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Abstract 

We propose a number of different weighting schemes (piecewise linear, quadratic, 
sine and narrow-base sine) based on data magnitude for least-squares minimization of 
concentration data for parameter estimation for groundwater flow and contaminant 
transport. We plot the resulting objective functions along lines of varying single 
distributed parameters for a small simulated data set. We observe that weighting 
can remove problems of spurious local minima and non-convexity, and that narrow
base sine weights produce good results for varying sample strategies and underlying 
structures. 

1 Introduction 

The goals of parameter identification for a groundwater system are two-fold. Given 
sample data ( of measurable quantities such as pressures and contaminant concentra
tions) at a limited number of locations (wellbores), we would first like to reproduce 
the indicated behavior of contaminant transport throughout the domain of interest. 
Second, we would like to predict future behavior of the contaminant. 

This problem is inherently infinite-dimensional: to identify the concentration and 
pressure functions that solve the advective-diffusive and Darcy flow equations re
spectively, while matching pointwise values at wells. To employ the readily available 
computational tools for optimization, the problem has been formulated discretely, 
([27] [20], [21], [18], [25], [26], [12], [22], [8]) following the discrete grid used for nu
merical simulation of the partial differential equations. 

Discrete model parameters, {0}, represent unknown physical quantities which can
not be directly measured everywhere in the domain, such as hydraulic conductivity, 
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porosity, longitudinal and transverse dispersivity, contaminant source concentration 
and location, but which are parameters in the partial differential equations. Nu
merical solution of the partial differential equations (hereafter called "simulation") 
naturally discretizes both the given data and the parameters to be matched, since 
both are specified in the computational mesh. 

If the domain to be considered is large, the structures to be modeled complex, 
or the flow sufficiently fast, the numerical discretization in both space and time may 
be quite small, resulting in hundreds of thousands of point values of each unknown 
property sought. This naturally provides an immensely large scale least squares 
optimization problem with no readily available derivative information, other than 
line-by-line differentiation of simulators or approximations by finite differences. 

This work we reduce the number of parameters through distributed parameter 
systems, then attempt to identify a smaller number of discrete values representing 
block values or summary statistics on a coarse mesh. 

1.1 Identifiability 
The standard of error for solution can be defined in one of several ways. "Identifiabil
ity" is a formal statement of the goal of optimization, describing error measurement 
and parameter accuracy resulting from error reduction. Chavent [5] reviews several 
such definitions, beginning with the original definition of identifiability, as given by 
Sun-Yeh (1990) [20]: 

Definition 1 The parameters (} are identifiable in the original sense if 

c( 0*) = Cdata 

implies that 

(}* = 0data· 

Since the desired parameters often non-measurable quantities which only give 
mathematical control in the partial differential equation, this goal makes sense only 
where immeasurable (}* are known, for simulated data sets. The output least squares 
sense of identifiability, ~s follows, is due to Chavent (1979) [4]. 

Definition 2 The parameters (} are identifiable in the output least squares sense if 

min llc(0) - Cdatall~ 
() 

has a unique solution (}* which depends continuously on Cdata· 

Matched parameters satisfying definition (2) do not necessarily satisfy identifia
bility by definition ( 1), though the converse is trivially true. 

Since the first goal of parameter identification is the reproduction of measured 
data, definition (2) provides a criterion. It is well known that least squares formula
tions are sensitive to outlying data, and sometimes other norms can be better choices. 
We propose a more general definition of identifiability, as follows. 
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Definition 3 The parameters 0 are identifiable in the discrete weighted p-norm sense 
if 

where 

with 

min llc(O) - CdatallWv 
(J ' 

II· llw,p = (L wi(xf))1 IP 
i 

Wj > 0 '</i, W = diag( Wj) 

has a unique solution (J* which depends continuously on Cdata· 

For definition (3) as with definition (2), it is simple to show that definition (1) 
implies definition (3), but the converse is not universally true. Identifiability accord
ing to this criterion allows us to choose a p-norm appropriate for the data and a 
weighting scheme incorporating sampling spatial location and physical phenomena 
such as concentration breakthrough and sampling well type. The work presented 
here addresses the choice of weights, Wj. 

2 Basic Formulation and Objective Functions 
We identify parameters by minimizing an objective function expressed as a discrete 
sum of weighted data in some norm, or as an integral. In this work, we focus on the 
naturally discrete formulations. 

Other approaches (e.g. [Neuman 1973] [14], [Hatanaka-Kojima-Kawahara 1993] 
[8]) have used minimization of an objective function of the form 

JP= ~(p(x)- p(x,K(O))fWv(P(x)- ji(x,K(O))) (1) 

which incorporates only pressure data, with respect to the model parameters (J E R1, 

where 

X 

p(x) 

ji(x,K(O)) 

K(O) 

= number of model parameters 0 

weighting matrix for pressures 

spatial location 

pressure data to be matched 

pressure data at current iterate 

hydraulic conductivity field. 

Xiang, Sykes and Thomson [25] discuss results regarding the ill-posedness of 
pressure-only formulations, and results are given in section 6 for a case where this is 
formulation is utterly ineffective. 

Minimization of a discrete weighted nonlinear output least squares objective func
tion of both concentration and pressure residuals has been used (Sun-Yeh (1990) [20] 
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[21), Keidser-Rosbjerg (1991) [12), Xiang-Thomson-Sykes (1994) [26)) to estimate 
parameters representing hydraulic conductivities. The objective function is usually 
expressed as a weighted L2 norm where the weights are derived using information from 
the covariance matrix of the estimated parameters (Bard ( 197 4) [1], Silvey (1980) [19), 
Knopman-Voss (1987) [13) as cited in Sun-Yeh (1990) [20)) or by constants chosen 
to prevent domination of the function value by large relative differences in data and 
simulated values when the data are small. (Van Rooy-Keidser-Rosbjerg (1989) [18) 
as cited in Keidser-Rosbjerg (1991) [12]). These discrete L2 norms do not incorporate 
information about the spacing or location of the data collection points, or about the 
concentration breakthrough or sampling well type. 

Discrete L2 objective functions incorporating both pressure and concentration 
data take the form 

1 
Jc= 2(c(x, t)- c(x, t, K(O))fWc(c(x, t)- c(x, t, K(O))) 

where notation is as in equation ( 1) and 

We 

t 

c( X, t) 

c(x, t, K(B)) 

weighting matrix for concentrations 

time 

concentration data to be matched 

concentration data at current iterate. 

Solution proceeds by minimization of the combined objective function 

(2) 

(3) 

This combined objective function is handicapped by differing scales, dimensions, 
and numbers of samples of the pressure and concentration. There are several options 
for normalizing the residuals, particularly for the concentration data. Both concen
tration and pressure residuals can be normalized by simple division of the residuals 
by the data, as in 

T = ! '°'{(p(x;)- p(x;,K(O))\w) .. (p(xj)- p(Xj,K(O)))} 
P 2 L:--- p(x;) P (•,J) p(x

3
·) (

4) 
•,J 

T = ! L{(c(x;,t;)- c(x;,t;,K(O)))(W) .. (c(x1,t1)- c(x1,t1,K(8)))} (S) 
c 2 . . c(x;,t;) c (•,J) c(x

3
·,t

1
·) ' 

•,J 

which may provide more uniform behavior for the optimization of a combined objec
tive function, if data are non-zero. Though physical data can be zero, simulated data 
are typically non-zero, though very small, causing numerical blow-up for unweighted 
data. 

If the source concentration, c0 is known, then a more numerically stable and 
physically sensible quantity is saturation, rather than concentration: 

T = ! '°'{ (c(x;, t;) - c(x;, t;, K(O)))(W) .. (c(x1, t1) - c(x1, t1, K(O)))} 
C 2 ~ C (1,J) • 

.. ~ ~ 
•,J 

(6) 
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Unfortunately, the source concentration in realistic applications is often unknown. 
If analyses of well-bore cores is known or can be inferred, one might want to 

include this information in the objective function formulation by regularization of the 
objective function through added constraints. We can "penalize" ( or "regularize") an 
objective function with known hydraulic conductivities at the wellbores, by adding a 
term of the form 

where 

JK = ~p(K(x)- K(x,0)fWK(K(x)- J((x,0)) 

penalty parameter 

weighting matrix for hydraulic conductivities 

= hydraulic conductivity data to be matched 

(7) 

p 

WK 

K(x) 

k(x, 0) hydraulic conductivity data as mapped from current parameter iterate 

and the resulting minimization is of 

(8) 

This term increases the objective function value at iterates which deviate from 
known information about the hydraulic conductivity field. It is well known that 
optimzation of penalty schemes becomes increasingly ill-conditioned as the iterate 
approaches the solution. Furthermore, the penalty term given above is not dimen
sionless, causing adverse effects, similar to the imbalance between the dimensions of 
pressure and concentration. The penalty term can also be normalized: 

(9) 

An alternative to the penalty formulation is to consider the known information 
as equality constraints, as in 

where 

J 

minJ 
{0} 

subject to 0 = 0* 

(10) 

(11) 

This formulation preserves the matrix structure of the least squares problem by min
imizing the weighted sum of constraint violations, rather than demanding that the 
constraints be honored. 

The weighting matrices Wp, We, and WK can incorporate the relative order of 
magnitude, spatial and temporal locations, and statistical properties of the data for 
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the parameter model in use. For general p-norms, these weighting matrices must be 
positive and diagonal, so that the weighted p-norm, II · llw,p, is defined. When p = 2, 

W can be symmetric and positive definite, so that xTW x is to represent a weighted 
(squared) L2 norm, induced by the inner product 

< x, X >w= xTWx = llxllw-

Thus the Cholesky factorization W = LLT exists and is given and we write 

< x,x >w= xTWx = xTLLTx = llxllw 
1 

J( 0) = 2YT Y = L L(lm,kXk)2 

m k 

where 

lm,k entries of the Cholesky factor matrix 

3 Data Characteristics 

(12) 

(13) 

(14) 

Physical and numerical characteristics of pressure and concentration data sets can 
affect the behavior of a weighted LP-norm objective function. The former are inherent 
and must be addressed, while the latter can be artifacts that are useful, detrimental, 
or benign. 

Pressure data are measured at wells which pump, inject, or have minimal effect 
on the flow, resulting in pressure magnitudes which reflect the type of well. The 
magnitudes of these data can have numerical effects if they are very small or if 
the data are not "normalized" in some fashion in comparison to other data in the 
objective function. Depending upon the boundary conditions chosen, pressures in a 
domain with no pumping or injecting wells can be insensitive to changes in hydraulic 
conductivity. 

In homogeneous porous media, concentrations travel as sharp fronts such that, at 
a fixed data sampling location away from the contaminant source, the concentration 
value is zero until arrival of the front, when it rises rapidly and asymptotically ap
proaches the contaminant source value. The fronts is slowed when there is a region 
of low hydraulic conductivity, such as a clay lens. Numerical models accurately cap
ture these physical phenomena when parameter values are known. We see in figure 
1 these basic shapes and note that data values are virtually constant before and ater 
the arrival of the front. 

The contaminant front will pass wells located near contaminant sources more 
quickly, so sample data are more likely to show a full range of contaminant concen
trations which may respond well to weighting schemes based upon the relative merits 
of non-zero, non-one contaminant saturations, such as are given in section 4. 
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Figure 1: Typical Concentration Breakthrough for Homogeneous Media 

4 Different Weighting Schemes 
Geostatistical techniques ([6),[2],[9), [10],[23]) for determining data weighting schemes 
are most commonly reported in the literature. A variogram or covariance model for 
spatial statistics is chosen to incorporate data spatial location information, a choice 
for which there is no universally accepted algorithm [21). 

Weighting schemes should improve the optimization efficiency by improving ob
jective function behavior, removing local minima, enhancing convexity, and widening 
steep or narrow troughs. The motivating principle of this work is that weights which 
are chosen for physically relevant reasons will produce better objective functions. 
We seek to meaningfully weight data when temporal redundancy or spatial sparcity 
provides a physical explanation for mathematical behavior and to incorporate the 
relative and absolute physical and temporal data locations. We also want to reduce 
the adverse numerical effects. 

4.1 Weighting Based on Concentration Magnitude 
Giving the logic that the residual c( 0) - Cdata tends to be proportional to large Cdata, 

and tend to a constant for small data, [Van Rooy-Keidser-Rosbjerg 1989) proposed a 
diagonal weighting matrix with entries 

Wi = ( Cdata,i - T/i )
2 (15) 

where T/ is a constant which prevents large relative differences from dominating at 
low concentrations. [Keidser-Rosbjerg 1991 [12]] 

A plot for T/ = 1 x 10-6 is given in figure 2, where we see that saturation values 
which are close to 1 are more heavily weighted, even though these values are repetitive 
and possibly redundant when sampled in time. 
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Figure 2: Van Rooy-Keidser-Rosbjerg Weights for Saturation 
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Figure 3: Piecewise Linear Weights for Saturation 
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Figure 4: Differentiable Sine Weights ( a = 0, b = 1) for Saturation 
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Figure 5: Narrow-based (Mostly) Differentiable Sine Weights (a= .4, b = .6) for Saturation 

Instead, we weight those values of saturation which are characteristic of a passing 
front, and de-emphasize values near O or 1. First, simply a piecewise linear function, 

{ 
20c C < .5 

wi(c) = 20(c - 1) c > .5, (16) 

illustrated in figure 3. 
Non-differentiability at .5 (in the middle of the passing front) may prove undesir

able. A smoother option is 

{ 

0 C < a 
wi(c)= 10*sin((c-a)*(1r/(b-a))) a<c<b 

0 C :S b, 
(17) 

weighting values in ( a, b) more heavily while retaining differentiability at non-zero 
values. This function is shown a = 0 and b = 1 in figure 4, and for a = .4 and b = .6 
in figure 5. 

5 Numerical Implementation 
Numerical implementation of parameter estimation by inverse simulation involves 
three major codes: a pressure or flow simulator, a concentration or transport simula
tor, and an optimization routine. A function evaluation subroutine maps the current 
model parameters to the hydraulic conductivity field (a step which would be unnec
essary if large-scale optimization were used), calls the simulators, extracts the needed 
data, and constructs the vector of residuals. The main driver initializes variables 
needed by the optimization routine and controls the minimization process. 

5.1 Mapping Parameters to Hydraulic Conductivities 

The unknown parameters O = {K(x)} are defined on a coarse mesh, representing 
block values, giving N Xparam X N Yparam parameters as a field of discontinuous con-
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stants, with jump discontinuities at the boundaries of the parameter mesh. Other 
options, such as bilinear interpolants of corner values or summary statistics of blocks, 
may be considered in future research. 

5.2 Simulation of Flow and Transport 
The flow simulator for generating pressure and velocity data solves for a numerical 
approximation to the solution of the equations 

- K(x)v'p(x) 

V • u(x) 

u(x) 

q 

(18) 

(19) 

with appropriate boundary conditions, using mixed methods with the next to lowest 
order Raviart-Thomas spaces in two dimensions to solve simultaneously for pressures 
and velocities, where 

x = spatial location 

I( hydraulic conductivity tensor 

p pressure 

u Darcy or superficial velocity 

q source and sink terms. 

The pressure solver is a research code originally developed by M.F. Wheeler and R. 
Ewing. ([15],[16], [17],[24]) 

The transport simulator similarly solves for a numerical solution to the advection
diffusion equation, 

8c(x, t) at +V•(u(x)c(x,t)-D(x)v'c(x))=q (20) 

with appropriate boundary conditions, using a characteristic Galerkin finite element 
method, which uses operator splitting to solve the convective and diffusive por
tions separately, with methods more suited to the behavior of each. The diffusion
dispersion portion is solved using Galerkin methods, while convection is approximated 
by the method of characteristics. This combination of methods allows for very long 
timestep choices, since its convergence analysis does not require a CFL constraint on 
the timestep. Notation here is consiste1;1t with equation 18 and with 

t time 

c concentration 

D dispersion and diffusion tensor. 

The transport solver is also a research code, and was originally developed by T. 
Russell and M.F. Wheeler. [11],[7] 

We are greatly indebted to M.F. Wheeler and C.N. Dawson for the availability of 
simulation codes. 
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Figure 6: Domain, parameter zones, "true" hydraulic conductivities, and well locations 

(x=pumping, o=observing concentrations, *=observing pressures) 
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Figure 7: Unweighted Objective Function of Pressure Data Only for Domain Without 
Pumping Wells 

6 Numerical Results 

We show plots of the various objective functions along lines where three of four pa
rameters are fixed where sample data are simulated using a square heterogenous field 
represented by four equidistant, parallel strata, as shown in figure 6. Concentration 
data are sampled every 1 day for 10 days, while pressure data are sampled once 
for an assumed steady-state field. The short time duration of the transport simula
tion gives data which is all less than .5, and thus the benefits of zeroing redundant 
post-breakthrough data cannot be measured with this data set. 

6.1 No Pumping 

If we simulate without the pumping well, with homogeneous Dirchlet boundary condi
tions, and with a stratum model, we can derive the solution for pressure analytically, 
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Figure 8: Unweighted Objective Function of Pressure and Concentration Data for Domain 
Without Pumping Wells 

using separation of variables. The closed form solution is a linear pressure profile 
which has no dependence upon hydraulic conductivity. Under these hypotheses, the 
pressure data used in equation ( 1) are totally insensitive to changes in parameter 
values, as we can see in figure 7. Though this situation is not very practical for 
application to real aquifers, it is illustrative to note that inclusion of concentration 
data creates a viable objective function for optimization, as we see in figure 8. Pre
vious optimization with this data set has shown that addition of concentration data 
illuminates regions of low permeability [3]. Because this is an unrealistic domain, no 
results on weighting of this data has been attempted for this work. 

6.2 Realistic Water Pumping Rates 

When realistic pumping rates are included, the pressure data produce a more useful 
objective function, as shown in figure 9 for the first two parameter values. (Plots of 
parameters 3 and 4 are smooth but much smaller scale.) Inclusion of intelligently 
weighted concentration data should enhance the behavior of a combined objective 
function. 

Data in region 1 have greater magnitude, due to the presence of the pumping well. 
We see in figure ( 10) that the basic shape of the concentration function when varying 
this parameter is smooth and convex, although it does not rise on both sides of the 
zero. The weighting function chosen has little effect on the basic shape or magnitude 
of the objective function for this parameter. 

There exist sufficiently small data such that the normalized objective function 
blows up and is utterly useless unless a weighting scheme is also applied. We see in 
figure ( 11) that normalizing a weighted scheme for this parameter also has little effect 
on the basic shape and magnitude of the function. 

The weights produced by the Van Rooy scheme are virtually identical to the 
weights that are produced for the parabolic scheme for this data set, as is demon
strated for both the normalized and unnormalized objective functions pictured in 
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Figure 9: Pressure objective function, ( 01 dash-dot, 02 dashed) 
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Figure 13: Variation of 01 , Weighted Normalized Concentration Objective Function (Van 
Rooy et.al weights and Parabolic weights coincide 

figures (13) and (12). It is important to realize that this simulated data set is taken 
from a very short time frame, so that concentration magnitudes do not approach 
"breakthrough", or saturation levels within the medium. Thus we see only the effects 
of these weights on the lower values of concentration, where the weighting functions 
are virtually identical quadratics. Both the Van Rooy and parabolic weights produce 
an objective function of significantly reduced magnitude from the unweighted ver
sions, which is likely to cause gradient-based optimization methods to have greater 
difficulty locating the solution. 

When we consider the variation of the second parameter, which governs the hy
daulic conductivities in the stratum adjacent to the one which contains the pumping 
well, we find that the unweighted objective function, with or without normalization, 
is ill-behaved, as shown in figures (14) and (15), having at least one false local min
imum. Now we see that the linear and sine weights effectively remove the second 
minimum from the un-normalized function, but only the narrow-base sine weights 
remove the annoying features from the normalized function, as shown in figure (15) 

Since the data are somewhat smaller in region 2, we see in figures (16) and (17) 
that again there is no difference between the Van Rooy and parabolic weights. This 
will continue to be the case for region 3 (not pictured) and region 4. 

Region 3 is yet further from the pumping source, and shows a similar decrease 
in the magnitude of the data. The behavior of the unweighted objective function is 
unpleasant in that it has two strongly demarcated minima of similar magnitude. In 
figure (18), we see that any form of weighting will produce a smoother function with 
minima which are less treacherous for gradient-based methods. However, in figure 
(19) we see that the narrow-base sine weights completely remove the false minima, 
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Figure 17: Variation of 02 , Weighted Normalized Concentration Objective Function (Van 
Rooy et.al. weights coincide with parabolic weights 
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Figure 18: Variation of 83, Weighted Concentration Objective Function (No weight (solid), 
Linear Weight (dash-dot), Sine ( a = 0, b = l) weight (dot)) 
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Figure 19: Variation of 03 , Weighted Concentration Objective Function (No weight (solid), 
Sine ( a = .Ol, b = .9) weight (dash-dot)) 
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Figure 20: Variation of 03 , Weighted Normalized Concentration Objective Function (No 
weight (solid), Linear weight (dash-dot), Sine (a= O,b = 1) weight (dash)) 

giving instead a smooth convex function which is decidedly descending at the point 
of the false minimum of the unweighted function. The hazard however, is a. slight 
flatness in the opposite direction. 

No sample data. a.re collected in the third region, resulting in a.n objective functions 
which is largely insensitive to changes in these parameters. Where the normalized 
objective functions have been moderately ill-behaved in previous regions, we see in 
figure (20) that normalization is completely unwise. The parameter value which 
represents the "true" solution has a greater objective function value than the false 
minimum that appears in the un-normalized function, and no matter of weighting 
that keeps the function at the same scale will improve the situation. We can see 
in figure (21) that the narrow base sine weights give a beautifully smooth convex 
function with one clear minima with ascending values away from the minimum, at 
the same small scale as the original un-normalized data. 

Variation with respect to the fourth region, furthest from the pumping well, is very 
slight, resulting in objective function values that make identification of the parameter 
difficult, but less difficult than region 3, since data are collected in this region. Here 
our ha.sic objective function is better behaved than its weighted counterparts, since, 
although it is not as convex, there is a marked increase away from the minimum, which 
is destroyed by the linear and basic sine weighting, shown in figure (22). We can see 
in figure (23) that weighted versions of the normalized function (which again blows 
up if left unweighted) have similar shapes. If, however, we can successfully minimize 
a the function at the small scale, near the solution, the narrow-base sine weights give 
a smooth, convex, rising function, shown in figure (24), despite the unchanging shape 
of the Van Rooy /parabolic weights. 
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Figure 21: Variation of 03 , Weighted Normalized Concentration Objective Function (Sine 
(a= .01, b = .9) weights (dash), parabolic weights (dash-dot), Van Rooy et. al. weights 
(dot)) 
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Figure 22: Detail of Variation of 04 , Weighted Concentration Objective Function (No weight 
(solid), Linear weight (dash-dot), Sine (a= 0, b = 1) weight (dash)) 
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Figure 23: Variation of 04 , Weighted Normalized Concentration Objective Function (Linear 
weights (dash-dot), Sine ( a = 0, b = 1) weights (dash)) 
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Figure 24: Variation of 04 , Weighted Concentration Objective Function (Sine (a = .01, 
b = .9) weights ( dash), parabolic weights (dash-dot), Van Rooy et. al. weights (dot)) 
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Figure 25: Variation of 04 , Weighted Normalized Concentration Objective Function (Sine 
(a= .01, b = .9) weights (dash), Parabolic weights (dash-dot), Van Rooy et.al. weights 
(dot)) 

The normalized function acquired by narrow-base sine weighting is again the most 
preferable shape in figure (25), if we are able to minimize a function of such small 
magnitude. 

7 Conclusions and Future Work 

We conclude that magnitude-based weighting improves the behavior of concentra
tion objective functions by removing spurious minima and improving convexity in 
simulated data sets. Weighting may allow us to identify even parameters governing 
regions where no data is sampled, if we can minimize a function of very small mag
nitude. The narrow-base sine weights show the greatest general-usage potential. In 
general, an un-weighted normalized objective function is not wise and blows up nu
merically, however, a weighted and normalized objective function may prove useful if 
the original objective function is ineffective. Any weighting scheme should be more ef
fective on a data set which includes concentrations of greater magnitude, particularly 
those sampled after breakthrough of the concentration front, and we hope to work 
with more realistic data sets in this regard, determine ways to balance the differing 
magnitudes of the pressure and concentration objective functions, consider spatial 
weighting schemes for pressure data and integral-formulated objective functions. 
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