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Abstract 

The centrality property satisfied by the analytic center of the solution set makes 

its computation very valuable for some linear programming applications. One such 

application coming from the economic and management sciences is Data Envelopment 

Analysis (DEA). In DEA one desires a solution of the underlying linear programming 

model that is in the relative interior of the solution set and one that is in some 

sense as far away as possible from the relative boundary. In this way the solution 

is robust and not affected by small changes in the data. In this work we study 

the effective computation of the analytic center solution by the use of primal-dual 

interior-point methods. We present an unified study of existing theoretical results for 

primal-dual interior-point algorithms as they concern the convergence of the iteration 

sequence and the convergence of the iteration sequence to the analytic center. These 

theoretical results are evaluated from the point of view of the practical computation of 

the analytic center. We propose a primal-dua.l interior-point algorithm for effectively 

computing the analytic center of the solution set. The algorithm proposed combines 

good theoretical and numerical properties and its ability to solve real world problems 

from the DEA application is demonstrated. 
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0.1 Introduction 

In this work we are interested m the study and development of effective primal

dual interior-point algorithms for computing the analytic center of the solution set in 

linear programming. The analytic center is a center-most solution in the sense that 

it maximizes the product of the positive components among all points in the relative 

interior of the solution set. 

The motivation for this research comes from a linear programming application 

from economic and management sciences, called Data Envelopment Analysis (DEA) 

where a desired solution of the underlying linear programming model is one in the 

relative interior of the solution set ( a strict complementarity solution). The set of 
,' 

strict complementarity solutions is the set of solutions where the number of nonzero 

vaiables is maximal, therefore strict complementarity solutions are not vertex ( or 

basic) solutions unless the solutions for both the primal and dual linear programming 

problems are unique. Thus, the standard simplex-type methods are not appropiate for 

computing strict complementaritu solutions. Among all those strict complementarity 

solutions it is desirable to compute one that is in some sense as far away as possible 

from the relative boundary of the solution' set, avoiding in this way that small changes 

in the data may affect this DEA solution. Therefore, the property of centrality 

satisfied by the analytic center is important in DEA approaches. 

Primal-dual interior-point algorithms for linear programming attempt to solve the 

primal and dual linear programs simultaneously by generating an iteration sequence 

in the relative interior of the feasibility set and such that the difference between the 

primal and dual objective functions evaluated for this sequence ( the so-called duality 

gap) is driven to zero. The basic primal-dual interior-point method for linear pro

gramming was originally proposed by Kojima, Mizuno, and Yoshise [12], based on 

earlier work by Megiddo [16]. Most primal-dual interior-point methods can be put 
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in the general framework of the Kojima-Mizuno-Yoshise algorithm. Giiler and Ye 

[11] proved that under certain conditions the solution computed by most primal-dual 

interior-point methods belongs to the relative interior of the solution set. Therefore, 

under these assumptions, the solution computed by primal-dual interior-point meth

ods is a strict complementarity solution, althought it may be, in general, close to a 

vertex solution. 

Because in this work we are interested in using primal-dual interior point methods 

for finding a specific solution (the analytic center solution), the study of the con

vergence behavior of the iteration sequence generated by primal-dual interior-point 

methods needs to be addressed. It is relevant to mention that this is not the case for 

many real-world problems where any feasible point with the value of the duality gap 

close to zero is a satisfactory approximate solution. 

Early works on convergence of primal-dual interior-point algorithms were primar

ily concerned with the study of the convergence of the duality gap sequence to zero. 

Following the initial studies on the fast convergence of the duality gap sequence to 

zero, which started with the work of Zhang, Tapia, and Dennis [30], the question 

of convergence of the iteration sequence became an important one, mainly because 

most of those studies had assumed that the iteration sequence converged (see Zhang, 

Tapia, and Potra [31], Zhang and Tapia [28], Ye, Tapia, and Zhang [26] and McShane 

[15]). 

The first work studying the convergence of the iteration sequence is Tapia, Zhang, 

and Ye [21]. Later on, Zhang and Tapia [29] derived conditions under which this 

iteration sequence converged to the ana.lytic center solution, but these conditions are 

not completely compatible with the conditions for the convergence of the iteration 

sequence given in [21]. Gonzaga and Tapia [10] studied the convergence of the it

eration sequence for an algorithm proposed by Mizuno, Todd, and Ye [17]. This 
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latter algorithm is a variant of the Kojima-Mizuno-Yoshise algorithm. Gonzaga and 

Tapia proved that the iteration sequence generated by the Mizuno-Todd-Ye algo

rithm converges to the analytic center of the solution set. This is the first result 

proving convergence of the iteration sequence to the analytic center solution for a 

primal-dual interior-point method. Unfortunaly, the Mizuno-Todd-Ye algorithm has 

some numerical disadvantages that make the value of this theoretical result rather 

limited in practice. Recently, Bonnans and Gonzaga [l] stated sufficient conditions 

for convergence and convergence to the analytic center of the iteration sequence gen

erated by primal-dual interior-point algorithms from a general framework containing 

the Kojima-Mizuno-Yoshise and Mizuno-Todd-Ye algorithms. Their result may be 

viewed as a relaxation of the results given by Tapia, Zhang, and Ye [21] and an 

extension of the work of Gonzaga and Tapia [10]. 

In this work we present an unified study of the theoretical results concerning the 

convergence of the iteration sequence and the convergence of the iteration sequence 

to the analytic center of the solution set for primal-dual interior-point algorithms. 

We study these theoretical results under the objective of a practical computation of 

the analytic center. A primal-dual interior-point algorithm for effectively computing 

the analytic center of the solution set is proposed. This algorithm combines good 

theoretical and numerical properties and its ability to solve effectively real world 

problems from the DEA application is demonstrated. 

This thesis is organized as follows. In the next chapter we introduce the DEA 

application and explain the need of findiug specific solutiont> for tha.t application. 

Chapter 3 contains some preliminary background and notation. In Chapter 4 we 

introduce the Kojima-Mizuno-Yoshise and Mizuno-Todd-Ye algorithms and we study 

their properties. Numerical considerations for the effective computation of the ana

lytic center solution are addressed iu Chapter 5. A primal-dual interior-point algo-
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rithm designed for effectively computing the analytic center is proposed and studied 

in Chapter 6. In Chapter 7 we study the numerical behavior of the proposed algo

rithm and we use it to solve problems from the DEA literature. Also, we compare 

the numerical behavior of the proposed algorithm with the numerical behavior of the 

Kojima-Mizuno-Yoshise and the Mizuno-Todd-Ye algorithms presented in Chapter 4. 

Finally, some conclusions and remarks are given in Chapter 8. 
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Chapter 1 

Data Envelopment Analysis (DEA) 

1.1 Introduction 

DEA, as presented in Charnes and Cooper [2], is a technique for measuring the amount 

of relative efficiencies and inefficiencies in a production system characterized by data 

units called Decision Making Units (DJ\1U). Each DMU is composed of input and 

output data associated with ea.ch entity of the system. 

Formally, a Decision Making Unit or DJ\1U is a. vector 

( ~x) E R'+"' where y E R', x E R"', (y, ·") 2 0 and neither y nor ·" is zero . 

In this work we consider a. production system characterized by n decision making 

units DMU1 , •.. , DJ\1Un. For each DJ\1U.i the amounts of output r and input i are 

represented respectively by Yrj and 1:ij. 

We denote the data matrix P associated with the production system by 

p = (P, ... P,,) = ( ~X) E R(m+,)xn 

with Pj = Dl\1Uj, Y = (?h···Yn) E Rsxn and X = (x1 ... xn) E Rmxn_ 

A standard assumption in DEA is that no two columns of P are proportional. 

The Production Possibility Set associated with the data. matrix P is defined as 

K(P) = {p = ( ~J E R'+m , z, :C:: P .\ fonome .\ 2 0, .\ ER", and (y, x) 2 0} · 
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Observe that the production possibility set of the system is the conical hull defined 

by the DMU' s. It is clear that under this definition all the DMU' s belong to the 

production possibility set. 

The definition of relative efficiency used m DEA is based on the idea that to 

remain in the production possibility set a DMU is technical efficient if the inputs 

and outputs, corresponding to that DMU, can not be respectively decreased nor 

increased. Using this notion of technical efficiency, a linear programming problem is 

associated to each DMU and its solutions answer the question of relative efficiency 

(and inefficiency) for each DA1U. In the remainder of the section we formalize these 

ideas following Seiford and Thrall [18]. 

(-
YXoo) Let DMU0 = . denote one of the DMU's (i.e. o E {l, ... ,n} ). 

Consider the linear programming problem associated with DMU0 

1nm1m1ze 0 

subject to S'=P>.- ( 'I ) _,0oxo 2: 0, (1.1) 

).. 2'. 0, 

where 0 E R, ).. E Rn and S' E Rs+rn. 

Problem (1.1) is referred to as the envelopment {or primal) program for DMUa. 

This problem is the CCR ratio model introduced by Charnes, Cooper and Rhodes 

(1978). The present paper focuses attention on this DEA model; however our analysis 

can be extended to the BCC linear model (Banker, Charnes and Cooper (1984)). 

Let (0;, >.;, s;) be a solution of (1.1). 

The DEA-radial-efficiency for DA1U0 1s defined as the optimal value 0; of the 

linear program ( l. l). 

Depending on the values of 0; we have the following definitions for D MU0 : 

• DMU0 is DEA-radial-efficient if o: = l. 
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• DMU0 is DEA-efficient if o; = 1 ands;= O for all the solutions (0;, s;, .\:) of 

problem (1.1). 

• DMU0 is DEA-radial-inefficient if o; < 1 

These definitions are equivalent to saying that a DMU is DEA-radial-efficient if it lies 

on the boundary of the production possibipty set. Moreover, a DMU is DEA-efficient 

if it lies on the boundary of the production possibility set and none of the inputs and 

outputs corresponding to that D.A1[! can be decreased or increased with the DMU 

remaining in the production possibility set (see Seiford and Thrall [18]). 

5 

4.5 

4 (f 

OMU5 

3.5 

3 

~ 
2.5 

2 

1.5 

OMU1 OMU4 

0.5 1.5 2 ?,5 3 3.5 4 4.5 5 
X1 

Figure 1.1 

Example 1 Let us consider a production system characterized by 

DMU, = (~J DMU2 = (~:} DMU, = (~J 
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It is easy to verify that 0; = 1 for o -=/=- 5 a.nd o; = 0.5 < 1. Therefore, any 

DMUj with j -=/=- 5 is DEA-radial-efficient and DMU5 is DEA-radial-inefficient. 

Figure 1.1 shows the projection of the DMU's onto the (x1 ,x2)-plane. Notice 

that DMU5 is not in the interior of the production possibility set and DMU4 is not 

DEA-efficient since the value of its input x 1 must be decreased. 

There is an alternative dual approach to DEA-radial-efficiency for DMU0 using 

the following definitions. 

Let 

WO = { w = ( : ) E R'+"' : h0 ( w) 2: h 1 ( w) for all j = 1, ... , n, w 2: 0 and u ,/ 0, v ,/ 0} . 

Here the functions hi are output/input ratios defined by 

hj(w) = ury_Ji? :r_i for j = 1, ... , n, 

for each w = ( : ) , u E R', v E R"' , w 2: 0 s II ch tha.t v,. x; > 0. 

The set W 0 is called the Multiplier Space for DMU0 • 

Let 

w~n = {w E Wo: vT:Co = UTYo = l}. 

The set W~n is called the Normalized Multiplier Set for D.MU0 • 

Observe that w: -=/=- 0 if a.nd only if W 0 -=/=- 0. 

Consider the linear programming problem 

(1.2) 



maxm11ze uT y0 

subject to VT x 0 = 1, 

9 

-tj = uT yj - vT Xj = wT Pj S 0, j = 1, ... , n 
(1.3) 

w = (:) ~ 0, 

where u E RS, v E Rm and t E R11
• 

Problem (1.3) is the dual problem of (1.1) and it is referred to as the multiplier 

(or dual) program for DMU0 • 

It is easy to see that ( w~, t~) is a solution of problem ( 1.3) if and only if w~ E w:. 
Therefore, by duality theory, w: =f. 0 if and only if 0~ = l. Hence, DMU0 is DEA

radial-efficient if W 0 =f. 0 a.nd is DEA-radial- inefficient if W0 = 0. 

1.2 Classification and characterization of the DMU' s 

Let R£ be the set of a.ll the DEA-radial-efficient DMUj and Af be the set of a.ll the 

DEA-radial-inefficients Dl\1Uj, for j = l, ... , n. 

The DEA-radial-efficiency can be determined from the solutions of either of the 

two linear programs (1.1) a.nd (1.3). Hence, the solutions of these problems answer 

the question of DEA-ra.dial-efficiency. However, among those DMU' s that are DEA

radial-efficient ( or DEA-radial-inefficient), there are important differences depending 

on their multiplier sets. Thus, the set of DMU' s may be partitioned into six classes 

(see Cha.mes, Cooper, and Thrall [3], [4] for more detail): 

E = {Dl\1Ui ERE: dim Wi = s + m}, 

E' = {DMUi ERE: dim Wj < s + m. and there exists w E W 1 such that 

Wi > 0 for all i = l, ... , s + m }, 

F = {DMUj ERE: every w E Wj has at least one zero component}, 



NE= {DMUj EN: Diltu; EE}, 

NE'= {Dl\1Uj EN: Dl\1Ui EE'}, 

NF= {DMUj EN: Dl\1UJ E F}. 
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( 
Yj ) Here DMU; = Pi(0;) = * , with 0; the DEA-radial-efficiency for DMUi. 

-0jxj 
The elements of E, E' and Fare called, respectively, DEA-extreme efficient, DEA-

non-extreme efficient and DEA-weak efficient. It can be seen (Charnes, Cooper, 

and Thrall [4]) that any given Dl\1U0 is DEA-efficient if it belongs to E U E', or 

equivalently, if there exists a positive multiplier vector w E W0 • 

1.2 

<=W"rn4 

W3 

1.2 

Figure 1.2 Multiplier space of Example 1 

Example 2 Consider the production system characterized by the DMU' s defined 

in Example 1. Then, 

DMUj E E (DEA-extreme efficient), for j = 1, 2, 3, 

DMU4 E F (DEA-weak efficient), D.MU5 E E' (DEA-nonextreme efficient) and 
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DMU5 ENE (DEA-radial-inefficient) since Dl\1U~ = P5 (0;) = DMUs EE. 

Figure 1.2 shows the (vl,v2)-multiplierspace corresponding to the DEA-radial-efficient 

DMU's. 

The classification and characterization of Dl\1U' s play a very important role in 

DEA. Charnes, Cooper, and Thrall [4] present a structure for this characterization 

using the linear programming problems (1.1) and (1.3). A very interesting result from 

[4) is Lemma lOA which gives a way to classify the different DMU's, but requires the 

computation of a solution (0 0 , A0 , S0 , w0 , t 0 ) of problems (1.1) and (1.3) satisfying 

and 

S0 + 'Wo > 0, to + A0 > 0. 

Such solutions are said to satisfy the strong complementarity slackness condition 

(or are SCSC solutions). It is well known (see Spivey and Thrall [20] for a proof) 

that there always exists a SCSC solution for any linear programming problem which 

is both primal and dual feasible. 

The power of the SCSC approach depends on how far w 0 is from the boundary of 

the set W 0 • In order to explain this idea (see Thompson et. al. [22) for more details) 

let us consider a DMU0 being DEA-extreme efficient (i.e., DMU0 E E). Then, for 

every SCSC solution (0 0 , A0 , Sa, w 0 , ta), Wa is the center of an (m + s)-dimensional 

sphere which is a subset of W 0 and for every point w~ in this sphere, h0 (w~) > hj(w~) 

for all j -=I- o. Therefore, one has the reasonable expectation that DMUa remains 

DEA-extreme efficient for relative small changes in the data. Moreover, if we define 

the sensitivity function 
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where hj are given by (1.2), then we expect the DEA results to be less sensitive to 

changes in the data when d0 (w 0 ) is larger. Therefore, for DEA purposes, the best 

choice among all the SCSC solutions is the one that maximizes the function d0 ( w) 

over the set of dual multipliers w with (0, >., S, w, t) a SCSC solution. Let us call this 

solution the DEA-center solution (0~,>.~,S~,w~,t~) and d~ = d0 (w~). 

The DEA-center is an useful theoretical definition for understanding the idea of 

centrality that best fits the DEA requirements, however its practical use depends on 

the development of an effective numerical method for computing it. As an alternative 

approach, we propose in this work to compute another SCSC solution called the 

analytic center of the solution set. The analytic center solution satisfies a notion of 

centrality that we expect is close to the idea of centra.lity given by the DEA-center. 

In this work we consider primal-dual interior point methods for computing the 

analytic center of the solution set. In the next chapter we formally define the analytic 

center solution and we introduce some theoretical background necessary for the study 

of primal-dual interior point methods. 



Chapter 2 

Preliminaries and Notation 

We consider the linear programming problem in the standard form 

mm1m1ze cT :c 

subject to Ax = b, :c ~ 0, 

where c,x E Rn, b E Rrn, A E Rmxn(rn < n) and A has full rank m. 

Associated with problem (2.1) is the dual linear program 

maxun1ze 

subject to 

where y E Rm and z E Rn. 

l7y 

AT,y + z = c z > 0 ' - ' 
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(2.1) 

(2.2) 

The Karush-Kulm-Tucker optimality conditions for (2.1) and (2.2) can be written 

as 

A:r- b 

F(x, y, z) = AT y + z - c = 0, (:c, z) ~ 0, (2.3) 

XZe 

where X = diag(x), Z = diag(z) and e = (1, ... , If E Rn. 

The feasibility set of problem (2.3) is defined as 

:F= {(x,y,z): A:r = b,ATy + z = c,(x,z) ~ O}. 

A feasible point (x, y, z) E :F is said to be strictly feasible if x and z are strictly 

positive. The set of all the strictly feasible points is denoted by :F+. 

Observe that 
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• XiZi = 0 for all i = l, ... ,n if and only if :r:Tz = 0 with (x,z) ~ 0. 

By the previous observations we have that ( :c, y, z) is a solution of the system (2.3) 

if and only if the duality gap l7 y - cT x ;:z: 0, or equivalently xT z = 0. This result is 

the basis of primal-dual interior point algorithms which attempt to solve the primal 

and dual linear programs simultaneously by generating a sequence of strictly feasible 

points {(Xk,Yk,zk)} such that the duality gap sequence {xrzd converges to zero. 

Let JL > 0, µ E IR. We consider the per;turbed Karush-Kuhn-Tucker conditions for 
', 

problems (2.1) and (2.2) 

A:r: 2... b 

F1,(x,y,z)= ATy+z-c =0, (:r,z)~0. (2.4) 

XZe - 11e 

The nonlinear system (2.4) can be viewed as the nonlinear system (2.3) perturbed by 

the quantity 11e. For reasons that will become apparent shortly we call µ the centering 

parameter. 

The Jacobian matrix of the functions ~F and F1, is 

F
1 

(x, y, z) = 
A O O 

0 AT I 

Z O X 

E IR,(2n+m) X {2n+m). 

We denote the solution set of problem (2.3) by 

S = {(x,y,z): F(:1:,y,z) = 0,(:r:,z) ~ O}. 

A point (x, y, z) in Sis said to be a strict complementarity solution if x; + z; > 0 

for all i = 1, ... , n. 

The following proposition describes an important property of the Jacobian matrix 

at feasibility and optimality. 



Proposition 2.1 Assume rank (A)= m. 

(i) Let ( x*, y*, z*) E 1R.2n+m be such that (:r*, z*) > 0. Then F'( x*, y*, z*) 

is nonsingular. 

(ii) Let (x*, y*, z*) be any solution of 

F(x,y,z) = 0, (x,z) 2 0. 

Then F'(x*,y*,z*) is nonsingular if and only if (x*,y*,z*) is a non

degenerate strict complementarity solution. 

Proof 

Proof of (i). Let (6.,;, fsJJ, &) be a solution of the system 

Then, 

F
1

(:c*,y*,z*)(6.,;,6.y,&) = 0. 

A6:r = 0 

AT6:y+&=0 

Z*frc + X*& = O 

Since z* > 0, we have that frc + (Z*t1 X & = 0. 

(2.5) 

(2.6) 

(2.7) 

Multiplying equation (2.G) Ly X* we have X* AT fsJJ + X* & = 0. 

Therefore (Z*)- 1 X* AT ~;+(Z*)- 1 x~ & = 0 and A(Z*)- 1 X* AT~;+ 

A(Z*)-1X*& = 0. 

But, A(Z*t1X*& = -Afrc = 0, hence A(Z*)-1X*ATtsJJ = 0. This 

implies that ~/ = 0 since the matrix A(Z*t1 X* AT is nonsingular 

as a consequence of the assumption that rank(A)=m. 
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Since C::iJJ = 0 implies & = 0 (by equation (2.6)) it follows that ~-r = 

0 (by equation (2.7)). Therefore (.6:-c,C::ilJ,&) = 0 and F
1

(x*,y*,z*) 

is nonsingular. 

Proof of (ii). See Lemma 4.1 in Zhang, Tapia, and Dennis [30] and the consequent 

discussion. D 
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For a given DMU0 , the DEA problems (1.1) and (1.3) discussed in Chapter 2 can 

be written in the standard forms (2.1) and (2.2) by defining 

( ~lmxm 
0 0 p ) E Rim+,)x(m+n+•+l), A= 

-fsxs Xo 

C"'t') ( 11<, ) c= E R"'+n+s+l' b = • E Rm+s. 

O,nxl 
Dnxl 

Therefore, x = ( :) E R"'+n+•+
1

, and z = (:) E R"'+n+-+
1

. 

Thus, the set of strict complemeutarity solutions is the same as the set of SCSC 

solutions. 

The following standard conditions for problems (2.1) and (2.2) are assumed: 

{Al) {x ER" : Ax= b, x > O} =f. 0, and 

{A2) {(y,z) E Rm+n: ATy + z = c,z > o} =f. 0. 

We are particularly concerned with tl1e case when S is not a singleton set. 

Under the previous assumptions, the solution set S has the following interesting 

structure: 

(i) The set S =f. 0 is bounded. 
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(ii) All points in the relative interior are strict complementarity ( or SCSC) solutions 

and all points on the relative boundary are not. 

(iii) The zero-nonzero pattern of points in the relative interior is invariant. 

See El-Bakry, Tapia and Zhang (7) for proofs. 

Therefore, for any (x*,y*,z*) E ri(S), where ri(S) denotes the relative interior of 

S, the following index sets 

l;={i:<>O,l~i~n} and l;={i:z7>O,l~i~n} 

are independent of the choice of (x*,y*,z*). Moreover, by strict complementarity 

I;LJI;={l,2, ... ,n} and I;n/;=0. 

Because of this structure of the solutiou set S the solutions m ri(S) may be 

characterized as those for which the number of nonzero components is maximal. 

Among them, there is a solution that may be thought of as the center-most solution 

in the sense that it maximizes the product of the positive components. This solution 

is called the analytic center of the solution set and it was studied by McLinden [14) in 

a general setting and later independently by Sonnevend [19) in the context of linear 

programmmg. Formally, the analytic center of the solution set S is defined as: 

(x*,y*,z*) = argmax{v,(x,z): (x,y,z) ES} (2.8) 

where 

v,(:c,z)= II :r:; II z;. 
iEIJ iEif 

Equivalently, in (2.8) one can replace VJ(x, z) by its logarithm, i.e., 

lrup(x, z) = L h1 x; + L ln z;. 
iEif iEl; 
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The central path associated with problem (2.3) is parametrized by the parameter µ 

and is defined as the collection of points Pc= {Pc(/L); /L > O} where 

Pc(/1,) = (x(JL), y(µ), z(µ)) is a strictly feasible point satisfying X(µ)Z(µ)e = µe. 

This is equivalent to saying that a strictly feasible point ( x, y, z) is on the central 

path (for some JL > 0) if and only if it satisfies x1z1 = x2z2 = ... = XnZn-

These notions of analytic center and central path are well-defined under assump

tions (Al), (A2). For more details see McLinden [14], Megiddo [16], and Gonzaga [9]. 

A very interesting result from McLinden [14] is Theorem 9. In the case of linear 

programming, it states that the central path intersects the solution set at the analytic 

center, i.e., the central path point (x(11,), y(JL ), z(11,)) converges to the analytic center 

(x*,y*,z*) as /J, converges to zero. See also Proposition 8.2 in Megiddo [16] and the 

discussion preceding it. This result lias been crucial in the development of most 

primal-dual interior-point algorithms which attempt to follow the central path. 

The interest of the present work is the effective computation of the analytic center 

of the solution set by the use of primal-dual interior point methods. In the next 

chapter we introduce these methods and review existing theoretical results for them. 
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Chapter 3 

Primal-Dual Interior-Point Methods 

Simplex-type methods consider the vertices of the feasibility set of the linear pro

gramming problem and the final solution is an optimal vertex. On the other hand, 

interior-point methods generate an infinite sequence of strictly feasible points that 

hopefully converges to a solution. 

There are several different classes of interior-point methods for linear programming 

( see Gonzaga [9] for a survey). In this work we are interested in primal-dual interior

point algorithms. 

Most primal-dual interior-point algorithms are variants of Newton's method ap

plied to problem (2.3), i.e. applied to the problem 

F(x, y, z) = 0, (x, z) ~ 0. 

Observe that IIF(x,y,z)lli = xTz for any (x,y,z) E F, therefore the duality gap xTz 

is an excellent merit function to monitor progress of the iterates generated by an 

interior-point method. 

To address the question of how to effectively compute the analytic center of the 

solution set we must study the convergence behavior of the iteration sequence in 

primal-dual interior-point methods. In this chapter we introduce the primal-dual 

interior-point algorithms and review the existing theoretical results concerning local 

convergence of the duality gap to zero and convergence behavior of the iteration 

sequence. 

Throughout all this work we will use the notation 
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min( u) = min1::;i::;n[u];, min( u, v) = min1::;i::;n min([u];, [v];) for any u, v E Rn. 

3.1 Kojima-Mizuno-Yoshise algorithm 

The first primal-dual interior-point methodJor linear programming was constructed 

by Kojima, Mizuno and Yoshise [12], based o~ the work of Megiddo [16]. The following 

general framework captures the essence of ·this algorithm and the majority of the 

primal-dual interior-point methods that ca1~ be found in the literature can be put 

into this framework. 

Algorithm 3.1 (Generic Kojima-Mizuno- Yoshise primal-dual algorithm} 

Given a strictly feasible point (:c 0
, y 0

, t), for k = 0, l, 2, ... , do 

(1) Choose ak E [0, 1) and set 11,~' = ak(xk)T zk /n. 

(2) Solve the following system for (f:i:rk, jj,;_yk, &k): 

6.:r; 

F '( k k k) X , y , Z F( k k k) k =- x,y,z +µ 

.6.z 

0 

0 

e 

(3) Choose Tk E (0, 1) and compute the step-length oi = min(l, Tkci) , 

where 

•k -1 
a------------

- min((Xk)-16:tk, (Zk)-16.zk) · 

( 4) Form the new iterate 

( k+l k+l k+l) ( k k k) k(A k A.k A-k) 
X , y , Z = :D , !J , Z + a u.1: , LJ1/ , ~ . 

The choice parameters ak a.nd Tk dictate the amount of centering and the step

length used at each iteration of Algorithm 3.1. The following observations and com

ments describe the performance of Algorithm :3. 1 as related to the choices of ak and 
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• The choice of Tk guarantees (xk+ 1, zk+I) > 0. 

• The choice Tk = 1 does not imply that erk = 1, therefore even asymptotically 

full Newton steps may never be taken. 

• It can be easily verified that 

(3.1) 

Hence, Algorithm 3.1 gives descent on the duality gap (xkf zk. 

• If a-k is close to 1, then (xk+I )I' zk+1 is close to (xkf zk and there is adherence 

to the central path from the iterates generated by the algorithm. Small steps 

are taken. 

If a-k is close to 0, there is no adherence to the central path from the iterates 

generated by the algorithm. Large steps are taken. 

• The lack of centering (a-k = 0) ma.y preclude the global convergence of Newton's 

method. The next proposition will clarify this statement. 

Proposition 3.1 

Let {(xk,yk,zk)} be generated by Algorithm 3.1 with the pa

rameter choices { a-k}. Assume that a-k0 = 0 for some k0 and 

Proof Let ( frck 0
, frl 0

, &"'0
) be the solution of the system 

6:Dko 

F' ( Xko, !/a, 2ko) 6!/o 

6zko 

Then, we have 

0 

= -F(:r/o, yko, 2ko) + µko O 

e 
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Since ak0 = 0 implies 1/0 = 0, it follows that 

(3.2) 

From (3.2) and the assumptions x7: = 0 and zt0 > 0 we have that 

0 

3.1.1 Local Convergence Properties 

The following lemma is Lemma 2 of Giiler and Ye [ll]. Many interesting properties 

of interior point algorithms follow from this result. 

Lemma 3.1 (C,iiler- Ye) 

Let {wk}= {(xk,yk,zk)} be generated by Algorithm 3.1. Assume 

(al) xkT zk-+ 0. 

(a2) min(Xkzke)/:1:kT zk ~ 1 /n for all k and some I E (0, 1). 

Let w* E IR2
n+m be a limit point of {(:1:k, yk, zk)}. Then 

(i) w* is a strictly complementary solution of problem (2.3) and 

(ii) limk_.00 inf wf > 0 for every i such that w'[ > 0. 

Because all the points in the relative interior of the solution set S are strict 

complementarity solutions (see Chapter :3), Lemma 3.1 states that under assumptions 

(al) and ( a2) all limit points of the sequence { (:i:k, yk, zk)} are in the relative interior 

of the solution set S . 

Sufficient conditions for the superlinear and quadratic convergence of the duality 

gap sequence generated by Algorithm 3.1 have been given in 1990, by Zhang, Tapia, 

and Dennis [30]. Their results are presented in the following theorem. 



Theorem 3.1 (Zhang-Tapia-Dennis) 

Let {(xk, yk, zk)} be generated by Algorithm 3.1. Assume 

(al) {(xk,i/,zk)} converges to a solution (:i:*,y*,z*). 

(a2) min(Xkzke)/xkTzk ~ 1 /n for all k and some I E (0,1). 

( a3) ak and Tk are chosen so that ak --+ 0 and Tk --+ l. 

Then the duality gap sequence { xkT zk} converges to zero Q-superlinearly, 

i.e., 

Assume further that 

xk+1T zk+I 

:i:kT zk 
--t 0. 

(a4) ak and Tk have been chosen so that aA' = O(:ckT zk) and Tk = l -

O(xkT zk). 

(a5) x* is a nondegenerate vertex of (2.1). 

Then {(xk,;i/,zk)} converges to (:r:*,y*,z*) Q-quadra.tically. 
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Originally, Zhang, Tapia, and Dennis [30] also assumed strict complementarity 

for (x*,y*,z*) in Theorem 3.1. However, under Lemma 3.1 this assumption of strict 

complementarity is no longer necessary and it is removed in this presentation. Note 

that when primal nondegenera.cy and strict complementarity are satisfied, the con

vergence of the duality gap sequence to zero implies the convergence of the iteration 

sequence because of the uniqueness of the solution. 

In 1991, Zhang and Tapia [29] improved Theorem 3.1 by replacing the assumption 

that the iteration sequence { ( xk, yk, zk)} converges with the assumption that the du

ality gap xkT zk converges to zero. They also removed the nondegeneracy assumption. 

Their results are summarized in the following theorem 



Theorem 3.2 (Zhang-Tapia) Let { wk} = { (xk, yk, zk)} be generated by 

Algorithm 3.1. Assume 

(a2) min(Xkzke)/xkT zk 2:'.: 1 /n for all k and some, E (0, 1). 

( a3) ak and rk are chosen so that ak ---+ 0 and rk -, 1. 

(i) Then the duality gap sequence { xkT zk} converges to zero Q-superlinearly, 

I.e., 

Assume further that 

xk+1T zk+1 

:r:kT zk 
----t O. 

( a4) ak and rk have been chosen so that ak 

1 - O((xkT zk).\) for some ,\ E (0, 1]. 

Then 

(ii) the duality gap sequence { :rkT zk} converges to zero with Q-rate 1 + ,\, 
in fact 

xk+1T 2 k+1 

lim sup T < oo; 
k-oo (xk zk)l+.\ 

(iii) the iteration sequence { (:rk, !/, zk)} converges to a solution with R

rate 1 + ,\. 

24 

In the next section, we review the theoretical results concernmg the conver

gence of the iteration sequence for the Generic Kojima.-Mizuno-Yoshise algorithm 

(Algorithm 3.1). 
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3.1.2 Convergence of the iteration sequence 

In 1991, Tapia, Zhang, and Ye [21], derived conditions under which the iteration 

sequence generated by Algorithm 3.1 converges. These conditions are given in the 

following proposition: 

Proposition 3.2 (Tapia-Zhang-Ye) Let {(xk, :1/, zk)} be generated by 

Algorithm 3 .1 with the parameter choices { ak} and { Tk}. Assume 

(al) (xkf zk--+ 0. 

(a2) min(Xk zke)/(:rkf zk 2:: 1 /n for all k and some I E (0, 1). 

( a3) ak has been chosen so that ak --+ 0 a.t least R-linearly. 

(a4) Tk has been chosen so that Tk 2:: T for some TE (0, 1). 

Then 

{ ( xk, yk, zk)} converges to some ( x*, y*, z*) in the relative interior of S. 

In 1991, Zhang and Tapia [29] derived conditions under which this iteration se

quence converged to the analytic center, assuming that the sequence converged. These 

conditions are given by the following proposition: 

Proposition 3.3 (Zhang-Tapia) Let { (:rk, yk, zk)} be generated by Algorithm 3.1. 

Assume 

(al) ak 2:: a and ak 2:: a for some a, a E (0, 1). 

(a2) min(Xk zke)/(xkf zk 2:: 1 /n for some I E (0, 1). 

(a3) {(xk,yk,zk)} converges. 

Then 
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{ ( xk, yk, zk)} converges to the analytic center of the solution set. 

Observe that these conditions for the convergence to the analytic center are not 

compatible with the Tapia-Zhang-Ye conditions for the convergence of the iteration 

sequence. The former requires { erk} bounded away from zero, while the latter requires 

(Tk -+ 0. 

In 1993, Bonnans and Gonzaga [1] cons.idered a very general algorithmic frame

work and gave conditions for convergence and convergence to the analytic center for 

the iteration sequence generated by any algorithm from this general framework. In 
:, 

order to present their result we define a. {1-neighborhood of the central path as 

N'(/3) = {(:c,y,z): (:r:,y,z) E F, IIXz - /lell2 :s; {3µ}, (3.3) 

where {3 E (0, 1/4) and /L = xT z/n. 

The following is a statement of the result. in Bonnans and Gonzaga [1] tailored to 

our discussion. 

Theorem 3.3 (Bonnans-Gonzaga) Let { (:r"', yk, zk)} be generated by 
' 

Algorithm 3.1, with the step-lenghts {cl} and the para.meter choices { ak}. 

Choose fJ E (0, 1/4]. 

Assume 

(a2) min(Xk zke)/xkT zk 2: 1 /n for all k and some I E (0, 1). 

Then, there exists ~ > 0 such that if 



the sequence { (xk, yk, zk)} converges to some point, say (x*, y*, z*). 

Moreover, if I:k=ocrkci = +oo, then (x*,y*,z*) is the analytic center of 

the solution set. 
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We would like to emphasize that the presentation of Theorem 3.3 is not the same 

as that given in Bonnans and Gonzaga.[!]. In [1], assumption (a2) is included in the 

definition of the algorithm in the sense that the step-lenght ak is chosen in a way 

that the iterates always satisfy assumption (a2). Since the result by Bonnans and 

Gonzaga remains the same if you assume ( a2) rather than force its satisfaction by 

the choice of the step-length, we prefer to present their result as Theorem 3.3. In 

this way we are able to mantain an uniform presentation of the theory concerning 

convergence of the iteration sequence. 

Observe that in the case that erk --t O and cl --t l we have that ( xkf zk --t 0 

Q-linearly (see equation (3.1)) and crkak --t 0. Hence akak :::;; .\ for large k and any 

). > 0. Therefore, as a particular case of Theorem 3.3, we have that the iteration 

sequence generated by the Generic I<oj ima-Mizuno-Yoshise algorithm ( Algorithm 3.1) 

converges when erk --t 0, ak -+ l and assumptions (al) and ( a2) of Proposition 3.2 

are satisfied. This result relaxs the conditions given by Tapia, Zhang, and Ye [21], 

since it can be proved (see the proof of Theorem 3.2 in Zhang and Tapia (29)) that 

assumptions (al) and (a2) of Proposition 3.3, ak -+ 0, and Tk --t l imply that the 

step-length sequence ak --t 1. The following proposition summarizes this result. 

Proposition 3.4 Let { (:rk, yk, zk)} be generated by Algorithm 3.1 with 

the parameter choices { ak} and { rk}. Assume 

(al) (xkf zk-+ 0. 

(a2) min(Xkzke)/(xkf zk 2". 1 /n for all k and some I E (0, 1). 

( a3) ak has been chosen so that ak --t 0. 
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( a4) Tk has been chosen so that Tk ---+ 1. 

Then 

{(x\yk,zk)} converges to some (.1:*,y*,z*) in the relative interior of S. 

Theorem 3.3 also shows that the conditions given by Zhang and Tapia [29) m 

Proposition 3.3, replacing the assumption of the convergence of the iteration sequence 

by the assumption of the duality gap sequence going to zero at least R-linearly, 

are sufficient to guarantee the convergence to the analytic center of the iteration 

sequence generated by Algorithm 3.1 when the iterates are kept in a ,6-neighborhood 

of the central path. Moreover, the assumption ci 2 a may be also be replaced in 

Proposition 3.3 by the assumption Tic 2 T and the conclusions from Proposition 3.3 

remain the same. The following proposition summarizes these comments. 

Proposition 3.5 Let {(x\l,zA·n be generated by Algorithm 3.1 with 

the parameter choices {ak} and {Tk}. Choose ,6 E [O, 1/4). 

Assume 

(al) xkT zk ---t OR-linearly. 

(a2) min(Xk zke)/xkT zk 2, /n for all k and some, E (0, 1). 

(a3) ak 2 a and Tk 2 T for some a, TE (0, 1). 

(a4) (xk, yk, zk) E N(/3) for a.11 k:. 

Then, 

{(xk, yk, zk)} converges to the analytic center of the solution set. 

Proof Assumption ( a2) implies that 
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Ak -1 a=-----------min((Xk)-l~ck, (Zk)-I&k) 

is bounded away from zero (see Zhang, Tapia, and Dennis [30] for a proof). Since 

ak = min(l, rk&k), assumption (a3) implies that o_k is bounded away from zero and 

Uk is bounded away from zero. Therefore, I:r,;,o 0-kO'.k = +oo. From this result, 

assumption ( a4) and Theorem 3.2 we obtain the proof. D 

In the next chapter we will discuss some difficulties that arise in practice with the 

approach of keeping the iterates in a ,B-neighborhood of the central path. 

3.2 Mizuno-Todd-Ye predictor-corrector algorithm 

The Mizuno-Todd-Ye predictor-corrector algorithm is a path following algorithm 

which always keeps the iterates in a (2,B)-neighborhood of the central path, for some 

f3 :; 1/4. Each iteration consists of two steps: a predictor step and a corrector 

step. The predictor step goes to a point outside the ,B-neighborhood but inside the 

(2/3)-neighborhood. Then the corrector step brings it back to a new point inside the 

/3-neighborhoocl again. 

The ,B-neighborhood and (2,B)-neighborhood of the central path are defined as in 

(3.3), for /3 and 2/3 respectively. 

The following is a formal statement of the algorithm: 

Algorithm 3.2 (l\1izuno-Todd- Ye Predictor-Corrector) Given a strictly 

feasible point (:c: 0
, y0

, z0
) E N(fJ) for fl:; 1/4, for k = 0, l, 2, ... , do 

{1) Solve the following system for the predictor step (LVxk, D..1yk, ~Pzk) 

D.:c: 

F '( k k k) ;r; 'y 'z 
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( 3) Solve the following system for the corrector step (~':ck, ~ 71k, ~ czk) 

F'("k •k •k) X ,Y ,z 

~x 

~y 

~z 

F( •k •k •k)+·k = - X ,Y ,z µ 

0 

0 

e 

d •k ('k)T•k; an µ = x z n. 

Q-quadratic convergence of the duality gap to zero for the Mizuno-Todd-Ye Predictor

Corrector algorithm (Algorithm 3.2) was established by Ye, Giiler, Tapia, and Zhang 

[25] in 1991. This quadratic rate of convergence is obtained when the predictor and 

the corrector steps are counted a.s a. single step; if they are not, then the rate is 

actually two-step Q-qua.dratic. 

In 1992, Zhang and El-Bakry [27] showed that a. modified version of the Mizuno

Todd-Ye predictor-corrector algorithm ha.cl the property that the iteration sequence 

that it generated converged to the analytic center. 

Soon after the result of Zhang and El-Bakry, Gonzaga and Tapia [10] proved that 

the Mizuno-Todd-Ye predictor-corrector algorithm itself, without any modification, 

generated an iteration sequence which converged to the analytic center. This result 

was extended by Bonna.ns and Gonzaga. [1] to basically a.ny primal-dual interior-point 

algorithm where the iteration sequence stays in a. small neighborhood of the central 

path. 

The Mizuno-Todd-Ye predictor-corrector algorithm has two characteristics that 

makes it unappealing for most practical purposes. The first one is that at each 

iteration the algorithm requires the solution of two linear systems of equations where 
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the matrices are of the same form as those for Algorithm 3.1. Hence, the cost per 

iteration is twice that for Algorithm 3.1. The second deficiency is the requirement 

that the starting fesible point must be inside the ,B-neighborhood of the central path. 
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Chapter 4 

Effective Computation of the Analytic Center 

In this chapter we discuss some numerical issues concerning the effective computation 

of the analytic center by the use of primal-dual interior-point algorithms. 

There are two important aspects associated with the b~havior of the iterates gen

erated by the algorithm that strongly influence the effectiveness of the computation 

of the analytic center, namely proximity to the solution, set and proximity to the 

central path. In the next sections we study these issues and their effect concerning 

the numerical behavior of the algorithms introduced in the Chapter 4. 

4.1 Proximity to the solution set 

Some practical implementations of the Generic Kojima.-Mizuno-Yoshise algorithm 

(Algorithm 3.1) have shown to be computationally very -effective for solving linear 

programming problems (see Lustig, Marsten and Shanno [13]). The good perfor

mance of these implementations seems to be related to the fast (Q-superlinea.r and 

Q-quadratic) local convergence behavior of the duality ga.p sequence to zero when the 

para.meters dicta.ting the a.mount of centering (a-k) or the step-length (rk) are chosen 

going to zero a.nd one, respectively. See Theorems 3.1 and 3.2 in Chapter 4. However, 

this fast convergence of the duality ga.p sequence to zero ca.n hinder the effectiveness 

of the computation of the analytic center since the sequence generated by the algo

rithm a.pproa.ches the solution set very fast a.nd is far from the analytic center; hence 

the stopping criteria. a.re met before the approximate solution is close to the analytic 
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center. Therefore, although the iteration sequence generated by the Generic Kojima

Mizuno-Yoshise algorithm (Algorithm 3.2) may theoretically converge to the analytic 

center under the conditions given by Proposition 3.3, in practice this convergence is 

not, for many cases, easy to attain. 

Another important aspect of how the convergence to the analytic center of the 

iteration sequence may be affected by the closeness to the solution set of the iterates 

is addressed by Proposition 2.1 in Chapter 3. Proposition 2.1 essentially states that 

in the case of degenerate problems, the matrix in the linear systems solved in the 

Generic Kojima-Mizuno-Yoshise algorithm (Algorithm 3.1) and in the Mizuno-Todd

Ye algorithm (Algorithm 3.2) is singular at any point of the solution set. The ill

conditioning of this matrix, when the iterates are very close to the solution set, may 

cause serious numerical problems that affect the computation of the analytic center. 

The next examples illustrate the points made in this section. 

Example 1 

Consider the problem 

n11n :r: 1 

s.t. :r 1 + 0.00lx2 + 2x3 = 6 

For this problem, S = {(0,6000 -2000.T:3 1 .1::3,0, 1,0,0),:r:3 E [0,3]}. Observe that 

there are multiple solutions to the primal problem. The analytic center of the solution 

set is the point (0, 3000, 1.5, 0, 1, 0, 0). The Jacobian matrix is singular at any point 

of ri(S) = { (0, 6000 - 2000x3, x3, 0, 1, 0, 0), X3 E (0, 3)}. 

Figures 4.1, 4.2, 4.3 and Table 4.1 show the performance of the Generic Kojima

Mizuno-Yoshise algorithm (Algorithm 3.1) for the primal variables and the final values 

of the gap and the feasible constraints, for a fixed value of the centering parameters 

erk and different values of the tolerance for the stopping criteria. 
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Notice that a decrease in the value of the tolerance results in very short steps for 

the iterates. 

Example 2 

Problem SCSD6 from the NETLIB test problems was solved using Algorithm 3.2. 

At iteration 76, IIX Ze/(xT z/n) - ell2 = 2.0105 (the iterates go out of the 2(3-

neighborhood). The value of the lrcondition number of the Jacobian matrix is 

l.1225e + 17 and the value of the gap is 7.5698e - 14. 

Therefore, for this problem, the convergence to the analytic center guaranteed by 

the theory for Algorithm 3.2 is not attained in practice. 

4.2 Proximity to the Central Path 

The concept of central path has played a crucial role in the design of most primal-dual 

interior-point algorithms. It is known that the closeness to the central path tends to 

keep the iterates away from the boundary and promotes the global convergence of the 

damped Newton method applied to the nonlinear system of equations F(x, y, z) = 0 

(see Proposition 2.1 and El-Bakry, Tapia, Tsuchiya and Zhang [6] for a very detailed 

explanation). Moreover, it was argued in Chapter 4 that algorithms, like the Mizuno

Todd-Ye (Algorithm 3.2), where the iterates are kept in a small neighborhood of the 

central path, converge to the analytic center of the solution set. Therefore, for the 

0.0 
0.0 
0.0 

Table 4.1 Ex<unpk l. Final Values for erk = 0.1 
Primal Primal Dual 

Variables Feasibility Feasibility 

2595.0 1.7 10-10 l.706xl0- 24 

2734.3 1.6 10 rn 2.22ox10-~0 

2825.7 1.6 10-10 1.309xl0-32 

Duality 
Gap 

x1'z 

3.917xl0- 6 

3.917x10-H1 

3.917xl0- 14 

Closeness to # of Cond. 
Anal. Center Iters Jae. Mat. 

0.1909 11 9.55xl015 

0.1253 15 l.75xl011 

0.0822 19 4.35xl01i,s 
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Figure 4.1 Primal Variables (:r: 2 , x 3 ) of Example 1, applying the 
Kojima-Mizuno-Yoshise a.lg. with tolerance= 10-5 
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Figure 4.2 Primal Variables (x 2 , x 3 ) of Example 1, applying the 
Kojima-Mizuno-Yoshise alg. with tolerance= 10-10 
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Figure 4.3 Primal Variables (.1: 2 , x3 ) of Example 1, applying the 
Kojima-Mizuno-Yoshise alg. with tolerance= 10-14 
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objective of computing the analytic center, good theoretical behavior results from 

the closeness of the iterates to the central path. However, there are two important 

practical aspects related with the adherence of the iterates to the central path that 

need to be considered for a.n effective cornp11t.at.io11 of the analytic cent.er. First, a 

strong adherence of the iterates to the central pa.th may result in slow performance of 

the algorithm, especially when this adherence is maintained far from the solution set. 

Example 3 illustrates this behavior. Second, for algorithms such as Mizuno-Todd-Ye 

(Algorithm 4.2), a practical and effective way of computing a feasible starting point 

in the required neighborhood remains a.n issue of contention. 

Example 3 

Table 4.2 compares the performance of the Algorithm 3.1 for problem AFIRO 

from the NETLIB test problems, for two fixed values of the centering para.meters 
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ak = a. Notice the difference in the number of iterations required by the algorithm 

for attaining approximately the same value, of the duality gap. 

I 

Table 4.2 Example 3. Problem AFIRO, solved with the 
Kojima-Mizuno-Yoshise alg. cohsidering two values of ak = a. 

Primal Dual Duality Closeness to 
Feasibility Feasibility Gap Anal. Center 

' \ a \ IIAx - bll2 \ IIA1 y+z-ell2 \ ' x 1 z 

0.8 1.5256 X 10-13 1.9978 X 10-15 , 0.4502 X 10-19 1.1984 X 10-6 

0.01 6.7074x-14 1.8853 X 10-15 0.9371 2.5620 X 10-6 

# of I 
Iters 

67 
14 

In summary, among the desired properties of an effective algorithm for computing 
> 

the analytic center are that the algorithm can be started from any feasible point 

and that the iterates be restricted to a small neighborhood of the central path only 

when they are close to the solution set. In the next section an algorithm motivated by 

these desirables properties is proposed. The algorithm has been designed to effectively 

compute the analytic center of the solution set. 
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Chapter 5 

Algorithm 

5.1 Description 

The algorithm proposed in this work is a modification of the Kojima, Mizuno, and 

Yoshise algorithm, and is similar to one presented in Gonzaga [9]. 

The following lemma can be found in Zha.ng a.nd Ta.pi a. [29]. It provides a. sufficient 

condition for a strictly feasible sequence {(:ck, yk, zk)} to converge to the analytic 

center of the solution set. 

Lemma 5.1 (Zhang-Tapia) Let {(:i:k, i, zk)} be a sequence of strictly 

feasible points. Assume 

(al) 

(a2) 

and 

IIXkzk//lk - ell2-+ 0, 

withe= (1, ... , If ER". 

( 5.1) 

(5.2) 

Then { ( :i:k, i/, zk)} converges to the analytic center of the solution set. 

Our approach to constructing an algorithm for computing the analytic center is 

to attempt to enforce conditions (5.1) and (5.2). 

The proposed algorithm will utilize two key ingredients: 
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• The notion of a ,8-neighborhood of the central path, defined for ,8 E (0, 1/4] as 

N(,8) = {(x,y,z): (x,y,z) E F, IIXz - µell2 ~ ,8µ}, (5.3) 

where 

µ = xTz/n. 

• The use of the damped Newton method applied to the system 

Ax- b 

F1,(x,y,z) = ATy + z - c = 0, 

XZe - µe 

with µ > 0, in order to approximate a point on the central path. A line-search 

technique is used as a globalization of Newton's method. For fixed µ > 0, the 

merit function considered is / 1, : R 2
n+m ---+ R defined by 

Observe that 

/ 1,(x,y,z) = ll(Xz - pe)/1tll~, for (x,y,z) E F. 

The function f" measures proximity or closeness to the central path at µ. 

The idea of the algorithm is to consider a sequence of gradually shrinking neigh

borhoods {N(,Bi)} of the central path with ,Bi ---+ 0. In the next section we will 

show that under certain assumptions the algorithm generates an iteration sequence 

{(xk,yk,zk)} such that a subsequence (xk1 ,yk1 ,zk1 ) belongs to N(,B·i). This sub

sequence is obtained by considering a sequence of p.1 s and for each fixed JI, using a. 

damped Newton's method (with a line-search globalization strategy) to approximately 

solve the system F1,(x, y, z) = 0. 

A description of the algorithm is the following: 



Algorithm 5.1 (Long-Step Shrinking-Neighborhood (LSSN) Algorithm) 

Consider a strictly feasible point w0 = (x0, y0, z0), a0 E (0, 1) and {3° E 

(0, 1). 

Choose a E (0, 1/2) and O < l < u < l. 

Do until convergence 

(0) Set k = o. 

(1) Define parameters: Setµ= a0 (xk)I' zk /n and /3 = {3k. 

(2) Proximity to the central path: If 

go to (6). 

(3) Compute new iterate: 

(3.1) Solve the following system for (6:r:k,t:.,l,t:.zk): 

i0. :z: 

F( k k k) =- x,y,z +11, 

0 

0 

e 

(5.4) 

(3.2) Choose Tk E (0, 1) and compute the step-length ak = min(l, rk&k), 

where 

(3.3) Form the iterate 

( 4) Line search: 
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(4.1) If 

fµ,( wk+l) :S: fµ,( wk) + aakV fµ,( ulf (tJa/, ,~t/, !J.:lf (5.5) 

go to (5). 

( 4.2) If not, reduce o/ :=po/, with p E [l, u] and form the iterate 

wk+1 = (xk+l, yk+1, zk+l) = (xk, :i/, zk) + ak(t:..-rk, ~/, t:,.zk). 

(4.3) Go to step (4.1). 

(5) Set k := k + 1 , (Jk = (3 and go to (2). 

(6) Set µ = a0 (xk)T zk /n. 

(7) Do (3.1), (3.2), (3.3). 

(8) Decrease /3-neighborhood: Choose f3k+1 :S: f3k. 

(9) Set k := k + 1 and go to (1). 

5.2 Convergence properties 
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In this section we prove that under certain assumptions the LSSN algorithm generates 

an iteration sequence which contains a subsequence that converges to the analytic 

center of the solution set. The convergence result is established by showing that under 

certain assumptions there exists a subsequence satisfying conditions ( 5.1) and (5.2) 

of Lemma 5.1. Therefore we need to study the behavior of the proposed algorithm 

with respect to the two objectives of decreasing the gap and centering the iterates. 

The following propositions address these issues. 

Proposition 5.1 Let { ( xk, r/, zk)} and { ci} be generated by the LSSN 

Algorithm (Algorithm 5.1). Define the following sets 

Icp = {k ~ 0: (:rk,l,zk) satisfies condition (5.4) in the algorithm },i.e. 
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l! = {k 2:: 1: (xk-1,/-1,zk-1) satisfies condition (5.4) in the algorithm }U{O}. 

For each k we denote by k'i;, the largest element in l;;, such that k'i;, S k 

and kcp the smallest element in lcp such that k S kcp . 

Define 
k-1 

ak = a 0 
/ IT (1 - am(l - am)), for k (/. lcp U l;;, 

m=ktp 

and 

Then 

(i) ak E (0, 1], for all k = 0, 1, .. 

(ii) ak = 1 if ak-l = 1, for k (/. lcp U 1~ 

(iii) aktp+l S aktP+2 S ... S O"l.,,p S l. 

Proof. 

Without loss of generality assume that k'i;, = 0 and consider k 

definition of l;;,, 1 E lcv U l;;,, then kcJJ = 1 and a 1 = a0 < 1. 

1. By the 

Let k = 2 and assume k (/. lcp U 1~. If this is not the case, then the same argument 

applies to the first k (/. lcv U 1~. Hence, k";p = 1. From the definition of a 2 we have 

that 

Since a 1 < 1, 

and 

al 
a2=------

l-a1(1-a1)" 

(jl 

0 < 1 < 1, 1 - a(l - a ) -
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therefore a 2 E ( 0, 1]. Moreover, a 2 = 1 if 0:'1 = 1. This completes the proof of ( i) and 

(ii). 

Using an inductive argument we obtain 

for all 2 ::; k ::; kcp· Therefore, 

Notice that the previous inequalities a.re'. strictly satisfied unless ak 

2 ::; k ::; kcp· This completes the proof of (iii). 

1 for some 

Proposition 5.2 Let {(xk,r/,zk)} and {O:'k} be generated by the LSSN 

Algorithm (Algorithm 5.1) and let ak for all k > 0 be defined as in 

Proposition 5.1. Then 

Proof. 

If k E Icp U 1:, ak = a 0 and by the tonstruction of the algorithm 

o(xkf zk k(xkf zk 
p=a ---=a 

n n 

If k (/. Icp U I;;,, assume without loss of generality that kdp = 0 and k = 2. 

Since F'(:c1
, y 1 , z1 )(.6:r1, ~;1, & 1) = -X1 Z 1 e + /le we have that Z 1 

~'T
1 + 

X & 1 = -X1 Z1e + Jle. Therefore, 

(:rl + O:'lt.:rlf(zl + 0:'1&1) 

(:c:1 f zl(l - 0:'1) + n0:'111. (5.6) 

D 



Multiplying both sides of equation (5.6) by a 2 /n, using the definition of 

a 2 and the fact that 

we obtain 

The use of the same argument in an inductive manner for k ~ kcp com

pletes the proof of (i). 

Result (ii) follows in a straightforward manner from (i) and equation (5.6). 

D 

Proposition 5.3 Consider p, > 0 fixed and let {wk} = { (xk, yk, zk) }, 
{ D.1.Dk} = { ( ~r,k, D.IJk, &k)} a.nd { ak} be generated by the LSSN algo

rithm (Algorithm 5.1). 

Then, 

(i) 13;,_wk is a descent direction for the merit function 

2 
XZe - µe 

Jµ(:r,y,z) = 
2 

(ii) /µ(u/+ 1
) ::; (1 - aak)/1,(-ul), where a E (0, 1) is chosen as in the 

algorithm. 

( ... ) II xkzk II f ( k)l/2 lll (xk)T zk /n e - e 2 ~ . µ 'W . 

The following lemma will be used in the proof of Proposition 5.3. 

Lemma 5.2 Consider (:r,y,z) E IR.2n+m, (x,z) > 0. Let 

JL = arg min IIX Ze - JLell 2 , JI· > 0. 
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Then, 

Proof of Lemma 5.2. 

Let g(µ) = JJXZe - µeJJ~, then, 

A XT z 
µ=-. 

n 

n 

g'(Jt) = -2°L(xiZi-µ) 
i=l 

Therefore, we have that g'(Jt) = 0 if and only ifµ= xT z/n, with g"(µ) = 

+2n > 0. 

It follows that, 11 = xTz/n. 

Now, we proceed to the proof of Proposition 5.3. 

Proof of Proposition 5.3. 

Since wk E F+ we have 

Hence, 

This implies that, 

Therefore, 

--;( ( F'f (ul)Ftt( wk) f ( (F')-1 
( wk)F1,( wk)) 

Jl 

--; Fi; (wk)F1,( wk) 
Jl 
2 

- 2 JJF1,(u/)JJ~ < 0 
Jl 

D 
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and (i) follows. 

Part (ii) can be demonstrated in a straightforward manner from condition (5.5) 

of the algorithm. 

Now, let us prove part (iii). By Lemma 5.2, we have 

X' Z'e - (x'~T z' ell, :S IIX' Z'e - µell,' 
for all k. 

But, 

Hence, 

which implies that 

ll
xk zk (xk)Tzk II 

e - n e 2 < f1,(u/)1/2 ( µ ) . 
(xk)T zk /n - (xk)T zk /n 

By (i) of Proposition 5.2, µ = O"k(xkf zk /n, with O"k E (0, l]. Therefore 

xkzke 
---- - e :::; fµ( u/)1/20"k :::; f1,( wk)I/2. 
(xk)T zk /n 2 

Moreover, if O"k = 1 we have that 

D 

The previous propositions state that while condition (5.4) (closeness to the central 

path) in Algorithm 5.1 is not satisfied, /l will be considered fixed and the dominant 

direction will be the centering direction in the sense that the amount of gap decrease 

will be smaller at ea.ch iteration ( as a consequence of the increasing values of the 

centering parameter O"). 

The next lemma is needed for proving that under mild assumptions, condition 

(5.4) from the algorithm (closeness to the central pa.th) is always satisfied. 
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Lemma 5.3 Consider p > 0 fixed a.nd let { (x\ y\ zk)} a.nd { (&\ b.?/, &k)} 

be generated by the LSSN algorithm (Algorithm 5.1). 

Assume 

min(Xk zke)/xkT zk 2 1 /n for all k and some I E (0, 1). 

Then, 

for all k 2 0 and some 1\1. 

Proof. 

Suppose (xkf zk 2 E for some E > 0 and for all k 2 0. By hypothesis, 

hence 

k A, (xkf zk 
:ri z, 2 ,---, 

ri 

for all k 2 0 and i = 1, · · · , n. 

(5.7) 

Let :F0 = {(x,y,z) E F: xTz S (:r: 0f z0
}. This set is bounded (see the 

proof of Lemma. 2.1 in Zhang and Tapia [29]). Moreover, by Proposition 5.2, 

the iterates (xk, yk, zk) E :F0 • Therefore, equation 5.7 implies that {xk} 

and {zk} are bounded away from zero for all k 2 0. 

Let us denote wk = ( xk, yk, zk) and t::.Jvk = ( ~'Tk, ~l, L~:/). It follows 

from the boundedness of the sequences { :r:k} a.nd { zk} that there exist 

constants C and 1\11 such that 

-1 

S C 

2 



and 

(5.8) 

Now, suppose that (xk? zk --t 0. By Theorem 3.2 from Tapia, Zhang, and 

Ye [21] we have that 

(5.9) 

for some constants C1 , C2 > 0, and a-k defined as in Propositions 5.1 and 

5.2 (a-k ~ 1). 

Equation (5.9) implies that there exist N1 > 0 and N2 > 0 such that 

(5.10) 

and 

(5.11) 

Since we are assuming that ra.uk(A) = m, then is.!/ is uniquely determined 

by the expresion 

(5.12) 

Therefore, (5.11) and (5.12) imply that there exists N3 > 0 such that 

(5.13) 

The final result follows from (5.8), (5.10), (5.11) and (5.13). D 
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The next theorem states that under certain assumptions the iteration sequence 

generated by the LSSN a.lgorithm, when /I > 0 is fixed, approaches the central path. 

Theorem 5.1 Consider p >()fixed and let {(xk, yk, zk)} and { (~rk, ls.Ji, &k)} 

be generated by the LSSN Algorithm (Algorithm 5.1) with the parameter 

choice { Tk}. 

Assume 



(al) min(Xk zke)/xkT zk :::: 1 /n for all k and some I E (0, 1). 

(a2) Tk:::: T for all k and some TE (0, 1). 

Then, 

Proof. 

Let us call ak = min(l, Tkci), where 

It is known (seethe proof of Theorem 3.1 in Zhang, Tapia, and Dennis [30]) 

that assumptions (al) and ( a2) imply that cik is bounded away from zero. 

Let wk= (xk,yk,zk) a.ncl 6.u/ = (6.:r\!:ri/,6.zk). Suppose that ak = ak 

in infinitely many iterations; then it follows from (ii) of Proposition (5.3) 

that 

(5.14) 

Now, suppose that ci < ci for k sufficiently large. It is known ( e.g. see 

Theorem 6.3.3 in Dennis and Schnabel [5] and the consequent discussion) 

that the backtracking line search used in the LSSN algorithm (Algorithm 

5.1) produces 

But, 

'Vf1,(wkf biwk -+ 0 

llbiwkll2 
(5.15) 

(5.16) 

(see the proof of Proposition (5.3)). Moreover, by Lemma 5.3, we have 

that llbi!1/1i 2 ::; 1\1 for all k:. Therefore, equations (5.15) and (5.16) imply 

(5.17) 

49 



By (iii) of Proposition (5.3), 

Thus, it follows from (5.14) and (5.17) that 

{ 
xkzke 

ll(xk)Tzk/n - eiJ2-+ 0. 
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D 

As a consequence of Theorem 5.1 we Have that if the parameters (3i that define 

the neighborhoods of the central path are chosen so that they go to zero and the 

assumptions of Theorem 5.1 are sati:,fied,, then the iteration sequence generated by 

Algorithm 5.1 possesses a subsequence con~erging to the analytic center of the solution 

set. The next corollary states this result. 

Corollary 5.1 Let {(:ck,!/, zk)} be generated by the LSSN algorithm 

(Algorithm 5.1) with parameter choices a 0 E (0, 1), {/3k} and { rk}. Assume 

(al) min(Xkzke)/:i:kT zk ~ 1/n for a.11 k and some I E (0, 1). 
-~~ 

(a2) (3k -+ 0. 

(a3) Tk ~ T > 0 for all k and some TE (0, 1). 

Then, there exists a :,ub:,equence of { (:ck, yk, zk)} that converges to the 

analytic center of the solution :,et. 

Proof. 

For each j > 0, consider 13.i. By As:,umption:, (al), (a3), and Theorem 5.1, 

there exists k1 such that 



By assumption (a2) it follows that 

(5.18) 

Now, for each j > 0, Propositions (5.1) and (5.2) imply that 

Hence, 

It is known (see the proof of Theorem 3.1 in Zhang, Tapia, and Dennis 

[30]) that assumptions (al) and ( a:3) imply that -ci:k1 :::: C > 0 for all ki 

and for some C. 

(5.19) 

The remainder of the proof follows from (5.18), (5.19), and Lemma 5.1. 

D 
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Chapter 6 

Numerical Experience 

In this chapter we will discuss the numerical results obtained from applying the LSSN 

algorithm (Algorithm 5.1) to real-world DEA problems and to NETLIB test problems. 

The experiments were performed in 64 bit arithmetic using a code implemented 

in MATLAB. 

The starting point for the algorithm is obtained following Lustig, Marsden, and 

Shanno [13] and is not necessarily feasible. The code generates a sequence of iterates 

that approach feasibility and that drive the gap to zero. 

The line-search strategy (backtracking) defined in step ( 4) of the LSSN algorithm 

was implemented using the value a= 10-4 and a fixed value p = 1/2. 

In all the problems, the para.meters rk were chosen as 

therefore rk = 0.95 far away from the solution set and is closer to 1 when the duality 

gap is small. 

The choices of the parameters o-0 and fJj are described and studied in the following 

section8. 

We will say that a. problem is solved to an accuracy of 10-m for some positive 

integer m if the algorithm is terminated when 
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In this study all the problems were solved to an accuracy of 10-s. The algorithm stops 

when the problem is solved to the given accuracy or when the number of iterations 

reaches 200. 

The DEA problems presented in the first section of this chapter were solved using 

a Sun 4/490. The problems presented in the second and third sections were solved 

using a Sun 4/model 670-120. 

6.1 DEA Problems 

There are two main objectives in this section. The first one is to show that the solution 

computed by using the LSSN algorithm is the analytic center solution for each of the 

considered problems. The second objective is to use the computed solution and the 

following lemma (Lemma lOA from Charnes, Cooper and Thrall [4]) to classify the 

DMU' s of each problem into the six classes E, E', F, NE, NE', NF. 

Lemma 6.1 (Charnes-Cooper-Thrall) Let (0 0 , A0 , S 0 ) and (u 0 , v0 , t 0 ) be 

a SCSC solution of problems (1.1) and (1.3), for a selected DMU0 • 

Then, Dl\1U0 belongs to 

E iff 00 = 1, S 0 = 0, and t 0 j > 0 for all j =/=- o. 

E' iff 00 = 1, S0 = 0, and t 0 j = 0 for some j =/=- o. 

F iff 00 = 1, S\, =/=- 0. 

NE iff 00 < 1, S 0 = 0, and for some DJl.1Uk Aok =/=- 0 and A0 j = 0 for 

allj=/=-k. 

NE' iff 00 < 1, S0 = 0, and more than one >. 01 is nonzero. 

NF iff 0a < l,S0 =/=- 0. 
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The problems considered come from Thompson, Langeimeier, C. Lee, E. Lee, and 

Thrall [23] and Thompson, Lee, and Thrall [24]. 

We present a summary of the results obtained for the following problems: 

(Pl) Kansas Farming Problem: Problem I from [23]. This problem consists of 32 

wheat farms (32 DMU' s ), 4 inputs and 1 output, with normalized output. 

(P2) Oil-Gas Firms Problem: Problem II (Ratio case) from [24]. This problem con

sists of 30 Oil-Gas Extraction firms (30 D MU' s ), 4 inputs and 2 outputs. 

For all the problems in this section we chose a-0 = 0.01. The parameters {31 were 

chosen such that !3-i+I = (/3·i) 2 , for a.11 j = 0, 1, ... , and /3° = 0.25. In the problems 

considered in the next section, a more refined selection of the parameters f3J , based 

on a heuristic approach, is used. For all of the problems presented in this section, 

the line-search (globalization) technique was not necessary. This is to say that the 

Armijo condition given in step ( 4.1) of the algorithm was always satisfied and it was 

never necessary to reduce the value of the step-lenght parameter ak as in step ( 4.2) 

of the algorithm. 

Following the notation used in this work, we denote by ( 0, .\, S) and ( u, v, t) solu

tions for the linear programming problems ( 1. 1) and ( 1.3) respectively, and the matrix 

A and the vectors c, b, .T and z are as in Chapter 3. 

As an illustration of the output obtained by using the algorithm, we show the 

results for DMU1 , Dl\1U8 and Dl\1U32 from problem Pl, in Tables 6.1, 6.2 and 6.3. 

By counting the number of nonzero va.lues it may be observed that the solutions 

obtained are SCSC solutions in ea.ch problem, so any of these tables may be used 

directly to classify the respective DJi1U's using Lemma 6.1. 

Tables 6.4-6.7 contain a. summary of the information needed to use Lemma. 6.1 to 

classify the different Dl\1U' s for problems Pl and P2 respectively. 
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Tables 6.5-6.8 contain the dual or multiplier solutions for the DMU' s in E, for 

problems P 1 and P2 respectively. 

Tables 6.6-6.9 contain the nonzero values of the primal or envelopment solutions 

for all the DMU' s for problems Pl and P2 respectively. 

Columns 2 and 3 of Tables 6.4-6. 7 show that the solutions obtained for each of 

the DMU' s are SCSC solutions. 

For the Kansas Farming Problem (problem Pl) we obtain: 

E = {DMU1, for j = 8, 9, 14, 15, 16, 31} 

NE'= {D.M-U3i} 

All other D MU' s belong to NF. 

For the Oil-gas Firms Problem (problem P2) we obtain: 

E = {Dl\1U1, for j = l,2,3,5,9,11,12,15,19,23,24,26,29} 

All other D 1\1 U' s belong to NF. 
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Table 6.1 Kansas farming problem: Results for DMUl 
s I o 

0.47735251e-ll 0.63486621e+oo 0.82998340e-11 0,63486621e+oo 0.47735251e-ll 0.36513378e+oo 
0. 73122559e-ll 0.82998340e-11 0.41444800e+oo 0.36513378e+oo 
0.52765680e-03 0.13374312e-11 0.57434109e-08 0.22659481e+Ol 
0.30482097e-10 0.50249126e-10 0.99420646e-01 0.60310498e-Ol 
0.11947702e-ll 0.46900949e-11 U.2536512Ge+Ol 0.64615959e+oo 

0.84941468e-12 0.35678095e+Ol 
0.76423036e-11 I 0.39654926e+oo 
0.78947566e-11 .I o .38386868e+oo 
0.11334950e+oo 0.26736331e-10 
0.41917197e-10 0.72298483e-01 
0.44193308e-ll 0.68574857e+oo 
0.57996357e-11 0.52254140e+oo 
0.38116708e-11 0. 79507124e+oo 
0.92633779e-11 0.32715386e+oo 
0.25766818e-10 O.ll 761443e+oo 
O.ll009328e+oo 0.27527108e-10 
0.77655721e+oo 0.39025455e-11 
0.14982533e-l 1 0.20227219e+Ol 
0.500714:38e-11 0.60524520e+oo 
0.438855 7 4P.-11 0.69055717e+oo 
0.1907 4 798e-11 0.15887716e+Ol 
0.3182U70:3"-11 -~ 0.95211375e+oo 
U.191582G.'ie-l l U.15818498e+Ol 
0.274818:35e-11 0.11027465e+Ol 
0.41785000e-l l 0.72527218e+oo 
0.19642295e-10 o.15428694e+oo 
0.927996.34e-l 2 0.32656916e+Ol 
0.42572130e-l l 0.71186239e+oo 
0.515.33093e-11 0.58807839e+oo 
0.52609960e-11 0.57604107e+oo 
O. l 2734295e-ll 0.23798330e+Ol 
0.552G3229.,_ 11 0 .54838450e+oo 
0.8210GG3.'ie-l l o .36909926e+oo 
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Table 6.2 Kansas farming problem: Results for DMUS 
s 

! I o I ,\ I w = (u v) I v 1 
Xg - 1 I 

0.57010563e-13 O.l0000000e+0l 0.44077380e-13 o .1 oooooooe+o1 0.57010563e-13 0.12934199e+Ol 
0.89797198e-13 0. 75369056e-14 0.6348813le+oo 0. 7564187De+0l 
0.45960883e-13 0.8694187le-13 0.12404148e+0l o.65573195e+oo 
0.13235610e-12 0.29921637e-13 0.4307362De+0O 0.1905329De+0l 
0.2460570le-12 0.89699983e-14 0.23169656e+oo 0.63556939e+0l 

0 .3308385 2e- l 3 0.1723214le+Ol 
0.65312386e-13 0.87289052e+oo 
0.lO000000e+0I 0.57010563e-13 
0.853G1277e-13 0.66787383e+oo 
U.30335240e-l:3 0.18793510e+0l 
0.44Gl8999e-13 0.12777194e+Ol 
0.34307347e-13 0.16617596e+0l 
0.337%G82e-13 0.16869185e+0l 
0. 7UG4UU50e-13 0.80695441e+ou 
0.4597U2GGe-l 2 0.12399189e+oo 
0.100228fi5e-l 2 0. 56880503e+oo 
0.U4030002e-14 0.60630184e+Ol 
0.53GG715Ge-13 0.10622989e+Ol 
U.G24274:32e-13 0.91322934e+oo 
0.13302158e-13 0.42858130e+0l 
U.341G8522e-13 0.16685112e+0l 
0.11153513e-13 0.51114444e+0l 
0.319042G0e-13 0.l 78692G3e+0l 
0.2259004le-13 0.25237034e+0l 
0. 79895250e-13 0. 71356637e+oo 
0.97854G42e-14 0.58260458e+o1 
0.4154G884e-13 0.13721983e+0l 
0.2G748897e-13 0.21313238e+0l 
0.281G3195e-13 0.2024293le+0l 
0.G84349:34e-14 0.83306229e+o1 
0.20519577e-13 0.27783497e+0l 
0.4491151 le-13 0.12693975e+o1 
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Table 6.3 Kansas farming problem: Results for DMU32 
s I o 

0.28531208e-14 0.64716574e+oo 0.48829987e-14 0.64716574e+oo 0.28531208e-14 0.37813690e+oo 
0.73400885e-14 0.11058994e-14 0.25155582e+oo 0.16696292e+0l 
0.25882557e-15 0.15697057e-13 0. 71339243e+0l 0. l l 762982e+oo 
0.27349488e-13 0.29466163e-14 0.67512855e-Ol 0.62663130e+oo 
0.12557522e-14 0.48622214e-15 0.14 703872e+0l 0.37975276e+0l 

0.30917312e-14 0.59721946e+oo 
0.69696119e-14 0.26492752e+oo 
0.45 l 22445e-01 0.40920700e-13 
0.l 5813033e-13 0.11676709e+oo 
0.31U00244e-14 0.59562177e+oo 
0.42Hl3752e-l 4 0.43761029e+oo 
0.34U84343e-14 U.54172734e+00 
0. 7937265Ge-14 o. 23262948e+oo 

0.12639481 e+oo 0.14608526e-13 
0.23507316e+ou 0.78547546e-14 
0.59340957e+oo 0.311158lle-14 
0.12744576e-14 0.1448806le+Ol 
0.38418U33e-14 0.48061857e+oo 
0.36242575e-14 0.50946766e+oo 
0.15991487e-14 0. ll 546406e+0l 
0.23781492e-14 0.77641976e+oo 
U.128104(iGe-14 0.14413543e+0l 
0.16fi31163e-14 0.11102302e+Ol 
0.31034457e-14 0.59496514e+oo 
0.80833477e-14 0.2284254le+oo 
0.701951:J0e-15 0.26304417e+0l 
0.34898084e-14 0.52909553e+oo 
0.728:J8120e-15 0. 2 5349941 e+Ol 
0.26647670e-14 0.69290938e+oo 
0.10843375e-14 0.l 7028295e+0l 
0.47S0:3792e-14 o.38625430e+oo 
0.52331712e-14 0.35283425e+oo 
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Table 6.4 Results for the Kansas farming problems 

1 6.3487e-01 5.2766e-04 6.0310e-02 5.2766e-04 8 15 16 NF 
2 4.5162e-0l 2.3815e-02 2.l 789e-02 5.4174e+oo 8 14 NF 
3 9.6969e-01 4.3558e-03 3.0309e-02 4.3558e-03 9 15 16 NF 
4 5.3024e-01 3.465le-01 2.3649e-02 4.1843e-Ol 8 14 16 NF 
5 1.5106e-01 3.4519e-03 8.4651e-03 3.4519e-03 8 15 16 NF 
6 7.8899e-01 2.9878e-02 4.7398e-02 1.8294e+oo 8 16 NF 
7 7.7507e-01 3.312le-02 3.7395e-02 1.9713e-01 8 14 NF 
8 l.O000e+00 2.3170e-0l 1.2399e-01 5.7118e-13 8 E 
9 1.0000e+oo 2.6241e-02 7.9946e-02 4.6025e-12 9 E 
10 8.1561e-01 1.1183e-02 1.7065e-01 3.1344e+oo 8 NF 
11 6.3743e-0l 7.6213e-03 3.0754e-02 4.9780e-01 8 14 NF 
12 6.8896e-01 2.7369e-02 5.0417e-02 5.5087e-01 14 15 NF 
13 9.4779e-0l 6.1937e-0l 1.6970e-02 2.7653e+oo 8 14 16 NF 
14 1.0000e+oo 1. 7030e-02 2.02We-0l 4.4938e-12 14 E 
15 l.0000e+00 2.811 le-02 6.0560e-0l l .2408e-12 15 E 
16 l.0000e+00 2.985le-02 7.2386e-02 4.7218e-12 16 E 
17 4.2907e-Ol 2.2462e-02 l.8105e-01 2.7632e+00 14 NF 
18 6.4311e-01 3.9577e-02 4.7062e-02 8.5941e-02 14 15 NF 
19 6.8578e-01 5.1246e-02 5.0184e-02 l.4179e-01 14 15 NF 
20 4.3438e-01 4.0239e-02 8.9820e-03 1.1709e+00 8 14 NF 
21 5.0561e-01 4.9383e-02 7.3112e-02 4.9383e-02 8 14 15 NF 
22 3.6053e-01 2.356le-01 1.9861e-02 1.5674e+oo 8 14 16 NF 
23 3. 7680e-01 4.9142e-04 2.G90le-0l 8.3244e-03 8 15 NF 
24 6.0339e-01 3.9431e-0l 3.3238e-02 1.5156e+O0 8 14 16 NF 
25 8.0449e-01 8.0235e-03 5.4330e-02 8.0235e-03 8 15 16 NF 
26 2.3553e-01 3.6162e-02 l.7236e-02 1.6238e-0l 14 15 NF 
27 6.8683e-01 1.1417e-02 5.0261e-02 5.836le-Ol 14 15 NF 
28 7.4989e-01 3.9878e-02 3.6180e-02 7.8296e-01 8 14 NF 
29 5.5820e-0l l.0230e-02 3.3534e-02 4.2322e-0l 8 16 NF 
30 4.5968e-01 2.1411e-02 2.2178e-02 5.9699e+oo 8 14 NF 
31 1.0000e+oo 9.473le-05 9.5463e-04 l.8868e-11 31 E 
32 6.4717e-0l 6. 7513e-02 4.5122e-02 3.9057e-14 8 14 15 16 NE' 
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Table 6.5 Results for the Kansas farming problems 

DUAL MULTIPLIERS w = ('U, v) FOR THE DMU's IN E 
DMU Ul Vl V2 V3 V4 

8 1.0000e+oo 6.3488e-01 1.2404e+00 4.3074e-01 2.3170e-01 

9 1.0000e+oo 3.4861e-02 5.9672e-01 2.6241e-02 2.8584e+Ol 

14 1.0000e+oo 3.9452e-02 2.0995e+0l 1.7030e-02 1.1569e+Ol 

15 l.O000e+00 2.Sllle-02 1.0096e+00 l.0009e+oo 2.5996e+oo 
16 l.0000e+00 4.852le-01 2.2580e+oo 2.985le-02 l.4103e+01 
31 l.0000e+00 l.9060e-01 4.1392e+oo 9.4731e-05 2.0512e+0l 

Table 6.6 Results for the Kansas farming problems 
NONZERO PRIMAL VARIABLES A 

1 As=l.1335e-01 A1s=l.1009e-01 A16=7.7656e-0l -

2 A8 =3.3197e-01 .X14 =G.6803e-0l - -

3 As=7 .3275e-0l A14=l.7646e-01 A 16=9 .0795e-02 -

4 A8 =3.7650e-01 >.14=2.3649e-02 Al6=5.9985e-01 -

5 As= 1.6781e-01 >.14=8.2373e-01 AIG=8.465le-03 -

6 As=4.0857e-0l Arn=5.!) 14:3e-0 1 - -

7 As=5.3739e-01 ,\ 14 =4.62(i le-01 - -

8 ,\s=l.0000e+00 - - -

9 Ag= l .0000e+00 - - -

10 As= l .0000e+00 - - -

11 As=7.0385e-01 A14=2.9G15e-0l - -

12 .-\14=5.4344e-0l .X1s=4.565Ge-0l - -

13 As=3.8210e-01 >.14=1.6970e-02 Al6=6.0093e-01 -

14 A14= l .0000e+00 - - -

15 A15=l.0000e+00 - - -

16 Al6=1.0000e+00 - - -

17 A14=l.0000e+00 - - -

18 .-\14=2.4369e-01 >-1s=7.563le-0l - -

19 .-\14=1.970le-01 >-1s=8.0299e-01 - -

20 >-1 =4.3438e-0l .X9 =8.9820e-03 A1s=9.9102e-0l -

21 .Xs=2.55lle-01 .X14=3.5935e-01 A1s=3.8554e-01 -

22 As=l.0156e-01 >.14=7.2320e-02 Arn=8.2Glle-01 -

23 -Xs=6.1535e-0l A1s=3.8465e-0l - -

24 As=2.9293e-0l A14=2.9882e-01 Arn=4.0825e-01 -

25 As=5.4330e-02 A1s=3.8062e-0l Arn=5.6505e-01 -

26 A14=5.9808e-0l A1s=4.0192e-01 - -

27 A14=2.0409e-0l ,\u;= 7.959le-01 - -

28 .Xs=8.8701e-02 ,\14=9.1130e-01 - -

29 .Xs= 1.2523e-0 1 >-rn=8.7477e-01 - -

30 .Xs=l.0537e-01 .X14=8.9463e-01 - -

31 .-\31 = l.0000e+00 -- - -

32 As=4.5122e-02 ,\ 14= 1.2G39e-01 >-1s=2.3507e-01 Al6=5.9341e-01 
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Table 6. 7 Results for the Oil/Gas firms problems 

1 l.0000e+O0 l.1395e-04 l.4141e-02 7.5891e-11 1 E 
2 l.0000e+O0 2.1788e-03 4.5875e-02 5.4520e-13 2 E 
3 l.0000e+O0 2.5435e-03 3.3921e-03 4.6569e-11 3 E 
4 7.2614e-0l l.l 798e-0l 7.8232e-03 l.5079e+OO 9 23 26 NF 
5 l.0000e+00 3.0406e-03 2.3723e-01 2.3705e-14 5 E 
6 9.4024e-01 1.4180e-03 3.9281e-03 5.9584e+OO 9 19 26 NF 
7 7.9612e-0l 4.1168e-04 l.2080e-02 3.7405e+OO 15 19 26 29 NF 
8 5.5799e-01 7.8339e-04 4.3760e-02 4.4637e-01 11 19 23 26 NF 
9 l.0000e+00 l.1820e-03 l.5607e-02 l.2403e-11 9 E 
10 6.4746e-0l 6.5483e-03 2.5451e-03 7.1769e-02 1 5 24 26 NF 
11 l.0000e+00 1. 7149e-04 4.4009e-04 8.2657e-18 11 E 
12 l.0000e+00 2.4588e-03 2.0083e-02 7.4641e-15 12 E 
13 6.0141e-01 6.7137e-04 l.0454e-02 l.2281e+0O 15 19 26 29 NF 
14 2.6143e-0l 8.7400e-03 2. 7892e-03 l.0903e+oo 1 26 NF 
15 l.0000e+00 1.6835e-03 2.5313e-0l 5.7282e-14 15 E 
16 3.9684e-01 8.6391e-03 4.2020e-03 9.4331e-01 11 19 23 26 NF 
17 7.9127e-0l 3.2060e-03 6.6778e-03 5.353le-01 9 19 26 NF 
18 6.1208e-01 l.5648e-02 4.7808e-03 l.5648e-02 2 19 23 26 NF 
19 l.0000e+00 4.4342e-02 4.6668e-01 6.1287e-15 19 E 
20 5.4550e-01 2.3840e-02 1.5682e-02 7.4206e-02 2 19 23 26 NF 
21 5. 7068e-01 9.0396e-03 6.3437e-03 4.3583e-01 9 26 NF 
22 9.1175e-01 1.3689e-02 1.108le-02 3.080le+00 15 26 29 NF 
23 l.0000e+00 2. 7210e-02 l.0000e+00 1.0015e-15 23 E 
24 l.0000e+O0 2.6999e-05 5.3297e-03 4.0545e-14 24 E 
25 8.5307e-0l l.6499e-03 4.9890e-03 3.3016e+00 2 19 23 26 NF 
26 l.0000e+00 1.6248e-03 3.2859e-02 l.7429e-14 26 E 
27 4.6902e-01 l.8874e-02 l.1944e-02 l.8138e+00 15 26 29 NF 
28 5.3820e-01 3.8300e-03 8.3330e-03 9.1593e-02 11 19 23 26 NF 
29 l.0000e+00 l.1265e-03 2.6538e-02 1.4605e-14 29 E 
30 6.7486e-01 4.4651e-03 4.4619e-03 4. 7914e-0l 15 26 29 NF 
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Table 6.8 Results for the Oil/Gas firms problems 
DUAL MULTIPLIERS w = (u, v) FOR THE DMU's IN E 

DMU Ul U2 Vl V2 V3 V4 
1 1.0053e-01 7.5247e-02 l.1407e-02 8.462le-02 l.1395e-04 5.8077e-02 
2 5.2761e-0l 3.5953e-01 l.6787e-02 l.3186e+oo 2.l 788e-03 7.0068e-02 
3 2.1734e+00 3.7393e-02 3.389le-03 2.9802e-01 3.3934e-02 2.5435e-03 
4 l.2225e+00 2.6358e-01 4.7415e-03 3.0406e-03 3.7762e-03 8.3022e-0l 
5 9.8530e+00 7.1545e-02 2.0850e-02 l.9476e+00 7.9175e-02 l.1820e-03 
6 7.6593e+00 l.7115e+oo 6.4374e-0l l.1002e+00 2.4027e-01 l.7149e-04 
7 2.6326e+00 2.4588e-03 2.5770e-03 7.0159e-03 3.8157e-02 2.7267e-01 
8 3.8882e+oo 3.1194e-01 7.4720e-03 2.7055e-02 9.6971e-0l l.6835e-03 
9 7.7356e+oo 2.5336e+oo 4.4342e-02 3.2403e+oo l.5156e-01 l.0898e+oo 
10 6.9897e+0l 8.9983e+00 3.775le-0l 2.8099e+02 5.8142e-02 2.7210e-02 
11 3.1337e-01 5.5737e-04 3.5389e-03 4.1623e-04 2.6999e-05 7.3642e-02 
12 7.6442e-01 2.8138e-02 1. 7083e-0 1 l.0578e-02 l.6248e-03 3.4998e-02 
13 l.1507e+0l 2.54G7e-0l 4.5919e-02 l.1265e-03 l.1704e+oo 9.3267e-02 

Table 6.9 Results for thJ Oil/Gas firms problems 

IDMU! NONZERO PRLMAL VARIABLES ,\ 

1 ..\1 = 1.0000c + 00 - - -

2 ..\2 = 1.0000c + 00 - - -

3 A3 = 1.0000c + 00 - - -

4 Ai, = 7 .82321' - 0:3 >-2:3 = 2.(i\J42t + 00 A2G = 2.6125e - 02 -

5 A5 = 1.0000c + 00 - - -

6 A9 = 5.4Glle - 01 >119 = 4.8105e - 01 >-:rn = l.1783e - 01 -

7 A15 = 8.9817c - 02 A1l1 = l.187le + 00 A26 = 1.4027c - 01 A29 = 2.5732e - 02 
8 Au = 1.6993c - 01 Ail) = l.09f:i8e + 00 A23 = 8.3803c - 01 A2s = 4.7418e - 02 
g ..\9 = l.0000e + 00 

~ - .. , - -

10 ..\1 = 2.5451c - 03 ,\5 = l.1024e - 01 ..\24 = 5.1342c - 03 A2B = 2.4428c - 02 
11 A11 = 1.0000c + 00 - - -

12 A12 = 1.0000c + 00 - - -

13 A15 = 5.6227c - 02 A19 = 7.9042c - 01 A26 = 5.1826c - 02 A29 = 1.0454e - 02 
14 A1 = 2.7892e - 03 A2G = l .8558e - 02 - -

15 A1 = l.0000e + 00 - - -

16 A11 = 1.9063e - 02 A11) = 4.621:3e - 02 ..\23 = 3.081le - 02 A26 = 4.2020e - 03 
17 A9 = 9 .4548e - 03 A19 = 1.8473c - 01 A26 = G.6778e - 03 -

18 ..\2 = 4.7808e - 03 ..\19 = 8.oti2'.2e - 02 A23 = 2.0079e - 01 ..\26 = 9.2983e - 03 
19 A19 = l.0000e + 00 - - -

20 A2 = l.2193e - 01 ,\19 = 1.72701' - 01 A23 = 5.139Ge - 01 A26 = l .5682e - 02 
21 A9 = l.4964e - 01 A2c. = f:i.3437 e - 03 - -

22 A15 = 4.0172e - 02 A2G = l.108le - 02 Aw = l.7340e - 0223 A23 = l.0000e + 00 
24 A24 = 1.0000e + 00 - - -

25 A2 = l .3020e + 00 ..\11, = 9.49D8t; + 00 ..\23 = 2.:3073e + 01 ..\26 = 5.5866e - 01 
26 A2B = l .0000e + 00 - - -

27 ..\15 = 2.3529e - 02 ..\ 2 r; = l.1944e - 02 ..\w = 4.8987 e - 02 -

28 ..\11 = :3.6102c - 02 ..\1D = G.G127r - 02 ..\23 = 7.3328e - 01 A26 = 8.3330e - 03 
29 Aw = 1.0000c + 00 - - -

30 Au; = 4.49:He - 0'.2 ..\ 2(; = l.0155e - 02 >-2i, = 4.4619e - 03 -
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6.2 More general problems 

In this section we consider a subset of the NETLIB test problems and we study 

the performance of the LSSN algorithm (Algorithm 5.1) when applied to that sub

set of problems. The main objectives of this section are to study the effect of the 

choice of the para.meter o-0 in the performance of the LSSN algorithm and to compare 

this performance to the performance of the algorithms introduced in Chapter 3 ( the 

Generic Kojima-Mizuno-Yoshise algorithm (Algorithm 3.1) and the Mizuno-Todd-Ye 

algorithm (Algorithm 3.2) ). 

Unless it is otherwise explicitly stated, the parameters (:Ji which define the neigh

borhoods of the central path are chosen in the following way: 

{3° = 0.25 

For k = l, 2, ... , 

end 

else 



64 

end 

This heuristic way of choosing (3i attempts to avoid an excesive number of ap

proaches to the central pa.th when the iterates a.re close to the :,;olution set. It also 

attempts to avoid choices of the parameter:,; (3i that are too small when the iterates 

are far from the solution set and the central path. 

6.2.1 Choice of the parameter a 0 

Table 6.10 studies the effect of the choice of the pa.rarneter a 0 in the performance 

of the LSSN algorithm with re:,;pect to the line-search strategy and with respect to 

the total number of iterations required by the algorithm to solve the problem to the 

desired accuracy. 

If the parameter a-0 is small (o-0 
:::; 0.0001 for most of the problems considered), 

the iterates approach the solution set very fast and far from the central path, the 

Jacobian matrix i:,; very ill-conditioned and the step-lenghts are very small. As a. 

consequence, the convergence of the iterate:,; to the central path is affected and the 

number of iterations exceed the allowable maximun number of 200 iterations. This 

behavior of the algorithm i:,; analogous to the behavior described in Chapter 5 for the 

Generic Kojima-Mizuno-Yoshise and Mizuno-Todd-Ye algorithms. 

In general, the closer the value of the parameter 0'
0 is to 1, the greater is the 

number of iterations required for convergence and also the larger is the number of 

times that the /3-neighborhoocls of the central path are approached. This behavior 

of the algorithm is also analogous to the the behavior described in Chapter 5 for 

the Generic Kojima-Mizuno-Yoshi:,;e a.lgori thm when the centering parameters O'k are 

chosen fixed and close to 1. 

The line-search or globalization strategy is not often activated. 



Table 6.10 Study of the effect of different choices of 
the para.meter cr0 for the LSSN algorithm. 

i PROBLEM I ,,.o I k1 I kcp2 I ls3 I fcp 4 

AFIRO 0.00001 20 15 0 2 
0.0001 21 13 0 3 
0.001 22 11 0 3 
O.Ql 20 7 0 3 
0.1 25 8 0 5 
0.5 71 15 0 19 

BLEND 0.00001 NC" - - -
0.0001 NC - - -
0.001 NC - - -
0.01 30 12 0 3 
0.1 40 12 2 6 
0.3 71 25 34 11 
0.5 119 50 132 19 

SCSDl 0.00001 NC - - -

0.0001 NC - - -

0.001 NC - - -

0.01 25 4 0 4 
0.1 34 3 0 7 
0.5 76 3 0 21 

SHARE2B 0.00001 28 21 0 2 
0.0001 NC - - -

0.001 28 13 0 3 
0.01 ;3:3 12 0 3 
0.1 41 13 0 6 
0.5 121 57 145 17 

SCTAPl 0.00001 NC - - -

0.0001 NC - - -

0.001 NC - - -

0.01 44 10 0 4 
0.1 61 18 17 7 
0.5 123 39 81 20 

LOTFI 0.00001 NC - - -
0.0001 NC - - -

0.001 NC - - -
0.()1 9(, Gl 86 4 
0.1 109 63 87 8 
0.5 180 70 155 21 

SCAGR7 0.00001 33 21 0 2 
0.0001 :35 18 0 3 
0.001 32 13 0 3 
0.01 3G 11 0 4 
0.1 4G 10 0 7 
0.5 77 10 0 1(-; 

SCAGR25 0.00001 4-3 32 0 2 
0.0001 40 26 0 3 
0.001 40 20 0 3 
(l.01 37 14 0 3 
0.1 45 11 0 6 
0.5 77 11 0 l(; 

! Nu111be1 of It.e, atwns 
2 First Iteration where the (/-neighborhood (fi = 0.25) of the central path is reached 
3 Number of times the backtracking strategy is activated 
4 N1unber of times central path is reached 
5 The allnwaLle rnaxinnnn rnnnber of 200 itP-rations is reached 

65 
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In problems AFIRO, SCSDl, SCAGR7, SCAGR25 the globalization strategy is 

never activated. 

In problem LOTFI, the globalization strategy i~ activated for all the values of 

a 0 considered and the number of iterations required by the algorithm to achieve 

convergence is large compared with the other problems solved. 

In problems BLEND, SHARE2B and SCTAPl the line-search strategy was ac

tivated for the larger values of a 0
• It is interesting to note that the use of the line 

search was only needed to approach the ,B-neighborhood of the central path at the 

beginning. 

6.2.2 Comparison among the LSSN, Kojima-Mizuno-Yoshise, and the 

Mizuno-Todd-Ye algorihtms 

It was seen in Chapter 4 that under certain assumptions the Generic Kojima-Mizuno

Yoshise and the Mizuno-Todd-Ye algorithms (Algorithms 3.1 and 3.2 respectively) 

generate an iteration sequence that theoretically converges to the analytic center 

of the solution set. In the case of the Generic Kojima-Mizuno-Yoshise algorithm, 

Theorem 3.3 guarantees the theoretical convergence of the iteration sequence to the 

analytic center assuming, among other assumptions, that the iterates stay in a /3-

neighborhood of the central path. In the case of the Mizuno-Todd-Ye algorithm, 

Gonzaga and Tapia [10] established the convergence of the iteration sequence to the 

analytic center assuming that the starting point for the algorithm belongs to a /3-

neighborhood of the centra.l path. 

In this section we compare the performance of the LSSN algorithm with the 

Generic Kojima-Mizuno-Yoshise and the Mizuno-Todd-Ye algorithms for a subset 

of problems from NETLIB. For computing the starting point of the Mizuno-Todd-Ye 

algorithm we use the LSSN algorithm, since the LSSN algorithm not only computes 
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the analytic center of the solution set, it also provides a way of computing a point 

in a ,8-neighborhood of the central path . For the Generic Kojima-Mizuno-Yoshise 

algorithm we consider fixed values of the centering parameter c,k very close to 1, at

tempting with this approach to keep the iterates in a ,B-neighborhood of the central 

path when the duality gap is small. 

Tables 6.11 and 6.12 summarize the results obtained. 

Table 6.11 compares the performance of the LSSN and the Mizuno-Todd-Ye al

gorithms. The starting point is the same for both algorithms and the iterations are 

counted from that point. 

For most of the problems tested, the number of iterations required by the Mizuno

Todd-Ye algorithm to converge is larger than the number of iterations required by the 

LSSN algorithm for the respective value of a 0 considered, when a 0 is in the range of 

0.001 to 0.1. Figures 6.1 and G.2 illustrate the behaviors of the Mizuno-Todd-Ye and 

LSSN algorithms with respect to the closeness to the central path and the duality 

gap for problem SHARE2B and a 0 = 0.01 . 

For larger values of a 0
, e.g. a 0 = 0.5, the number of iterations required by the 

Mizuno-Todd-Ye algorithm is less than the number of iterations required by the LSSN 

algorithm to converge. However, for most of these problems, the total cost in terms of 

total number of operations performed for the Mizuno-Todd-Ye algorithm is equal or 

larger than that for the LSSN algorithm, since the cost per iteration of the Mizuno

Todd-Ye algorithm is twice the cost of the LSSN algorithm. Recall from Chapter 4 

that we argued that this characteristic of the Mizuno-Todd-Ye algorithm, together 

with the requirement that the starting point must belong to a ,8-neighborhood, have 

made the algorithm rather unappealing for practical purposes. 

It is important to remark that the LSSN algorithm provides a practical way to 

implement the Mizuno-Todd-Ye algorithm. Notice that although the algorithm ob-



Table 6.11 Comparison between the Mizuno-Todd-Ye and 
LSSN algorithms in terms .of number of iterations. 

I PROBLEM I M-T-Y I LSSN I a 0 

AFIRO 8 11 0.001 
14 13 0.01 
16 17 0.1 

BLEND 26 18 ~ 0.01 
' 27 28 0.1 

27 69 0.5 
SCSDl 31 21 0.01 

35 73 0.5 
SHARE2B 9 15 0.00001 

21 Hi 0.001 
29 21 0.01 
31 28 0.1 
32 64 0.5 

SCTAPl 61 43' 0.1 
45 34 . 0.01 

LOTFI 53 46 0.1 
SCAGR7 26 19 0.001 

42 67 0.5 
SCAGR25 40 34 0.1 
SDSD6 NC1 47 · 0.1 
1The allowable maximun number of 200 iterations is reached 
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tained usmg the LSSN algorithm for obtaining the starting point, and then usmg 

the Mizuno-Todd-Ye algorithm from that point on, may be more expensive than the 

LSSN algorithm, this strongly depends on the choice of the parameter a-0 in the LSSN 

algorithm (e.g., observe problem SCSDl from Table 6.11). This is a disadvantage of 

the LSSN algorithm with respect to the Mizuno-Todd-Ye algorithm which does not 

depend on any parameter selection. 

Table 6.12 shows the performance of the Generic Kojima-Mizuno-Yoshise algo

rithm for fixed values of the centering parameters ak. Observe that the algorithm 

does not converge for several of the considered problems. This is an important dis

advantage when compared with the LSSN and the Mizuno-Todd-Ye algorithms. The 

lack of convergence of the Generic Kojima-Mizuno-Yoshise algorithm is due to the 

fact that the iterates do not stay in the ,B-neighborhood of the central path after this 

neighborhood is reached. 

In the problems where the Generic Kojima-Mizuno-Yoshise algorithm converges, 

the number of iterations increases as the value of the para.meter erk increases, as should 

be expected. The smallest number of iterations required by the Generic Kojima

Mizuno-Yoshise algorithm to converge is always larger than the smallest number of 

iterations required by the LSSN algorithm to converge for the same problem. It is very 

interesting to note that for these problems where the Generic Kojima-Mizuno-Yoshise 

algorithm converges, the line-search strategy is never activated when applying the 

LSSN algorithm. Future research should investigate the relationship between these 

two numerical behaviors. 
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Table 6.12 Performance of the Gen. Kojima-Mizuno-Yoshise algorithm. 
I PROBLEM I Number of Iterations I uk I 

AFIRO NC 1 0.3 
39 0.5 
105 0.8 

BLEND NC 0.3 
NC 0.5 
NC 0.8 

SHARE2B NC 0.3 
NC 0.5 
NC 0.8 

LOTFI NC 0.5 
200 0.8 

SCAGR7 39 0.3 
56 0.5 
146 0.8 

SCAGR25 41 0.3 
53 0.5 
138 0.8 

l The allowable maxumm number of 200 1terat10ns 1s reached. 

6.3 Unboundedness of the solution set 

In Chapter 3, we introduced two important conditions that have been assumed 

throughout this work for the standard linear programming problems considered (prob

lems (2.1) and (2.2) ). These assumptions are 

(Al) {x E Rn : Ax= b, x > O} =p 0, and 

(A2) {(y,z) E Rrn+n: Ary+ z = c,z > o} =p 0. 

It was also discussed in Chapter 3 that under the previous assumptions the notions 

of analytic center and centra.l path a.re well defined since the solution set is a bounded 

set ( e.g. see Megiddo [16]). When the solution set is not bounded, either of the 

assumptions ( A 1) or ( A2) is not satisfied and the analytic center and central pa.th 

notions have no meaning. Therefore, bad behavior for any algorithm designed to 

compute the analytic center of the solution set should be expected. 
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In this section we discuss the numerical behavior of the LSSN algorithm applied 

to some problems where the solution set is not bounded. We also study how the 

unboundedness of the solution set is related to the existence of certain constraints 

which may be detected and removed from the original problem. The new problem 

obtained in this way satisfies assumptions (Al) and (A2) and it may be solved using 

the LSSN algorithm. 

In general, it is not a simple matter to know if assumptions (Al) and (A2) are 

satisfied for any given problem. 

In the case of the DEA theory, the linear programming problems (problems (1.1) 

and (1.3)) associated with any Dl\1U0 are well structured in the sense that the 

solution set is always bounded. This property of the solution set for the DEA problems 

comes from the normalization considered for the multiplier space W0 • Therefore, for 

the DEA problems, the analytic center and the central path notions are defined and 

the LSSN algorithm has been very effective in finding the analytic center solution for 

all the tested DEA problems. 

In the case of more general problems, e.g. problems from NETLIB, the structure of 

the solution set is not known a priori or, equivalently, it is not known if assumptions 

(Al) and (A2) a.re satisfied. For example, let us consider problems ADLITTLE, 

SC50B, SC105 and BEACONFD from NETLIB. Table 6.3 shows the performance of 

the LSSN algorithm applied to those problems. Observe the large value of the step 

directions, the small decrease in the measure of the closeness to the central pa.th and 

the loss of primal or dual feasibilities for problems ADLITTLE and BEACONFD. 

To study the numerical behavior related to the unboundedness of the solution set, 

let us recall from Chapter 2 that the analytic center solution is defined as 

(:1:*, y*, z*) = a.rg n1ax { II :Cj IT Zj: (:z:, Y, z) Es} 
iElf iEl; 

where S is the solution set. 
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Table 6.13 Performance of tlie LSSN algorithm for a-0 = 0.01 

ADLITTLE 1 l.1662x10°" 6.0305xl0"4 4.6583x10"" 1.4960 X 10°4 4.6206 X 10' 
13 4.9394x10- 1 6.0787x10- 4 4.6958x10- 3 3.3217 X 10°9 4.6040 X 105 

'.25 3.7560x10- 1 5.6219x10- 7, l.0197xl0- 4 3.5916 X 1012 4.6080 X 105 

37 4.096lxl0°2 7.8714x10- 9 5.4688x10- 3 1.2282 X 1012 7.6395 X 104 

49 4.9389x10- 1 6.4566xl0- 13 l .5600xl0°1 1.0211 X 1018 2.2045 X 103 

61 3.7560x10- 1 4.4193xl0- 13 l.5600xl0° 1 1.1041 X 1021 2.2063 X 103 

SC50B 1 8.7469xl0":i 6.3605x101l" l.5700xl0"~ 5.6819 X 10"~ 1.5661 X 104 

13 6.8582x10- 1 l.4514x10- 5'. 3.5844x10- 7 1.2444 X 10°7 1.5466 X 102 

25 4.8480x10- 1 l.9495x10-s: 4.6896x10- 10 9.2640 X 10°9 1.5523 X 102 

37 3.4163x10- 1 7.5285x10- 10 l.8113x10- 11 2.3984 X 1011 1.5564 X 102 

49 3.3610xl0- 1 2.8992x10- 11 6.9917xl0- 13 6.2093 X 1012 1.5566 X 102 

61 2.5721x10- 1 2.1707x10- 12 5.5785xl0- 14 7. 7959 X 1013 1.5588 X 102 

SC105 1 l.2683xl0"., l.3fi00xl0"q 3.2700xl0"~ 7.9990 X 10°~ 3.3041 X 104 

13 5.1109xl0- 1 2.7401x10-r. 6.6133xl0- 7 1.0032 X 10°7 3.2937 X 10°2 

25 4.18fi2x10- 1 l.7499xl0- 8 4.18Hix10- 10 1.5755 X 1010 3.2956 X 10°2 

37 7.fi9fi9x10°2 l .2709x10- 10 3.0426x10- 12 4.458fi X 10°9 3.7874 X 10°1 

49 5.1748x10- 1 9.1069xl0- 13 5.7783xl0- 16 9.5579 X 1015 p.7794 X 10-
fi 1 3.8050x10- 1 l.1965xl0- 1:i 9.7395xl0- 16 1.2189 X 1019 p.7849 X 10-l 

BEACONFD 1 l.7231xl0::s l.0199xl0' 3.1947xl04 9.8876 X 10;:s 2.2927 X 101 

1G 3.9729xl0° 2.3830xl0i"~ 7.4640x10- 2 9.2084 X 106 2.0142 X 105 

31 2.1841xl0° 3.5759x10- 1 l.1201xl0- 3 6.1364 X 108 2.1390 X 105 

46 2.1512x10° 6.1234x10- 3' 2.1527x10- 5 3.5836 X 1010 2.1413 X 105 

61 l.343lxl0° 5.l 712x10- 4 l.2201xl0- 4 4.2586 X 1011 2.1982 X 105 

76 l.1155xl0° 7.7353x10-r. 5.6817x10- 4 2.8365 X 1012 2.2142 X 105 

91 l.0814xl0° l.33fi8xl0- 4 3.fi758xl0- 3 1.8893 X 1013 2.2166 X 105 

106 l.0762xl0° 4.9003x10- 4 3.2914x10- 2 1.2584 X 1014 2.2170 X 105 

121 l.0755xl0° 2.(i19lxl0- 7 2.35G9x10- 1 8.3814 X 1014 2.2171 X 105 

136 7 .8033x10- 1 l.5G25x 10- 2 6.8963 X 10-l 2.3917 X 1015 2.2378 X 105 

141 7.1635x10- 1 l.5G25xl0- 2 l.0029xl0° 3.2480 X 101r. 2.2423 X 105 
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If the solution set is not bounded, there exists an index i E I;: U I; such that for 

(x, y, z) ES, the variables x; or z; may have any positive value, therefore the objective 

function TI;eit a:; fLEit z; is unbounded over the set S. As a result, when any iterative 

algorithm designed for computing the analytic center is applied to a problem with 

unbounded solution set, there is an index i E If U I; such that the variable x; or z; 

continuously increases at each iteration of the algorithm. 'l'his numerical behavior of 

the algorithm is reflected in the ill-conditioning of the Jacobian matrix 

A 0 0 

, for k ~ k0 , some k0 > 0. 

As a consequence, the value of the step direction is large and the decrease in the 

measure of proximity to the central path is small. Also, the presence of variables 

with large values may affect the computation of the feasibility errors due to finite 

precision arithmetic. Thus, the numerical results shown in Table 6.3 coincide with 

the numerical behavior expected from any primal-dual interior-point algorithm for 

computing the analytic center solution applied to a problem with unbounded solution 
l 

set. 

We analyzed the problems considered in Table 6.3 and 'we found out that none of 

them satisfy assumption ( A 1). The bad characteristic shared by these problems is 

the existence of constraints of the type :c; = 0 , for some i = 1, ... , n. Therefore, the 

set { x E Rn : A:c = b, :r > 0} = 0. In particular, we detected the following constraints 

For problem ADLITTLE, :r: 131 = 0. Variables z1:31 and y25 are unbounded. 

For problem SC50B, :r 2 = 0 and x 3 = 0. Variables z2 and y1 are unbounded. 

For problem SC105, .,;3 = 0. Variahles z.3 and y3 a.re unbounded. 

For problem BEACONFD, :rw(i = 0. Variables z166 and y280 are unbounded. 
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The troublesome constraints ( and the respective unbounded variables) were re

moved from problems ADLITTLE, SC50B and SC105 and the LSSN algorithm was 

applied to the resulting problems. The algorithm was able to compute the analytic 

center of the solution set for the new problems, see Table 6.14 . These results show 

that the bad numerical behavior presented in Table 6.3 was related to the existence 

of those unbounded variables. In the case of problem BEACONFD, there are more 

constraints besides the one discussed that needed to be eliminated in order to satisfy 

assumptions (Al) and (A2). 

We applied the Mizuno-Todd-Ye algorithm to problems ADLITTLE, SC50B and 

SC105 with the starting point computed by using the LSSN algorithm (in the case 

of problem BEACONFD, it wa.s not possible to reach the central pa.th). We also 

applied the Generic Kojima-Mizuno-Yoshise algorithm, considering a. fixed value of 

the centering parameters ak = a, to all the problems considered in Table 6.3. The 

numerical behavior obtained for any of these algorithms is analogous to the one 

obtained for the LSSN algorithm. As an illustration of the behavior of the variables 

when the Generic Kojima-Mizuno-Yoshise algorithm was applied, we computed the 
k+I 

function LOGTD(zf) = log 11 - =:-rl for the dual slack variables Zi and each iteration 
Z; 

k, for problems ADLITTLE, SC50B and SC105. The results obtained are shown in 

Table 6.14 Performance of the LSSN algorithm for 
a 0 = 0.01, a.ft.er removing unbounded variables. 

I PROBLEM I k1 I kcp~ I Is3 I fcp4 

ADLITTLE 44 7 14 14 
SC105 26 8 0 4 
SC50B 18 fi 0 3 
1 Number of It.erat.1011s 
2 First Iteration where the ,B-ueighborhooJ (,B = 0.25) of the central path is reached 
3 Number of times the backtracking strategy is activated 
4 Number of times central path is reached 
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Figures 6.3, 6.5, 6.4. Observe that for all these problems, the functions LOGTD(zf) ---t 

oo for some i. 

The dual logarithmic Tapia indicator functions LOGTD may be effectively used 

for analyzing the behavior of the variables when a primal-dual interior-point method 

is used (see El-Bakry, Tapia, and Zhang [8] for an introduction and a more detailed 

explanation). An interesting characteristic of the dual logarithmic Tapia indicators 

functions is that LOGTD(zf) ---t oo indicates that the sequence {zf} is unbounded. 

This in turn, since that sequence is approaching the solution set, indicates that the 

corresponding variable z; is unbounded on the solution set. 

Problem ADLITTLE 
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Figure 6.3 The dual logarithmic Tapia_ 
indicator for all variables, with ak = 0.3. 

40 45 

It is not the purpose of the present work to develop a computational technique 

that finds the constraints that cause the violation of conditions (Al) and (A2). 

However, in this section we have illustrated how the la.ck of assumptions (Al) and 
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(A2) affects the numerical behaviors of the algorithms considered in this study. In 

particular, we focused on the behavior of the LSSN algorithm proposed in this work 

as an effective approach for computing the analytic center of the solution set. We 

observed that when assumptions (Al) and (A2) are not satisfied, the performance 

of the algorithm is seriously affected, as should be expected. 
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Chapter 7 

Conclusions 
·~ 

The computation of the analytic center of the solution set is valuable for linear pro

gramming applications like DEA where it is desirable to obtain a solution that is 

not near the relative boundary of the solution set. In this work we discussed the use 

of primal-dual interior-point methods for effectively computing the analytic center 

solution. 

Most primal-dual interior-point a.lgoritlims are based on following the central path. 

Interesting theoretical properties may be obtained when the algorithm follows the 

central path very closely, for example the Mizuno-Todd-Ye algorithm where the iter

ation sequence generated by the algorithm converges to the analytic center. However, 

there are two important disadvantages for algorithms of this type. First, they require 

a practical way of finding an initial point close to the central path. Second, the strong 
·; 

adherence to the central path results in slow performance of the algorithm. 

Algorithms like the Generic Kojima-Mizuno-Yoshise, where the central path does 

not have to be followed very closely, posses fast local convergence of the duality gap 

sequence to zero if the step-length parameters are chosen so that they approach one, 

the centering parameters a.re phased out, and a nonrestrictive centrality condition is 

satisfied by the iterates (see Theorem 3.2). In the case that any approximate solution 

is adequate for the problem being solved, good numerical performance is attained 

by these algorithms since the iterates approach the solution set very fast. However, 

the close proximity of the iterates to the solution set may hurt the computation of 

the analytic center solution in the case of degenerate problems because of the ill-
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conditioning of the Jacobian matrix. Therefore, although the iteration sequence may 

be theoretically convergent to the analytic center, this convergence is not attained in 

practice. 

Hence, a balance between proximity to the central path and proximity to the solu

tion is crucial in the design of any primal-dual interior-point algorithm for computing 

the analytic center. 

In this work a modification of the Kojima-Mizuno-Yoshise primal-dual algorithm 

1s proposed such that the goals of approaching the central path and the solution 

set are combined to effectively compute the analytic center solution. The sequence 

of iterates generated by the Long-Step Shrinking-Neighborhood (LSSN) algorithm 

proposed in this research approaches the solution set while approaching the central 

path. The approach to the central path is done in such a way that long steps can be 

taken when the gap is not small, but close to the solution set only small steps are 

allowed because of the use of gra.dua.lly shrinking neighborhoods of the central path. 

A very interesting feature of the LSSN algorithm is that it gives a practical way 

of finding a point in a neighborhood of the central path. This property of the LSSN 

algorithm can be used for finding a starting point for the Mizuno-Todd-Ye algorithm 

and comparisons of the performances of the Generic Kojima-Mizuno-Yoshise, Mizuno

Todd-Ye and LSSN algorithms can be established. 

Numerical results showed that the Generic Kojima-Mizuno-Yoshise algorithm is 

not adequate for computing the analytic center solution even if the centering pa

rameters ak are chosen close to one and the iterates reach the central path at some 

iteration. The Mizuno-Todd-Ye algorithm and the LSSN algorithm are, in general, 

both capable of computing the analytic center. The LSSN algorithm compares fa

vorably to the Mizuno-Todd-Ye algorithm regarding total cost performance. In this 

work we proposed the use of the LSSN algorithm for finding the starting point for the 
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Mizuno-Todd-Ye algorithm, but different approaches of obtaining this initial point 

may lead to better performance of the Mizuno-Todd-Ye algorithm. The performance 

of the LSSN algorithm strongly depends on the choice of the parameter a 0
. The 

performance of the Mizuno-Todd-Ye algorithm depends on the starting point and 

does not depend on any parameter choice, thus, in that sense, the Mizuno-Todd-Ye 

algorithm ma.y be considered more robust than the LSSN algorithm. 

Numerical results were presented for some real world DEA problems. The solution 

computed by the LSSN algorithm can be effectively used for the classification of the 

DMU' s for DEA problems. 

The satisfactory use of the LemmalOA from Charnes, Cooper, and Thrall [4] for 

classifying DMU' s strongly depends on the computation of a SCSC solution being 

far of the relative boundary of the solution set, in the sense introduced in Chapter 2. 

Since the solution computed by the LSSN algorithm is a center-most solution in 

the sense that it maximizes the product of the positive components among all the 

SCSC solutions, it seems to be a good choice for the DEA purposes, although it 

may not be the best solution choice. To our knowledge, this is the first time that a 

centrality requirement is considered for finding solutions of DEA linear programming 

problems. Further research is needed to understand the relationship between the 

analytic center solution and the DEA-center solution introduced in Chapter 2, as 

well as the relationship between the optimal valued~ and d: = d0 (w*) with W* the 

dual multiplier of the analytic center solution and d0 the sensitivity function also 

introduced in Chapter 2. 
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