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Abstract

Approximate nonnegative matrix factorization is an emerging technique

with a wide spectrum of potential applications in data analysis. Currently,

the most-used algorithms for this problem are those proposed by Lee and Se-

ung [7]. In this paper we present a variation of one of the Lee-Seung algorithms

with a notably improved performance. We also show that algorithms of this

type do not necessarily converge to local minima.

1 Introduction

Approximate nonnegative matrix factorizations are relatively new but promising tech-

niques for data analysis, with possible utilities in dimension reduction, compression,

feature extraction, pattern recognition, object detection and classification, to name a

few amongst many potential applications. Because of contributions from widespread

fields, literature on this subject is already quite large, and motivations and termi-

nologies used are diverse. Roughly speaking, in terms of linear algebra, one tries to

approximate a given data array (or training set) A of nonnegative values by a product

of two nonnegative matrices, i.e., A ≈ WH , where the number of columns of W may

be much smaller than that of A. Those columns of W would presumably represent
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the principal components, hidden concepts, prominent features, latent variables, . . . ,

of the underlying data, depending on the application context.

The singular value decomposition (SVD) is a widely used factorization when no

constraints are imposed on the factors W and H . In many applications, however,

physical data in A can only take non–negative values, such as pixel values in imagery

data. In such cases it may be more desirable to obtain physically meaningful ”non-

negative principal parts”, and then represent data as additive combinations of these

”parts”. This naturally leads to the requirement that both W and H be nonnegative,

hence the term Approximate nonnegative matrix factorization (ANMF). A solution

to the ANMF problem can be obtained by solving the following optimization problem

min f(W, H) := 1
2
‖A − WH‖2

F

s.t. W ≥ 0, H ≥ 0
(1)

where A ∈ �m×n, W ∈ �m×p, H ∈ �p×n, and ‖ · ‖F is the Frobenius norm. We note

that other objective functions can be used to measure the error of the approximation

instead of the Frobenius norm (which is the most appropriate only when errors are

normally distributed). In practice, the number p is typically chosen to be significantly

smaller then n; yet how to select p is still a difficult and important issue.

ANMF has found applications in the areas of face detection [8], speech recog-

nition [10], text and video/audio document processing [5, 4] genetics [3], and even

entertainment [11]. ANMF seems to be particularly promising in face detection [6], as

a number of studies have found that the part-based additive nature of ANMF makes

it less sensitive to occlusions and other unfavorable conditions.

In section 2, we state the popular Lee-Seung algorithm commonly used for solving

the (ANMF) problem (1). We then give an accelerated version of the Lee-Seung

algorithm in section 3. In section 4, we present numerical results to demonstrate that

the accelerated algorithm indeed offers a better performance than that of the Lee-

Seung algorithm. In section 5, we examine the question of whether these algorithms

actually converge to the stationary points of the ANMF problem (1). Concluding

remarks are given in the final section.
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2 The Lee-Seung Algorithm

The popularity of the Lee-Seung algorithm for solving the ANMF problem (1) can be

attributed to both its simplicity, which is evident in the fact that the algorithm can

be carried out in just a few lines of Matlab code, and its practical performance. As we

will see, the Lee-Seung algorithm can be viewed as a diagonally-scaled gradient-type

algorithm. It requires a relatively low computational cost on a per iteration basis,

and it has been reliable in generating solutions of adequate quality.

To motivate the algorithm, we observe that for a fixed W (or H), problem (1)

becomes a linear least squares problem in terms of H (or W ). The Lee-Seung algo-

rithm successively updates H and W , which fixing the other, by taking a step in a

certain weighted negative gradient direction for the function f(W, H) as defined in

(1); namely,

Hij ← Hij − ηij

[
∂f

∂H

]
ij

≡ Hij + ηij

(
W T A − W T WH

)
ij

, (2)

Wij ← Wij − ζij

[
∂f

∂W

]
ij

≡ Wij + ζij

(
AHT − WHHT

)
ij

, (3)

where ηij and ζij are individual weights for the corresponding gradient elements. Lee

and Seung [7] use the following weights,

ηij =
Hij

(W T WH)ij
, ζij =

Wij

(WHHT )ij
, (4)

and arrive at the updating formulas:

Hij ← Hij
(W TA)ij

(W T WH)ij
, Wij ← Wij

(AHT )ij

(WHHT )ij
. (5)

Once started from a positive pair (W, H), these updates will always maintain pos-

itivity in the subsequent iterates. In addition, Lee and Seung [7] have also proved

that the algorithm, which we will refer to as the (LS) algorithm, will monotonically

decrease the objective function f(W, H); i.e., for any two successive iterations k and

k + 1,

‖A − W k+1Hk+1‖F ≤ ‖A − W kHk+1‖F ≤ ‖A − W kHk‖F , (6)

where strictly inequalities hold unless the gradient of f(W, H) vanishes. However,

it needs to be pointed out that the monotone decrease in objective value by no

3



means guarantees convergence to a local minimum of the ANMF problem (1), as was

incorrectly claimed in [7]. In fact, we will present numerical evidence in Section 5

showing that in general the (LS) algorithm does not appear to converge to local

minima of the ANMF problem.

3 Accelerating the (LS) Algorithm

We observe that the optimal H relative to a fixed W can be obtained, column by

column, by solving separately

min 1
2
‖Aej − WHej‖2

2

s.t. Hei ≥ 0,
(7)

where ej is the jth column of the n × n identity matrix. Similarly, we can obtain the

optimal W relative to a fixed H by solving, row by row,

min 1
2
‖AT ei − HTW T ei‖2

2

s.t. W T ei ≥ 0,
(8)

where ei is the ith column of the m×m identity matrix. The above problems can all

be cast into a common form of the convex quadratic program

min 1
2
‖Ax − b‖2

2

s.t. x ≥ 0,
(9)

where A ≥ 0 and b ≥ 0. In this problem, the variables as well as the given data are

all nonnegative. It is therefore called a totally nonnegative least squares (TNNLS)

problem.

The (LS) algorithm can be viewed as successively improving the two sets of

TNNLS problems, (7) and (8), using an update rule x ← x + p, where p is the

negative of a certain weighted gradient of the corresponding objective function for

each TNNLS problem in (7) and (8) (see (2), (3) and (4)).

In [9], Merritt and Zhang proposed an interior–point gradient method for solving

the TNNLS problems in which they use a search direction p equivalent to that used in

the (LS) algorithm. However, they use the update rule: x ← x+αp with a step-length

α, which is taken to be the exact minimizer of the objective function in the search
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direction p if this creates a positive update. Otherwise, α is chosen to be τ , τ ∈ (0, 1),

times the longest step-length possible in the p direction that ensures x + αp ≥ 0. In

either case, the algorithm always keeps the iterates positive (hence an interior-point

algorithm) and always decrease the objective function. Merritt and Zhang [9] have

proved that for τ sufficient close to 1, the inequality α > 1 will hold. Moreover, they

have also established the convergence of their algorithm.

We propose to modify the (LS) algorithm by applying the same update rule with

step-length α used in [9] to the successive updates in improving the objective functions

in the two sets of TNNLS problems in (7) and (8). This results in a modified version

of the Lee-Seung algorithm that successively updates the matrix H column by column

and W row by row, with an individual step-length α for each column of H and an

individual step-length β for each row of W . The algorithm can be written as the

following update rule: starting from some positive pair (W, H), do

Hij ← Hij + αj ηij

(
W T A − W T WH

)
ij

, (10)

Wij ← Wij + βi ζij

(
AHT − WHHT

)
ij

, (11)

where ηij and ζij are defined as in (4), and the step-length parameters αj, j =

1, 2, · · · , n, and βi, i = 1, 2, · · · , m, are computed as follows. Instead of enumerating

all the problems in (7) and (8), it suffices to consider the common form of the TNNLS

problem (9). Let x > 0,

q = AT (b − Ax) and p = [x ./ (AT Ax)] ◦ q,

where the symbols ”./” and ”◦” denote component-wise division and multiplication,

respectively. Then we define for some τ ∈ (0, 1)

α = min

(
pT q

pT AT Ap
, τ max{α̂ : x + α̂p ≥ 0}

)
. (12)

By replacing (A, b, x) by (W, Aej , Hej) (or (HT , AT ei, W
T ei)), respectively, we would

immediately obtain the corresponding step-length formula for αj (or βi). As can

be seen, q is the negative gradient of the objective function in (9), and the search

direction p is a diagonally scaled negative gradient direction. The step length α is

either the minimum of the objective function in the search direction, or a τ -fraction

of the step to the boundary of the nonnegative orthant.
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It has been shown in [9] that both quantities, pT q/pTAT Ap and max{α̂ : x+ α̂p ≥
0}, in the definition of the step α are greater than 1. Hence we can make αj ≥ 1 and

βi ≥ 1 by choosing τ sufficiently close to one. In our implementation, we set τ = 0.99

which practically ensures that the step length parameters are almost always greater

than one.

It has also been shown in [9] that in their interior-point algorithm the objective

function is monotonically decreasing. Hence in each of the individual problems in (7)

and (8) the objective value must be monotonically decreasing. Consequently, when

given H and W are updated through the formulas (10) and (11), respectively, the

monotone-decreasing property of (6) is still satisfied, as is in the (LS) algorithm.

Obviously, when the step-length parameters are set to one, update formulas (10)

and (11) reduce to the Lee-Seung updates (2) and (3). In our modified algorithm,

the step-length parameters are allowed to be greater than one. This implies that at

any given (W, H), we can achieve at least the same, and likely greater, amount of

decrease in the objective function than the Lee-Seung algorithm can. For this reason,

we will call the proposed algorithm the accelerated Lee-Seung (ALS) algorithm. In

the next section, we will demonstrate in our numerical experiments that the (ALS)

algorithm indeed produces better results than the (LS) algorithm, especially when

only a limited number of iterations are performed.

4 Numerical Experiments

In this section, we empirically compare the performance of the accelerated Lee-Seung

algorithm (ALS) with that of the original Lee-Seung algorithm (LS). These algorithms

were implemented in Matlab and applied to the CBC face database [2] and to the

ORL face database [1]. These databases have been frequently used in the literature

to evaluate algorithm performance.

We create data matrices A’s from the above databases so that each column rep-

resents a particular picture. The size of the matrices produced from the CBC and

ORL databases are (361×2429) and (10304×400), respectively, as the CBC database

contains 2429 pictures of (19×19) pixel resolution, while the ORL database contains

400 pictures of (112 × 92) pixel resolution. For the sake of computing time, we also

used a reduced ORL database, R-ORL, in which we reduce the pixel resolution from
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the original (112 × 92) to a (56 × 46) resolution, thus resulting a data matrix of size

(2576 × 400). For further details on these databases the reader is referred to the

references [2, 1].

In our experiments, we apply the the (LS) and (ALS) algorithms to the ANMF

problem (1) to compute approximate solutions with various values of p. In order to

get a fair comparison, we followed the steps below for each test case.

1. Always use the same randomly generated starting point for both algorithms.

2. Run the (LS) algorithm for a given number of iterations, and record the CPU

time used.

3. Then run the (ALS) algorithm, and stop it once the CPU time used is equal to

or greater than that used by the (LS) algorithm.

We note that an iteration of the (ALS) algorithm takes more time than that of

the (LS) algorithm, as the former needs additional time to compute the step-length

parameters at each iteration. Steps 2 and 3 in our experiments ensure that a fair

comparison is carried out so that both algorithms are run for approximately the same

amount of time for each test case.

To compare the performance of the two algorithms in terms of solution quality,

we define the relative improvement of the (ALS) algorithm over the (LS) algorithm

as the quantity:

Relative Improvement =
fLS − fALS

fLS
× 100%

where fLS is the objective value f(W, H) evaluated at the final iterate pair returned

by the (LS) algorithm after a given number of iterations; and similarly fALS is the

objective value evaluated at a pair returned after the given amount of run time,

as dictated by the number of iterations taken by the (LS) algorithm. The relative

improvement would be negative if the (ALS) algorithm does not offer an improvement

in the objective value over the (LS) algorithm.

Table 1 shows the relative improvement of (ALS) over (LS) for four runs on each

of the three data sets (CBC, the reduced and unreduced ORL) corresponding to four

different p values. In each test case, we ran the (LS) algorithm with five different

iteration numbers, as given in the table.
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Table 1: The relative improvement of (ALS) over (LS) is give in percentage. The

(LS) algorithm was run a given number of iterations, then the (ALS) algorithm was

run for an equivalent amount of CPU time. The number of iterations used by (ALS)

is given in parenthesis.

Number of iterations for (LS)

Database p 20 50 100 200 400

CBC 25 27.1% (13) 10.3% (31) 5.4% (62) 3.1% (145) 1.4% (221)

CBC 36 29.4% (13) 16.4% (32) 8.4% (63) 5.9% (142) 1.6% (228)

CBC 100 38.2% (14) 25.7% (33) 16.6% (65) 13.5% (148) 8.4% (259)

CBC 121 37.5% (14) 26.4% (33) 18.0% (65) 15.3% (146) 8.5% (253)

R-ORL 25 40.8% (14) 32.8% (34) 16.3% (66) 5.9% (131) 2.6% (261)

R-ORL 36 43.9% (14) 29.8% (33) 17.4% (65) 7.2% (130) 2.4% (257)

R-ORL 100 48.5% (13) 38.7% (33) 27.3% (64) 15.9% (127) 7.7% (254)

R-ORL 121 49.6% (13) 41.1% (32) 30.0% (64) 18.5% (128) 9.5% (255)

ORL 25 39.5% (13) 28.9% (32) 14.3% (62) 5.3% (124) 2.9% (249)

ORL 36 43.9% (13) 31.1% (31) 18.9% (62) 8.6% (123) 3.8% (245)

ORL 100 49.8% (14) 40.7% (33) 29.8% (65) 17.8% (129) 8.4% (258)

ORL 121 50.4% (14) 41.8% (33) 32.6% (65) 20.2% (131) 9.9% (260)

We observe from the test results that (i) the values of the relative improvement

are always positive, and (ii) for each database the relative improvement increases

as the p-value increases; (iii) for any given p value, the larger the database size

is, the lager is the relative improvement; and (iv) for a given p value, the relative

improvement becomes smaller when the algorithms were run a longer time (thus

allowing the slower (LS) algorithm to recover some lost ground). The largest test

case is when 400 iterations were given to the (LS) algorithm to run on the ORL

database with p = 121, which took around 3, 200 CPU seconds on a SunBlade 1000

workstation.

To see whether or not a relative improvement of (ALS) over (LS) on the objective

value actually translates into a qualitative improvement, in Figure 1 we show four

randomly chosen pictures from the (unreduced) ORL dataset and their approxima-

tions by low-rank nonnegative matrix factorization A ≈ WH . The original pictures,

the (LS) approximations and the (ALS) approximations are listed in columns 1, 2
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and 3, respectively. The approximations were generated for p = 100 with 100 itera-

tions given to the (LS) algorithm and the same amount of CPU time to the (ALS)

algorithm (which was over 650 CPU seconds on a SunBlade 1000 workstation). In

this case, the relative improvement of (ALS) over (LS) is about 30%.

Figure 1: Four pictures (in column 1) from the ORL dataset, and the corresponding

(LS) and (ALS) approximations (in columns 2 and 3, respectively).

As can been seen from Figure 1, the differences in the quality of approximations

by the two algorithms are clearly visible for all the four pictures.

Our experiment results clearly show that the the accelerated Lee-Seung algorithm

indeed converges notably faster, especially at early stages. This property should be

particularly useful for large-scale or real-time applications.
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5 Do the algorithms converge to local minima?

The Karush-Kuhn-Tucker (KKT) condition for the ANMF problem (1) can be written

into the following two equations:

min(H, W T WH − W T A) = 0,

min(W, WHHT − AHT ) = 0,
(13)

where the minimum is taken component–wise. The first expression, for example,

states that both H and W T WH − W T A ≡ ∂f/∂H should be component-wise non-

negative and at least one (the smaller of the two) should be zero. Hence the equations

imply both feasibility and complementarity in a compact form.

By well-known optimization theory, the KKT conditions (13) are necessary for

every local minimum of the ANMF problem (1). In particular, if a sequence converges

to a local minimum of (1), then the residual norm of the KKT equations (i.e., the

left-hand-side of (13)) must go to zero.

We have conducted numerical experiments to examine the issue whether or not

the (LS) and (ALS) algorithms converge to local minima of (1). In our experiments,

we used randomly generated data matrices of various sizes, and allowed the two

algorithms to run a large number of iterations, while monitoring the size of the KKT

residual measured by the L1 vector norm.

Figure (2) contains two illustrative cases from our experiments in which the KKT

residual norm is plotted for 5000 iterations on two small date matrices. In the pictures,

the sizes of the data matrices A are given, and so is the value of p that is the number

of columns in W (or rows in H).

The results shown in figure (2) are typical of both the (LS) and (ALS) algorithms.

We consider that convergence has occurred if the KKT residual norm becomes close

to machine precision. Our experiments have shown that (i) on very small problems,

the (ALS) algorithm tends to converge to KKT points more consistently than the

(LS) algorithm; in fact we have not observed a single case where the former did not

converge while the latter did; (ii) on larger problems, both algorithms do not seem

to converge to KKT points within a large number of iterations.

Based on our experiments, we feel safe to infer that for problems of practically

meaningful sizes, one should not expect that either algorithm converges to local min-

ima, even though they may produce otherwise satisfactory results. From an opti-
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Figure 2: Behavior of KKT residual norm for two runs

mization point of view, this lack of reliable convergence has to be considered rather

unsatisfactory.

6 Concluding Remarks

By introducing well defined step-length parameters, we derive an accelerated version

of the Lee and Seung algorithm for the approximate nonnegative matrix factorization

problem in Frobenius norm. Our extensive numerical experiments have shown that

the accelerated algorithm consistently outperforms the Lee-Seung algorithm by a

notable margin, especially when computing time is limited. The faster convergence

of the accelerated algorithm is desirable for large-scale or real-time applications.

In principle, the same idea could be applied to the other Lee-Seung algorithm

based on minimizing the divergence function (see [7]). However, since a close-form

step-length formula does not seem possible in that case, a line search would be nec-

essary to find a good step length, making the modification less appealing.

We have also demonstrated that, contrary to the claim of guaranteed conver-

gence, the Lee-Seung algorithm, and our accelerated algorithm as well, do not appear

to converge to local minima within a realistic amount of run time for problems of

meaningful sizes. This behavior is certainly undesirable from an optimization point
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of view. It remains a research issue to develop theoretically sound and practically

efficient algorithms for the approximate nonnegative matrix factorization problem.
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