
RICE UNIVERSITY

Time–Domain Decomposition Preconditioners for the Solution of
Discretized Parabolic Optimal Control Problems

by

Agata Comas

A THESISSUBMITTED

IN PARTIAL FULFILLMENT OF THE

REQUIREMENTS FOR THEDEGREE

Doctor of Philosophy

APPROVED, THESIS COMMITTEE:

Dr. Matthias Heinkenschloss, Chairman
Professor of Computational and Applied
Mathematics

Dr. William Symes
Noah G. Harding Professor of
Computational and Applied Mathematics

Dr. Matteo Pasquali
Associate Professor of Chemical and
Biomolecular Engineering

Dr. Mark Embree
Assistant Professor of Computational and
Applied Mathematics

HOUSTON, TEXAS

NOVEMBER, 2005



Abstract

Time–Domain Decomposition Preconditioners for the
Solution of Discretized Parabolic Optimal Control

Problems

by

Agata Comas

Optimal control problems governed by time–dependent partial differential equations (PDEs)

lead to large–scale optimization problems. While a single PDE can be solved by marching

forward in time, the optimality system for time–dependent PDE constrained optimization

problems introduces a strong coupling in time of the governing PDE, the so-called adjoint

PDE, which has to be solved backward in time, and the gradient equation. This coupling

in time introduces huge storage requirements for solution algorithms. We study a time–

domain decomposition based method that addresses the problem of storage and addition-

ally introduces parallelism into the optimization algorithm. The method reformulates the

original problem as an equivalent constrained optimization problem using ideas from mul-

tiple shooting methods for PDEs. For convex linear–quadratic problems, the optimality

conditions of the reformulated problem lead to a linear system in state and adjoint vari-

ables at time–domain interfaces and in the original control variables. This linear system

is solved using a preconditioned Krylov subspace method. Block Gauss–Seidel precondi-

tioners have been introduced by Heinkenschloss (2000) for a suitable permutation of the

optimality system. Unfortunately, the number of Krylov subspace iterations significantly

increases when these preconditioners are parallelized. This problem has motivated the



iii

study of a preconditioner based on an approximate factorization of the optimality system,

used by Biros, et. al. (1999) in another context. The factorization–based preconditioner

requires approximate state and adjoint solves as well as a preconditioner for the so-called

reduced Hessian. The approximate state and adjoint solves are derived from the parareal

algorithm of Maday, et. al. (2001). New results on the spectrum of the reduced Hessian

for a class of optimal control problems show that a simple ‘scaling’ preconditioner for the

reduced Hessian suffices for this problem class. Our analysis of the spectrum of the opti-

mality system preconditioned by the factorization–based preconditioner shows that we can

replace the preconditioner for the reduced Hessian by a preconditioner for a less expensive

Hessian-type operator. For problems of control in the initial condition, we apply this result

to modify the multigrid preconditioner for the reduced Hessian introduced by Draganescu

(2004) with no effects on the multigrid preconditioner performance.
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Chapter 1

Introduction

Optimal control problems governed by time–dependent partial differential equations (PDEs)

lead to large–scale optimization problems. While a single PDE can be solved by marching

forward in time starting from an initial condition, the optimality system for time–dependent

PDE constrained optimization problems exhibits a strong coupling in time of the governing

(state) PDE, the so-called adjoint PDE, which is solved backward in time, and the gradi-

ent equation, which couples control and adjoint. This coupling introduces huge storage

demands for solution algorithms.

This thesis investigates time-domain decomposition methods for the solution of linear

quadratic optimization problems governed by (semi-) discretized parabolic PDEs.

The time-domain decomposition methods reformulate an optimal control problem by de-

composing the time interval[0, T ] of the PDE simulation intoN smaller intervals[Ti, Ti+1],

i = 0, . . . , N − 1. At the time domain interfaces, auxiliary variablesȳi, i = 1, . . . , N − 1,

are introduced and state variablesyi are defined locally in each subinterval[Ti, Ti+1] as im-

plicit functions of the auxiliary variables̄yi through the solution of a differential equation

defined at the subinterval. The original optimization problem posed on[0, T ] is then written

as an equality constrained optimization problem in the auxiliary variables and the controls

1
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restricted to subdomains. The constraints require that the statesyi defined in the subinter-

vals [Ti, Ti+1] coincide at the final time with the initial condition of the statesyi+1 defined

in the next subinterval. The first order necessary and sufficient optimality conditions of the

time–decomposed linear quadratic optimization problem form a linear system in the aux-

iliary variablesȳi, p̄i, i = 1, . . . , N − 1, as well as the controls restricted to subdomains.

The variables̄pi are the Lagrange multipliers corresponding to the constraints of the time–

decomposed problem. State and adjoint variables are locally defined in each subinterval

as implicit functions of the auxiliary and control variables. The storage requirements for

the numerical solution of the optimality system are determined by the size of the variables

ȳi, p̄i, i = 1, . . . , N − 1, and of the controls. Consequently, the time-domain decompo-

sition formulation imposes fewer storage demands on the optimization than a formulation

involving original states, adjoints and controls.

In contrast to time-domain decomposition (multiple shooting) methods for optimization

problems governed by small or moderate sized systems of ordinary differential equations,

in our applications it is not feasible to construct Jacobians or Hessians explicitly. Hence, we

are interested in matrix–free solution approaches. Specifically, we study linear–quadratic

optimization problems and preconditioned Krylov subspace methods for the iterative solu-

tion of the system of optimality conditions associated with linear–quadratic problems.

With suitable ordering of equations and unknowns, the system of optimality conditions of

the time–decomposed optimization problem is block tridiagonal. Block Gauss–Seidel (GS)

based preconditioners have been introduced in [44] for the solution of the optimality system

with Krylov subspace methods. The evaluation of the GS-preconditioned operator requires

the sequential solution ofN optimal control problems defined in each local subinterval.

Unfortunately, the number of Krylov subspace iterations for the solution of the precondi-

tioned system increases substantially if a red–black ordering is used to parallelize the local

optimal control problem solves [28].

The deterioration of the performance of the parallelizable Gauss–Seidel preconditioner mo-
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tivates the investigation of preconditioners that preserve as much as possible the natural

parallelization introduced by the time–domain decomposition. In this work we study a

factorization-based (F) preconditioner – introduced in [20] for solving symmetric indefi-

nite systems arising from steady state control problems governed by parabolic equations –

for the time–decomposed optimality system.

The factorization-based preconditioner is indefinite and requires ‘user-defined’ precondi-

tioners for the reduced Hessian̂H of the time–decomposed problem and for the ‘forward’

operatorA defined by the equality constraints of the optimization problem. In this work,

we use a preconditioner̃A−1 for the forward operatorA derived from the parareal algo-

rithm of Maday, et al. [59]. The parareal algorithm was introduced as a method for the

solution of initial value problems. It is based on a multiple shooting formulation. It uses

integration on a fine grid to evaluate solutions of initial value problems on time subdomains

and integration on a coarse grid to provide corrections of time subdomain initial conditions.

The latter operation introduces an operatorÃ, the inverse of which is used in our context

as a preconditioner for the ‘forward’ operatorA.

The reduced Hessian̂H of the time–decomposed optimal control problem is shown to be

essentially the same operator as the reduced Hessian of the optimal control problem defined

in the global domain. By using its equivalent time–decomposed form, the reduced Hessian

evaluation can be partially parallelized. For problems with control in the right hand side

of the differential equation, the reduced HessianĤ can be related to a compact Fredholm

integral operator of the second kind. If the optimal state solution is required to match given

observations (through penalization in the objective function) only at the final timeT , the

Fredholm integral operator has a degenerate kernel. An upper bound on the number of

eigenvalues different from one of the reduced Hessian, preconditioned by a simple oper-

ator referred to in this thesis as ‘scaling’, is derived. This bound depends on the number

of observations available at the final time and is independent of the time horizon of the

optimization problem. It indicates that for final time control problems where the number
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of observations is small, the ‘scaling’ may suffice to preconditionĤ. For problems of con-

trol in the initial condition, similar bounds can be obtained for the spectrum of eigenvalues

different from one of the ‘scaled’ reduced Hessian, for the case where observations are

available in the time domain(0, T ) of the optimization or when observations are available

at the final timeT only. In this case the bounds depend on the number of observations and

the number of controls and is independent of the time horizon.

We provide estimates for the eigenvalues of the preconditioned optimality system when

the factorization-based preconditioner is used. Our analysis indicates that ones needs to

precondition a reduced Hessian type operatorH̃, and not the reduced Hessian̂H. HereH̃

is computed aŝH, but withA replaced by its preconditioner̃A.

For problems of control in the initial condition, we investigate a multigrid preconditioner

for the reduced Hessian based on the work [30, 31]. The multigrid preconditioner in

[30, 31] is formulated for the reduced Hessian of final time control problems for parabolic

equations. The preconditioner application is modified in our time–decomposed problem

to preconditionH̃, thereby reducing the computational cost without effects on the pre-

conditioner performance compared to formulating the preconditioner forĤ directly. The

application of the multigrid preconditioner requires solving2L−1 positive definite systems

with the operator̃H defined at the coarsest spatial discretization grid (using CG), whereL

is the number of levels of the preconditioner. The performance of the multigrid precondi-

tioner strongly depends on the length of the time horizon and the penalization parameters

prescribed for the optimal control problem, as well as the size of the coarsest grid. Study

of this dependence of the preconditioner on the parameters is left for future work.
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1.1 Formulation of the Optimal Control Problem

In this thesis, we are concerned with numerical methods for solving time–dependent, linear,

quadratic optimal control problems of the form

Minimize J(u, v) =
1

2

∫ T

0

‖u(t)‖2
Qdt +

1

2
‖v‖2

Q0
(1.1a)

+
κ1

2

∫ T

0

‖Cy(t; u, v)− z(t)‖2
Hdt +

κ2

2
‖CTy(T ; u, v)− zT‖

2
HT

wherey(·; u, v) solves

M dy
dt

(t) + Ay(t) = f(t) + Bu(t), t ∈ (0, T )

y(0) = ȳ0 + B0v.
(1.1b)

In (1.1), A, M ∈ R
ny×ny , C ∈ R

nz×ny , CT ∈ R
nT ×ny , B ∈ R

ny×nu , B0 ∈ R
ny×nv , Q ∈

Rnu×nu, Q0 ∈ Rnv×nv , H ∈ Rnz×nz , HT ∈ RnT×nT , y0 ∈ Rny , zT ∈ RnT , f ∈ L2(0, T ; Rny)

z ∈ L2(0, T ; Rnz) andκ1, κ2 ≥ 0 are given. It is assumed thatQ, Q0, H, HT are symmetric

and positive definite and thatM is invertible. We refer to the optimization variablesu and

v as the controls, and toy as the state. The given dataz, zT is referred to as the distributed

observation and desired final state or final time observation, respectively. The system (1.1b)

is called the state equation.

The following two problems are instances of (1.1), which we state separately for future

reference.

Minimize
1

2

∫ T

0

‖u(t)‖2
Qdt +

κ1

2

∫ T

0

‖Cy(t; u) − z(t)‖2
Hdt +

κ2

2
‖CTy(T ; u)− zT‖

2
HT

wherey(·; u) solves

M dy
dt

(t) + Ay(t) = f(t) + Bu(t), t ∈ (0, T )

y(0) = ȳ0.
(1.2a)
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Minimize
1

2
‖v‖2

Q0
+

κ1

2

∫ T

0

‖Cy(t; v)− z(t)‖2
Hdt +

κ2

2
‖CT y(T ; v)− zT‖

2
HT

wherey(·; v) solves

M dy
dt

(t) + Ay(t) = f(t), t ∈ (0, T )

y(0) = B0v.
(1.3a)

The (very large) system of first order ordinary differential equations (1.1b) typically arises

after spatial discretization of parabolic equations of the form
(

∂ỹ(t)

∂t
, φ

)

H

+ a(ỹ(t), φ) = (f̃(t), φ) + b(ũ(t), φ) ∀φ ∈ V, t ∈ [0, T ]

ỹ(0) = ỹ0 + ṽ,

wherea : V × V → R is a time independent, bilinear form that satisfies the conditions

a(v, w) ≤ c1‖v‖V ‖w‖V

a(v, v) ≥ c2‖v‖
2
V − λ‖v‖H , c1, c2 > 0.

See e. g. [72, Ch.1] for standard Galerkin discretization of the heat equation, [72, Ch.4],

[46] for finite element discretization of more general parabolic equations.

The optimal control problem (1.1) can therefore be seen as a spatial discretization of lin-

ear quadratic optimal control problems governed by parabolic equations in Hilbert space.

Under this interpretation, the model problem (1.2) represents some types of boundary, dis-

tributed or pointwise control problems for the parabolic equation. The goal in these prob-

lems is to identify the boundary data, source term or sources imposed in a discrete set of

points of the spatial domain that best reproduces the observationz and matches the desired

statezT . This goal is imposed by penalty as one can see in the objective function of prob-

lem (1.2). In (1.3), the problem is to reconstruct the initial condition from the given dataz

andzT .

Linear quadratic optimal control problems governed by parabolic equations arise in many

applications [2, 17]. They also arise as a subproblem in many optimization methods, such



7

as Sequential Quadratic Programming (SQP) methods or Newton-type methods, for the

solution of nonlinear time dependent optimal control problems, see, e.g., [45, 47, 75].

The conditions for the existence and uniqueness of the solution to the state equation (1.1b)

for each given controlu, as well as for the solution to the optimal control problem (1.1)

will be specified in Chapter 2. The unique solution(u, v) ∈ L2(0, T ; Rnu) × Rnv to (1.1)

is characterized by the first order necessary and sufficient optimality conditions:

State equations:

M
dy

dt
(t) + Ay(t) = f(t) + Bu(t) t ∈ (0, T )

y(0) = ȳ0 + B0v (1.4a)

Adjoint equations:

M>dp

dt
(t) − A>p(t) = −κ1C

>H (Cy(t) − z(t)) t ∈ (0, T )

M>p(T ) = κ2C
>
T HT (CT y(T ) − zT ) (1.4b)

Gradient equation:

B>p + Qu = 0 in L2(0, T ; Rnu),

B>
0 M>p(0) + Q0v = 0 in R

nv . (1.4c)

The optimality system (1.4) reveals a strong coupling in time of the variables of the opti-

mality system. The solution of the state equation (1.4a) feeds into the right hand side of

the adjoint equation (1.4b), and the solution of the adjoint equation feeds into the gradient

equation (1.4c). The control variablesu, v feed back into the state equation (1.4a). Suppose

that we solve the optimal control problem by a gradient based method. The gradient of the

objective functionJ : L2(0, T ; Rnu) × Rnv → R is given by

∇J(u, v) =


 B>p(·; u, v) + Qu

B>
0 M>p(0; u, v) + Q0v


 , (1.5)

wherep(·; u, v) solves the adjoint equation (1.4b), with the variabley in (1.4b) given by the

solution to (1.4a). To evaluate the gradient∇J(uc, vc) for given(uc, vc) ∈ L2(0, T ; Rnu)×
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R
nv , one first solves the state equation (1.4a) forward in time and then feeds the state solu-

tion y into the adjoint equation (1.4b), that has to be solved backward in time. The gradient

(1.5) can be evaluated at the same time that one solves the adjoint equation (1.4b), but the

storage of the state historyy(·; u) at all times for each gradient evaluation is unavoidable;

storage ofy requires a permanent allocation of memory.

1.2 Background

One approach to deal with the storage requirements for gradient computations by the ad-

joint method are so-called snapshot techniques that trade storage for recomputations of the

state. See, e.g., [16, 37, 38, 39, 40, 49, 65, 77].

In their simplest form, a snapshot technique proceeds as follows. Let0 = T0 < T1 < · · · <

TN = T be a partition of[0, T ]. Suppose for simplicity that state and adjoint information

is required at timesTj = t0,j < t1,j < · · · < tn,j = Tj+1 for j = 0, . . . , N − 1 and

assume that the temporary memory is able to store the state solution at timest0,j < t1,j <

· · · < tn,j for a fixedj. One starts by a forward run that solves the state equation fromT0 to

TN−1, but stores in permanent memory only the statesy0, . . . , yN−1 corresponding to times

T0, . . . , TN−1. For the last interval(TN−1, T ), one solves the state equation forward from

TN−1 to T usingyN−1 as the initial condition, and then solves the adjoint equation fromT

to TN−1 using the state solution computed at the subinterval(TN−1, T ). The information

from the adjoint function at(TN−1, T ) is now available for the gradient evaluation (in our

case (1.5)). Fori = N −2, . . . , 0, one first recomputes the state solution at(Ti, Ti+1) using

the stored valueyi as initial condition, and then solves the adjoint equation in(Ti, Ti+1)

using the computed states at(Ti, Ti+1). The adjoints at(Ti, Ti+1) are then available for the

gradient evaluation and the temporary storage allocated for the state and adjoint solutions

at (Ti, Ti+1) can be overwritten to store the state and adjoint solutions at(Ti−1, Ti).
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More sophisticated, even optimal (in the sense that recomputations are minimized given

the amount of storage available for snapshots) snapshot strategies are described in [16, 37,

38, 39, 40, 49, 65, 77].

We mention that storage management techniques do not change the underlying optimiza-

tion algorithm. That is, one applies the optimization algorithms that would have been used

if enough storage were available.

Instantaneous control techniques are other techniques motivated (among other things) be

the storage demands required for the optimization over the entire time horizon. The ap-

proach introduced in [50] for the distributed control of the Navier–Stokes equations may

be described in a very simplified way as follows. For eachi = 0, . . . , N a local control

problem is defined as the restriction of the global problem to the local subdomain(Ti, Ti+1).

The optimization subproblems are solved sequentially fromi = 0 to i = N , with the ini-

tial data of the local problem in(Ti, Ti+1) provided by the solution to the local problem in

(Ti−1, Ti). The global control solution is then defined by patching together the local op-

timal control solutions. In [50] it is shown that the difference between the solution to the

state equation corresponding to the global control defined above and the desired distributed

states decay to zero exponentially in time. In [48] the size of each subdomain is the same

as the size of the time discretization used for numerically solving the Burgers (state) equa-

tion. At each time stepTi, a steady–state optimal control problem is formulated and solved

approximately by applying exactly one gradient step. The approximate control solution

of the steady–state problem and the corresponding state at timeTi feeds into the problem

at Ti+1. In [19] one solves the restriction of the global control problem at the subinterval

(0, T ) but discards the control solution on the subinterval(Ta, T ), where0 < Ta ≤ T . The

‘suboptimal’ control on(0, Ta) is defined as the solution on(0, Ta) of the restricted problem

solved in(0, T ). One then proceeds to solve the restriction of the global control problem

on the subinterval(Ta, Ta +T ) using the computed ‘suboptimal’ control and corresponding

state at(0, Ta) as data for the gradient evaluations required at subinterval(Ta, Ta +T ). The
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sequential solution of the restrictions of the global control problem to local subintervals

(using CG) is repeated until a certain objective is met, in this case, sufficient drag reduction

of turbulent flow in a system governed by the 3-D incompressible Navier-Stokes equation.

Unlike instantaneous control techniques where the solution of a ‘nearby problem’ is com-

puted by sequentially solving local subproblems, the so–called time–domain decomposi-

tion methods solve the original optimal control problem and additionally introduce paral-

lelization in solution algorithms. Unlike snapshot techniques, time–domain decomposition

methods change the underlying optimization algorithm.

Leugering and Lagnese formulate in [55] a time–domain decomposition method for infinite

dimensional problems governed by the wave equation. This method can be described as

follows. One defines a partition of(0, T ) into N subintervals, and decomposes the global

optimality system corresponding to the original control problem intoN local optimality

systems. One introduces new local transmission variables in each subinterval(Ti, Ti+1),

that prescribe the initial conditions of the local stateyi and final time conditions of the

local adjointpi in the local optimality system. The local stateyi, adjointpi and control

ui are determined uniquely by the solution of the local optimality system in(Ti, Ti+1) for

each fixed value of the local transmission variables. Therefore, the local states, adjoints

and controls are eliminated by viewing them as a function of the local transmission vari-

ables. To solve the global optimality system the transmission variables must solve a linear

systemAx = b, wherex is the variable vector consisting only of the local transmission

variables. Ifx∗ solvesAx = b and fori = 0, . . . , N one solves the local optimality sys-

tem in (Ti, Ti+1), the value of the statesyi, adjointspi and time derivativesdyi

dt
, dpi

dt
at the

time interfaceTi+1 matches the corresponding values ofyi+1, pi+1,
dyi

dt
, dpi

dt
at Ti+1. The

linear operatorA is block tridiagonal, not self–adjoint and not explicitly available. To eval-

uateAx, one solves a local optimal control problem corresponding to the local optimality

system defined in each subdomain(Ti, Ti+1). For this approach the storage of the local

states, adjoints and controls is temporary, and the storage inx is permanent. The authors
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in [55] propose a fixed point iteration for the systemAx = b, and prove that the iteration

converges. The application of a fixed point step involves the computation of the solution of

N + 1 local control problems, which can be done in parallel. The fixed point step involves

only two vectors of storage of the size ofx. No numerical results are given in [55]. In

[28], the fixed point iteration is seen as a relaxation of a block Jacobi method applied to the

linear system in the local transmission variables, and numerical results are presented which

indicate that the fixed point iteration exhibits a very slow convergence behavior in practice.

The extension of the time–domain decomposition method in [55] to first order problems is

additionally unclear due to the use of matching conditions for the time derivatives of the

local state and adjoint solutions at time interfaces.

In [44], Heinkenschloss introduces a time–domain decomposition method for problems

governed by first order linear partial differential equations in Hilbert space that has a

straightforward extension to second order problems [28]. Instead of an equivalent refor-

mulation of the optimality system as done in [55], the method in [44] is based on an equiv-

alent reformulation of the original optimization problem using ideas from multiple shooting

methods for PDEs. The method of multiple shooting applied to optimal control problems

governed by ODEs and DAEs is well-known in the literature [27, 56, 57].

However, since in [44] the governing equations are PDEs, the numerical techniques that

are used for solving the optimal control problem obtained after multiple shooting must be

matrix-free and suitable for large scale problems.

The approach taken in [44], see also [18], can be described as follows. One defines a

time partition0 = T0 < · · · < TN = T of [0, T ] and denotes bȳui the restriction of the

control to the subdomain[Ti, Ti+1], and introduces “auxiliary” variables̄y1, . . . , ȳN−1 at

time interfacesT1, . . . , TN−1. At each subinterval[Ti, Ti+1], a state variableyi is defined

as the unique solution of a first order system where the initial condition is given byȳi and

the control function is̄ui. The local stateyi is therefore eliminated by expressing it as a

function of ūi and ȳi. The reformulated problem, defined in the global domain, is a con-
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strained optimal control problem where the optimization variables are the local control and

new auxiliary variables. The optimality conditions for this problem form a linear system in

the local control and auxiliary variables together with the Lagrange multipliers associated

to the constraints of the problem. To evaluate the linear operator associated to the linear

system of optimality conditions one must solve a local state and adjoint equation in each

subinterval. The local state and adjoint equations can be solved at all subdomains simulta-

neously, and their solutions only require temporary storage. Because the linear operator is

not explicitly available, the optimality system is solved using the GMRES method. In [44],

the optimality system is reordered to obtain a block tridiagonal structure, and Gauss–Seidel

based methods are introduced as preconditioners for the optimality system. The application

of a Gauss–Seidel step requires solving one local optimal control problem in each subdo-

main. Numerical experiments in [44] indicate that the Forward–Backward Gauss-Seidel

preconditioner (two Gauss–Seidel steps per application) applied to the optimality system

in the ‘natural ordering’ achieves the most dramatic reduction in the number of GMRES

iterations. Applying a red–black ordering parallelizes the preconditioner but substantially

increases the number of GMRES iterations [28].

After time decomposition of the problem, one can apply a permutation of the block tridi-

agonal system obtained in [44] so that the coefficient operatorK of the resulting linear

system has the form

K =




Hyy Huy
> A>

Huy Huu B>

A B 0


 . (1.6)

Preconditioners for symmetric indefinite systems of the form (1.6) arising from optimal

control problems are investigated in [4, 14, 13, 34]. In [4], the proposed preconditioner

K̃ is equal toK except that the termHuu is replaced by a perturbatioñHuu. The authors

apply the fixed point iteration

Mxk+1 = Nxk + b
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based on the splittingK = M − N ≡ K̃ −
(
K̃ − K

)
. Each iteration requires a linear

system solve with the coefficient operatorM = K̃, which is solved using a block forward

Gauss–Seidel iteration. For our time–decomposed problem, each block Gauss–Seidel step

requires the sequential solution of the local state and adjoint equations defined in each

subdomain. The preconditioner in [4] would therefore not exploit the parallelization intro-

duced by the time decomposition.

The linear quadratic problem studied in [14, 13] contains bound constraints on the state and

control variables, so the preconditioners in [14, 13] are constructed to work well especially

when the optimal control problem is solved with interior point methods. The work in

[34] is also targeted to preconditioning symmetric indefinite systems that arise from the

application of interior point methods, in this case to solve linear programming problems.

Due to the assumed association to interior point methods, the symmetric indefinite systems

studied in [14, 13] and [34] assume that the off–diagonal blockHuy is zero. In these papers,

the constructed preconditioners are symmetric and positive definite. The preconditioners

in [14] require the construction of a preconditioner for the ‘forward’ operatorA, and two

of their preconditioners require preconditioners for the sub-blocksHyy, Huu.

In this thesis we investigate an exact factorization–based preconditioner for the symmet-

ric indefinite operatorK. This preconditioner was introduced by Biros, Ghattas in [20]

and applied in [21, 22] to solve steady–state, large scale flow-constrained optimal control

problems. It requires ‘user-defined’ preconditioners for the operatorA and the so–called

reduced Hessian. For our time-decomposed optimality system, all operations involved in

the application of the exact-factorization based preconditioner - except possibly the appli-

cation of the ‘user-defined’ preconditioners - can be made in parallel and require only local

state and adjoint solves as opposed to local control problem solves (required in [44]). The

parallelization and cost of the preconditioner application is therefore mostly determined by

the choice of the ‘user-defined’ preconditioners.

Both the third preconditioner derived in [13] and the exact factorization based precondi-
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tioner proposed in [20] are based on reduced space reductions for solving quadratic pro-

gramming problems. The third preconditioner in [13] only requires the construction of a

preconditioner forA. One can say that the cost of applying the preconditioner in [20] is

roughly the same as that of applying the preconditioner in [13] plus the cost of applying the

reduced Hessian preconditioner. The preconditioner in [20] incorporates the off-diagonal

block information and information about the reduced Hessian. We have compared both

preconditioners in our numerical experiments, and the results indicate that for our problem

the preconditioner in [20] performs significantly better than that in [13], with a reduced

Hessian preconditioner that only requires matrix-vector products and that can be applied in

parallel.

Since the preconditioners introduced in [14, 34], are symmetric positive definite and pre-

serve the symmetry of the system, the authors in these papers apply SYMMLQ or MINRES

[63] to solve the preconditioned system. The preconditioner introduced in [20] is indefinite

and does not preserve symmetry. Therefore, the Krylov subspace methods of choice are

QMR [33] or GMRES [67].

We now discuss preconditioning choices for the operatorA and the reduced Hessian that

we denote bŷH. In [21], the evaluation ofA on a vectory means evaluating the residual

of the state equation (in the global domain), while applyingA−1 to z requires solving the

state equation in the global domain. The authors are concerned with avoiding the cost of

solving the state equation during the preconditioner application. This cost is avoided by

providing a preconditioner̃A for A, which in [21] is based on the exact factorization ofA.

In the context of the time–decomposed problem, the operatorA is identical to that obtained

by applying a multiple shooting method to the original state equation defined in the global

domain(0, T ) with no control. The matrixA acts on the space of vectors of auxiliary

variablesȳ and is not explicitly available. The evaluation ofA to a vector̄y amounts to

solving inparallelall local state equations in each subdomain, while applyingA−1 requires

thesequentialsolution of local state equations in each subdomain.



15

The “parareal algorithm” introduced in [59] is a multiple shooting based iterative method

for the solution of initial value problems (IVPs). At each iteration, differential equations

defined at each subinterval(Ti, Ti+1) are solved in parallel for a current value of the initial

conditions atTi. A correction of the initial conditions is then calculated by solving sequen-

tially in a coarse grid of each subinterval a local differential equation defined by the current

error in the initial conditions. In [59] and related literature [10, 9, 11, 32, 59, 68, 69] this

method is seen as a higher order method for solving the differential equation in(0, T ). The

algorithm can also be seen as a fixed point iteration for the solution of the preconditioned

systemÃ−1Aȳ = Ã−1d for a given right hand sided. The evaluation of̃A−1 requires

sequential coarse grid approximations to the solution of local differential equations defined

on each subinterval.

The parareal algorithm is also seen as a preconditioned iteration in [76]. It is embedded as a

state solver in a generalized SQP framework for the numerical solution of time-decomposed

PDE constrained optimization problems. In this thesis the algorithm is not applied di-

rectly. The preconditioner̃A defined by the algorithm is used as a subpreconditioner for

the factorization–based preconditioner described above.

In [61] the time–decomposed optimal control problem is approximated by an unconstrained

optimization problem in the auxiliary and control variables where the constraint residuals

of the time–decomposed problem are incorporated as a penalty term into the objective

function. The authors solve the reduced Hessian system of the penalized unconstrained

problem by a preconditioned gradient method. The preconditioner in [61] is a block diago-

nal operator in the space of auxiliary and control variables that leaves the control variables

unchanged and performs operations based on the application ofÃ and its adjoint in the

space of auxiliary variables.

The preconditioner for the reduced Hessian in [21] is based on limited memory BFGS (see

e. g. [62, Ch. 9]) with an initialization provided by Frankel’s two-step stationary method

[8, Sec. 5.2]. This preconditioner for the reduced Hessian requires very few inner products
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and is therefore highly parallelizable. The choice of the BFGS update to precondition the

reduced Hessian is, for our linear quadratic problem, obviously unapplicable. Frankel’s

iterative method requires an accurate estimation of the extreme eigenvalues of the reduced

Hessian. In this work it is shown that the reduced HessianĤ of the time–decomposed

problem is essentially the same as the reduced Hessian of the optimal control problem

formulated in the global time–domain. Due to the time decomposition, the reduced Hessian

evaluation only requires storage for the states defined at one local subdomain at a time

and computations can be partially parallelized. It is shown that for a particular class of

problems, a simple ‘scaling’Ps of the reduced Hessian may suffice as a preconditioner for

the reduced Hessian. The application ofP−1
s requires the solution of a sparse symmetric

positive definite linear system in each local subdomain. The preconditioner can be applied

in parallel.

The analysis of the spectrum of the optimality system preconditioned by the factorization–

based preconditioner shows that the preconditioner for the reduced Hessian can be replaced

by a preconditioner for an operatorH̃ defined as the reduced Hessian but withA substituted

by the preconditioner̃A.

For problems of control in the initial condition, we modify the multigrid preconditioner

for the reduced Hessian of final time control problems introduced in [30, 31] for the pre-

conditioning ofH̃. This substitution reduces the computational cost of the preconditioner

application and does not affect the performance of the multigrid preconditioner as a pre-

conditioner for the reduced Hessian. The optimal control problem posed in this thesis is a

semi-discretization of an infinite dimensional problem with control defined inL2(Ω) for a

given spatial domainΩ. The components of the control vector of the semi-discrete problem

represent coefficients of the linear combination of a basis defined in a finite dimensional

space of functionsVh ⊂ L2(Ω). The subscripth denotes the size of the spatial grid defined

in Ω that is used to define a basis of functions, typically of compact support (e. g. the ”hat”

piecewise linear functions used in the classical finite element method). Like the precon-
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ditioners in [52, 53], in [30, 31] the preconditioner is based on the orthogonal subspace

decompositionVh = V2h ⊕ V ⊥
2h. In [52, 53], the preconditioners are constructed with the

application to general first order Fredholm integral operators in mind. In [30, 31], partic-

ular eigenvalue properties of the reduced Hessian defined inL2(Ω) – which is related to

a first order Fredholm integral operator – are used for the definition of the preconditioner.

The cost of the preconditioner application is determined by the solution of2L−1 positive

definite systems with the operator̂H – in our caseH̃ – at the coarsest grid (using CG),

whereL is the number of levels.

The multigrid preconditioner as defined in [30, 31] is applied to the Conjugate Gradient

method in [1] for the solution of the reduced Hessian system (using CG) of initial con-

dition control problems. We apply a modification of the preconditioner in [30, 31] as a

subpreconditioner for the reduced Hessian inside the factorization–based preconditioner

for the optimality system of the time–decomposed optimal control problem.

The theoretical results given in [30, 31] for the quality of the multigrid preconditioner as an

approximation to the reduced Hessian hold with the assumption that the coarsest grid size

is small relative toCT/κ, whereT is the time horizon of the optimization problem,κ is the

penalization parameter for the observations in the objective function andC is an unknown

constant. The choice of the coarsest grid size relative toT andκ has an important effect in

practice and need further investigation.

This document is organized as follows. Chapter 2 introduces the linear quadratic optimal

control problem and establishes spectral properties for the reduced Hessian. We derive an

upper bound for the eigenvalues different from one of the scaled reduced Hessian for a

class of problems. The test problems used in the section of numerical results are also pre-

sented in this chapter. Chapter 3 presents the time–domain decomposition method for the

solution of the optimal control problem and the matricial form of the optimality conditions

of the system. We show the bijection between the reduced Hessian of the optimal control

problem and the reduced Hessian of the time–decomposed problem. Chapter 4 presents
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iterative methods for the solution of the optimality system of the time–decomposed prob-

lem. Section 4.2 discusses the Gauss–Seidel based preconditioners in [44]. In Section 4.3

we introduce an alternative approach to time–domain decomposition which is motivated

by [55]. The factorization–based preconditioner is derived and spectral properties of the

preconditioned optimality system are established in Section 4.4. Section 4.4.3.1 presents

the “parareal” algorithm in [59] as a preconditioned iteration for the system associated to

the forward operator and establishes properties of the preconditioned forward operator. The

scaling and multigrid reduced Hessian preconditioners are given in Section 4.4.4. Numeri-

cal results are presented in Chapter 5.



Chapter 2

The Linear Quadratic Optimal Control

Problem

In this chapter, we review basic existence and uniqueness results for the linear–quadratic

optimal control problem (1.1). The unique solution of the optimal control problem is char-

acterized by the first order necessary and sufficient optimality conditions. We also study

the Hessian of the objective function (1.1a), which will be relevant for the iterative solution

of the linear–quadratic optimal control problem (1.1).

Recall that the optimal control problem is given by

Minimize
1

2

∫ T

0

‖u(t)‖2
Qdt +

1

2
‖v‖2

Q0

+
κ1

2

∫ T

0

‖Cy(t; u, v)− z(t)‖2
Hdt +

κ2

2
‖CT y(T ; u, v)− zT‖

2
HT

(2.1a)

wherey(·; u, v) solves

M dy
dt

(t) + Ay(t) = f(t) + Bu(t), t ∈ (0, T )

y(0) = ȳ0 + B0v.
(2.1b)

The optimization (control) variables in (2.1) areu ∈ L2(0, T ; Rnu), v ∈ Rnv . We refer to

L2(0, T ; Rnu) × Rnv as the control space. In (2.1),A, M ∈ Rny×ny , C ∈ Rnz×ny , CT ∈

19
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R
nT×ny , B ∈ R

ny×nu , B0 ∈ R
ny×nv , Q ∈ R

nu×nuQ0 ∈ R
nv×nv , H ∈ R

nz×nz , HT ∈

RnT×nT , ȳ0 ∈ Rny , zT ∈ RnT , f ∈ L2(0, T ; Rny) z ∈ L2(0, T ; Rnz) andκ1, κ2 ≥ 0 are

given. Throughout this thesis, we make the following assumptions:

A. Q, Q0, H, HT are symmetric positive definite,

B. M is invertible.

We use the following convention. A matrixE ∈ Rk×l, and the bounded linear operator

E : L2(t0, tf ; R
l) −→ L2(t0, tf ; R

k)

f 7−→ Ef

are denoted by the same symbol. The notation for a weighted Euclidean inner product and

its corresponding norm is〈x, y〉E = x>Ey, ‖x‖E =< x, x >
1/2
E , with E symmetric and

positive definite. IfE = I the subscriptE will be dropped. The space

W n[t0, tf ] =
{
y : [t0, tf ] → R

n
∣∣∣ y is absolutely continuous, and

dy

dt
∈ L2(t0, tf ; R

n)
}
,

equipped with the inner product

〈y, z〉W n[t0,tf ] =

∫ tf

t0

y(t)>z(t) +
dy

dt
(t)>

dz

dt
(t)dt

is a Hilbert space [60, Ch.1, Sec.2.2].

2.1 Existence, Uniqueness and Characterization of the Op-

timal Control

Consider the first order linear system

M
dy

dt
(t) + Ay(t) = Bu(t) + f(t), t ∈ (t0, tf),

y(t0) = ȳ0 + B0v, (2.2)
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where M, A ∈ R
ny×ny , B ∈ R

ny×nu, B0 ∈ R
ny×nv , u ∈ L2(t0, tf ; R

nu), v ∈ R
nv ,

ȳ0 ∈ Rny , f ∈ L2(t0, tf ; R
ny) andM is invertible.

A solution of (2.2) is a functiony ∈ W ny [t0, tf ] that satisfies equation (2.2) almost every-

where [3, Sec. 2.5].

The following result is well known.

Theorem 2.1.1 Let u ∈ L2(t0, tf ; R
nu). The system of linear differential equations(2.2)

has a unique solutiony ∈ W ny [t0, tf ] given by

y(t) = e−M−1A(t−t0) (ȳ0 + B0v) +

∫ t

t0

e−M−1A(t−s)M−1(Bu(s) + f(s))ds. (2.3)

Let y(·; u, v) be the solution of (2.2) for givenu, v. We denote the objective function in

(2.1a) byJ , i.e.,

J(u, v) =
1

2

∫ T

0

‖u(t)‖2
Qdt +

1

2
‖v‖2

Q0

+
κ1

2

∫ T

0

‖Cy(t; u, v)− z(t)‖2
Hdt +

κ2

2
‖CTy(T ; u, v)− zT‖

2
HT

. (2.4)

Theorem 2.1.2 The gradient (in the Fŕechet sense) ofJ is given by

∇J(u, v) =


 Qu + B>p(·; u, v)

Q0v + B>
0 M>p(0; u, v)


 , (2.5)

wherep(·; v, u) ∈ W ny [0, T ] solves the adjoint equation

M>dp

dt
(t) − A>p(t) = −κ1C

>H (Cy(t; v, u)− z(t)) t ∈ (0, T )

M>p(T ) = κ2C
>
T HT (CT y(T ; v, u)− zT ) , (2.6)

and in(2.6), y(·; v, u) ∈ W ny [0, T ] solves(2.1b).
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Proof: SinceJ is a quadratic functional it follows thatJ is Fréchet differentiable with

Fréchet derivative given by

DJ(u, v)(δu, δv) =

∫ T

0

u(t)>Qδudt + v>Q0δv

+ κ1

∫ T

0

w(t)>C>HC(y(t; u, v)− z(t))dt

+ κ2w(T )>C>
T HT CT (y(T ; u, v)− zT ),

wherew is the solution of

M dw
dt

(t) + Aw(t) = Bδu(t), t ∈ (0, T )

w(0) = B0δv.

If w solves the previous differential equation andp solves the adjoint equation (2.6), then

κ2w(T )>C>
T HT (CT y(T ; v, u)− zT ) − p(0)>MB0δv

=

∫ T

0

d

dt
(w(t)>M>p(t))dt

=

∫ T

0

d

dt
w(t)>M>p(t) + w(t)>M> d

dt
p(t))dt

=

∫ T

0

(Bδu(t) − Aw(t))>p(t) + w(t)>
(
A>p(t) − κ1C

>H(Cy(t; v, u)− z(t))
)
dt

=

∫ T

0

p(t)>Bδu(t) − κ1w(t)>C>H(Cy(t; v, u)− z(t))dt.

Hence,

DJ(u, v)(δu, δv) =

∫ T

0

(B>p(t) + Qu(t))>δudt + (Q0v + B>
0 M>p(0))>δv

for all δu ∈ L2(0, T ; Rnu) and allδv ∈ R
nv . The last identity implies the assertion. 2

Theorem 2.1.3 (Existence and Uniqueness)The optimal control problem(2.1)has a unique

solution(u, v) ∈ L2(0, T ; Rnu) × Rnv .
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Proof: Let (u0, v0) ∈ L2(0, T ; Rnu) × R
nv be arbitrary. For all(u, v) ∈ L2(0, T ; Rnu) ×

Rnv with J(u, v) ≤ J(u0, v0) we have

1

2

∫ T

0

‖u(t)‖2
Qdt +

1

2
‖v‖2

Q0
≤ J(u0, v0).

Let

S =

{
(u, v) ∈ L2(0, T ; Rnu) × R

nv |
1

2

∫ T

0

‖u(t)‖2
Qdt +

1

2
‖v‖2

Q0
≤ J(u0, v0)

}
.

The setS is nonempty, closed, convex and bounded. Since

inf J(u, v) = inf
(u,v)∈S

J(u, v)

and sinceJ is strictly convex, the assertion follows from [51, Thm 2.12]. 2

Theorem 2.1.4 (Optimality Conditions) The optimal control

(u, v) ∈ L2(0, T ; Rnu) × Rnv is the unique solution of

Qu(t) + B>p(t; u, v) = 0 t ∈ (0, T ),

Q0v + B>
0 M>p(0; u, v) = 0. (2.7)

wherep(·; v, u) ∈ W ny [0, T ] solves(2.6)andy(·; v, u) ∈ W ny [0, T ] solves(2.1b).

Proof: SinceJ is convex, the first order necessary optimality conditions are sufficient and

given by∇J(u, v) = 0, with ∇J(u, v) as in Theorem 2.1.2. 2

2.2 The Hessian of the Linear Quadratic Objective Func-

tional

In this section we show that the Hessian of the objective functionsJ of model problems

(1.2) and (1.3) is associated with a linear Fredholm operator of the second kind. This
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allows us to provide estimates for the spectrum of the Hessian. We derive a rank result for

the Hessian of both model problems for the case where there is no distributed observation (i.

e.κ1 = 0), and for (1.3) for the distributed observation case (κ1 > 0). The bound provided

for the rank of the Hessian depends on the size of the observation or control spaces but it is

independent of the time horizon.

Theorem 2.2.1 The Hessian (in the Fréchet sense) ofJ defined in(2.4)applied to a vector

(δu, δv) ∈ L2(0, T ; Rnu) × R
nv is given by

∇2J(u, v)(δu, δv) =


 ∇2Juuδu + ∇2Juvδv

(∇2Juv)
∗δu + ∇2Jvvδv


 , (2.8)

where

∇2
uuJ(u, v)δu = Qδu + κ1

∫ T

·

∫ s

0

B>M−>e−(M−1A)>(s−·)C>HCe−M−1A(s−ξ)M−1Bδu(ξ)dξds

+κ2

∫ T

0

B>M−>e−(M−1A)>(T−·)C>
T HT CT e−M−1A(T−ξ)M−1Bδu(ξ)dξ

∇2
uvJ(u, v)δv = κ1B

>M−>

∫ T

·

e−(M−1A)>(s−·)C>HCe−M−1AsB0δvds

+κ2B
>M−>e−(M−1A)>(T−·)C>

T HT CT e−M−1AT B0δv

∇2
vvJ(u, v)δv = Q0δv + κ1

(∫ T

0

B>
0 e−(M−1A)>sC>HCe−M−1AsB0ds

)
δv

+κ2

(
B>

0 e−(M−1A)>T C>
T HT CT e−M−1AT B0

)
δv. (2.9)

Proof: The solution of the adjoint equation (2.6) is given by

M>p(t) = κ2e
−(M−1A)>(T−t)C>

T HT

(
CT y(T ; v, u)− zT

)

+κ1

∫ T

t

e−(M−1A)>(s−t)C>H
(
Cy(s; v, u)− z(s)

)
ds,
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wherey solves (2.1b). Substituting the expression (2.3) fory and rearranging terms one

obtains

M>p(t) = κ2e
−(M−1A)>(T−t)C>

T HT CT

(
e−M−1ATB0v +

∫ T

0

e−M−1A(T−ξ)M−1Bu(ξ)dξ

)

+ κ1

∫ T

t

e−(M−1A)>(s−t)C>HC

(
e−M−1AsB0v +

∫ s

0

e−M−1A(s−ξ)M−1Bu(ξ)dξ

)
ds

+ κ2e
−(M−1A)>(T−t)C>

T HT

(
CT

(
e−M−1AT ȳ0 +

∫ T

0

e−M−1A(T−ξ)M−1f(ξ)dξ
)
− zT

)

+ κ1

∫ T

t

e−(M−1A)>(s−t)C>H
(
C
(
e−M−1Asȳ0 +

∫ s

0

e−M−1A(s−ξ)M−1f(ξ)dξ
)
− z(s)

)
ds

(2.10)

Expression (2.10) simply shows the adjoint as an affine linear function ofu andv. One

then differentiates (in the Fréchet sense) the functions in the gradient expression (2.5) with

p expressed as in (2.10). For example,

Dv∇vJ(u, v)(δv) = Q0δv + B>
0

(
κ2e

−(M−1A)>T C>
T HTCT e−M−1AT B0δv

+ κ1

∫ T

0

e−(M−1A)>sC>HCe−M−1AsB0δvds
)
≡ ∇2

vvJ(u, v)δv.

The rest of the Hessian terms follow analogously. 2

The expressions of the Hessian for our model problems (1.2) , (1.3) are reduced to either

∇2J(u)δu ≡ ∇2Juuδu or∇2J(v)δv ≡ ∇2Jvvδv, and the cross terms in (2.9) disappear.

Remark 2.2.2 The evaluation of the Hessian ofJ given in(2.4)can be expressed as

∇2J(u, v)(δu, δv) =


 Qδu + B>p(·; δu, δv)

Q0δv + B>
0 M>p(0; δu, δv)




wherep(·; δu, δv) solves(2.6) with z = 0, zT = 0 and y(·; δu, δv) solves(2.1b)with f =

0, ȳ0 = 0, and u, v replaced byδu, δv. The cost of one evaluation of the Hessian ofJ

amounts to solving the state equation(2.1b) forward in time from0 to T and the adjoint

equation(2.6)backward in time fromT to 0. The state solution must be stored permanently
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at all times for the solving the adjoint equation and the computation of the state and adjoint

solutions must be carried out sequentially in time.

2.2.1 Spectrum of the Hessian

We consider the optimal control problem (1.2) with control in the right hand side. By

Theorem 2.2.1, the Hessian of the objective function

J(u) =
1

2

∫ T

0

‖u(t)‖2
Qdt (2.11)

+
κ1

2

∫ T

0

‖Cy(t; u)− z(t)‖2
Hdt +

κ2

2
‖CT y(T ; u)− zT‖

2
HT

is given by

(∇2J(u)δu)(t)

= Qδu(t) + κ1

∫ T

t

∫ τ

0

B>M−>e−(M−1A)>(τ−t)C>HCe−M−1A(τ−s)M−1Bδu(s)dsdτ

+κ2

∫ T

0

B>M−>e−(M−1A)>(T−t)C>
T HT CTe−M−1A(T−s)M−1Bδu(s)ds

= Qδu(t) + κ1

∫ T

0

∫ T

max{t,s}

B>M−>e−(M−1A)>(τ−t)C>HCe−M−1A(τ−s)M−1Bdτδu(s)ds

+κ2

∫ T

0

B>M−>e−(M−1A)>(T−t)C>
T HT CTe−M−1A(T−s)M−1Bδu(s)ds

If we define

K(t, s) = κ1

∫ T

max{t,s}

B>M−>e−(M−1A)>(τ−t)C>HCe−M−1A(τ−s)M−1Bdτ

+κ2B
>M−>e−(M−1A)>(T−t)C>

T HT CT e−M−1A(T−s)M−1B, (2.12)

then

(∇2J(u)δu)(t) = Qδu(t) +

∫ T

0

K(t, s)δu(s)ds.

Hence, the Hessian of (2.11) leads us to integral operators

K : L2(0, T, Rnu) → L2(0, T ; Rnu)

u 7→

∫ T

0

K(·, s)u(s)ds. (2.13)
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and the study of the spectrum of the Hessian leads us to so-called Fredholm Integral Equa-

tions of the Second Kind. We recall the following result.

Theorem 2.2.3 If K ∈ L2((0, T ) × (0, T ), Rnu×nu), thenK is a compact operator.

Proof: See [6, Sec. 1.2.3], [71, Sec. V.7]. 2

Examination of the kernelK in (2.12) reveals that

K(t, s) = K(s, t) ∀t, s ∈ [0, T ],

K(t, s) ≥ 0 ∀t, s ∈ [0, T ],

properties which are due to the selfadjointness of the Hessian and the convexity proper-

ties of the objective function, respectively. Compact integral operators with symmetric,

nonnegative kernel have an expansion in terms of eigenvaluesµk and eigenfunctionsuk.

Theorem 2.2.4 If K ∈ L2((0, T ) × (0, T ), Rnu×nu) satisfiesK(t, s) = K(s, t) ≥ 0 for

almost allt, s ∈ [0, T ], then there exists a sequence{µk} ⊂ R with µ1 ≥ µ2 ≥ . . . ≥ 0

andlimk→∞ µk = 0 and a sequence of functions{uk} ⊂ L2((0, T ), Rnu) such that

Ku =

∞∑

k=1

µk〈uk, u〉L2((0,T ),Rnu )uk.

Proof: The proof that the operatorK has a complete set of orthonormal eigenfunctionsuk

and a countable (or finite) number of eigenvaluesµk such thatlimk→∞ µk = 0 is given in

[79, Sec.4.2 Thm. 4A]. The non-negativity of the eigenvalues follows from the orthonormal

eigenvector expansion and the non-negativity of the kernel:

0 ≤ 〈Ku, uk〉 = µk k = 1, 2, . . .

2
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We are interested in the spectrum of the integral operators associated with the Hessian of

(2.11).

In addition to (1.2) we also consider the optimal control problem (1.3) with control in the

initial condition. By Theorem 2.2.1, the Hessian of the objective function

J(v) =
1

2
‖v‖2

Q0
+

κ1

2

∫ T

0

‖Cy(t; v) − z(t)‖2
Hdt +

κ2

2
‖CT y(T ; v)− zT‖

2
HT

(2.14)

is given by

∇2J(v)δv = Q0δv + κ1

(∫ T

0

B>
0 e−(M−1A)>sC>HCe−M−1AsB0ds

)
δv

+κ2

(
B>

0 e−(M−1A)>T C>
T HT CTe−M−1AT B0

)
δv.

Theorem 2.2.5 i. The linear Fredholm operatorK : L2(0, T ; Rnu) −→ L2(0, T ; Rnu),

Ku =

∫ T

0

B>M−>
(
e−M−1A(T−·)

)>
C>

T HT CT e−M−1A(T−s)M−1Bu(s)ds (2.15)

has at most rank(CT ) nonzero eigenvalues.

ii. The matrix ∫ T

0

B>
0 e−(M−1A)>sC>HCe−M−1AsB0ds

has at most rank(B0) nonzero eigenvalues.

iii. The matrix

B>
0 e−(M−1A)>T C>

T HT CT e−M−1AT B0

has at mostmin (rank(B0), rank(CT )) nonzero eigenvalues.

The proof of Theorem 2.2.5 requires a few technical results that will be given at the end of

this section.

Theorem 2.2.5 provides information about the spectrum of the Hessians of (2.11) and or

(2.14).
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Corollary 2.2.6 i. Let J be the objective function defined in(2.11)for the optimal control

problem with control in the right hand side. Ifκ1 = 0, thenQ−1∇2J(u) has at most

rank(CT ) eigenvalues different from one.

ii. Let J be the objective function defined in(2.14) for the optimal control problem with

control in the initial conditions. Ifκ1 = 0, thenQ−1
0 ∇2J(v) has at most rank(B0) eigenval-

ues different from one. Ifκ2 = 0, thenQ−1
0 ∇2J(v) has at mostmin (rank(B0), rank(C))

eigenvalues different from one.

Corollary 2.2.6 i. states that in case of final time observation, the number of eigenvalues

of Q−1∇2J(u) that are different from one is determined by the number of observations

(rank(CT )), but independent of the time horizon. In the case of control in the initial condi-

tions, Corollary 2.2.6 ii. states the number of eigenvalues ofQ−1
0 ∇2J(v) that are different

from one is determined by the number of controls (rank(B0)), but independent of the time

horizon.

Example 2.2.7 We consider the boundary control problem example in Section 2.3.1.2,

with nx = 100 spatial intervals andnt = 128 time intervals and penalization parame-

ter κ2 = 105. Figure 2.1 shows the spectrum ofQ−1∇2J(u) with κ1 = 0 andκ1 = 105,

with unrestricted final time observation (CT full rank) and with the final time observation

restricted to one spatial node (rank(CT ) = 1). Corollary 2.2.6 states that the number of

computed eigenvalues different from one is at most rank(CT ) = 1. This fact is observed in

Figure 2.1.

We consider the example problem given in Section 2.3.1.3, where the control is in the ini-

tial condition. The discretization parameters arenx = 100 spatial intervals andnt = 126

time intervals. Figure 2.2 shows the spectrum ofQ−1
0 ∇2J(v) with κ1 = 0 andκ1 = 105

and with κ1 = 105, κ2 = 0. In both cases, the spectrum ofQ−1
0 ∇2J(v) is computed

with unrestricted control (initial condition) and with control restricted to one node. When

κ1 = 0, Corollary 2.2.6 states that the number of computed eigenvalues different from
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Figure 2.1: Spectrum ofQ−1∇2J(u) with κ1 = 0 andκ2 = 105, unrestricted final time

observation and final time observation restricted to one node.

one is at most rank(B0) = 1 when the control is restricted. Whenκ2 = 0, Corol-

lary 2.2.6 states that the number of computed eigenvalues different from one is at most

min (rank(B0), rank(CT )) = 1. Figure 2.2 illustrates this result.

We now return to the proof of Theorem 2.2.5. We first provide two lemmas.

Lemma 2.2.8 LetA : [0, T ] −→ R
nu×nz andB : [0, T ] −→ R

nz×nu be continuous and let

the operatorK : L2(0, T, Rnu) → L2(0, T ; Rnu) be given byKu =
∫ T

0
A(·)B(s)u(s)ds.

The equationKu = µu, µ 6= 0, holds if and only ifµ ∈ C andc =
∫ T

0
B(s)u(s)ds ∈ Rnz

satisfy

A11c − µc ∈ N (A(t)), ∀ t ∈ [0, T ], (2.16)

X X X X X 

* 

X 

X 

* 

X X X X 
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Figure 2.2: Spectrum ofQ−1
0 ∇2J(v) with κ1 = 0, κ2 = 105 (top) andκ1 = 105, κ2 = 0

(bottom). Spectrum is computed with unrestricted initial condition control and with the

initial condition control restricted to one node.

where

A11 =

∫ T

0

B(s)A(s)ds ∈ R
nz×nz (2.17)

and whereN (A(t)) is the null space of the matrixA(t).

Proof: By definition ofK, we haveKu = µu if and only if

A(t)c =

∫ T

0

A(t)B(s)u(s)ds = µu(t). (2.18)

l 
X 

-

I I I I I I I 

I 

l 
-=xxxx X X X X X X 

f- -

* 
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If Ku = µu, thenKµu = µ2u and (2.18) imply

0 =

∫ T

0

A(t)B(s)µu(s)ds− µ2u(t)

=

∫ T

0

A(t)B(s) (A(s)c) ds − µA(t)c

= A(t) (A11c − µc) .

On the other hand, if (2.16) is satisfied, thenKµu = µ2u. Sinceµ 6= 0, this implies

Ku = µu. 2

Lemma 2.2.9 Let the assumptions of Lemma 2.2.8 be satisfied. IfA11 is diagonalizable,

thenµ 6= 0 is an eigenvalue ofK if and only ifµ 6= 0 is an eigenvalue ofA11.

Proof: If µ 6= 0 is an eigenvalue ofA11, then Lemma 2.2.8 implies thatµ 6= 0 is an

eigenvalue ofK.

Let µ 6= 0 an eigenvalue ofK with eigenfunctionu. By Lemma 2.2.8,

A(t) (A11c − µc) = 0, ∀ t ∈ [0, T ], (2.19)

wherec =
∫ T

0
B(s)u(s)ds ∈ Rnz .

If z ∈ Rnz is a vector inN (A(t)) for all t ∈ [0, T ], thenA11z =
∫ T

0
B(s)A(s)zds = 0,

which meansz ∈ N (A11). Thus,

⋂

t∈[0,T ]

N (A(t)) ⊂ N (A11).

Condition (2.19) implies thatA11c − µc ∈ N (A11), or equivalently,

A2
11c = µA11c. (2.20)



33

Letr be the number of nonzero eigenvalues ofA11. SinceA11 is diagonalizable, there esists

W such that

A11 = WΛW−1, Λ = diag(λ1, · · · , λr, 0, · · · , 0).

Let z = W−1c. Condition (2.20) impliesΛ2z = µΛz, in particular,

λ2
i zi = µλizi, i = 1, . . . , r.

We consider two cases.

Case 1. There existsi ∈ {1, . . . , r} such thatzi 6= 0. In this case,λ2
i zi = µλizi andλi 6= 0

imply µ = λi, i.e.,µ is an eigenvalue ofA11.

Case 2.z1 = . . . = zr = 0. In this case the definitionz = W−1c implies

A11c − µc = WΛW−1Wz − µWz

= W







λ1

. . .

λr

0
. . .

0







0
...

0

zr+1

...

znz




− µ




0
...

0

zr+1

...

znz







= −µc.

The condition (2.19) and the equality (2.18) then give

0 = A(t)(A11c − µc)

= −µA(t)c

= −µ2u(t)

for almost allt ∈ [0, T ]. Howeveru ≡ 0 contradicts the assumption thatu is an eigenfunc-

tion of the operatorK associated to the eigenvalueµ. 2
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We now able to prove Theorem 2.2.5.

Proof of Theorem 2.2.5:i. Define

A(t) = B>M−>
(
e−M−1A(T−t)

)>
C>

T H
1/2
T ∈ R

nu×nz

and

B(t) = H
1/2
T CT e−M−1A(T−t)M−1B ∈ R

nz×nu .

The kernel associated withK is given byK(t, s) = A(t)B(s).

By Lemma 2.2.8Ku = µu, µ 6= 0, holds if and only ifµ andc =
∫ T

0
B(s)u(s)ds ∈ Rnz

satisfy

A11c − µc ∈ N (A(t)), ∀ t ∈ [0, T ],

where

A11 =
(
H

1/2
T CT e−M−1AT

)(∫ T

0

eM−1AsM−1BB>M−>eA>M−>sds

)(
(e−M−1AT )>C>

T H
1/2
T

)
.

(2.21)

The matrixA11 is symmetric. Hence, the assumptions of Lemma 2.2.9 are satisfied.µ 6= 0

is an eigenvalue ofK if and only if µ 6= 0 is an eigenvalue ofA11. The matricesH1/2
T and

e−M−1AT are nonsingular, so

rank(H1/2
T CT e−M−1AT ) = rank((H1/2

T CT e−M−1AT )>) = rank(CT )

and thus the rank ofA11 is bounded bymin{ny, rank(CT )} = rank(CT ).

ii. We have

rank

(∫ T

0

B>
0 e−(M−1A)>sC>HCe−M−1AsB0ds

)
≤ min{ny, rank(B0)} = rank(B0).

iii. Finally,

rank
(
B>

0 e−(M−1A)>T C>
T HT CT e−M−1AT B0

)
≤ min{rank(B0), rank(CT )}.
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2

2.3 Example Problems

2.3.1 1-D Problems

We consider a pipe of length1 m with endpointsx = 0, 1. The pointx = 0 is an inflow

boundary, where Dirichlet conditions are prescribed, andx = 1 is an outflow boundary

where homogeneous Neumann conditions are prescribed. We model the concentration of a

chemical of interest with the 1-D advection-diffusion equation.

The velocity of the advected flow is given byv(x) = x m/s and the diffusion coefficient

is ν = 10−2 in the examples below. The simulation of the process is performed in the time

interval(0, T ) with T = 4.

We consider three optimal control problems. It is assumed that we can obtain measurements

of the chemical concentration at all points(x, t) during the simulation. In the first problem

we wish to identify the source of a chemical released at all points of the pipe and at some

time(s) in(0, T ) from the given measurements of the chemical concentration. This leads

to a problem of the type (1.2) with a distributed, time dependent controlu(x, t). For the

second problem, the contaminant is released only atx = 0 over the time interval(0, T ).

This leads to a problem of the type (1.2) with a Dirichlet boundary time dependent control

u(t). Finally, for the third problem, the contaminant is released only at timet = 0. This

leads to a problem of type (1.3).

The advection-diffusion equation is discretized in space using piecewise linear finite ele-

ments withnx spatial intervals on(0, 1). No SUPG stabilization is applied. For the time
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discretization we apply the backward Euler method withnt time steps on(0, T ). The ob-

jective function is discretized using a trapezoidal rule for the terms involvingκ1, κ2 and a

right rectangle rule for the control term (when it is time-dependent).

2.3.1.1 Distributed Control

Consider the optimal control problem inL2(0, T ; L2(0, 1)).

Minimize
1

2

∫ T

0

‖u(t)‖2dt +
κ1

2

∫ T

0

‖y(t) − z(t)‖2dt +
κ2

2

∫ 1

0

‖y(T ) − zT‖
2

(2.22a)

wherey(·; u) is defined as the solution to

∂
∂t

y(x, t) − ν ∂2

∂x2 y(x, t) + ∂
∂x

y(x, t)v(x) = u(x, t) (x, t) ∈ (0, 1) × (0, T )

y(0, t) = 0 t ∈ (0, T )

ν ∂
∂n

y(1, t) = 0 t ∈ (0, T )

y(x, 0) = 0, x ∈ (0, 1).

(2.22b)

The observationz is the solution of (2.22b) withu replaced bỹu, where

ũ(x, t) = 10 exp

(
−

(x − (0.2 + 0.8t/T ))2

2(0.1)2

)
.

The final time observation iszT (x) = z(x, T ). Figure 2.3 shows the resulting distributed

observation and the control that generates the observation.

2.3.1.2 Dirichlet Boundary Control

Consider the optimal control problem inL2(0, T )

Minimize
1

2

∫ T

0

|u(t)|2dt +
κ1

2

∫ T

0

‖y(t) − z(t)‖2dt +
κ2

2

∫ 1

0

‖y(T )− zT‖
2 (2.23a)
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wherey(·; u) is defined as the solution to

∂
∂t

y(x, t) − ν ∂2

∂x2 y(x, t) + ∂
∂x

y(x, t)v(x) = 0 (x, t) ∈ (0, 1) × (0, T )

y(0, t) = u(t) t ∈ (0, T )

ν ∂
∂n

y(1, t) = 0 t ∈ (0, T )

y(x, 0) = 0 x ∈ (0, 1).

(2.23b)

The observationz is the solution of (2.23b) withu replaced bỹu defined as

ũ = 10 exp(−(t − 2)2/(2(0.5)2)). (2.24)

The final time observation iszT (x) = z(x, T ). Figure 2.4 shows the resulting distributed

observation and the control that generates the observation.

2.3.1.3 Control in the Initial Condition

Consider the optimal control problem inL2(0, 1)).

Minimize
1

2
‖u‖2 +

κ1

2

∫ T

0

‖y(t) − z(t)‖2dt +
κ2

2

∫ 1

0

‖y(T ) − zT‖
2 (2.25a)

wherey(·; u) is defined as the solution to

∂
∂t

y(x, t) − ν ∂2

∂x2 y(x, t) + ∂
∂x

y(x, t)v(x) = 0 (x, t) ∈ (0, 1) × (0, T )

y(0, t) = 0 t ∈ (0, T )

ν ∂
∂n

y(1, t) = 0 t ∈ (0, T )

y(x, 0) = u(x), x ∈ (0, 1).

(2.25b)
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The observationz is the solution of (2.25b) withu replaced by

ũ(x) = 10 exp

(
−

(x − 0.2)2

2(0.1)2

)
. (2.26)

The final time observation iszT (x) = z(x, T ). Figure 2.5 shows the resulting distributed

observation and the control that generates the observation.
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Figure 2.3: Solutionz(x, t) of (2.22b) withu(x, t) = ũ(x, t) given by (2.23) (top), and the

functionũ(x, t) (bottom).
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2.3.2 2-D Problems

2.3.2.1 Source Inversion, I

This problem is motivated by [2, 1].

Consider the optimal control problem inu ∈ L2(Ω), whereΩ = (0, 1) × (0, 1).

Minimize
1

2
‖u‖2

L2(Ω) +
κ1

2

∫ T

0

‖y(t) − z(t)‖2dt +
κ2

2
‖y(T )− z(T )‖2 (2.27a)

wherey(·; u) is defined as the solution to

∂
∂t

y(x, t) − ν∆y(x, t) + v(x) · ∇y(x, t) = 0 (x, t) ∈ Ω × (0, T )

ν ∂y
∂n

(x, t) = 0 (x, t) ∈ ΓN × (0, T )

y(x, t) = 0 (x, t) ∈ ΓD × (0, T )

y(x, 0) = u(x), x ∈ Ω.

(2.27b)

The boundary of the domain is given by∂Ω ≡ ΓN∪ΓD, whereΓD = {(x1, x2) ∈ ∂Ω | x1 = 0}

andΓN = ∂Ω\ΓD. The diffusion coefficient in the 2-D advection-diffusion equation is

constantν = 5 × 10−4m2/sec, and the velocity fieldv(x) = (v1(x), v2(x)) is given by a

Poiseuille flow, scaled by the time horizonT :

vx1
(x1, x2) =

1

T

(1 − x2)x2

0.52

vy(x1, x2) = 0, (2.28)

The maximum velocity isvmax = 1/T at the centerlinex2 = 1/2. We chooseT = 100.

The advection diffusion equation is discretized using piecewise linear finite elements in

space with SUPG stabilization, and backward Euler in time. The observations are generated
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by solving the discretized version of

∂
∂t

y(x, t) − ν∆y(x, t) + v(x) · ∇y(x, t) = 0 (x, t) ∈ Ω × (0, T )

ν ∂y
∂n

(x, t) = 0 (x, t) ∈ ΓN × (0, T )

y(x, t) = 0 (x, t) ∈ ΓD × (0, T )

y(x, 0) = us(x), x ∈ Ω.

(2.29a)

with

us(x) = 20 exp

(
−((x1 − 0.5)2 + (x2 − 0.5)2)

2(0.05)2

)

+10 exp

(
−((x1 − 0.3)2 + (x2 − 0.9)2)

2(0.05)2

)
. (2.29b)

and settingz(t) = y(x, t), zT = y(x, T ).

The control that generates the solution of (2.29) and the solution to (2.29) at different times

are shown in Figure 2.6.
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Figure 2.6: The solution of (2.29) at timest = 0, 50, 100, 150, 200 and velocity field given
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Figure 2.7: 2-D geometry modeling an airport with two floors. Measurements are in meters.

The black squares represent inlet and outlet HVAC vents.

2.3.2.2 Source Inversion, II

Again this problem is motivated by [2, 12] and has a more complex geometry and advection

field that the previous problem. We consider a two-dimensional of an airport model. The

advection is obtained by the HVAC (heating venting air-conditioning) generated flow. flow.

The domainΩ for this problem represents the cross-section of an airport with two floors,

depicted in Figure 2.7. We assume that in the boundary of the domain, a fixed number of

HVAC vents are installed. Air is blown into or out of the building through these vents. The

outlet vents are on the ceiling of the second floor of the airport model, and all other vents

are inlet vents.

We model the air flow generated by the HVAC system using the steady state Stokes equation

given as follows.

−ρµ∆v(x) + ∇p(x) = 0 x ∈ Ω

∇ · v(x) = 0 x ∈ Ω

v(x) = −νinn(x), x ∈ Γin

v(x) = νoutn(x), x ∈ Γout,1

ρµ∇v(x) · n(x) + p(x)n(x) = 0, x ∈ Γout,2

v(x) = 0, x ∈ ∂Ω\ {Γin ∪ Γout,1 ∪ Γout,2} .

(2.30)

Herev, p denote the fluid velocity and pressure, respectively. The outflow boundaryΓout,1
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Figure 2.8: Solution of the Stokes equation (2.30).

is given by the six small vents in the ceiling of the second floor in Figure 2.7, and the

outflow air speed isνout = 0.2m/sec. The outflow boundaryΓout,2 is given by the large

opening centered in the ceiling of the second floor. The remaining sixteen vents form the

inflow boundaryΓin, with an inflow air speed of0.1m/sec. On the rest of the boundary

(walls) homogeneous Dirichlet conditions are prescribed. In (2.30),p is the pressure and

n(x) is the outward unit normal atx. The density coefficient isρ = 1.25kg/m3 and the vis-

cosity isµ = 1.8× 10−5. The Stokes equation is solved using Taylor Hood finite elements.

The solution to (2.30) with 3607 nodes and 1642 elements is depicted in Figure 2.8. We

consider an optimal control problem of the form (1.3) which is motivated by the problem

of identifying the source of a contaminant released into the building from measurements of

the concentration atm fixed sensors. It is assumed that the source is released at timet = 0.

The boundary of the domain is given by∂Ω ≡ ΓN ∪ ΓD, whereΓN is given by the outlet

vents and the walls, andΓD is given only by the inlet vents. In all outlet vents and walls of

the domain, homogeneous Neumann conditions are prescribed, and in the inlet vents, ho-

mogeneous Dirichlet conditions. The diffusion coefficient in the 2-D advection-diffusion

equation is constantν = 10−2m2/sec, and the velocity fieldv is given by the solution of

the steady state Stokes equation (2.30).

Consider the optimal control problem inu ∈ L2(Ω).

Minimize
1

2
‖u‖2

L2(Ω) +
κ1

2

∫ T

0

‖Cy(t) − z(t)‖2dt +
κ2

2
‖Cy(T )− z(T )‖2 (2.31a)
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wherey(·; u) is defined as the solution to

∂
∂t

y(x, t) − ν∆y(x, t) + v(x) · ∇y(x, t) = 0 (x, t) ∈ Ω × (0, T )

ν ∂y
∂n

(x, t) = 0 (x, t) ∈ ΓN × (0, T )

y(x, t) = 0 (x, t) ∈ ΓD × (0, T )

y(x, 0) = u(x), x ∈ Ω.

(2.31b)

We useT = 200sec. The matrixC restricts the solution of (2.31b) to the sensor nodes. The

advection diffusion equation is discretized using piecewise linear finite elements in space

with SUPG stabilization, and backward Euler in time. The observations are generated by

solving the discretized version of

∂
∂t

y(x, t) − ν∆y(x, t) + v(x) · ∇y(x, t) = 0 (x, t) ∈ Ω × (0, T )

ν ∂y
∂n

(x, t) = 0 (x, t) ∈ ΓN × (0, T )

y(x, t) = 0 (x, t) ∈ ΓD × (0, T )

y(x, 0) = us(x), x ∈ Ω.

(2.32a)

with

us(x) = 20 exp

(
−((x1 − 25)2 + (x2 − 2)2)

2(0.5)2

)

+10 exp

(
−((x1 − 90)2 + (x2 − 8)2)

2(0.5)2

)
. (2.32b)

and settingz(t) = Cy(x, t), zT = CT y(x, T ).

The control that generates the solution of (2.32) and the solution to (2.32) at different times

are shown in Figure 2.9.
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Chapter 3

Time–Domain Decomposition of the

Linear Quadratic Problem

In this chapter we apply the time–domain decomposition method given by Heinkenschloss

[44] to our problem class. Using a multiple shooting approach, this method splits the

time domain(0, T ) into N subintervals, and reformulates the original problem (2.1) in

the control variables(u, v) ∈ L2(0, T ; Rnu) × Rnv as a problem on locally defined control

functionsv, ū0, . . . , ūN−1 and auxiliary variables̄y1, . . . , ȳN−1, with the auxiliary variables

defined only at time interfacesT1, . . . , TN−1. The local statesy0, . . . , yN−1 defined in each

time subinterval(Ti, Ti+1) are eliminated by viewing them as implicit functions of the

locally defined control functions and the new auxiliary variables. Each local stateyi is

determined uniquely by the local control functionui and the auxiliary variablēyi, the latter

acting as the initial condition foryi as done in multiple shooting methods. For the first

time–domain, the initial condition is determined as in the original problem (2.1) byv.

The resulting time–decomposed optimal control problem is an equality constrained quadratic

optimization problem in the locally defined control functions and auxiliary variables. The

(linear) constraints consist of ‘continuity conditions’, that force the local state solutionyi

49
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in the time subinterval(Ti, Ti+1) to coincide with the local stateyi+1 at timeTi+1 for each

subdomain interfaceTi, i = 1, . . . , N − 1 at the optimal solution.

The original problem and the reformulated problem are equivalent. That is, if the unique

solution to the time–decomposed problem is given by the variablesv∗, (ū0)∗, . . . , (ūN−1)∗

and (ȳ1)∗, . . . , (ȳN−1)∗, then the pair(u∗, v∗) with u∗ defined in each time subinterval

(Ti, Ti+1) to be equal to(ūi)∗ is the unique solution to (2.1). The state solution of the

original problem (2.1) at the optimal solution(u∗, v∗) is obtained by patching together

the implicitly defined local states(yi)
∗, which are implicit functions of the local optimal

control (ūi)
∗ and local auxiliary variable(ȳi)

∗ (or initial controlv∗ if i = 0). Conversely,

the solution of the time–decomposed problem is determined uniquely from the solution of

problem (2.1) defined in the global domain and its corresponding state solutiony∗. One

simply restricts the optimal controlu∗ to the time subintervals, and defines each auxiliary

variableȳi to be equal to the value of the state solutiony∗ at the time–domain interfaceTi

for i = 1, . . . , N − 1.

The first order necessary and sufficient optimality conditions of the reformulated problem

form a linear systemKx = b, wherex is a vector composed by the local control and auxil-

iary variables, together with the Lagrange multipliers that are generated by the constraints

of the problem.

The equations and variables of the linear system can be reordered in a variety of ways.

Independently of the ordering of the variables, the coefficient operatorK of the linear

system is not explicitly available and the evaluation ofK on a vectorx requires the solution

of N state andN adjoint equations defined locally in each subdomain. It is due to the time

decomposition that the locally defined state and adjoint equations can be solved in parallel

and only the solution to these equations at time interfaces needs to be stored permanently,

together with the control functions defined in each time domain.
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3.1 Problem reformulation

Consider a uniform partition of the time domain[0, T ] into N subintervals of size∆T

(T = N∆T ),

T0 = 0 < T1 < · · · < TN−1 < TN = T

and introduce variables

ȳ = (ȳ1, . . . , ȳN−1) ∈ R
(N−1)ny ,

u = (ū0, . . . , ūN−1) ∈
N−1∏

i=0

L2(Ti, Ti+1; R
nu).

When convenient, we will group all control variables under the vector

u = (ū, v) ∈
N−1∏

i=0

L2(Ti, Ti+1; R
nu) × R

nv .

For i = 0, . . . , N − 1 define the local state variablesyi(·; ȳi, ūi) ∈ W ny [Ti, Ti+1] (or

y0(·; v, ū0) if i = 0) as the solution to the following state equation defined in the local

domain(Ti, Ti+1):

M dyi

dt
(t) + Ayi(t) = f(t) + Būi(t), t ∈ (Ti, Ti+1)

yi(Ti) =





ȳi i > 0,

ȳ0 + B0v i = 0.

(3.1)

The quantitiesf, ȳ0 ∈ Rny are given data. Note that each local state variableyi is implicitly

and uniquely defined by the variablesȳi (or v if i = 0) andūi. The ‘auxiliary’ variables̄yi

supply the initial condition to stateyi.

We can now reformulate the original problem (2.1) as the following constrained optimiza-

tion problem in the variablesv ∈ Rnv , ūi ∈ L2(Ti, Ti+1; R
nu) for i = 0, . . . , N − 1,

--
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ȳi ∈ R
ny for i = 1, . . . , N − 1.

Minimize
(v,ȳ,ū)

1

2

N−1∑

i=0

∫ Ti+1

Ti

‖ūi(t)‖
2
Qdt +

1

2
‖v‖2

Q0
+

κ1

2

N−1∑

i=1

∫ Ti+1

Ti

‖Cyi(t; ȳi, ūi) − zi(t)‖
2
Hdt

+
κ1

2

∫ T1

0

‖Cy0(t; v, ū0) − z0(t)‖
2
Hdt +

κ2

2
‖CTyN−1(TN ; ȳN−1, ūN−1) − zT‖

2
HT

(3.2a)

subject to ȳi+1 = yi(Ti+1; ȳi, ūi) i = 1, . . . , N − 2

ȳ1 = y0(T1; v, ū0). (3.2b)

In (3.2a),zi ≡ z
∣∣
[Ti,Ti+1] for i = 0, . . . , N − 1. The new constraints impose continuity

conditions of the global functiony defined asy|[Ti,Ti+1]
≡ yi, i = 0, . . . , N − 1, across the

time domain interfacesTi.

Theorem 3.1.1 (Equivalence of(3.2)and (2.1)) 1. If (ȳ∗, ū∗, v∗) solves(3.2) and if

(yi)∗ denotes the corresponding solution to(3.1), then(u∗, v∗, y∗) defined by

u∗

∣∣
[Ti,Ti+1] = (ūi)∗, y∗

∣∣
[Ti,Ti+1] = (yi)∗, i = 0, . . . , N − 1,

solves(2.1), (2.1b).

2. If (u∗, v∗) solves(2.1) and if y∗ ∈ W ny [0, T ] is the corresponding state solution to

(2.1b), then,(ȳ∗, ū∗, v∗) defined by

(ȳi)∗ = y∗(Ti), (ūi)∗ = u∗

∣∣
[Ti,Ti+1] , (yi)∗ = y∗

∣∣
[Ti,Ti+1]

solves(3.2)and(yi)∗ is the corresponding state solution to(3.1).

Proof: We only prove the first part of the theorem. The second part is analogous. Let

JTDD denote the objective function defined in (3.2a), and suppose the assumptions of the

theorem hold. For any feasible point(ȳ, ū, v),

JTDD (ȳ∗, ū∗, v∗) ≤ JTDD (ȳ, ū, v) .



53

Since the continuity conditions (2.1b) hold and the state equation (2.1b) has a unique so-

lution, we must have thaty∗ = y(·; u∗, v∗), wherey∗ is as assumed andy(·; u∗, v∗) is the

solution of (2.1b) withu, v replaced byu∗, v∗.

Suppose there existed(û, v̂) such thatJ(û, v̂) < J(u∗, v∗) and letŷ = y(·; û, v̂) be the

solution to (2.1b). Then, the point
(
¯̂y, ¯̂u, v̂

)
defined by¯̂ui = û

∣∣
[Ti,Ti+1] , ¯̂yi = ŷ(Ti), ŷi =

ŷ
∣∣
[Ti,Ti+1] is a feasible point for problem (3.2) and

JTDD

(
¯̂y, ¯̂u, v̂

)
< JTDD (ȳ∗, ū∗, v∗) .

This is a contradiction, so it must be the case thatJ(u, v) ≥ J(u∗, v∗) for all u, v ∈

L2(0, T ; Rnu) × Rnv . 2

3.2 Characterization of the Optimal Solution

To derive the optimality conditions for (3.2), we define the linear maps

Ei
y : Rny −→ L2(Ti, Ti+1; R

ny) Ei
u : L2(Ti, Ti+1; R

nu) −→ L2(Ti, Ti+1; R
ny)

ȳi 7−→ ŷi(·; ȳi, 0) ūi 7−→ ŷi(·; 0, ūi)

Si
y : Rny −→ Rny Si

u : L2(Ti, Ti+1; R
nu) −→ Rny

ȳi 7−→ ŷi(Ti+1; ȳi, 0) ūi 7−→ ŷi(Ti+1; 0, ūi),

Ev : Rnv −→ L2(0, T1; R
ny) Sv : Rnv −→ Rny

v 7−→ ŷ0(·; v, 0) v 7−→ ŷ0(T1; v, 0)

(3.3)

whereŷi solves

M dŷi

∂t
(t) + Aŷi(t) = Būi(t), t ∈ (Ti, Ti+1)

ŷi(Ti) =





ȳi i > 0,

B0v i = 0.

(3.4)

--
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The operatorsEi
y, Si

y are defined fori = 1, . . . , N − 1, andEi
u, Si

u are defined fori =

0, . . . , N − 1. We also define, fori = 0, . . . , N − 1, di ≡ yi(·; 0, 0) ∈ L2(Ti, Ti+1; R
ny),

whereyi solves (3.1).

The definition of the operators (3.3) allow one to write the solution of the state equations

(3.1) explicitly as a linear function of the control and the auxiliary variables. Fori =

1, . . . , N − 1, one has

yi(·; ȳi, ūi) = Ei
y ȳi + Ei

uūi + di, yi(Ti+1; ȳi, ūi) = Si
yȳi + Si

uūi + di(Ti+1),

If i = 0, the solution of (3.1) is written asy0(·; v, ū0) = Evv+E0
uū0+d0 andy0(T1; v, ū0) =

Svv + S0
uū0 + d0(T1).

The operator form of the differential equation will be useful for the derivation of the opti-

mality conditions corresponding to (3.8) and for visualizing its structure in matricial form.

Lemma 3.2.1 The adjoints of the operatorsEi
y, Ei

u, Si
y, andSi

u are given by

(Ei
y)

∗ : L2(Ti, Ti+1; R
ny) −→ Rny

z 7−→ M>p̂i(Ti; 0, z)

(Ei
u)

∗ : L2(Ti, Ti+1; R
ny) −→ L2(Ti, Ti+1; R

nu)

z 7−→ B>p̂i(·; 0, z)

(Si
y)

∗ : Rny −→ Rny

zf 7−→ M>p̂i(Ti; zf , 0)

(Si
u)

∗ : Rny −→ L2(Ti, Ti+1; R
nu)

zf 7−→ B>p̂i(·; zf , 0)

(Ev)
∗ : L2(0, T1; R

ny) −→ Rnv

z 7−→ B>
0 M>p̂0(0; 0, z)

(Sv)
∗ : R

ny −→ R
nv

zf 7−→ B>
0 M>p̂0(0; zf , 0),

(3.5)
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where fori = 0, . . . , N − 1, p̂i ∈ W ny [Ti, Ti+1] solves

M>dp̂i

dt
(t) − A>p̂i(t) = −z(t) t ∈ (Ti, Ti+1)

M>p̂i(Ti+1) = zf . (3.6)

Proof: The proof is totally analogous to that provided in [28, Thm.2.2.6]. 2

Remark 3.2.2 The solution̂pi(·; zf , z) to (3.6)can be also written as

M>p̂i(t) = e(−M−1A)>(Ti+1−t)zf +

∫ Ti+1

t

e(−M−1A)>(s−t)z(s)ds. (3.7)

Recall the convention of using the same notation for the matrixC ∈ Rnz×ny and the

bounded, linear operatorC : L2(0, T ; Rny) → L2(0, T ; Rnz) given by(Cy)(t) = Cy(t)

for all t ∈ (0, T ). With the time–domain decomposition we need the restrictionsĈi :

L2(Ti, Ti+1; R
ny) → L2(Ti, Ti+1; R

nz) given by(Ĉiy)(t) = Cy(t) for all t ∈ (Ti, Ti+1),

but will still denoteĈi by C for i = 0, . . . , N − 1. The simplified notation will also hold

for the restrictionŝQi, Ĥi, B̂i of the operatorsQ, H, B that have their domain in the space

of L2 functions defined in the subinterval[Ti, Ti+1]. It is easy to verify that the operators

Q̂i andĤi are symmetric and positive as well, with the standard inner product defined in

L2(Ti, Ti+1; R
nu) andL2(Ti, Ti+1; R

nz) respectively.

With the notation above, it is possible to rewrite the optimization problem (3.2) in operator

form. This form allows us to view the variables of the system explicitly instead of through

the differential equations, and will not only simplify the derivation of optimality conditions

for (3.2), but also shed some light as to what the structure of the system of optimality

--



56

conditions is. The reformulated problem (3.2) is equivalent to the following.

Minimize
(v,ȳ,ū)

1

2

N−1∑

i=0

||Q1/2ūi||
2
L2(Ti,Ti+1;Rnu ) + ||Q1/2

0 v||

+
κ1

2
||H1/2(C(Evv + E0

uū0 + d0) − z0)||
2
L2(0,T1;Rnz )

+
κ1

2

N−1∑

i=1

||H1/2(C(Ei
yȳi + Ei

uūi + di) − zi)||
2
L2(Ti,Ti+1;Rnz )

+
κ2

2
||H1/2

T (CT (SN−1
y ȳN−1 + SN−1

u ūN−1 + dN−1(T )) − zT )‖2(3.8a)

subject to ȳi+1 = Si
yȳi + Si

uūi + di(Ti+1) i = 1, . . . , N − 2

ȳ1 = S0
uū0 + d0(T1). (3.8b)

A compact formulation of the optimization problem (3.8) is the following:

Minimize
1

2



 ȳ

u




>

 Hyy Huy
>

Huy Huu







 ȳ

u



+



 ȳ

u




>

 −by

−bu





subject to Aȳ + Bu = bp, (3.9)

where

Hyy = κ1diag
(
(E1

y)
∗C>HCE1

y , · · · , (EN−1
y )∗C>HCEN−1

y

)

+ κ2diag
(
0, · · · , 0, (SN−1

y )∗C>
T HT CT SN−1

y

)
,

Huy =




0 · · · 0

κ1(E
1
u)

∗C>HCE1
y

. . .

κ1(E
N−1
u )∗C>HCEN−1

y

+κ2(S
N−1
u )∗C>

T HT CT SN−1
y

0 · · · 0




,

Huu =



 Hūū Hvū
∗

Hvū Hvv



 , (3.10)-+-
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with

Hūū = diag(Q, . . . , Q) + κ1diag
(
(E0

u)
∗C>HCE0

u, · · · , (EN−1
u )∗C>HCEN−1

u

)

+ κ2diag
(
0, · · · , 0, (SN−1

u )∗C>
T HT CTSN−1

u

)
,

Hvv = Q0 + κ1E
∗
vC

>HCEv, Hvū = κ1

(
(E0

u)
∗C>HCEv 0 · · · 0

)

and

A =




I

−S1
y I

. . . . . .

−SN−2
y I




, B =
(

Bū Bv

)
(3.11)

with

Bū =




−S0
u 0

. . .

−SN−2
u 0


 , Bv =




−Sv

0
...

0




.

The (block) components of the vectors

by = (by,1, . . . ,by,N−1) , bu = (bu,0, . . . ,bu,N−1, bv) , bp = (bp,1, . . . ,bp,N−1)

are

by,i = −κ1(E
i
y)

∗C>H(Cdi − zi), i = 1, . . . , N − 2

by,N−1 = −κ1(E
N−1
y )∗C>H(ĈN−1dN−1 − zN−1) − κ2(S

N−1
y )∗C>

T HT (CT dN−1(T ) − zT )

bu,i = −κ1(E
i
u)

∗C>H(Cdi − zi), i = 0, . . . , N − 2

bu,N−1 = −κ1(E
N−1
u )∗C>H(CdN−1 − zN−1) − κ2(S

N−1
u )∗C>

T HT (CTdN−1(T ) − zT )

bv = −κ1(Ev)
∗C>H(Cd0 − z0)

bp,i = di−1(Ti), i = 1, . . . , N − 1. (3.12)

Introduce the variables (Lagrange multipliers)

p̄ = (p̄1, . . . , p̄N−1) ∈ R
(N−1)ny .
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Weare now in a position of characterizing the unique solution to (3.8).

Theorem 3.2.3 The first order necessary and sufficient optimality conditions for(3.8)are

given by:

State equations:

ȳi+1 − yi(Ti+1; ȳi, ūi) = 0 i = 1, . . . , N − 2

ȳ1 − y0(T1; v, ū0) = 0 (3.13a)

Adjoint equations:

p̄i + M>pi(Ti; ȳi, ūi, p̄i+1) = 0 i = 1, . . . , N − 2

p̄N−1 + M>pN−1(TN−1; ȳN−1, ūN−1) = 0 (3.13b)

Gradient equations:

Qū0 + B>p0(·; v, ū0, p̄1) = 0

Qūi + B>pi(·; ȳi, ūi, p̄i+1) = 0 i = 1, . . . , N − 2

QūN−1 + B>pN−1(·; ȳN−1, ūN−1) = 0

Q0v + B>
0 M>p0(0; v, ū0, p̄1) = 0 (3.13c)

where fori = 0, . . . , N − 1, yi ∈ W ny [Ti, Ti+1] solves(3.1), and fori = 0, . . . , N − 1,

pi ∈ W ny [Ti, Ti+1] solves

M> dpi

dt
(t) − A>pi(t) = −κ1C

>H (Cyi(t) − zi(t)) t ∈ (Ti, Ti+1)

M>pi(Ti+1) =





−p̄i+1 i < N − 1,

κ2C
>
T HT (CT yN−1(T ) − zT (t)) i = N − 1.

(3.14)

Proof: The result follows directly from Theorem 3.1.1, Theorem 2.1.3 and the uniqueness

of the solution to equations (2.1b), (2.6), (3.1) and (3.14). 2

--
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The necessary and sufficient optimality conditions given by (3.13) form a linear system in

the variablesv, ȳi, p̄i for i = 1, . . . , N−1, andūi, for i = 0, . . . , N−1. From the compact

form (3.9) of the optimization problem, we see that the equations and variables in (3.13)

can be ordered to form the symmetric indefinite system



Hyy Huy
> A>

Huy Huu B>

A B 0







ȳ

u

p̄


 =




by

bu

bp


 . (3.15)

Independently of the ordering of variables and equations of the system, the linear operator

associated to the system of optimality conditions (3.13) is not explicitly available. The

evaluation of this linear operator on given variablesv, ȳi, p̄i for i = 1, . . . , N − 1, andūi,

for i = 0, . . . , N − 1 consists of evaluating the left hand side of equations (3.13) with zero

dataf , ȳ0, zi, zT and requires theparallelsolution of the local state and adjoint equations

(3.1), (3.14) fori = 0, . . . , N − 1. The storage for the solution of the locally defined

state and adjoint equations is temporary, and only the state and adjoint solutions at time

interfaces need to be stored permanently.

The linear operator

Ĥ :

N−1∏

i=0

L2(Ti, Ti+1; R
nu) × R

nv −→
N−1∏

i=0

L2(Ti, Ti+1; R
nu) × R

nv

given by

Ĥ =



 −(A−1B)

I




>

︸ ︷︷ ︸
Z>



 Hyy Huy
>

Huy Huu





︸ ︷︷ ︸
H



 −(A−1B)

I





︸ ︷︷ ︸
Z

= Huu − HuyA
−1B −B>A−>Huy

> + B>A−>HyyA
−1B (3.16)

denotes thereduced Hessianof the linear quadratic problem expressed as in (3.9).
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3.3 The Reduced Hessian

The reduced Hessian̂H of the time decomposed problem (3.2) is the Hessian of the prob-

lem obtained by expressinḡyi as implicit functions of̄ui. The resulting problem is essen-

tially equal to the original control problem (2.1). Hence, reduced HessianĤ defined by

(3.16) and the Hessian∇2J(u, v) of the original control problem (2.1) defined in Theo-

rem 2.2.1 are essentially the same. More precisely, we have the following result.

Theorem 3.3.1 Define the map

IH :

N−1∏

i=0

L2(Ti, Ti+1; R
nu) × R

nv −→ L2(0, T ; Rnu) × R
nv



 ū

v



 7−→



 û

v



 ,

whereû ∈ L2(0, T ; Rnu) is given by

û(t) =





ū0(t) if t ∈ [0, T1)

ū1(t) if t ∈ [T1, T2)

...

ūN−1(t) if t ∈ [TN−1, T ]

. (3.17)

ThenIH is an isometric isomorphism and for any(δu, δv) ∈
∏N−1

i=0 L2(Ti, Ti+1; R
nu)×R

nv

∇2J(u, v)IH


 δu

δv


 = IHĤ


 δu

δv


 ,

where∇2J is the Hessian of the objective functionJ for the optimal control problem(2.1).

The proof of Theorem 3.3.1 is starightforward, but tedious. We provide the details in

Section A.
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Remark 3.3.2 For the model problem(1.3)of control in the initial condition,

∇2J(v)δv = Ĥδv.

The above result shows that the evaluation of the reduced Hessian (3.16) can be partially

parallelized by using the time–domain decomposition. To evaluateB givenu, one solves

N−1 local state equations in parallel, or only one local state equation if the control is in the

initial condition only. The evaluation ofA−1 requires the serial solution ofN−1 local state

equations and the evaluation ofH defined in (3.16) requires the solution ofN−1 local state

andN − 1 local adjoint equations. The cost and parallelization involved in the evaluation

of the adjoints ofB andA−1 is the same as for the evaluation ofB andA−1. Thus, the only

operation that is not parallel is the evaluation ofA−1 and its adjoint. Permanent storage

is only necessary for the control variables; temporary storage of all local state and adjoint

solutions is only necessary at the local subdomain.



Chapter 4

I terative Solution of the Time

Decomposed Problem

4.1 GMRES

The GMRES method of Saad and Schultz [67] is a Krylov subspace method for solving

complex, nonsingularM × M systems of the form

Kx = b. (4.1)

By construction, thej-th iteratexj of the GMRES method minimizes the2− norm of the

residualrj ≡ b − Kxj over all vectors of the (shifted) Krylov subspace

x0 + Kj(K, r0) ≡ x0 + span
{
r0, Kr0, . . . , Kj−1r0

}
.

Below, we present convergence results for the GMRES algorithm. The set of eigenvalues

of a given matrixA will be denoted byσ(A).

Theorem 4.1.1 LetPj be the space of polynomials of degree≤ j. Then,

62
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1. For anyj ≥ 1,

‖rj‖2 = min
p∈Pj ,p(0)=1

‖p(K)r0‖2 ≤ min
p∈Pj,p(0)=1

‖p(K)‖2‖r0‖2. (4.2)

2. If q is the monic polynomial of smallest degreej∗ such thatq(K)r0 = 0, the GMRES

algorithm terminates in at mostj∗ iterations (in exact arithmetic) withx∗ = K−1b.

Proof: The iteratexj can be written asxj = x0 + qj−1(K)r0. Sincerj = b − Kxj ,

rj = (I − Kqj−1(K))r0 = pj(K)r0 for some polynomialpj that satisfiespj(0) = 1. The

basic estimate (4.2) thus follows from the optimality property of the residual. The bound

on the GMRES iterations is given in [67, Prop.2]. 2

Corollary 4.1.2 Suppose thatK hasn distinct eigenvaluesλ1, . . . , λn, eachλj with largest

Jordan block of sizenj. Then GMRES terminates in at most
∑n

j=1 nj iterations (in exact

arithmetic) withx∗ = K−1b. In particular, if K is diagonalizable, GMRES terminates in

at mostn iterations.

Proof: Let p denote the minimal polynomial ofK andq denote the minimal polynomial

of K with respect tor0. Then (see e. g. [70, Thm.6.2.11])

p(t) =
n∏

j=1

(λj − t)nj .

The degree ofp is
∑n

j=1 nj and the degree ofq is j∗. Clearly, j∗ ≤
∑n

j=1 nj because

p(A)v = 0 for anyv. Therefore an upper bound for the total number of GMRES iterations

is given by
∑n

j=1 nj. If K is diagonalizable,nj = 1, j = 1, . . . , n. 2

Theorem 4.1.3 If K is diagonalizable,K = XDX−1,

‖rj‖2

‖r0‖2
≤ κ2(X) min

p∈Pj,p(0)=1
max

di∈σ(K)
|p(di)|. (4.3)----
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Proof: See e. g. [66, Sec.6.11.4]. 2

The following is a convergence bound for the GMRES residuals whenK is not necessarily

diagonalizable and has one cluster of eigenvalues ands outliers. This result is proved in

[26]. We are interested in analyzing the case whereK has only one cluster because in our

applicationsK represents a preconditioned matrix which is not necessarily diagonalizable

and has a cluster of eigenvalues aroundz = 1. The case of several clusters of eigenvalues

is also contemplated in [26].

Theorem 4.1.4 SupposeK has a cluster of eigenvalues centered aroundz = 1, with ρ the

cluster radius. Letλ1, . . . , λs be the outlying eigenvalues andd =
∑s

l=1 kl be the degree of

the minimal polynomial associated to the outlying eigenvalues. Then (in exact arithmetic)

the GMRES residuals satisfy

‖rd+j‖2

‖r0‖2
≤ Cρj , (4.4)

whereC is a constant independent ofj. If δ > 0 is the largest relative distance between

the cluster and the outliers, that is,

|λj − λ| < δ|λj|, l = 1, . . . , s, ∀ λ such that|λ − 1| = ρ

then

C := ρδd max
|z−1|=ρ

‖(zI − K)−1‖2.

Expression (4.4) in Theorem 4.1.3 shows that for one single cluster of radiusρ and after

processing thes outliers, the relative residual will be reduced by a factor ofρ at each

GMRES iteration.

The effect on the GMRES convergence of the Jordan blocks inK is reflected both in the

subindexd + j of the residual, and in the asymptotic constantC that depends on the devi-

ation ofK from normality. The bound (4.4) also includes the effect of small eigenvalues,
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which GMRES treats as outliers, through the quantityδ in the asymptotic constantC. The

difficulty is how to approximate the constantC in practice.

As an alternative, we consider pseudospectral bounds to describe the convergence of GM-

RES, which are computable in practice and can provide an insight of the behavior of GM-

RES at different stages of the iteration (see e. g. [74, Sec.26]).

One can define theε- pseudospectrum ofK as follows (see e. g. [73]).

Definition 4.1.5 LetK be a square matrix andε ≥ 0. The set

σε(K) = {z ∈ C : z ∈ σ(K + E), ||E|| ≤ ε} ≡

{
z ∈ C : ||(zI − K)−1|| ≥

1

ε

}

is calledε− pseudospectrum ofK.

Note thatσ0(K) = σ(K) ⊂ σε(K) for anyε, and thatσε1(K) ⊂ σε2(K) if ε1 ≤ ε2.

The setσε(K) contains all numbers at a distanceε from σ(K),

{z ∈ C : dist(z, σ(K)) ≤ ε} ⊆ σε(K),

and ifK is normal, the above expression is satisfied with an equality.

If λj is a defective eigenvalue ofK, O(ε) perturbations ofK can result inO(ε1/nj ) pertur-

bations inλ, wherenj is the size of the largest Jordan block associated to the eigenvalueλj

(see e. g. [35, Sec.7.2.3]). Therefore the pseudospectrumσε of a large Jordan block will be

only weakly dependent onε.

The following result can be found in [74, Thm.26.2]).

Theorem 4.1.6 LetΓε be a union of contours enclosingσε(K) andLε the arc length ofΓε.

Then

‖rj‖2

‖r0‖2
≤ min

p∈Pj

p(0)=1

‖p(K)‖2 ≤
Lε

2πε
min
p∈Pj

p(0)=1

max
z∈Γε

|p(z)|. (4.5)
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Large values ofε yield small constantsLε

2πε
but with approximation problems defined over

large domains that can include the normalization pointz = 0. Small values ofε yield

approximation problems on small domains but large constantsLε

2πε
. The parameterε can be

varied to describe GMRES convergence at different stages of the iteration. Large values of

ε can be descriptive for the earlier stages of the GMRES iteration where stagnation, while

small values ofε can capture later stages of the GMRES convergence [74, Thm.26.2].

4.2 Gauss Seidel Based Preconditioning

4.2.1 The Optimality System

The time decomposition of the optimal control problem discussed in Chapter 3 leads to the

system (3.13) of necessary and sufficient optimality conditions. With a suitable ordering of

equations and unknowns, this system can be written as

G(x) = 0, (4.6a)

where

G(x) =




ȳ1 − y0(T1; v, ū0)

Qū0 + B>p0(·; v, ū0, p̄1)

Q0ū0 + B>
0 M>p0(0; v, ū0, p̄1)

...

ȳi+1 − yi(Ti+1; ȳi, ūi)

Qūi + B>pi(·; ȳi, ūi, p̄i+1)

p̄i + M>pi(Ti; ȳi, ūi, p̄i+1)
...

QūN−1 + B>pN−1(·; ȳN−1, ūN−1)

p̄N−1 + M>pN−1(TN−1; ȳN−1, ūN−1)




, x =




ȳ1

ū0

v
...

ȳi+1

ūi

p̄i

...

ūN−1

p̄N−1




(4.6b)
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and where fori = 0, . . . , N −1, yi ∈ W ny [Ti, Ti+1] solves (3.1), and fori = 0, . . . , N −1,

pi ∈ W ny [Ti, Ti+1] solves (3.14).

Since the original optimal control problem is linear-quadratic,G is affine linear. Moreover,

(4.6b) shows that the linear operator is block-tridiagonal. That is

G(x) = Kx − b,

where

K =




K00 K01

K10
. . .

Ki,i−1 Ki,i Ki,i+1

. . . KN−2,N−1

KN−1,N−2 KN−1,N−1




.

It can be shown that fori = 0, . . . , N − 1, the diagonal blocksKii are invertible (see [44,

Sec.4.2.1]). In fact, if we consider thei-th block in (4.6), then for given̄yi, p̄i+1 we have to

solve

ȳ+
i+1 − yi(Ti+1; ȳi, ū

+
i ) = 0

Qū+
i + B>pi(·; ȳi, ū

+
i , p̄i+1) = 0

p̄+
i + M>pi(Ti; ȳi, ū

+
i , p̄i+1) = 0 (4.7)

in ȳ+
i+1, ū

+
i , p̄+

i . The following result, proved in [44, Sec.4.2.1]) shows that (4.7) is the

system of necessary and sufficient optimality conditions for the subproblem on the time

subdomain[Ti, Ti+1].
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Theorem 4.2.1For i = 1, . . . , N − 2, the control problem

Minimize
1

2

∫ Ti+1

Ti

‖ūi(t)‖
2
Qdt +

κ1

2

∫ Ti+1

Ti

‖Cyi(t; ūi) − z(t)‖2
Hdt

+ (ȳi+1 − yi(Ti+1; ūi))
> p̄i+1 (4.8a)

whereyi(·; ūi) solves

M dyi

dt
(t) + Ayi(t) = f(t) + Būi(t), t ∈ (Ti, Ti+1)

yi(Ti) = ȳi

(4.8b)

has a unique solution̄ui ∈ L2(Ti, Ti+1; R
nu), characterized by the first order necessary

and sufficient optimality conditions:

Qūi + B>pi = 0 in L2(Ti, Ti+1; R
nu),

wherepi(·; ūi) ∈ W ny [Ti, Ti+1] solves

M>dpi

dt
(t) − A>pi(t) = −κ1C

>H (Cyi(t) − z(t)) t ∈ (Ti, Ti+1)

M>pi(Ti+1) = −p̄i+1 (4.9)

andyi(·; ūi) ∈ W ny [Ti, Ti+1] solves(4.8b).

If i = 0, the control problem

Minimize
1

2

∫ T1

0

‖ū0(t)‖
2
Qdt +

1

2
‖v‖2

Q0
+

κ1

2

∫ T1

0

‖Cy0(t; v, ū0) − z(t)‖2
Hdt

+ (ȳ1 − y0(T1; v, ū0))
> p̄1

(4.10a)

wherey0(·; v, ū0) solves

M dy0

dt
(t) + Ay0(t) = f(t) + Bū0(t), t ∈ (0, T1)

y0(0) = ȳ0 + B0v
(4.10b)

has a unique solutionv ∈ Rnu , ū0 ∈ L2(T0, T1; R
nu), characterized by the first order

necessary and sufficient optimality conditions:

Qū0 + B>p0 = 0 in L2(0, T1; R
nu),

Q0v + B>
0 M>p0(0) = 0 in R

nv ,
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where p0(·; v, ū0) ∈ W ny [t0, tf ] solves(4.9) with i = 0 and yi replaced by the solution

y0(·; v, ū0) to (4.10b).

If i = N − 1, the control problem

Minimize
1

2

∫ T

TN−1

‖ūN−1(t)‖
2
Qdt +

κ1

2

∫ T

TN−1

‖CyN−1(t; ūN−1) − z(t)‖2
Hdt

+
κ2

2
‖CT yN−1(T ; ūN−1) − zT‖

2
HT

(4.11a)

whereyN−1(·; ūN−1) solves

M dyN−1

dt
(t) + AyN−1(t) = f(t) + BūN−1(t), t ∈ (TN−1, T )

yN−1(0) = ȳN−1.
(4.11b)

has a unique solution̄uN−1 ∈ L2(TN−1, TN ; Rnu), characterized by the first order neces-

sary and sufficient optimality conditions:

QūN−1 + B>pN−1 = 0 in L2(TN−1, T ; Rnu),

wherepN−1(·; ūN−1) ∈ W ny [TN−1, T ] solves(4.9) with i = N − 1, −p̄i+1 replaced by

κ2C
>
T HT (CT yN−1(T ) − zT ) andyi replaced by the solutionyN−1(·; ūN−1) to (4.11b).

4.2.2 Gauss–Seidel Based Preconditioners

The invertibility of the block diagonals in (4.6b) motivate the use of block Gauss-Seidel

preconditioners. This approach was introduced in [43, 18] and is reviewed here.

Consider the splittingK = D − L − U, whereD is the block diagonal part ofK, and

−L, −U are the strictly lower and upper triangular parts ofK, respectively. The classic

Forward Gauss–Seidel (F-GS) iteration proceeds as follows. Given the current iteratexc,

the new iteratex+ is computed as the solution of

(D − L)x+ = Uxc + b.
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A Backward Gauss–Seidel step (B-GS) can be defined analogously, reversing the roles of

L andU. A Forward–Backward Gauss–Seidel step (FB-GS) consists of a Forward Gauss–

Seidel step followed by a Backward Gauss–Seidel step.

The following algorithm describes the application of a F-GS step. We omit the obvious

modifications for the casesi = 0, N − 1 for the sake of clarity. Compare with expression

(4.7).

Algorithm 4.2.2 (Forward Gauss–Seidel Step)

Input: xc
1 ; Output: x+

1 .

For i = 0, . . . , N − 1

Solve the local control problem in(Ti, Ti+1) given in Theorem 4.2.1, with̄yi replaced

by ȳ+
i , p̄i+1 replaced bȳpc

i+1 to obtain the updated optimal controlū+
i and update:

ȳ+
i+1 = yi(Ti+1; ȳ

+
i , ū+

i )

p̄+
i = −M>pi(Ti; ȳ

+
i , ū+

i , p̄c
i+1).

End

The cost of the Forward Gauss–Seidel step is the solution ofN control problems defined

locally in each subdomain(Ti, Ti+1) (using CG). The control problems are solved sequen-

tially from one subdomain to the next, however, a red–black ordering allows the parallel

solution of the time-subdomain optimal control problems (see [28, Sec.4.3.2.]).

If we only have control in the initial conditions, i.e.,ū0, . . . , ūN−1 are not present andv is

the only control variable, the subproblems in the Forward Gauss–Seidel step simplify. In

this case Algorithm 4.2.2 becomes

Algorithm 4.2.3 (Forward Gauss–Seidel Step: Control in Initial Condition Only)

Input: xc
1 ; Output: x+

1 .
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Step i = 0: Solve the local control problem in(0, T1) given in Theorem 4.2.1, with̄p1

replaced bȳpc
1 to obtain the updated optimal controlv+.

For 0 = 1, . . . , N − 1:

Solve the state and adjoint equations corresponding to subdomain(Ti, Ti+1) given in

Theorem 4.2.1 (see(4.8b), (4.11b), (4.9)) and update:

ȳ+
i+1 = yi(Ti+1; ȳ

+
i )

p̄+
i = −M>pi(Ti; ȳ

+
i , p̄c

i+1).

End

For this problem, the cost of applying one Forward Gauss–Seidel step is the solution of

one control problem defined locally in(0, T1) (using CG), plus2(N − 1) state and adjoint

solves defined in each local subdomain.

Remark 4.2.4 (GS-preconditioning for the optimality system) The F-GS preconditioner

Pfgs for the optimality system(4.6) is defined by the expression

P−1
fgsK ≡ (D − L)−1

U.

To approximate the solution of the preconditioned system

P−1
fgsKx = P−1

fgsb,

by a Krylov subspace method, we apply Algorithm 4.2.2 withx = 0 to evaluate the right

hand side of the preconditioned system. The computation ofP−1
fgsKx for a givenx is calcu-

lated by applying Algorithm 4.2.2 withb = 0. It is important to note for future comparisons

to other preconditioning methods that the application of Algorithm 4.2.2 evaluatesP−1
fgsK

and not justP−1
fgs on a given vector.
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4.3 Elimination of the Control Variables

In this section we consider an equivalent time–domain decomposition reformulation of the

optimization problem (1.1) that avoids the need to allocate permanent storage for the con-

trol variables defined in each subdomain. This approach is especially suitable for problems

like (1.2) whererank(B) is large (e. g. a distributed control), and heavily relies on the fact

that for each linear quadratic subproblem (4.8) defined in(Ti, Ti+1) it is equivalent to solve

the optimization problem (4.8) than its corresponding set of optimality conditions.

Consider the system (4.6). The control variableūi only enters thei-th diagonal block. The-

orem 4.2.1 shows that thei-th diagonal block corresponds to the necessary and sufficient

optimality conditions for a time subdomain optimal control problem. Givenȳi, p̄i+1 we can

solve the control problem uniquely to obtainȳi+1, ūi, p̄i (ȳ1, ū0, v if i = 0). In particular,

we can view the control as an implicit variable ofȳi, p̄i+1 and eliminate it from the system

of optimality conditions. This elimination leads to a linear system in the variables

ȳ = (ȳ1, . . . , ȳN−1) ∈ R
(N−1)ny ,

p̄ = (p̄1, . . . , p̄N−1) ∈ R
(N−1)ny .

For i = 1, . . . , N − 1, let (yi, ūi, pi)
> be the solution of the optimality system defined in

(Ti, Ti+1):

M
dyi

dt
(t) + Ayi(t) = f(t) + Būi(t) t ∈ (Ti, Ti+1)

yi(Ti) = ȳi

M>dpi

dt
(t) − A>pi(t) = −κ1C

>H (Cyi(t) − z(t)) t ∈ (Ti, Ti+1)

M>pi(Ti+1) = −p̄i+1

B>pi + Qūi = 0 in L2(Ti, Ti+1; R
nu), (4.12)
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For i = 0, let (y0, ū0, v, p0)
> be the solution of

M
dy0

dt
(t) + Ay0(t) = f(t) + Bū0(t) t ∈ (T0, T1)

y0(T0) = ȳ0 + B0v

M>dp0

dt
(t) − A>p0(t) = −κ1C

>H (Cy0(t) − z(t)) t ∈ (T0, T1)

M>p0(T1) = −p̄1

B>p0 + Qū0 = 0 in L2(T0, T1; R
nu), (4.13)

B>
0 M>pi(Ti) + Q0v = 0.

Finally, if i = N − 1, let (yN−1, ūN−1, pN−1)
> be the solution of (4.12) withi = N − 1

and

−p̄i+1 replaced by κ2C
>
T HT (CT y(T ) − zT ) . (4.14)

By Theorem 4.2.1, these systems have a unique solution. We view these solutions as im-

plicit functions ofȳi, p̄i. This defines functions

y0(·, p̄1),

yi(·, ȳi, p̄i+1), pi(·, ȳi, p̄i+1), i = 1, . . . , N − 2,

pN−1(·, ȳN−1).

We complement the optimality system (4.12)–(4.14) with the following set of continuity

conditions, which ‘glue’ the optimality system defined at subdomain(Ti, Ti+1) to those

defined in the previous and next subdomain. The continuity conditions are given as follows:

ȳ1 = y0(T1, p̄1),

ȳi+1 = yi(Ti+1, ȳi, p̄i+1), i = 1, . . . , N − 2,

p̄i = −M>pi(Ti, ȳi, p̄i+1), i = 1, . . . , N − 2,

p̄N−1 = −M>pN−1(TN−1, ȳN−1).
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The continuity conditions form a system

G(x) = 0, (4.15a)

where

G(x) =




ȳ1 − y0(T1, p̄1)
...

ȳi+1 − yi(Ti+1, ȳi, p̄i+1)

p̄i + M>pi(Ti, ȳi, p̄i+1)
...

p̄N−1 + M>pN−1(TN−1, ȳN−1)




, x =




ȳ1

...

ȳi+1

p̄i

...

p̄N−1




. (4.15b)

Since the original optimal control problem is linear-quadratic,G is affine linear,

G(x) = Kx − b.

Moreover, (4.15b) shows that the matrixK is is block-tridiagonal with block identity ma-

trices on the diagonal.

The block forward Gauss–Seidel step applied to (4.15) is identical to the block forward

Gauss–Seidel step applied to (4.6).

4.4 A Factorization–Based Preconditioner for KKT Sys-

tems

In Section 4.2 we have seen that a suitable ordering of the necessary and sufficient opti-

mality conditions of the time-decomposed optimal control problem (3.2) leads to a block

tridiagonal system of optimality conditions. The structure of the resulting system motivates

the formulation of Gauss–Seidel based preconditioners. The application of a Gauss–Seidel

preconditioning step, however, requires the solution ofN optimal control problems defined
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in each subdomain(Ti, Ti+1). In this section, we present a preconditioner for the system of

optimality conditions that arises from the reordering of the optimality conditions given by

expression (3.15) in Section 3.2.

The preconditioner presented below requires only local state and adjoint solves in each

subdomain as opposed to local control problem solves. Unlike the Gauss–Seidel based

preconditioners, it additionally requires subpreconditioners for the ‘forward’ operatorA

given by (3.11) and for the reduced HessianĤ given by (3.16).

Recall from Section 3.2 that the necessary and sufficient optimality conditions for the time-

decomposed optimal control problem leads to a linear system of the form



Hyy Huy
> A>

Huy Huu B>

A B 0







ȳ

ū

p̄


 =




by

bu

bp


 (4.16)

(cf. (3.15)). In fact, systems of the form (4.16) arise generally arise in optimization. Their

iterative solution has received considerable attention [15]. However, the special structure

introduced due to the time-dependence of the optimal control problems has not been con-

sidered.

Throughout this chapter we assume thatA ∈ RMy×My is invertible and thatHyy ∈

RMy×My and Huu ∈ RMu×Mu are symmetric. Moreover, we assume that the reduced

Hessian

Ĥ =


 −(A−1B)

I




>
 Hyy Huy

>

Huy Huu




 −(A−1B)

I




= Huu − HuyA
−1B −B>A−>Huy

> + B>A−>HyyA
−1B (4.17)

(cf., (3.16)) is positive definite.

We use the following notation. For a given square matrixS we denote its spectrum byσ(S)

and the individual eigenvalues byλi(S).
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Instead of (4.16), we frequently use the compact notation

Kx = b. (4.18)

We will denote byΠij (resp.Π>
ij) the block permutation of the block rows (resp. columns)

i, j of any block3 × 3 matrix.

4.4.1 Derivation of the Preconditioner

Let us denote byK the coefficient matrix in (4.16) and byK′ the following block permu-

tation ofK:

K′ ≡ Π>
23KΠ23 =




Hyy A> Huy
>

A 0 B

Huy B> Huu


 ≡


 K11 K12

K21 K22


 . (4.19)

Since we assume thatA is invertible, the symmetric, indefinite matrixK11 is invertible.

Hence, we can form the Schur complement

Ĥ = K22 −K21K
−1
11 K12.

It is easy to verify that̂H is the reduced Hessian (4.17).

This leads to the Schur complement based factorization ofK′ [8, Ch.9]:


 K11 K12

K21 K22



 =



 K11 0

K21 I





︸ ︷︷ ︸
K′

L



 I K−1
11 K12

0 Ĥ





︸ ︷︷ ︸
K′

R

. (4.20)

Suppose that a preconditionerÃ for the ‘forward operator’A and a preconditionerP for

the reduced Hessian̂H are given. We define

K̃11 =


 Hyy Ã>

Ã 0
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and

K̃′
L =


 K̃11 0

K21 I


 , K̃′

R =


 I K̃−1

11 K12

0 P


 . (4.21)

We use

K̃L = Π23K̃
′
LΠ

>
23 K̃R = Π23K̃

′
RΠ>

23 (4.22)

to construct a preconditioner forK.

Remark 4.4.1 WithK given by the system matrix in(4.16), the preconditioner̃KLK̃R is

closely related to the preconditioner in [20, 21, 42].

In fact, if we define

D̃ =




Ã 0 0

0 Ã> 0

0 0 I


 ,

then [20, 21] use

K ≈ K̃LK̃R

with

K̃L = Π23K̃
′
LD̃

−1Π>
23 K̃R = Π23D̃K̃′

RΠ>
23. (4.23)

The preconditioners used in [20, 21] can also be directly derived by performing two steps

of block Gaussian elimination along with suitable permutations.

Instead ofKx = b we solve the preconditioned system

K̃−1
R K̃−1

L Kx = K̃−1
R K̃−1

L b, (4.24)

whereK̃L andK̃R are defined in (4.22). Of course, split preconditioning or right precon-

ditioning would also be possible. We prefer left preconditioning since a preconditioned
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Krylov subspace method will truncate when the preconditioned residual is sufficiently

small and we expect that‖K̃−1
R K̃−1

L Kx − K̃−1
R K̃−1

L b‖ is closer to the norm of the error

‖x − K−1b‖ than the norm of the residuals obtained by split or right preconditioning,

given by‖K̃−1
L (Kx − b)‖, and‖Kx − b‖, respectively

Remark 4.4.2 Application ofK̃−1
L and of K̃−1

R .

The inverses of the left and right preconditioners defined in(4.22)are given by

K̃−1
R =




I −Ã−1BP−1 0

0 P−1 0

0 −Ã−>
(
Huy

> −HyyÃ
−1B

)
P−1 I


 (4.25)

and

K̃−1
L =




0 0 Ã−1

B>Ã−> I
(
Huy

> −HyyÃ
−1B

)>
Ã−1

Ã−> 0 −Ã−>HyyÃ
−1


 . (4.26)

Let xy, xp, zy, zp ∈ RMc andxu, zu ∈ RMu. Givenx = (xy,xu,xp)> the vectorz =

K̃−1
R x, z = (zy, zu, zp)> can be computed as follows:

zu = P−1xu

t1 = Ã−1Bzu

zy = xy − t1

zp = xp − Ã−>
(
Huy

>zu −Hyyt1

)
. (4.27)

The applicationz = K̃−1
L x can be made as follows.

zy = Ã−1xp

zp = Ã−> (xy −Hyyzy)

zu = xu + B>zp + Huyzy. (4.28)
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The preconditioner therefore requires one application of the preconditionerP for the re-

duced Hessian, four linear system solves involvingÃ, two applications ofHyy andHuy

and two applications ofB. It can be readily seen from the relation(4.23)that an extra solve

with the coefficient matrix̃A is avoided by using the factors(4.22) instead of the factors

defined by(4.23).

4.4.2 Spectrum and Diagonalizibility of the Preconditioned Operator

The papers [21, 42] contain rough estimates on the spectrum of the preconditioned matrix.

However, those estimates depend on constants, such as norms of submatrices inK, which

are not known. In this section we pursue a different approach, which is motivated by [41].

The system matrixK is assumed to be symmetric positive definite. Since the matrixK

associated with our saddle point problem (4.16) is highly indefinite [36] our results differ

from those in [41].

First, we note that̃K−1
R K̃−1

L K whereK̃L andK̃R are defined in (4.22) is just a symmetric

permutation of(K̃′
R)−1(K̃′

L)−1K′. Hence,

σ
(
K̃−1

R K̃−1
L K

)
= σ

(
(K̃′

R)−1(K̃′
L)−1K′

)
.

We define

H̃ = K22 − K21K̃
−1
11 K12,

= Huu −HuyÃ
−1B − B>Ã−>Huy

> + B>Ã−>HyyÃ
−1B. (4.29)

If Ã = A, H̃ is the reduced Hessian̂H defined in (4.17).
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Lemma 4.4.3 Let K̃′ := K̃′
LK̃

′
R, whereK̃′

L, K̃′
R are given by(4.21). Then,

(
K̃′
)−1

K′ − I =







 I 0

0 I



+



 K̃−1
11K12P

−1K21 −K̃−1
11K12

−P−1K21 0









×


 K̃−1

11K11 − I 0

0 P−1H̃ − I


 . (4.30)

Proof: The inverses(K̃′
L)−1, (K̃′

R)−1 are given by

(K̃′
L)−1 =


 K̃−1

11 0

−K21K̃
−1
11 I


 , (K̃′

R)−1 =


 I −K̃−1

11 K12P
−1

0 P−1


 .

The desired result can now be shown by straightforward calculation of(
K̃′
)−1

K′ =
(
K̃′

R

)−1 (
K̃′

L

)−1

K′. 2

Lemma 4.4.4 The spectra of the matrices

S1 =







 I 0

0 I



+



 K̃−1
11K12P

−1K21 −K̃−1
11K12

−P−1K21 0







 ,

S2 =


 K̃−1

11K11 − I 0

0 P−1H̃ − I




are given by

σ(S1) =

{
1 +

µ

2
±

√
µ2

4
+ µ

∣∣∣ µ ∈ σ(P−1(K21K̃
−1
11 K12))

}
(4.31)

and

σ(S2) = σ(Ã−1A − I) ∪ σ(P−1H̃ − I). (4.32)

Proof: λ is an eigenvalue ofS1 − I with eigenvector(x1
>, x2

>)> if and only if

K̃−1
11 K12P

−1K21x1 − K̃−1
11 K12x2 = λx1 and − P−1K21x1 = λx2. (4.33)
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Multiplying the first identity in (4.33) byP−1K21 and inserting the second identity (4.33)

leads to

(λ + 1)P−1K21K̃
−1
11 K12x2 = λ2x2. (4.34)

If λ = −1, (4.33), (4.34) above implyx1 = x2 = 0. Thereforeλ = −1 is not an eigenvalue

of S1 − I. Equation (4.34) shows that

λ2/(λ + 1) ∈ σ(P−1(K21K̃
−1
11 K12)).

Thus, the eigenvalues ofS1 − I are given by

1

2
(µ ±

√
µ2 + 4µ), µ ∈ σ(P−1(K21K̃

−1
11 K12)).

This implies (4.31).

By definition ofK11 andK̃11,

S2 =




Ã−1A− I 0 0

−Ã−>Hyy(Ã−1A − I) (AÃ−1 − I)> 0

0 0 P−1H̃ − I


 .

Hence,

σ(S2) = σ(Ã−1A− I) ∪ σ(Ã−>A> − I) ∪ σ(P−1H̃ − I).

Together withσ(Ã−>A>) = σ(AÃ−1) = σ(Ã−1A) we obtain (4.32). 2

Note that forK given by (4.16)

P−1K21K̃
−1
11 K12 = P−1(Huu − H̃).

Corollary 4.4.5

|λi − 1| ≤ ‖
(
K̃′
)−1

K′ − I‖ ≤ ‖S1‖‖S2‖, ∀λi ∈ σ

((
K̃′
)−1

K′

)
.
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Remark 4.4.6 The decomposition(K̃′)−1K′ − I = S1S2 suggests the preconditioning

P ≈ H̃. In our numerical experiments, the choiceP = H̃ leads to similar or larger

reductions on the number of GMRES iterations for the solution of the system(K̃′)−1K′x =

b, compared to the choiceP = Ĥ.

Theorem 4.1.4 indicates that a bound for the quantity‖K̃−1K − I‖ will not suffice to

understand the numerical behavior of GMRES. The upper bound for the residual in Theo-

rem 4.1.4 contemplates the presence of outliers and diagonalizibility properties ofA.

Bounds for the individual eigenvalues of the productS1S2 of two matrices, given the eigen-

values of the individual matrices, are known in the literature for the case whereS1,S2 are

symmetric, withS1 positive definite and the largest eigenvalue ofS2 non-negative, and for

the case whereS1 is symmetric positive definite andS2 symmetric positive semi-definite

(see [7]). Unfortunately, the factorsS1, S2 defined in Lemma 4.4.4 are not symmetric, and

indefinite. To our knowledge, the eigenvalue information obtained in Lemma 4.4.4 cannot

be exploited to derive results on the eigenvalue distribution of the productS1S2.

The result below characterizes the spectrum of
(
K̃′
)−1

K′ in the particular case where the

preconditioner for the forward operator is exact, that isÃ = A. This result was pointed

out as a remark in [21].

Theorem 4.4.7 If A = Ã and the preconditionerP for the reduced Hessian̂H is symmet-

ric positive definite then

σ

((
K̃′
)−1

K′

)
= σ(P−1Ĥ)

and GMRES takes at mostm + 1 iterations to solve(4.24)in exact arithmetic, wherem is

the number of distinct eigenvalues of the preconditioned reduced HessianP−1Ĥ.

Proof: If A = Ã, thenK11 = K̃11 andĤ = H̃.
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Lemma 4.4.3 implies

(K̃′)−1K′ =



 I −K11
−1K12(P

−1Ĥ − I)

0 P−1Ĥ



 .

The expression above shows that

σ
(
(K̃′)−1K′

)
= {1} ∪ σ(P−1Ĥ),

see e. g. [35, Lem.7.1.1.]. The matrixP−1Ĥ is diagonalizable becausêH andP are simul-

taneously diagonalizable [35, Cor. 8.7.2].

The matrix(K̃′)−1K′ is diagonalizable. To prove this is true, we exhibitn linearly inde-

pendent eigenvectors of(K̃′)−1K′, where wheren is the size ofK.

Letn1 be the size ofK11. The eigenvectors corresponding to the eigenvalueλi ∈ σ(ĤP−1),

λi 6= 1, are given by

vi =


 −K11

−1K12wi

wi


 ,

wherewi is an eigenvector ofP−1Ĥ corresponding toλi. It is easy to verify thatn1

linearly independent eigenvectors corresponding to the eigenvalueλi = 1 are given by

vi = (e>i , 0>)>, i = 1, . . . , n1.

The eigenvectors corresponding to the eigenvalueλi ∈ σ(ĤP−1), λi = 1, are given by

vi = (0>, w>
i )>, wherewi is an eigenvector ofP−1Ĥ corresponding toλi = 1.

Therefore, the previous calculations show the existence of linearly independent eigenvec-

torsv1, . . . , vn of (K̃′)−1K′.

The bound on the GMRES iterations thus follows from Corollary 4.1.2. 2
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The coefficient matrix̃K−1
L KK̃−1

R in (4.24) can be written as

K̃−1
L KK̃−1

R =




AÃ−1 0 0

0 H̃P−1 0

0 0 (Ã−1A)>




︸ ︷︷ ︸
D

+




0 O(Ê) 0

O(Ê) O(Ê) O(Ê)

O(Ê) O(Ê) 0




︸ ︷︷ ︸
E

,(4.35)

whereÊ = A−1 − Ã−1. In [21], Biros and Ghattas mention that from expression (4.35) it

can be shown that

σ(K̃−1
L KK̃−1

R ) ≈ σ(AÃ−1) ∪ σ(ĤP−1), (4.36)

provided thatAÃ−1, Ã−1A are normal andP is a symmetric and positive definite pre-

conditioner preconditioner for the reduced HessianĤ. As a consequence, GMRES solves

(4.24) in roughlym + 2 iterations, wherem is the number of distinct eigenvalues of the

preconditioned reduced Hessianσ(ĤP−1). No proof is given in [21]. The approximation

(4.36) is justified by the result below, which holds for the more general case whereAÃ−1,

Ã−1A, ĤP−1 are diagonalizable.

Theorem 4.4.8 Let AÃ−1, Ã−1A, ĤP−1 diagonalizable, and letD, E be the matri-

ces of sizen defined in(4.35). If µ is an eigenvalue of̃K−1
L KK̃−1

R and X−1DX =

diag(λ1, . . . , λn),

min
λ1, ...,λn

|λ − µ| ≤ κ2(X)‖E‖2.

Proof: The result follows by direct application of the Bauer-Fike theorem (see e. g. [35,

Sec.7.2]) with the norm‖ · ‖ = ‖ · ‖2 to the particular matrices defined by (4.35). 2

If AÃ−1, Ã−1A, ĤP−1 are normal,κ2(X) = 1 and the approximation (4.36) means that

for each eigenvalueµ of K̃−1
L KK̃−1

R , the difference betweenµ and the eigenvalue ofD

that is closest toµ is small in absolute value, provided that theO(Ê) terms are small in the



85

2−norm. One expects theO(Ê) terms to be small if‖Ã−1 − A−1‖2 is small. Note that

whenP is used as a subpreconditioner for the reduced Hessian inside the factorization–

based preconditioner forK it is not necessary to assume thatP is symmetric and positive

definite.

If AÃ−1, Ã−1A, ĤP−1 are diagonalizable, the sensitivity of the eigenvalues ofK̃−1
L KK̃−1

R

to the ‘perturbation matrix’E depends also on the condition of the eigenvector matrix

X, and the approximation (4.36) is only expected to hold for moderate condition number

κ2(X), provided that‖Ã−1 −A−1‖2 is small.

For our time–decomposed problem and choice ofÃ, the matricesAÃ−1, Ã−1A are not

diagonalizable (see Section 4.4.3.2). These matrices are unit lower triangular, so the only

defective eigenvalue isλ = 1.

Furthermore, in our numerical examples the preconditioned matrix(K̃′)−1K′ - that we can

can write with the notation in Section 4.4.1 as

(K′)−1K′ =


 K̃−1

11 K11 +
(
K̃−1

11 K12P
−1K21

)(
K̃−1

11 K11 − I
)

−K̃−1
11 K12

(
P−1H̃ − I

)

−P−1K21

(
K̃−1

11 K11 − I
)

P−1H̃ − I




may not be diagonalizable (see Example 4.4.10 for an illustration of this fact), indepen-

dently of the choice ofP.

The lemma below shows that the defective eigenvalueλ = 1 of Ã−1A “carries on” to the

matrixK̃−1
11K11.

Lemma 4.4.9 Let K11 be given as in expression(4.19)and letK̃11 be equal toK11 with

A replaced byÃ. Then

1. σ(K̃−1
11 K11) = σ(Ã−1A)

2. If λ = 1 is a defective eigenvalue of̃A−1A, thenλ = 1 is a defective eigenvalue of

K̃−1
11 K11.
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Proof: Forming the product̃K−1
11 K11, one obtains

K̃−1
11 K11 − λI =


 Ã−1A − λI 0

−Ã−1Hyy(Ã
−1A − I) Ã−>A> − λI


 . (4.37)

The characteristic polynomial of̃K−1
11 K11 is

p(λ) = det(K̃−1
11 K11 − λI) = det(Ã−1A− λI) · det(Ã−>A> − λI).

Sincedet(Ã−1A−λI) = det(Ã−>A>−λI), K̃−1
11 K11 has the same eigenvalues asÃ−1A,

with the algebraic multiplicity of each eigenvalue doubled.

Settingλ = 1, we can see from expression (4.37) that

N (K̃−1
11 K11 − I) =






 x1

x2



∣∣∣x1 ∈ N (Ã−1A− I), x2 ∈ N (Ã−>A> − I)



 .

From expression (4.37),λ = 1, we calculate

(
K̃−1

11 K11 − I
)2

=


 (Ã−1A − I)2 0

Z (Ã−>A> − I)2




whereZ = −Ã−>Hyy(Ã
−1A − I)2 − (Ã−>A> − I)Ã−>Hyy(Ã

−1A − I). Therefore,


 x1

x2


 ∈ N ((K̃−1

11 K11 − I)2)

if and only if

(Ã−1A − I)2x1 = 0

−(Ã−>A> − I)
(
Ã−>Hyy(Ã

−1A − I)x1 − (Ã−>A> − I)x2

)
= 0.

The eigenvalueλ = 1 of Ã−>A> is defective due to our assumption thatλ = 1 is defective

for the matrixÃ−1A. Thus, we can always choosex2 ∈ N ((Ã−>A> − I)2) such that

x2 6∈ N (Ã−>A> − I) and the vector(0,x2)
> is an element ofN ((K̃−1

11 K11 − I)2) but not

of N (K̃−1
11 K11 − I). This implies thatdim(N (K̃−1

11 K11 − I)) < dim(N ((K̃−1
11 K11 − I)2))
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and therefore the eigenvalueλ = 1 is defective for the matrix̃K−1
11 K11. 2

However, the preconditioned matrix(K̃′)−1K′ may be diagonalizable even if̃K−1
11 K11 is

defective, as the following example shows:

Example 4.4.10Let

A =



 1 0

1 1



 , Ã =



 1 0

0 1



 , Hyy =



 1 0

0 1



 , Huu = 1, Huy =



 0

0



 .

LetB =



 1

1



 or B =



 0

1



 and chooseP = H̃. Of course,Ã−1A has the defective

eigenvalueλ = 1 and

K̃−1
11 K11 =




1 0 0 0

1 1 0 0

0 0 1 1

−1 0 0 1




is always defective, with defective eigenvalueλ = 1. If B =


 1

1


,

(K̃′)−1K′ =




1 0 0 0 0

1 1 −1/3 0 0

1 0 1/3 0 −1

0 0 1/3 1 1

−1 0 1/3 0 1
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is diagonalizable. IfB =


 0

1


,

(K̃′)−1K′ =




1 0 0 0 0

1 1 0 0 0

1 0 1 0 0

0 0 1/2 1 1

−1 0 0 0 1




has the defective eigenvalueλ = 1. The diagonalizibility of(K̃′)−1K′ does not depend only

onB. If we chooseB =


 1

1


, P = I, the eigenvalueλ = 1 for (K̃′)−1K′ is defective.

Of course other eigenvalues of(K̃′)−1K′ may be defective.

4.4.3 Preconditioner for the Forward Operator Based on the “Parareal”

Algorithm

4.4.3.1 The “Parareal” Algorithm for First Order Systems

In this section we present the algorithm introduced by Maday, Lions and Turinici [59]

applied to the solution of the linear initial value problem

dy

dt
(t) + Ay(t) = f(t) t ∈ (0, T )

y(0) = y0. (4.38)

This algorithm has been proposed in [59] for the solution of linear, first order partial dif-

ferential equations, and modified in [11] for the solution of general, nonlinear first order

partial differential equations.

The “parareal” algorithm is based on a multiple shooting formulation [5, 29, 54, 70] of

the initial value problem (4.38). Define a time partition of(0, T ) into N subintervals and

--
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consider, at each subinterval(Ti, Ti+1) for i = 0, . . . , N − 1, the differential equation

dyi

dt
(t) + Ay(t) = f(t) t ∈ (Ti, Ti+1)

yi(Ti) = ȳi (4.39)

whereȳ0 ≡ y0. With the notation introduced in Section 3.2, one can write the solutionyi

to (4.39) atTi+1 as

yi(Ti+1) = Si
yȳi + di(Ti+1), (i > 0), y0(T1) = d0(T1).

Remark 4.4.11 In the context of the numerical solution of(4.38), the evaluationSi
yȳi

(resp. di) is defined as the numerical solution att = Ti+1 of (4.39)with f = 0, y0 = 0

(resp.ȳi = 0 if i > 0), computed by a time integration method with a ‘fine grid’ of sizeδt.

It is easy to see that (4.38) is equivalent to the linear system of ‘continuity conditions’:



I

−S1
y I

. . . . . .

−SN−2
y I




︸ ︷︷ ︸
A




ȳ1

ȳ2

...

ȳN−1




︸ ︷︷ ︸
ȳ

=




d0(T1)

d1(T2)
...

dN−2(TN−1)




︸ ︷︷ ︸
d

. (4.40)

Remark 4.4.12 The evaluation ofA on a given̄y requires theparallelsolution ofN local

differential equations of the form(4.39).

The evaluation ofA−1 requires thesequentialsolution ofN local differential equations of

the form(4.39), with initial conditionȳi = yi−1(Ti) (if i > 0). Indeed, evaluatingA−1 on

d is equivalent to solving(4.38).

In addition toSi
y, i = 1, . . . , N − 2, we define coarse grid operatorsGi

y, i = 1, . . . , N − 2,

whereGi
y ȳi is an approximation of the solution of

dyi

dt
(t) + Ay(t) = 0 t ∈ (Ti, Ti+1)

yi(Ti) = ȳi (4.41)
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atTi+1 obtained using numerical integration with a coarse time step. One choice would be

the backward Euler method with time stepTi+1 − Ti, in which caseGi
y ȳi is defined by

Gi
yȳi − ȳi

Ti+1 − Ti
+ AGi

y ȳi = 0

or, equivalently,Gi
y = (I + (Ti+1 − Ti)A)−1. We set

Ã =




I

−G1
y I

. . . . . .

−GN−2
y I




. (4.42)

The parareal algorithm is given by

ȳ0 = Ã−1d

ȳk+1 =
(
I − Ã−1A

)
ȳk + Ã−1d. (4.43)

Note that the application of̃A−1 corresponds to the serial solution of systems of the form

(4.41) on a coarse time grid, whereas the application ofA requires the parallel solution of

the systems (4.39) on a fine grid.

In [59] the parareal algorithm is interpreted as a high order method on the coarse grid

T0, T1, . . . , TN for the approximate solution of (4.38). Stability and convergence properties

for the parareal algorithm are investigated in, e. g. [10, 9, 11, 32, 59, 68, 69].

In our application, we usẽA as a preconditioner forA. Hence, we are interested in eval-

uating how wellÃ−1A approximates the identity matrix for certain choices ofGi
y andSi

y,

as well as in the diagonalizibility properties of the preconditioned matrix. This is different

from the analyses performed in [10, 32, 59, 68, 69] for the convergence of the parareal

algorithm ask increases.

In [59, 32], the authors establish bounds for‖y(Ti) − ȳk
i ‖ with y(Ti) defined as the exact

solution of (4.38) or a ‘fine grid’ approximation and different choices of the mappingGi
y.
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Using (4.43), the differencesy(Ti) − ȳk
i can be written in vector form as follows.




y(T1) − ȳk
1

...

y(TN−1) − ȳk
N−1


 = A−1d− ȳk = A−1d −

k∑

j=0

(
I− Ã−1A

)j

ȳ0

=
(
I − Ã−1A

)
A−1d−

k∑

j=1

(
I − Ã−1A

)j

Ã−1d.(4.44)

Settingk = 0 one can obtain a bound from the above papers for
(
I − Ã−1A

)
A−1d, which

depends on the right hand sided.

4.4.3.2 Preconditioner for the Forward Operator

In this section we introduce and analyze properties of the preconditioner for the forward

operatorA, given in (4.40). Throughout this section, theny × ny blocks of a matrixC ∈

R(N−1)ny×(N−1)ny will be denoted by(C)ij.

The structure of the preconditioned matricesÃ−1A, AÃ−1 and the residual matrices̃A −

A, Ã−1−A−1 is independent of how one defines the operatorsSi
y, Gi

y for i = 1, . . . , N−2,

as shown by the following lemma.

Lemma 4.4.13 LetA, Ã be defined as in(4.40)and(4.42), respectively and supposeN >

2. Then,Ã − A , Ã−1 − A−1 , I − Ã−1A , I − AÃ−1 are strictly block lower triangular
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matrices with the lower triangular blocks given by
(
Ã −A

)

ij
= Sj

y − Gj
y, i = j + 1

(
Ã−1 −A−1

)
ij

=
i−1∏

q=j

Sq
y −

i−1∏

q=j

Gq
y, i > j

(
I − Ã−1A

)
ij

=
i−1∏

q=j+1

Gq
y(S

j
y − Gj

y), i > j

(
I −AÃ−1

)

ij
= (Si−1

y − Gi−1
y )

i−2∏

q=j

Gq
y, i > j.

Proof: SinceA, Ã are unit block lower bidiagonal, all matrices in the statement of the

lemma are clearly block lower triangular with the matrix zero or the identity in the diagonal

blocks.

To derive the expressions for the strictly lower triangular blocks, it suffices to show how to

evaluateA andA−1 on a vector̄y = (ȳ1, . . . , ȳN−1)
> ∈ R(N−1)ny . For the evaluation of

Ã, Ã−1 on ȳ one substitutes theSi
y by theGi

y.

The equationw = Aȳ can be written as

w1 = ȳ1

wi = ȳi + Si−1
y ȳi−1, i = 2, . . . , N − 1.

The evaluationw = A−1ȳ is given by the solutionw of the linear systemAw = ȳ, i. e.

w1 = ȳ1

wi = ȳi +

i−1∑

j=1

[
i−1∏

q=j

Sq
y

]
ȳj, i = 2, . . . , N − 1.

2

Remark 4.4.14 The casesN = 2 andN > 2 with Gi
y = Si

y for i = 1, . . . , N − 2 are

trivial, for one hasÃ = A.
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Theorem 4.4.15Let A, Ã be defined as in(4.40)and (4.42), respectively. Assume also

thatN > 2 andGj
y 6= Sj

y for somej. Then

1. σ(Ã−1A) = σ(AÃ−1) = {1} andÃ−1A, AÃ−1, are not diagonalizable.

2. σ(Ã−A) = σ(Ã−1−A−1) = {0}, andÃ−A, Ã−1−A−1 are not diagonalizable.

Proof: The matrixÃ−1A is block lower triangular with the identity in each diagonal block

and therefore the only eigenvalue ofÃ−1A is λ = 1. The strictly lower triangular blocks

are not zero due to the assumption thatSj
y 6= Gj

y for somej. The characteristic polynomial

of Ã−1A is p(λ) = (1 − λ)(N−1)ny so the algebraic multiplicity of the eigenvalue one is

(N − 1)ny. On the other hand, sincerank(I − Ã−1A) ≥ 1, the geometric multiplicity

dim(N (I − Ã−1A)) of λ = 1 is bounded by(N − 1)ny − 1 < (N − 1)ny. Therefore,

Ã−1A is defective. The rest of the proof follows using the same arguments. 2

Theorem 4.4.16Suppose thatSi
y = S = (I +δtM−1A)−m, Gi

y = G = (I +∆tM−1A)−1,

andM−1A diagonalizable,

M−1A = V DV −1, D = diag(d1, . . . , dny
).

‖I − Ã−1A‖2 = ‖I − AÃ−1‖2 ≤ κ2(V ) ·

max
1≤j≤ny

[
1 − |(1 + ∆tdj)

−1|N−2

1 − |(1 + ∆tdj)−1|
|(1 + δtdj)

−m − (1 + ∆tdj)
−1|

]
(4.45)

‖A − Ã‖2 ≤ κ2(V ) max
1≤j≤ny

[
|(1 + δtdj)

−m − (1 + ∆tdj)
−1|
]

(4.46)

‖A−1 − Ã−1‖2 ≤ κ2(V ) max
1≤j≤ny

[
N−2∑

i=1

|(1 + δtdj)
−mi − (1 + ∆tdj)

−i|

]
. (4.47)
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Proof: One has

(
I − Ã−1A

)

ij
= (G)i−j−1(S − G), i > j

(
I − AÃ−1

)
ij

= (S − G)(G)i−j−1, i > j.

SinceS − G = V ((I + δtD)−m − (I + ∆tD)−1)V −1 and

(G)k(S − G) = V (I + ∆tD)−k((I + δtD)−m − (I + ∆tD)−1)V −1,

I− Ã−1A = V̂D̂1V̂
−1,

I− AÃ−1 = V̂D̂2V̂
−1,

whereV̂ = diag(V, · · · , V ),

(
D̂1

)
ij

= Di−j−1
2 D1, i > j

(
D̂2

)

ij
= Di−j−1

1 D2, i > j,

D1 = diag((1 + δtd1)
−m − (1 + ∆td1)

−1, · · · , (1 + δtdny
)−m − (1 + ∆tdny

)−1),

D2 = diag((1 + ∆td1)
−1, · · · , (1 + ∆tdny

)−1).

SinceD̂2 = D̂1, I −AÃ−1 = I − Ã−1A.

The1−norm ofD̂1 can be computed exactly, since the blocks are all diagonal:

‖D̂1‖1 = max
1≤j≤ny

N−2∑

i=1

|(1 + ∆tdj)
−1|i−1 · |(1 + δtdj)

−m − (1 + ∆tdj)
−1|

= max
1≤j≤ny

[
1 − |(1 + ∆tdj)

−1|N−2

1 − |(1 + ∆tdj)−1|
|(1 + δtdj)

−m − (1 + ∆tdj)
−1|

]
.

It is easy to see from the fact thatD̂1 is block Toeplitz that‖D̂1‖∞ = ‖D̂1‖1. Then

‖I− Ã−1A‖2 ≤ κ2(V̂)‖D̂1‖2 ≤ κ2(V̂)‖D̂1‖
1/2
1 ‖D̂1‖

1/2
∞ = κ2(V̂)‖D̂1‖1,

and the inequality (4.45) follows. The other bounds follow similarly. 2
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4.4.4 Preconditioners for the Reduced Hessian

In this section we present two preconditioners for the reduced Hessian defined by (4.17).

4.4.4.1 Scaling

For the model problem (1.3) (Section 1.1), where the controlv ∈ R
nv is only in the initial

conditions one has the identity (cf. Section 3.3)

Ĥv = ∇2J(v) ∀v ∈ R
nv .

The expression for∇2J(v) reduces to the term∇2Jvv in (2.9). The preconditioner is de-

fined as∇2J(v) settingκ1 = κ2 = 0. The result is simply what will be referred to as a

‘scaling’:

Ps = Q0. (4.48)

The symmetric and positive definite matrixQ0 ∈ Rnv×nv defines an inner product for the

space of controls of model problem (1.3). The preconditionerPs therefore simply instructs

GMRES to work in that space, see [66, Sec.9.3.1]. The cost of applyingP−1
s to a vectorv

amounts to one linear system solve of the sizenv of the control space.

Remark 4.4.17 The preconditioned conjugate gradient method with Euclidean inner prod-

uct and preconditionerQ0 applied to the solution of̂Hv = ĝ is equivalent to the con-

jugate gradient method with inner product〈v, w〉 = vT Q0w applied to the solution of

Q−1
0 Ĥv = Q−1

0 ĝ. See, e.g., [8, Sec 11.2.6]. Note thatQ−1
0 Ĥ is selfadjoint with respect to

the inner product〈v, w〉 = vT Q0w. In fact, sinceQ0 andĤ are symmetric positive definite,

〈v, Q−1
0 Ĥw〉 = vT Ĥw = (Q−1

0 Ĥv)T Q0w = 〈Q−1
0 Ĥv, w〉.

For the examples in(2.3), the matrixQ0 corresponds to the mass matrix and the inner

product〈v, w〉 = vT Q0w is just theL2(Ω) inner product of the piecewise linear functions
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associated withv and w. Moreover,Q−1
0 Ĥ is just the HessianJ in the inner product

〈v, w〉 = vTQ0w. Hence, the preconditioned conjugate gradient method with Euclidean

inner product and preconditionerQ0 applied to the solution of̂Hv = ĝ corresponds to the

conjugate gradient method applied inL2(Ω).

For the model problem (1.2) where the controlū ∈
∏N−1

i=0 L2(Ti, Ti+1; R
nu) is time–

dependent, we proceed analogously, from the identity

Ĥ = I∗
H∇

2J(u)IH ,

given in Section 3.3. In this case, the expression for∇2J(u) in (2.9) reduces to the term

∇2Juu. The scaling preconditioner is once again defined by settingκ1 = κ2 = 0 in the

expression for∇2J(u):

Ps = I∗
HQIH = diag(Q, . . . , Q) ∈

N−1∏

i=0

L2(Ti, Ti+1; R
nu) ×

N−1∏

i=0

L2(Ti, Ti+1; R
nu).(4.49)

The preconditionerPs is symmetric and positive definite, and defines an inner product

for the space of controls
∏N−1

i=0 L2(Ti, Ti+1; R
nu) of model problem (1.2). After time dis-

cretization, for example withm time intervals per subdomain, the application ofP−1
s on a

vectoru ∈ RNmnu requiresNm linear system solves with the (sparse) matrixQ ∈ Rnu×nu.

All linear system solves are independent from each other and therefore can be computed

simultaneously. As seen in Corollary 2.2.6, Section 2.2.1, ifκ1 = 0, the preconditioner

may suffice to solve problems whereCT restricts the number of final time observations.

Remark 4.4.18 The preconditioned conjugate gradient method with Euclidean inner prod-

uct and preconditionerQ applied to the solution of̂Hu = ĝ corresponds to the conjugate

gradient method applied in
∏N−1

i=0 L2(Ti, Ti+1; L
2(Ω)). See Remark 4.4.17.
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4.4.4.2 Multigrid Preconditioner

This preconditioner has been introduced in [30, 31]. It is applied in [1], for the solution

of problems of control in the initial condition, of the form (1.3). In [1], the preconditioner

is applied to the Conjugate Gradient method for directly solving the reduced Hessian sys-

tem corresponding to model problem (1.3). We apply the multigrid preconditioner as a

subpreconditioner for the reduced Hessian within the factorization-based preconditioner

introduced in Chapter 4.4. Furthermore, due to the presence of the time decomposition and

Remark 4.4.6 the multigrid preconditioner is modified in our context to act as a precondi-

tioner for the less expensive operatorH̃ defined in (4.29) (see Section 4.4.2) instead of the

reduced Hessian̂H defined in (4.17).

The Infinite Dimensional Problem. Let Ω ⊂ R
d, d = 1, 2 with boundary∂Ω = ΓD ∪

ΓN , ΓN = ∂Ω\ΓD. The standard inner products inL2(Ω), H1(Ω) are denoted by〈·, ·〉 and

〈·, ·〉1, respectively, with norms denoted by‖·‖, ‖·‖1. The standard semi-norm in the space

H1
D(Ω) = {v ∈ H1(Ω) | v = 0 in ΓD }. is denoted by| · |1.

Consider the problem

minimize
1

2
‖u‖2 +

κ1

2

∫ T

0

‖y(t; u) − z(t)‖2dt +
κ2

2
‖y(T ; u)− zT‖

2 (4.50a)

subject to

∂

∂t
y(x, t) − ν∆y(x, t) + v(x) · ∇y(x, t) = f(x, t), x ∈ Ω × (0, T ), (4.50b)

y(x, t) = 0, x ∈ ∂ΩD × (0, T ), (4.50c)

ν
∂

∂n
y(x, t) = 0, x ∈ ∂ΩN × (0, T ), (4.50d)

y(x, 0) = u(x), x ∈ Ω. (4.50e)

The functiony ∈ L2(0, T ; H1
D(Ω)) with d

dt
y ∈ L2(0, T ; (H1

D(Ω))′) is a weak solution of
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(4.50b-e) if

〈
∂

∂t
y(t), φ〉 + ν〈∇y(t),∇φ〉 + 〈v · ∇y(t), φ〉 = 〈f(t), φ〉

for all φ ∈ H1
D(Ω) and a.a.t ∈ (0, T ), and if

y(0) = u.

If f ∈ L2(0, T ; L2(Ω)), v ∈ (W 1,∞(Ω))
2, ν > 0,

ΓN ⊆ {x ∈ ∂Ω : v(x) · n ≥ 0}

thena(y, φ) = ν〈∇y,∇φ〉 + 〈v · ∇y, φ〉 satisfies

a(φ, φ) = ν〈∇φ,∇φ〉 +
1

2
〈v · ∇φ, φ〉

= −
1

2
〈v · ∇φ, φ〉 −

1

2
〈∇ · vφ, φ〉 +

1

2

∫

ΓN

v · nφ2dx

≥ ν‖φ‖2
1 − (ν + ‖v · n‖∞,ΓN

)‖φ‖2

for all φ ∈ H1
D(Ω). Consequently, for eachu ∈ L2(Ω), (4.50b-e) has a unique weak

solutiony ∈ L2(0, T ; H1
D(Ω)) with d

dt
y ∈ L2(0, T ; (H1

D(Ω))′) [64, Thm. 10.3], [58].

Suppose that, in addition to the assumptions onf andv, z ∈ L2(0, T ; L2(Ω)), zT ∈ L2(Ω)

andκ1, κ2 ≥ 0 and consider the problem

Minimize J (u) :=
1

2
‖u‖2 +

κ1

2

∫ T

0

‖y(t; u)− z(t)‖2dt +
κ2

2
‖y(T ; u)− zT‖

2 (4.51a)

wherey(·; u) satisfies

〈
∂

∂t
y(t), φ〉 + ν〈∇y(t),∇φ〉 + 〈v · ∇y(t), φ〉 = 〈f(t), φ〉 (4.51b)

for all φ ∈ H1
D(Ω) and a.a.t ∈ (0, T ), and

y(0) = u. (4.51c)

The problem (4.51) has a unique solutionu ∈ L2(Ω) [58].
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The Discretized Problem. LetTh be a triangulation ofΩ, whereh = max {diam(τ) : τ ∈ Th},

Vh =
{
v ∈ C(Ω̄) : ∀τ ∈ Th, v |τ linear, v |ΓD

= 0
}

and letπh : L2(Ω) → L2(Ω) be theL2− orthogonal projection ontoVh. Also, introduce a

uniform partition of sizeδt in (0, T ),

0 = t0 < t1 < · · · < tM = T,

and apply the backward Euler method for the differential equation (4.51b) and a trapezoidal

rule for the integral term in (4.51a). Form = 0, . . . , M , we let zm
h := πhz(tm) and

zh
T := πhzT .

Consider the solutionuh ∈ Vh to the following optimization problem:

Minimize Jh(uh) :=
1

2
‖uh‖

2
Vh

+
κ1δt

4

(
‖y0

h − z0
h‖

2 + ‖yM
h − zM

h ‖2
)

+
κ1δt

2

M−1∑

m=1

‖ym
h − zm

h ‖2 +
κ2

2
‖yM

h − zT‖
2 (4.52a)

wherey0
h, . . . , yM

h ∈ Vh are given by the solution to

〈
ym+1

h
−ym

h

2δt
, φ〉 + ν〈∇ym+1

h ,∇φ〉 + 〈v · ∇ym+1
h , φ〉 = 〈fm+1, φ〉 ∀ φ ∈ Vh

y0 = uh.

(4.52b)

By expressing the quadratic functionals in (4.51a), (4.52a) asJ (u) = 1
2
‖u‖2 + J κ(u) and

Jh(u) = 1
2
‖uh‖

2 +J κ
h (u), respectively, the unique solution to the first order necessary and

sufficient optimality conditions for (4.51) and (4.52) is given by the solution to the systems

Hu ≡ (I + Hκ)u = g for problem (4.51)

Hhuh ≡ (I + Hκ
h)uh = gh for problem (4.52),

whereH, Hh denote the Hessians ofJ andJh, respectively, andHκ, Hκ
h denote the Hes-

sians ofJ κ andJ κ
h , respectively. The HessianHκ

h corresponds to an integral operator, see

Theorem 2.2.1.
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Two-level Preconditioner. Consider the spacesVh andV2h with V2h ⊂ Vh. For example,

if Ω ⊂ R2, Vh andV2h correspond to triangulationsTh andT2h, respectively, in whichTh is

obtained fromT2h by dividing each triangle into four by joining the midpoints of its edges.

Let π2h denote theL2 projection ontoV2h. We have the identity

Hhv = (I − π2h)v + π2hv + Hκ
hv.

The spaceV2h is seen as the space of ‘smooth’ functions. Givenv ∈ Vh, π2hv is seen as

a smooth vector (approximately) and(I − π2h)v is seen as oscillatory. We assume that

Hκ
h(I − π2h)v ≈ 0, i.e.,V ⊥

2h lies in the eigenspace corresponding to small eigenvalues of

Hκ
h, and thatHκ

hπ2hv ≈ Hκ
2hπ2hv, i.e., action ofHκ

h on v2h ∈ V2h is ‘well-represented’ by

the action ofHκ
2h onv2h. Thus,

Hκ
h(I − π2h)v + Hκ

hπ2hv ≈ 0 + Hκ
2hπ2hv,

and as a consequence

Hhv = (I − π2h)v + π2hv + Hκ
hv

≈ (I − π2h)v + (I + Hκ
2h) π2hv = (I − π2h)v + H2hπ2hv. (4.53)

Sinceπ2h is an orthogonal projection, we arrive at the following two level-preconditioner

H−1
h ≈ Mh ≡ (I − π2h) + H−1

2h π2h. (4.54)

Define the distance function in the space of symmetric positive definite operators taking

functions fromVh to Vh as

dh(S, T ) = sup
uh∈Vh\{0}

∣∣∣∣ln
〈Suh, uh〉

〈T uh, uh〉

∣∣∣∣ .

The following result is proved in [30].

Theorem 4.4.19Letκ1 = 0 andΩ ⊂ R2. There exists a constantC > 0 independent ofh

such that

dh(Mh,H
−1
h ) ≤ C

κ2h
2

T
.
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The previous theorem shows that the two-level preconditioner is only expected to be useful

if the grid sizeh is small relative to
√

T/κ2. It is shown in [30, 31] that the two-level

preconditioner is symmetric and positive definite.

The application of the two-level preconditioner is described in Algorithm 4.4.20.

Algorithm 4.4.20

Input: gh ; Output: uh = P−1
h gh.

1. rh = gh −Hhuh

2. r2h = π2hrh

3. SolveH2hu2h = r2h.

4. uh = u2h + rh − r2h.

Multigrid Preconditioner. For a chosen ‘coarse’ gridsizeh1, we define the set nested

grid with gridsizes2−ih1, i = 1, . . . , L − 1. The integerL is the number of levels of the

preconditioner. The grids generate spacesVh1
⊂ V2−1h1

⊂ . . . ⊂ V2−L+1h1
.

The multigrid preconditionerPmgH for the reduced HessianHh is defined by the applica-

tion of its inverseP−1
mgH on a given vectorgh ∈ Vh through Algorithm 4.4.21 below. If the

parameters in step 2 is chosen to be equal to one at the level of gridsizeh, the algorithm

is said to be performing aV −cycle on that level. Ifs = 2, it is said to be performing a

W−cycle on that level.

Algorithm 4.4.21 MG(h, gh)

Input: h, gh ; Output: uh = P−1
mgHgh.

If h ≥ h1, solve Hhuh = gh in Vh.

---
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Else

1. uh = 0, s = 2

2. For i = 1 : s

(a) rh = gh −Hhuh

(b) r2h = π2hrh

(c) u2h = MG(2h, r2h)

(d) uh = uh + u2h + rh − r2h.

End

The following result is proved in [30].

Theorem 4.4.22Let κ1 = 0, d = 2. Assume thath2
1 ≤ T

2−5Cκ2
with C > 0 given by

Theorem 4.4.19. Then

dh(P
−1
mgH ,H−1

h ) ≤ 8Ch4 κ2
2

T 2
.

The previous theorem shows that the multigrid preconditioner is only expected to be useful

if the coarse grid sizeh1 is small relative to
√

T/κ2. The multigrid preconditioner is sym-

metric. The positive definiteness of the multigrid preconditioner defined with aW−cycle

is conditional to the size ofh1 relative to the size of
√

T/κ2 (see [31]).

Implementation of the Multigrid Preconditioner Algorithm 4.4.21 is formulated in the

space of functionsVh. In the implementation of Algorithm 4.4.21, we operate on the vectors

uh whose components are the coefficients of the linear combinations of basis functions that

representuh in terms of the basis.
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Let {φh
j , j = 1, . . . , nh} denote the basis of ‘hat functions’ onVh and {φ2h

j , j =

1, . . . , nh/2} be the basis of ‘hat functions’ on the immediately coarser spaceV2h. Then,

for anyuh ∈ Vh, uh =
∑nh

i=1 ui
hφ

h
i and we denote byuh the vector(u1

h, . . . , unh

h )
>. Analo-

gous notation is used for functionsu2h ∈ V2h. TheL2-projectionw2h = π2huh is computed

by

〈w2h − uh, φ
2h
j 〉 = 0, j = 1, . . . , nh/2. (4.55)

Everyφ2h
j ∈ V2h can be uniquely written as a linear combination ofφh

1 , . . . , φ
h
nh

, i.e.,

φ2h
j =

nh∑

i=1

αj
i φ

h
i .

If we define the matricesRh
2h ∈ Rnh×nh/2 andQh ∈ Rnh×nh given by

(Rh
2h)ij = αj

i ,

(Qh)ij = 〈φh
i , φ

h
j 〉

then (4.55) can be written as

Q2hw2h = (Rh
2h)

>Qhuh.

SinceVh ⊂ L2(Ω), the HessianHh in Algorithm 4.4.21 is taken with respect to theL2(Ω)

inner product. Its matrix representation is

Hh = Q−1
h Ĥh,

whereĤh is the reduced Hessian with respect to the Euclidean inner product. See also

Remark 4.4.17.

Algorithm 4.4.21 is implemented as an algorithm inRnh as follows.

Algorithm 4.4.23 MG(h, gh)

Input: h, gh ; Output: uh = P−1
mgHgh.
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If h ≥ h1, solve Hhuh = gh in R
nh.

Else

1. uh = 0, s = 2.

2. For i = 1 : s

(a) rh = gh − Hhuh

(b) SolveQ2hr2h = (Rh
2h)

>Q>
h rh.

(c) u2h = MG(2h, r2h).

(d) uh = uh + rh + Rh
2h(u2h − r2h).

End

The reduced Hessian system in the coarsest grid can be solved using the unpreconditioned

Conjugate Gradient method, or a direct solver if the reduced Hessian is available.

The matrixP−1
mgH is selfadjoint with respect to the inner product〈vh,wh〉 = vT

h Qhwh,

i.e., it satisfies〈vh,P
−1
mgHwh〉 = 〈P−1

mgHvh,wh〉. It is used as a preconditioner within a

conjugate gradient method implemented with inner product〈vh,wh〉 = vT
h Qhwh applied

to the solution ofHhuh = gh, whereHh = Q−1
h Ĥh andĤh is the reduced Hessian with

respect to the Euclidean inner product. See also Remark 4.4.17.

As Algorithm 4.4.21, Algorithm 4.4.21 is said to be performing aV −cycle on the level of

gridsizeh if s in step 2 is chosen to be equal to one. Ifs = 2, it is said to be performing a

W−cycle on that level.

The following result shows that the2−level preconditioner defined with aV −cycle is

symmetric and positive definite. Entirely analogous arguments can be applied to extend the

result ton level preconditioner defined with aV −cycle.
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Lemma 4.4.24The2−level preconditionerP−1
mgH defined with aV −cycle (s = 1) can be

written in matrix form as

(PV 2
mgH)−1

h = Ih + Rh
2h(H

−1
2h − I2h)Q

−1
2h (Rh

2h)
>Qh, (4.56)

whereIh is the identity matrix defined for the space of matrices corresponding to gridsize

h.

The matrix(PV 2
mgH)−1

h Q−1
h is symmetric and positive definite.

Proof: Expression (4.56) is obtained by direct application of Algorithm 4.4.23 withs = 1,

2 levels. One has

(PV 2
mgH)−1

h Q−1
h = (Q−1

h − Rh
2hQ

−1
2h (Rh

2h)
>) + Rh

2hĤ
−1
2h (Rh

2h)
>.

The matrixRh
2hĤ

−1
2h (Rh

2h)
> is symmetric and positive definite. SinceQ2h = (Rh

2h)
>QhR

h
2h,

one has

(Q−1
h − Rh

2hQ
−1
2h (Rh

2h)
>)Qh(Q

−1
h − Rh

2hQ
−1
2h (Rh

2h)
>) = Q−1

h −Rh
2hQ

−1
2h (Rh

2h)
>.

Therefore,Q−1
h − Rh

2hQ
−1
2h (Rh

2h)
> is also symmetric and positive definite. 2

The2−level preconditioner defined with aW−cycle is not guaranteed to be positive defi-

nite.

Lemma 4.4.25 The2−level preconditionerP−1
mgH defined with aW−cycle (s = 2) can be

written in matrix form as

(PW2
mgH)−1

h = 2(PV 2
mgH)−1

h − (PV 2
mgH2)

−1
h Hh(P

V 2
mgH)−1

h . (4.57)

Proof: The application of(PW2
mgH2)

−1
h on a vectorgh is given by the following steps.

1. i = 1: uh1 = (PV 2
mgH)−1

h gh.
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2. i = 2:

(a) rh = gh − Hhuh1 = gh − Hh(P
V 2
mgH)−1

h gh.

(b) r2h = Q−1
2h (Rh

2h)
>Qhrh.

(c) u2h = H−1
2h r2h

(d) uh = uh1+rh+Rh
2h(u2h−r2h) =

(
2(PV 2

mgH)−1
h − (PV 2

mgH)−1
h Hh(P

V 2
mgH)−1

h

)
gh.

2

Remark 4.4.6 suggests the substitution ofĤ by H̃ in Algorithm 4.4.21, Algorithm 4.4.23.

This variation of Algorithm 4.4.23 results in a preconditioner that will be denoted by

PmgTH .

Remark 4.4.26 (Cost) The number of reduced Hessian evaluations required for the appli-

cation of the preconditioner defined by Algorithm 4.4.23 is

2L−1∑

k=1

(#CG iterations)k +
(
2L−k eval. at each levelk ≥ 2

)
,

L is the number of levels of the preconditioner. If Algorithm 4.4.23 is applied withs = 1

at the finest level,s = 2 at all other intermediate levels, reduced Hessian evaluations are

totally avoided at the finest level. The cost of Algorithm 4.4.23 with this strategy is

2L−1/2∑

k=1

(#CG iterations)k +
(
2L−k−1 eval. at each level2 ≤ k < L

)
.



Chapter 5

Numerical Results

5.1 1D Example Problems

For all examples introduced in Section 2.3.1, the optimization problem (1.1) is first dis-

cretized by applying piecewise linear finite elements withnx spatial intervals. No SUPG

stabilization is applied. The time–domain decomposition method presented in Chapter 3

is applied to the semi-discretized optimization problem using a uniform partition ofN

subintervals.

The resulting time decomposed optimization problem is discretized in the temporal direc-

tion usingm steps of the backward Euler method for the state equations defined in each

local subdomain, and a trapezoidal rule for the integral term corresponding to each subin-

terval in the objective function. The distributed observation term in the objective function

is discretized using the right rectangle rule.

The number of time stepsm used for the solution of the local state equations is chosen as

m = nt/N , wherent is the number of time steps that are used for the solution of the state

equation (1.1b) defined in the global domain(0, T ).

107
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5.1.1 Gauss–Seidel Based Preconditioners

As seen in Section 4.2.1, the system of optimality conditions of the time–decomposed

optimal control problem given by Theorem 3.2.3 leads to a block tridiagonal linear system

Kx = b, which can be solved by application of the GMRES method, using the Gauss–

Seidel (GS) based preconditioners of Section 4.2.2.

This section illustrates the performance of the GS-based preconditioner for the example

problems given in Section 2.3.1. For the time dependent control examples, we usenx =

100 spatial intervals andnt = 128 time intervals for the discretization. For the problem

of control in the initial condition we usenx = 512 spatial intervals andnt = 256 time

intervals for the discretization. The sizes of the optimality systems corresponding to the

fully discretized problems for the 1D examples for varying number of subdomainsN are

given in Table 5.1. The penalization parameters areκ1 = κ2 = 105 for the time-dependent

control andκ1 = κ2 = 104 for the problem of control in the initial condition. The GMRES

method is applied with the tolerance for the2−norm of the residualtol = 10−12 · ||b||. The

maximum number of iterations allowed for GMRES ismaxit = 800, and the initial guess

is x = 0.

To evaluate the quality of the solutionu obtained by preconditioned GMRES we measure

‖u−u∗|| in L2(0, T ) andL2(0, 1), respectively for the boundary and initial control problems

and inL2(0, T ; L2(0, 1)) for the distributed control problem. The solutionu∗ is computed

by unpreconditioned GMRES on one subdomain at relativetol = 10−12.

The FGS-GMRES and BGS-GMRES methods are known to exhibit significant increases

in the number of iterations as the number of subdomains increases. The FBGS-GMRES

method typically exhibits a modest increase of iterations as the number of subdomains

increases, but the cost of the preconditioner doubles that of the FGS and BGS precondi-

tioners. The FBGS-GMRES method shows significant increase in the number of iterations

for increasing subdomains when it is parallelized. For time–dependent control problems,
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Size of KKT system

N 2 4 8 16 32

Distributed Control 13000 13400 14200 15800 19000

Boundary Control 330 734 1542 3158 6390

Initial Condition Control 1536 3584 7680 15872 32256

Table 5.1: Size of the linear system of optimality conditions corresponding to the fully

discretized1D−example problems.

GMRES iterations Average CG iterations

N 2 4 8 16 32 2 4 8 16 32

FGS-GMRES 6 9 10 11 11 1772 1144 674 408 252

BGS-GMRES 13 13 14 14 15 1954 1291 781 468 279

FBGS-GMRES 6 9 10 10 11 3612 2424 1483 896 532

Table 5.2: Number of GMRES iterations with GS preconditioningand average Number of

CG iterations over all subdomains per GS preconditioner application during GMRES solve

for the 1D Example of Distributed Control (2.22).

one FGS or BGS step requires the solution of a locally defined control problem in each

subdomain (using CG). For problems of control in the initial condition the FGS or BGS

step require a local subdomain control problem solve only in the first subdomain. Typi-

cally the number of CG iterations required for the local control problem solves decreases

as the number of subdomains increases for a fixed globally defined time discretization that

distributes uniformly the number of time steps across subdomains.

For the control problem (2.22), the error with respect to the solutionu∗ computed by unpre-

conditioned GMRES withN = 1 for all subdomain partitions and GS-GMRES methods is

||u − u∗|| = 1.89e − 6. For problems (2.23) and (2.25) the error isO(10−9) −O(10−10).

For the distributed control example, the number of FGS-GMRES and BGS-GMRES itera-

tions increase moderately with the number of subdomains, while for the other two control



110

GMRES iterations Average CG iterations

N 2 4 8 16 32 2 4 8 16 32

FGS-GMRES 6 13 23 41 77 29 22 17 9 5

BGS-GMRES 8 15 27 45 82 29 22 16 9 5

FBGS-GMRES 6 10 13 13 14 71 49 34 17 9

Table 5.3: Number of GMRES iterations with GS preconditioningand average Number of

CG iterations over all subdomains per GS preconditioner application during GMRES solve

for the 1D Example of Dirichlet Boundary Control (2.23).

GMRES iterations Average CG iterations

N 2 4 8 16 32 2 4 8 16 32

FGS-GMRES 3 8 16 31 63 61 58 55 53 48

BGS-GMRES 5 10 22 42 85 61 57 54 50 44

FBGS-GMRES 3 5 7 9 11 96 95 96 95 92

Table 5.4: Number of GMRES iterations with GS preconditioningand average Number of

CG iterations per GS preconditioner application during GMRES solve for the 1D Example

of Control in Initial Condition (2.25).

II I I I I II I I I I I 



111

problems, the number of FGS-GMRES and BGS-GMRES iterations roughly doubles as

the number of subdomains increases by a factor of two. The increase in the number of

FBGS-GMRES iterations is moderate in all examples, but the cost of preconditioning dou-

bles that of the FGS and BGS preconditioner, as the count of average CG iterations per

preconditioner application indicates. For the distributed control example, the FBGS pre-

conditioner has no advantages compared to the FGS preconditioner. There is a significant

difference between the number of FGS-GMRES and BGS-GMRES iterations for the prob-

lem of control in the initial condition. This difference is expected due to the fact that the

BGS preconditioner has no information about the control in all interface variable updates

(the ‘ȳ’ and ‘p̄’ variables) until it reaches the first subdomain.

The largest average number of CG iterations required for solving the local optimal con-

trol subproblem(s) is much larger for the distributed control example than for the other

examples. In all examples, the average number of CG iterations per subdomain decreases

with increasing number of subdomains. This reduction with respect to increasing subdo-

mains does not appear to be significant for the problem of control in the initial condition,

especially for the FBGS preconditioner.

5.1.2 Reduced Hessian Multigrid Preconditioner for CG

In Section 4.4 we have presented a factorization–based preconditioner for the solution of

the system of optimality conditions of the time–decomposed optimal control problem (3.2).

The factorization (F)-based preconditioner requires subpreconditioners for the ‘forward’

operatorA and for the reduced Hessian̂H.

In Section 4.4.4 we introduced two preconditioners for the reduced Hessian. The ‘scaling’

preconditionerQ, analyzed in Section 2.2.1, may suffice as a preconditioner for the reduced

Hessian for problems with a restricted number of observations or controls. The second pre-

conditionerPmgTH for the reduced Hessian presented in Section 4.4.4 is a modification
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of the multigrid preconditionerPmgH introduced in [30, 31] and applies to optimal control

problems where the control is in the initial conditions. The multigrid preconditioner perfor-

mance is independent of presence or absence of distributed observations and independent

of the size of the space of controls and observations. The difference betweenPmgH and

PmgTH is that the definition ofPmgH involves reduced Hessian evaluations whilePmgTH

uses evaluations of the reduced Hessian–type operatorH̃. The replacement of̂H by H̃ is

motivated by the spectral results for the F-based preconditioned optimality system given in

Section 4.4.2.

The results in Section 4.4.2 indicate that the better the choice of the subpreconditionerP

for the reduced Hessian, the better the F-based preconditioner for the time–decomposed

optimality system will be expected to perform. Moreover, it is found in Section 4.4.2

that choosing a subpreconditioner forH̃ instead of the reduced Hessian can improve the

performance of theF−based preconditioner. Thus, observing the numerical behavior of

PmgTH becomes particularly relevant, as it is a preconditioner formulated for the operator

H̃.

The multigrid preconditioner is defined for a spatial gridsizeh in the space of controls

Rnh with the inner product〈vh,wh〉 = vT
h Qhwh. It is consequently applied to the repre-

sentation of the reduced Hessian in that inner product space, given byQ−1
h Ĥh (see Sec-

tion 4.4.4.2). We thus consider the solution of the reduced Hessian system

Q−1
h Ĥhuh = Q−1

h gh. (5.1)

corresponding to the model control problem (1.3) using the Conjugate Gradient (CG)

method defined in the space of controls with the inner product〈vh,wh〉 = vT
h Qhwh. The

method of solving the reduced Hessian system (5.1) using preconditioned CG with the

multigrid preconditionerPmgTH will be called MGW-CG. The CG algorithm implemented

with theQh-inner product requires the multigrid preconditionerPmgTH to be symmetric

and positive definite (SPD) in the space of controls defined with theQh-inner product. This

is equivalent to the condition thatQhPmgTH is SPD. Note thatP−1
mgTHQ−1

h is SPD if and
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only if QhPmgTH is SPD.

The multigrid preconditionerPmgTH defined forL levels is chosen to execute aW−cycle

at all levels1 < l < L and aV −cycle (s = 1 in Algorithm 4.4.23) at the finest level

L. At the coarsest gridh1, the linear system with coefficient matrix(H̃)h1
is solved using

CG with the inner product defined by(Q)h1
. In Section 4.4.4.2 it is seen thatPmgTH is

symmetric with respect to the inner product defined byQh. However, while theV −cycle

multigrid preconditioner is positive definite in the control space with theQh−inner prod-

uct, for the multigrid preconditioner defined with aW−cycle positive definiteness of the

preconditioner is not always guaranteed. Nevertheless, for our problem it is possible to

choose the penalization parametersκ1, κ2 and the size of the coarsest gridh1 so thatPmgH

is SPD in theQh−inner product space of controls. In the numerical results below we ensure

that this condition is true by verifying that for the chosen values ofκ1, κ2, h1 the computed

eigenvalues ofP−1
mgHQ−1

h are positive.

It is useful to compare the multigrid preconditionerPmgTH to the scaling preconditioner

Qh as a preconditioner for the reduced Hessian, as if the multigrid preconditioner performs

better it will be expected to perform better as well as a subpreconditioner for the factor-

ization based preconditioner defined in Section 4.4 for the time–decomposed optimization

problem (3.2).

In Section 4.4.4, the scaling has been presented as a preconditioner for the reduced Hessian

Ĥh defined in the Euclidean inner product space of controls. Recall from (4.4.17) that

solving the system

Ĥhuh = gh. (5.2)

with preconditionerQh using CG defined with the Euclidean inner product is equivalent to

solving (5.1) using CG implemented with theQh-inner product. We will therefore identify

the results associated to the unpreconditioned CG method with the inner product defined

by Qh for the solution of system (5.1) with the results that we would obtain by applying
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the preconditionerQh to the system (5.2) with CG defined in the Euclidean inner product.

The method of solving the system (5.2) using preconditioned CG with the Euclidean inner

product with preconditionerQh will be calledQh − CG.

The numerical experiments of this section are applied to the 1D test problem of control in

the initial condition specified in Section 2.3.1.3. In Section 5.1.2.1 and Section 5.1.2.2 we

illustrate the numerical performance of the multigrid preconditioner for increasing num-

ber of levels and for increasing size of the penalization parameters. The section explores

numerically the effect of the choice of the coarsest gridh1 relative to the size of the ratio

T/κ2 motivated by the theoretical results about the quality of the preconditioner presented

in Section 4.4.4.2. In 5.1.2.4, we experiment with coarser spatial discretizations in the

finest level and allowing the time discretization to be coarsened within the preconditioner

application. We investigate whether the multigrid preconditioner can produce good results

for coarser spatial discretizations. Recall from Section 4.4.4.2 that the derivation of the

preconditioner uses spectral properties of the reduced Hessian corresponding to an associ-

ated infinite dimensional problem. Thus the preconditioner is expected to perform better at

finer discretizations. We experiment if the time grid can be coarsened at each level without

important changes in the preconditioner performance because if this is the case, we can re-

duce the cost of evaluating the operatorH̃ during the preconditioner application (including

theH̃-evaluations required by CG to solve the system at the coarsest level).

In Section 5.1.2.5 the performance of the multigrid preconditioner defined withH̃ eval-

uations is compared with that of the preconditioner originally formulated using reduced

Hessian evaluations for increasing number of subdomains.

The Conjugate Gradient method (with or without preconditioner) for the solution of (5.1)

with theQh inner product is implemented to terminate if the following condition holds.

||Q−1
h gh −Q−1

h Ĥhu
k
h||Qh

||Q−1
h gh||Qh

< tol = 10−8 or k = maxit = 400.

The linear system at the coarsest grid level is solved to relativetol = eps using CG with the
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inner product defined byQ(h1). The CG method at the coarsest level will be called ‘inner

CG’, or ‘InCG’ in the numerical results below.

The parametersnt, nx denote the number of time and spatial steps, respectively, for the

discretization of (2.25). The spatial gridsize is given byh = 1/nx. The coarsest gridsize is

denoted byh1. Unless stated otherwise,nt = 256, κ1 = κ2 = 104 andN = 4.

The quality of the solutionu obtained by MGW-CG is measured by the quantity‖u −

u∗||L2(0,1), whereu∗ is the solution computed by unpreconditioned CG on the inner product

space defined byQh for solving (5.1) at relativetol = eps.

5.1.2.1 Varying the number of levels in the preconditioner

In Section 4.4.4.2 it was seen that the theoretical results concerning the quality of the multi-

grid preconditioner depend on the size of the coarsest grid relative to the size of the ratio

T/κ2. In this section we explore numerically the quality of the preconditioner by increas-

ing number of levels, thereby varying the size of the coarsest grid. The finest grid with

nx = 512 spatial intervals is fixed and the multigrid preconditionerPmgTH is defined for

2 to 5 levels. The penalization parameters are chosen asκ1 = κ2 = 102 to guarantee that

P−1
mgTHQ−1 is SPD for all levels.

The solution of (5.2) with preconditionerQh using CG with the Euclidean inner product

and tol = 10−8 requires20 iterations. The reference solutionu∗ of (5.1) is obtained by

unpreconditioned CG attol = eps.

Table 5.5 summarizes work involved in the evaluation of the preconditioner and accuracy

of the solution delivered by MGW-CG. For all levels, the error‖u − u∗‖ = O(10−6) −

O(10−7).

The number of iterations increases modestly for increasing number of levels but clearly

deteriorates for the5 level preconditioner. Although the conditionh2
1 < T/κ2 is satisfied
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Num Levels MGW-CG iter Sys. sizeh = h1 Num. calls InCG Ave InCG

2 6 256 6 42

3 8 128 16 42

4 9 64 36 42

5 17 32 136 41

Table 5.5: Total MGW-CG iterations for solving the scaled reduced Hessian system, sys-

tem size of the problem in the coarsest grid, number of calls to InCG, and average number

of InCG iterations over the total number of calls to InCG for varying levels of the precon-

ditioner.

for the5 level preconditioner the behavior of the preconditioner indicates that one rather

hash2
1 ≈ CT/κ2 for the unknown problem dependent constantC. If the penalization

parameters areκ1 = κ2 = 10, MGW-CG will converge with the5 level preconditioner

PmgTH in 5 iterations.
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5.1.2.2 Increasing the penalization parameters of the problem

This section complements Section 5.1.2.1 in that we investigate the dependence of the

quality of the preconditioner with respect to the choice of the coarsest grid relative to the

ratio T/κ2. In this section, we fix the number of levels to2 and the finest grid tonx =

512 spatial subintervals, and observe how the2−level preconditioner performs asκ1 =

κ2 increases. For the case whereκ1 = 0 andκ2 increases the preconditioner performs

similarly.

For2 levels, theV -cycle the multigrid preconditionerP−1
mgTHQ−1 is symmetric and positive

definite independently of the size of the coarsest grid relative to the size of the penalization

parameters. Thus, unlike the experiments in Section 5.1.2.1 the choice of penalization

parameters is not limited by the condition that the preconditioner is SPD. The penalization

parameters increase by factors of ten from102 to106. The error in the solution computed by

MGW-CG for the chosen penalization parameters is in the range ofO(10−7) toO(10−9).

Table 5.6 shows a modest increase in the number of CG iterations as the penalization pa-

rameters increase when using the multigrid preconditioner with2 levels. Forκ1 = κ2 = 106

the conditionh2
1 < CT/κ2 is not satisfied ifC = 1 is assumed but there is no significant

increase in the number of CG iterations.

5.1.2.3 Effect of coarsening the finest grid in performance of MGW-CG

In this section we experiment with coarser discretizations at the finest level. For this ex-

periment, the number of spatial intervals in the finest grid varies. That is, the optimization

problem (2.25) is discretized in space usingnx = 1024, 512, 256 spatial subintervals. The

multigrid preconditioner is defined at2 levels.

For fixednx, the solutionu∗ obtained by preconditioned CG is compared to that obtained

with unpreconditioned CG. The reference solution is computed for the reduced Hessian
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κ1 = κ2 Qh-CG iter M GW-CG iter Sys. sizeh = h1 Num. calls InCG Ave InCG

102 21 6 256 6 39

103 25 7 256 7 50

104 25 8 256 8 52

105 25 9 256 9 51

106 25 10 256 10 52

Table 5.6: Total MGW-CG iterations for solving the scaled reduced Hessian system, sys-

tem size of the problem in the coarsest grid, number of calls to InCG, and average number

of InCG iterations over the total number of calls to InCG for increasing penalization pa-

rametersκ1 = κ2. Multigrid preconditioner has2 levels.

n
fine
x MGW-CG iter Sys. sizeh = h1 Num. calls InCG Ave InCG

1024 7 512 7 51

512 8 256 8 52

256 9 128 9 51

Table 5.7: Total MGW-CG iterations for solving the reduced Hessian system, system size

of the problem in the coarsest grid, number of calls to InCG, and average number of InCG

iterations over the total number of calls to InCG for varying gridsize of the finest grid.

system arising from each chosen spatial discretization.

Table 5.7 summarizes work involved in the evaluation of the preconditioner and accuracy

of the solution given by MGW-CG. The accuracy of the solution is in the rangeO(10−6)−

O(10−8) for the chosen discretizations. Similarly to the number of unpreconditioned CG

iterations, the number of CG iterations using the multigrid preconditioner does not increase

substantially for increasingly coarser gridsize.
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nx nt = 512 nt = 256 nt = 128

1024 69 53 40

512 68 52 40

256 67 53 40

Table 5.8: Number of Unprec-CG iterations for varying spatialand time gridsizes.

5.1.2.4 Coarsening both space and time grid in the multigrid preconditioner

For this experiment, the multigrid preconditioner is defined at2 levels and modified to

coarsen the time grid at the same rate as the spatial grid.

We experiment with the preconditioner for varying time and spatial discretizations of the

problem. The objective is to see how the time discretization affects the preconditioner

performance. The finest grid is defined atnx = 1024, 512, 256 spatial intervals andnt =

512, 256, 128 time intervals. The number of CG iterations required for the solution of the

reduced Hessian system for varying gridsizes is given in Table 5.8. The number of iterations

of the unpreconditioned method tends to increase for finer time discretizations and appears

independent of the spatial discretization.

Table 5.9 summarizes the work involved in the evaluation of the preconditioner and accu-

racy of the solution given by MGW-CG. There is a very moderate increase in the number of

CG iterations with the2−level multigrid preconditioner for increasingly coarser gridsizes

both in the temporal and spatial direction for the chosen discretizations.

5.1.2.5 Substitution ofĤ by H̃ in MGW-CG

The purpose of the experiment in this section is to compare numerically the performance of

the multigrid preconditioner defined with reduced Hessian evaluations with respect to the

multigrid preconditioner defined using evaluations ofH̃h. At the same time the experiment
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nt = 512 MGW-CG iter Sys. sizeh = h1 Num. calls InCG Ave InCG

nx = 1024 11 512 11 55

nx = 512 12 256 12 55

nx = 256 14 128 14 55

nt = 256 MGW-CG iter Sys. sizeh = h1 Num. calls InCG Ave InCG

nx = 1024 13 512 13 42

nx = 512 14 256 14 42

nx = 256 15 128 15 42

nt = 128 MGW-CG iter Sys. sizeh = h1 Num. calls InCG Ave InCG

nx = 1024 14 512 14 31

nx = 512 15 256 15 31

nx = 256 17 128 17 31

Table 5.9: Total MGW-CG iterations for solving the reduced Hessian system, system size

of the problem in the coarsest grid, number of calls to InCG, and average number of InCG

iterations over the total number of calls to InCG for varying spatial and time discretization

gridsizes.2−level multigrid preconditioner defined with time coarsening at same rate as

the spatial grid coarsening.
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illustrates the performance of the preconditioner for varying number of subdomains. We

recall that the reduced Hessian type operatorH̃h is defined aŝHh with A replaced byÃ

(see Section 4.4.3.1 and (4.29)). The definition of the operatorH̃h therefore depends on the

number of subdomains. IfN = 2, H̃h = Ĥh. The reduced Hessian of the time decomposed

problem is the Hessian of the optimization problem defined forN = 1. Thus, the reduced

Hessian spectrum does not depend on the chosen subdomain partition.

We show experiments for the2 and3−level multigrid preconditioners, with the finest grid

fixed onnx = 512 spatial intervals and varying the number of subdomains. The time

grid is fixed tont = 256. To compare the2−level with the3−level preconditioner with

κ1 = κ2 = 102 and varying number of subdomains. The choice of the penalization param-

eters guarantees that the3− level preconditioner is symmetric and positive definite for the

chosen discretization. As before, the positive definiteness has been verified numerically by

computing the eigenvalues ofP−1
mgTHQ−1.

Table 5.10-Table 5.11 summarize the number of iterations of MGW-CG and work involved

in the evaluation of the preconditioner with the2 and3 level preconditioners defined using

H̃ evaluations. The number of CG iterations increases very slightly with increasing num-

ber of subdomainsN . The number of iterations is larger for the3−level preconditioner,

but the system at the coarsest grid is half the size of that of the2−level preconditioner.

The coarsest grid problem is solved in the same amount of InCG iterations, but the3−level

preconditioner solves the coarsest grid problem twice per iteration while the2−level pre-

conditioner solved the coarsest grid problem once. The error in the solution obtained by

the2−level preconditioner isO(10−7) −O(10−8) while the error of the solution obtained

by the3−level preconditioner isO(10−6).

In Table 5.12, Table 5.13 we show the performance of the multigrid preconditioners defined

with reduced Hessian evaluations. The magnitude of the error in the solution obtained

with the multigrid preconditioner defined with reduced Hessian evaluations is essentially

the same as that of the solution obtained by the multigrid preconditioner defined withH̃
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N MGW-CG iter Sys. sizeh = h1 Num. calls InCG Ave InCG

2 4 256 4 40

4 6 256 6 39

8 7 256 7 38

16 8 256 8 37

32 9 256 9 38

Table 5.10: Total MGW-CG iterations for solving the reduced Hessian system, system size

of the problem in the coarsest grid, number of calls to InCG, and average number of InCG

iterations over the total number of calls to InCG for varying number of subdomains.2 level

multigrid preconditioner preconditions̃H.

evaluations for this problem.

5.1.3 Factorization–Based Preconditioner

In Chapter 3 it was seen that the system of optimality conditions of the time–decomposed

optimal control problem (3.2) can be written as a symmetric, indefinite linear systemKx =

b (equation (3.15)), which can be solved by a preconditioned Krylov subspace method. In

Section 4.4 we presented a preconditioner forK based on the exact factorization ofK, and

analyzed the spectrum and diagonalizibility of the preconditioned optimality system. The

factorization-based (F-based) preconditioner requires subpreconditioners for the ‘forward’

operatorA and for the reduced Hessian̂H. The preconditioner for the forward operator

arises from the “parareal” algorithm (see Section 4.4.3.2). Two subpreconditioners for the

reduced Hessian were presented in Section 4.4.4.

In this section we relate the spectral results developed for the preconditioned optimality

system to numerical observations.

We evaluate how theF−based preconditioner performs relative to the choice of the subpre-
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N MGW-CG iter Sys. sizeh = h1 Num. calls InCG Ave InCG

2 6 128 12 41

4 8 128 16 41

8 8 128 16 39

16 9 128 18 39

32 10 128 20 39

Table 5.11: Total MGW-CG iterations for solving the reduced Hessian system, system size

of the problem in the coarsest grid, number of calls to InCG, and average number of InCG

iterations over the total number of calls to InCG for varying number of subdomains.3 level

multigrid preconditioner preconditions̃H.

N MGW-CG iter Sys. sizeh = h1 Num. calls InCG Ave InCG

2 4 256 4 40

4 4 256 4 41

8 4 256 4 41

16 4 256 4 40

32 4 256 4 40

Table 5.12: Total MGW-CG iterations for solving the reduced Hessian system, system size

of the problem in the coarsest grid, number of calls to InCG, and average number of InCG

iterations over the total number of calls to InCG for varying number of subdomains.2 level

multigrid preconditioner preconditionŝH.
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N MGW-CG iter Sys. sizeh = h1 Num. calls InCG Ave InCG

2 6 128 12 41

4 6 128 12 41

8 6 128 12 41

16 6 128 12 41

32 6 128 12 41

Table 5.13: Total MGW-CG iterations for solving the reduced Hessian system, system size

of the problem in the coarsest grid, number of calls to InCG, and average number of InCG

iterations over the total number of calls to InCG for varying number of subdomains.3 level

multigrid preconditioner preconditionŝH.

conditioners for the reduced Hessian. The multigrid subpreconditionersQPmgH , QPmgTH

(see Section 4.4.4.2) for the reduced Hessian of the problem of control in the initial con-

dition are applied with two levels,V −cycle. Recall from Section 4.4.4.2 that the choice

QPmgTH is computationally less expensive than the choiceQPmgH . However, while the

preconditionerPmgH requires reduced Hessian evaluations,PmgTH depends on evaluations

of the reduced Hessian-type operatorH̃ - evaluations that are dependent on the sizeN of the

subdomain partition. It is therefore necessary to evaluate if the subpreconditionerQPmgTH

will cause a deterioration of the performance of theF -based preconditioner over the choice

QPmgH asN is increased. We have seen in Section 5.1.2 that the increase inN does not

seem to compromise the quality ofPmgTH as a preconditioner for the reduced Hessian.

Thus, significant effects in theF−based preconditioner that relate to the dependence of

PmgTH to N are not expected. TheF−based preconditioner performance is also com-

pared to the established Gauss–Seidel preconditioning methods for the time–decomposed

optimality system (see Section 4.2).
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5.1.3.1 Eigenvalues and Diagonalizibility of the Preconditioned System

The numerical results in this section are applied to the example problem of control in the

initial condition (2.25) (Section 2.3.1.3) withN = 4 subdomains in the time–decomposition.

We illustrate the eigenvalue and diagonalizibility results developed in Section 4.4 for the

the preconditioned matrix̃K−1K as well as observe and compare the eigenvalue distribu-

tions obtained for the preconditioned matrix for the two subpreconditioning choices for the

reduced Hessian presented in Section 4.4.4.

Eigenvalues are computed using Matlabeigs. The pseudospectra of the preconditioned

matrix is generated using Eigtool [78].

We consider first the F-based preconditioned optimality system with the scaling subprecon-

ditioner for the reduced Hessian. For the spatial and time discretization of (2.25) we use

nx = 100 andnt = 128 time steps. The size of the time–decomposed optimality system is

700 × 700.

The eigenvalues ofK are depicted in Figure 5.1. There are300 eigenvalues ofK with

negative real part,400 with positive real part. The eigenvalue of smallest magnitude is

λ ≈ −1.73e−4. The unpreconditioned symmetric, indefinite matrixK given by (4.16) has

therefore approximately the same number of positive and negative eigenvalues, as claimed

in Section 4.4.2.

The spectrum of the preconditioned matrixK̃−1K is depicted in Figure 5.1. We can see two

groups of eigenvalues: one aroundλ = 1 where the magnitude of the smallest eigenvalue is

|λ| = 9.20e− 1, and a second group of eigenvalues of magnitudes contained in the interval

[1.57e3, 3.20e5].

We note that the distribution of the eigenvalues in Figure 5.2 resembles the distribution

of the eigenvalues ofP−1
s Ĥ depicted in Figure 5.3. In Section 4.4.2 it was shown that if
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Ã−1A, AÃ−1 are normal, the spectrum of̃K−1K is the union of the spectrum ofAÃ−1

and the spectrum of̂HP−1
s . In the numerical example,̃A 6= A and Ã−1A, AÃ−1 are

not diagonalizable (see Section 4.4.3.2). The spectrum ofAÃ−1 consists of the defective

eigenvalue one. Numerically, the spectrum ofK̃−1K seems to approximateσ(AÃ−1) ∪

σ(ĤP−1
s ) for this problem.

In Lemma 4.4.4,K̃−1K − I is decomposed as the product of two matricesS1, S2. The

eigenvalues of the preconditioned matrix cannot be derived from the eigenvalues of the in-

dividual matrices, but ifS1 ≈ I one would expect the eigenvalues ofK̃−1K− I to be close

to the eigenvalues of the ‘error’-matrixS2. For our chosen subpreconditionerÃ, the eigen-

values ofK̃−1
11K11 are all equal to one (cf. Lemma 4.4.9). Thereforeσ(S2) = σ(P−1

s H̃−I).

Numerically, we see that the eigenvalues in Figure 5.1 are distributed similarly to the eigen-

values in Figure 5.3. Figure 5.3 shows thatH̃ andĤ have essentially the same spectrum.

This fact indicates that one can propose subpreconditioners for the less expensive to evalu-

ate operator̃H instead ofĤ with no changes in theF−based preconditioner performance.

For this example,̃K−1K is a defective matrix, withλ = 1 a defective eigenvalue. The

pseudospectrum of̃K−1K is depicted in Figure 5.4. The pseudospectra does not appear

to ‘wrap around’ the inner part of the cluster of eigenvalues near one asε > 0 is reduced.

However, the Jordan block forλ = 1 does not appear to be too large because the pseu-

dospectrum is not weakly dependent onε > 0. Parametersε < 10−3.5 do not include the

normalization point and can capture the GMRES behavior at later stages of the iteration.
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Figure 5.1: Positive eigenvalues ofK (top) and absolute value of the negative eigenvalues

of K (bottom) inlog10 scale for problem (2.25).
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Figure 5.2: Eigenvalues of̃K−1K for problem (2.25) with scaling subpreconditioner for

the reduced Hessian. Real part is depicted inlog10 scale.
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Figure 5.3: Eigenvalues (inlog10 scale) ofP−1
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We now consider the F-based preconditioned optimality system for problem (2.25) after

time–domain decomposition with the multigrid subpreconditionerQPmgTH for the re-

duced Hessian. We choosenx = nt = 128 spatial and temporal intervals. The size of

the spatial grid has been slightly decreased for convenience in the definition of the pre-

conditioner. As before,N = 4 subdomains are used andκ1 = κ2 = 105. The size of

the time–decomposed optimality system is896× 896. The spectrum of the preconditioned

matrix K̃−1K using the2−level subpreconditioner for the reduced Hessian is depicted in

Figure 5.6. The two clusters have a significantly smaller radius than when the scaling

subpreconditioner is applied. The cluster of larger eigenvalues contains only64 eigen-

values and has a radius of10.9 units. Once again the distribution of the eigenvalues in

Figure 5.6 resembles greatly the distribution of the eigenvalues ofP−1
mgTHQ−1Ĥ depicted

in Figure 5.3.

With this subpreconditioner for the reduced HessianK̃−1K is once again a defective ma-

trix, with λ = 1 a defective eigenvalue.
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5.1.3.2 F−based Preconditioner for the KKT System

In this section, theF−based preconditioner to the example problems of Section 2.3.1 and

the numerical results compared to those obtained by the GS-based preconditioners in Sec-

tion 5.1.1. For the time dependent control problems, we usenx = 100 spatial intervals

andnt = 128 time intervals for the discretization. For the problem of control in the initial

condition we usenx = 512 spatial andnt = 256 time intervals.

The sizes of the optimality systems corresponding to the fully discretized problems for the

1D examples are given in Table 5.1. The penalization parameters areκ1 = κ2 = 105

for the time dependent control examples andκ1 = κ2 = 104 for the problem of control

in the initial condition. Full distributed and final time observations are available in these

experiments (i. e.C = CT = I).

The preconditioned GMRES method is applied for the solution of the optimality system

with tolerancetol = 10−12 for the ratio of the2−norm of the preconditioned residual over

the2−norm of the preconditioned initial residual. The maximum number of iterations for

GMRES ismaxit = 800, and the initial guess isx = 0. For the time–dependent control

problems, the scaling subpreconditioner is used for the reduced Hessian. Note that since

full observations are available and a distributed observation term is present (κ1 > 0), the

spectral bound given in Section 2.2.1 for the number of eigenvalues different from one of

the preconditioned reduced Hessian for these problems does not apply. For the problem

of control in the initial conditions, both the scaling and the multigrid subpreconditioners

are used. The multigrid preconditioner is chosen at2 levels. For the chosen discretization,

the problem at the coarsest grid has256 variables and is solved using CG with theQ-inner

product at relative tolerancetol = eps. The CG method at the coarsest level will be called

‘InCG’,

The error in the control solution is measured with respect to the solutionu∗ computed by

unpreconditioned GMRES at relativetol = 10−12. The error||u − u∗|| is approximated in
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N 2 4 8 16 32

Distributed Control 305 645 >800 >800 636

Boundary Control 61 84 172 109 188

Table 5.14: 1D Distributed Control problem (2.22) and 1D Dirichlet Boundary Control

problem (2.22). Number of Preconditioned GMRES iterations. Preconditioner: Factoriza-

tion based, scaling subpreconditioner for the reduced Hessian.

the norm defined by the spacesL2(0, T ) andL2(0, 1), respectively for the boundary and

initial control problems, and in the norm defined inL2(0, T ; L2(0, 1)) for the distributed

control problem.

Table 5.14 shows the performance of theF−based preconditioner with scaling subprecon-

ditioner for the reduced Hessian for the distributed control (2.22) and boundary control

problems (2.23). The error in the control solution for (2.22) isO(10−6). For the boundary

control problem (2.23) the error isO(10−9) − O(10−10). The GS-based preconditioners

are superior for these problems in terms of number of GMRES iterations (see Table 5.2,

Table 5.3). However, the GS preconditioner requires solving sequentially a control sub-

problem in each subdomain. For the distributed control problem, each control subproblem

takes roughly between250 and1800 CG iterations. TheF−based preconditioner is mostly

parallel except for the application of the subpreconditionerÃ which is very inexpensive to

apply. While iterations increase for the GS-preconditioners as the number of subdomains

increases, for theF−based preconditioner this is not necessarily the case.

Table 5.15 shows the performance of theF−based preconditioner for the problem of con-

trol in the initial condition, with the scaling and with the multigrid subpreconditioners for

the reduced Hessian. The choice of the multigrid subpreconditioner for the reduced Hes-

sian reduces roughly by half of the number of preconditioned Krylov subspace iterations

for the solution of the optimality system compared to the choice of the scaling subprecon-

ditioner. The substitution of̃H by Ĥ in the definition of the2−level preconditioner does
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N 2 4 8 16 32

F-Ps-GMRES iter 28 47 60 62 60

F-PmgTH-GMRES iter 9 21 35 38 34

Num. calls InCG 10 22 36 39 35

Ave InCG 56 51 52 52 52

F-PmgH -GMRES iter 9 23 35 38 34

Num. calls InCG 10 24 36 39 35

Ave InCG 56 52 52 52 52

Table 5.15: 1D problem of control in the Initial Condition, (2.25). Number of Precondi-

tioned GMRES iterations. For the multigrid subpreconditioners, number of calls to InCG

and average number of InCG iterations over the total number of calls to InCG during pre-

conditioned GMRES solve. Preconditioner: Factorization based, scaling subpreconditioner

and2-level multigrid subpreconditioners for the reduced Hessian defined with reduced Hes-

sian evaluations and with̃H evaluations.

not affect the performance of theF−based preconditioner. The error in the control solution

is O(10−7) − O(10−8) when the scaling subpreconditioner is applied. With the multigrid

subpreconditioners, the error isO(10−9). The magnitude of the error in the solution when

the multigrid subpreconditioners are used is similar to that obtained by application of the

GS-based preconditioners. In general the number of GMRES iterations with the GS-based

preconditioners is smaller than with theF−based preconditioner. The independence of

the number of preconditionedF−GMRES iterations with respect to increase in the num-

ber of subdomains becomes more apparent as the number of subdomains increases. The

number of iterations of the GS-GMRES method seem to increase linearly for increasing

subdomains.

II I I I I I 
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5.2 2D Example Problems

For the examples introduced in Section 2.3.2 the spatial domainΩ of the optimization

problem (1.1) is discretized by applying piecewise linear finite elements, with the SUPG

stabilization method [25]. Regular mesh refinement is used to generate increasingly finer

spatial meshes when the multigrid subpreconditioner is used for the factorization–based

preconditioner applied to the KKT system after time–domain decomposition.

The time–domain decomposition method presented in Chapter 3 is applied to the semi-

discretized optimization problem using a uniform partition ofN subintervals. The result-

ing time decomposed optimization problem is discretized in the temporal direction using

m steps of the backward Euler method for the state equations defined in each local subdo-

main, and a trapezoidal rule for the integral term corresponding to each subinterval in the

objective function. The distributed observation term in the objective function is discretized

using the right rectangle rule.

The number of time stepsm used for the solution of the local state equations is chosen as

m = nt/N , wherent is the number of time steps that are used for the solution of the state

equation (1.1b) defined in the global domain(0, T ).

5.2.1 Gauss–Seidel Based Preconditioners

This section illustrates the numerical performance of the GS-based preconditioner for the

2-D example problems given in Section 2.3.2.

Problem (2.27) is discretized with a spatial grid of1052 nodes, with a time grid ofnt = 256

time steps. The penalization parameters areκ1 = κ2 = 103.

Problem (2.31) is discretized with a spatial grid of966 nodes and1564 triangles. The time

grid defined for the global domain hasnt = 1280 time steps, the penalization parameters
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Size of KKT system

N 2 4 8 16 32

Problem (2.27) 3168 7392 15840 32736 66528

Problem (2.31) 2754 6426 13770 28458 57834

Table 5.16: Size of the linear system of optimality conditionscorresponding to the fully

discretized2D−examples of control in the initial condition (2.31) and (2.27).

areκ1 = κ2 = 105.

The GMRES method is applied with the tolerance for the2−norm of the residualtol =

10−10 · ||b||. The maximum number of iterations allowed for GMRES ismaxit = 400,

and the initial guess isx = 0. Table 5.16 shows the size of the preconditioned optimality

systems for varying number of subdomains. The maximum number of iterations allowed

for CG to solve the local optimal control problem in the first subdomain ismaxit = 2000.

The local subproblem is solved to the same relative residual tolerance as the GMRES it-

eration. The solution of the preconditioned system with the BGS-preconditioner for the

2 − Dproblems is substantially more expensive to compute than the other two precondi-

tioners in terms of number of GMRES iterations and total computing time. The numerical

results for this preconditioner are therefore omitted.

In the experiments for both problems, the distributed and final time observations are avail-

able at all nodes in the discretization. The solution of the optimization problems in the

global domain (i. e. forN = 1) is not available due to computational limitations. We there-

fore measure the discrepancy in theL2−norm of the solution at a given subdomain with

the solutions obtained at the other subdomains.

In Table 5.17 we see that for problem (2.27) the FGS-GMRES method doubles iterations

when the number of subdomains is doubled, while for the FBGS-GMRES method the

increase in GMRES iterations is very modest. The average number of CG iterations for

solving the optimal control problem in the first subdomain decreases for increasingN .

I 
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GMRES iterations Average CG iterations

N 2 4 8 16 32 2 4 8 16 32

FGS-GMRES 5 11 22 45 90 155 148 133 113 92

FBGS-GMRES 5 7 10 14 18 314 303 275 236 192

Table 5.17: Number of GMRES iterations with GS preconditioning and average Number

of CG iterations on the first subdomain per GS preconditioner application during GMRES

solve for the 2D Example of Control in the Initial Condition (2.27).

mink
||UN−Uk||

||Uk||
maxk

||UN−Uk||
||Uk||

N FGS-GMRES FBGS-GMRES FGS-GMRES FBGS-GMRES

2 2.69e-9 2.10e-11 3.23e-9 7.03e-11

4 2.04e-9 2.27e-11 2.69e-9 7.54e-11

8 1.04e-9 2.40e-11 3.23e-9 7.62e-11

16 8.08e-10 2.10e-11 2.92e-9 7.17e-11

32 8.07e-10 7.03e-11 2.92e-9 7.62e-11

Table 5.18: Max/min relative error of solutionUN obtained by GS-GMRES withN subdo-

mains with respect to solutionUk computed withk subdomains,N, k ∈ {2, 4, 8, 16, 32},

using GS-GMRES, in theL2(Ω) norm. 2D Example of Control in Initial Condition (2.27).

The solutions obtained for different subdomain partitions are more ‘alike’ when using the

FBGS-GMRES method.

For problem (2.31), similar observations as those for problem (2.27) hold regarding the

increase in the number of GS-GMRES iterations for increasing subdomains, and the re-

duction of CG iterations for solving the local subproblem for increasing subdomains. The

error between solutions obtained by the FBGS-GMRES method for different subdomain

partitions is similar to that of the FGS-GMRES method. See Table 5.19 and Table 5.20.



141

GMRES iterations Average CG iterations

N 2 4 8 16 32 2 4 8 16 32

FGS-GMRES 4 9 18 37 90 265 210 161 119 92

FBGS-GMRES 4 8 12 19 28 573 456 356 270 202

Table 5.19: Number of GMRES iterations with GS preconditioning and average Number

of CG iterations on the first subdomain per GS preconditioner application during GMRES

solve for the 2D Example of Control in the Initial Condition (2.31).

mink
||UN−Uk||

||Uk||
maxk

||UN−Uk||
||Uk||

N FGS-GMRES FBGS-GMRES FGS-GMRES FBGS-GMRES

2 2.37e-6 6.04e-6 1.29e-5 1.10e-5

4 3.35e-6 1.05e-6 1.33e-5 7.09e-5

8 3.35e-6 1.05e-6 1.67e-5 6.04e-6

16 2.37e-6 1.83e-6 1.05e-5 8.92e-6

32 3.79e-6 2.07e-6 1.67e-5 1.10e-5

Table 5.20: Max/min relative error of solutionUN obtained by GS-GMRES withN subdo-

mains with respect to solutionUk computed withk subdomains,N, k ∈ {2, 4, 8, 16, 32},

using GS-GMRES, in theL2(Ω) norm. 2D Example of Control in Initial Condition (2.31).
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5.2.2 Factorization–Based Preconditioner

This section illustrates the numerical performance of the factorization (F)-based precondi-

tioner of Section 4.4 for the example problems in Section 2.3.2. The preconditionersPs,

PmgTH denote the scaling and multigrid preconditioners for the reduced Hessian, respec-

tively, presented in Section 4.4.4. The factorization-based preconditioner with precondi-

tionerP = Pz for the reduced Hessian will be denoted byF − Pz.

As in Section 5.2.1, example (2.27) is discretized with a uniform spatial grid of1056 nodes,

and a time grid ofnt = 256 time steps. Example (2.31) is discretized with a spatial grid

of 983 nodes and a time grid ofnt = 1280 time steps. The penalization parameters for

examples (2.27) and example (2.31) areκ1 = κ2 = 103 andκ1 = κ2 = 105, respectively.

The GMRES method is applied with the tolerance for the2−norm of the residualtol =

10−10 ||b||. The maximum number of iterations allowed for GMRES ismaxit = 400, the

initial guess isx = 0.

Distributed and final time observations are available at all nodes in the discretization. Since

the solution of the problem in the global domain (i. e. forN = 1) is not available we

measure the discrepancy in theL2−norm of the solution at a given subdomain with the

solutions obtained at the other subdomains.

In Table 5.21 we compare the factorization based preconditioner with scaling subprecon-

ditioner Ps for the reduced Hessian to the same preconditioner with the multigrid sub-

preconditionersPmgTH andPmgH for the reduced Hessian for problem (2.27) in terms of

reduction in GMRES iterations.

The number of GMRES iterations is reduced to about half when the multigrid subprecon-

ditioners are used compared to when the scaling subpreconditioner is used as the reduced

Hessian preconditioner. Table 5.23 shows that the results with either multigrid subprecon-

ditioner are almost identical. The error with respect to solutions obtained with different sub-
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N 2 4 8 16 32

F-Ps-GMRES iter 57 98 106 105 96

F-PmgTH -GMRES iter 48 57 66 65 57

Num. calls InCG 49 58 67 66 58

Ave InCG 107 108 108 109 109

F-PmgH-GMRES iter 48 57 66 65 57

Num. calls InCG 49 58 67 66 58

Ave InCG 107 107 108 109 109

Table 5.21: 2D problem of control in the Initial Condition, (2.27). Number of Precondi-

tioned GMRES iterations. For the multigrid subpreconditioners, number of calls to InCG

and average number of InCG iterations over the total number of calls to InCG during pre-

conditioned GMRES solve. Preconditioner: Factorization based, scaling subpreconditioner

and2-level multigrid subpreconditioners for the reduced Hessian defined with reduced Hes-

sian evaluations and with̃H evaluations.

domain partition is about two orders of magnitude smaller when using the F-Pmg-GMRES

methods than when using the F-Ps-GMRES method. The errors among solutions obtained

for different number of subdomains for the F-Pmg-GMRES methods are comparable to

those obtained with the FGS-GMRES method for this problem.

For problem (2.31) only F-Ps-GMRES and F-PmgTH -GMRES are compared. Previous nu-

merical results indicate that there will be no substantial difference between the performance

of F −PmgH−GMRES andF −PmgTH−GMRES.

Table 5.25 shows that the total number of GMRES iterations is substantially larger when

using the F-PmgTH preconditioner than it is with the F-Ps preconditioner. The number

of GMRES iterations is very large compared to the GS-based preconditioning methods.

The performance of the factorization-based preconditioner highly depends on how the sub-

preconditioners for the reduced Hessian reflect the actual properties of this operator. But

II I I I I 
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N mink
||UN−Uk||

||Uk||
maxk

||UN−Uk||
||Uk||

2 1.41e-7 1.48e-6

4 1.41e-7 1.48e-6

8 6.81e-7 1.43e-6

16 1.22e-6 2.30e-6

32 9.92e-7 2.30e-6

Table 5.22: Max/min relative error of solutionUN obtained by F-Ps-GMRES withN sub-

domains with respect to solutionUk computed withk subdomains,N, k ∈ {2, 4, 8, 16, 32},

in theL2(Ω) norm. 2D Example of Control in Initial Condition (2.27).

F-PmgTH-GMRES F-PmgH -GMRES

N mink
||UN−Uk||

||Uk||
maxk

||UN−Uk||
||Uk||

mink
||UN−Uk||

||Uk||
maxk

||UN−Uk||
||Uk||

2 7.56e-9 1.01e-8 7.43e-9 1.12e-8

4 6.99e-9 1.01e-8 7.62e-9 1.12e-8

8 4.86e-9 8.18e-9 4.39e-9 8.17e-9

16 4.15e-9 7.56e-9 3.93e-9 7.64e-9

32 4.15e-9 8.54e-9 3.93e-9 8.64e-9

Table 5.23: Max/min relative error of solutionUN obtained by F-PmgTH -GMRES and

F-PmgH -GMRES withN subdomains with respect to solutionUk computed withk sub-

domains,N, k ∈ {2, 4, 8, 16, 32}, in theL2(Ω) norm. 2D Example of Control in Initial

Condition (2.27).
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N 2 4 8 16 32

F-Ps-GMRES iter 71 168 177 178 135

F-PmgTH -GMRES iter 104 194 196 196 174

Num. calls InCG 105 195 197 198 175

Ave InCG 149 150 151 150 149

Table 5.24: 2D problem of control in the Initial Condition, (2.31). Number of Precondi-

tioned GMRES iterations. For the multigrid subpreconditioners, number of calls to InCG

and average number of InCG iterations over the total number of calls to InCG during pre-

conditioned GMRES solve. Preconditioner: Factorization based, scaling subpreconditioner

and2-level multigrid subpreconditioner for the reduced Hessian defined withH̃ evalua-

tions.

in Section 4.4.4 it can be seen that the scaling subpreconditioner has no information of

the reduced Hessian terms that depend on the penalization parameters, and the multigrid

subpreconditioner assumes that the terms that depend on the penalization parameters have

eigenvalues that tend rapidly to zero. The size of the penalization parametersκ1, κ2 is

two orders of magnitude larger for problem (2.31) than for (2.27) and so it is clear that

the size of these parameters play an important role in the performance of the factorization–

based preconditioner - particularly due to our choice of subpreconditioners for the reduced

Hessian.

In addition, it was seen in Section 4.4.4 that the application of the subpreconditionerPmgTH

requires a reduced Hessian linear system solve in the finest grid (using CG – one reduced

Hessian evaluation per CG iteration) while the application ofPs requires only one typically

sparse linear system solve. To applyPs we can afford to solve the linear system directly

while the direct solve ofPmgTH would require to explicitly form the reduced Hessian

matrix. For these experiments it is therefore much more cost effective to apply the simple

scalingPs than to applyPmgTH . Table 5.25 shows that the discrepancy among the solutions

delivered by F-Ps-GMRES and F-PmgTH-GMRES for varying number of subdomains are

II I I I I 
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F-Ps-GMRES F-PmgTH-GMRES

N mink
||UN−Uk||

||Uk||
maxk

||UN−Uk||
||Uk||

mink
||UN−Uk||

||Uk||
maxk

||UN−Uk||
||Uk||

2 1.40e-2 3.35e-2 4.60e-1 6.20e-1

4 1.30e-2 3.31e-2 1.44e-1 6.12e-1

8 1.30e-2 2.57e-2 1.08e-2 4.86e-1

16 1.35e-2 2.81e-2 1.03e-2 4.78e-1

32 1.35e-2 3.35e-2 1.04e-2 4.71e-1

Table 5.25: Max/min relative error of solutionUN obtained by F-Ps-GMRES and F-

PmgTH-GMRES withN subdomains with respect to solutionUk computed withk sub-

domains,N, k ∈ {2, 4, 8, 16, 32}, in theL2(Ω) norm. 2D Example of Control in Initial

Condition (2.31).

significantly larger than those observed using the GS-based preconditioners.

In Table 5.26 the solutions delivered by F-GMRES are compared to those obtained with

equal number of subdomains by the FGS-GMRES method. Recall that forN = 2, Ã =

A, that is, the subpreconditioner for the forward operator is exact. Although the so-

lutions seem to be substantially different from each other, Figure 5.8 indicates that the

optimal control solutions obtained by FGS-GMRES, FBGS-GMRES,F − Ps−GMRES,

F − PmgTH−GMRES target roughly the same points in the spatial domain.

In Table 5.27 we show the number of F-PmgTH-GMRES iterations and average CG itera-

tions for the reduced Hessian system when problem (2.31) is solved withκ1 = κ2 = 103,

with N = 2, 4, 8 subdomains for the time-decomposed system.

Table 5.28 shows that forN subdomains the discrepancies of the computed optimal control

UN with respect to the controlUk computed using different number of subdomains, as

well as the discrepancy of computed optimal control to the controlUk,GS obtained by FGS-

GMRES is one or two orders of magnitude smaller than when one solves problem (2.31)

with κ1 = κ2 = 105, see Table 5.25 and Table 5.26.



147

F-Ps-GMRES F-PmgTH-GMRES

N mink
||UN−Uk,GS ||

||Uk,GS ||
maxk

||UN−Uk,GS ||

||Uk,GS ||
mink

||UN−Uk,GS ||

||Uk,GS||
maxk

||UN−Uk,GS ||

||Uk,GS ||

2 9.67e-4 9.70e-4 8.23e-1 8.23e-1

4 1.40e-2 1.40e-2 2.01e-1 2.01e-1

8 1.89e-2 1.89e-2 3.57e-1 3.57e-1

16 2.81e-2 2.81e-2 3.67e-1 3.67e-1

32 3.35e-2 3.35e-2 3.76e-1 3.76e-1

Table 5.26: Max/min relative error of solutionUN obtained by F-Ps-GMRES and F-

PmgTH-GMRES with N subdomains with respect to solutionUk computed by FGS-

GMRES withk subdomains,N, k ∈ {2, 4, 8, 16, 32}, in the L2(Ω) norm. 2D Example

of Control in Initial Condition (2.31).

N 2 4 8

F-PmgTH -GMRES iter 163 226 254

Num. calls InCG 164 227 255

Ave InCG 147 147 147

Table 5.27: 2D problem of control in the Initial Condition, (2.31) with κ1 = κ2 = 103.

Number of Preconditioned GMRES iterations, number of calls to InCG and average num-

ber of InCG iterations over the total number of calls to InCG during preconditioned GM-

RES solve. Preconditioner: Factorization based,2-level multigrid subpreconditioner for

the reduced Hessian defined with̃H evaluations.
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F-PmgTH-GMRES F-PmgTH-GMRES

N mink
||UN−Uk||

||Uk||
maxk

||UN−Uk||
||Uk||

mink
||UN−Uk,GS ||

||Uk,GS ||
maxk

||UN−Uk,GS ||

||Uk,GS ||

2 2.00e-2 3.64e-2 7.23e-3 7.33e-3

4 1.66e-2 2.02e-2 2.73e-2 2.73e-2

8 1.67e-2 3.70e-2 4.43e-2 4.43e-2

Table 5.28: Max/min relative error of solutionUN obtained by F-PmgTH-GMRES withN

subdomains with respect to solutionUk computed withk subdomains and max/min relative

error ofUN with respect to solutionUk computed by FGS-GMRES withk subdomains,

N, k ∈ {2, 4, 8}, in theL2(Ω) norm. 2D Example of Control in Initial Condition (2.31).
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Figure 5.8: The optimal control solutions of (2.31) computed by FGS-GMRES, FBGS-

GMRES,F − Ps−GMRES,F − PmgTH−GMRES (from top to bottom),N = 4 subdo-

mains.



Chapter 6

Conclusions and Future Work

This thesis is concerned with addressing the huge storage demands imposed to traditional

iterative methods for the solution of linear quadratic optimal control problems governed by

(semi-)discrete parabolic PDEs. Such methods typically require the storage of the govern-

ing state PDE solution at all times throughout the iteration due to the time coupling of the

state PDE, the adjoint PDE and the gradient equation that form the optimality conditions

of the problem.

Time–domain decomposition methods provide a multiple shooting reformulation of the

optimization problem that avoids the storage of the entire state history. The optimality con-

ditions of the reformulated time–decomposed problem form a linear system in the controls

restricted to local subdomains and auxiliary variables. Permanent storage is only required

for the auxiliary and control variables, while temporary storage is assigned for local state

variables defined in each subdomain as implicit functions of the auxiliary variables. The re-

quired storage allocation is significantly less intensive than the storage of the controls and

the states defined in the global domain. The time decomposition additionally introduces

parallelization in solution algorithms, since the local state and adjoint solves required for

the evaluation of the optimality system can be computed at all subdomains at the same
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time.

This research arises from previous work in [44], where block Gauss-Seidel based precon-

ditioners are introduced for the solution of the time–decomposed optimality system by

preconditioned Krylov subspace methods. The evaluation of the Gauss–Seidel precondi-

tioned optimality system requires the sequential solution of an optimal control problem

defined at each local subdomain. It is found that the parallelization of the Gauss–Seidel

preconditioner leads to a substantial increase in the number of Krylov subspace iterations

for the solution of the preconditioned system.

In this work we investigate a Schur factorization-based preconditioner for the solution of

the time-decomposed optimality system by Krylov subspace methods, introduced in [20]

in a different context. The factorization-based preconditioner requires the ‘user’ to de-

fine approximations to the local state variables as well as a preconditioner for the reduced

Hessian. The local state variable approximations define a preconditioner for the so–called

‘forward operator’. The cost and parallelization of the factorization-based preconditioner

is determined by the cost and parallelization of the ‘user’–defined subpreconditioners. In

this thesis we provide a different derivation of the factorization–based preconditioner for

general KKT systems that leads to new results on the spectrum of the preconditioned KKT

system. Our spectral result does not make assumptions about normality of submatrices and

provide a more accurate description than that of Biros, Ghattas [21] and generalizes the

results in [41]. The spectral analysis of the preconditioned optimality system also shows

that one can substitute the reduced Hessian preconditioner by a preconditioner for a related

operatorH̃. For our time–decomposed problem, the evaluation ofH̃ substitutes some of

the exact state and adjoint solves in the reduced Hessian evaluation by the approximate

solves defined by the preconditioner for the forward operator. The operatorH̃ is therefore

less expensive to evaluate. It is expected that a preconditioner forH̃ will be less expensive

to apply than a preconditioner for the reduced Hessian.

The preconditioner̃A for the forward operatorA is derived from the “parareal” algorithm
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of Maday et. al. , [59] for the solution of initial value problems. The preconditioner appli-

cation is based on replacing the exact sequential, local state solves required to ‘invert’ the

forward operator by approximate, inexpensive state solves on a coarse grid of each subin-

terval. In [59] the preconditioner for the forward operator is used to introduce a higher order

method on a coarse grid for solving the governing state PDE defined in the global domain.

In this thesis, the forward operator preconditioner is used as a subpreconditioner inside the

factorization–based preconditioner. We provide bounds for‖Ã−1A− I‖2, ‖Ã−1 −A−1‖2

when the forward operator and its preconditioner are defined by a time–integration scheme

used in practice that can be introduced into the analysis of the factorization–based precon-

ditioner. It is additionally shown in this work that the preconditioned forward operator is

defective and that this property ‘carries on’ to sub-blocks of the preconditioned KKT sys-

tem. In our numerical experiments, the preconditioned KKT operator is defective. This

property appears to be independent of the choice of the subpreconditioner for the reduced

Hessian. More insight as of how this property affects the performance of the preconditioned

GMRES method and how the ‘defective block’ should be resolved to speed up GMRES for

our problem is left for future work.

In this thesis we propose two preconditioners for the reduced Hessian. The first precondi-

tioner arises from the analysis of the spectrum of the reduced Hessian, which shows that

a simple ‘scaling’ for the reduced Hessian operator may suffice as a preconditioner for a

special class of control problems that have a small number of observations or controls.

The second preconditioner is a modification of the multigrid preconditioner given in [30,

31] for the reduced Hessian of problems where the control is in the initial conditions. The

preconditioner does not depend on the size of the observation or control space. Based on

our spectral analysis of the preconditioned KKT system, we substitute the reduced Hessian

evaluations required for the application of the preconditioner in [30, 31] by evaluations of

the related operator̃H. The substitution reduces the cost of the preconditioner application

without affecting the numerical performance of the multigrid preconditioner as a subpre-
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conditioner of the factorization–based preconditioner for the time–decomposed optimality

system. The evaluation of̃H can be partially parallelized. We show that reduced Hessian

evaluations can also be partially parallelized by adopting the ‘time–decomposed’ form of

the reduced Hessian.

The application of the multigrid preconditioner requires solving2L−1 positive definite sys-

tems with the operator̃H defined at the coarsest spatial discretization grid (using CG),

whereL is the number of grid levels chosen for the preconditioner. In [30, 31] it is shown

that the quality of the multigrid preconditioner as a preconditioner for the reduced Hessian

is dependent on the choice of the spatial discretization gridsize at the coarsest level relative

to the time horizon and penalization parameters of the optimization problem. The theoret-

ical results in [30, 31] depend, however, on constants that cannot be computed in practice

to obtain an ‘a priori’ evaluation of how the preconditioner is expected to perform. Addi-

tionally,V − cycle multigrid preconditioners are positive definite, this is not necessarily the

case for theW−cycle multigrid preconditioners. The positive definiteness of theW−cycle

preconditioner depends on the choice of the spatial discretization gridsize at the coarsest

level relative to the time horizon and penalization parameters of the optimization prob-

lem. In our numerical experiments, the reduction of the number of preconditioned Krylov

subspace iterations of the factorization–based preconditioner with multigrid subprecondi-

tioner compared to the factorization–based preconditioner with scaling subpreconditioner

does not compensate the cost of the multigrid preconditioner application. The dependence

of the preconditioner performance on the choice of the coarsest gridsize relative to prob-

lem parameters therefore needs further investigation to gain further understanding of how

these choices affect the overall performance of the factorization–based preconditioner and

propose an improved multigrid subpreconditioner.

The time–domain decomposition method in Chapter 3 leads to a linear system in the aux-

iliary state and adjoint variables defined at time–domain interfaces and the local control

variables. For distributed control problems, the storage of the control variables is as ex-
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pensive as storing the entire state solution in the global domain, unless the control space is

restricted to a subregion of the spatial domain. For these problems, the time–domain de-

composition method outlined in Section 4.3 becomes particularly suitable. The method in

Section 4.3 leads to a linear system in the auxiliary variables only. The local states, adjoints

and controls are defined as implicit functions of the auxiliary variables through a locally

defined optimality system. It is assumed that enough temporary storage is available for the

locally defined states, adjoints and control functions.

Gauss–Seidel (GS) preconditioners have been defined for the solution of the system of aux-

iliary variables by Krylov subspace methods in [28]. These preconditioners lead to essen-

tially the same results as the Gauss–Seidel preconditioners for the optimality conditions of

the time–decomposed problem defined in Chapter 3. Thus, the Forward and Backward GS

preconditioners admit a parallelization with no significant increase in the number of Krylov

subspace iterations, but do not lead to the dramatic reductions in the number of Krylov sub-

space iterations exhibited by the (non-parallel) Forward–Backward GS preconditioner. The

number of Krylov subspace iterations significantly increase when the Forward–Backward

GS preconditioner is parallelized. The application of the Forward or Backward GS precon-

ditioners require the solution of an optimality system defined in each local subdomain. The

cost of applying the Forward–Backward GS preconditioner doubles that of the Forward

and Backward GS preconditioners.

In [23], Borzı̀ eliminates the control variables of the optimality conditions of a distributed

optimal control problem by expressing the control as an implicit function of the states and

adjoints through the solution of the gradient equation. A multigrid preconditioner is then

formulated for the linear system in the state and adjoint variables. The performance of the

multigrid preconditioner in [23] does not depend on the choice of the penalization param-

eters of the objective function and depends only weakly on the spatial and time gridsizes

chosen for its numerical solution. The evaluation of the multigrid preconditioner requires

the application of a ‘smoothing’ operator as well as exact solves of the linear system in the
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state and adjoint variables defined at the coarsest grid. The ‘smoothing’ operator in [23] is

based on a Gauss–Seidel step that is applied sequentially at every time step for the update

of state and adjoint variables. In [23], the linear system is solved by a multigrid iterative

algorithm given by Brandt in [24].

We propose for future work the application of the multigrid preconditioner [23] as a pre-

conditioner for a Krylov subspace method to solve the local optimality systems defined

by the no-control approach in Section 4.3 after elimination of the local control variables.

Efficient numerical methods for the solution of the problem in the states and adjoints at

the coarsest grid as well as the cost of the application of the ‘smoothing’ operator need to

be investigated. The local optimality systems can only be solved in parallel if a suitable

preconditioner is used for the outer system in the auxiliary variables. Forward or Backward

parallel Gauss–Seidel preconditioners are a starting point, but research needs to be done to

develop preconditioners for the system in the auxiliary variables that exploit the parallelism

of the time–decomposition.



Appendix A

Proof of Theorem 3.3.1

To prove Theorem 3.3.1, it is necessary to know how the reduced HessianĤ is applied to

a given vector


 ū

v


 ∈

∏N−1
i=0 L2(Ti, Ti+1; R

nu)×Rnv . The three following results show

the operations involved in the evaluation ofZ, H andZ∗, respectively.

To applyZ one needs to solveN − 1 local state equations serially. The initial condition for

the statêyi defined at subinterval(Ti, Ti+1) is provided by the solution at the final time of

the local state equation defined in the previous subinterval(Ti−1, Ti).

Lemma A.0.1 Given(ū, v) ∈
∏N−1

i=0 L2(Ti, Ti+1; R
nu) × R

nv ,

Z


 ū

v


 =




w

ū

v




where

w =




w1

w2

...

wN−1




=




ŷ0(T1; v, ū0)

ŷ1(T2; w1, ū1)
...

ŷN−2(TN−1; wN−2, ūN−2)




.
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For i = 0, . . . , N − 1, ŷi solves

M dŷi

dt
(t) + Aŷi(t) = Būi(t), t ∈ (Ti, Ti+1)

ŷi(Ti) = wi (i > 0)

ŷ0(0) = B0v.

(A.1)

Proof: From the definition ofZ,

Z



 ū

v



 =




−A−1 (Buū + Bvv)

ū

v


 .

The solutionw to Aw = − (Buū + Bvv) is given by the equations

w1 = Svv + S0
uū0

w2 = S1
yw1 + S1

uū1

...

wN−1 = SN−2
y wN−2 + SN−2

u ūN−2.

The result follows from the definitions ofSi
y, Si

u, Sv given by (3.3). 2

The following result shows that the application ofH involves solving backwards in time

N adjoint equations defined locally in each subinterval(Ti, Ti+1). The adjoint equation

defined in(Ti, Ti+1) requires the solution of the state equationŷi defined by (A.1) for given

w. Only the adjoint defined in the last subinterval has inhomogenous final time condition.

Lemma A.0.2 Given(w, ū, v) ∈ R(N−1)ny ×
∏N−1

i=0 L2(Ti, Ti+1; R
nu) × Rnv ,

H




w

ū

v


 =




M>p̂1(T1; w1; ū1)
...

M>p̂N−1(TN−1; wN−1; ūN−1)

Qū0 + B>p̂0(·; v; ū0)
...

QūN−1 + B>p̂N−1(·; wN−1; ūN−1)

Q0v + B>
0 p̂0(0; v; ū0)




--



158

where fori = 0, . . . , N − 1, p̂i solves

M> dp̂i

dt
(t) − A>p̂i(t) = −κ1C

>HCŷi(t) t ∈ (Ti, Ti+1)

M>p̂i(Ti+1) = 0 (i < N − 1)

M>p̂N−1(T ) = κ2C
>
T HT CT ŷN−1(T ),

(A.2)

and fori = 0, . . . , N − 1 ŷi solves(A.1).

Proof: From the definition ofH,

H




w

ū

v


 =




(E1
y)

∗(κ1C
>HCŷ1(·; w1, ū1))

...

(EN−1
y )∗(κ1C

>HCŷN−1(·; wN−1, ūN−1))

+(SN−1
y )∗(κ2C

>
T HTCT ŷN−1(T ; wN−1, ūN−1))

Qū0 + (E0
u)

∗(κ1C
>HCŷ0(·; v, ū0))

...

QūN−1 + (EN−1
u )∗(κ1C

>HCŷN−1(·; wN−1, ūN−1))

+(SN−1
u )∗(κ2C

>
T HTCT ŷN−1(T ; wN−1, ūN−1))

Q0v + E∗
v(κ1C

>HCŷ0(·; v, ū0))




,

with the adjoint operators(Ei
y)

∗, (Ei
u)

∗, (SN−1
y )∗, (SN−1

u )∗ given by (3.5). 2

The application of the adjointZ∗ is given by the following lemma.

Lemma A.0.3 Given(zy, zu, zv) ∈ R(N−1)ny ×
∏N−1

i=0 L2(Ti, Ti+1; R
nu) × Rnv ,

Z∗




zy

zu

zv


 =




(zy)0 + B>r0

...

(zy)N−2 + B>rN−2

(zy)N−1

zv + B>
0 M>r0(0)




,

where fori = 0, . . . , N − 2, ri : [Ti, Ti+1] −→ Rny solves

M> dri

dt
(t) − A>ri(t) = 0, t ∈ [Ti, Ti+1]

M>ri(Ti+1) =
∑N−1

j=i+1 e−(M−1A)>(Tj−Ti+1)(zy)j.
(A.3)



159

Proof: From the definition ofZ,

Z∗




zy

zu

zv


 =


 zu −B∗

uA
−∗zy

zv − B∗
vA

−∗zy


 .

We can isolatec in the systemAc = w to obtain

A−1w =




w1

...

wi +
∑i−1

j=1

[∏i−1
q=j Sq

y

]
wj

...

wN−1 +
∑N−2

j=1

[∏N−2
q=j Sq

y

]
wj




.

so

〈A−1w, zy〉 =

N−1∑

i=1

(
wi +

i−1∑

j=1

[
i−1∏

q=j

Sq
y

]
wj

)>

(zy)i

=

N−1∑

i=1

w>
i (zy)i +

N−1∑

i=1

i−1∑

j=1

w>
j (Sj

y)
∗ · · · (Si−1

y )∗(zy)i

=
N−1∑

i=1

w>
i

(
(zy)i +

N−1∑

j=i+1

(Si
y)

∗ · · · (Sj−1
y )∗(zy)j

)
.

Therefore,

A−∗zy =




(zy)1 +
∑N−1

j=2 (S1
y)

∗ · · · (Sj−1
y )∗(zy)j

...

(zy)i +
∑N−1

j=i+1(S
i
y)

∗ · · · (Sj−1
y )∗(zy)j

...

(zy)N−2 + (SN−2
y )∗(zy)N−1

(zy)N−1




and simply premultiplying the above byB∗
u,B

∗
v and adding independentlyzu andzv to the
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� �
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y )∗

� �
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y )∗

(zy)j

Figure A.1: Application of(Si+1
y )∗ · · · (Sj−1

y )∗(zy)j

result we obtain

Z∗




zy

zu

zv


 =




(zu)0 + (S0
u)

∗(zy)1 +
∑N−1

j=2 (S0
u)

∗(S1
y)

∗ · · · (Sj−1
y )∗(zy)j

...

(zu)i + (Si
u)

∗(zy)i+1 +
∑N−1

j=i+2(S
i
u)

∗(Si+1
y )∗ · · · (Sj−1

y )∗(zy)j

...

(zu)N−2 + (SN−2
u )∗(zy)N−1

(zu)N−1




.

(A.4)

The application(Si+1
y )∗ · · · (Sj−1

y )∗(zy)j is represented in Figure A.1 and described in Al-

gorithm A.0.4.

Algorithm A.0.4 (Evaluation (Si+1
y )∗ · · · (Sj−1

y )∗(zy)j)

1. s = (zy)j.

2. For k = j − 1 : −1 : i + 1, solve

M> dq̂k

dt
(t) − A>q̂k(t) = 0 t ∈ (Tk, Tk+1)

M>q̂k(Tk+1) = s.

Sets = M>q̂k(Tk)

End
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In step 2 one hass = M>q̂k(Tk) = M>q̂k−1(Tk) for k = i + 1, . . . , j − 1. Thus, Algo-

rithm A.0.4 is equivalent to solving the single equation

M> dqi+1,j

dt
(t) − A>qi+1,j(t) = 0 t ∈ (Ti+1, Tj)

M>qi+1,j(Tj) = (zy)j

(A.5)

and

(Si
u)

∗(Si+1
y )∗ · · · (Sj−1

y )∗(zy)j = B>qij

∣∣
[Ti,Ti+1] , i = 0, . . . , N − 2, j − 1 ≥ i

S∗
v(S

1
y)

∗ · · · (Sj−1
y )∗(zy)j = B>

0 M>q0j(0).

The sums in (A.4) are also written

(Si
u)

∗(zy)i+1 +

N−1∑

j=i+2

(Si
u)

∗(Si+1
y )∗ · · · (Sj−1

y )∗(zy)j = B>

N−1∑

j=i+1

qij

∣∣
[Ti,Ti+1]

S∗
v(zy)1 +

N−1∑

j=2

S∗
v (S

1
y)

∗ · · · (Sj−1
y )∗(zy)j = B>

0

N−1∑

j=1

M>q0j(0).

The solutionqij to (A.5) (with i + 1 replaced byi) can be expressed as

M>qij(t) = e−(M−1A)>(Tj−t)(zy)j, t ∈ [Ti, Tj].

We can also write the solutionri to (A.3) as

M>ri(t) = e−(M−1A)>(Ti+1−t)

N−1∑

j=i+1

e−(M−1A)>(Tj−Ti+1)(zy)j

=
N−1∑

j=i+1

M>qij(t) t ∈ [Ti, Ti+1].

Thus, in the interval[Ti, Ti+1], ri =
∑N−1

j=i+1 qij

∣∣
[Ti,Ti+1] . The result follows. 2

Theorem A.0.5 The action of the reduced Hessian̂H = Z∗HZ over a vector

---
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(ū, v) ∈
∏N−1

i=0 L2(Ti, Ti+1; R
nu) × R

nv is given by

Ĥ


 ū

v


 =




Qū0 + B>p
∣∣
[0,T1]

...

QūN−1 + B>p
∣∣
[TN−1,T ]

Q0v + B>
0 M>p(0)




, (A.6)

wherep ∈ W ny [0, T ] solves

M> dp
dt

(t) − A>p(t) = −κ1C
>HCŷ(t; û) t ∈ (0, T )

M>p(T ) = κ2C
>
T HT CT ŷ(T ; û),

(A.7)

ŷ ∈ W ny [0, T ] solves

M dŷ
dt

(t) + Aŷ(t) = Bû(t), t ∈ (0, T )

ŷ0(0) = B0v,
(A.8)

andû ∈ L2(0, T ; Rnu) is defined as

û(t) =





ū0(t) if t ∈ [0, T1]
...

ūN−1(t) if t ∈ [TN−1, T ]

(A.9)

Proof: Clearly, in the evaluation ofZ on (ū, v), Lemma A.0.1 the vector components in

w ∈ R
ny can be equivalently expressed as

wi = ŷ(Ti; v, û), i = 1, . . . , N − 1,

whereŷ solves (A.8) and̂u ∈ L2(0, T ; Rnu) is given by (A.9). The successive application

of Lemma A.0.1, Lemma A.0.2 and Lemma A.0.3 gives

Z∗HZ


 ū

v


 =




Qū0 + B>p̂0(·; v, ū0) + B>r0

...

QūN−2 + B>p̂N−2(·; wN−2, ūN−2) + B>rN−2

QūN−1 + B>p̂N−1(·; wN−1, ūN−1)

Q0v + B>
0 M>p̂0(0; v, ū0) + B>

0 M>r0(0)




,
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where the adjointŝpi (i = 0, . . . , N − 1) are defined as the solution to (A.2) witĥyi =

ŷ
∣∣
[Ti,Ti+1] and the functionsri are given by (A.3) withzyj replaced byM>p̂j(Tj; wj, ūj),

j = 1, . . . , N − 1.

For i = 0, . . . , N − 2 the ’exponential’ form for the adjoint̂pi in [Ti, Ti+1] that solves

equation (A.2) is

p̂i(t; wi, ūi) =

∫ Ti+1

t

e−(M−1A)>(s−t)(κ1C
>HCŷi(s))ds.

If i = N − 1, the solution̂pN−1 to the differential equation (A.2) is

p̂N−1(t; wN−1, ūN−1) = e−(M−1A)>(T−t)(κ2C
>
T HTCT ŷN−1(T ))

+

∫ T

t

e−(M−1A)>(s−t)(κ1C
>HCŷN−1(s))ds.

Then, the final time condition forri can be written as

N−1∑

j=i+1

e−(M−1A)>(Tj−Ti+1)M>p̂j(Tj; wj, ūj) = κ2e
−(M−1A)>(T−Ti+1)C>

T HT CT ŷN−1(T )

+ κ1

N−1∑

j=i+1

∫ Tj+1

Tj

e−(M−1A)>(s−Ti+1)C>HCŷj(s)ds.

By linearity, we have that fori = 0, . . . , N−2, si := p̂i+ri solves the differential equation

M>dsi

dt
(t) − A>si(t) = −κ1C

>HCŷi(t; ū)

M>si(Ti+1) = κ2e
−(M−1A)>(T−Ti+1)C>

T HT CT ŷN−1(T )

+ κ1

N−1∑

j=i+1

∫ Tj+1

Tj

e(M−1A)>(s−Ti+1)C>HCŷj(s)ds. (A.10)

It is easy to see thatsN−1 = p̂N−1. In fact, fori = 0, . . . , N − 1,

p
∣∣
[Ti,Ti+1] = si, (A.11)

wherep solves (A.7) andsi solves (A.10). To see this, write the solution to (A.7) as

M>p(t) = κ2e
−(M−1A)>(T−t)C>

T HT CT ŷ(T ) + κ1

∫ T

t

e−(M−1A)>(s−t)CHCŷ(s)ds.

--
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The functionsp andsi solve the same differential equation in the subinterval[Ti, Ti+1] and

additionally coincide att = Ti+1:

M>p(Ti+1) = κ2e
−(M−1A)>(T−Ti+1)C>

T HTCT ŷ(T )+κ1

∫ T

Ti+1

e−(M−1A)>(s−Ti+1)CHCŷ(s)ds

= κ2e
−(M−1A)>(T−Ti+1)C>

T HT CT ŷN−1(T )+κ1

N−1∑

j=i+1

∫ Tj+1

Tj

e(M−1A)>(s−Ti+1)C>HCŷj(s)ds

= M>si(Ti+1).

Since the solutionsi to (A.10) is unique, (A.11) must hold. 2

Proof of Theorem 3.3.1:The mapIH is linear:

IH



α1



 ū1

v1



+ α2



 ū2

v2







 =



 ŵ

α1v
1 + α2v

2



 ,

whereŵ ∈ L2(0, T ; Rnu) is given by

ŵ(t) =





α1ū
1
0(t) + α2ū

2
0(t) if t ∈ [0, T1)

α1ū
1
1(t) + α2ū

2
1(t) if t ∈ [T1, T2)

...

α1ū
1
N−1(t) + α2ū

2
N−1(t) if t ∈ [TN−1, T ]

= α1ŵ
1(t) + α2ŵ

2(t)

with ŵk ∈ L2(0, T ; Rnu) for k = 1, 2 defined aŝu in (3.17) with theūi replaced bȳuk
i .

Since

α1IH



 ū1

v1



+ α2IH



 ū2

v2



 = α1ŵ
1(t) + α2ŵ

2(t),

the mapIH is linear. If

IH


 ū

v


 =


 û

v


 = 0 in L2(0, T ; Rnu) × R

nv
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then by definition ofû in (3.17) one hasv = 0 and ūi = 0 in L2(Ti, Ti+1; R
nu) for i =

0, . . . , N − 1. Therefore,̄u = 0 in
∏N−1

i=0 L2(Ti, Ti+1; R
nu) and one concludes thatIH is

injective. Given any element


 û

v


 ∈ L2(0, T ; Rnu) × Rnv , define

ū =




û
∣∣
[0,T1)

û
∣∣
[T1,T2)

...

û
∣∣
[TN−1,T ]




∈
N−1∏

i=0

L2(Ti, Ti+1; R
nu).

ThenIH


 ū

v


 =


 û

v


 , which proves thatIH is surjective. Finally, we calculate

‖IH‖
2 ≡ sup

(ū,v)6=0

∥∥∥∥∥∥
IH


 ū

v




∥∥∥∥∥∥

2

∥∥∥∥∥∥



 ū

v





∥∥∥∥∥∥

2 = sup
(ū,v)6=0

∫ T

0
|û(t)|2dt + v>v

∑N−1
i=0

∫ Ti+1

Ti
|ūi(t)|2dt + v>v

= 1

soIH is an isometric.

From Theorem A.0.5 and the definition ofIH ,

IHĤ



 δu

δv



 =



 Qδ̂u + B>p

Q0δv + B>
0 M>p(0)



 , (A.12)

wherep solves (A.7) and̂y solves (A.8) withû replaced bŷδu andv replaced byδv.

Substituting the ’exponential’ form of the solution to (A.7)

M>p(t) = κ2e
−(M−1A)>(T−t)C>

T HT CT ŷ(T ; δv, δu)

+ κ1

∫ T

t

e−(M−1A)>(s−t)C>HCŷ(s; δv, δu)ds

= κ2e
−(M−1A)>(T−t)C>

T HT CT

(
e−M−1AT B0δv +

∫ T

0

e−M−1A(T−ξ)M−1Bδu(ξ)dξ

)

+ κ1

∫ T

t

e−(M−1A)>(s−t)C>HC

(
e−M−1AsB0δv +

∫ s

0

e−M−1A(s−ξ)M−1Bδu(ξ)dξ

)
ds
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into the equations in (A.12) we obtain that

Qδ̂u + B>p = ∇2Juuδu + ∇2Juvδv

Q0δv + B>
0 M>p(0) = ∇2J∗

uvδu + ∇2Jvvδv,

where the terms on the right are given by (2.9). 2



Bibliography
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