series
using two different regularization schemes. Each “tube” con-
sists of the work paths obtained by simulating 500 sample
paths of 1-D time inhomogeneous SPAs estimated from 10
observed SMD trajectory. The 10 thick dotted lines plot the
work value measured from the full many-body SMD simula-
tion. Results using the slower steering velocity are reported.
The estimated local SPA parameter vectors are the same in
each cases (using M = 40 windows). The only difference be-
tween the predictions of the different SPA models is due to the
smoothing spline. The top panel plots the spline where the
local A and B are used to estimate the global effective force
and all observations where weighted equally (W = I). The
bottom panel plots results where the parameter uncertainty
(estimated by MC simulation) was used to estimate the W
associated with the smoothing spline. The same underlying
local parameter sequence, the same random number streams,
and the noise coefficient was estimated using method (iii) in
each case, so the only systematic difference in the work tubes
is due to the nonlinear drift spline smoothing.

500 × 10 work paths and the 500 simulated SPA work
paths coming from a common SPA model form a single
tube (10 tubes total shown in both panels). In the situ-
ation where the covariance of the parameter estimates is
taken into account, we observe that the work path of the
SMD process (for all observed times) remains within the
work tube predicted by the SPA diffusion model. The
case where each observation is uniformly weighted does
a decent job in prediction, but there are clearly points
where the SMD work tube deviates substantially from
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that predicted by the SPA model. Also note that in the
uniform weighting case, the work values at early times
are generally systematically lower than their correspond-
ing SMD work path (at early times the ion is near the
channel entrance). It should be noted that the parame-
ters of the diffusion models were not selected to fit the
work process demonstrating that the covariance weight-
ing provides a physically significant benefit in regards to
predictive ability of the SPA models.
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FIG. 3: Uncertainty quantification. Two SMD trajectories
using vpull = 15Å/ns were used to obtain two SPA models.
The estimated internal force (top panel) and noise functions
(bottom) of the Model Type I SDE approximating time se-
ries coming from the two simulations are plotted as thick
colored lines. The thin black line corresponds to the mean
(unsmoothed) parameter vector observed when the two SPA
models were used to generate two batches of 500 genuine diffu-
sion trajectories and then the fitting procedure was repeated
on this idealized data set. The dashed lines correspond to
the approximate 95% confidence band (i.e. the mean ± the
empirically observed standard deviation multiplied by 2).

By running 500 simulations with a single global diffu-
sion model where the initial condition for the SPA dif-
fusion is identical to that observed in the single SMD
path, we are basically attempting to observe the range
of plausible work values associated with a given chan-
nel conformation. The channel conformational degrees
of freedom tend to evolve slowly relative to the time-
scale of the SMD simulation studied. Significant confor-
mational changes take a relatively long time to occur,
but it known that the channel conformational degrees
of freedom modulate the stochastic dynamics of the ion
in the channel [21, 25]. Each SMD simulation observed
in this study posses a significantly different initial chan-
nel conformation. From a modeling perspective this is
somewhat problematic; one might hope that a single dif-
fusion model could be used to faithfully represent the
process dynamics. It would be convenient if we could ob-
serve a single sample path, use this to estimate a SDE,
and then approximate various functional associated with
the complex, random, computationally expensive many-
body, SMD process using a single relatively computa-
tionally cheap 1-d diffusion model. The nonequilibrium
work path is one example of quantity one might want
to study [2, 19, 62]. The disjoint work tubes in Fig. 2
gives one indication that we have a population of stochas-
tic responses which cannot readily be approximated by
a single-diffusion model. This is why we retained Γ as a
parameter in the effective force and diffusion expressions
given in Eqs. 2 and 3; the influence of slowly evolv-
ing conformational degrees of freedom appears to result
in a collection of statistically different stochastic evolu-
tion rules (we focus on quantitatively substantiating this
claim in what follows).

We have not graphically displayed the local parame-
ter uncertainty. In Fig. 3 we use a pair of F (z) and
σ(z) curves from two different SMD simulations then use
them to simulate 500 SDE paths. On these genuine SDE
paths, whose data generating process is known precisely,
we estimate these functions in a model bootstrap fash-
ion. That is we estimate the model, turn to the model to
simulate many more paths, then quantify the parameter
uncertainty using the parameter standard deviation ob-
served in the parameters estimated from the generated
samples. Doing this model bootstrapping procedure pro-
vides us with two important pieces of information: 1) the
parameter estimate bias we use with finite sample sizes
is fairly small when an ideal known reference model is
analyzed 2) inspection of the F (z) suggests that the dif-
ference between the two different curves is not due only
to estimation uncertainty caused by finite length time
series if the assumed diffusion is a suitable model of the
SMD dynamics. This analysis seems to confirm that ad-
ditional degrees of freedom in the many body simulation
alter the stochastic dynamics in a statistically significant
fashion (elsewhere we show that these degrees of free-
dom can be correlated with metrics which quantify the
channel conformational states [21]).

The previous results demonstrated there was a signifi-
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FIG. 4: Goodness-of-fit tests for local models. The Q-test
statistic developed in Ref. [29] was used to test the local
parameters estimated in each window for 10 forward (F) and
reverse (R) pulls. The solid line denotes the mean (taken
over ten trajectories) of this test statistic and the dotted lines
correspond to the mean ± 2× the observed standard deviation
of the test statistic measured from the 10 Q-values observed
in each local time series. A constant steering velocity vpull =
15Å/ns (top panel) and vpull = 30Å/ns (middle panel) was
used for the λ(t) forcing protocol. The bottom panel zooms
in on the middle panel and omits the strongly rejected Model
I information. Under a correctly specified model, this test
statistic is asymptotically distributed as a standard normal.

cant difference in the estimated global diffusion models.
The comparison between the SPA work tubes and the
observed SMD work gave one indication that the global
nonlinear diffusion models faithfully approximated some
aspects of the stochastic system dynamics. In some ap-
plications, a reliable estimate of a functional like nonequi-
librium work may not be available to assess the goodness-
of-fit of the model. Statistical data analytic tests which

take the assumed stochastic structure into account can
achieve this goal and we will demonstrate that these tests
also provide us with physical insight. The omnibus Q-test
is appealing in situations where one has a discretely sam-
ple nonstationary diffusion, a parametric model structure
in hand and a means to numerically evaluate the associ-
ated transition density [29]. This describes the situation
we encounter when the local parameter are estimated.
Here each local portion of the time series (recall we di-
vided our constant velocity SMD time series into M uni-
form temporal windows) is analyzed along with the likeli-
hood approximation employed [49] to construct a Q-test
statistic in each local window. It should be noted that
the likelihood function we use can readily handle mea-
surement error [49] and this feature has proven useful
in modeling nonlinear diffusion models associated with
single-molecule experimental data [22, 23].

We use this Q-test to demonstrate that the validity
of this overdamped Langevin approximation depends on
the magnitude of biasing potential parameters (kpull and
vpull) in this system. Note that we obtain local param-
eter estimates by observing time series sampled at one
(uniform) sampling rate (observations spaced by 0.1 ps)
in all results reported. Varying the biasing potential in-
duces a dynamical “transition”. That is, the overdamped
model fails to be a statistically acceptable description of
the stochastic dynamics even though diffusion models are
calibrated using the same uniform temporal spacing be-
tween observations. However the time-dependent diffu-
sive Model II can adequately approximate the stochastic
dynamics (i.e. it does not require that the Einstein rela-
tion holds locally).

Summary statistics demonstrating this for 10 differ-
ent trajectories are plotted in Fig. 4. The top panel
plots 10 F and 10 R paths obtained using a constant
vpull = 15Å/ns and the others to vpull = 30Å/ns. The
bottom panel simply zooms in on the middle and omits
the strongly rejected Model Type I. The solid lines rep-
resent the population average of the Q-test statistic ob-
tained for the ten trajectories as well as an estimate of
the 95% confidence band using two batches of 10 data
sets (F and R direction pulls) . For each data set we es-
timated a sequence of local parameters using both local
models (Type I & II) and then used the transition den-
sity associated with the parameter vector maximizing the
likelihood (approximation) along with the the probability
integral transform to compute the Q-test statistic associ-
ated with the sample [29]. In the large sample limit, for a
correctly specified model, this test-statistic should be dis-
tributed as a unit normal. [81]. Both model types appear
to perform adequately in the vpull = 15Å/ns case whereas
the overdamped Model Type I is strongly rejected in the
vpull = 30Å/ns situation. Both models account for state
dependence in the noise using the same simple model,
but differ substantially in how they approximate the drift
function. The fact that each individual global model
passes the goodness-of-fit test we subject it to and that
each model predicts “disjoint work tubes” gives further

' • 
" " " '' '' '' '' 
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evidence that there are slow components in Γ that mod-
ulate the dynamics of the SPA models describing only
the fast variable z. Another interesting thing to note is
that a diffusive noise can still be used to describe the
stochastic dynamics (as measured by this test), but the
constraint imposed by the overdamped Langevin equa-
tion simply cannot be satisfied for higher velocities. The
time between observations is not changing, but with the
higher velocity the spring constant associated with har-
monic constraint associated of the external potential is
stronger [82].

Model II ignores the known information about the har-
monic spring and uses a lower order polynomial to ap-
proximate the drift. If the overdamped approximation is
valid, one can relate the the parameters in the two models
via Eq. 4. Figure 5 uses two batches of SMD data (each
batch used two different pulling velocities) to estimate
both Model I and Model II parameters with. The LHS
of Eq. 4 is plotted using solid lines for each global SPA
model obtained assuming the structure of Model II and
the RHS of Eq. 4 is plotted using dashed lines and the pa-
rameters estimated assuming Model I describes the same
observations. The equality appears to hold in the slower
velocity case, whereas a systematic difference can read-
ily be observed in the higher velocity case. Recall that
Model II passed the goodness-of-fit tests we subjected it
to for both high and low velocities whereas Model I did
not.

This plot confirms that fluctuation-dissipation rela-
tionship (implicit in Model I) fails for the faster pulling
speed [39]. Other physical interpretations of this re-
sult can be put forth. When the ion is pulled with a
stiff spring too quickly through the channel, the protein
making up the channel and interior water molecules do
not have adequate time to respond to the sudden shock.
They cannot bombard the pulled ion with large enough
random perturbations to make the ion’s inertia negligi-
ble. However, with slower pulling velocities (but still
highly nonequilibrium in that a lot of work is dissipated),
the interaction of the surroundings water molecules and
channel along with the forces added into the system can
induce a large and diverse mix of perturbing forces which
cause the ion’s mass to be effectively negligible. Note that
the overdamped approximation is not rejected when the
SMD trajectory is sampled uniformly with a relatively
small time (0.1 ps) between adjacent time series observa-
tions.

If the particle is pulled very slowly, it is entirely pos-
sible that slower undulations induced by the collective
motion of the channel can cause the overdamped diffu-
sion model (which does not account for “memory” [39]
directly in a single model) to break down when observa-
tions are only spaced by 0.1 ps [63]. This could be possi-
bly dealt with by modifying the methodology shown here
to deal with the multidimensional case or modifying the
results of Ref. [64] to accommodate the statistical issues
associated with time-dependent forcing, namely nonsta-
tionarity of the signal (aka nonergodicity). If one prefers
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FIG. 5: Dynamical transition quantified by analyzing κ. The
effective spring coefficient (κ) of Model II is computed using
the relation given in Eq. 4 and the output is compared to
the corresponding information for Model I. The top panel
plots κ(z) measured in 5 SMD simulations when pulling from
z=15 to 0 at pulling speed of vpull = 15Å/ns and the bottom
to a new set of 5 obtained using vpull = 30Å/ns. For the
slower pulling velocity the parameters of the two estimated
models appear to satisfy the relation given in Eqn. 4, whereas
in the latter a systematic difference can be readily visually
observed. Note that a statistically based goodness-of-fit test
strongly rejected the overdamped Model Type I for vpull =
30Å/ns when pulling in either direction and did not reject
either model type for vpull = 15Å/ns. A standard package
(MATLAB’s csapi cubic spline) was used to obtain the curves
because linear sensitivity information associated with κ was
not estimated in the local models proposed.

modeling only a low-dimensional observable, it is likely
that slower pulling velocities may force one to adopt an
anomalous diffusive process to describe the noise of the
SPA (as opposed to the regular Brownian motion process
we used here) in order to obtain a statistically acceptable
model of the dynamics [3, 65, 66]. These would be an in-
teresting future directions to explore, but are beyond the
scope of this work. Our primary interest is in providing a
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simple quantitative and physically interpretable stochas-
tic description of the system dynamics which can utilize
short time series of nonequilibrium simulations to obtain
thermodynamic and kinetic information [21, 30, 48, 67–
69].
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FIG. 6: Sample of effective forces experienced during F and
R direction pools. The top panel plots the estimated effec-
tive force measured by Model I where the underlying SMD
simulations use vpull = 15Å/ns. The free energy landscape
is believed to be heavily influenced by the channel conforma-
tional degrees of freedom [21, 25] and this causes different
portions of phase space to be explored in the F and R direc-
tion (e.g. the effective force experienced in a short simulation
depends significantly on the channel conformations). One can
loosely think of this being a two-state system (pulling in the
F direction gives one preferred energy path, “state 1” and the
R direction pulls result in “state 2”). The dynamical response
of each state here observable, but subtle. The bottom panel
plots the dendrogram obtained if we assume that we did not
know there were “two states” and use a machine learning al-
gorithm [35] and break the curves into cluster without using
known information about the system. The labels 1-10 corre-
spond to the F direction pulls and the labels 11-20 correspond
to toe R direction.

Finally we present results which may be relevant to
situations where an unknown number of conformational
states exist in a single-molecule system and these differ-
ent states give rise to distinct dynamical responses [3, 13–
15, 34, 37]. Said differently conformational heterogeneity
exists [38]. In this particular system it is known that the
slowly evolving channel conformations modulate the dy-
namics [21, 25]. The path on the “effective free energy
surface”, Uλ(z, t; Γ), taken when an ion goes from an inlet
of the channel towards the channel center (F direction)
is typically very different than the path taken when the
ion starts at the center and makes its way to the channel
outlet (the R direction) [21]. Different paths are taken
because different conformations, whose details are con-
tained in Γ, are energetically favorable. As said before,
the initial value of Γ is different in each SMD path, and
the degrees of freedom associated with the channel do not
change appreciably over the time course of the short 1 ns
SMD simulation. These different Γ values can cause a
systematically different effective force to be experienced
for a given value of z (in this sense z has a certain “de-
generacy”) when the system is steered along the effec-
tive free energy surface. Recall we assume the effective
force is given by the gradient of an effective potential,
∂Uλ(z, t; Γ)/∂z, but we cannot “integrate out” Γ at the
time-scales we simulate at to give a traditional effective
potential. In this system, certain dihedral angles describ-
ing the channel conformational state strongly influence
the effective forced experienced by the ion [21, 25]. Al-
though different channel conformations result in different
Γ values, the energetics of the underlying unperturbed
potential constrain the region of phase space which can
readily be explored. This explains the collection of effec-
tive force tubes observed in our SPA models in the F and
R direction shown in Panel A of Fig. 6 (it also explains
the work tubes in Fig. 2).

Suppose we did not know that the response observed
in the axial ion dynamics depended heavily on the di-
rection of pulling and/or the underlying channel con-
formations. Panel B presents results which attempt to
group 20 curves into different clusters [35]. A total of 10
F (indexed by the numbers 1-10) and 10 R curves (in-
dexed by the numbers 11-20) associated with a steering
vpull = 15Å/ns were used to estimate 20 effective force
curves (sample curves displayed in Panel A) using the
techniques discussed in the Methods section. These esti-
mated effective force curves were then used as input to
a machine learning algorithm [83]. The hierarchical clus-
tering employed did not use any knowledge other than the
observed force and was able to successfully partition the
F and R curves into distinct clusters indicating that we
have numerical tools which can identify subtle differences
in the dynamical response of two different conformational
populations. Applying tools from functional data analy-
sis [36, 70] would be an interesting future direction.
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IV. CONCLUSION AND OUTLOOK

We presented numerical methods which can be used to
analyze a sequence of local models that aim at approx-
imating the nonlinear stochastic dynamics associated
with pulling potassium through a gramicidin A channel.
An efficient and numerically stable QR based algorithm
which can utilize the information contained in the se-
quence of local models (local drift & noise magnitude,
their spatial derivatives, and parameter uncertainty) to
estimate a single global nonlinear function approximat-
ing the stochastic system dynamics of a complex signal
using penalized splines was given. We also presented re-
sults which tested the local models via goodness-of-fit
tests which can account for the nonstationary nature of a
signal. These goodness-of-fit tests were able to quantita-
tively determine the quality of an overdamped Langevin
approximation using statistical hypothesis testing. From
a physical standpoint, the tests were able to determine
that the validity of the overdamped Langevin approxima-
tion depends significantly on the pulling speed and stiff-
ness of the external harmonic potential used in the under-
lying many body simulation when local diffusion models
are calibrated from “short time-scale” SMD trajectories
(total simulation time is on the order of nanoseconds).
We also demonstrated that the information in the diffu-
sion models could be used to identify different dynamical
responses induced by conformational heterogeneity not
directly included in the SDE model [3, 13–15, 34, 37, 38].

Although we focused on the nonlinear stochastic dy-
namics associated with ion-channel dynamics, the meth-
ods demonstrated have much broader applicability in
single-molecule studies [1–15, 20, 22, 23]. The particular
“quasi-likehood” type method [49] we employed can read-
ily account for experimental noise [22, 23], though other
likelihood approximations could be used [41, 71, 72]. Ac-
curately determining the drift and diffusion coefficient of
SPA type models can also even given quantitative infor-
mation about difficult to experimentally observe collec-
tive conformational coordinates because changes in con-
formational degrees of freedom often significantly alter
the dynamics of a low-dimensional system observable vec-
tor and hence features of the estimated SPA functions
[19–23]. Explicitly including other degrees of freedom
in the low-dimensional SPA model (e.g. dihedral angles)
may allow one to use a single, more complex, surrogate to
approximate the stochastic dynamics of all trajectories as
opposed to requiring a collection of scalar models to rep-
resent the process. However, often times selecting the ap-
propriate variables to model is challenging, but progress
in this direction has been made [73]. In some cases, other
factors may be known from a priori considerations to
make highly relevant contributions to the stochastic dy-
namics (this knowledge can come either from physical
or data-mining considerations), but these factors may be
difficult to experimentally measure/extract.

Algorithms which can efficiently and accurately esti-
mate and partition/cluster [35, 36] curves summarizing

the stochastic information contained in signals arising
from complex multiscale biological time series (experi-
ments and/or simulations) show great potential as data-
mining tools. Coupling the modeling ideas laid out in this
article and elsewhere [19–23] show potential for summa-
rizing the vast amounts of information in single-molecule
time series and also for quantifying the diversity that con-
formation heterogeneity induces in low-dimensional sys-
tem observables [3, 13–15, 27, 34, 37]. Numerical meth-
ods which provide a quantitative summary of the vari-
ability associated with a a collection of low-dimensional
diffusion models will also likely aid in probing, under-
standing and/or designing nanoscale dynamical systems.
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VI. APPENDIX

Given the assumption of a full rank design matrix C,
the QR decomposition C = QR can be obtained with
R being upper-triangular and invertible and Q being an
orthnormal basis. Observe that with this decomposi-
tion we have ŷ = C(CT C + αD)−1CT y = QR(RT R +
αD)−1RT QT y. Also note that D is a diagonal matrix
and α is constrained to take only positive values which
makes the matrix M (defined in the algorithm) symmet-
ric in exact arithmetic; it forced by construction to be
symmetric in case round-off errors cause this symmetry
to break down. To see how the proposed algorithm works,
note that:

R(RT R + αD)−1RT =
(
R−T (RT R + αD)R−1

)−1

= (I + αR−T DR−1)−1

The eigendecomposition of the symmetric non-negative
matrix R−T DR−1 provides us with the orthonormal ba-
sis needed to easily solve for multiple values of the scalar
α. Specifically, R−T DR−1 = USUT with U being a ma-
trix with orthonormal columns and the identity given
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above can be used to show:

ŷ = Q(I + αUSUT )−1QT y

= QU(I + αS)−1UT QT y. (6)

In addition to solving for the regularized solution ŷ, this

decomposition can be used to cheaply solve for the resid-
ual sum of squares and various traces needed to evalu-
ate expressions such as the GCV, AIC, AICc etc. [28]
[84]. MATLAB scripts illustrating the details are avail-
able upon request.
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