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Abstract 

Optimal control problems for partial differential equations of evolution, mostly of 

parabolic type, are considered. The means of control are a nonhomogeneous boundary 

condition or forcing term. 

A hierarchical control problem is shown to be equivalent to two coupled linear 

least-squares problems and is solved using numerical methods involving the Singular 

Value Decomposition. This is an effective computational approach for linear, time

invariant equations if the dimension of the discrete problem is not too large. 

Sufficient conditions for convergence of the solution of the discrete control problem 

to the solution of the original problem are given in the case of a linear state equation 

and a quadratic objective function. The essential condition is a convergence condition 

on the derived, discrete adjoint equation. 

A spectral preconditioner is introduced, applicable to iterative solutions of con

trol problems for a parabolic evolution equation involving a diagonalizable operator. 

Condition number estimates for the preconditioned problem are proven, and numer

ical experiments verify the effectiveness of the preconditioner. 

To overcome controllability difficulties for systems acted upon by pointwise sources, 

the strategy of allowing the location of the controller to move with time is investi

gated. In particular, the case when the controller is given a sinusoidally-shaped path 

is studied, analytically and numerically. 

The feasibility of the optima.I-control approach for flow-control problems is demon

strated by numerical experiments for an unsteady two-dimensional channel flow mod

eled by the Navier-Stokes equations for a viscous, incompressible fluid. The Reynolds 

number is high enough for nonlinear effects to be important. The vorticity level in 

the domain is successfully damped by suction and blowing at a part of the boundary. 

A quasi-Newton algorithm solves the associated minimization problem. To obtain 



an accurate expression for the gradient of the objective function, the adjoint equa

tion is derived in the fully discrete case. A memory-saving device allows memory 

requirements to be traded against some extra computations. This avoids the need of 

simultaneous storage of the solution at all time steps. 
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Chapter 1 

Introduction 

Advances in computer technology have made numerical simulations of partial differ

ential equations with given data a routine task, and the ever-improving computing 

power makes it possible to attack increasingly complex problems. Optimal control 

of systems governed by partial differential equations is such a problem. Known by 

epithets like optimal control problems, inverse problems, parameter esti,mation, and 

optimal design problems, closely interrelated problems have been studied by practi

tioners in different fields using various tools, techniques, and notations. The general 

point of view adopted in this thesis has its roots in the work by J. L. Lions [61]. 

A natural application of optimal control techniques is to facilitate certain sim

ulation objectives. Often the practitioner wants to study how the behavior of a 

system depends on certain parameters. The brute-force approach is to perform sim

ulations, observe the response, use physical intuition and experience to manually 

change the parameters, and repeat the process until a satisfactory result is obtained. 

The optimal-control approach attempts to automate this process by using a numeri

cal quantity to define the objective of the study. Techniques such as the calculus of 

variations can be used to analyze the problem in certain cases. However, a numerical 

algorithm is usually needed to explicitly compute the solution. Moreover, a numerical 

solution procedure can be used for complex problems that eludes analysis but are of 

interest in applications. 

The kind of control problems that will be discussed in this thesis involves partia.l 

differential equations of evolution, typically a parabolic, boundary~initial value prob

lem. A reasonably simple, but not trivial, example of such a problem is discussed in 

the remaining sections of this chapter. The objective is to introduce terminology, con

cepts, and notational conventions that are used throughout the thesis. The example 

is a particular case of a class of problems extensively discussed by Glowinski and Lions 

in a recent review article [39]. Issues regarding discretization and convergence of the 

discrete problem to the original problem are the subjects of Chapter 2. Chapter 3 

introduces a spectral preconditioner that can be used to improve convergence rate 



2 

of iterative methods for a certain class of optimal control problems involving linear 

evolution problems of first order in time. Chapter 4 addresses a class of multicrite

ria optimization problem having a hierarchical structure and introduces a numerical 

method for a particular class of such problems. The issue of controllability is a main 

concern in optimal control problems. The focus of Chapter 5 is on controllability in

vestigations, by analytical and numerical means, of a system which is acted upon by a 

moving controller with pointwise support. Finally, in Chapter 6, the optimal-control 

approach is applied to a flow-control problem, in which the control is used to reduce 

formation of vorticity in an internal flow of a viscous, incompressible fluid. 

1.1 A Final-State Control Problem 

Let n be an open, bounded, and connected region m Rd (d = 1, 2, 3 is the spa

tia.l dimension) with boundary 80. Let w C D be an open subregion and Xw the 

characteristic function of w. 

Given O < T < +oo, consider the heat equation 

ay ot -!::::.y=vxw in D x (0,T), 

y=0 on 80 x (0, T), (1.1) 

y(0) = 0 in D. 

(Here, as well as subsequently, y(t) denotes the function x f--, y(x, t).) Viewing the 

function v as a control of the state equation ( 1. 1), the task is to construct controls 

so that the state y behaves in a prescribed manner. Typica.lly, one uses v to force 

a desired effect on an observation of the state. For instance, we might want to 

approximate the final state, y(T) with a given target Junction YT· 

To make sense out of such a problem, we must specify a functional context m 

which pointwise values of the state y( t) are well defined. This is indeed the case for 

an appropriate choice of function spaces: for each v E %-', with 

%-' = L 2 (w x (0, T)), 

equation (1.1) has a unique solution y, such that, on [O, T], t f--, y(t) is continuous 

with values in L 2 (D) ([23, Ch. XVIII §4], [10, Ch. X]). Thus, it makes sense to ask 

whether, given a target function YT E L 2 (D), there are controls v E %-' such that 

y(T) = YT in L2 (D) (%-' traditionally denotes the admissible controls which need not 
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be a vector space in more general contexts). Unfortunately, this exact controllability 

is possible only for a very restricted class of functions YT [39, Remark 1.14]. 

Thus, finding controls v E o/L' such that y(T) = YT is an ill-posed problem for an 

arbitrary function YT E L2 (D). A way to find approximate solutions to such problems 

is through a Tikhonov regularization procedure, which is a systematic method to 

stabilize ill-posed problems ([90],[29]). Following such an approach, we introduce 

E > 0, the regularization parameter, and consider the following problem: 

inf J(v), 
vE"lt 

(1.2) 

where the functional 

J(v) = ~1 v2 dxdt + ! f (y(T)-yT)2dx 
2 wx(O,T) 2 Jo ( 1.3) 

is called an objective function ( or cost function). The notation y(T; v) will sometimes 

be used to highlight the functional dependence of the final state on the control v. 

1.2 Existence, Uniqueness, and Equivalent Formulations 

Let us define A:%' --+ L2 (D) as the map v f---+ y(T; v ), where v and y are related 

through the state equation (1.1). The forward map A can be thought of as a compo

sition of three operations: 

1. Application of the control, in this case through the actuator Xw· 

2. Solution of the state equation. 
(1.4) 

3. Observation, in this case of the final state. 

The forward map is linear in this case. We get an affine-rather than linear

forward map if nonhomogeneous terms such as a nonzero forcing term or nonzero 

boundary and initial conditions are allowed in the state equation (1.1). In fact, 

the forward map is also continuous in the relevant operator norm, that is, A E 

.2"(%',L2 (D)). This follows from the following ([61, Ch. III]): 

• The solution y of ( 1. 1), regarded as an element in an appropriately chosen spa.ce 

W(0, T), depends continuously on the data v. 

• There is a continuous injection from the space W(0, T) into the space of con

tinuous functions with values in L2 (D). 
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In terms of the forward map, the objective function (1.3) can be written 

( 1.5) 

where II · II denotes the norms in L2 (0, T; w) and L2 (D) respectively. 

Now, u E '2! minimizes (1.5) if and only if it satisfies the regularized normal 

equations 

(El+ A* A)u = A*yr, ( 1.6) 

where A* denotes the adjoint of the forward map A. The condition ( 1.6) is obtained 

by differentiation of (1.5) using the boundedness of A. The operator (El+ A* A) is 

symmetric, bounded, and, for ea.ch E > 0, strongly elliptic on '2!. Thus, there is an 

unique solution to (1.6) and, hence, to the minimization problem (1.2). Existence 

and uniqueness can alternatively be proven directly for the problem (1.2) using the 

fact that J is continuous, coercive and strictly convex [61, Ch. I §1]. 

Multiplying state equation (1.1) by a a sufficiently smooth function (x, t) f------+ 

p( x, t), and integrating by parts in space and time, we obtain the following expression 

for the action of the adjoint opera.tor A* E 2'(L2 (D), '21): Given a function z E L2 (D), 

solve, from t = T to t = 0, the adjoint equation 

and set 

ap - ot - 6p=0 in D x (0,T), 

p=0 on 80 x (0,T), 

p(T) = z, 

A*z = Plw-

( 1. 7) 

Note that the adjoint map is a. opposite-order composition of the ad joints of the 

operations involved in the forward map as described in the list (1.4). 
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Since, by (1.6), the optimal control satisfies u = (1/t:)A*(yy - y(T)), we see that 

( 1.6) is equivalent to the following coupled system of two partial differential equations: 

ay 
ot - 6-y = PXw 

y=0 

y(O) = 0 

in D x (0, T), 

on 80 x (0, T), 

in D x (0, T), 

p=0 on8Dx(O,T), 

1 
p(T) = -(yy - y(T)), 

E 

which is called the optimality system of problem (1.2). 

(1.8) 

Note that (1.6) is an equation in the space of the control variables, %'; we may 

call this the primal formulation. Introducing 

1 f = -(yy - Au), 
E 

where u is the solution to ( 1.6), we see that f and u satisfy 

(d + AA*)f = YT, 

u = A* f. 
( 1.9) 

This change of variables yields another ("dual") normal equation, equivalent to (1.6). 

Applying the Reverse Hilbert Uniqueness Method ([39], [62], [63]) to controllability 

problems associated to evolution equations yields in a natural way the dual formula

tion. 

1.3 Summarizing Discussion 

We have seen that the final-state control problem (1.2) associated to the heat equa

tion (1.1) has a. unique solution, and that there are several equiva.lent formulations 

of this problem. Problem (1.2) is a particular case of an abstract, regularized lin

ear least-squares problem (1.5) whose norma.l equations are given either by (1.6) or 

(1.9). For the specific state equation (1.1), the normal equations are equivalent to 

the optimality system ( 1.8). 
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A large class of optimal control problems, in particular all problems considered in 

the following chapters, involves a forward map consisting of the operations indicated 

in (1.4) and an objective function similar to (1.5). However, this abstract descrip

tion cover far from all important optimal-control problems. It tacitly ignores, for 

instance, a possible distinction between observations and control objectives. Yet, this 

distinction is useful for problems where a feed-back mechanism is involved. In such 

problems, a partial observation of state is used to construct a control that steers the 

system to behave in a certain way, and the control objective may be quite different 

from the observation that is used to construct the control. There are also alternatives 

to the least-squares fit that the objective function (1.5) implies, such as minimization 

in a 1 1 or 1 00 sense. 

The particular problem introduced in Section 1.1 is quite well-behaved in several 

ways: the forward map is linear and continuous, the objective function is quadratic, 

and there are no constraints on the control or the state variables. 

All of these properties rarely hold simultaneously for realistic problems. Even a 

linear forward map can be a lot more complicated than the forward map in Section 1.1. 

For instance, a single evaluation of the action of the forward map in Chapter 4 requires 

a solution of a control problem. 

Nonlinearities can enter at each of the operations that constitute the forward map; 

for instance, the application of the control as well as the sta.te equation are nonlinear 

for the problem in Chapter 6. If the forward map is nonlinear but differentiable and 

the objective function is quadratic, we obtain a nonlinear least-squares problem which 

will be nonconvex in general and may thus contain several local minima. 

Constraints on the control or state variables are needed in many applications. A 

simple but typical example is given in Section 6.2.3. 

Other important problems are complicated by a objective function which is nondif

ferentiable, either by the choice of norms in the objective function or by the properties 

of the forward map. This class of problems will not be considered here. 
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Chapter 2 

Numerical Algorithms and Convergence Issues 

2.1 Discretization Issues 

Attempting a numerical solution of a control problem like the one introduced in the 

last chapter, one of the first issues we face is the choice of discretization. A possible 

approach would be to consider one of the formulations of the problem introduced 

in Section 1.2, choose suitable, convergent approximations of the state and adjoint 

equations, and select a numerical method to solve the resulting, discrete problem. 

This would most likely lead to a well-posed finite-dimensional problem, but there 

are nevertheless some problems with such an approach. Recall that the operators on 

the left-hand side of equations (1.6) and (1.9) are selfadjoint, suggesting the use of 

computational methods that exploit the symmetry of the corresponding discrete op

erators; the conjugate gradient algorithm is a typical example. There is no guarantee, 

however, that an independently discretized adjoint equation will be the exact adjoint 

of the discrete state equation. This asymmetry, introduced through the discretiza

tion, may be enough to seriously affect the convergence rate of an iterative method 

that assumes symmetry. 

Another way of expressing the same concern is that most numerical methods for 

minimization problems require accurate computation of the gradient of the objective 

function. Computing the gradient of the objective function (1.5), 

VJ ( V) = EV + A* (AV - YT)) 

involves applying the adjoint map. Thus, for an accurate calculation of the gradient 

in the discrete case, we need an expression for the true adjoint of the discrete forward 

map. 

This line of reasoning supports the following discretization strategy: Choose con

vergent discretizations of the state equation and the objective function. This defines 

uniquely a discrete adjoint equation, which, if needed, in general has to be derived on 

a case-by-case basis. In the terminology of Chavent [17], we will not use a discretized 

adjoint but the true discrete adjoint. 
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2.2 Numerical Algorithms 

Following the discretization approach outlined in Section 2.1, we obtain a discrete 

control problem. As the problem in Sections 1.1 and 1.2, this problem also has several 

equivalent formulations, similar to (1.2), (1.6), (1.9), and (1.8)). These different 

formulations, which by no means are the only ones possible, also suggest different 

approaches to a numerical solution of the problem. 

2.2.1 A Direct Method 

This type of problems can become very large, especially for problems in two and 

three space dimensions, making iterative procedures the only reasonable choice for 

most problems. Yet, there are some cases in which a direct method can be employed 

successfully. Here, the name "direct" refers to methods that use an explicitly com

puted representation of a discrete counterpart to one the operators A, A* A, or AA* 

in (1.6) or (1.9). Such a computation can be possible if either the row or the column 

dimension of corresponding matrix is of modest size. For example, if the control 

variable is parameterized, a.llowing only a limited number of "degrees of freedom", 

then the dimension of the discrete control space can be small even for a problem that 

is in other ways large. In such cases, the dimension of the domain of the discrete 

forward map might become small enough to allow an explicit computation of A* A. 

Conversely, the dimension of the range of the discrete forward map can be reduced by 

projecting the observation onto a space of smaller dimension, as done by Glowinski 

and Lions [39, §1.8.4]. This decreases the order of the discrete version of the map 

AA*. 

A matrix representation for the forward map can always, in principle, be con

structed, column by column, by applying unit vectors from the control space and 

computing the corresponding observations. Of course, if the dimension of the space 

of observations is smaller, it will be advantageous to instead compute a matrix rep

resentation of A* by applying unit vectors from the space of observations and solving 

the adjoint equation. In general, these will be a very costly calculations. However, 

for problems with certain structures, a matrix representation for the forward map is 

quite cheap to compute. 

Let us consider a linear state equation of evolution type, like the one presented in 

Section 1.1. Assume that the equation has been fully discretized, and let '2th be the 
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discrete control space. Let us partition an element v E o/L'h in the following way 

V = ( Vt ) 

VN 

where the control at time level n, vn, is in some finite-dimensional space o/L'ht:., whose 

dimension is the spatial degrees of freedom for the control. We use a similar partition 

of the state y. Moreover, let us assume that the state equation has been discretized 

in time using a linear one-step method. That is, given a control v E o/L'h, the solution 

of the state equation can be written 

Yo= 0; 

far n = 1, ... , N (2.1) 

Yn = En(Yn-1 + Bnvn), 

where En E 2'(F) denotes the linear ''solution procedure" at each time step, and 

Bn E 2'( °lL't:,., F) the linear application of the control through a boundary condition 

or a forcing term. From (2.1) it follows that the final state YN is given by 

If a forward map is defined by Av = YN, expression (2.2) shows that the total work 

involved in computing a matrix representation for A corresponds to solving the state 

equation (2.1) about N dim(°lL't:.)/2 times, which is typically a large number. However, 

if the state equation is time invariant, that is, if En and Bn does not change with 

time, then expression (2.2) becomes 

where En= E, Bn = B, and 

(2.3) 

Thus, for time invariant state equations, the forward map has the block I<.' rylov 

str-ucture evident in (2.3), and to compute En B, we can simply apply E to En-l B. 

Making use of this recursive structure, the total work involved in computing A cor

responds to solving the state equation dim( °lL't:,.) times. 
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Once we have access to a matrix representation for the forward map, it is possible 

to apply one of the classica.l computational methods developed for the linear least

squares problem, as described by Bjork [7], Golub and Van Loan [43, Ch. 5], Lawson 

and Hanson [58] ( who also include a comprehensive section on regularization), and 

Stewart [83]. Assembling the forward map explicitly and solving corresponding linear

least-squares problem using the Singular Value Decomposition has successfully been 

used for a control problem involving the unsteady Stokes equations [6]. See also 

Chapter 4 where a more complicated, hierarchical control problem is solved using 

explicitly computed forward maps. 

2.2.2 Indirect and Iterative Methods 

The main advantage of using iterative methods, like the conjugate gradient algorithm, 

is that the forward map need not to be computed nor stored explicitly. The algorithm 

only needs the action of the operators on the left-hand side of (1.6) or (1.9). This 

can be accomplished through the solution of the state and adjoint equations; for the 

example given in Section 1.1, these will be finite-dimensional counterparts to equa

tions ( 1. 1) and ( 1. 7). Note that we still have a choice between the formulations ( 1.6) 

and (1.9). One preferably chooses the one in which the space of the unknown has the 

smallest dimension. 

A regularization procedure was introduced for the problem in Section 1.1 to ensure 

well-posedness. It seems natural that the conditioning of the problem could depend 

on the size of the regularization parameter t. Indeed, for the problem in Section 1.1, 

the condition number is roughly proportional to C 1
, see Chapter 3 below and refer

ence [39, §1.8]. Thus, for small E, the problem will be ill-conditioned and iterative 

methods will converge slowly. As demonstrated below in Chapter 3, it is possible 

to use a spectral preconditioner to dramatically speed up the convergence for certain 

ill-conditioned control problems. 

If the forward map has the block Krylov structure (2.3), a "hybrid" method can be 

applied by explicitly storing a representation for AT A and using an iterative solution 

method. Assuming that dim( %'ti.) is not too large, A is cheap to compute. The 

normal operator AT A will be a block Hankel matrix, that is, a matrix in which each 

anti-diagonal block of order dim(o//ti.) is constant. Thus, only N(N - 1) blocks of 

order dim( %'6 ) will have to be stored and not the whole matrix. One could choose to 
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store the diagonal and the lower diagona.l blocks, for instance; this contains sufficient 

information to compute the action of AT A. 

For problems in which the forward map is nonlinear, it is usually exceedingly 

expensive to use an algorithm (such as Newton's method) that needs an explicitly 

computed representation of the forward map. The fact that the forward map de

pends on the state y means that it would need to be recomputed each iteration. 

Nonlinear conjugate gradient or conjugate residual methods, quasi-Newton methods 

of preferably limited-memory type, or Sequential Quadratic Programming (SQP) ap

proaches are the methods of choice for nonlinear problems when gradient information 

is available. 

2.3 Convergence of an Abstract Linear Least-Squares Problem 

The genera.I discretization strategy advocated in Section 2.1 is to select convergent 

discretizations of the state equation and the objective function and let the discrete 

adjoint equation be defined by the choice of these discretizations. Unfortunately, this 

is not, by itself, sufficient to ensure convergence of the solution to the discrete control 

problem to the solution of the original problem. This is illustrated in Section 2.3.1 

by a simple example. 

Thus, a natural question to ask is what additional conditions are needed to obtain 

convergence in this sense. It turns out, as shown below, that the essential condi

tion simply is a strong convergence of the discrete adjoint map that results from a 

convergent discretization of the forward map. 

The importance of this result is the uncoupling it provides; although the control 

problem involves two coupled differential equations, for convergence of the numerical 

solution to the solution of the original problem, it is sufficient to establish convergence 

of the equations separately. Note that a convergent discretization of a map does not 

automatically imply convergence of its adjoint. This is illustrated by the example 

in Section 2.3.1. In the context of inverse tomography, Sei and Symes [78] provide 

an example of a forward map given by the solution of a partial differentia.l equation 

where certain well-established, convergent schemes for the state equation lead to a 

discrete adjoint equa.tion with a numerical scheme not consistent with the adjoint 

equation. 

The convergence proof below relies on a standard compactness argument, mak

ing no specific assumptions on the way the forward map and the objective function 
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are discretized. The chain of arguments is essentially the same as in the proof by 

Glowinski and Lions [39, Theorem 1.3], the main difference being in the hypotheses. 

In the literature on the numerical analysis of optimal control problems, conver

gence is usually proven for specific discretizations; see, for instance, [39], [66], [70], 

[57], [93] for control problems related to parabolic equations. The assumption of a 

specific discretization allows for much stronger results such as error estimates, but 

does not expose the fact that strong convergence of the forward and adjoint maps are 

sufficient. In the literature on regularization methods for general ill-posed problems, 

other types of convergence are typically at focus, like the behavior of the solution 

as the regularization parameter approaches zero; see, for instance, the recent survey 

article by Engl [29] and the references therein. 

2.3.1 An Example of Nonconvergence 

The following example will elucidate the need for care when choosing discretizations 

of a normal equation of the type ( 1.6). Let %' = H = £2, where £2 is the set of 

all real, square-summable sequences; that is, v = ( v1 , v2 , ••• ) E f 2 if and only if 

llvll 2 = I::~=l lvnl 2 < +oo. We choose as our forward map, the right-shift operator 

R E 2"( %'), 

R : ( V1 ' V2' ... ) 1-------t ( 0' V1 ' ... ) . 

The adjoint of R in £2 is the left-shift operator, 

Consider, for t > 0 and for z E £2, the following regularized normal equations 

( El + R* R)u = R* z, (2.4) 

whose solution simply is 11, = R*z/(1 + t). 
To approximate f 2

, let us take the space f~ C f 2 of sequences in which all compo

nents beyond the nth are zero. To identify elements off~, we will supply them with 

the superscript n. To approximate R we take the circular right shift Rn E 2"(f;) 

Rn: (v~, ... ,v~,O, ... ) 1-------t (v~,v~, ... ,v~_1 ,0, ... ). 

Following the discretization strategy outlined in Section2. l, and computing the exact 

adjoint of Rn in f~ yields the circular left shift, 

R~: (v~, ... ,v~,O ... ) 1-------t (v;,v;, ... ,v~,v~,O, ... ). 
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The equation 

(2.5) 

has a unique solution for each n. However, the solution un will not, for all z, converge 

to u a.s n---+ ex:,. For instance, if z = (1, 0, ... ), then the solution to (2.4) is u = 0, but 

un = (0, ... , 1/(1 + c), 0, ... ), where the nonzero component is in the nth position. 

In this case, the forward-map approximation will indeed converge in the sense 

that, whenever vn ---+ v, 

n-1 oo 

IIRv - Rnvnll
2 = lv~l 2 + L lvm - v~l 2 + L lvml 2

---+ 0, 
m=l m==n 

as n---+ ex:,_ However, R~vn f, R*v in general. For instance, choosing v = (1,0, ... ), 

and vn = v, we get 

for all n. We have thus constructed an convergent approximation of a forward map 

whose adjoint is not convergent, and demonstrated that the corresponding least

squares solution will not converge to the solution of the original problem. 

2.3.2 Approximation and Convergence 

Let us slightly generalize the least-squares problem discussed so far. Let °2i, H be real, 

separable Hilbert spaces with norms given by the inner products which will be denoted 

(·, ·). Norms induced by the inner product are denoted II· II; the context will make it 

clear which space is considered. Let A E 2( °21, H), where 2( 6/,/, H) is the space of 

continuous linear operators from °2i into H. We introduce N E 2( °21)( = 2( °21, °21)) 
with N = N* ( N* is the adjoint of N) and satisfying 

(2.6) 

for some v > 0. 

Given z E H, let us consider the linear least-squares problem 

inf J ( V ), 
vE 61/ 

(2.7) 

where 
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Since j is continuous, coercive and strictly convex, problem (2. 7) has a. unique solu

tion. Moreover, an element u E '2/ minimizes J if and only if it satisfies the regularized 

normal equations 

(N + A* A)u = A*z, (2.8) 

where A* is the adjoint of A. 

For ea.ch m E z+, consider the closed subspaces '21m C '21, Hm C H. We assume 

density in the sense that for all v E o/L' there exists a. sequence ( vm)m, Vm E '21m such 

that Vm ---+ v in '2/ as m ---+ oo and similarly for H. 

For ea.chm E z+, we introduce the opera.tor Am E 2('21m,Hm), the opera.tor 

Nm E 2('21m), N; = Nm, the element Zm E Hm, and consider the problem 

(2.9) 

which has a. unique solution for all m E z+. We assume that the Nm 's uniformly* sat

isfies the coercivity property (2.6). We follow the discretization approach advocated 

in Section 2.1. Thus, A;;,, is the exact adjoint to the map Am and not an independent 

approximation to the adjoint A*. 

It will be shown in Theorem 2.1 that the solution Um converges to the solution u 

of (2.8) if the approximations to z E H converge, that is, 

lim llzm - zll = 0, 
m-+OO 

(2.10) 

and if the following assumptions on the approximations to the maps A and N hold: 

lim IIAmvm - Avll = 0 whenever lim llvm - vii = 0, 
m~oo m~oo 

lim IJA:ym - A*ylJ = 0 whenever lim IIYm - yJJ = 0, 
m~oo m~oo 

lim IINmvm - Nvll = 0 whenever lim llvm - vii = 0. 
m~oo m~oo 

(2.11) 

(2.12) 

(2.13) 

The assumptions (2.11) and (2.12) a.re reasonable in the sense that they simply tells 

us that the "approximate observation", Am Vm, converges to the "real observation", 

Av, if the "data.", Vm, converges ( and similarly for the adjoint). 

To establish the convergence result, we proceed through a. sequence of lemmas. 

Lemma 2 .1. Let Pm E .2" ( '21, '21m) be the orthogonal projector from '21 

onto '21m. Then 

sup IIAmPmll < +oo 
mEU:+ 

if assumption (2.11) holds. 

*That is, the same v > 0 holds for all m E l_+. 
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Proof. Let v E W. Then Pm v ---+ v in W as m ---+ CXJ. Since a convergent sequence is 

bounded, the assumption (2.11) implies 

sup IIAmPmvll < +CXJ, 
mEZ+ 

and since v is arbitrary, the principle of uniform boundedness yields 

sup IIAmPmll < +CXJ. 
mEZ+ 

Lemma 2.2. Let (um)m be any subsequence generated by the solutions 

of (2.9). Assuming (2.11 )i there exists a further subsequence ( Um' )m, to 

( um)m and an element u* E W such that ( Um' )m, converges weakly to u* 

in%'. 

Proof. For any m associated with the sequence ( um), we have, 

= ( Um, A;,,zm) 

= (Amum, Zm) = (AmPmum, Zm) ~ IIAmPmllllumllllzmll 

~ Cllum II, 

( unif. coerci vity 

of the Nm's) 

(by (2.9)) 

D 

where in the last inequality, we have used Lemma 2.1 and the fact that (zm)m 1s 

convergent (and thus bounded). Thus, 

and we can conclude that the sequence (um)m is uniformly bounded. The space W 

is reflexive since it is a Hilbert space, and we can therefore extract a subsequence 

( Um' )m' such that, for some u* E W, Um' ~ u* in o//. D 
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Lemma 2.3. Assume that (2.10)! (2.11)) (2.12L and (2.13) hold. Let 

( um)m be any subsequence generated by the solutions of (2.9). If ( Um' )m, 

is a subsequence to (um)m converging weakly to an element u* in '-2/, then 

u* = u! where u is the solution to equation (2.8). 

Proof. For now, let ( un)n denote the subsequence ( Um' )m'· Let v E o/_/, and let 

Pn E 2'('-2/, '-2/n) be the orthogonal projector from '-2/ onto '-2/n. Then, 

= (Nv, u*) + (A* Av, u*) 

=(v,(N +A*A)u*) 

(2.14) 

since Pnv -+ v, NnPnv -+ v (by (2.13) ), Un -----' u*, and A~AnPnv -+ A* Av (by (2.11) 

and (2.12)). On the other hand, by (2.9) and assumptions (2.10) and (2.11), 

(2.15) 

Together, the expressions (2.14) and (2.15) yields that u* satisfies equation (2.8), and 

thus, since the solution is unique, that u* = u. D 

Theorem 2.1. Under the assumptions (2.lO)i (2.llL (2.12)) and (2.13), 

the sequence ( um)m generated by the solutions of (2 .. 9) converges in '-2/ to 

the solution u of (2.8). Also! the sequence (Amum)~=I converges to Au in 

H. 

Proof. By Lemma 2.2 and 2.3 there exists a subsequence ( Um' )m, C ( Um )m such that 

Um' -----' u in '-2/. Assume that the full sequence ( Um )m does not converges weakly to 

u. Then there would exist a further subsequence ( u;;;);;; C ( Um' )m,, a /50 > 0, and a 

Vo E o/_/ such that, for ea.ch m, 

I ( Vo, u;;; - u) I > 150. (2.16) 

However, (u;;;);;; C (um)m so (u;;;);;; is bounded. Thus, there exists a subsequence 

( u;;;, );;;, C ( u;;;);;; and a u** E '-2/ such that u;;;, -----' u** = u in '-2/ by Lemma 2.2 and 

Lemma 2.3. Thus, there exists an M E z+ such that for in' 2 M and for ea.ch v E '-2/, 

l(v, u;;;, - u)I < l5o, 



17 

which contradicts (2.16). Thus the full sequence (um)m converges weakly to u. 

Now let Um = Um - Pm u where Pm is the orthogonal projection from P onto Pm. 

Then we have, by the uniform coercivity of the Nm's, 

(by (2.9)) 

Taking limits, we obtain 

since Um-' 0, A:nzm - A*z (by (2.12)), and NmPmu+A:nAmPmu - Nu+A* Au (by 

(2.11), (2.12), and (2.13)). Thus, limm-+oo llumll = 0 and hence limm-+oo llumll = llull

Since Um -' u in %' and llumll - llull we can conclude that Um - u in %', and also, 

because of the assumption (2.11), that Amum - Au in H. D 
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Chapter 3 

A Spectral Preconditioner 

3.1 A Preconditioner for an Abstract 

Least-Squares Problem 

Let us again consider the abstract linear least-squares problem (2. 7) in Section 2.3.2 

and the associated normal equations (2.8). To construct the solution u, one can 

employ a gradient or conjugate gradient method. Classical estimates giving upper 

bounds on the rate of convergence for these methods depend on the condition number 

of the problem (refer to Axelsson [4] for the finite-dimensional case and Daniel [22] for 

the infinite-dimensional case). As shown below, small values of the parameter v may 

yield an ill-conditioned problem. The condition number can be reduced substantially 

by preconditioning, that is, by solving the problem in an alternative norm on o/L'. 

If there are operators A 1 , A 2 E Jc'( o/L', H) such that A* A satisfies 

(3.1) 

it is natural to expect that the operator 

may serve as an approximation to the operator on the left-hand side of (2.8). To 

make use of the splitting property (3.1) for preconditioning, let us define the following 

alternative inner product and norm on o/L', 

(v,w)c = (v,Cw), llvllc = (v,Cv) 112
, v,w E o//. 

The C-norm is equivalent to the norm given by the inner product since A 1 is bounded 

and since condition (2.6) holds. The problem 

c-1(N + A* A)u = c-1 A*z (3.2) 

is equivalent to (2.8), and the operator c-1(N + A* A) is selfadjoint in the inner 

product ( ·, · )c. Thus, problem (2.8) can be solved by solving (3.2) with a gradient or 
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a conjugate gradient method using the inner product (·, ·)e. The condition number 

of the preconditioned problem is given by by 

Kc(C- 1 (N + A* A))= IIC-1 (N + A* A)llcll [c- 1 (N + A* A)r
1 

lie- (3.3) 

For the estimate given below, we use the following characterizations of the norm 

of selfadjoint operators in Hilbert spaces: 

IIBII 
(v,Bv) 

e = sup , 
vE°//\{o} ( v, Cv) 

IIB-1 llcl = inf ( v, Ev) 
vE'¼'\{o} ( v, Cv) 

Theorem 3.1. With definitions as above! the following estimate holds: 

Kc(C- 1 (N + A* A)) S 1 + .!_IIA2ll2. 
V 

Proof. By (3.1 ), c-1 (N + A* A) =I+ c- 1 A;A2, so 

II [c-l (N + A* A)]-l lie= 11(1 + c-l A;A2t1 lie 

_ [· f (v, [C + A;A2] v)]-i 
- m vE°//\{o} ( C ) V, V 

S 1, 

the last inequality following from the positive semi-defiteness of A;A2 . Thus, by (3.3), 

Ke(C- 1 (N + A* A)) s 11c-1 (N + A* A} lie= III+ c- 1 A;A2lle 

= sup 
vE°//\{O} 

(v, [C + A;A2] v) 
(v, Cv) 

( v, A;A2v) 
= 1 + sup 

vE°//\{o} (v,Cv) 

< supllvll=l ( v, A;A2v) 
_ l + infllvll=I(v, [N + AiA1]v) 

1 
s 1 + -IIA2ll2, 

V 

the last inequality following from (2.6). 

Remark 3.1. Theorem 3.1 gives an estimate on the condition number of the original 

problem (2.8) in the canonical norm by setting A 1 = 0 and A 2 = A. 



3.2 Application to an Abstract Evolution Equation 

3.2.1 The Least-squares Problem 
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For a more complete discussion on evolution equation in an abstract Hilbert-Space 

setting, see Dautray and Lions [23, Ch. XVIII] and Lions [61, Ch. III]. 

Let V be a real Hilbert space, let a(·, ·) : V x V -+ R be bilinear, continuous 

and V-coercive, and let A E 2"(V, V') be the corresponding operator defined by the 

Lax~Milgram theorem (V' is the dual space of V which we will not identify with V). 

Let H be another Hilbert space such that V C H where the embedding is continuous 

and dense. We denote the inner product in H by(·,·) and identify Hand H'. Thus, 

we have V C H C V' where the embeddings are continuous and dense. 

For a given O < T < +oo, let us consider the evolution problem 

dy 
dt+Ay=Bv in(0,T), 

y(O) = 0, 

(3.4) 

where v E L2 (0, T; W) with W being a Hilbert space, and where on (0, T), ti-----+ B(t) 

is essentially bounded in 2"(W, V'). Problem (3.4) has a unique solution y such that 

2 ( ) dy 2 ( . ') ( ) y E L 0, T; V , dt E L 0, T, V . 3.5 

One can show that if y satisfies (3.5), it can be identified almost everywhere on [O, T] 

with a function in 'i&'( [O, T]; H). 

Thus, pointwise values in time of the function y makes sense and we can define 

the forward map A : o/.L' -+ H from Av = y(T), where o/.L' = L 2 (0, T; W), and y is 

obtained from v through the solution of (3.4). In fact, A E .St'(o/£', H), which follows, 

as in Section 1.2, from that the solution y continuously depends on the data v and 

that there is a continuous injection of y into the space of continuous functions with 

values in H. 

Given YT E H and E > 0, we define the control problem 

inf J(v), 
vE"a' 

(3.6) 

where 

(3.7) 

This is a least-squares problem of the type (2.7) with z = YT, N = d a.nd v = E (see 

(2.6) ). The problem discussed in Section 1.1 and 1.2 is a special case of the current 

problem. 
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Remark 3.2. In (3.4), we have assumed homogeneity, that is, zero initial condition 

and no forcing term except the one associated with the control. This is not essen

tial, and allowing nonhomogeneous terms does not change anything conceptually but 

complicates the notation. In the final algorithm (Algorithm 3.3) we will include the 

possibility of nonhomogeneous terms. 

3.2.2 Preconditioning 

We now make some additional assumptions that enable us to obtain the splitting 

property (3.1). Assume that the bilinear form a is symmetric and that the embedding 

V CH is compact. Then A, viewed as a densely defined, selfadjoint operator on H, 

has a spectral decomposition {>-k, zdka+ where Azk = AkZk, (zk, z1) = 81k, and 

0 < A1 ~ >- 2 ~ · • •• Also, Ak -+ +oo as m -+ oo except if H is finite dimensional. 

With these additional assumptions, we can write the solution of (3.4) as 

where 

00 

y(t) = L µk(t)zk, 
k=l 

µk(t) = 1t e->.k(t-r)/3k(T) di, 

f3k(t) = (B(t)v(t), zk), 

(3.8) 

and where(·,·) is the duality pairing on V' x V. Thus, the action of the forward map 

has the representation 
00 

Av = y(T) = L µk(T)zk. (3.9) 
k=1 

We also have 

00 

B(t)v(t) = L /3k(t)zk, 
k=1 

2 ~ 1 2 IIB(t)v(t)llv, = ~ ~/3k(t) < +oo, 
k=1 k 

(3.10) 

a.e. on (0, T). Furthermore, if B(t) E 2'(1f/, H), we have 

00 

IIB(t)v(t)111 = L /3f(t) < +oo, (3.11) 
k=l 

a.e. on (0, T). 
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Let A be the orthogonal projection onto the space spanned by the p first eigen

vectors {zk}f=l' so that Piz = IJ=1 (z, zk)zk for z E V or H, and Piz = I:~=l (z, zk)zk 
for z E V'. We also define Pz = I - Pi, whose action has the representation 

00 

Pzz = L (z, zk)Zk (3.12) 
k=p+l 

for z E V or H. For later use, we note that 

(3.13) 

and that, in the case B(t) E .:t'("lf/, H), 

00 

IIAB(t)v(t)llt = L f3;(t). (3.14) 
k=p+l 

Now, by defining 

(3.15) 

we obtain the splitting property (3.1), which allow us to introduce the preconditioner 

(3.16) 

The following theorem gives an condition-number estimate of the preconditioned prob

lem. 

Theorem 3.2. With definitions as above) we have 

Kc( c-1 (El+ A* A)) ~ 1 + J:__ sup IIAB(t) lit,. 
2E tE(O,T) 

(3.17) 

Furthermore) if B(t) E .:t'("lf/,H) a.e. on (O,T), we have 

(3.18) 

Proof. By (3.15), (3.12), (3.9) and (3.8) we have 
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and, by orthogonality, 

We pick an M ~ p + l and truncate the expansion of IIA2vllk, 

(3.19) 

Letting M-+ oo we obtain, by (3.13), 

2 11T 2 1 2 1T 2 IIA2vll ::; - IIAB(t)v(t)llv, dt::; - sup IIAB(t)llv, llv(t)ll'ffedt, 
2 0 2 tE(O,T) 0 

so 
2 1 2 IIA2II ::; - sup IIAB(t) llv,- (3.20) 

2 tE(O,T) 

Applying Theorem 3.1, with N = El, v = e, and the bound (3.20) yields the esti

mate (3.17). 

To obtain (3.18), we use, instead of (3.19), the estimate 

,E, (lT e ->,(1' -,) fh ( i) di)' <; ,f;_, iT e -2',(T-') dt iT /3,( i )2 di 

M T T ::; 'I: 1 e-2>,p+i(T-t) dt l Pk(t) 2 dt 
k=p+l O u 

If B(t) E 2'(:W, H) a.e. on (0, T) then, since (3.11) and (3.14) holds, letting M-+ oo 

a,nd applying Theorem 3.1 yields (3.18). D 

The estimates in Theorem 3.2 tell us that, for each e > 0, we can get the condition 

number arbitrarily close to unity by choosing p large enough. The theorem also 

indicates that how much the condition number is reduced for a fixed p depends on 

the "smoothness" of B. 



3.2.3 Approximation 

In order to find a finite-dimensional approximation of the control problem (3.6), we 

consider the variational form of the evolution problem (3.4) 

{ 

Vz E V, 

; (y, z) + a(y, z) = (Bv, z) in ~(0, T), (3.21) 

y(O) = 0. 

Let us introduce families of finite-dimensional, approximating spaces {vh} , 
h>O 

{"lf/h} ; Vh c V, "lf/h c "If/, such that Vh -+ V, Yf/h -+ "If/ in the following sense: 
h>O 

There exists a Y CV, Y = V, such that, for each v E Y, there are {vh} , vh E Vh 
h>O 

so that 

lim llvh - vi[ = 0, 
h--+0 

and similarly for "If/. 

Let 13..t = T/N for some N E z+. We approximate B(t) with Bn E !i'("lf/h, V'), 

n = l, ... , N, and v with the block column vector vh = ( vf, ... , v~ )I', where v~ E "lf/h, 

n = l, ... , N. Thus, the space %' is approximated by the Cartesian N-product 

o;,1h = "lf/h x ... x Yf/h. We equip '2/h with the inner product and norm 

N 

(v\ wh)ul/h = 13..t 2Jv~, w~)Yf/n, (3.22) 
n=l 

As an approximation of the solution y of (3.21), we take the sequence y~ E Vh, 

n = 0, ... , N, satisfying 

Yh = O· 
n ' 

far n = l, ... , N, 

{ 

Yh E Vh such that \/z E Vh 
n ' ' 

( 

h h ) Yn - Yn-1 h h 
13..t ,z +a(yn,z)=(Bnvn,z). 

(3.23) 

To approximate the forward map A, we define Ah : '2/h -+ H from 
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where y~ is computed from vh through (3.23). To approximate the objective function 

(3. 7), we define 
h h E h2 1 h 2 

J (v ) = 211v 11"1/h + 211Ahv - Yrllm (3.24) 

and consider the least-squares problem 

(3.25) 

The minimizer uh E o/L'h satisfies 

(3.26) 

where Ai; is the adjoint of Ah. The problem (3.26) ( or equivalently (3.25)) has a 

unique solution. 

3.2.4 Preconditioning in the Finite-Dimensional Case 

We now introduce the finite-dimensional analogue to the preconditioner (3.16), and 

derive a finite-dimensional analogue to the condition-number estimate (3.18). 

Let h > 0 be fixed and let dim(Vh) = K E z+. Since a is symmetric and positive 
K 

definite on Vh x Vh, there is an orthonormal set { zf }i=l C Vh of eigenfunctions that 

spans vh, 

a( zf, z) = >..7 ( zf, z) , V z E Vh, i = l, ... , K, 

0 < )..~ ::; ... ::; >..j{, 

(zf,z]) = 8i.i, i,j = 1, ... ,K, 
r 

span {zf} .\ = vh' 
·i=l 

where 8i.i is the Kronecker delta. We have, for each vh E o/L'h, 

K 

Ahvh = Yt = ~t ~(Yt,zf)zf, 
n=l 

where y~ is computed from vh through the solution of (3.23). 

Letting z = z? in (3.23) yields, for n = l, ... , N, 

and by applying (3.31) repeatedly for n = N, ... , l, we get 

N-1 

(Ahvh,zf) = (Y1,zf) = ~t L(l + ~t>.7tN+n(Bn+1V~+1 ,zf). 
n=O 

(3.27) 

(3.28) 

(3.29) 

(3.30) 

(3.31) 

(3.32) 



27 

Picking an integer p between 1 and K, we introduce the orthogonal projectors P1h, 

P2h defined, for z E H, by 

p 1( 

P1hz = 2Jz, z?)z?, P;z = L (z, z; )z?; (3.33) 
i=l i=p+l 

for z E V' the same expressions hold with the inner product replaced by the duality 

pairing (·, ·). We note that, for z EH, 

I( 

IIP2hzlli = L (z, Zi)2. (3.34) 
i=p+I 

Then, defining 

Ah,1 = P1h Ah, (3.3,5) 

we again obtain the splitting property 

and we wish to consider the condition number K,ch(Ci: 1(d + Ah*Ah)), where 

(3.36) 

For the estimate given here we will assume that Bnv~ E H, n = l, ... , N, so that 

the duality pairing coincide with the sca.lar product in H. By (3.35), (3.30), (3.33), 

(3.32), and by the orthogonality of the eigenfunctions, we have, for any vh E %'\ 
1( 

IIAh,2vhll2 = IIP; Ahvhll 2 = IIP2hY~llk = L (y~, z? )2 
i=p+I 

K N N 
~ t:::.tz L I:(1 + t:::.nn-2n I:(Bnv~, z; )2 

i=p+l n=l n=l 
(3.37) 

N K N 

= !:::.t 2 I:(1 + t:::.t>-;+ 1 t 2n L L(Bnv~, z;)2 
n=l i=p+l n=l 

N N 

= !:::.t2 L(l + !:::.t>.;+1)-2n L IIP2hBnv~IIJI, 
n=l n=l 
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the last equality following from (3.34). We estimate the geometric sum 

~(1 !:).t)...)-2n = (1 + /:).t)...)2 - (1 + /:).t)...t2N 

~ + (1+6t>.) 2 -1 

< _1 (1 + 26t>. + 6t2
)...

2 
- e- 2n) 

- /:).t 2)... + t:c.t>. 2 
(3.38) 

1 (l-e-2
T>. ) 

::; D.t 2)... + D.t ' 

where we have used 

( 
)...)-2N 

(1 + 6t>.t2N = 1 +: 2: e-2
T>.. 

Using (3.38) in (3.37) yields, for each vh E o/L"h, 

so 

]]Ad]}/ ~ ( l - ;~-~=>:+, + f'..l) n~,a~N II P)'Bn]]j,, 

Applying Theorem 3.1 yields 

(3.39) 

to be compared to the estimate (3.18). 
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3.2.5 Implementation 

Our aim is to solve the least-squares problem (3.25) (or, equivalently, the normal 

equations (3.26)) numerically with a conjugate gradient algorithm using the precon

ditioner (3.36). The following sections discuss implementation issues, how to calculate 

the gradient and how to solve linear systems associated with the preconditioner in an 

efficient way, and ends with a statement of the full preconditioned conjugate gradient 

algorithm in matrix notation. 

Gradient Calculations 

To solve (3.25) using the conjugate gradient algorithm, we need to evaluate the gra

dient of the objective function (3.24). In terms of the map Ah, the gradient is 

for vh E o;;h_ Thus, to compute the gradient, we need to be able to evaluate the 

action of Ah and Ah. As already discussed in Chapter 1 and 2, this is usually done 

by solving a state and an adjoint equation. 

By a perturbation analysis, similar but simpler than the one in Section 6.5 below, 

one can show that for vh E o;;h, the gradient satisfies 

N 

(V Jhvh, wh) = !::::.t L ( rnh + B~p~, wh), (3.40) 
n=1 

where B~ E 2'(V, 'W) is the adjoint of Bn, and the p~ E V\ n = l, ... , N, satisfy the 

adjoint equation 

{ 
P~+1 E Vh such that, \::/z E V\ 
(P~+1, z) = (y1!v - YT, z); 

for n = N, ... , l, 

{ 

p~ E Vh such that, \::/z E Vh, 

(
p~ - P~+1 ) ( h ) O !::::.t , z + a Pn, z = , 

and with y~ computed from vh by the solution of (3.23). 

(3.41) 
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To solve the state equation (3.23) numerically, we introduce a vector basis for the 

space vh' 
<Pi E Vh, i = 1, ... ,K, such that 

span { <bi} i:1 = vh, 

and similarly for the space W'h, 

7Pi E W'h, i = 1, ... , Ne, such that 

span { 1/Ji} ~ 1 = W'h. 

(3.42) 

(3.43) 

After expanding y~ and v~ in these bases, the state equation (3.23) becomes 

Yn = 0, 

for n = 1, ... , N 

where y n E RK is the column vector of y~'s coefficients in { c/>i} {:1 , v n E RNc is column 

vector of v~'s coefficients in { 7Pi} ;'.'::1 , and M, A, and Bn are the matrices defined by 

e[Me.i = (<Pi, ¢j), i,j = 1, ... , J{ (3.44) 

efAej=a(¢i,<P.i), i,j=l, ... ,K (3.45) 

e[Bnej = (Bn1Pj, ¢.;), i = 1, ... , K, j = 1, ... , Ne, 

Here, e, is the column vector whose ith component is unity and whose other compo

nents are zero. The matrix A is symmetric and positive definite since we assumed 

that a is symmetric and coercive. Also, M is symmetric and positive definite. 

Let y~ E Vi be an approximation of Yr; for instance such that, Vz E Vh, (y~, z) = 
(Yr, z), and let Yr be the coefficients of y~ in { ¢;} ~ 1 . Then, expanding the adjoint 

equation (3.41) in the bases (3.42) and (3.43) yields 

PN+l = YN - YT, 

for n = N, ... , 1 

where Pn E RK is the column vector of p~'s coefficients in { ¢;}{:1 . 



Similarly, an expansion of the gradient expression (3.40) yields 

N 

('\l Jhv\ wh) = 6t L ( EWTMcVn + w~B~Pn), 
n=l 
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(3.46) 

where Wn, Vn E RNc are the coefficients of v~, w~, n = l, ... , N, in the basis (3.43), 

and where 

i,j = l, ... ,Nc. (3.47) 

Inverting the Preconditioner 

As noted in Section 3.2.4, the preconditioner Ch will indeed reduce the condition 

number of the problem for p large enough (estimate (3.39)). However, to be useful 

as a preconditioner, it is crucial that we are able to solve linear systems involving Ch 

efficiently, and that not too much extra storage is needed for the preconditioner. 

To obtain an expression for c;: 1
, we note that, by (3.33) and (3.35), 

p 

Ah,1vh = L z? ( Ahv\ z.7) (3.48) 
i=l 

for vh E 0//h_ By (3.32) and by expansion in the bases (3.42) and (3.43), we have 

N-1 
(Ahvh, zf) = 6t L (1 + 6t,\JtN+n(Bn+l V~+I, zf) 

n=O 

N-1 
= 6t L (1 + 6t,\JtN+nz7Bn+1Vn+I, 

n=O 

where Zi is the column vector of zf 's coefficients in { <;bi} {:1 . 

Defining the following matrices 

Z=(z1,···,zK) 

A= diag [ ( 1 + 6t,\J)-
1

] ;:
1

, 

we obtain 
N-1 

(Ahvh, z?) = 6t L eT AN-nzTBn+1Vn+1 = e7Sv, 
n=O 

where 

(3.49) 

(3.50) 

(3.51) 

(3.52) 
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We partition, 

Z = ( Z1 Z2 ) , 

A~(:':,), 
where Z 1 contains the p first columns of Z and A 1 is the leading submatrix of order 

p of A. Then 

(3.53) 

where 

i = 1, 2. 

Note that Sis the matrix representation of the forward map Ah using the basis (3.43) 

for °IL'h and the eigenvector basis (3.29) for Vh, and S1 , S2 are the corresponding 

representations for Ah,1, Ah,2· 

By (3.48), (3.50), (3.28), and (3.53), we have, for any vh, wh E °IL'\ 
p 

(vh, A;;,1 Ah,1 wh) = (Ah,1v\ Ah,1 wh) = L ef Sv ef Sw (zt, zJ) 
i,j=l 

p 

= L e[S1 v e[S 1 w 
i=l 

where v, w are the coefficients, partitioned as in (3.51), for vh and wh in the basis 

for o/.ih. Thus, a matrix representation of the preconditioner (3.36) is 

where 

Mc 

(3.54) 

Mc 

and where Mc is defined by (3.4 7). The matrix Mc defines the inner product (3.22), 

that is, if vh, u} E °IL'h with coefficients v, w, then 
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For the preconditioner, we need to solve linear systems involving C. Since S1 E 

IRpxN Ne, it is advantageous, in the case of a modest-sized p, to find an expression for 

the inverse of C that involves S1Sf, or something similar, rather than S[S1 , reducing 

the size of the linear system that needs to be solved. This can be obtained using the 

Sherman-Morrison- Woodbury formula [43, § 2.1.3], which yields 

c- 1 = ( EMc + sfsi)- 1 

=~M;:- 1 [1-sf (t1+S1M;:-1 sf)-1s1M;:- 1
]. 

(3.55) 

The matrix Mc is block-diagonal; in fact, the blocks Mc will often be diagonal, 

as for the test problems in Section 3.3.2, making it trivial to invert Mc. In that case, 

modulo some vector manipulations, the main tasks that are involved in computing 

the action of c-1 are the following: apply S1 , solve a full, p-by-p linear system and 

apply the action of Sf to the solution. 

In a separate calculation, before starting the iterations to solve (3.25), we need 

obtain the p smallest eigenvalues and corresponding eigenvectors as defined in (3.27). 

The columns of Z 1 are the components of this eigenvectors in the basis (3.42). In 

general, some numerical method is needed for this calculation. We store the p-vector 

containing the eigenvalues; this vector will be used to compute the action of A 1 . Also, 

we need to store the N p-by- Ne matrices 

n = l, ... ,N. (3.56) 

This yields enough information to compute and factor the symmetric and pos1t1ve 

definite matrix ( d + S1M;:- 1sf) E lfilPXP. After this, the eigenvector matrix Z1 is not 

needed any more. 

To compute the action of S1 , that is, y = S1 v for y E !RP, v E !RN Ne, we use the 

following algorithm (vis partitioned as in (3.51)): 
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Algorithm 3.1. 

y-o; 

for n - l, ... , N 

y - A1 (y + (z[Bn) vn); 
y-1:l.ty. 

To compute the action of Sf, that is, v = Sf y, we use ( s E ~P is used for temporary 

storage) 

Algorithm 3.2. 

s -y; 

for n - N, ... , l 

s - A1s; 

Yn - (Z[Bn{ S. 

V - fl.iv, 

Thus, the storage required for the preconditioner is 

• the N p-by-Nc matrices (3.56) ( only one p-by-Nc matrix if !3 happens to be 

time independent), 

• the p-vector containing information about the diagonal of A1 , and 

• one of the triangular parts of the matrix ( d + S1 M;:- 1 sf) E ~pxp in Cholesky

factored form. 

The complete a.lgorithm to solve the problem (3.25) ( or, equivalently, (3.26)) with 

the conjuga.te gradient algorithm using the preconditioner C is 



Algorithm 3.3. 

(1) 

(2) 

U +- U E ~NNc. 
s ' 

y+-yoE~K; 

for n +- 1, ... , N 

Y f- (M + 6.tAt 1My + 6-iBnUn + 6-iMfn; 

(3) p +- Y - Yr; 

for n +- N, ... , 1 

p +- (M + 6tAt 1Mp; 

gn f- flin + M;:- 1 B;p; 

(6) y +- O; 

for n +- 1, ... , N 

y f- (M + 6tAt1 My+ 6-tBn Wn; 

(7) 
rnTMcw + yTM (y - YT) 

p = EWTMcw + yTMy ; 

(8) u +- u - pw; y +- y - py; 

(9) p +- Y - Yr; 

for n +- N, ... , l 

p +- (M + 6tAt1 Mp; 
g f- EU + M- 1 BTp. n n c n , 

(10) if gTMcg ~ TJ0" 2 then 

(11) z f- c-1 g; ,1 f- zTMcg; 

( 12) ' f- ~; ,o f- /1 ; 

( 13) w +- z + ,w; 

goto (6); 

else exit 
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A few remarks on the algorithm are in order: At step (1 ), the algorithm is initiated 

with the starting guess us; usually Us = 0. The vectors u, g, z, w are are assumed to 
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be partitioned as indicated for v in (3.51); the indexing refers to this partitioning. In 

the algorithm, we have allowed for the case when there are nonhomogeneous initial 

conditions and forcing terms in the original evolution equation (3.4); these appear 

as y 0 , and fn in the state equation at step (2). The solution of the linear systems 

involving C in steps ( 4) and ( 11), symbolically denoted by multiplication with c-1
, 

are done as described in the text above; the formula (3.55) is used where the actions of 

S1 and Sf are computed by Algorithm 3.1 and 3.2 respectively, and the pre-computed 

Cholesky factorization is used to solve the p-by-p system involving ( d + S1 M;:- 1 sf). 
The convergence criterion for the algorithm is a prescribed reduction of the norm of 

the gradient with a factor 1/0" (step (10)). 

3.3 Application to a Control Problem Involving 
the Heat Equation 

3.3.1 The Control Problem 

As an example of a problem where Algorithm 3.3 can be applied, we consider a control 

problem involving the heat equation when our means of control is a line source in the 

domain. 

Let O be an open, bounded, and connected region in ~ 2 with a boundary 80 

consisting of two parts, 800 and 801) satisfying 800 n 801 = 0 and 800 u 801 = an. 
Let ,c be a smooth curve in 0, and let 8'Ye be the measure 

rp E <t?g(O) f-+ 1 rp df; 
'Ye 

thus, 8'Yc is a line source with support on %· Given a function YT E L 2 (0) and an 

E > 0, we consider the following control problem: 

inf J(v), 
vEL2 ('Ye X (O,T)) 

(3.57) 

wheret 

J(v)=~ fTj v2 dfdt+! f(y(T)-yr) 2 dx, 
2 lo 'Ye 2 lo (3.58) 

twe use the notation y(t) for the function x 1--+ y(x, t), x E fl, defined fort E (0, T) a.e. 



and where y : D x [0, T] --+ IR, is the solution of 

with V > 0. 

oy ;\ (' . n ( ) ot - vu.y=vu'Yc + j in H X O,T' 

y =gu 

oy 
v-=g1 

8n 

y(O) = Yo 

on ano x (0, T), 

on 801 x (0, T), 
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(3.59) 

With enough smoothness of the boundary and with y0 E L2 (D), f E L2 (0, T; V'), 

g 0 E H 1l 2(8D0 ), and g 1 E H-1!2(801 ), the system is an example of an evolution 

problem of the type (3.4), with 

'f£ = L 2
( /C X (0, T) ), H = L2(D), 

V = { z I z E H 1 
( D), z I aoo = 0 } , (3.60) 

and the control problem (3.57) is an example of the problem (3.6). Note that, in this 

case, the mapping Bis time independent; we have, for v E L 2(,c x (0, T)), 

( B V ( t)' z) = i V ( t) z df' V z E V, 
'Ye 

for a.e. t E (0, T). Thus, B E .!L'(L2
( ,c), V') but B ff:_ .!L'(L2 (,c), H), and the proper 

condition-number estimate for the preconditioned problem is (3.17). 

3.3.2 Numerical Experiments 

For all test problems below, we choose 

D=(0,2) x (0,1), 

8Do = { {x1, xd I {x1, ::r2} E an, X2 = 0 or Xz = 1 }, 

801 = { {x1,x2} I {x1,x2} E an, X1 = 0 or X1 = 2 }. 

The boundary and initial conditions are zero, and there are no external forcing term, 

that is, Yo, g0, g1, and fin (3.59) are zero. The control curve, ,c is the vertical line 

x 1 = a, 0 < a < 1. We divide this line into Ne equally-sized segments and let the 

control be constant on each of these segments. Thus, the number Ne determines the 

spatial degrees of freedom for the control. 
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Regarding the discretization, we follow the approach presented for the abstract 

problem in Section 3.2.3. A backward-Euler scheme is used for the time discretization 

of the state equation, and we choose a spatial approximation based on continuous, 

piecewise-linear functions on a uniform triangulation of D; the triangles are obtained 

by diagonally cutting squares with side h in half. Letting M1 = 2 / h, M 2 = 1 / h be 

the number of panels is the x 1 - and xrdirection respectively, the dimension of the 

space Vh approximating Vis J{ = (M1 + l)(M2 - 1). The objective function (3.58) 

is approximated by a discrete objective function in the same way as discussed in 

Section 3.2.3. 

In this case, the stiffness matrix A ( defined in ( 3.45)) will have a block tri-diagonal 

structure if the computational nodes of the domain are linearly ordered, column- or 

row-wise. In fact, the stiffness matrix is identical to the matrix obtained by applying 

the standard five-point finite-difference stencil to approximate the Laplacian ( cf. [52, 

p. 31], for instance). We use the trapezoidal rule to evaluate the integrals. This yields 

diagonal mass matrices Mand Mc (defined in (3.54) and (3.44)). If the nodes are 

ordered row-wise starting at the origin, we obtain the following matrices: 

T D M 

D T D M 

A= V M= -D T D M 
D T M 

with 

2 -1 -1/2 

-1 4 -1 -1 

T= D= 

-1 4 -1 -1 

-1 2 -1/2 

and 
1/2 

1 

M = h2 

1 

1/2 



where the blocks T, D, and M have the same dimensions. Also, we have Mc 

13.t/Ncl. 
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The computer code was written in Fortran 77, and the numerical experiments were 

performed on Sun Spare 10 workstations using IEEE standard double precision arith

metic. The Fishpack library routine blktri, based on the work by Swarztrauber [84], 

solved the resulting linear, block-triangular system of equations at each time step. 

This is a fast direct solver using a generalized cyclic reduction algorithm. 

There is a simple formula for the (generalized) eigenvectors and eigenvalues of A 

m this case. Due to the geometry of the situation, it is convenient to label the I< 

eigenvalues in a M 1 +l-by-M2 -l array instead of linearly. Also, instead of imagine the 

eigenvectors as forming I< column vectors of length I< (as in (3.49)), it is convenient 

to label them as a block M 1 + 1-by-M2 -1 array where each block is M 1 + 1 by M 2 -1. 

The eigenvalues are, form= 1, ... , M 2 - 1, n = 0, ... , M 1 , 

4v ( . 2 mrh . 2 m1rh) 
Amn = hZ sm -

4
- + sm -

2
- , 

and the components of corresponding eigenvector is 

( ) 
n1rih . .

1 Zmn ·ij = Cmn COS -- SIYl m7rJ ,, 
2 

i = 0, ... , M 1 , j = 1, ... , M 2 - 1, 

with Cmn being a normalization constant so that the eigenvectors are orthonormal in 

the M-norm. 

For all experiments below, the space and time discretization parameters are 

h = 1/32, 13.t = 0.01, 

which yields I< = 2015. We approximate the target functions defined below by linear 

interpolants. 

The condition-number estimates derived in previous sections (Theorem 3.2 and 

expression (3.39)) indicate that the size of the regularization parameter and the "high

frequency" content of the control actuator B are important parameters in the condi

tioning of the problem. Increasing Ne, the spatial degrees of freedom for the control, 

can be expected to increase the high-frequency content of B. Indeed, preliminary 

numerica.l experiments showed that without any preconditioner, the number of itera

tions increased with increasing Ne. Also, the number of iterations increased, naturally 

enough, with decreasing value of the regularization parameter E. Therefore, it is of 
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FIG URE 3 .1. The target function for 
Test Problem 1. 

0.2 

0 

FIGURE 3.2. The target function for 
Test Problem 2. 

particular interest to study the effectiveness of the preconditioner with respect to 

changes in these parameters. 

We consider two test problems, where in both cases v = l/5, and T = l. 

Test Problem 1: The target function is 

Figure 3.1 visualizes this target function. 

Test Problem 2: The target function is 

Figure 3.2 visualizes this target function. 

ifx1Sl, 

if X1 > l. 

Considering first Test Problem 1 with E = 10-5 and re at x 1 = 1, Figure 3.3 shows 

a surface plot of the computed final state for Ne = 4, E = 10-5
, and Figure 3.4 shows 

cross sections at planes perpendicular to the x 1 -axis. The corresponding computed 

optimal controls are visualized in Figure 3.5. The norm of the computed optimal 

control is 
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FIGURE 3.3. The computed final 
state, y'Jv, for Test Problem l; E = 10-6

, 

/c at X1 = 1, and Ne = 4. 

FIGURE 3.4. Cross sections of the 
computed final state in Figure 3.3. 
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FIGURE 3.5. The computed optimal controls corresponding to the 
final state in Figure 3.3. The control for x2 E (0, 1/4) (solid), for 
x2 E (1/4, 1/2) (dashed), for x 2 E (1/2, 3/4) (dash-dotted), and for 
x2 E (3/4,1) (dotted). 
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and the relative error in the corresponding computed final state is 

IIYjv - YrllL2(n) = 0_0965 _ 
IIYrllL2(n) 

Figure 3.6 shows the number of iterations versus the number of preconditioner 

modes, p, for Ne = 1, 2, 4, and 8. The values p = 0, 2, 5, 10, 20, and 80 were checked 

(marked with circles in the figure). The value p = 0 means that no preconditioner 

is used. Since the total number of eigenvectors are 2015, p = 80 means that only 

about 4 % of the total spectral information is used. In the worst case, p = 80 and 

Ne = 8, less than 2 % of the CPU time in each iteration was spend executing the 

"extra" computations associated with the preconditioner C, that is, solving the linear 

systems involving C at step ( 4) and ( 11) in Algorithm 3.3. Thus, the computational 

time will be reduced in nearly the same rate as the number of iterations. 

For a fixed Ne = 4, Figure 3. 7 shows the number of iterations versus the number 

of preconditioner modes for the following values of the regularization parameter: E = 
10-4 , 10-5 , 10-6 , and 10-7 . Figure 3.8 shows the same thing as Figure 3. 7 but for 

Test Problem 2 with re at x1 = 7r /3. 

From these experiments (Figures 3.6-3.8), some important observations can be 

made. First, note that if very few modes are used, the preconditioner can sometimes 

make things worse; p must be larger than some threshold value for the preconditioner 

to be effective in reducing the number of iterations. This seems to be particularly 

evident for very ill-conditioned problems. Secondly, when a preconditioner is invoked 

(with enough number of modes), the number of iterations seems to depend to a much 

lesser degree on the parameters Ne and E compared to the case when no precondi

tioner is used. The preconditioner seems to be particularly effective in reducing the 

dependency with respect to E. 

The target function in Test Problem 2 is not symmetric in the x1 -direction with 

respect to the axis x1 = 1/2. Thus, if the support of the control is the line x1 = 1/2, 

those modes that are nonsymmetric with respect to x 1 = 1/2 cannot be excited by the 

control, and we can expect a poor approximation of the target function. Preliminary 

studies showed that the controllability is quite "weak" also for positions of the control 

close to the line x 1 = l; a good "fit" seems to require very small values of the 

regularization parameter E, leading to an ill-conditioned problem. To keep the number 

of iterations down to a manageable size, we could have good use of the preconditioner. 

Table 3.1 shows the value of the objective function at convergence, the relative 

error in the final state, the norm of the computed optimal control, and the number 
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TABLE 3.1. Controllability study for Test Problem 2 when ,c lS at 
x 1 = 1r /3. The spectral preconditioner with p = 80 is used. 

Jh(uh) llv7i-vrllL2(n) II Uh IIL2h'c x(O,T)) 
# of 

E 
llvrllL2(n) iter. 

10-s 2.74 X 10-2 0.429 1.35 X 103 17 
10-9 8.48 X 10-3 0.174 3.30 X 103 22 
10-10 1. 78 X 10-3 0.0753 4.92 X 103 31 
10-11 4.04 X 10-4 0.0417 6.79 X 103 36 
10-12 1.45 X 10-4 0.0316 9.53 X 103 64 
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of iterations for t: = 10-s down to t: = 10-12 for Test Problem 2 when re is at 

x 1 = 1r /3. For all of these runs, the number of preconditioner modes is p = 80. For 

E = 10-12
, Figure 3.9 shows the computed final state, Figure 3.10 shows cross section 

of the target state and the computed final state, and Figure 3.11 shows the computed 

optimal controls. Indeed, it seems to be possible to obtain a good "fit" for small 

enough values of E. However, note the size of the control in Figure 3.11! This is quite 

typical for control problems for parabolic problems and is related to the smoothing 

properties of the state equation ( cf. [39, §1.5-1.6]). 

3.4 Summary and Discussion 

To construct a preconditioner, we exploited a splitting property (3.1) of the nor

mal operator in the normal equations associated with a regularized, linear least

squares problem. Such a splitting can always be obtained by orthogonal projections, 

as in (3.15) and (3.35). Of course, this is a useful approach only if solving linear 

systems associated with the preconditioner is considerably cheaper than solving the 

full problem and if not too much extra storage is needed. 

We considered in this chapter a certain class of control problems associated with 

evolution problems involving elliptic, selfadjoint operators. For these problems, the 

fact that the eigenfunctions of the elliptic operator diagonalize the evolution equation 

can be used to accomplish an efficient inversion of the preconditioner as demonstrated 

in Section 3.2.5. The long-term behavior of the evolution equation (3.4) as well as 

corresponding discrete equation is dominated by the modes corresponding to the 

sma.llest eigenvalues of the elliptic operator. Thus, we can expect that the projection 

of the forward map onto the space spanned by these eigenmodes approximates the 

full forward map quite well. This is why a quite limited spectral information can be 

sufficient for the preconditioner. 

The numerical experiments were performed for a case when only the "weaker" 

estimate (3.17) holds. In spite of that, we got quite good results and were able to 

solve problems, for instance, the ones reported in Table 3.1, that would have been 

all but impossible to solve without the preconditioner. The control actuator B was 

time invariant for the numerical experiments reported in this chapter. This is not 

necessary however, as is clear from the analysis above. The preconditioner is also 

used for the numerical results reported in Section 5.3, in which the actuator indeed 

is time dependent. 
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The mam limitations of this method of preconditioning is that it only can be 

applied to a limited class of problems and that, in general, a numerica.l eigenvalue 

calculation has to be performed, which, in itself, is a nontrivial task. Since we only 

need a limited spectral information, and since the discrete elliptic operator is sym

metric and typically large and sparse, a Lanczos procedure can be recommended for 

this computation [73], [76], for instance by using the ARP ACK code [59]. Optimal con

trol of the Unsteady Stokes Equations ( cf. [40] and [6]) would be a suitable problem 

for this approach to preconditioning, and a problem in which a numerical eigenvalue

calculation would be needed. 
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Chapter 4 

A Hierarchical Control Problem 

Let us consider the same abstract setting as in Section 3.2.1. That is, we have a 

Gelfand triple of Hilbert spaces, V C H C V', where both embeddings are continuous 

a.nd dense, and a bilinear, continuous and coercive form a: V x V--, R together with 

corresponding operator A E 2'(V, V') defined by the Lax-Milgram theorem. 

Consider the abstract evolution equation, 

:~ + Ay = Bova + B1 V1 + f 

y(O) = Yo, 

in (0, T), 
( 4.1) 

which is similar to (3.4), except that here there are two functions acting on the system, 

vi E L2 (0, T; Yf'.i), i = 0, 1, with "f//6, 'ffei being Hilbert spaces. Let us also assume that 

B.,(t) E L=(o,T;2'(Yt';, V')), i = 0, 1. Here, we also allow for a nonhomogeneous 

initial condition y0 E H and forcing term f E L2 (0, T; V'). Using the two controllers, 

v0 and v1 , we attempt to achieve two objectives; we have a multicriteria optimization 

problem. Problems of this type have recently been addressed by J. L. Lions ([64], 

[60]), using an approach and a terminology originating from von Stackelberg [82]. 

The main idea is as follows. 

Introduce a hierarchy by thinking about the controller v0 as the leader and the 

controller v1 as the follower. The main objective, associated with the leader, is to 

approximate y(T) with a given function YTO· A secondary objective, associated with 

the follower, is to assure that y(T) is not "too far" from a given function YTI· Perhaps 

the simplest way to create this hierarchy is to proceed in the following way. 

Given v0 E L2 (0, T; "f//6), we solve the following minimization problem for the 

follower: 

min 11 ( vo, vi), 
V1 EL2(0,T;Yli) 

( 4.2) 

where 

( 4.3) 
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with t 1 > 0 and YTI E H. (The notation y(T; v0 ; v1 ) highlights that the final state 

is a function of v0 as well as vi-) This is a variation of the problem in Section 3.2.1 

and has a unique solution v, 1 E L2 (0, T; :Yfi) for each v0 . Denote the corresponding 

final state y(T; vu; v,1 ( v0 )) to clarify the functional dependence. Intuitively, solving 

problem ( 4.2) means that, whatever the leader is doing, the follower adjusts so that 

the target associated with the follower, yy1 , is approximated as well as possible. 

Let YTo E H be the target associated with the leader, let to > 0, and define 

to lT 2 1 ( ) 2 lo(vo) = - llvoll111, di+ -IIY T;vo;u1(vo) -YrollH· 
2 0 ° 2 

( 4.4) 

We choose the following minimization problem associated with the leader: 

min lo( vu). 
vo EL2(0,T;W'o) 

( 4.5) 

Note that to compute the state observation y(Ti; v0 ; u 1 (v0 )) in the latter problem, we 

need to solve the control problem ( 4.2)! 

4.1 Optimality System 

This section addresses the question of first order necessary conditions-the optimality 

system-for the solution to the hierarchical control problem introduced above. It 

will be obtained through a formal perturbation technique, and we will see that the 

optima.lity system is a coupled system of four evolution equations. In the derivation 

below, the notation ( ·, ·) is used alternately for scalar products in H and W' as well 

as duality pairings in V' x V, depending on the arguments. 

Let v0 E L2 (0, T; 'Wci) be given, arbitrary but fixed, and consider a perturbation 

l5v1 of the control associated with the follower. Differentiating objective function ( 4.3) 

with respect to this perturbation yields 

1511 = (J;(vo,v1),8vi) = t1 foT(v1,8v1)dt + (y(T)-YT1,8y(T)). (4.6) 

Similarly, differentiating the state equation ( 4.1), we obtain 

d 15y 
----:ft + A 15y = B1 8v1 in ( 0, T), 

15y(0) = 0. 

or, in variational form, 

( d!y, z) + a(l5y, z) = (B1 8v1, z) \:/z EV, 
(4.7) 

15y(0) = 0. 
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Let p E L2 (0, T; V) such that Pt E L2(0, T; V'); we have then p E %"([0, T]; H). 

Taking z = p(t) in (4.7) and integrating over (0,T), we obtain 

8y(0) = 0, 

[T (d8y ) {T {T 
lo &'p dt+ lu a(8y,p)dt= lo (B18v1,p) dt. 

(4.8) 

Integrating by part in time, and introducing the adjoints A* E 2(V, V') andt B;(t) E 

2(V, 'Wi) a.e. on (0, T), it follows from (4.8) that 

{T dp {T 
(p(T),8y(T))+ lo (8y,- di +A*p)dt = lo (8v1,B;p)di. ( 4.9) 

Let p satisfy 
dp A* -- + p=0 
di 

1 
p(T) = -(yn - y(T) ). 

in (0, T), 
(4.10) 

ft 

Then ( 4.9) reduces to 

(Yr1 - y(T), 8y(T)) = E1 for ( 8v1, B;p) di. ( 4.11) 

Substituting ( 4.11) into ( 4.6) yields 

811 = t 1 1T (8v1, v1 - B;p) di. (4.12) 

If u1 minimizes (4.3), we have 811 = 0 for each 8v1, and (4.12) yields 

(4.13) 

where pis the solution to (4.10). Combining (4.1), (4.10), and (4.13), we obtain 

~~ + A y =Bova+ B1B;p + f in (0, T), 

y(0) = Yo 
(4.14) 

dp A* -- + p=0 
dt 

1 
p(T) = - (Yr1 - y(T)), 

Et 

in (0, T), 
(4.15) 

+We identify "ff;' with tf/;, i = 0, l. 
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which is the optimality system associated with the minimization problem ( 4.2) for the 

follower. As we noted before, this optima.lity system for the follower is at the same 

time the state equation for the leader. That is, to evaluate the forward map v0 f-+ 

y(T; v0 , u1 (v0 )) we need to solve the minimization problem (4.2), or, equivalently, the 

system (4.14)~(4.15). 

Now, let us consider a perturbation 8v0 of the control associated with the leader 

and differentiate the objective function (4.4) to obtain 

8Jo = ( J~( vo, u1 ( vo) ), 8vo) = to 1T ( Vo, 8vo) dt + (y(T) - YTo, 8y(T)). ( 4.16) 

Differentiating the variational forms of (4.14) and (4.15) with respect to this pertur

bation yields 

(
d 8y ) * dt'z + a(8y,z)=(z,Bo8vo) + (z,B1B1 8p) Vz EV, 

(4.17) 

8y(0) = 0. 

(
d8p ) - dt'z +a(z,8p)=0 

1 
8p(T) = --8y(T). 

t1 

Vz EV, 
( 4.18) 

Let P, Y E L 2 (0, T; V) n 'i&'([0, T]; H) such that Pt, Yt E L 2 (0, T; V'). Taking z = P(t) 
in (4.17) and z = Y(t) in (4.18), integrating over (0,T), integrating by parts in time, 

and using the properties of the adjoints yields 

IT dP 
(P(T),8y(T))+ Jo (8y,-dt+A*P)dt 

1 1T dY --:-(Y(T), 8y(T)) + (Y(0), 8p(0)) + (8p, -d + AY) dt = 0. 
t1 0 i 

Adding equations (4.19) and (4.20), we obtain 

(8y(T),P(T) + :
1 
Y(T)) + (Y(0),8p(0)) 

(4.19) 

( 4.20) 

+ 1T (8y, - : + A*P) dt + 1T (8p, dd~ + AY) dt (4.21) 

= 1T (B;P, 8v0 ) dt + 1T (B1B; P, 8p) dt. 



Let Y and P satisfy 

dY 
dt + AY = B1 B; P in (0, T), 

Y(0) = 0; 

dP A* . ( ) -dt + P=0 rn 0,T, 

1 1 
P(T) + -Y(T) = -(yro - y(T) ). 

E1 Eo 

Expression ( 4.21) then reduces to 

J_ ( 8y(T), Yro - y(T)) = {T (B;P, 8vo) dt, 
~ h 

which can be substituted into ( 4.16) to conclude that 

810 = Eo 1T ( 8vo, Vo - B;P) dt, 

and, thus, that the minimizer u 0 of ( 4.4) is given by 

Uo = B;P. 
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( 4.22) 

( 4.23) 

( 4.24) 

Combining (4.14), (4.15), (4.22), and (4.24) yields the optimality system for the 

hierarchical control problem, 

~~ + A y = BuB~P + B1B;p + f in (0, T), 

y(O) = Yo; 

dp A* - dt + p=0 in (0, T), 

1 
p(T) = - (Yn - y(T)); 

E1 

dY 
dt + AY = B1B;P in (0, T), 

Y(O) = O; 

_dP +A*P=0 
dt 

in (0, T), 

P(T) + J_Y(T) = J_(Yro - y(T)). 
E1 Eo 

( 4.25) 
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4.2 The Optimality System In Operator Form 

In Section 4.3, a direct method, as defined in Section 2.2.1, will be devised to solve 

problem ( 4.5). For this, it is convenient to reformulate the problem by introducing 

the the forward maps A0 and A 1 such that 

where Ai E 2'(W;, H) with 'W; = L 2 ((0, T); Yf'i), i = 0, 1, and fj = y(T; 0, 0) is the 

fina.l state of the solution of (4.1) for v0 = v1 = 0. Thus, instead of a.sin (4.3), the 

objective function associated with the follower can be written 

C:1 2 1 ~ 2 
l1(vo,v1) = 2 llv1ll 0111 + 211Auvo + A1v1 -yT111H, 

where YT1 

satisfying 

YT1 - y. Given any Vo E Wo, 11 is minimized for the unique u1(vu) 

Likewise, the objective function associated with the leader may be written 

where Yro = YTo - fj. By ( 4.26), we have 

where 

lo(vo) = ;1lvoll;110 + illAovo + Fi(f}T1 - Aovo) - flroll1 

=; llvoll~0 + ill(J - F1)Aovo + F1fJT1 - Yroll1, 

The problem 

inf lo( vo) 
vo E'Wo 

( 4.26) 

is again of the same type as discussed before and the normal equations for the unique 

mn11m1zer u0 1s 

( 4.27) 

Formally, we have reduced the coupled problem to a single equation in u0 . This 

is not surprising if we note that the operator F1 involves the solution operator to 

problem ( 4.26), 
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4.3 Discretization and Decoupling 

As discussed in Section 2.2.1, direct methods-numerical methods that use explicitly 

computed representations of forward maps-can be very effective for limited classes 

of problems. For the hierarchical control problem we consider here, explicitly working 

with the forward maps and using the singular value decomposition allows an easy and 

elegant way of formulating a solution to the problem. This will also be a feasible 

numerical method for not-too-large problems, especially if the state equation is time 

invariant. 

Following the discretization strategy outlined in Section2. l, let us assume that con

vergent discretizations of the state equation ( 4.1) and the objective functions ( 4.3) 

and (4.4) have been chosen. Moreover, let us assume that we use a discretization sim

ilar to the one in Section 3.2.3. This allows us to define discrete forward maps, repeat 

the arguments in Section 4.2, and arrive to precisely the same normal equations ( 4.26) 

and ( 4.27), but for the the discrete maps corresponding to Ao and A1 . 

For computational purposes we need to expand everything in vector bases for 

the finite-dimensional function spaces. Proceeding similarly as in Section 3.2.5 and 

expanding the discrete counterpart to equation ( 4.26) yields 

( 4.28) 

where U1, Yn, and v 0 are column vectors of coefficients associated with the functions 

u1, fin, and Vo respectively. The rectangular matrices A0 , A 1 have the same number 

of rows but not necessarily the same number of columns. The matrices M 1 and M, 

are square, symmetric, and positive definite, as is the matrix M 0 arising similarly as 

M 1 when discretizing and expanding equation ( 4.27). 

Let us introduce the Cholesky factorizations M = LLT and Mi = LiLT, i = 0, 1, 

and rewrite equation ( 4.28) as follows: 

L1 ( E1I + L~1 A[LLT A1L~T)Li U1 = A[L(LT Yn - LT AoL~TLr Vo)-

Multiplying each side with L-1 yields 

-T- -T -
( E1I + A1 Ai)ii1 = A1 (Yn - Aovo), ( 4.29) 

where, for i = 0, 1, 

- LT Vo= o Vo, - LT U1 = 1 U1, 

- LT YT1 = Yn-
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The purpose with this change of variables is to facilitate the development below 

by making the matrices M, M 0 , and M 1 "disappear" in the normal equations. 

Proceeding similarly when discretizing and expanding equation ( 4.27), we arrive at 

(4.30) 

where 

How reasonable it is to actually perform the Cholesky factorization of the "mass 

matrices" M, M 0 , and M 1 and to explicitly multiply coefficient vectors and forward 

maps with the factors depends on specifics of the actual problem. For the test problem 

in Section 4.4, the procedure is trivial since these matrices are diagonal. For the rest 

of this section, we will work with vectors and matrices in the transformed bases 

introduced above, but we drop the boldface and the "hats" to simplify the notation. 

Consider the singular value decomposition (svo) of the matrix A 1 = A.1 E ~mxni, 

(4.31) 

where 

( ~) if m > n 1, 

S= 
I: if m = n1, 

( 4.32) 

(I: 0) if m < n1. 

The matrices U E ~mxm and V E ~ni xni are orthogonal, and the matrix I: is diagonal, 

where (J"i, i = 1, ... , d = min(n1 , m), are the square-roots of the eigenvalues of Af A1 . 

The zeros in ( 4.32) denotes m - n 1 rows and n 1 - m columns of zeros respectively. 

Refer to Golub and Van Loan [43] for more information concerning the SYD. 

By (4.31), we obtain 

( 4.33) 

so the solution of ( 4.29) can be written 

(
. T )-l T T u1 = V td + S S S U (Yr1 - Auvu) 

= V1 diag ( (J"i 
2

) d [/{ (YTI - Aovo) , 
E1 + (J"i i=1 

( 4.34) 
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where U1 contains the first n 1 columns of U, and ½ the first m columns of V. Note 

that ½ = V when m > n1 and U1 = U when m ~ n 1 . When m > n 1 , we will later 

need them - n 1 last columns of U, which will be denoted U2 , 

By (4.31) and (4.33), we obtain 

F1 = A 1 ( t: 1 I + A[ A 1 t 1 A[ = US ( t: 1 I + sr S) -i sr ur 

and 

(J- F1)Ao = UAo, 

where 

Ao= 

Substituting ( 4.36) and ( 4.37) into ( 4.30) yields 

where 

with 

( 
UT YTo - D UT YT1 ) 

UiYTo 

ur YTo - DUT YTI 

if m > n1, 

D = diag ( a} 
2

) d . 

t:1 + 0-i i=l 

(4.35) 

( 4.36) 

( 4.37) 

( 4.38) 

(4.39) 

( 4.40) 

Thus, the normal equations ( 4.30) for the leader can be recasted in the form ( 4.39). 

Provided that the SVD for the matrix A 1 is known, the matrix Ao is known explicitly in 

the form ( 4.38), and classical numerical methods for the linear least-squares problem 

can be applied to solve problem (4.39). Once the solution u0 is computed from (4.39), 

we can substitute v 0 = 11 0 and compute 11 1 from ( 4.34). Finally, by the operations 

L"r/ 110 and L"1T u 1 we obtain the solution in the original bases. 
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4.4 Numerical Experiments 

4.4.1 The Continuous Problem 

We consider a special case of ( 4.1), namely the heat equation in one space dimension 

with two pointwise sources at fixed location inside the domain, 

in (0, 1) x (0, T), 

Yx=O = Yx=l = 0, (4.41) 

y(O) = 0, 

where v > 0 and b0 , b1 E (0, 1). 

Given v0 E L2 (0, T), let the control problem associated with the follower be 

( 4.42) 

where, for some E1 > 0, 

E1 11 2 111 11 ( vo; vi)= - v1 dx + - (y(T; vo; v1) - YTI) dx, 
2 0 2 0 

and where YTl E L2 (0, 1) is the target associated with the follower, the "less impor

tant" target. The control problem associated with the leader is 

inf Io( vo), 
voEL2(o,T) 

(4.43) 

where, for some Eu, 

Eo 1l 111 
Jo(vu) = - v6dx + - (y(T;vu;u1(vo))-YTo)dx, 

2 u 2 u 
( 4.44) 

and where YTo E L2 (0, 1) is the target associated with the leader. In (4.44), u1(v0 ) 

denotes the solution of ( 4.42) for a given v0 E L2 (0, 1 ). 

4.4.2 Discretization 

We use a backward Euler scheme for the discretization in time and a finite element 

discretization in space employing continuous, piecewise-linear functions. 

For the spatia.l approximations, let us introduce an integer I, the step size h = 
1/J, and the grid points {xi= ih}f=o together with the intervals K; = [xi-1,xi] for 

i = 1, ... , J. We define the following vector space to approximate HJ(O, 1), 

Voh = { z \ z E 1&'0 [0,1], z(0) = z(l) = 0, z\K; E .9\, i = 1, ... ,J}, 
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where &1 is the space of polynomials of degree :::; 1. As a vector basis for ¼h we use 

~h = { yi}f,:1
1 where rp; is the usual "hat" functions defined by 

rp, E ¼h, r.pi(xj) = 8ij, i, j = 1, ... , I - 1 ( 4.45) 

( 8i.i is the Kronecker delta§). Furthermore, we divide the time interval (0, T) into 

N subintervals of equal length llt = T / N, and approximate the control functions in 

L2(0, T) with v = ( v1, ... , vNjY E ~N. As before, the control functions associated 

with the leader and the follower will be identified with index zero and one respectively. 

Let us consider the following approximation of the state equation ( 4.41): 

Yho = 0, 

for n = 1, ... , N, Yh is obtained from y~- 1
, vg and vf 

through the solution of the discrete elliptic problem 
( 4.46) 

{ 

Yh E ¼h; i = l, ... ,J -1, we have 

[1 Yh - Y~-1 [1 dy'i;, dr.p; n n 
lo llt lpi dx + v lo dx dx dx = vor.p.,(bo) + V1 r.p;(bi), 

We will use the notation y;! ( v0 ; v1 ) for the final state computed by solving ( 4.46) 

given the control functions v0 , v1 E ~N. 

Expanding in the basis ( 4.45), and computing all integrals using the trapezoidal 

rule, we obtain a linear system with a constant, tridiagonal matrix at each time step. 

To approximate problem ( 4.42), we solve, for a given vft E ~N, 

. f 16.t( 6.t 6.t) m 1h Vo ; V1 , 
vftEik!N 

( 4.4 7) 

where 
E N 111 Jft\vt\vft) = _!__llt L(v;)2 + - (y£'1(vo;vi)-yr1)dx, 
2 n=l 2 O 

and where y;! is computed from vf t and vf t by the solution of equation ( 4.46). To 

approximate problem ( 4.43), we solve 

(4.48) 

1 z = J, 
0 i i- j 
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where 
t: N 111 Jf'i/(vtt) = __!!_,0,.t I:)v;)2 + - . (y{;1 (vo; u1(vo) - Yr1) dx, 
2 n=l 2 0 

and where u 1 ( v0 ) is the solution of problem ( 4.4 7) for a given v0 . 

Let us define the discrete forward maps At~ and A~~ as follows: 

At~vo = y[! ( vo; 0), 

Af~v1 = y[! (O; v1). 
(4.49) 

Recalling the discussion of direct methods in Section 2.2.1, we see that the state 

equation ( 4.46) is of the type (2.1) and is time invariant. Since the spatial degrees 

of freedom for each of the controls is one, the work involved in computing matrix 

representations for each the forward maps corresponds to only one solution of the 

state equation (4.46)! 

We may now proceed as in Section 4.3, and write the solution of problems ( 4.4 7) 

and ( 4.4 7) as in ( 4.26) and ( 4.30). In this case, the matrices M 1 and M 2 are identical 

and of the following form, 

where IN is the identity matrix of order N. Since we use the trapezoidal rule to 

compute the integrals in equation ( 4.46), we obtain 

M = hl1-1, 

( so-called mass lumping). Thus, the procedures involving the Cholesky factorizations 

as discussed in Section 4.3 are indeed trivial in this case. 

4.4.3 Implementation and Results 

Matrix representations of the forward maps ( 4.49) are computed in a separate calcu

lation and stored on file. As noted above, the computational work associated with 

this corresponds to only two solutions of the state equation (4.46). Note that no 

other solutions of the state equation are needed, and adjoint equations need not to 

be solved at all. 

To solve the normal equations associated with the solution of the hierarchical 

control problem, we proceed as discussed in Section 4.3. The matrix A1 representing 

the forward map A~~ in ( 4.49) is decomposed using the SVD, which allows us to 

explicitly compute the matrix Ao in ( 4.38) and the vector bin ( 4.40). Because of the 
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left-hand side ( 4.40), note that we need the "full" SYD of A1 in case m > n 1 , that is, 

all the columns of the matrix U in ( 4.35). 

To solve problem ( 4.39), again we choose to use the SYD and decompose A 0 . 

However, this time, the "full" SYD is not needed; indeed, we only need to know the 

action Uf b, where (U1 , U2 ) are the left singular vectors associated with A [43, §5.4]. 

Once uo is computed, u 1 is easily obtained from ( 4.34). 

The computer code is written in Fortran 77 using IEEE sta.ndard double precision 

arithmetic and the routine dgesvd from LAPACK [3] is used for the SYD. The following 

parameter va.lues and discretization data are used for all test problems reported below: 

1 
h=-

128' 
!:::..t = 10-2 

) T = 1, 
1 

lJ = -. 
10 

To illustrate the hierarchical nature, let us first consider a test problem which 

exhibits symmetric roles for the leader and the follower; let the target function be 

given by 

{ 

4x 

YTI(x) = ~(1 - 2x) 

Yro(x)={ ~(2x-1) 
4(1 - x) 

if x E [O, 1/4), 

if x E [1/4, 1/2), 

if x E [1/2, 1]; 

if x E [O, 1/2), 
if x E [1/2, 3/4), 

if x E [3/4, 1], 

(4.50) 

and let the control points be located symmetrica.lly a.round the midpoint of the do

main, 

v2 
bo = 3 = 0. 4 71 ... , v2 

b1 = 1 - 3 = 0.529 .... 

These locations are chosen to guarantee a strategic position of the control points. 

(The concept of strategic points is discussed in some detail in Chapter 5.) 

Note that the control point for the leader is slightly inside the region where the 

target for the follower is nonzero-and vice versa. For Eo = E1 = E = 10-1
- 10-3

, 

Figures 4.1-4.6 show the target states, the computed final state and the computed 

optimal controls. Various numerical va.lues are given in Table 4.1. 

The hierarchical structure of the problem is evident from these results. The target 

function associated with the leader is better approximated than the one associated 

with the follower. Also, the norm of the control associated with the leader is smaller 

than the one associated with the follower. 
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FIGURE 4.1. The target state for 
the leader, YTo ( dashed), the follower, 
YT1 ( dotted), and the computed final 
state, y{;' ( u 0 ; u 1 ) (solid). Target ( 4.50), 
E= 10-l_ 
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YT1 ( dotted), and the computed final 
state, y{: (u0 ; u 1 ) (solid). Target (4.50), 
E = 10-2
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TABLE 4.1. Results of the numerical solution of the hierarchical con
trol problem for the target functions ( 4.50) using different values of the 
regularization para.meter Eo = E1 = E . 

E J'~•t( ut.t) Jt.t( ut.t. ut.t) IIY/;"-YrollL2(0,1) IIY/:" -YTl 11£2(0,1) llu~tll llu~tll Oh 0 1h O , 1 IIYrollL2ra 11 IIYTJIIL2(01) 
10-1 0.041 0.082 0.64 0.88 0.38 0.59 
10-2 0.023 0.13 0.38 1.1 1.5 2.2 
10-3 0.020 0.16 0.41 1.3 3.6 7.9 
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The leader-follower relation is not always as evident as in the test problem above, 

however. As a second test problem, we consider a case where the target functions 

and the location of the control points do not exhibit the kind of symmetry that was 

present in the problem above. Let us consider the target functions 

27 
YTI(x) = 4 x(l - x), 

Yro(x) = { ~(5x - 4) 
10(1 - x) 

if x E [0, 4/5), 
if x E [4/5, 9/10), 

if x E [9/10, 1], 

and the following locations of the control points: 

fa bo = 2 = 0.886 ... , fa b1 = 4 = 0 .443 .... 

(4.51) 

Figures 4.7-4.12 show the target states, the computed final state and the computed 

optimal controls and various numerical values are given in Table 4.2. 

The target YTl associated with the follower is much smoother than the target YTo 

associated with the leader. Because of the diffusive nature of the state equation, the 

target yr1 will be "easier" to reach. We see that the value of the objective function 

J11t( u~t; uft) is smaller than .It';/( u~t). Also, the relative error in the final state with 

respect to YTI is smaller than the relative error with respect to Yro- The leader

follower relation can be noted in the controls, however. The norm of the control for 

the leader is always smaller than for the follower. 
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TABLE 4. 2. Results of the numerical solution of the hierarchical con
trol problem for the target functions ( 4.51) using different values of the 
regularization parameter Eu = r:1 = E. 

E y::,,t( ut.t) Jt.t( ut.t. ut.t) IIY/;' -Yro IIL2(0,1) IIY/;' -Yr1 IIL2(0,1) llu~tll llu~tll Uh 0 1h O , 1 IIYro IIL2/o 11 IIYri 11£2/o n 
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Chapter 5 

Moving Pointwise Control of Diffusion Processes 

In the problem discussed in Section 1.1, the control was acting on the system through 

the characteristic function of an open subdomain w. This chapter discusses some 

issues that arise when the domain w is reduced down to a point. 

Let n be an open, bounded, and connected region in ~d (d = 1, 2, 3) with smooth 

boundary an, and let A be a second-order elliptic operator defined on n. The simplest 

example is 

A=-6, 

but we may more generally consider,r 

A= -v' · (A(x)v') 

where we assume that the components of the second-order tensor A( x) are smooth 

functions of x and that, for some a > 0, 

for each e E ~d and for each X E n. Moreover, let t f--+ b(t) be a smooth function 

from [0, T] into D. 

The state equation under consideration in this chapter is 

ay 
at + Ay = v(t)8(x - b(t)) in D x (0, T), 

y=0 

y(0) = 0, 

on an x (0, T), 

where x r-+ 8(x - c) denotes the Dirac measure at c En and v: (0, T)----. R. 

( 5.1) 

Controllability issues as well as numerical algorithms for control problems associ

ated to systems similar to (5.1) are discussed by Glowinski a.nd Lions [39, §1.10] in 

1fWe may also include an advection term (cf. [39, §1.1]). 
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the case where the pointwise controller is fixed, that is, b(t) = b0 , Vt E (0, T). The 

purpose of this chapter is to investigate, analytically and numerically, cases when the 

controller is allowed to move along a smooth path. 

Section 5.1 discusses controllability properties of system (5.1). Sections 5.2 and 5.3 

present some numerical studies in one and two space dimensions for different choices 

of the function b(t). Finally, Section 5.4 analyses the case (in one space dimension) 

when b( t) is oscillatory with a high frequency and a. small amplitude and presents 

evidence that the asymptotic behavior is well approximated by a problem obtained 

by a multiscale expansion of the original problem. 

5.1 Controllability Issues 

5.1.1 Generalities 

The Dirac measure is not in the dual space of HJ(D) ford> 1, implying that some 

care has to be taken when giving functiona.l meaning to system ( 5.1). One can use 

transposition for this, as is done in great genera.lity by Lions and Magenes [65, Ch. 4]. 

Lions [61, §8.2] demonstrates the procedure for the particular case of a problem of 

the type (5.1). 

The Dirac measure is in the dual space of H 2(fl) n HJ(fl) for d = 2, 3 and 

in H- 1 (0) ford= 1, and weak solutions to the system (5.1) can thus be defined in 

L 2
( (0, T) x D) ford :S 3, assuming that v E L 2(0, T). Moreover, applying Theorem 1.1 

in Chapter III of Lions [61] to the present situation yields 

( ) . . f [ T] . { L 2 ( D) t f----+ y t; v 1s contm11011s ram 0, into 
H- 1 (D) if d = 2, 3. 

if d = 1, 
( 5.2) 

The space H-1 (fl) is the space of all continuous linear functionals on HJ (fl); we 

use the notation (J, z) for f E H- 1 (D) acting on z E HJ(D). The space H-1 (D) is 

endowed with the norm 

IIJIIH-1 (0) = (lo IV ¢1 2 
dx) 

112

, 

where ¢ E HJ (D) is such that 

lo \7¢ · v'zdx = (J,z), \/z E Hci(D). 

If we are interested in controlling the final state of equation (5.1 ), a fundamental 

question is how we can characterize the space spanned by y(T) when v spans L2 (0, T). 
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Because of the diffusive nature of equation (5.1), this space can be expected to be 

"small"; exact controllability only holds for a limited class of targets. However, under 

certain conditions, which will be discussed below, we have density in more general 

spaces; there is approximate controllability in these spaces. 

Similarly as in Section 1.2, we ma.y define a forward map A:%' -----+ H, where 

%' = L2 (0, T), 

H-{ L2(D) 
H- 1 (D) 

if d = 1, 

if d = 2, 3, 

(5.3) 

such that Av = y(T), where y(T) is obtained from v by solving the state equa

tion (5.1). As for the forward maps in Sections 1.2 and 3.2.1, we have A E .£"(%', H). 
Now, recall the following fundamental fact about continuous linear operators: 

Theorem 5.1. Let X and Y be Banach spaces and T: X -----+ Y a contin

uous linear operator. Then R(T) is dense in Y if and only if the adjoint 

map T*: Y' -----+ X' is injective. 

(Here, R(T) = { y I y = Tx, x E X} is the range of T, X' and Y' are the dual 

spaces of X and Y, and T* is the adjoint of T.) For a proof of Theorem 5.1, see 

Wloka [94, Theorem 17.1], for instance. 

There is approximate controllability in H for system (5.1) if R(A) is dense in H. 

Theorem 5.1 tells us that approximate controllability is equivalent to injectivity of 

A*. The adjoint map A* is a continuous linear operator from H' in toll %' whose action 

can be computed as follows. Given f EH', we have A* f = c.p(b(t), t), where 

in D x (0, T), 

c.p=O onaDx(O,T), 

(f!(T) = J, 

and where A* is the adjoint of A given by 

(5.4) 

II Since o/£ = L2 (0, T) throughout this chapter, o/£ 1 will be identified with%'. However, H 1 = H- 1(0) 
for d = 2, 3, and we will not, in general, identify H 1 with H. 
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We also have 

{ 
L 2 (0) 

t 1-+ c.p(t) is continuous from [O, T] into 
H 1 (0) 

if d = l, 

if d = 2, 3, 
(5.5) 

for each f E H'. Thus, if c.p is the solution of (5.4) for a givenf E H', and if we can 

conclude tha.t 

c.p(b(t), t) = 0 implies that c.p = 0, (5.6) 

then, by (5.5), we know that f = 0 and that A* is injective. Conversely, if A* is 

injective, then c.p(T) = f = 0 whenever c.p(b(t), t) = 0, and by uniqueness of the 

solution of the adjoint equation (5.4), we have c.p = 0, so the implication (5.6) holds. 

Thus, there is approximate controllability in H for the system ( 5.1) if and only if the 

implication (5.6) holds for the solution c.p of (5.4). 

Remark 5.1. For f E HJ(O), the solution of (5.4) satisfies 

c.p E L2 (0, T; H 2 (0) n HJ(O)), 

~~ E L 2
( (0, T) x 0), 

and, hence, c.p E H 1 ((0, T) x 0). Since t 1-+ (t, b(t)) is a smooth curve in (0, T) x n, 
this assures that the expression c.p(b(t), t) has meaning as a function in L2 (0, T). 

5.1.2 Strategic Points and Multiple Eigenvalues 

In this section, we restrict the attention to fixed control paths, b( t) = b0 E n, t E 

[O, T]. Then, the approximate controllability characterization (5.6) becomes 

c.p(b0 ,t) = 0 implies that c.p = 0. (5.7) 

Following .J. L. Lions [39] [60], we introduce the notion of strategic point to denote 

a point b0 E n such that ( 5. 7) holds ( note that such points may or may not exist). 

Under the assumption that A is selfadjoint, 

A*= A, ( 5.8) 

it is possible to further characterize the strategic points. 
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If ( 5.8) holds, which we will assume for the rest of this section, then there is a 

spectral decomposition 

(5.9) 
Wj =0 on an, 

for j = 1, 2, ... , where 0 < >-1 < >-2 :S ,\3 :S · · · and llwillL2(0) = 1. In this case, the 

solution of (5.4) may be written 

= 
cp(t) = 'I:,(f,wj)Wje-A;(T-t), 

j=l 

where(·,·) is the inner product in L2 (f2), and thus 

= 
cp( b0 , t) = L (f, Wj) Wj ( bo )e->-; (T-t). (5.10) 

j=l 

A first observation that can be made from the expansion (5.10) is that approximate 

controllability never holds if there is a j 0 E 1.+ such that Wj0 ( b0 ) = 0. Letting 

f = w.io, the solution of (5.4), rp, will not be identically zero, but we see from (5.10) 

that rp(bu, t) = 0, so (5.7) does not hold and the system cannot be approximately 

controllable. In this case the controller is acting at a node for eigenfunction Wj0 , and, 

natura.lly enough, this particular mode cannot be controlled at a.11. 

Secondly, if there are multiple eigenvalues, there are no strategic points; there is 

never approximate controllability. Intuitively, a pointwise controller cannot "distin

guish" between different modes corresponding to the same eigenvalue. To prove this, 

assume, without loss of generality, that ,\ 2 = >. 3 , and let b0 E D. We may assume 

that w2 (b0 ) -/- 0 and w3 (b0 )-/- 0; otherwise approximate controllability does not hold 

for the same reason as above. For 

the solution of (5.4) will not be identically zero, but (5.10) shows that cp(b0 , t) = 0 

and that the implication (5. 7) cannot hold. However, adding the condition that the 

spectrum is simple, 0 < ,\1 < ..\ 2 < · · ·, we obtain the following characterization of 

the strntegic points. 

Theorem 5.2. In equation (5.1), let A= A* and b(t) = b0 ED. When v 

spans L 2 (0,T), the set of final states, y(T), spans a dense subspace of H 

(as defined in (5.3)) if and only if the spectrum is simple and w 1(b0 ) cf 0 

for each j E 1.+, where {wj} are the eigenfunctions of A. 
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Proof. The observations in the two preceding sections prove that a simple spectrum 

and w.i(b0 ) -/- 0 for each j E 1_+ is necessary for density. For the converse statement, 

it is sufficient to prove density in a space spanned by a finite number of the eigen

functions {w1} in (5.9) since they form a complete orthonormal system in H. We 

show injectivity of the adjoint map A* defined by f 1-----+ ip( b0 , t ), where f is of the form 

N 

f = LU, Wj)Wj, 
.i=l 

and where ip is corresponding solution of (5.4). 

Let A* f = 0, that is, by (5.10), 

N 

ip(bo, t) = L (J, Wj) wj(b0)e->-;(T-t) = 0 
j=l 

fort E (0,T). Fork= l, ... , N, consider the function 

N 

<I>k(t) = e->.kt L (J, Wj) Wj(bo)e->-;(T-t)_ 

j=l 

(5.11) 

which is rea.l ana.lytic on (-oo, T). Since, by (5.11), <I>k = 0 on (0, T), its real analytic 

extension on (-oo, T) is identically zero. Moreover, since all eigenvalues are distinct, 

we have 

Thus, (f, WN) = 0 since WN(b0) -/- 0. Repeating the argument for k 

N - 2, ... 1, we see that (f, wk) = 0, and thus that f = 0. 

N - l, 

D 

If, in addition, the components of A( x) in the elliptic operator A are real analytic 

functions in D, then the eigenfunctions w.i are real analytic in D [30, Part 3]. From 

this follows that the set of strategic points is dense in D. Otherwise, there would be 

an open set tJ C D and a j 0 E 1_+ such that Wj0 (b0 ) = 0 for b0 E tJ. But since Wj0 

is real analytic in D, it must be identically zero throughout the domain, which is a 

contradiction since it is an eigenfunction. 

5.2 A Problem in One Space Dimension 

As we saw in Section 5.1.2, the controllability of a system equipped with a steady 

pointwise controller depends critically on the location of the controller. A strategy 
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to reduce this sensitivity is to allow a small dynamical perturbation of the location. 

This section presents a control problem involving the heat equation in one space 

dimension, followed by numerical results for a sinusoidally-shaped control path in 

Section 5.2.1 and for an irregularly-shaped, "chaotic", control path in Section 5.2.2. 

Two-dimensional generalizations are presented in Section 5.3. 

We consider the following state equation, a special case of (5.1), 

Yt - VYxx =v(i)8(x - b(t)) in (0, 1) x (0, T), 

Yx=O = Yx=l = 0, (5.12) 

y(O) = 0, 

where v > 0, v E L2 (0,T), and bis a smooth function from [0,T] into (0,1). For any 

v E L2 (0, T), the function t 1-, y(T; v) is continuous in L2 (0, 1 ), so, given a target 

YT E L2 (0, 1), we may consider the control problem 

where 

inf J ( V ), 
vEL2(U,T) 

J(v)= lk {T v2dt+! f1(y(T)-yr)2dx, 
2 lo 2 lo 

and where k is a "large" positive number. 

(5.13) 

To discretize problem (5.13), we use the same strategy as for the problems in 

Section 4.4. Here, only a single controller is employed, and control functions v E 

L2(0, T) will be approximated with Vt:,t = ( v1 , ... , vNf E ~N; all other definitions 

are as in Section 4.4.2. Taking as our discrete state equation 

Yoh= 0, 

for n = 1, ... , N, Yh is obtained from Yh-l, and vn 

through the solution of the discrete elliptic problem 

{ 

Yh E ¼h; i = l, ... ,J -1, we have 

fl Yn _ Yn-1 [1 dyn dc.p· 
Jo h 6 / I.Pi dx + 11 Jo d: dx' dx = vnc.pi(b(nt:.t)), 

we consider the discrete control problem 

(5.14) 

(5.15) 
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where 

t.t( ) 1 ~( n)2 1 11
( N )2 Jh Vt,t = -6..t ~ V + - . Yh - YT d:r:, 

2k n=l 2 U 

and where yf is computed from Vt.t by the solution of equation (5.14). 

Algorithm 3.3, page 35 is used to solve problem (5.15) but without preconditioning, 

that is, C = I in Algorithm 3.3. The spectral preconditioner introduced in Chapter 3 

is applicable though, and is used for the computationally more costly two-dimensional 

problems in Section 5.3. 

5.2.1 Numerical Results, Sinusoidal Control Path 

Let us consider the target function 

YT(x) = { ~(2x - 1) 

8(1 - x) 

if x E [O, 1/2), 

if x E [1/2, 3/4), 

if x E [3/4, l], 

with the controller located at b(t) = b0 . Solving problem (5.15) using the parameter 

va.lues 
1 

k = 10
6

' T = 2, V = 10' 

(discretization:) h = 
20

1

00
, 

yields the following results: 

1 
bo = 2, 

flt = 1.25 X 10-3
, 

Jt( Ut.t) = 0.17, lluc.tllL2(0,T) = 9.5, 

IIYf ( Ut.t) - YTIIL2(o,I) = 0 71 number of iterations: 17. 
IIYTIIL2(0,l) . 1 

(5.16) 

The computed optimal control and corresponding final state are shown in Figures 5.1 

and 5.2. 

The eigenfunctions of the operator -82 
/ 8x 2 together with the boundary condi

tions in (5.12) are 

Wj(x) = sinj7rx, j = 1, 2, ... , 

and the eigenfunctions of corresponding discrete operator are just the linear inter

polants of the above w/s at the grid points. Thus, the location b0 = 1/2 is at a zero 

for all the even modes, precluding these modes to be excited by the controller. This 

is evident in Figure 5.1, where we see that the computed fina.l state, lacking modes 
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2 

that are nonsymmetric with respect to x = 1/2, only poorly approximates the target 

function. 

Now, let us consider the path b(t) = s(wt), where 

s(T) = bo + b1 sirlT, (5.17) 

and with b0 = 1/2, as above. As we will see, even a very small but nonzero ampli

tude b1 in ( 5.17) will greatly improve the controllability by allowing modes that are 

nonsymmetric with respect to x = 1/2 to be excited. 

Let us now fix the amplitude at 

-3 b1 = 5 X 10 , (5.18) 

and study how the controllability changes with changing frequency w. Using the 

parameter values (5.16) and (5.18), problem (5.15) was solved repeatedly for small 

increments of the frequency in the range 2 x 10-4 1r ::; w :::; 6401r. A total of 37 4 

different values of w was checked. Note that w is well below the highest frequency 

that can be resolved with this discretization, namely W 8 = 1r / 6..t = 8001r. 

Figures 5.3-5.5 show graphs of the optimal value of the objective function, the 

norm of the optimal control and the error in the final state; all of them versus the 
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frequency w. We note that the functional dependencies depicted in these figures seem 

to be complicated, showing numerous local extrema. Yet, the general trend is that 

a higher frequency yields better controllability. The value w = 10 corresponds to a 

little more than three full periods of oscillation, so the strong frequency dependence 

is in a region of quite low frequencies. Refer to Section 5.4 for a discussion of the 

asymptotic behavior for high frequencies. 

Figures 5.6-5.17 show the target state, the computed final state, and the computed 

optimal control for w = l, 2, 6, 20, 60 and 200 when the path is given by (5.17). 

Notable from these pictures are the oscillations in the optimal control Ut,.t, which 

coincides in frequency with the spatial oscillations of the controller in (5.17). This 

phenomenon is discussed more in detail in Section 5.4. 

It seems reasonable that also the "phase" of the vibration should affect the con

trollability in the low-frequency region. This was verified by performing numerica.l 

experiments as above, but with the path of the controller being b(t) = c(wt), where 

(5.19) 
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instead of ( 5.17). These experiments were conducted using a somewhat cruder dis

cretization (cf. (5.16)): 
1 

h=-
500' 

1 
6.t= -

128' 
(5.20) 

and the frequency range was confined to a smaller interval, 2 x 10-4 7r < w :S 207r. 

Figures 5.18-5.20 show graphs of the optimal value of the objective function, the 

norm of the optimal control and the error in the final state; all of them versus the 

frequency w. 

Thus, whether the path is given by (5.17) or (5.19), we see that the controllability 

strongly depends on frequency, especially in the interval w = 10-1- 10 with local 

maxima and minima for w ~ l, 2, .... Note that a local maximum in Figure 5.3 

corresponds to a local minimum in Figure 5.18 and vice versa. The locations of the 

maxima/minima depend on the parameters of the problem; numerical experiments 

suggests that the locations do not depend to any significant degree on the target or 

the amplitude b1 , that they depend on the parameter v to a certain extent, and that 

they depend very strongly on T, w, and the "phase". For instance, if the path is given 

by 
7r 

s(t) =bu+ b1 sin(wt + 4 ), 
an "intermediate case" between (5.17) and (5.19), then the locations of the loca.l 

maxima/minima are at w ~ 1/2, 3/2, .... 

Using the path given by (5.19) with a small value of w is essentially equivalent to 

having a steady controller located at 

1 -3 505 
b = bo + b1 = - + 5 X 10 = --. 

2 1000 

The spatial eigenmodes of the discrete problem have zeros at x = i / j, for j = 1, ... , 

I, i = 0, ... , j with J = 500 (when the discretization (5.20) is used). Since 505/1000 

is not among these points, the position b = 505/1000 is strategic for the discrete 

problem. Thus, we see from Figure 5.18 that we seem to get a better controllability of 

the system when the controller is rapidly oscillating around the nonstrategic location 

1/2 than we get when the controller is steady but displaced to a nearby strategic 

location. 

Finally, let us consider a completely different "base point", namely the strategic 

point b0 = 1r /5, keeping all other parameter values as in (5.16). Figure 5.21 shows the 

optimal value of the objective function versus the frequency w when the path in (5.17) 

is used. Thus, we see that the irregular behavior for low frequencies persists even when 
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FIGURE 5.18. The optimal value of the objective function Jf;t(u1::,,t) 
versus the angular frequency w. The path of the controller is given by 
b(t) = bo + b1 cos wt; b0 = 1/2, b1 = 5 x 10-3

; k = 106
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FIGURE 5.19. The norm of the optimal control llut:,,tll versus the angular 
frequency w. The path of the controller is given by b(t) = b0 + b1 cos wt; 
bo = 1/2, b1 = 5 X 10-3

; k = 106
. 
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FIGURE 5.20. The relative error in the final state IIYf (u~t) -yrll/llYrll 
versus the angular frequency w. The path of the controller is given by 
b(t) = bo + b1 cos wt; bo = 1/2, b1 = 5 x 10-3
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FIGURE 5.21. The optimal value of the objective function Jf;t(u~t) 
versus the angular frequency w. The path of the controller is given by 
b(t) = bo + b1 sin wt; bo = 1r/5, b1 = 5 x 10-3
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FIGURE 5.22. The target state 
YT ( dashed) and the computed final 
state, y{; ( u) (solid) associated with 
the control in Figure 5.23. The 
path of the controller 1s given by 
b(t) bo+b1 sinwt; b0 1r/5, 
b1 = 5 X 10-3

, W = 200. 
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FIGURE 5.23. The computed opti
mal control Ub.t· The path of the con
troller is given by b(t) = bo + b1 sin wt; 
bo = 1r/5, b1 = 5 X 10-3

, W = 200. 

2 

the controller is oscillating around a strategic point. An oscillating controller seems 

to improve the controllability even in this case, if the frequency is sufficiently high. 

The tendency for the control function u( t) to oscillate with the frequency w can also 

be noted in this case, see Figures 5.22 and 5.23. 

5.2.2 Numerical Results, "Chaotic" Control Path 

The sinusoidally shaped path for the controller that was used in Section 5.2.1 indeed 

seems to improve the controllability of a. system like (5.12), at lea.st if the frequency 

w is high enough. For low to medium-high frequencies, the situation is more compli

cated, however, depending critically on the frequency and the phase of the pa.th as 

well as the location of the controller (Figures 5.3, 5.18, and 5.21). 

The change from a. fixed location of the controller to a. sinusoidally shaped pa.th 

can be viewed as a way to introduce more complexity into the system. From that 

point of view, it makes sense to ask whether an even more complex pa.th would further 

improve the controllability. 
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There are numerous ways in which a more complex path can be generated. One 

approach is to let the function b( t) in ( 5.1) be the response of a dynamical system 

such as a periodically forced, nonlinear oscillator. A simple example of such a system 

is the well-studied forced Duffing equation, 

x + 8x + o-(x3 
- x) = 1 sinwt, fort> 0, 

x(0) = xo, ±(o) = x1, 
( 5.21) 

where 8, o- > 0. Guckenheimer and Holmes [45] discuss the behavior of solutions 

to ( 5.21) and give parameter values in which the solution behaves chaotically. 

To discretize (5.21), we use a scheme suggested by Dean et al. [25], and Glowinski 

and Holmstrom [35] for similar problems; for n ~ 1, 

where 

<I>(x) = fox </>(Odl, 

</>(x) = o-(x3 
- x). 

For n = 0, an explicit scheme is used, 

x 1 + x-1 
- 2x0 . 

(6 t) 2 + 8x1 + </>(xo) = J(0), 

with 

26t 
For n ~ 1, xn+I is computed from the starting guess xn by Newton's method after 

simplifying the term containing <I> which yields a polynomial nonlinearity. 

When no damping is present in the system, that is, when 8 = 0, solutions to (5.21) 

conserve the energy 
1 

E(t) = 2x2(t) + <I>(x(t)). 

The scheme (5.22) conserves the discrete energy 

E = ! [Xn -Xn-1]
2 

<]) (xn+Xn-l) 
n-1/2 2 6 t + 2 

for 8 = 0. This guarantees that the scheme will be unconditionally stable and that 

for 8 > 0, all damping will come from the term approximating 8x and not from 

discretization effects. 
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Using this scheme with ~t = 1/128, the initial conditions x 0 = x 1 = 0, and the 

parameter values 

8 = 7.14, CT= 47.6, w = 47.6, 1 = 679.728, (5.23) 

the solution appears to be "chaotic" as we see from Figure 5.24, which shows a graph 

of the solution for 0 :::; t ::; 4. Viewing the Duffing oscillator ( 5.21) as a dynamical 

system where the forcing term is the input and the solution x(t) the output, the 

action of the system can be viewed as a broadening of the spectrum of the incoming 

monochromatic signal. Figure 5.25 shows the power spectrum of the solution in 

Figure 5.24 obtained by FFT of the discrete data. The dashed line in Figure 5.25 

marks the frequency of the input signal, w = 47.6. 

The Duffing solution visualized in Figure 5.24 was used to generate paths b( t) for 

the controller in (5.14). Using the same time interval, (0, 2), as for the numerical 

experiments in Section 5.2.1, we consider the solution in Figure 5.24 restricted to 

(to, t 0 + 2) for some t 0 > 0, we scale this function to unit max-norm, and use it to 

create a path for the controller that moves around a base position b0 with amplitude 

b1 . A collection of different paths are generated in this way by varying t0 . The results 

are compared with the case when the path is given by b0 +b1 sin(wt+to) with w = 4 7.6. 

Contrary to the initial hypothesis, numerical experiments performed using path 

generated as indicated above did not indicate that the "chaotic" path is superior to 

the sinusoidal shape in general. The system seems to very sensitive to the particular 

shape of the chaotic path, and, "on average", the controllability will not be better 

when the chaotic path is used compared to a simple sinusoidal path. 

For instance, one experiment investigated the sensitivity with respect to the pa

rameter v in (5.14) as well as the "phase" parameter t0 discussed above. Using the 

following parameter values: 

1 1 
k -_ 106

, T 2 b = ) l/ = 10' 0 = 2' 
1 1 

(discretization:) h = 
500

, ~t = 
128

, 

the minimization problem (5.15) was solved repeatedly for small increments of the 

parameter v in the interval 1/20 :::; v ::; 1 and for a collection of different paths, 

sinusoidal and chaotic, generated by varying the parameter t0 in the interval (0, 2) 

as described above. Figure 5.26 shows the optimal value of the objective function 

versus the parameter v. The dotted curves show the result for chaotic paths, and 
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FIGURE 5.24. A solution of the 
Duffing equation when the angular fre
quency of the forcing term is w = 4 7.6. 

FIGURE 5.25. The power spectrum of 
the solution to the Duffing equation in 
Figure 5.24. 
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FIGURE 5.26. The optimal value of the objective function Jft(u1::,.t) 
versus the value of the parameter v for different "phase shifts"; sinusoidal 
control path (solid) and chaotic control path (dotted). 
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the solid curves the result for the sinusoidally-shaped paths; all of these generated 

by varying the parameter t0 . Thus, there are particular shapes among this class of 

chaotic paths that can give better controllability, but the performance is better with 

a sinusoidal path in most cases. Also, when the sinusoidal shape is used, there is 

much less sensitivity with respect to changes in the phase (the parameter t0 ). 

5.3 A Problem in Two Space Dimensions 

In this section we consider problems in two space dimensions where a pointwise con

troller is located on a flat portion of the boundary. Let n = (0, ai) x (0, a 2 ), denote 

points in n by X = ( X1, X2), define 

r C = { x I x E an, x1 = o}, 

f 1 = { X IX E an, X1 = a1}, 

r 2 = { X I X E an, X2 = 0 or X2 = a2 } ' 

and consider the following state equation: 

oy 
- - v6y=0 at in n x (0, T), 

ay an= v(t)8(x1 - b(t)) on r C X (0, T), 

oy 
on =O 

y=0 

y(0) = 0, 

on r 1 X (0, T), 

on r 2 X ( 0' T). 

where b(t) is a continuous function from [O, T] into r c· 

(5.24) 

Solutions to equation (5.24) only exists in a weak sense similar to solutions to (5.1) 

ford= 2; the map t 1-----t y(t) is continuous with values in V' where 

V = { z I z E H 1 
( n)' z Ir 1 = 0 } ' 

but it is not continuous with values in L2 (n). Thus, the following problem is well 

defined 

where 

inf j(v), 
vEL2(0,T) 

1 1T 11 j ( v) = -k v 
2 dt + - IV <PI 2 dx, 

2 0 2 0 
(5.25) 
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with 

{ 

¢ E V such that, Vz E V, 

lo 'v ¢; · 'v z dx = (y(T) - YT, z), 

where(·,·) is the duality pairing on V' XV. (The second term in (5.25) measures the 

V'-norm-square of the residual y(T) - Yr-) 

Alternatively, by a suitable approximation of the delta measure on the boundary 

r c, we can avoid the above regularity complications, work in the usual H 1 solution 

framework, and get a solution that is continuous with values in L2 (0). 

For H > 0, consider the function 

XII(0 = { II ·r H ~ H 1 -- < < -
2 2' 

otherwise. 

Using XH to approximate the delta measure on the control boundary, we arrive to 

the new state equation 

oy 
o·t-v!::iy=0 in n x (0, T), 

oy 
on =v(t)xH(X2 - b(t)) on re X (0,T), 

8y =0 
on 

y=0 

y(0) = 0, 

on f 1 x (0, T), 

on f 2 x (0, T), 

(5.26) 

which has a unique solution such that t f---+ y(t) is continuous with values in L2 (D) (in 

contrast to the solution of (5.24)). Thus, the following problem is well defined: 

where 

inf J( V ), 
vEL2(0,T) 

1 lT 2 1 i 2 J(v) = -k v dt + - (y(T) - Yr) dx. 
2 , o 2 n 

(5.27) 

(5.28) 

To determine whether approximate controllability holds for the system (5.26), 

the same approach as in Section 5.1 can be used. The density of the forward map 

A: L2 (0, T) --+ L2 (0) defined by Av = y(T) is, by Theorem 5.1, equivalent to the 

injectivity of the adjoint map. Given f E L2 (0), we have 

A*f = fr XH(X2 - b(t))c.pdf, 
re 
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where tp is the solution of 

8tp -at- v6tp=0 in Ox (0,T), 

Otp = 0 on (r Cur 1) X (0, T), 
8n 

tp=0 onf2 x(0,T), 

ip(T) = f. 

(5.29) 

Using the fact that t f----+ tp(i) is continuous with values in L2(0), it follows that the 

adjoint map is injective and approximate controllability in L2 (0) holds if and only if 

{ XH(x2 - b(t))tpdf = 0 implies that tp = 0. (5.30) 
lrc 

In the case of a steady controller, we have a simple characterization of the con

trollability in terms of the eigenpairs { Aij, Wij} satisfying 

-6Wij = A;jWij inn, 

8w·· __ '.1=0 
8n 

Wij = 0 on f 2 . 

In this case, there is a formula for the eigenpairs, 
' ' 

l1T'X1 . )1T'X2 
wiAx1,x2) = cos --sm --, 

a1 a2 
i=O,l, ... , j=l,2, ... 

(5.31) 

Similarly as for the problem in Section 5.1.2, we have approximate controllability if 

and only if all the eigenvalues are simple a.nd 

r XH(x2 - bo)Wijdr 
lrc 

ibo+H/2 . J7T'X 2 = Sln -- dx2 =j:. 0, 
bo-H/2 a2 

(5.32) 
i = 0, 1, ... , j = l, 2, .... 

Condition (5.32) can only be violated when b0 is at a zero for sin(j7rx 2 /a2 ). Since 

each b0 such that b0 / a2 is a rational number is a zero for some of the functions 

. ]1T'Xz 
sin --, j = l, 2 ... , 

a2 

condition (5.32) holds if and only if b0 / a2 is an irrational number. Thus we arrive at 

the following theorem, which may be proved analogously as Theorem 5.2. 



Theorem 5.3. The set of final states y(T) of (5.26) spans a dense subset 

of L 2 (0) when v spans L2 (0, T) if and only if the spectrum is simple and 

a0 / bo is an irrational number. 
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Control problem ( 5.27) is closely related to the problem treated in Section 3.3. The 

only essential difference, using the notation of Chapter 3, is in the control actuator 

B, which here is 

(B(t)v(t), z) = fr x(x 1 - b(t))v(t)zdf, \/z E V. 
le 

Note that the operator Bis time invariant only if b(t) is constant. 

Discretization and implementation is done the same way as in Chapter 3, and the 

spectral preconditioner described there is used. 

5.3.1 Numerical Results, Steady Controller 

In this section we take b( t) = b0 E r c, that is, the control actuator XH is fixed on the 

control boundary r c· As we saw in the last section, there are two mechanisms that 

can preclude approximate controllability of the system (5.26) when the controller is 

steady: multiple eigenvalues and a nonstrategic location of XH. In this section we 

will study numerically the effect of having multiple eigenvalues. 

There will be multiple eigenvalues Ai.i in (5.31 ), as well as in corresponding discrete 

problem, for certain choices of a1 and a2 . However, in such cases, there are arbitrary 

small perturbations of the domain, obtained by a small perturbation of either a1 or a2 

for instance, that destroy the symmetry so that the eigenvalues cease to be multiple. 

We consider the target function 

(Figure 5.27), the parameter values 

1 
v=-

5' 
T = 3, H=-2_ 

16' 

a.nd the discretization parameters 

1 
h=-

32' 
1 

6..t = -. 
100 

(5.33) 

(5.34) 

(5.35) 
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FIGURE 5.27. The target function defined in (5.33). 

Let us consider the two domains 

nm= (0, 2) X (0, 1), 

63 ns = (0, 
32

) X (0, 1). 

2 

Using the same discretization as for the problem in Section 3.3.2, the eigenvalues of 

the discrete problem corresponding to (5.31) are given by 

h 4v ( . 2 i1rh . 2 j1rh) A;j = h
2 

sm - + sm -- . 
2a1 2a2 

There are multiple eigenvalues when n = nm, but the discrete eigenvalues are simple 

when n = ns. 
With the controller at the fixed, strategic location b0 = 1r / 4 ( so that condi

tion (5.32) is satisfied), Table 5.1 ** compares the results for n = nm with the results 

for n = ns. Surprisingly enough, the results for the two different domains do not 

differ much; in fact, the results for n = ns are not even always "better" than the 

**When reporting numerical results, we make no distinction, in this section, between the quantities 
associated with problem (5.28) and corresponding discrete quantities. 



TABLE 5 .1. Comparing the results using a domain leading to multiple 
eigenvalues (n = nm = (0, 2) x (0, 1)) with a nearby case when all 
eigenvalues are simple n = ns = (0, 63/32) x (0, 1 ). Target function 
given by (5.33). Steady controller. 

J(u) IIY(T)-YTIIL2(n) 
lluiiP('Ycx(O,T)) 

k IIYTIIL2(n) 

nm ns nm ns nm ns 
106 5.81 X 10-2 5.50 X 10-2 0.333 0.327 1.41 X 102 1.35 X 102 

108 4.42 X 10-2 4.28 X 10-2 0.316 0.314 3.37 X 102 2.81 X 102 

1010 3.99 X 10-2 3.95 X 10-2 0.298 0.299 5.36 X 103 4.96 X 103 

1012 3.22 X 10-2 3.25 X 10-2 0.265 0.269 5.66 X 104 5.48 X 104 

1014 2.55 X 10-2 2.60 X 10-2 0.235 0.239 5.57 X 105 5.60 X 105 
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results for n = nm. The multiplicity of the eigenvalues in the case n = nm does not 

seem to significantly affect the result for this particular target function. 

Experiments with different target functions indicated that the multiplicity affects 

the result significantly only for very particular target functions, like, 

. 21rx2 1l"X1 
Yr(x1, x2) = sm bi cos,;;· (5.36) 

Using this target function yields the following results for n = nm ( when there are 

multiple eigenvalues): 
J(u)=7.7 X 10-2 , 

lly(T) - YTII = 7 8 X 10-1 
IIYrll · ' 

llull = 9.6 X 103
. 

(5.37) 

but if for n = ns ( when there are only simple eigenvalues in the discrete case), we 

obtain a much improved controllability, 

J(u)=5.2 X 10-3 , 

lly(T) - Yril = l 2 x 10 -1 

IIYrll · ' 
llull = 8.0 X 105

. 

(5.38) 

In these experiments, the controller is located at b0 = 7r /5 and the value of the 

penalization parameter is k = 1014 . The reason why the sensibility with respect to 
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domain variation is higher in this case is the special choice of target function; it is 

one of the eigenfunctions corresponding to the smallest multiple eigenvalue of the 

problem ( 5.31) ( the corresponding discrete eigenfunction is the linear interpolant at 

the nodes). 

5.3.2 Numerical Results, Sinusoidal Control Path 

We consider equation (5.26) with 

b(t) = b0 + b1 sin wt. 

The domain is f2 = (0, 2) x (0, 1), the target is given by (5.33), and the following 

parameter values are used: 

1 H = I_ h = I_ 1 
v=- T= 3, t:.t = -

5' 16' 32' 100' 

k = 1010 
1 

b1 = 5 X 10-3
. bo = 2, ) 

To study how the controllability depends on the frequency of oscillation of the con

troller, the minimization problem (5.27) is solved numerically for small increments of 

the angular frequency in the range w = 1r /32-501r. As a function of the angular fre

quency w, Figure 5.28 shows the optimal value of the objective function, Figure 5.29 

the relative error in the final state, and Figure 5.30 the norm of the optimal control. 

As for the one-dimensional problems in Section 5.2.1, the graphs show an irregular be

havior for low to medium-high frequencies, the controllability improves "on average" 

with increasing frequency, and the graphs appear to stabilize towards an asymptotic 

value as w -t +oo. The optimal control u(t) also here tends to oscillate in time with 

the frequency w imposed on the moving support of XH. 

The spectral preconditioner described in Chapter 3 was used, and this managed 

to keep the number of iterations at a modest level even for quite large values of k. 

There is nevertheless a limit beyond which the problem is too ill-conditioned for the 

given floating-point accuracy of the computer. The highest value of the penalization 

parameter that can be used is about k = 1014 (in double precision IEEE arithmetic); 

the minimization algorithm cease to converge for larger values. For k = 1014 and 

w = 10, we got the following results: 

J ( u) = 8.8 X 10-2 , lly(T) - Yrll = 0 13 iiuii = 6.0 x 105. 
IIYrll · ' 



w 

FIGURE 5.28. The optimal value of the objective function J(u) 
versus the angular frequency w when the path of the controller is 
b( t) = b0 + b1 sin wt. 
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FIGURE 5.29. The relative error in the final state lly(T) - Yrll/llYrll 
versus the angular frequency w when the path of the controller is 
b( t) = b0 + b1 sin wt. 
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FIGURE 5.30. The norm of the optimal control !lull versus the angular 
frequency w when the path of the controller is a( t) = ao + a1 sin wt. 

Figure 5.31 shows a surface plot of the computed final state, Figure 5.32 shows cross 

sections of the final state at planes perpendicular to the xi-axis, and Figure 5.33 

shows the computed optimal control. Note that even with this very large value of k, 

it seems to be hard to control the solution far from the boundary r c· 

Section 5.3.1 examined a case when multiple eigenvalues negatively affected the 

controllability, and we saw that a small domain perturbation was sufficient to improve 

the controllability ((5.37) and (5.38)). An alternative is to perturb the path of the 

controller instead. For n = (0, 1) x (0, 1) (when there are multiple eigenvalues), 

b0 = 1r /5, b1 = 5 x 10-3 and the rest of the parameters as for the results (5.37) and 

(5.38), the following results were obtained: 

J(u) = 2.0 X 10-4, 

lly(T) - Yrll = 2 5 x io-2 
IIYrll · ' 

llull = 1.5 X 105
. 

(5.39) 

Thus, introducing a movmg controller gives a better controllability gain than 

perturbing the domain ( cf. (5.38) ). Note the similarity with the observation in 
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FIGURE 5.31. The computed final 
state y(T) with target function given 
by (5.33), k = 1014

. Control at 
x (0, 1/2), vibrating along the 
xraxis with frequency w = 10 and am-
plitude a 2 = 5 x 10-3 . 
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FIGURE 5.32. Cross sections of the 
computed final state in Figure 5.31. 
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FIGURE 5.33. The computed optimal control corresponding to the final 
state in Figure 5.31. 
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Section 5.2.1 that a fast oscillation around a nonstrategic point appears to improve 

the controllability more than moving a steady controller to a nearby strategic point. 

5.3.3 Numerical Results, "Chaotic" Control Path 

In this section we consider a two-dimensional analogue to the approach in Section 5.2.2, 

letting the function b(t) in (5.26) be related to a solution to the Duffing equation. 

Equation (5.21) is solved numerically using the scheme (5.22) and the following pa

rameter values: 

8 = 1.5, a = 10, w = 10, 'Y = 30, 

and with flt= 1/100. The solution fort E (0, 8) is shown in Figure 5.34. As for the 

one-dimensional problem in Section 5.2.2, the controllability properties depend on 

the precise shape of the path. Therefore, following the same approach as before, we 

consider a family of paths generated by restricting the solution shown in Figure 5.34 

on (to, to+ 3) for t0 E (0, 5) (scaling and translation are done as in Section 5.2.2). For 

the numerical experiments, the same domain, target function, and parameter values 

as for the results reported in (5.38) and (5.39) were used. Table 5.2 shows the results 

for t0 = 0, 1, ... , 5. Comparing with the results in (5.39), we see that using the chaotic 

path sometimes gives a better and sometimes a worse controllability than using the 

sinusoidal path. 

TABLE 5.2. The results when the path of the controller is given by 
"chaotic" functions 

to J(u) jjy(T)-YrllL2(!1) 
llullL2("/cX(O,T)) IIYrllL2 n 

0 2.70 X 10-4 1.52 X 10-2 2.74 X 106 

1 3.65 X 10-4 2.65 X 10-2 2.93 X 106 

2 8.01 X 10-4 3.11 X 10-2 4.59 X 106 

3 1.72 X 10-4 2.77 X 10-2 1.49 X 106 

4 3.08 X 10-4 4.14 X 10-2 1.65 X 106 

5 4.20 X 10-4 2.19 X 10-2 3.32 X 106 
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FIGURE 5.34. A solution of the Duffing equation when the angular 
frequency of the forcing term is w = 10. 

5.4 Asymptotic Behavior 
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A quite consistent high-frequency behavior could be noted in Sections 5.2.1 and 5.3.2 

when the point wise controller was given a sinusoidally-shaped path such as b( t) = 
bo + b1 cos wt. Certain quantities, such as the value of the objective function, the 

relative error in the final state, and the norm of the optimal control, seem to approach 

an asymptotic value for high frequencies (Figures 5.3, 5.4, 5.5, 5.18, 5.19, 5.21, 5.28, 

5.29, and 5.30). However, the computed optimal control does not seem to converge; it 

tends to contain oscillations that increase in frequency as w increases. The following 

sections investigates this behavior more in detail. The reasoning is mostly heuristic, 

so the numerical verification of the asymptotic behavior that the analysis suggests is 

crucial. Most of the discussion will be restricted to the case of one space dimension. 

5.4.1 A Weak Convergence Theorem 

We start with the observation that for high frequencies w, the oscillating pointwise 

source 8(b0 +b1 cos wt) approaches, in a weak sense, the distributed source m(x) defined 

in (5.40) (Figure 5.35). 
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0 

bo 
X 

FIGURE 5.35. The asymptotic control distribution m(x) given by (5.40). 

Theorem 5.4. Let x f--+ 8(x - c) denote the Dirac measure on ~ with 

support at c E (0, 1), and let b( T) = b0 + b1 cos T with b0 and b1 such that 

b(T) E (0,1) for all real T. Then! as w---+ CXJ! 8(x - b(wt)) converges 

distributionally on (0, 1) x (0,T) to 

m(x) = { : [bl - (x

1

- bo)
2
]'

12 

(5.40) 

otherwise. 

Proof. We need to show tha.t, for each <I> E P((O, 1) x ((0, T)), 

lim (8(x -b(wt)),4>) = f m(x)4>(x,t)dxdt. (5.41) 
w-+cx, J(o,1)x(o,T) 

Since~( (0, 1) )®~( (0, T)) is sequentially dense in~( (0, 1) x (0, T)) [91, Theorem 39.2], 

it is sufficient to show (5.41) for each q> of the form </>(x)7/J(t), where 1> E ~((0, 1)), 

7/J E P((0,T)). 

Let</> E ~((0,1)) and 7/J E P((0,T)). Then 

(8 (x - b (wt)), </>7/J) = 1T </>(b(wt))7/J(t) dt. (5.42) 

Since </>(b(wt)) is periodic with period 2n-jw, we can expand, 

00 

</>(b(wt)) = L Jneinwt, (5.43) 
n=-oo 
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where 
~ w 121r/w 1 121r ef>n = - </>(b(wt))e-inwt di= - </>(b(T))e-inr dT. 

2K O 2K 0 
(5.44) 

Substituting (5.43) into (5.42), and interchanging the sum and the integral, we 

obtain 

(8(x - b(wt)), qx1/!J = f Jn 1T 1/J(t)einwt dt 
n=-oo O 

(5.45) 

(the interchange is valid since the series in (5.43) converges uniformly on (0, T) by 

the smoothness of ¢( b( wt))). 

By the Riemann-Lebesgue Lemma, we have 

{ 
~ 1T ~

1
T </>0 '!jJ(t)dt ifn=0, 

lim ef>n '!jJ(t)einwt dt = O 
W-+00 0 

0 otherwise, 

that is, each of the terms in the series on right-hand side of ( 5.45) converges to zero 

as w -+ oo except the one corresponding to n = 0. Thus, 

oo T oo T 
lim I: Jn r '!jJ(t)e-inwt dt = I: 1im Jn r '!jJ(t)e-inwt dt 

W-+00 n=-CXl lo n=-CXl W-+CXl lo 
~ {T 

= </>0 lo '!jJ(t) dt, 

(5.46) 

where the fact that the series 

converges uniformly with respect to w has been used to be able to interchanging the 

limit and the sum. 

Combining (5.44), (5.45), and (5.46) yields 

1 121r 1T lim (8(x - b(wt)),</>'!jJ) = - </>(b(T))'!jJ(t)dtdT. 
W-+(X) 2K O 0 

( 5.4 7) 

We obtain, using the change of variables x = b( T) = b0 + b1 cos T, 

1 12
7r 1 1bo+b1 </>( X) 

- q>(b(T))dT = - l/2 dx, 
2K o K bo-b1 [Vi-(x-bo)2] 

(5.48) 

so, finally, from (5.47) and (5.48) we can conclude that 

lim (8(x-b(wt)),¢>'!jJ) = j m(x)ef>(x)'l/J(t)dxdt, 
w-+CXJ (O,l)x(O,T)) 
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with m(x) defined by (5.40). D 

We have that J~ m(x) dx = l and m(x) = 0 for x (j_ (b0 - b1, b0 + b1), so m(x) is an 

approximation to the Dirac measure at b0 . Also note that, for x E (b0 - b1, b0 + b1 ), 

1 (x-bo) 
m ( X) = 7r b1 W b1 ' (5.49) 

where w( 0 is the weighting function associated with the Chebyshev polynomials [75]. 

5.4.2 Pointwise Oscillating Control in One Space Dimension 

Let us consider the control problem 

where 

inf J(v,w), 
vEL2(0,T) 

J(v,w) = lk fT v2 dt + ! /1 (y(T) - yy)2 dx 
2 lo 2 lo 

for k > 0, and where y(T) is computed from v by solving 

By 
at +Ay=v(t)8(x-b(wt)) in (0,1) x (0,T), 

Yx=O = Yx=l = 0, 

y(0) = 0, 

where, as in Theorem 5.4, 

b( T) = bo + b1 COST. 

(5.50) 

(5.51) 

(5.52) 

The second-order elliptic operator A is defined as on page 67 (ford= l). We will add 

the extra assumption that the coefficients of the operator are real analytic functions 

in D. Problem (5.13) is a special case of (5.50). 

Recall from Chapter 1 that system (1.8) characterized the solution to the mini

mization problem (1.2). Likewise, the following system of partial differential equations 

characterizes the solution to problem (5.50): 

Yt+Ay=p(b(T),t)8(x-b(T)) in (0,1) x (0,T), 

Ylx=O = Ylx=l = 0, (5.53) 

y(0) = 0, 



-Pt+ A*p=0 

Plx=O = Plx=l = 0, 

p(T) = k (yr - y(T)), 

where T = wt. The optimal control is given by 

in (0, 1) x (0, T), 

u ( t) = p( b( wt), t). 
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(5.54) 

Since the solution p of the adjoint equation (5.54) is the solution of a diffusive 

equation, it will be smooth away from the initial time t = T (the adjoint equation is 

solved fort < T, backwards in time). Thus, for large values of w, we can expect the 

function ( t', t) 1--+ p( b( wt'), t) to be slowly varying with respect to t ( except for t close 

to T) and rapidly oscillating ( with period 21r) with respect to t' which would explain 

the oscillations of the optimal control that we noted above (Figures 5.17 and 5.23, 

for instance). 

5.4.3 High-Frequency and Low-Amplitude Approximation 

This section attempts to quantify the observations in Section 5.4.2. The goal is to 

obtain an optimality system approximating system (5.53) for large values of w and 

small values of b1 . 

We start by applying the method of multiple scales [69] making the assumption 

that there are essentially two time scales in the problem, a slow time t* = t, and a fast 

time T = wt. Setting f = 1/w, we look for an asymptotic expansion of the solution of 

equation (5.53) in powers of £ 1 

(5.55) 

where Yj(t*, T), j = 0, 1, 2, ... , is periodic in T with period 21r. We substitute (5.55) 

into (5.53) and notice that 
a a a + -1 at = at* f aT · 

Equating corresponding powers of £, we obtain 

0Yo = O 
OT ' 

that is, 

Yo= Yo(t*), (5.56) 
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and 
0
; 1 +~Yo+ Ay0 = p(b(T), t*)8(x - b(T)). 
UT ui* 

Integrating both sides with respect to Ton the interval (0, 21r), using the 21r-periodicity 

of the function T f----+ y1 (t*,T), and the property (5.56) yields 

8yo 1 lo2
1r ~+Ayo= - p(b(T), t)8(x - b(T)) dT = J(x, t) 

ui 21r o 
(5.57) 

where t* has been replaced by t. 

For x E ( b0 - b1 , b0 + b1 ) we may expand x f----+ p( x, t) in a series of Chebyshev 

polynomials, 
00 

(x-b0 ) p(x, t) = L Pk(t)Tk b , 
k=O l 

(5.58) 

where 

pk(t) = 1 
1 1ba+b1 (x - bo) 

-b- p(x, t)w b dx 
7r 1 bo-bi 1 

2 1ba+b1 (x - b0 ) (x - b0 ) -b- p(x, t)Tk b w b dx 
7r 1 bo-bi 1 1 

fork= 0, 

(5.59) 

otherwise, 

with Tk being the Chebyshev polynomial of degree k and w(l) = (1 - e2t1
/ 2 . 

By (5.49), the coefficients (5.59) can also be be written 

{ 

fo
1 

p(x,t)m(x)dx 

Pk(t)= 1 b 
2 fu p(x,t)Tk(x ~

1 
°)m(x)dx 

for k = 0, 

(5.60) 
otherwise. 

For each t < T, the series (5.58) converges uniformly on (b0 - b1 , b0 + b1 ) since 

x f----+ p(x, t) is analytic fort< T. Substituting (5.58) into the expression for fin (5.57) 

yields 

1 00 1211" 
=-I:pk(t) Tk(cosT)8(x-b(T))dT. 

27r k=O 0 

By the change of variables l = b0 + b1 cos T, the integral is easily computed and we 

obtain 
00 (X - bo) f(x,t) = LPk(t)Tk b m(x), 

k=O 1 

(5.61) 
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where m(x) is given by (5.40). Substituting (5.61) into (5.57) yields 

0Yo ~ (X - bo) ot +Ayo=L.,Pk(t)Tk b m(x), 
k=O 1 

(5.62) 

where the Pk's are given by (5.60). Equation (5.62) together with boundary and 

initials conditions will be a first-order approximation of the state equation ( 5.53) 

for high frequencies w. Note that in equation (5.62), instead of a single oscillating 

pointwise controller as in (5.53), we have a countable infinite collection of steady 

distributed controllers. 

The sum of the first few terms of the expansion ( 5.58) is a good approximation of 

p( x, t) for x E ( b0 - bi, b0 + b1) for small values of b1, at least for t not close to T (by the 

smoothing property of the adjoint equation (5.53)). Using a two-term approximation 

of this sum, we obtain 

of} ~ ( x - bo) ot + Ay = m(x) po(t) + P1(t) bi , (5.63) 

instead of equation (5.62). Equation (5.63) is an approximation of the state equa

tion (5.53) for high frequencies wand small amplitudes b1 . 

If in the optimality system (5.53), (5.54) we replace the state equation with equa

tion (5.63) and use (5.60), we get the following system of equation: 

Yt+AfJ=m(x) [fo
1

p(x,t)m(x)dx 

x - bo [1 (x - bo) l 
+2 bi }

0
p(x,t)m(x) bi dx 

Ylx=O = Ylx=l = 0, 

fj(0) = 0, 

-pt+A*p=0 

Plx=O = Plx=l = 0, 

p(T) = k (Yr - fj(T)), 

in (0, 1) x (0, T), (5.64) 

in (0, 1) x (0, T), 

(5.65) 

The coupled system (5.64), (5.65) is also an optimality system for a minimization 

problem. As the form of the right-hand side of (5.64) indicates, this problem involves 

two steady, distributed controllers. There are, however, at least two different but 

equivalent formulations of this minimization problem. 
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Asymptotic Problem-Formulation 

Let us introduce the space 

equipped with the norm 

( 

T T ) 1/2 

llvll 0110 = la v6 dt + 2 fo v? dt , 

where v(t) = (v0(t), v1(t)). Then, the system (5.64) is an optimality condition for the 

problem 

inf J(w), 
WE"lL'o 

( 5.66) 

where 

J(w)= 
1
kllwll~ +~ 11

(fj(T)-yr)2dx 
2 ° 2 Jo 

for k > 0, and where y(T) is computed from v by solving 

~ - [ x-~ l at + Ay = m(x) wo(t) + 2 
61 

w1 (t) in (0, 1) x (0, T), 

Yx=O = Yx=l = 0, 

fj(0) = 0. 

The asymptotic problem in this formulation involves two distributed controllers 

associated with the functions m 0 and m 1 , one being symmetric and the other anti

symmetric with respect to x = b0 . Also note the factor 2 in the definition of the norm 

on '210 . 

Asymptotic Problem-Formulation 11 

Here, we consider the space 

'21 = L2(0, T) x L2(0, T), 

endowed with the natural product-norm 

( 

T T ) 1/2 

llvl\ 011 = la V6 dt + la v; dt , 
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FIGURE 5.36. The control distributor 
mo(x). 

FIGURE 5.37. The control distributor 
m1 (x ). 

The substitutions 

yields 

and 

x - bo ( 1 x - bo) ( 1 x - bo) 
wo(t) + 2 bi w1(t) = y2 + bi vo(t) + y2 - bi v1(t). 

so problem (5.66) is equivalent to 

inf f (v), 
VE"l/ 

(5.67) 

where 
1 1 fl 

f(v) = 2k llvll~ + 2, }o (fj(T) - YT )2 dx, (5.68) 

and where y(T) is computed from v by solving 

!~ +Af}=m0 (x)vo(t)+m1(x)v1(t) in (0,1) x (0,T), 

Yx=O = Yx=1 = 0, 
(5.69) 

y(O) = 0, 
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where 

( 
1 x-b0 ) 

m 0 ( x) = m ( x) v'2 + b
1 

, 

(
1 x-bo) 

m1(x) = m(x) v'2 - b
1 

, 

visualized in Figures 5.36 and 5.37. 

Formulation II is perhaps the more natural; in this formulation, the two controllers 

exhibit symmetric roles, one mainly acting on one side of x = b0 and the other on the 

other side. 

The heuristic arguments above suggests that problem (5.67) ( or (5.66)) in some 

sense approximates problem (5.50) for large w and small b1 . Next section presents 

numerical results that indeed indicates that for high frequencies and low amplitudes, 

we have 

inf f(v):::::: inf J(v,w). 
VE%' vEL2 (O,T) 

5.4.4 Numerical Experiments: Implementation, Results, and Discussion 

This section compares the numerical solutions of a problem of the type (5.50) at 

high frequencies and small amplitudes for the vibrating controller with the numerical 

solution of a problem of the type ( 5.67). 

Throughout this section, we let 

Choosing the same discretization strategy as in Section 5.2, we obtain problem (5.15) 

when discretizing problem (5.50). The discretization of problem (5.67) is performed 

analogously; for instance, we choose the following discretization of state equation ( 5.69): 

Yoh= 0, 

r 1 N n . b . d f n-1 n d n 1or n = , ... , , Yh 1s o ta1ne rom Yh , v0 an v 1 

through the solution of the discrete elliptic problem 

Yh E ¼h; i = 1, ... , I - 1, we have 

1
1 Yh - y~-1 11 dy"/;, dcpi n 11 

'Pi dx + v -d -dx = v0 m 0 (x)cp; dx 
0 flt O X dx 0 

+ v; fo1 

m 1(x)cp;dx. 

(5.70) 
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The integrals involving m 0 and m 1 are computed exactly, while, as before, the trape

zoidal rule is used for the rest of the integrals. The minimization problems are solved 

using versions of Algorithm 3.3, page 35 ( without preconditioning). 

With a slight abuse of notation, J(u,w) will be used to denote the solution both 

to problem (5.50) and corresponding discrete problem. Similarly, f(u) will denote 

both the solution to (5.67) and corresponding discrete problem. 

We consider two different target functions. The first one is 

{ 

0 if x E [0, 1/2), 

YT1(x) = 4(2x - 1) if x E [1/2, 3/4), 

8(1-x) ifxE[3/4,1], 

(5.71) 

that is, the target that was used for the results reported in Section 5.2.1. The second 

target function is the line 

YT2 ( X) = 1 - X. (5.72) 

(Note that the target function, like in this case, does not need to satisfy the boundary 

conditions in the state equation.) 

The following parameter values are used throughout the following: 

T = 2, I/= 1/10, b1 = 5 X 10-3 ; 

discretization: 6x = 1/2000, 6t = 1.25 x 10-3
. 

Table 5.3 compares the solution to problem (5.50) at w = 2001r 2 with the solution 

to the proposed asymptotic-problem ( 5.67) using the target function ( 5. 71) and with 

b0 = 1/2. Table 5.4 shows the same comparison but for the target function (5.72) and 

for two different locations of the controller. In Figures 5.38-5.45, we can compare the 

graphs of the computed optimal controls and corresponding final states when target 

state ( 5. 71) is used. Figures 5.46-5.53 show the same type of comparison but using 

the target state (5.72). 

Since the optimal controls associated with problem (5.50) contain oscillations co

inciding with the movement of the controller (see the discussion in Sections 5.4.2 

and 5.4.3), their graphs will be essentially black at this frequency (Figures 5.39, 5.43, 

5 .4 7, and 5 .51). It would hardly be realistic, of course, to use such a high frequency as 

we do here for actuators in actual physical devises. However, no extreme frequencies 

are needed to reach a behavior close to the asymptotic, as we noted in Section 5.2.1. 

The choice of such a high frequency here is motivated by the purpose of the present 
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study to demonstrate the accuracy of (5.67) as an asymptotic problem for high fre

quencies and small amplitudes. 

Problem (5.67) approximates the solution of problem (5.50) remarkably well in 

these examples. There is a certain dependency on the penalty parameter k, the 

approximation being less accurate for large values of k. This is in line with the 

derivation of the asymptotic problem in Section 5.4.3. Let us recall the two major 

assumptions that were made: 

• There are two well-separated time scales. 

• A two-term Chebyshev expansion is sufficient to accurately approximate the 

solution of the adjoint equation in the neighborhood of b0 . 

Both assumptions were motivated from the analyticity of the solution to the ad

joint equation (5.54) fort< T. The adjoint state p(t) will not be analytic at t =Tin 

general, so both of these assumptions may break down as t approaches the final time 

T, and for large values of k this may becomes significant. (Note that in general, the 

initial condition for the adjoint equation, k(yr - y(T)) -f+ 0 as k --+ +oo; otherwise 

there would be exact controllability) 



TABLE 5.3. Comparison of the optimal value of the objective func
tion (5.51) at a high frequency (J(u; 2007!' 2

)) with the optimal value of 
the objective function (5.68) (f(u)). Target function (5.71), b0 = 1/2. 

k J( u; 2007!' 2 ) f(u) 
101 2.24692 X 10-1 2.24673 X 10- 1 

103 1.55007 X 10-1 1.55008 X 10-l 
104 9.89508 X 10-2 9.89532 X 10-2 

105 3.11165 X 10-2 3.11173 X 10-2 

106 5.44 73 X 10-3 5.4469 X 10-3 

107 1.051 X 10-3 1.045 X 10-3 

109 2.50 X 10-4 2.37 X 10-4 

TABLE 5.4. Comparison of the optimal value of the objective func
tion (5.51) at a high frequency (J(u; 2007!' 2

)) with the optimal value of 
the objective function (5.68) (f(u)). Target function (5.72). 

bo = 1/2 bo = 0.261 
k J(u; 2007!' 2) f(u) J(u; 2007!' 2 ) f(u) 

101 8.021635 X 10-2 8.021671 X 10-2 5.33043 X 10-2 5.33056 X 10-2 

103 5.46731 X 10-2 5.46728 X 10-2 2.89187 X 10-2 2.89158 X 10-2 

105 3.20056 X 10-2 3.20036 X 10-2 1.5713 X 10-2 1.5707 X 10-2 

107 1. 70525 X 10-2 1. 70505 X 10-2 9.334 X 10-3 9.314 X 10-3 

109 1.17629 X 10-2 1.17678 X 10-2 6.660 X 10-3 6.630 X 10-3 

111 
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FIGURE 5.38. The target state 
( dashed) and the computed final state 
(solid); rapidly oscillating controller 
(Problem (5.50) ); w = 20071" 2
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FIGURE 5.40. The target state 
(dashed) and the computed final 
state (solid); asymptotic problem 
(5.67); b0 1/2, k 103 ; 

lly(T) - YTIII/IIYr1II = 0.64968. 
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FIGURE 5.39. The computed optimal 
control; rapidly oscillating controller 
(Problem (5.50) ); w = 20071" 2

, b0 = 1/2, 
k = 103

; llull = 5.352. 
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FIGURE 5.42. The target state 
( dashed) and the computed final state 
(solid); rapidly oscillating controller 
(Problem (5.50) ); w = 2001r2

, b0 = 1/2, 
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FIGURE 5.44. The target state 
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state (solid); asymptotic problem 
(5.67); b0 1/2, k 105
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lly(T)- YT1II/IIYr1II = 0.1782. 
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FIGURE 5 .43. The computed optimal 
control; rapidly oscillating controller 
(Problem (5.50)); w = 2001r 2

, b0 = 1/2, 
k = 105

; llull = 64.06. 
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FIGURE 5.46. The target state 
( dashed) and the computed final state 
(solid); rapidly oscillating controller 
(Problem (5.50)); w = 2001r2, b0 = 

0.261, k = 104; lly(T) - Yr2II/IIYTZII = 
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FIG URE 5 .48. The target state 
( dashed) and the computed final 
state (solid); asymptotic problem 
(5.67); b0 0.261, k 104; 

lly(T) - Yr2II/IIYr2II = 0.3312. 
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FIGURE 5.47. The computed optimal 
control; rapidly oscillating controller 
(Problem (5.50) ); w = 2001r2

, b0 = 
0.261, k = 104; llull = 7.893. 

40 

30 

20 

10 

0 

-10 

-20 

-30 

-40 

-50 

.___::..'' 

I'. 
' ' ' ' 

2 

0 0.5 1.5 2 

FIGURE 5.49. The computed optimal 
controls; asymptotic problem ( 5.67); 

bo = 0.261, k = 104; llull = 7.904. 
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FIGURE 5.51. The computed optimal 
control; rapidly oscillating controller 
(Problem (5.50) ); w = 2001r2, bo = 

0.261, k = 106
; llull = 52.99. 
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Chapter 6 

A Flow-Control Problem: Vorticity Reduction by 
Dynamic Boundary Action 

6.1 Introduction 
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Injecting an incompressible fluid into a bounded region through a narrow opening of 

an otherwise solid boundary will create a flow with pronounced vortices. Bursts of 

turbulence will eventually develop at places of high local vorticity ( vorticity is the 

curl of the velocity), except if the fluid is very viscous [77]. A strategy to avoid the 

onset of turbulence is to use some flow parameters to dampen the vorticity levels in 

the domain. One possibility is to dynamically control the injection of fluid through 

another part of the boundary. 

This chapter addresses such a flow-control problem using an optimal-control ap

proach. The flow model is the Na vier-Stokes equations for the unsteady flow of 

a viscous, incompressible fluid. The focus is on the issues involved in a numerical 

solution of the optimal-control problem. The computations reported below are off

line and open-loop, that is, the computations are not performed in real time and no 

feed-back mechanism is involved. 

The occurrence of turbulence can have a devastating effect on performance in 

many fluid mechanics systems, why there is considerable technical interest in flow 

control problems. The purpose is typically to reduce drag on bodies, increase lift 

coefficients for wings, or to improve heat and mass transfer. By minute perturbations 

of the thin boundary layer that develops for flows over a solid surface, it is sometimes 

possible to obtain quite dramatic effects on important flow parameters. Bushnell and 

McGinley [14] give a concise review of various techniques for turbulence control of wall 

flows. Profile design, continuous suction and blowing, additives, and compliant walls 

are examples of strategies to affect the boundary layer by passive means. More recent 

is the development of active means of controlling the boundary layer, usually by anti

phase modal superposition in transition flows, or by suppression of coherent structures 

in turbulent flows. Overviews of this are given by Metcalfe [68] and Thomas [89]. 



118 

Another area in which active control strategies are of interest is in combustion and 

chemical reacting ffows, see for instance the review article by McManus et al. [67]. 

Researchers have only recently attempted to apply optimal-control ideas to flow 

control problems. A nice example, with a quite different flavor than the problems 

mentioned above, is the work by Kawahara and his collaborators ( [53], [92], e.g.) 

concerning strategies to control darn water gates for the prevention of flood flows. 

The objective is to suppress waves generated by sudden operations of darn gates in 

order to avoid the damage that the reflected wave causes on the upstream area. The 

hydraulic model is based on the shallow-water equations, and the water elevation is 

controlled by minimizing a quadratic objective function using a gradient or conjugate 

gradient method. 

Another important class of problems in which optimal-control ideas can be utilized 

1s design problems. Numerical approaches to optimal-shape problems involving flow 

equations are discussed, among others, by Chen et al. [18], Jameson [51] and Glowinski 

et al. [36] [37]. The particular application in these articles concerns the optimal design 

of airfoils. 

Nonlinear advection and viscous diffusion are important features shared by many 

flow models. The viscous Burgers equation, being the simplest equation with both 

these features, has emerged as a popular starting point for mathematical and numer

ical investigations of flow-control problems ([5], [6], [12], [13], [19], [26], [40]). 

Optimal-control problems associated with the Navier-Stokes equations are ad

dressed by Abergel and Ternarn [l], Alekseyev and Malikin [2], Casas [16], Glowinski 

[33], in a series of articles by Gunzburger, Hou, and Svobodny ([47], [48], [49], e.g.), 

Sritharan ([79], [80], [81], e.g.), Ternarn [88], and Ou [72]. Using somewhat different 

approaches, these authors are mainly concerned with important questions such as the 

formulation of feasible problems, existence of optimal controls, first-order necessary 

conditions for optimality, and, to some extent, discretization issues. No implemen

tations or numerical results are reported, except in some simplified situations. This 

chapter complements the work mentioned above in that it concentrates on discretiza

tion, computational issues, and numerical results. 

The work presented in this chapter is an extension of previous work ([5], [6]) 

which contained investigations of a number of flow-related control problems which 

were selected having in mind a future implementation of optimal control problems 

for the Na vier-Stokes equations. 
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A main concern when selecting a control problem for the numerical experiments 

was to attempt a problem with at least some physical significance, and for flow at a 

Reynolds number where nonlinear effects are important. Of all problems discussed in 

the references mentioned above, it resembles most closely problem (P) in the article 

by Abergel and Temam; the state equation is the time-dependent Navier-Stokes 

equations, and the quadratic objective function involves also here the vorticity and 

a regularization term. A major difference is in how the control acts on the system. 

Abergel and Temam consider distributed control ( which they admit being a rather 

unrealistic situation, albeit easier to handle), whereas boundary control through a 

parameterized, prescribed velocity distribution on a part of the boundary is used 

here. 

The chapter is organized as follows. Section 6.2 introduces the flow model, ob

jective functions, and the control problems of interest. First-order necessary condi

tions are derived in Section 6.3. Discretization issues are discussed in Section 6.4, 

and a derivation of an expression for fully discrete gradient of the objective func

tion is performed in Section 6.5. Several implementation issues are discussed in 

Section 6.6, such as equation solvers, memory-saving devices, and minimization algo

rithms. Section 6. 7 reports the numerica.l experiments, followed by a discussion and 

conclusions in Section 6.8. 

6.2 The Control Problem 

6.2.1 The State Equation 

Let us consider the Na vier-Stokes equations for the flow of a viscous, incompressible 

fluid, 

~~ - vl::::,.y + (y · V)y + V1r=f, 

V-y=O, 

(6.1) 

where the vector y(x, t) with d components (d = 2 or 3) models the velocity at a point 

x in the domain ( a subset of Rd) and at time t. Similarly, the scalar 1r( x, t) models 

the pressure at ( x, t). The function f is a density of external forces such as gravity, 

and the parameter v > 0 is the kinematic viscosity; if the equations are written 

in dimensionless form, v should be interpreted as 1/ R, where R is the Reynolds 

number. We will restrict the attention to flows in open, bounded, and connected 
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regions D C Rd, d = 2, 3. The state equation under consideration in this chapter will 

be equation (6.1) together with suitable boundary and initial conditions. 

We assume that the boundary of the domain, r, can be divided into three parts: 

r c, r 1 , and r 2 . Given 0 < T < +oo, we define 

Q = n x (o, T), I: = r x (o, T), 

I:c = fc x (0,T), I:1 = f1 x (0,T), I:2 = f2 x (0,T), 

and consider the following state equation 

8y at - v6y + (y · V)y + V1r=f in Q, 

V · y = 0 in Q, 

y = '1/J( 0)v(t) on I:c, 

y =91 

8y ~ 
v- -n1r=g2 

8n 

y(O) = Yo· 

(6.2) 

The state equation is controlled through suction and blowing on a part of the 

boundary, r c· The function 'l/J: yr -----+ Rd, where yr C R is an open interval, defines a 

one-parameter family of velocity distributions on r c· For the test problem below, 0 is 

the angle of incidence for an injection with a fixed, parabolic velocity profile on a flat 

part of the boundary. The parameter 0 is either given or, together with the function 

v : (0, T) -----+ R, a control quantity. The boundary conditions 91, 92, and the initial 

condition y0 are given functions, not dependent on the control. 

The boundary condition on r 2 , 

v ~~ - n1r (= v(n · V)y - n1r) = 92, 

where fi denotes the unit outward normal on r, is not particularly "physical", but 

will be used, with g2 = 0, to implement a downstream condition to mimic flow in an 

unbounded domain [32, App. III] [74]. Also, this boundary condition is of interest 

since it naturally appears in the context of Domain Decomposition and Fictitious 

Domain Methods ([8], [34], [41 ]). 
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6.2.2 Functional Framework and Weak Solutions 

The theory regarding existence and uniqueness for solutions to the Navier-Stokes 

equations is still incomplete, at least for d = 3, and will not be discussed here; see 

Temam [86] for a comprehensive discussion on these matters. 

In this section, we present a weak form of the state equation (6.2) suitable for a 

standard mixed finite-element spatial approximation. For a more complete discussion 

about various weak and strong formulations of similar problems, see Temam ([86], 

[87]), for instance. 

We start by the following observation. If (y, 1r) is a classical solution to equa

tion (6.2) such that y E 1&'2 (D)d and 1r E 1&'1 (D), and if z E 1&'2 (D)d such that z = 0 

On r c U r 1 i then, integration by parts yields 

-v In tly · z dx + In \71r · z dx 

= - V { 
3

3
Y · Z df + V { \7 y · \7 Z dx + { n · Z 7r df - { 7r \7 · Z dx ( 6. 3) 

lr2 n lo lr2 lo 

= V { \7 y · \7 Z dx - { 7r \7 · Z dx - { 92 · Z df, 
k k k2 

where we have used the boundary condition on f 2 from (6.2). 

Multiplying each side of the first equation in (6.2) by z, integrating over n, and 

using (6.3), we obtain 

lo;~ -zdx+v lo \7y-\7zdx+ foz·(y·\7)ydx- fo1r\7-zdx 

= r f . z dx + r 92 . z dr. 
lo lr2 

( 6.4) 

We will assume enough regularity of the boundary to be able to work in the 

framework of H 1 (D) functions. Also assume that the the various data of the problem 

are defined in the following spaces: 

1P E 1&'2( yr; s1/2(fc)d), v E L2(0, T), 

91 E L 2(0, T; H 112(r 1)d), 92 E L 2(Z:,2)d, 

J E L2(Q)d, Yo E L2 (D)d, 

We also need to require some compatibility conditions on 91 and 1/; if r c and r 1 are 

adjacent. For instance, the boundary conditions define a function that is Lipschitz 

continuous on fcUf 1 (and thus in H 112(fcUfi)d) for the test problem in Section 6.7. 
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Consider the spaces 

Vo= { z I z E H1(ft)d, zlr1 = 0}, 

Voo = { z I z E H1(ft)d, zlrcur1 = 0}. 
(6.5) 

Moreover, let us assume that fr
2 

df > 0. Motivated by the expression ( 6.4), let us 

denote any pair (y, 1r) a weak solution to equation ( 6.2) if it satisfies 

y E L2(0, T; H1(ft)d), Ylrc = 7/J(0)v, Ylr1 = 91, 

1r E L2 (ft) 

and, in the sense of distributions on (0, T), 

!!_ 1 y. z dx + v 1 Vy. v z dx + 1 z. (y. V)y dx - J 1rv. z dx 
ill a a a a 

= 1 f . z dx + r 92 . z df 
a lr2 

\/z E Voo, 

lo qV · y dx = O 

y(O) = Yo-

(6.6) 

The weak form (6.6) ts the basis for the numerical approximations introduced m 

Section 6.4. 

Remark 6.1. When fr
2 

df = 0, the pressure field can only be specified uniquely up 

to an additive constant. To avoid this ambiguity, it is customary in such cases to 

replace the pressure space L 2 (D) in the weak form (6.6) with 

P = { q I q E L 2 (fl), fa q dx = 0 }. 

6.2.3 Objective Functions 

The physics of turbulent flow is far from being well understood. However, the mecha

nisms involved in the transition process, when laminar flows develops first linear and 

then nonlinear instabilities, is better understood. A typical transition phenomenon is 

the formation of vortices and bursts of turbulence in places of high local vorticity [77]. 

Thus, to delay transition, it seems reasonable to try to minimize the vorticity levels 

in the domain. 



Defining the admissible controls as the convex set 

'2t'o = { (v,0) I (v,0) E L2(0,T) x .f}, 

our first control problem will be 

inf j(v,0), 
(v,0)E%'o 

where 

j(v,0) = ~ IT v2 dt + ! r plv' X Yl 2 dx dt, 
2 lo 2 }Q 

with E > 0 being a regularization parameter and 

p E 15'([0, T] x 0), 

p 2 0, 
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(6.7) 

(6.8) 

being a weight function, making it possible to bias the vorticity reduction to certain 

regions of Q. 

A simple way to handle the simple bounds on the control variable 0 ( the require

ment in the definition of '2/0 that 0 E f) is by penalty. We introduce a convex function 

<p of class 15'1 such that <p = 0 on .f and <p > 0 otherwise, a parameter {j > 0, and 

consider the objective function 

E lT l l l J(v,0) = - v2 dt + - plv' x Yl 2 dxdt + r:<1>(0), 
2 0 2 Q u 

(6.9) 

instead of (6.8). Intuitively, the function <p will act as a "soft wall", and for small 

8, "forcing" 0 into having values in .f. (For more information about penalization 

methods, see Glowinski [32] and the references therein.) Extending '2/0 to the vector 

space 

'2t' = L2 (0, T) x IR, 

we approximate problem ( 6. 7) by the unconstrained minimization problem 

inf J( v, 0). 
(v,0)E%' 

A discrete version of problem (6.11) is solved below. 

(6.10) 

(6.11) 

There are, however, other techniques to exactly enforce simple bounds, allowing a 

discrete version of problem (6.7) to be treated directly. Kearsley's Ph. D. thesis [54] 

and the report by Dennis, Heinkenschloss and Vicente [27], for instance, discuss tech

niques for this in an optimal-control context. 
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6.3 Gradient Calculations 

The question regarding controllability of systems like (6.2) is essentially open and will 

not be discussed here. Neither will the issue of existence of solutions problems ( 6. 7) 

or ( 6.11). These problems will be non convex in general because of the nonlinearity 

in the state equation, so uniqueness of solutions is not guaranteed. However, we will 

derive, by a perturbation technique, first-order necessary conditions for optimality of 

problem ( 6.11). To simplify the notation throughout the calculations below, we make 

stronger regularity assumptions than are strictly justified for weak solutions. This 

allows a standard integration-by-parts technique to be used (as in (6.3)). Although 

the calculation in this section is formal, it needs to be stressed that the corresponding 

calculation in Section 6.5 for the fully discrete case do not use integration by parts 

in space. Thus, no extra differentiability assumptions are needed in that case. 

Let us consider a given ( v, 0) E o//. We will differentiate the objective func

tion (6.9) and the state equation (6.2) with respect to a variation (8v,80) of the 

control and integrate by parts. The expressions we thus obtained will be combined 

into an expression for the gradient of the objective function in terms of the adjoint 

equation. 

Differentiating the objective function (6.9) at (v, 0) with respect to a variation 

( 8v, 80) of the control yields 

8J(v, 0) = E for v 8v dt + /4 p(V x y) · (V x 8y) dx dt + }<t>' fJ0. (6.12) 

Similarly, differentiating the state equation ( 6.2), we obtain 

8y1 - vD..8y + (8y · V)y + (y · V)8y + V81r=O in Q, 

V · 8y = 0 in Q, 

Dy= v1)J' 80 + 1jJ 8v on ~c, 

8y=O on ~ 1 , 
(6.13) 

88y ~" v--nu1r=O 
8n 

on ~ 2 • 

8y(O) = 0, 
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where the subscript i denotes derivative with respect to i. Let p E L2 (0, T; V00 ), apply 

p to the first equation and integrate over Q, 

/4 p · 8yt dx di - v /4 p · 6.8y dx di + /4 p · ( 8y · V)y dx di 

+ /4 p · (y · V)8y dx di+ /4 p · V 81r dx di = O. 
(6.14) 

Expression (6.14) will be integrated by parts in space and time. For clarity, let us 

perform this step by step, starting with 

/4 p · 8yt dx di= L [p(T) · 8y(T) - p(O) · 8y(O)] dx - /4 8y · Pt dx di 

= Lp(T) · 8y(T) dx - /4 8y · Pt dx di, 

where the fact that 8y(O) = 0 (see (6.13)) has been used. Next we consider 

-v /4 p · 6.8y dx di+ /4 p · V 81r dx di 

= -v h, ~8
: · p df di + v /4 V p · V 8y dx di 

+ h_ n · p81rdfdi - k 81rV · pdxdi 

i (~ o8y) l op = p · n 81r - v~ df di + v ~ · 8y df di 
E2 un EcUE2 un 

- v /4 8y · 6.pdxdi - /4 81rV · pdxdi 

= v r ~p . 8y dr di + v r ~p . 8y dr di 
JE 2 un }Ee un 

- v /4 8y · 6.pdxdi - /4 81rV · pdxdi. 

(6.15) 

(6.16) 

In the second equality above, we have used the fact that p = 0 on r c U r 1 and that 

8y = 0 on f1, and in the third equality the boundary condition on f 2 from (6.13). 

We also have 

fop· (8y · V)ydxdi = /4 8y · (Vyf pdxdi, (6.17) 

and 

k p · (y · V)8y dx di 

= hn·yp-8ydfdi-/48y-pV-ydxdi-/48y·(y·V)pdxdi (6.18) 

= f n . y p . 8y df di - { 8y · (y · V)p dx dt, 
}E2 }Q 
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where in the second equality we have once again used that p = 0 on r c U r 1 and that 

V. y = 0. 

Substituting (6.15)-(6.18) into (6.14) yields 

f p(T) · 8y(T) dx + f 8y · [-Pt - v6p + (Vyf p - (y · V)p] dx di la k . 
+ h2 8y . (p n . y + lJ i:) df di + lJ he i: . 8y df di 

- /4 81rV · pdx di= 0. 

Now, let p satisfy the adjoint equation 

-pi - v6p + (Vyf p - (y · V)p +Va= V x (pV x y) in Q, 

V-p=0 

p=0 

ap ~ ~ w~ O v- - no-+ n · y p- p n = an 
p(T) = 0, 

where a is the (scalar) adjoint pressure field and 

in Q, 

is the vorticity tensor. By (6.20), expression (6.19) reduces to 

/4 8y · [V x (pV x y) - Va] dxdt 

+ r 8y. (na + pWn) dr dt + v r 
8

8
P . 8y dr dt = o. lr-2 }r,c n 

To further expand expression ( 6.22), we use the vector identities 

a-(Vxb) =b-(Vxa)-V·(axb) 

a· [b X (V X c)] = b- [Ve- (Vcf] a. 

(6.19) 

(6.20) 

(6.21) 

(6.22) 

(6.23) 

(6.24) 
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By (6.23), we have 

/4 8y · [V x (pV x y )] dx dt 

= /4p(V x y) · (V x 8y) dxdt- /4 V · [8y x (pV x y)] dxdt, 
(6.25) 

where the second term in (6.25), by the divergence theorem and identity (6.24), can 

be written 

/4 V · [ 8 y x ( p V x y)] dx dt 

= h pn. [8y x (V x y)] dr dt = h pfiy. [vy- (Vy{] ndr dt (6.26) 

= f p8y-Wndfdt+ !, p8y-Wndfdt. 
}"£2 "E-c 

In the last equality of (6.26), we have used (6.21) and the fact that 8y = 0 on f 1 . 

Combining (6.25) and (6.26) with (6.22) we obtain 

{ p (V x y) . (V x 8y) dx dt + { n. 8y CT df dt JQ }"£2 

+ hcfiy-(11;~ -pWn) dfdt- /48y·VCTdxdt=0. 

Applying integration by parts on the last integral term in (6.27) yields 

/4 8y · VCTdxdt= h n · fiyCTdf dt - /4 CTV · 8ydxdt 

= r n · fiy CT df dt + r n · Dy CT df dt, 
}"E,c }"£2 

(6.27) 

(6.28) 

since V · 8y = 0 and 8ylr1 = 0 (from (6.13)). Substituting (6.28) into (6.27) yields 

/4 p (V x y) · (V x 8y) dx dt = he 8y · ( nCT - 11 ;~ + pWn) dr dt 

= he (m// 80 + 7/J8v) · ( nCT - 11 ;~ + pWn) dr dt, 

(6.29) 

where, in the second equality, the boundary condition of 8y on re (from (6.13)) has 

been used. Thus, by (6.29), the total variation of J, expression (6.12), can be written 

as 
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8J(v,0)= laT bv[rn+ tc~· (nCi-v!: +pWn) dfl dt 

+80 [if'+ [•{,Ji ( ii<T - v :: + pWii) df dt] , 

and we can conclude that for v, w E L2 (0, T), 

and 

~~ ( v, 0) = i~' + laT V tc ~1 
• ( nCi - Vi~ + pWn) df dt 

(6.30) 

(6.31) 

(6.32) 

Thus, to compute the gradients of the objective function (6.9) at ( v, 0) E o//, we 

solve the state equation (6.2), use the computed state y to solve the adjoint equa

tion ( 6.20), and use the solution p together with y to compute the gradients from ( 6.31) 

and (6.32). The optimality system for problem (6.11) is the state equation (6.2), the 

adjoint equation (6.20) together with the equations 

f)J 
ov (v,0) = 0, 

6.4 Discretization 

f)J 

00
(v,0)=0. 

When discretizing the minimization problem (6.11) we will follow the strategy advo

cated in Section 2.1, namely to discretize the state equation (6.2) and the objective 

function (6.9), followed by a derivation of the corresponding discrete adjoint equation. 

We start by considering time discretization. 

6.4.1 Time Discretization 

To discretize the state equation (6.6) in time, we use a semi-implicit, first-order 

scheme. Let N be the number of time steps and flt = T / N. We approximate the 

space of admissible controls ( 6.10) with 

o/lt.t = RN X R 
' 

(6.33) 

and denote by vt.t = ( v 1
, ••• , vN) approximations of v E L2 (0, T). Also, we denote 

by yn approximations of x r-t y(ntlt), and similarly for 1rn, fn, gf, and g~. Recalling 



129 

the definition of Voo in (6.5), we approximate the state equation (6.2) by 

o_ 
Y - Yo 

for n = 1, ... , N 

1 

Yn _ Yn-1 

1 1 
o £:it . zdx + V o v'yn. v'zdx + oz. (yn-1. v')yn-1 dx 

-17rny7. z dx = 1 r. z dx + r g;. z dI', 
o o lr2 

Vz E Voo, 

L q V . y n dx = 0' 'ti q E L 2 
( n). 

(6.34) 

At each time step in (6.34), we only need to solve a linear problem, a Steady Stokes 

problem, since the nonlinear term is treated fully explicit. There are other, more so

phisticated schemes that have better accuracy and stability properties than the simple 

scheme above. Examples are the operator-splitting schemes, also called Alternating 

Direction Implicit (ADI) schemes discussed by Glowinski [33]. However, such schemes 

will introduce some nontrivial complications [5] when deriving corresponding adjoint 

equation which we avoid with the current scheme. 

6.4.2 Space Discretization 

We will employ a mixed finite-element method for the spatial approximation of ( 6.34). 

In this section, we make the additional assumption that n is a polygonal domain in 

FIGURE 6.1. Four triangles in the :Yh;2 triangulation generated by con
necting the midpoints of a triangle in the :Yh triangulation. 
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IR 2
. Let :7h be a standard finite-element triangulation of D ([20], [21]) where h is a 

discretization parameter such as the maxima.I length of all the triangle edges in :7h. 

AlRo, let :7h;2 be the triangulation of n obtained by connecting the midpoints of the 

triangles in :7h, as in Figure 6.1. 

Letting 9k be the space of polynomials of degree less or equal to k, we define 

Ph= { qh I qh E "1&'
0 (D), %IK E 9 1

, VJ{ E gh}) 

vh = { Zh I Zh E "1&'
0 (D) X "1&'

0(D), zhlK E 9 1 
X 91, VI< E gh/2}) 

¼h = { Zh I Zh E vh, zhlr1 = 0}' 

¼oh= { Zh I Zh E vh, zhlr1uf'c = 0}) 

and the space of traces on r of functions in Vh, 

(6.35) 

(6.36) 

Let 91h and VJh be convergent approximations of the boundary conditions 91 and 

VJ on f 1 and r c in (6.34); we assume that 

91h=§lr1 forsomeg ErVh, 

VJh = -0'lrc for some ,J;' E ,Vi. 

If 91 are VJ are continuous, these approximations may be obtained simply by linear 

interpolation at the boundary nodes of the triangulation. Again we note that com

patibility conditions between the 91h 's and VJh are needed if r 1 and r c are adjacent. 

We choose the following fully discrete approximation of the state equation (6.6): 

{ 

y£ E

0 

¼oh such that 

lo y h · z dx = lo Yo · z dx, Vz E ¼oh, 

for n = l, ... , N 

(Yh, 1rh) E Vh x Ph such that Yhlrc = VJh(0)vn, Ynlr 1 = 91h, and 
(6.37) 

n n-1 L Yh ~~h · z dx + v L 'vyh · \/ z dx + L z · (Yh-l · 'v)yh-l dx 

- r ?rh\/. z dx = r fn . z dx + r 9;. z df' 
lri lri lr2 

Vz E ¼oh, 

lo q 'v · y h dx = 0, V q E Ph, 
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and the following approximation of the objective function (6.9): 

(6.38) 

where pn denotes the function x f----t p(x, n6.t). Thus, the fully discrete control prob

lem, corresponding to ( 6 .11) will be 

(6.39) 

with %-'flt defined as in (6.33). 

A pressure-driven solution method will be used to solve the discrete Stokes prob

lem at each time step in (6.37) (see Section 6.6.1). Note that the pressure is approx

imated in a space, Ph, defined on a mesh twice coarser than the mesh for the various 

velocity spaces associated with Vi (see (6.35) and Figure 6.1 ). This is a well-known 

technique to avoid the spurious oscillations occurring when a pressure-driven solution 

method is used and the same mesh and type of elements are used for the pressure and 

velocity approximations. Using a Fourier technique, Glowinski ([33], [34]) analyzes 

a scheme which uses the same type of approximation for velocity and pressure and 

shows that the cause of this instability is a strong damping, introduced through the 

discretization, of high-frequency modes beyond a critical wave number. Moreover, the 

analysis indicates that the remedy should be to use more accurate approximations 

for the velocity than for the pressure. 

Another point of view is to invoke the so-called inf-sup or Babuska-Brezzi con

dition to relate the velocity and pressure approximations. For the discrete Stokes 

problem, this condition is equivalent to unique solvability for the pressure if the ve

locity is known, and if the condition is satisfied independent of h, then the velocity 

and pressure approximations are stably determined by the data. There are of course 

other stable choices of approximating spaces than the ones in (6.35). The literature 

on mixed finite-element methods for the Stokes problem discuss these issues in depth, 

see relevant sections in the books by Brenner and Scott [9], Girault and Raviart [31], 

Glowinski [32], Gunzburger [46], and Pironneau [74], for instance. 

Using regularization procedures, one can circumvent these concerns and use the 

same type of approximations on the same grid for the velocity and the pressure [50]. 

However, as pointed out by Glowinski [33], approximations of the type used here 

has the advantage of being parameter free, and also, for a given accuracy in the 
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velocity approximation, they yield a finite-dimensional problem of smaller dimension 

compared to the regularization approach. 

Remark 6.2. As for the infinite-dimensional problem, the case fr
2 

df = 0 needs 

special attention ( cf. Remark 6.1) since the discrete pressure will only be unique up 

to an additive constant. Also, special care must be taken when approximating the 

boundary condition to ensure that the approximate boundary condition yield a zero 

net flux into the region [32, App. III]. 

6.5 Gradient Calculation in the Fully Discrete Case 

To obtain the discrete adjoint equation and an expression for the gradient of the 

objective function (6.38), we proceed by a perturbation analysis as in Section 6.3. 

Integration by parts in time is here replaced by partial summation, but we will not 

use integrate by parts in space since the functions involved do not possess two weak 

derivatives. 

Differentiating the objective function ( 6.38) with respect to a variation ( 8vt,.t, 80) 

of the control yields 

N N 1 l 
8Jt = Ef:::..t L vn8vn + f:::..t L pn('9 X Yh) · ('9 X 8yh) dx + ---g</J' 80, 

n=l n=l O 

Similarly, differentiating the state equation ( 6.37), we obtain 

8y~ = 0, 

for n = 1, ... , N 

~ 1 (8yh - 8yh- 1
) · zdx + vi '98yh · '9zdx 

f:::..t O 0 

+ k z · ( 8yh-l · '9)yh-l dx + k z · (Y1i- 1 
· '9)8yh-l dx 

-k 81r h '9 · z dx = 0 Vz E Vooh, 

k q '9 · 8 y h dx = 0 V q E Ph, 

where, for n = l, ... , N, 

8yh Ir c = '/Ph ( 0) 8vn + vn'I/J~ ( 0) 80 

c5yhlr1 = 0. 

(6.40) 

(6.41) 

(6.42) 
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FIGURE 6.2. One of the components, 
ei · 7Ph, of a function 7Ph for a case when 
n is a Square and r c is One of the edges. 

FIGURE 6.3. The extension ei · 7/J h 
of the function ei · 7Ph visualized in 
Figure 6.2. 

- -, 
To proceed, we will need to define extensions, 7/J h, 7/J h E Voh of the functions 7Ph 

and 7/J~- This can be done in a unique way by the following procedure, illustrated for 

a specific example in Figures 6.2 and 6.3. Recall that any 7/Jh is the restriction on r c 

of some function in I Vh. Thus, we can choose ,J; h E Vh so that ,J; h = 0 at all the 

nodes of the triangulation except the ones on the boundary r c where ,J; h = 1Ph· In 

such a way we obtain a unique decomposition of ¼h, 

¼h = Mh EB Vooh, 

where 

Mh = { z I z E Voh such that I< E :!7h and I< n r c = 0 ~ zlK = 0} 
- -, 

is the space in which the extensions 7/; h, 7/J h are defined. 

Thus, since 8yr:, E ¼h, we may write in a unique way 

8yr:, = 8yr:,0 + 8yr:,, where 

8yr:,0 E ¼oh, and 
- -, 

8fjh = 1P h(0) 8vn + VnVJ h(0) 80, with 
- _, 

1P h(0), 7/J h(0) E Mh 

(6.43) 

(6.44) 

(6.45) 
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for n = 1, ... , N. 

Let us introduce a sequence, Ph, n = 1, ... , N, of elements in Vooh- For n = 1, ... , 

N, we set z = Ph in the equation at time step n in ( 6.41). Summing all then equations 

yields 

1 N r N r 
6-.t L Jr/h · ( 8yh - 8yh-l) dx + v L lr: "Vph · "V 8yh dx 

n=l n=l O 

N N 
+ L 1 Ph· (8yh-l · "V)yh-l dx + L 1 Ph· (yh-l · "V)8yh-l dx (6.46) 

n=l O n=I O 

N 

- L J 81rh"V · Ph dx = 0. 
n=l O 

Partial summation on the first term, together with the fact that 8y~ = 0 yields 

N N 

L J Ph· (8yh - 8yh- 1
) dx = L J 8yh · (ph - ph+t) dx, + J 8yf · pf+1 dx, (6.47) 

n=l O n=l O O 

where we have introduced an additional element pf +1 E ¼oh- We may also rewrite 

the third and forth term in (6.46), 

N N 

L lo Ph · ( 6Yh- 1 
· "V)yh- 1 dx + L lo Ph · (Yh-l · "V)8yh-t dx 

n=l n=l 
N-1 N-1 

= L J Ph+t · ( 8yh · "V)yh dx + L J Ph+t · (Yh · "V)8yh dx, 
n=l O n=l O 

( 6.48) 

again using that 8y~ = 0. Substituting (6.44), (6.47), and (6.48) into (6.46), we obtain 

l ~ {en (n n+l)d + 1 {,N N+ld 
6-.t ~ lo 0 Yho · Ph - Ph x 6-.t lo 0 Yho · Ph x 

N N-l 
+ v L lo "V 8yho · "Vph dx + L lo P1/

1 
· ( 8yho · "V)yh dx 

n=l n=l 
N-l N 

+ L 1 Pi/1 
· (Yh · "V)8Yho dx - L 1 81rh"V · Ph dx 

n=l O n=l O 

= - ~t t J 8flh · (Ph - Ph+t) dx - ~t lo 8yf · Pt+
1 

dx 
n=l O 

(6.49) 

N N-1 

- v L lo 'y 8fR · "Vph dx - L lo Ph+ 1 
· ( 8yh · "V)yh dx 

n=l n=l 
N-1 

- L r Ph+1 . (yh. "V)8yh dx. 
n=l lo 
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Now let {ph}~~1 satisfy 

P
N+l _ 0 
h - ' 

(pf, af':1) E Vooh x Ph such that 

N N+l lo Ph ~~h · z dx + v lo V p~ · V z dx - lo a~ V · z dx 

= lo pN(V x y{;) · (V x z) dx \/z E Vouh, 

lo q V · p~ dx = 0 \/ q E Ph; 

forn=N-l, ... ,l (6.50) 

(Ph, ah) E ¼oh x Ph such that 

n n+l r Ph - Ph . z dx + V r Vph. V z dx + r Ph+l . (z. V)yh dx 
lo ~t lo lo 

+ lo Ph+I · (yh · V)z dx - lo ah'\! · z dx 

= lo pn('\l X Yh) · (V X z) dx \/z E ¼oh, 

lo q'\l · Ph dx = 0 

Noting that 8y,1;,0 E ¼oh, expression (6.49) then becomes 

By (6.44), we have 

lo ah'\!· 8yho dx = - lo ahV · 8yh dx, 

since, by (6.41), fo a,;,V · 8y,;, dx = O; and also 

lo pn('\l X 8yh0 ) • (V X Yh) dx 

= lo pn('\l x 8yh) · (V X Yh) dx - lo pn('\l X 8yh) · (V X Yh) dx. 

(6.52) 

(6.53) 
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Substituting (6.52) and (6.53) into (6.51) yields 

N N LL pn(v x oy1/;,) · (V x y7/;,) dx = LL pn(v x 8fj7/;,) · (V x Yh) dx 
n=l n=l 

N r i N r + L Jr crhV · 8fjh dx - A L lr: (p1,, - p1/ 1
) · 8yh dx 

n=l O ui n=l 0 

N N-1 

- V L 1 Vph. Vofjhdx - L 1 P1,,+1 . (ofjh. V)yhdx 
n=l O n=l O 

(6.54) 

N-1 -E L P1,,+1 . (yh . V)ofjh dx. 

We use expression (6.54) to reduce the second term in (6.40) and obtain 

N 1 N f 
oJt = Eilt E vnovn + 8<p1 80 + L'.lt E lo pn(v X ofjh) . (V X Yh) dx 

N N 

+ L'.lt L 1 crhV . ofjh dx - L 1 (p1/;, - pr;;,+1) . ofjh dx 
n=l O n=l O 

N N-1 

- vilt L fo Vph. Voyh dx - L'.lt L 1 p7/;,+1 . (oyh. V)yh dx 
n=l n=l O 

(6.55) 

N-1 

- ilt ~ f pn+1 . (yn . V)ofjn dx 
L., lo h h h 
n=l 

From (6.55) and (6.45) we obtain the directional derivative with respect to vt:,.t 

(vvl(vt:,.t,0),wt:,.t) = 
N 

= L'.lt E wn{ f_Vn + L crhV · {/; h(0) dx - v L Vp1/;, · v{f; h(0) dx 

+ lo pn(V x {; h(0)) · (V x y7/;) dx - ~t k(P1,, - P1,,+ 1
) • {; h(0) dx} 

- ilt I wn{fo p7/;,+1 
· ({/; h(0) · V)yh dx + L Ph+J · (yh · V){/; h(0) dx} 

(6.56) 
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and also 

(6.57) 

Some comments on the structure of the discrete adjoint equation ( 6.50) and the 

gradients (6.56) and (6.57) are in order. As for the state equation (6.37), solving the 

adjoint equation involves at each time step the solution of a discrete Stokes problem. 

The choice of discretization scheme for the state equation is reflected in the discrete 

adjoint in which the terms 

are treated explicitly just as the advection term is treated explicitly in the state 

equation. Another consequence of the presence of explicit terms in the discretization 

is the separate treatment of step N in the adjoint ( cf. [6], [5]). 

At first glance, it might not be obvious that the gradients (6.56) and (6.57) are 

approximations of (6.31) and (6.32). That this is indeed the case can be shown 

using variational methods analogous with the ones used when calculating the flux 

associated with solutions of elliptic boundary-value problems ([32, App. I § 5], [6]). 

Note that the gradients (6.31) and (6.32) involves derivatives of y and p evaluated at 

the boundary. The fact that these derivatives in the discrete case are discontinuous 

along the element boundaries obviously prompts some care during the discretization. 

The way the derivation of the discrete gradients is carried out above avoids these 

problems. 

6.6 Implementation 

6.6.1 Equation Solvers 

As noted in previous section, at each time step in both the discrete state and ad

joint equations ( equations (6.37) and (6.50)) we need to solve a discrete Stokes prob-
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!em. This section describes briefly the solution technique that is used for the nu

merical experiments reported in Section 6. 7. For a more complete description, see 

Bristeau, Glowinski and Periaux [ll], Dean, Glowinski and Li [24], Glowinski [33], 

and Glowinski and Pironneau [42]. 

We expand all functions in bases for the discrete spaces defined in Section 6.4.2 

using the trapezoidal rule to evaluate the integrals. This emanates to a mass lumping 

strategy, avoiding the need to consider nondiagonal mass matrices. At each step in 

the state and the adjoint equation we obtain the linear system 

(6.58) 

The vectors y and 7r are coefficients in the finite-element basis of the velocity (y or p) 
and pressure ( 1r or O') approximations. The symmetric and positive definite matrix A 
is an approximation to the operator ( al - v 6) with appropriate boundary conditions, 

and the matrix B is an approximation of the 'v operator. The parameter a is 1/ 6t. 

Eliminating the unknown y from ( 6.58), we see that 7r satisfies the equation 

(6.59) 

This equation always has a solution, and the solution is unique if the columns of B 

are linearly independent, which will be the case if fr
2 

df > 0. If fr
2 

df = 0, we 

only have uniqueness modulo the nullspace of B; this is a direct consequence of the 

nonuniqueness properties discussed in Remarks 6.1 and 6.2. Since the left-hand-side 

matrix is symmetric and positive definite (in the range of BT), equation (6.59) may 

be solved with a conjugate gradient algorithm. 

The conditioning of problem (6.59) is critical for the success of the conjugate 

gradient method. Recall that A approximates the operator (al - v6). Thus, the 

matrix A is well-conditioned for a/v ~ 1 and ill-conditioned for a/v ~ l. For 

problem (6.59) we have the opposite relation. To see this, assume first that a = 0 

( which it would be for a steady problem). In this case we have 

(6.60) 

where ,...,_, reads "is an approximation to". If the operators on the right-hand side 

commute, we obtain 
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and we can expect problem (6.59) to be perfectly conditioned. If the boundary 

conditions are periodic, the operators will indeed commute. For other boundary 

conditions, like the present ones, matters are more delicate; yet, the steady Stokes 

problem is known to be well-conditioned. Now assume the other extreme, v = 0. 

Then 

(6.61) 

and the problem will not be well conditioned; the condition number will be in the 

order of h-2
. For high Reynolds numbers, we have a/v ~ 1, and we can expect a 

quite ill-conditioned problem. 

The expression (6.61) suggests that the optimal preconditioner in the case v = 0 

would be an approximation to a(-.6.)-1
; this would yield a perfectly conditioned 

problem. On the other hand, expression ( 6.60) indicates that no preconditioning 

is needed for a = 0. This observation lead Cahouet [15] to suggest the use of an 

approximation to the operator 

B = a(-.6.t1 + vl 

as a preconditioner, and an approximation of this operator is used here. This yields a 

perfectly conditioned problem, uniformly for all quotients a/ v in the case of periodic 

boundary conditions ( when the operators commute). For the non-periodic case, we 

need to impose suitable boundary conditions associated with the operator (-.6.t1 in 

B. Here, the boundary conditions suggested by Glowinski [33] are used. 

To solve (6.59) with a conjugate gradient algorithm, we need to compute, at each 

iteration, the action of the left-hand side and also solve a linear system associated 

with the preconditioner. This means that one linear system involving A and one 

discrete Poisson problem has to be solved at each iteration. The matrix A will be 

sparse, symmetric, positive definite, and well-conditioned for a/v ~ 1, that is, for 

high Reynolds numbers. Thus, a conjugate gradient method, even without precondi

tioning, will efficiently solve the linear system involving A for high Reynolds numbers. 

Note that only the nonzero elements of A need to be stored. In fact, for special ge

ometries, like for the test problem in Section 6. 7, the matrix need not to be stored at 

all; its action is computable by a finite-difference formula. 

The Poisson problem associated with the preconditioner is in the discrete pres

sure space, as opposed to the problem involving A. Since the discrete pressure space 

defined in Section 6.4.2 has only about a fourth as many unknowns as the velocity 
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space, it may be feasible to use a direct method to solve the Poisson problem as

sociated with the preconditioner. The geometry of the test problem in Section 6. 7 

leads to a banded matrix, and a Lapack Cholesky routine [3] was used to solve this 

problem. All code was written in Fortran 77. 

6.6.2 Reducing Storage Requirements in Gradient Calculations 

The adjoint equation ( 6.50) contains the state variables {y;:,} :=l in the right-hand 

side and as coefficient in the advection terms. The latter is a direct consequence 

of the nonlinearity of the state equation, and the former is due to the choice of 

observation in the objective function (6.38). Thus, we need in principle to have access 

to the solution of the state equation at all points in space and time when solving the 

adjoint equation. For large problems, especially in three space dimensions, it will be 

very memory demanding and possibly even impossible to store the full set {yh} :=l 
simultaneously. 

However, there is a strategy, described below, to drastically reduce the stor

age requirements at the expense of some extra computations. This section follows 

closely Berggren, Glowinski and Lions [6]. A similar memory-saving device has pre

viously been introduced by Griewank [44] in the context of Reverse-Mode Automatic 

Differentiation. 

We assume that the number of time steps N may be factored as 

N=PQ, (6.62) 

where P and Q are positive integers. Let us think of the interval (0, N !:::,.t) as parti

tioned into P slices, each consisting of Q time steps. Figure 6.4 shows an example 

when N = 12, P = 4, and Q = 3. 

First we solve the state equation once, storing only the P + l samples S = { y~Q} ;=o 
and, separately in a set T, the Q - l states internal to the last slice. This is indicated 

in Figure 6.4 by solid arrows for Sand by dashed arrows for T. After this, the adjoint 

equation is solved, backwards in time, for the last slice and the contributions to the 

gradient are computed for n = N - Q + l, ... , N. Then the state equation is solved 

in the next-last slice using the appropriate state that we previously stored in S as 

initial condition. These states are stored in T, and the adjoint equation together with 

the gradient may then be computed in this time slice. Thus, as we move back, slice 

by slice, the storage space indicated by dashed arrows in Figure 6.4 can be reused. 

In algorithmic form, the computation of the gradient using this approach becomes 



s 

1 1 r l 
> 

0 Q!:::.t 2Q !:::.t ~ ~ N !:::.t 
L __ J 

T 

FIGURE 6.4. Illustration of the memory-saving strategy for N = 12, 
P = 4, and Q = 3. The solid arrows indicate the set S consisting of 
the P + 1 sampled states that are stored during the first solution of the 
state equation. The dashed arrows indicate the content of the set T after 
the first solution of the state equation. The set T is used as temporary 
storage for the states in between the sampled states in S when the adjoint 
equation is computed. 

Algorithm 6.1. 

(1) Solve the state equation (6.37) for n = 0, 1, ... , N, 

storing only the samples S = {y~Q};=O and T = {yh}:::-Q+1; 

(2) solve the adjoint equation (6.50) for n = N, N - 1, ... , N - Q + 1 

using the information in T ( or S for n = N ), compute the 

corresponding contributions to the gradients (6.56) and (6.57), 

and set Ps ;.- pr-Q+I; 

for l = P - 2, P - 3, ... , 0, 

(3) with y~Q E S as initial condition, solve the state 

equation (6.37) for n = lQ + 1, lQ + 2, ... , (l + l)Q - 1 
and set T ;.- {yn}(/+l)Q-l. 

h n=IQ+1 , 

( 4) with Ps as initial condition, solve the adjoint 

equation (6.50) for n = (l + l)Q, (l + l)Q - 1, ... , lQ + 1 

using the information in T ( or S for n = ( l + 1) Q) 

and compute the corresponding contributions to the 

gradients (6.56) and (6.57); 

141 
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Since Sand T contain P+l and Q-1 vectors respectively, the storage requirement 

is P+Q state vectors. Thus, to minimize storage, we should minimize P+Q among all 

factorizations (6.62). If N 112 is an integer, the minimum is attained for P = Q = N 112
, 

giving a required storage of 2N112 vectors instead of N, which will be a substantial 

saving for large problems. 

The price for this reduction in storage is the extra computations of the states 

at step (3) in Algorithm 6.1. However, note that at step (3), the state equation 

needs to be solved only for the P - 1 first partitions and only for the time levels 

that are "internal" to the current time slice (the dashed arrows in Figure 6.4). The 

work accumulated at steps (1) and (3) corresponds to 2-1/ P -1/Q solutions of the 

state equation, and the work accumulated at step ( 4) corresponds to 1 solution of the 

adjoint equation. 

The "best" choice of P and Q depends on the size of the problem and on how 

costly it is to compute the state equation: 

• If the problem is small enough, it might be feasible to store all the states. This 

corresponds to the choice P = 1, Q = N above. Then, N state vectors need 

to be stored and the state equation is solved once. This is the most memory

demanding but also the quickest computation of the gradient. 

• For medium-large problems, we can choose P = 2, Q = N /2. In this case, 

N /2 + 2 state vectors need to be stored and the state equation needs to be 

solved about one and a half times. 

• For large problems, choose P = Q (or approximately so). Then, 2N1l 2 state 

vectors need to be stored and the state equation needs to be solved (almost) 

two times. 

Remark 6.3. The above approach can be further generalized. Let us consider the 

factorization 

N = PQR, 

where P, Q, and R are positive integers. The interval (0, N !:lt) is still partitioned 

into P slices, but each slice is further subdivided into Q slices, each consisting of 

R time steps. A generalization of Algorithm 6.1 for this situation would need a 

storage of P + Q + R - 2 state vectors, and the state equation needs to be solved 
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3-1/ P -1/Q-1/ R times. Thus if P = Q = R, the storage needed is roughly 3N113 

and the state equation needs to be solved about 3 times. 

Driving this factoring technique to an extreme and assuming than 

for a positive integer M, we can reduce the storage to O(log N), that is, to about M 

states. However, in this case, the state equation needs to be solved M /2 times. D 

Using this kind of approach, it should be possible to devise an algorithm that 

can work with any given amount of fixed memory. That is, the user specifies, in 

advance, the amount of memory that that is available, and the algorithm computes 

the gradient with a minimum number of evaluations of the state equation. Blanch [85] 

has implemented a version of Griewank's algorithm [44] for linearized inversion for 

2D viscoacoustic media that appears to accomplish this. 

6.6.3 Minimization Algorithms 

Problem (6.39) is an unconstrained, nonlinear least-squares problem. The number of 

unknowns is N if 0 is fixed and N + l otherwise. The gradient of the objective function 

is available but not the Hessian; it would be prohibitively expensive to compute 

the Hessian for any problem of realistic size. If N is not too large, it is possible, 

however, to build up an approximation of the Hessian as the iterations proceed. 

For the numerical experiments reported in Section 6. 7, a full Hessian approximation 

was built through BFGS secant updates in factored form, and a double dogleg trust 

region strategy was used for globa.lization. The code used for the minimization was 

a direct implementation of the pseudo-code in the appendix of the book by Dennis 

and Schnabel [28]. 

For even larger values of N and for cases where there are more spatial unknowns 

than here, a full approximation of the Hessian will not be feasible. A limited-memory 

quasi-Newton algorithm, such as the one proposed by Nocedal [71], will be necessary. 

Other possible algorithm choices include Sequential Quadratic Programming meth

ods. The application of such algorithms to optimal-control problems are discussed by 

Dennis, Heinkenschloss, and Vicente [27], Kearsley [54], and Kupfer and Sachs [55] [56]. 

Some of these authors use "store-it-all" algorithms, where both the control and all 

state variables are updated during the iteration process. This approach appears to 
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have clear advantages whenever it can be applied. However, the large number of state 

variables will make such an approach unpractical for flow control problems in realistic 

situations. (Note that the memory-saving technique described in Section 6.6.2 is not 

applicable in such a situation.) 

6. 7 Numerical Experiments 

We consider the following situation, depicted in Figure 6.5. An incompressible fluid 

at rest occupies the domain !1 = (0, a) x (0, b ). At t = 0, fluid is injected into the 

domain through an opening of width d1 with its center located on the x 1 -axis at a 

distance l1 from the origin. The fluid is injected at an angle 17 with respect to a line 

parallel to the x2 axis. There are solid walls at the boundary except at x 1 = b where 

fluid is allowed to escape. 

As the jet penetrates the fluid and eventually bounces at the boundary x2 = b, 

we can expect the formation of strong vortices on each side of the jet. In an attempt 

to control the formation of the flow, we introduce another inlet (Figure 6.6), of width 

de, and with its center located on the xrboundary at a distance le from the origin. 

The control jet is injected at an angle 0 with respect to a line parallel to the x 1 axis. 

We model this situation with equation ( 6.2) where 

f 2 = { X I X1 = a } , 

r C = { X I X1 = 0, le - dr)2 < X2 < le + de/ 2 } ' 

f1=f\(fcUf2), 

and where f = 0, Yo = 0, g2 = 0, and 

{ 

4 ~ ~ 

d2(sin17,cos17)(x1 - l1 + -)(l1 +- - x1) 
g1 = 1 2 2 

0 elsewhere on f 1; 

4 . de) de 
i/J(0) = d2 (cos 0, -sm 0)(x2 - le+ 2 ((. + 2 - x2). 

C 

(6.63) 

Thus, we have assumed parabolic velocity profiles at both inlets with unit maximal 

injection velocity. 

We will use the following parameter values throughout: 

a = 2, l - ~ n 1r T = 6.25 1 - 16' ., = 4' 

b -__ 6 1 1 
10' d1 =8, v=1000· 
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FIGURE 6.5. The geometry of the test problem without the control jet. 
The big arrow indicates injection of fluid into the region. 
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FIGURE 6.6. The geometry of the test problem with the control jet. 
The big arrows indicate injection of fluid into the region. 
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There is no obvious way to define a Reynolds number for this flow. The usual 

definition is 
R- Ul 

- ' V 

where U and l are velocity and length scales that are "characteristic" for the problem. 

Choosing U = 1 (maximum velocity of the incoming jet) and l = (a+ b)/2 = 1.3, 

we obtain R = 1300. Using d1 , the width of the opening for the incoming jet, as 

a characteristic length yields R = 125. Another natural definition of a Reynolds 

number in this case is 

R'= Q' 
V 

where Q = 2d1 / (3v'2) is the flux through r 1 . For the parameter values above, we 

obtain the more modest value R' = 59. 

The domain is triangulated in a standard uniform way (Figure 6. 7), and the state 

equation (6.37) is solved using the discretization parameters 

h-~ 1 
- 64' 

h -~ 2 - 200' 
1 

/::).t = -. 
80 

(6.64) 

The functions g1 and 7/J in (6.63) are approximated by corresponding linear inter

polant. For simplicity, we will for the rest of this section denote discrete quantities 

by the corresponding continuous entity; for instance, we will use the notation y ( t), 

v(t) for what in reality should be called something like Yh, vn. 

Figures 6.8-6.13 show streamlines and vorticity density plots at t = 0.25, 1.25, 

2.25, 3.25, 4.25, and 6.25 when no control is used, that is, v = 0 on r c· The streamlines 

FIG URE 6. 7. The triangulation pattern. 
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FIGURE 6.8. Streamlines and vorticity density at t = 0.25. No control. 

FIGURE 6.9. Streamlines and vorticity density at t = 1.25. No control. 
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•• No control. ., . t t = 2.25. ticity density a I. and vor 0 Stream mes FIGURE 6.1 . 

/ No control. , . . t t = 3.25. d Vorticity density a I. an 1 Stream mes FIGURE 6.1 . 
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·· · N control. 
. . ·1. tt-1.25. 0 ticity dens1 y a -1. and vor 2 Stream mes FIGURE 6.1 . 

FIGURE 6.13. , . . t t ~ 6.25. Streamlmes . and vorticity density a No control. 
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are obtained by plotting 40 equally-spaced level curves of the stream function; the 

value of the stream function associated with each level curve is the same for all figures. 

The vorticity density plots show the level of vorticity in shades of gray ( white: high 

value, black: low value, gray: zero). 

As a simple check of the numerical scheme, the same problem was solved halving 

the size of the discretization parameters, 

h' - _l_ 
I - 128' 

h'-~ 
2 - 400' 

flt'= -
1
-. 

160 
( 6.65) 

The solutions obtained with the different discretizations was compared by computing 

the stream functions and comparing the spatial locations of a set of contour levels 

fixed at the same levels for both discretizations. As an example, Figure 6.14 shows 

a comparison at t = 6.25. The small differences that can be noted in this picture is 

typical for all stream functions that were checked. There is no sign of deterioration as 

the discretization is refined and the features of the flow does not seem to have their 

origin in discretization effects. 

High levels of vorticity are generated mainly at the jet boundary and, increasingly 

with time, in the form of a pair of vortices on each side of the jet. We now introduce 

the control jet as in Figure 6.6 using the parameter values 

le= 87 /200, de= 9/100, 0 = 0. 

Aided by the control jet we attempt to counteract the buildup of vorticity in the 

center of the domain. Any nonzero injection by the control jet will of course also 

generate vorticity. In order not to penalize local vorticity buildup at the outlet of 

the control jet too much, we define the following weight function associated with the 

objective function (6.9) (Figure 6.15): 

where 
2 

5 
if X1 ~ 0.35, 

P1(xi)= 6x1 -1.7 if0.35<x1 ~0.45, 

1 if0.45<x1, 
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and 
0 if X2 :'.S 0.1, 

1 
20(x2--) if0.l<x2S0.l5, 

10 

1 if 0.15 < X2. 

Figure 6.16 shows the graph of the function t 1-----+ fn plv' x yl 2 dx without control. 

The jet "reaches" the boundary x 2 = b at about t = 3; note that this event that can 

clearly be noted in Figure 6.16. 

Here, the parameter 0 is fixed and not a control quantity, why the auxiliary 

function </> in the objective function (6.9) ( or (6.38)) is not needed. Setting the 

penalization parameter at E = 6.6 x 10-5
, the minimization problem (6.39) was solved 

with a quasi-Newton algorithm as described in Section 6.6.3. Convergence criterion 

was that the norm of the gradient, scaled as recommended by Dennis and Schnabel [28, 

§ 7.2], should not exceed 10-5
. The algorithm required 65 iterations for convergence 

and needed 87 solutions of the state equation (6.37) and 66 solutions of the adjoint 

equation (6.50). CPU time (Sun Spare 10) was about 90 hours. The computed optimal 

control u(t) is shown in Figure 6.17. Figures 6.18-6.23 show streamlines and vorticity 

density plots at t = 0.25, 1.25, 2.25, 3.25, 4.25, and 6.25 when the optimal control 

is applied. Figure 6.24 shows the graph of the function t 1-----+ fn plv' x yl 2 dx with 

control. The value of the objective function was reduced from J(O) = 20 (no control) 

to J(u) = 15 (with control). 

A main feature of the computed optimal control is the strong transient at the 

start of the simulation. The action of the control forces the jet injected from the 

lower boundary to take a more central trajectory, avoiding to bounce at the upper 

boundary. The vorticity density plots also indicate a certain break-up in the jet. 

Comparing Figure 6.16 and Figure 6.24, we see the control creates a more even 

temporal distribution of the vorticity measure. 

To validate that the features in the flow that can be noted in Figures 6.18-6.23 

are not discretization effects, the optimal control computed as above was extended 

by cubic spline interpolation, and the state equation was solved using the finer dis

cretization (6.65). As for the case of no control, the test consisted of fixing a set of 

contour levels for the stream function and comparing, visually, the spatial locations of 

the level curves for the different discretizations. Figure 6.25 shows a typical example, 

and we can conclude that there are no dramatic differences when the discretization 

is refined. 
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FIGURE 6.17. The computed optimal control. 
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FIGURE 6.18. Streamlines and vorticity density at t = 0.25. With control. 

FIGURE 6.19. Streamlines and vorticity density at t = 1.25. With control. 
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FIGURE 6.20. / With control. , • . t t = 2.25. Streamlmes a . nd vorticity density a 

FIGURE 6.21. 
. ,· With control. ... t t - 3.25. 

ticity density a -1. and vor Stream mes 
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FIGURE 6.25. Comparing the streamlines at t = 6.25 for the discretiza
tion ( 6.64) (upper) and for the discretization 6.65 (lower) when the op
timal control is applied. 
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The main portion of the computational time is spend solving the state and the 

adjoint equation; on the Spare 10 machine that was used for the calculations, one 

solution of the state or adjoint equation required about 35 minutes of CPU time. To 

solve the minimization problem (6.39) using such a strict convergence criterion as 

we did here is computationally quite expensive, requiring a total of about 150 such 

half-hour evaluations. However, the main reduction of the objective function is taking 

place during the 10 first iterations as can be noted in Figure 6.26. As we see from 

Figure 6.27, the basic features of the optimal control are shaped early in the iteration 

process. After 30-35 iterations, no visible changes are made to the control, indicating 

that the convergence criterion used here might be too strict. The transient at the 

start of the simulation appears to cause a Gibbs phenomenon in the control, which is 

smoothened as the iterations proceed. 

6.8 Discussion and Conclusions 

Minimizing the objective function (6.9) appears to be an effective way to steer the 

control jet and to reduce the vorticity buildup generated by the jet at the bottom 

of the domain. Experience gained from a number of experiments not reported here 

indicates that the higher the Reynolds number, the better the objective of reduced 

vorticity can be met. Thus, this appears to be a promising approach for vorticity 

reduction of internal flows at high Reynolds numbers. 

The main advantage of the optimal-control approach to flow control is its almost 

complete generality. The generality comes from a considerable freedom in choosing 

the objective function and which parameters of the problem that will be regarded as 

controls. The prize for this is the complexity of the method; the implementation is 

intricate and it is very demanding computationally, which makes it hard to imagine 

an "on-line" use of the method. 

However, computing the solution to full optimality, as we did here, will not be 

necessary in practical applications. The numerical experiments reported above indi

cate that a substantial reduction of the objective function may be obtained after only 

a modest number of iterations. As a rough estimate, about a total of 10-20 solutions 

of the state and adjoint equations may be sufficient to obtain a flow with desired 

properties. 

Direct solutions of optimal-control problems are always going to be computation

ally much more expensive than pure simulations with given data. The experiments 
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FIGURE 6.26. The value of the objective function versus the iteration number. 
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above indicate that it will be at best one order of magnitude more expensive in terms 

of computationa.l time. Various suboptima.l control laws, such as wave-cancelation 

algorithms or feed-back laws using black-box, linearized models will always compute 

faster, but may not be very effective for irregular flows like the one treated above. An 

off-line computation, like the one performed here, may gain valuable physical insight 

in how the flow should be affected to obtain some desired feature. It can also be used 

to evaluate the efficiency of other, suboptimal control mechanisms. 

To be able to handle flow at even larger Reynolds numbers, it may be necessary 

to investigate the application of more sophisticated time-stepping schemes. Also, 

because of the extreme computational demands, it will be crucial to develop methods 

exploiting parallelism. 

It would be interesting to investigate the optimal-control approach for active con

trol of boundary-layer instabilities and in particular to compare its effectiveness with 

methods that use modal suppression ([68], [89]). Other control problems of inter

est include problems where the Na vier-Stokes equations are coupled with energy or 

elasticity equations. 



161 

Chapter 7 

Summary, Conclusions and Future Work 

This chapter briefly reviews the main issues of the thesis, discusses some implications, 

and points to possible future investigations. 

All control problems considered in this thesis may abstractly be viewed as involv

ing a forward map composed of the following operations: 

1. Application of the control to a partial differential equation ( the state equation). 

2. Solution of a the state equation. 

3. Observation of the solution. 

The control problem consists of matching the observation, in a least-squares sense, 

with some given target objective by manipulating the control. 

Section 7.1 summarizes what is covered in Chapters 1-4 regarding computational 

issues such as discretization, algorithms, convergence, and preconditioning. The con

tent of Chapter 5, controllability issues for pointwise actuators, is summarized in 

Section 7.2. Finally, in Section 7.3, the flow-control problem of Chapter 6 is dis

cussed. 

7.1 Discretization and Computational Issues 

7.1.1 Direct Methods 

The computational problems considered in this thesis are all off-line and open-loop; 

that is, the computations are not performed in real time, and no feed-back procedure 

is involved. To numerically solve such a problem, it is sometimes feasible to use a 

direct method. With this, we mean a method that computes a matrix representation 

for the discrete forward map and applies standard methods developed for the linear or 

nonlinear least-squares problem. This approach, discussed in Chapter 2 and used for 

the problem in Chapter 4, has the advantage of not requiring an explicit expression 

for the gradient of the objective function. 
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The direct approach yielded a straightforward solution of the hierarchical control 

problem in Chapter 4. The basic difficulty with this problem is that it involves two 

coupled least-squares problems. The explicit availability of representations for the 

forward maps provided means to decouple the problems. 

However, the direct method is a viable computational method only for a restricted 

class of problems. The dimension of the discrete control space or the space of obser

vations has to be of modest size. This is particularly critical for nonlinear problems, 

since the forward map will depend on the present state and cannot be computed 

once and for all as for the linear case. As shown in Section 2. 2.1, especially favorable 

is the case of linear and time-invariant state equations, where sometimes a matrix 

representation for the forward map can be computed very efficiently. 

7.1.2 Convergence 

In general, iterative methods have to be employed for the numerical solution of 

optimal-control problems. Most methods of this kind require gradient information 

which can be obtained by the solution of an adjoint equation. The approach that is 

strongly advocated in this thesis is to perform the derivation of the adjoint equation 

and the gradient in the fully discrete case. This guarantees that accurate descent 

directions are provided to the minimization algorithm. The resulting, discrete ad

joint equation and gradient may turn out to be quite nonobvious approximations of 

corresponding continuous quantities, as demonstrated in Section 6.5. 

In spite of its merits, this discretization strategy does not in itself guarantee a 

stable solution of the discrete control problem, nor does it guarantee that the solution 

of the discrete control problem converges to the solution of the continuous problem 

as the discretizations are refined. Sufficient conditions for convergence in this sense 

are given in Section 2.3 for the case of linear forward maps and quadratic, regularized 

objective functions. Briefly, the result (Theorem 2.1) can be summarized as follows. 

Assume that we have chosen a discretization of the state equation and the objective 

function such that the discrete forward map strongly converges to the corresponding 

continuous map as the discretizations are refined. Then, if the discrete adjoint map, 

derived following the discretization strategy outlined above, converges strongly to the 

adjoint of the continuous forward map, the solution of the discrete control problem 

converges to the solution of the original problem. The example in Section 2.3.1 shows 

that this is not necessarily the case, so this verification is indeed necessary in general. 
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The convergence result in Section 2.3.2 assumes that the least-squares problem 

1s regularized uniformly with respect to the discretization ( the property (2.6) was 

assumed to hold uniformly for all discrete operators Nm). It should be straightforward 

to generalize the result to problems of exact controllability where no regularization 

is used. In such a case, extra conditions on the discretization of the forward map 

are needed to obtain a uniform coercivity of the normal maps A:nAm (or AmA:n). 

That this is indeed a concern has been observed by Glowinski et al. ([38], [34]) who 

propose several strategies to avoid instabilities in the numerical solution caused by 

such coercivity problems. 

7.1.3 The Spectral Preconditioner 

The spectral preconditioner introduced in Chapter 3 can be used to improve the con

vergence rate of iterative solvers for control problems where the state equation is given 

by a linear evolution equation involving an elliptic, selfadjoint operator. Theorem 3.2 

and estimate (3.39) show that the condition number of the preconditioned problem 

can be made arbitrarily close to unity by invoking the preconditioner with a large 

enough portion of the low-end spectrum of the elliptic operator. 

The preconditioner appears to be quite effective for the class of problems it can 

be applied. The preconditioner was successfully applied to problems involving the 

heat equation in two space dimension, both for cases with a steady (Sections 3.3.2 

and 5.3.1) and a time-dependent control actuator (Sections 5.3.2 and 5.3.3). For these 

examples, less than 4 % of the total spectral information was sufficient for a dramatic 

reduction in the number of iterations. In the worst case, less than 2 % of the CPU 

time in each iteration was spend executing the extra computations associated with 

the preconditioner. 

Another suitable problem for the spectral preconditioner would be control of the 

Unsteady Stokes equations (cf. [40] and [6])). This would require a numerical pre

calculation of the low-end spectrum of the Stokes operator. It might be possible to 

generalize this approach to handle evolution problems involving nonselfadjoint oper

ators. However, this preconditioning strategy does not seem applicable to problems 

where corresponding operator is time-dependent or nonlinear. 
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7 .2 Controllability Issues for Pointwise Actuators 

Pointwise sources are reasonable idealizations in certain cases such as environmental 

models. Controllability properties of such systems differ in fundamental ways from 

systems where the support of the control is distributed throughout a domain. To 

some extent, the controllability properties of systems with pointwise controllers are 

shared with cases where the control is distributed but has a fixed spatial distribution. 

Chapter 5 is devoted to some basic issues regarding controllability for such systems. 

The controllability of the system can be very sensitive to the precise location 

of a pointwise controller. Multiplicity of eigenvalues can also cause controllability 

problems when the control is pointwise. A strategy to overcome these difficulties in 

time-dependent problems is to allow the location of the pointwise controller to change 

with time. As can be concluded from the numerical results reported in Section 5.2.2 

and 5.3.3, the controllability of the system can be quite sensitive to small changes of 

the path of such a moving controller. 

Numerical studies were performed with a periodic motion imposed on a single, 

pointwise controller. Compared to a steady controller, a sinusoidally-shaped move

ment of the controller greatly improved the controllability, even for very small am

plitudes of oscillation. The controllability properties depended on the frequency of 

oscillation in a quite complicated way for these systems (Figures 5.3-5.5, 5.18-5.21, 

and 5.28-5.30). These figures show a consistent behavior for high frequencies of os

cillation. The asymptotic analysis in Section 5.4 suggests that a single, pointwise, 

oscillating controller effectively acts, for high frequencies and low amplitudes, as two 

independent, steady controllers with fixed, distributed support on each side of the cen

ter of oscillation. The numerical results reported in Section 5.4.4 strongly supports 

this claim. 

Only state equations given by linear, parabolic evolution equations are considered 

in Chapter 5, and the only state equation used in the numerical experiments is the 

heat equation in one and two space dimensions. However, the analysis in the chapter 

hardly uses the properties of the left-hand-side differential operator, so many of the 

conclusions are likely to hold for other systems as well. 

Interesting questions that remain to be addressed concern an explanation of the 

complex frequency-behavior illustrated in the figures mentioned above. Also, it would 

be interesting to investigate if it is possible to say something more precise about the 

asymptotic behavior discussed in Section 5.4. Using the definitions of Sections 5.4.2 
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and 5.4.3, it seems reasonable to conjecture that, for each k < +oo, ll(u,w)- f(u)I 
can be made arbitrarily small for large enough w and small enough b1 . 

7 .3 Boundary Control of the Navier-Stokes Equations 

Chapter 6 attempts to demonstrate the feasibility of the optimal-control approach 

for numerical simulations of flow-control problems. The particular problem that is 

treated involves minimization, in a least-squares sense, of the vorticity in an unsteady 

internal flow modeled by the Na vier-Stokes equations for a viscous, incompressible 

fluid. Our means of control is the temporal development of a fixed velocity distribution 

on a part of the boundary ( "suction and blowing"). The rationale behind minimizing 

the vorticity is an attempt to laminarize the flow in order to delay transition to 

turbulence. 

A finite-element-based discretization technique is used for the partial differential 

equations, and the optimal-control problem is solved by a quasi-Newton algorithm 

applied to the associated nonlinear least-squares problem. 

The quasi-Newton algorithm needs gradient information which is computed using 

the adjoint-equation technique. In line with the discretization strategy advocated 

throughout the thesis, the gradient and the adjoint equation are derived in the fully 

discrete case. 

Due to the choice of objective function and the nonlinear nature of the state 

equation, a naive implementation of the adjoint-equation solver would require the 

full storage, at every point in time and space, of the solution to the state equation. 

This would be impossible for any problems of realistic size, especially in three space 

dimensions. 

The implementation reported in Chapter 6 uses an algorithm that allows storage 

to be traded against some extra computations. By partitioning the time interval into 

a number of "slices", the state and adjoint equation are alternately computed on each 

slice. This allows storage to be drastically reduced. If the number of time steps is 

N = PQ, with P and Q being positive integers, the naive implementation would 

need the simultaneous storage of all N state vectors. The implementation used here 

requires only the storage of about P + Q state vectors at one time. The prize for 

this is computational work corresponding to 1 - 1 / P - 1 / Q "extra" computations 

( compared to the naive implementation) of the state equation each time the gradient 

is computed. 
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Numerical experiments are performed for a two-dimensional flow in a channel 

closed at all sides except the east where fluid is allowed to escape. Fluid is injected 

into the domain, filled with fluid at rest, through an opening at the south wall. The 

formation of vorticity is controlled by suction and blowing at an additional inlet on the 

west wall. Since there are several length scales involves in this problem, the Reynolds 

number will be somewhere in the range 59-1300, depending on how it is defined. A 

129 x 41, uniform computational grid is used for the velocity approximations, and the 

number of time steps is 500. 

The value of the objective function without the control is J(0) = 20. Applying 

the optimal control, computed as indicated above, reduces the objective function to 

J ( u) = 15. The action of the control forces the jet injected from the lower boundary 

to take a more central trajectory and thus avoids the creation of vortices associated 

with the bouncing of the jet at the north boundary. There are also indications, in the 

vorticity density plots, of a certain break-up in the jet when the control is applied. 

The algorithm required 65 global quasi-Newton iterations for convergence, needing 

87 solutions of the state equation and 66 solutions of the adjoint equation. This 

would be prohibitively expensive for flow at higher Reynolds numbers and in three 

space dimensions. However, in a practical application, a substantial reduction of the 

objective function will be the main concern, and not necessarily full optimality. In 

the numerical example of Section 6.7, the main reduction of the objective function 

occurs during the 10-20 first iterations (Figure 6.26). 

The optimal-control approach provides an attractive general framework for flow

control problems. The generality comes from a considerable freedom in choosing the 

objective function and which parameters of the problem that are labeled as controls. It 

would be interesting, for instance, to apply the technique to the control of boundary

layer instabilities and compare it to methods that use modal suppression ( cf. [68], 

[89]). 

The generality of the optimal-control approach is balanced by inherent difficul

ties, mathematically as well as computationally, especially for complicated nonlinear 

models such as the Navier-Stokes equations, where there are fundamental open ques

tions regarding controllability and even existence and uniqueness of solutions (in three 

space dimension). 

There are also many difficult computational issues, some of which are addressed 

here. A fundamental difficulty is that employing the adjoint-equation technique re

quires detailed knowledge of the discretization of the modeling equations, and the 
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discrete adjoint equation may be difficult or even impossible to obtain for compli

cated discretizations and when canned software is used. 

For even larger problems than the one considered in Chapter 6, it will be necessary 

to consider limited-memory versions of the quasi-Newton algorithm. It would also be 

interesting to investigate other algorithms such as Sequential Quadratic Programming 

methods ( cf. [54], [55], [56], [27]), especially for problems with constraints on the 

control. 

A conclusion from this study is that flow control problems using optimal-control 

ideas are indeed feasible, but they will be, as a rule of thumb, at least an order of mag

nitude more expensive to compute than pure simulations. Using the memory-saving 

device described in Section 6.6.2, even control problems in three space dimensions will 

be amenable to the techniques outlined above. However, because of the extreme com

putational demands for such problems, it will be crucial to develop methods exploiting 

parallelism. As the computational power increases, the optimal-control approach can 

be expected to be applicable to more and more realistic flow-control problems. 
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