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Abstract 

We introduce a spectral preconditioner for control problems associated with 
first-order temporal evolution equations involving an elliptic, selfadjoint operator. 
Condition number estimates are derived, and we describe in detail how to efficiently 
implement a conjugate gradient algorithm using the preconditioner. Numerical 
results of a control problem involving the heat equation in two space dimensions 
show that a very limited spectral information is sufficient to greatly reduce the 
number of iterations in the conjugate gradient algorithm. 

1 Introduction 

Solutions of partial differential equations usually depend on a set of data such as geom
etry, boundary conditions, forcing terms and coefficients in the equation. The problem 
of finding data in order to obtain a desired or observed effect in the solution of the 
differential equation is called an inverse problem or a control problem. Commonly, 
this is formulated mathematically as a least-squares problem. In many instances this is 
an ill-posed problem. A way to find approximate solutions to such problems is through 
a Tikhonov regularization procedure, which is a systematic method to stabilize ill-posed 
problems [5] [18] [6]. Solving the regularized least-squares problem numerically typi
cally leads to problems so large that only iterative procedures can be used. Since the 
problem often is ill-conditioned, a question of fundamental importance is whether there 
are efficient preconditioners for this kind of problems. 

We concentrate in this article on a class of control problems associated with par
tial differential equations that can be formulated as linear least-squares problems. In 
Section 2 we present a way to exploit a known splitting property of the normal oper
ator associated with the least-squares problem to reduce the condition number of the 
problem. In Section 3, we present a control problem involving an abstract evolution 
equation in which such a splitting property can be obtained resulting in a spectral 
preconditioner. We prove condition number estimates of the preconditioned problem 
in the infinite-dimensional case as well as in a corresponding discrete case. We also 
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describe in some detail how to efficiently implement a conjugate gradient algorithm 
using the spectral preconditioner to solve the control problem. In Section 4 we present 
an example of a control problem involving the heat equation in which the spectral 
preconditioner can be used, and Section 4.2 presents some numerical results of an im
plementation for this problem. In an appendix, we discuss the issue of convergence of 
the solution of an approximated, regularized least-squares problem to the solution of 
the original problem. 

2 A Preconditioner for an Abstract 
Least-Squares Problem 

Let %', H be real, separable Hilbert spaces with norms given by the inner products 
which will be denoted (·, ·). An index will be added to the inner product or the 
norm in case the context does not make it clear which space is considered. Let A E 
2'( %1, H), where 2'( %', H) is the space of continuous linear operators from %' into H. 
We introduce NE 2'(%1)(= 2'(%1,%')) with N = N* (N* is the adjoint of N) and 
satisfying 

(Nv,v)2:vllv112, VvE'W, (2.1) 

for some v > 0. 
Given z E H, let us consider the linear least-squares problem 

inf j( V ), 
vE"ll 

(2.2) 

where 

j(v) = }(Nv,v) + }11Av- zJl 2
-

Since j is continuous, coercive and strictly convex, problem (2.2) has a unique solution. 
Moreover, an element u E %' minimizes J if and only if it satisfies the regularized 
normal equations 

(N + A* A)u = A*z, (2.3) 

where A* is the adjoint of A. 
A gradient or conjugate gradient algorithm can be employed to compute the solu

tion u. Classical estimates giving upper bounds on the rate of convergence for these 
methods depend on the condition number of the problem (see e.g. [1] for the finite
dimensional case and [3] for the infinite-dimensional case). As shown below, small 
values of the parameter v may yield an ill-conditioned problem. The condition number 
can be reduced substantially by preconditioning, that is, by solving the problem in an 
alternative norm on %'. 

If there are operators A 1 , A2 E 2' ( %', H) such that A* A satisfies 

(2.4) 

it is natural to expect that the operator 

2 



may serve as an approximation to the operator on the left-hand side of (2.3). To 
make use of the splitting property (2.4) for preconditioning, let us define the following 
alternative inner product and norm on %', 

(v,w)e = (v,Cw), llvlle = (v,Cv) 11 2, v,w E %'. 

The C-norm is equivalent to the norm given by the inner product since A1 is bounded 
and since condition (2.1) holds. The problem 

c- 1(N + A* A)u = c- 1 A* z (2.5) 

is equivalent to (2.3), and the operator c-1(N + A* A) is selfadjoint in the C-norm. 

Thus, problem (2.3) can be solved by solving (2.5) with a gradient or a conjugate gra
dient method using the C-norm. The condition number of the preconditioned problem 
is given by by 

Ke(C- 1(N + A* A))= IIC- 1(N + A* A)llell [c-1 (N + A* A)r
1 

lie- (2.6) 

For the estimate given below, we use the following characterizations of the norm of 
selfadjoint operators in Hilbert spaces: 

(v,Bv) 
IIBlle = sup ( C )' 

vE%'\{o} v, V 

Theorem 2.1 With definitions as above, 

IIB-1 llcl = inf ( v, Ev) 
vE%'\{D} ( v, Cv) 

Ke(C- 1(N + A* A)) s; 1 + !IIA2ll2-
v 

P&ooF: By (2.4), c- 1(N + A* A)= I+ c- 1 A;A2, so 

II [c-l (N + A* A)]-l lie= ll(I + c-l A;A2t 1lle 

= [ inf (v, [C + A;A2] v)]-l 
vE%'\{O} (v,Cv) 

s; 1, 

the last inequality following from the positive semi-defiteness of A;A2 • Thus, by (2.6), 

Ke(C- 1 (N + A* A)) s; 11c-l (N + A* A} lie= III+ c-l A;A2lle 

sup 
vE%'\{O} 

( v, [C + A;A2] V) 
(v, Cv) 

( v, A;A2v) 
= 1 + sup 

vE%'\{D} ( v, Cv) 

SUP\lv\1-l ( v, A;A2v) <1+ -
- infllvll=l ( v, [N + Ai A1]v) 

1 
s; 1 + -IIA2ll 2, 

V 

the last inequality following from ( 2 .1). 

Remark 2.1 Theorem 2.1 gives an estimate on the condition number of the original 
problem (2.3) in the canonical norm by setting A1 = 0 and A2 = A. 
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3 Application to an Abstract Evolution Equation 

3.1 The Least-squares Problem 

For more information on the issues in this section, we refer to [4] [12]. Let V be a real 
Hilbert space, let a(·, ·) : V x V -+ JR be bilinear, continuous and V-coercive, and let 
A E 2'(V, V') be the corresponding operator defined by the Lax-Milgram theorem (V' 
is the dual space of V which we will not identify with V). Let H be another Hilbert 
space such that V C H where the embedding is continuous and dense. We denote the 
inner product in H by(·,·) and identify Hand H'. Thus, we have V CH CV' where 
the embeddings are continuous and dense. For a given O < T < +oo, let us consider 
the evolution problem 

dy 
dt + Ay = Bv in (0, T), 

(3.1) 
y(O) = 0, 

where v E L2 (0, T; W) with W being a Hilbert space, and where on (0, T), t i----; B(t) 
is essentially bounded in 2(:W, V'). Problem (3.1) has a unique weak solution y such 
that 

2( ) dy 2( . ') y E L 0, T; V , dt E L 0, T, V . (3.2) 

From (3.2) it follows that y can be identified almost everywhere on (0, T) with a function 
in 15'([0, T]; H). Thus, pointwise values in time of the function y makes sense and we 
can define the forward map A : %" -+ H from Av= y(T), where y is obtained from v 
through the solution of (3.1). In fact, it follows from the uniform boundedness principle 
that A E 2(%",H). 

Given YT E H and E > 0, we define the control problem 

inf J(v), 
vE%' 

(3.3) 

where 

(3.4) 

This is a least-squares problem of the type (2.2) with z = YT, N = El and v = E (see 
(2.1)). 

Remark 3.1 In (3.1), we have assumed homogeneity, that is, zero initial condition 
and no forcing term except the one associated with the control. This is not essential, 
and allowing nonhomogeneous terms does not add any other difficulties other than 
notational. In the final algorithm (Algorithm 3.3) we will include the possibility of 
nonhomogeneous terms. 

3.2 Preconditioning 

We now make some additional assumptions that enable us to to obtain the splitting 
property (2.4). Assume that the bilinear form a is symmetric and that the embedding 
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V C H is compact. Then A, viewed as a densely defined, selfadjoint operator on 
H, has a spectral decomposition { Ak, zk} kEZ+ where Azk = Akzk, ( Zk, z1) = 81k, and 
0 < A1 '.'S A2 '.'S · · ·. Also, Ak --+ +oo as m --+ oo except if H is finite dimensional. With 
these additional assumptions, we can write the solution of (3.1) as 

where 

00 

y(t) = I: µk(t)zk, 
k=l 

µk(t) = it e->-.k(t-r)/3k(r)dr, 

/3k(t) =< B(t)v(t), zk >, 

(3.5) 

and where < ·, · > is the duality pairing on V' x V. Thus, the action of the forward 
map has the representation 

00 

Av= y(T) = Lµk(T)zk. (3.6) 
k=l 

We also have 

00 

00 1 
IIB(t)v(t)lli, = L 5:f3i(t) < +oo, 

k=l k 

(3.7) 

a.e. on (0, T). Furthermore, if B(t) E 2(11', H), we have 

00 

IIB(t)v(t)llt = L/3i(t) < +oo, (3.8) 
k=l 

a.e. on (0, T). 
Let P 1 be the orthogonal projection onto the space spanned by the p first eigenvec

tors {zk}~=P so that P1z = I:f=1 (z, zk)zk for z E V or H, and P1z = I:f=1 < z, zk > zk 
for z E V'. We also define P2 = I - P 1 , whose action has the representation 

00 

P2 z = L (z, zk)zk 
k=p+l 

for z E V or H. For later use, we note that 

IIP2B(t)v(t)lli, = E ; /3i(t) 
k=p+l k 

and that, in the case B(t) E 2(11', H), 

00 

IIP2B(t)v(t)lli = L f3;(t). 
k=p+l 

5 

(3.9) 

(3.10) 

(3.11) 



Now, by defining 

(3.12) 

we obtain the splitting property (2.4 ), which allow us to introduce the preconditioner 

(3.13) 

The following theorem gives an condition-number estimate of the preconditioned prob
lem. 

Theorem 3.1 With definitions as above, we have 

"'c( c- 1
( El+ A* A)) '.S'. 1 + _!_ sup IIAB(t)llt,. 

2E tE(O,T) 

Furthermore, if B(t) E .:£("fl/, H) a.e. on (0, T), we have 

PROOF: By (3.12), (3.9), (3.6) and (3.5) we have 

and, by orthogonality, 

We pick an M 2:: p + 1 and truncate the expansion of IIA2vll1-, 

Letting M --* oo we obtain, by (3.10), 

so 

11T l 1T IIA2vll2 :S: - IIAB(t)v(t)llt, dt :S: - sup IIP2B(t)llt, llv(t)II~ dt, 
2 O 2 tE(O,T) 0 

IIA2ll2 :S: ! sup IIAB(t)llt,. 
2 tE(O,T) 
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Applying Theorem 2.1, with N = El, v = E, and the bound (3.17) yields the esti
mate (3.14). 

To obtain (3.15), we use, instead of (3.16), the estimate 

t (1T e->.k(T-t)/h(t) dt) 2 ~ t 1T e-2>.k(T-t) dt 1T f3k(t)2 dt 
k=p+l O k=p+l O O 

M T T 

~ L 1 e-2>.v+i(T-t) dt 1 f3k(t)2 dt 
k=p+l O 0 

~ 1 -2e;2Av+1T t 1T {)k(t)2 dt 
p+l k=p+l 0 

If B(t) E .!f('W, H) a.e. on (0, T) then, since (3.8) and (3.11) holds, letting M --+ oo 
and applying Theorem 2.1 yields (3.15). D 

The estimates in Theorem 3.1 tell us that, for each E > 0, we can get the condi
tion number arbitrarily close to unity by choosing p large enough. The theorem also 
indicates that how much the condition number is reduced for a fixed p depends on the 
"smoothness" of B. 

3.3 Approximation 

In order to find a finite-dimensional approximation of the control problem (3.3), we 
consider the weak form of the evolution problem (3.1) 

{

Vz EV, 

:t (y, z) + a(y, z) =< Bv, z > 

y(O) = 0. 

in q](0, T), (3.18) 

Let us introduce families of finite-dimensional, approximating spaces { Vh} h>O, 
{'Wh}h>oi Vh CV, 'fl/h c 'fl/, such that Vh--+ V, 'fl/h--+ 'fl/ in the following sense: 
There exists a "f/ C V, "f/ = V, such that, for each v E "f/, there are { vh} h>O, vh E Vh 
so that 

lim llvh - vii = 0, 
h-+0 

and similarly for 'fl/. 
Let b..t = T/N for some N E z+. We approximate B(t) with Bn E .!f('Wh, V'), 

n = l, ... , N, and v with the block column vector vh = ( vt, ... , Vjy )T, where v~ E 'Wh, 
n = l, ... , N. Thus, the space %' is approximated by the Cartesian N-product '1th = 
'jf/h x ... x 'jf/h. We equip '1th with the inner product and norm 

N 

( vh, wh)"lJ'h = b..t L( v~, w~)-wh, (3.19) 
n=l 
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As an approximation of the solution y of (3.18), we take the sequence y~ E Vh, 
n = 0, ... , N, satisfying 

y~ = O; 

for n = 1, ... , N, 

{

y~ E Vh such that, Vz E Vh, 

( 

h h ) Yn - Yn-1 ( h ) 8 h !:lt ,z +ayn,z =< nvn,z>. 

(3.20) 

To approximate the forward map A, we define Ah : 'fi'h -, H from 

where y1Jv is computed from vh through (3.20). To approximate the cost function (3.4), 
we define 

(3.21) 

and consider the least-squares problem 

(3.22) 

The minimizer uh E 'fi'h satisfies 

(3.23) 

where A~ is the adjoint of Ah. The problem (3.23) ( or equivalently (3.22)) has a unique 
solution. In this case we also have that uh -, u, where u is the solution to (3.3); we 
refer to the appendix below for a discussion about such convergence issues. 

3.4 Preconditioning in the Finite-dimensional Case 

We now introduce the finite-dimensional analogue to the preconditioner (3.13), and 
derive a finite-dimensional analogue to the condition-number estimate (3.15). 

Let h > 0 be fixed and let dim(Vh) = ]( E z+. Since a is symmetric and positive 

definite on Vh x Vh, there is a orthonormal set { zf} :
1 

C Vh of eigenfunctions that 
spans vh' 

a(z;, z) = .X.? (z;, z), Vz E Vh, i = 1, ... , K, 

0 < .X.1 ::; · · ·::; .X.~, 
(z; ,zJ) = {jij, i,j = 1, ... ,K, 

{ 
h}K h span Z; i=l = V , 

where /jii is the Kronecker delta. We have, for each vh E 'fi'h, 

K 

Ah vh = y1J,, = !:lt L,(Y1Jr, z; )z;, 
n=l 
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where y1Jv is computed from vh through the solution of (3.20). 
Letting z = zf in (3.20) yields, for n = l, ... , N, 

(y~,zf) = (1 + ~t).?t 1(y~_ 1,zf) + ~t(l + ~t).?t 1 < Bnv~,zf >, 

and by applying (3.28) repeatedly for n = N, ... , 1, we get 

N-1 

(Ahvh, zf) = (Yt, zf) = ~t L (1 + ~t).?tN+n < Bn+1V~+l, zf > . 
n=D 

(3.28) 

(3.29) 

Picking an integer p between 1 and J(, we introduce the orthogonal projectors P1h, 

P; defined, for z E H, by 

p K 

P1h z = L(z, zf )zf, Pf z = L (z,zf)zf; (3.30) 
i=l i=p+l 

for z E V' the same expressions hold with the inner product replaced by the duality 
pairing < ·, · >. We note that, for z E H, 

K 

IIP; zlli! = L (z, zi)2. 

Then, defining 

Ah,1 = Pt Ah, 

we again obtain the splitting property 

i=p+l 

Ah* Ah= A~,1Ah,1 + A~,2Ah,2, 

and we wish to consider the condition number ""ch ( C-,; 1 (El+ Ah* Ah)), where 

(3.31) 

(3.32) 

(3.33) 

For the estimate given here we will assume that Bn v~ E H, n = l, ... , N, so that 
the duality pairing coincide with the scalar product in H. By (3.32), (3.27), (3.30), 
(3.29), and by the orthogonality of the eigenfunctions, we have, for any vh E %'h, 

K 

IIAh,2vhll2 = II Pf Ahvhll2 = 11Pfytll1 = L (Yt, zf )2 

= Ll<t' ,t' { ~ (1 + Lls t.17 )-N +n ( BnH "~w z;} r 
K N N 

'.S ~t2 L L(l + ~tA?t2n L(Bnv~, zf )2 
i=p+l n=l n=l 

N K N 
(3.34) 

'.S ~t2. max L(l + ~t).?t2n L L(Bnv~, z:)2 
•=p+l, ... ,K n=l i=p+l n=l 

N K N 

= ~t2 L(l + ~t).;+l )- 2
n L L(Bnv~, zf )2 

n=l 

N N 

= D..t2 L(l + b..t>-;+1)-2
n L IIPt Bnv~llt, 

n=l n=l 
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the last equality following from (3.31 ). We estimate the geometric sum 

(3.35) 

where we have used 

(1 + b.t)..)-2N = ( 1 + r; )-2N ~ e-2T>-.. 

Using (3.35) in (3.34) yields, for each vh E 'W\ 

so 

( 
1 _ e-2T>-Z+1 ) 

IIAh,2111- ~ 2>.;+1 + b.t n!!e~N IIPtBnllt-

Applying Theorem 2.1 yields 

to be compared to the estimate (3.15). 

3.5 Implementation 

Our aim is to solve the least-squares problem (3.22) (or, equivalently, the normal 
equations (3.23)) numerically with a conjugate gradient algorithm using the precon
ditioner (3.33). Below we discuss some implementation issues, how to calculate the 
gradient and how to solve linear systems associated with the preconditioner in an effi
cient way. We also state the full preconditioned conjugate gradient algorithm in matrix 
notation. 

3.5.1 Gradient Calculations 

For use in the conjugate gradient algorithm, we need to evaluate the gradient of the 
cost function (3.21 ). An expression for the gradient is given by 

'v Jhvh = (El+ A~Ah)vh - A~YT, 

for vh E 'Wh ( cf. (3.23)). Recall that the action of Ah is obtained by observing the "final 
state" y'Jv of the state equation (3.20). Likewise, the action of A~ can be obtained by 
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an observation of an adjoint equation. By a perturbation analysis 1 , one can show that 
for vh E %' h, the gradient satisfies 

N 

(v' Jhvh' wh) = b.t L (rnh + B~p~, wh)' (3.37) 
n=l 

where B~ E 2'(V, :W) is the adjoint of En, and the p~ E V\ n = 1, ... , N, satisfy the 
adjoint equation 

{
PN/ 1 E V~su:h that,\;/~ E V\ 

(PN+1, z) - (YN - YT, z), 

for n = N, ... , 1, 

{

p~ E Vh such that, 'vz E Vh, 

Pn - Pn+l h 

( 

h h ) 
b.t ,z +a(pn,z)=O, 

and with y'Jv computed from vh by the solution of (3.20). 

(3.38) 

To solve the state equation (3.20) numerically, we introduce a vector basis for the 
space Vh, 

</>i E Vh, i = l, ... ,K, such that 

span{</>i}~1 = V\ 

and similarly for the space Wh, 

1Pi E Wk, i = 1, ... , Ne, such that 

span { 1/J;} ~==1 = wh. 

After expanding y~ and v~ in this basis, the state equation (3.20) becomes 

Yn = 0, 

for n = 1, ... , N 

(M + b.tA)Yn = MYn-1 + b.tBn Vn, 

(3.39) 

(3.40) 

where y n E JR K is the column vector of y~ 's coefficients in { </>i} ~ 1 , v n E JR Ne is column 
vector of v~'s coefficients in { 1Pi}~1 , and M, A, and Bn are the matrices defined by 

efMej=(</>i,</>j), i,j=l, ... ,K 

ef Aej = a(</>i,</>j), i,j = l, ... ,K 

e[Bnei =< Bn1Pi,</>i >, i = 1, ... ,K, j = 1, ... ,Nc, 

(3.41) 

(3.42) 

where ei is the column vector whose ith component is unity and whose other compo
nents are zero. The matrix A is symmetric and positive definite since we assumed that 
a is symmetric and coercive. Also, M is symmetric and positive definite. 

1 See [7, p. 336], for instance, for a demonstration of the technique. 

11 



Let y!j, E Vh be an approximation of YT; for instance such that, Vz E Vh, (y!j,, z) = 
(YT, z), and let YT be the coefficients of y!}, in { </>;} ::, 1 . Then, expanding the adjoint 
equation (3.38) in the bases (3.39) and (3.40) yields 

PN+l = YN - YT, 

far n = N, .. . , 1 

(M + ~tA)pn = MPn+l, 

where Pn E JRK is the column vector of p~'s coefficients m {4>;}::,1. Similarly, an 
expansion of the gradient expression (3.37) yields 

N 

(V Jhvh, wh) = ~t L ( EwTifcvn + w~B~Pn), (3.43) 
n=l 

where Wn, Vn E JR Ne are the coefficients of v~, w~, n = 1, ... , N, in the basis (3.40), 
and where 

i,j = 1, ... ,Nc. (3.44) 

3.5.2 Inverting the Preconditioner 

As we saw in Section 3.4, the preconditioner Ch will indeed reduce the condition num
ber of the problem for p large enough (estimate (3.36)). However, to be useful as a 
preconditioner, it is crucial that we are able to efficiently invert Ch, and that not too 
much extra storage is needed to invoke the preconditioner. 

To obtain an expression for C,; 1
, we note that, by (3.30) and (3.32), 

p 

Ah,1vh = I:z? (Ahv\z?) (3.45) 
i=l 

for vh E '2,th. By (3.29) and by expansion in the bases (3.39) and (3.40), we have 

N-1 
(Ahvh,z:) = ~t L(l + ~tA;)-N+n < Bn+1V~+ 1 ,z; > 

n=O 
N-1 

= ~t 1::(1 + ~n;tN+nzfBn+1Vn+1, 
n=O 

where Zi is the column vector of zf's coefficients in { </>;} ::,1 . Defining the following 
matrices 

Z=(z1 , ... ,zK) (3.46) 

[ -1] K 
A = diag (1 + ~tA7) i=l, 

we obtain 

N-1 
(Ahvh,z;) = ~t L ef AN-nzTBn+1Vn+1 = efSv, (3.47) 

n=O 
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where 

We partition, 

_ ( T T)T 10>NNc V - V1, ... , VN E Jl'll. , 

S = b.t (ANzTB1,AN-lzTB2,···,AZTBN) E RKxNNc_ 

Z= ( Z1 Z2 ) , 

A= 
( ~1 ~2 ) ' 

(3.48) 

(3.49) 

where Z 1 contains the p first columns of Z and A 1 is the leading submatrix of order p 
of A. Then 

(3.50) 

where 

i = 1, 2. 

Note that S is the matrix representation of the forward map Ah using the basis (3.40) 
for /J//h and the eigenvector basis (3.26) for Vh, and S 1 , S 2 are the corresponding 
representations for Ah 1, Ah 2-, , 

By (3.45), (3.4 7), (3.25), and (3.50), we have, for any vh, wh E /J//h, 

p 

(vh,A~, 1Ah,1wh) = (Ah, 1vh,Ah,1wh) = L e[Sv efSw (z;,zJ) 
i,j=l 

p 

= Ee[S1v e[S1w 
i=l 

= vTsfS1w, 

where v, w are the coefficients, partitioned as in (3.48), for vh and wh in the basis for 
/J//h. Thus, a matrix representation of the preconditioner (3.33) is 

C = EMc + sfs1, 

where 

(3.51) 

and where 1\1:c is defined by (3.44). The matrix Mc defines the inner product (3.19), 
that is, if vh, wh E /J//h with coefficients v, w, then 
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For the preconditioner, we need to solve linear systems involving C. Since S 1 E 

JRPxNNc, it is advantageous, in the case of a modest-sized p, to find an expression for 
the inverse of C that involves S 1S'[, or something similar, rather than SfS 1 , reducing 
the size of the linear system that needs to be solved. This can be obtained using the 
Sherman-Morrison- Woodbury formula [9], which yields 

(3.52) 

The matrix Mc is block-diagonal; in fact, the blocks l\1c will often be diagonal, 
as for the test problems in Section 4.2, making it trivial to invert Mc. In that case, 
modulo some vector manipulations, the main tasks that are involved in computing the 
action of c- 1 are the following: apply S 1 , solve a full, p-by-p linear system and apply 
the action of sr to the solution. 

In a separate calculation, before starting the iterations to solve (3.22), we need 
obtain the p smallest eigenvalues and corresponding eigenvectors as defined in (3.24). 
The columns of Z 1 are the components of this eigenvectors in the basis (3.39). In 
general, some numerical method is needed for this calculation. We store the p-vector 
containing the eigenvalues; this vector will be used to compute the action of A 1 . Also, 
we need to store the N p-by-Nc matrices 

n = l, ... ,N. (3.53) 

This yields enough information to compute and factor the symmetric and positive 
definite matrix (d + S1M;:-1sn E JRPXP. After this, the eigenvector matrix Z1 is not 
needed any more. 

To compute the action of S1 , that is, y = S1v for y E JRP, v E JRNNc, we use the 
following algorithm (vis partitioned as in (3.48)): 

Algorithm 3.1 

y .-0; 

forn.-1, ... ,N 

Y f- A1 (y + (Z'[Bn) Vn); 

y - b..ty, 

and to compute the action of s'[' that is, V = sr y' we use ( s E ]RP is used for temporary 
storage) 

Algorithm 3.2 

s.-y; 

far n .- N, .. . , 1 

s .- A1s; 

Vn f- (Z'[Bnf S. 

V f- b..tv, 

Thus, the storage required for the preconditioner is 
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• the N p-by-Nc matrices (3.53) (only one p-by-Nc matrix if B happens to be time 
independent), 

• the p-vector containing information about the diagonal of A 1 , and 

• one of the triangular parts of the matrix (El+ S1M;;- 1sn E JR_PXP in Cholesky
factored form. 

The complete algorithm to solve the problem (3.22) ( or, equivalently, (3.23)) with 
the conjugate gradient algorithm using the preconditioner C is 

Algorithm 3.3 

(1) 

(2) 

(3) 

(4) 

(5) 
(6) 

(7) 

(8) 

(9) 

(10) 

(11) 

(12) 

(13) 

U +-- U E JR_NNc. 
s ' 

Y +-- Yo ERK; 

for n +-- l, .. . ,N 

y - (M + ~tA)- 1My + ~tBnUn + ~tMfn; 

p +--y-yT; 

for n +-- N, .. . , 1 

p +-- (M + ~tAt 1Mp; 
--1 T 

gn +--€Un+ Mc Bnp; 

T/ - gTMcg; z - c- 1g; 

/0 +-- zTMcg; W +-- z; 

y+----0; 

for n +-- l, .. . ,N 

y +-- (M + ~tAt 1My + ~tBnwn; 

_ rnTMcw + yTM (y - YT). 
p - EwTMcw + yTMy ' 

u +-- u - pw; y +-- y - py; 

p +-- Y-YTi 

for n +-- N, .. . , 1 

p +-- (M + ~tA)- 1Mp; 

gn +-- €Un +M;;- 1B~p; 

if gTMcg 2:: Tf0'
2 then 

Z +-- c- 1g; /1 +-- zTMcg; 

/1 
,+---; ,o+----,1; ,o 
w +-- z+,w; 

goto (6); 

else exit 

Remark 3.2 At step ( 1 ), the algorithm is initiated with the starting guess u,; usually 
we take u, = 0. The vectors u, g, z, w are are assumed to be partitioned as indicated 
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for v in (3.48). In the algorithm above, we have allowed for the case when there are 
nonhomogeneous initial conditions and forcing terms in the original evolution equa
tion (3.1); these show up as y 0 , and fn in the state equation at step (2). The solution 
of the linear systems involving C in steps ( 4) and ( 11) are done as described above; the 
formula (3.52) is used where the actions of S 1 and S'[ are computed by Algorithm 3.1 
and 3.2 respectively, and the pre-computed Cholesky factorization is used to solve the 
p-by-p system involving (El+ S1M; 1S'[). The convergence criterion for the algorithm 
is a reduction of the norm of the gradient with a factor determined by the size of the 
parameter er ( step ( 10)). 

4 Application to a Control Problem Involving 
the Heat Equation 

4.1 The Control Problem 

As an example of a problem where Algorithm 3.3 can be applied, we consider a control 
problem involving the heat equation when our means of control is a line source in the 
domain. 

Let n be an open, bounded, and connected region in IR2 with a boundary an 
consisting of two parts, &no and 8n1' satisfying &no n 8n1 = 0 and &no u 8n1 = an. 
Let ,c be a smooth curve in n, and let 8-Ye be the measure 

</> E ~~(n) r--+ 1 </>df; 
'Ye 

thus, 8-Ye is a line source with support on ic· Given a function YT E L2(n) and an E > 0, 
we consider the following control problem: 

inf J( V ), 
vEL2("/eX(O,T)) 

where2 

J(v)= ~ (1 v2 dfdt+! f(y(T)-Yr) 2 dx, 
2 lo 'Ye 2 lo 

and where y : n x [O, T] -+ JR, is the solution of 

with V > 0. 

ay at - v/j,.y = v8-Ye + f in n X (0, T), 

Y = 9o 

8y 
v- =g1 an 
y(O) = Yo 

on an0 X (0, T), 

on 8n1 x (0, T), 

2 We use the notation y(t) for the function x r-+ y(x, t), x E 0, defined fort E (0, T) a.e. 
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With enough smoothness of the boundary and with y0 E L2 (n), f E L2(0, T; V'), 
9o E H 1l2(an0), and g1 E H-1!2(ani), the system is an example of an evolution 
problem of the type (3.1), with 

12/ = L2
( {C X (0, T)), H = L2 (n), 

V = { z I z E H 1 (n), zlan0 = 0}, ( 4.4) 

and the control problem (4.1) is an example of the problem (3.3). Note that, in this 
case, the mapping Bis time independent; we have, for v E L2( 'Ye x (0, T)), 

< Bv(t), z >= 1 v(t)zdf, \/z EV, 
'Ye 

for a.e. t E (0, T). Thus, B E .:l7(L2( 'Ye), V') but B ~ 2(L2( 'Ye), H), and the proper 
condition-number estimate for the preconditioned problem is (3.14). 

4.2 Numerical Experiments 

For all test problems below, we choose 

n = (0,2) X (0,1), 

ano = { { X1' X2} I { X1' X2} E an, X2 = 0 or X2 = 1}, 

an1 = { {Xi' X2} I {Xi' X2} E an, Xi = 0 or Xi = 2}. 

The boundary and initial conditions are zero, and there are no external forcing term, 
that is, Yo, g0 , g1 , and f in ( 4.3) are zero. The control curve, 'Ye is the vertical line 
x1 = a, 0 < a < 1. We divide this line into Ne equally-sized segments and let the 
control be constant on each of these segments. Thus, the number Ne determines the 
spatial degrees of freedom for the control. 

Regarding the discretization, we follow the approach presented for the abstract 
problem in Section 3.3. A backward-Euler scheme is used for the time discretization 
of the state equation, and we choose a spatial approximation based on continuous, 
piecewise-linear functions on a uniform triangulation of n; the triangles are obtained 
by diagonally cutting squares with side h in half. Letting M1 = 2/ h, M2 = 1/ h be the 
number of panels is the x1 - and xrdirection respectively, the dimension of the space 
Vh approximating Vis](= (M1 + l)(M2 -1). The cost function ( 4.2) is approximated 
by a discrete cost function in the same way as discussed in Section 3.3. 

In this case, the stiffness matrix A ( defined in (3.42)) will have a block tri-diagonal 
structure if the computational nodes of the domain are linearly ordered, column- or 
row-wise. In fact, the stiffness matrix is identical to the matrix obtained by applying 
the standard five-point finite-difference stencil to approximate the Laplacian ( cf. [10, 
p. 31], for instance). We use the trapezoidal rule to evaluate the integrals. This yields 
diagonal mass matrices Mand Mc (defined in (3.51) and (3.41)). If the nodes are 
ordered row-wise starting at the origin, we obtain the following matrices: 

A= V 

T D 
D T D 

D T D 
D T 

M= 

17 

M 
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-M 
M 



with 

2 -1 -1/2 
-1 4 -1 -1 

T= D= 
-1 4 -1 -1 

-1 2 -1/2 

and 
1/2 

1 

M = h2 

1 
1/2 

where the blocks T, D, and M have the same dimensions. Also, we have Mc= !::.t/Ncl. 
The computer program was implemented in Fortran 77, and the numerical experi

ments were performed on Sun Spare 20 workstations using the IEEE standard double 
precision arithmetic. To solve the resulting linear, block-triangular system of equations 
at each time step, we use the Fishpack library routine blktri, based on the work by 
Swarztrauber [17]. This solves the system by a generalized cyclic reduction algorithm, 
which is a fast direct solver. 

In this case, there is a simple formula for the (generalized) eigenvectors and eigen
values of A. Due to the geometry of the situation, it is convenient to label the I( 
eigenvalues in a M 1 + l-by-M2 - 1 array instead of linearly. Also, instead of thinking 
about the eigenvectors as forming I( column vectors of length I( ( as in (3.46)), it is 
convenient to label them as a block M 1 + l-by-M2 - 1 array where each block is M 1 + 1 
by M2 - 1. The eigenvalues are, form= 1, ... , M2 - 1, n = 0, ... , M 1 , 

411 ( . 2 mrh . 2 m1rh) 
>-mn = h2 sm -4- + sm -2- ' 

and the components of corresponding eigenvector is 

( ) n1rih . "h 
Zmn ij = Cmn COS -

2
- Slll m7rJ , i = 0, ... , M1, j = 1, ... , M2 - 1, 

with Cmn being a normalization constant so that the eigenvectors are orthonormal in 
the M-norm. 

For all experiments below, the space and time discretization parameters are 

h = 1/32, !::.t = 0.01, 

which yields I( = 2015. We approximate the target functions defined below by 
piecewise-linear interpolants. 

The condition-number estimates derived in previous sections (Theorem 3.1 and 
(3.36)) indicate that the size of the regularization parameter and the "high-frequency" 
content of the "control injector" B are important parameters in the conditioning of the 
problem. Increasing Ne, the spatial degrees of freedom for the control, can be expected 
to increase the high-frequency content of B. Indeed, preliminary studies showed that 
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X1 

Figure 1: The target function for Test 
Problem 1. 

X2 X1 

Figure 2: The target function for Test 
Problem 2. 

without any preconditioner, the number of iterations increased with increasing Ne. 
Also, the number of iterations increased, naturally enough, with decreasing value of 
the regularization parameter E. Therefore, it is of particular interest to study the 
effectiveness of the preconditioner with respect to changes in these parameters. 

We consider two test problems, where in both cases v = 1/5, and T = 1. 

Test Problem 1: The target function is 

YT(x1, x2) = 2; (1 - x2)x~. 

Figure 1 visualizes this target function. 

Test Problem 2: The target function is 

YT(x,, x,) = { :2x,(1 - x,)( x, - 1 )2(1 - 2 x,; 1) 

Figure 2 visualizes this target function. 
Considering first Test Problem 1 with E = 10- 5 and /c at x1 = 1, Figure 3 shows a 

surface plot of the computed final state for Ne = 4, E = 10- 5
, and Figure 4 shows cross 

sections at planes perpendicular to the x 1-axis. The corresponding computed optimal 
controls are visualized in Figure 5. The norm of the computed optimal control is 

and the relative error in the corresponding computed final state is 

IIYRr - YT 11£2(0) = 0.0965. 
IIYTIIL2(0) 

Figure 6 shows the number of iterations versus the number of preconditioner modes, 
p, for Ne = 1, 2, 4, and 8. The values p = 0, 2, 5, 10, 20, and 80 were checked (marked 
with circles in the figure). The value p = 0 means that no preconditioner is used. Since 
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Figure 3: The computed final state, y'J.., 
for Test Problem 1; E = 10-6, ,cat x1 = 1, 
and Ne= 4. 
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Figure 5: The computed optimal controls corresponding to the final state in Figure 3. 
The control for x2 E (0, 1/4) (solid), for x2 E (1/4, 1/2) (dashed), for x2 E (1/2,3/4) 
(dash-dotted), and for x 2 E (3/4, 1) (dotted). 
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Figure 6: The number of iterations versus the number of preconditioner modes for 
Ne = l (solid), Ne = 2 (dashed), Ne = 4 (dash-dotted), and Ne = 8 (dotted). Test 
Problem 1; 'Ye at x 1 = 1, f = 10- 6

• 

the total number of eigenvectors are 2015, p = 80 means that only about 4 % of the 
total spectral information is used. In the worst case, p = 80 and Ne = 8, less than 
2 % of the CPU time in each iteration was spend executing the "extra" computations 
associated with the preconditioner C, that is, solving the linear systems involving C 
at step ( 4) and ( 11) in Algorithm 3.3. Thus, the computational time will be reduced 
in nearly the same rate as the number of iterations. 

For a fixed Ne = 4, Figure 7 shows the number of iterations versus the number of 
preconditioner modes for the following values of the regularization parameter: E = 10-4 , 

10-5, 10- 5
, and 10-7

_ Figure 8 shows the same thing as Figure 7 but for Test Problem 2 
with 'Ye at X1 = 7r /3. 

From these experiments (Figures 6-8), some important observations can be made. 
First, note that if very few modes are used, the preconditioner can sometimes make 
things worse; p must be larger than some threshold value for the preconditioner to be 
effective in reducing the number of iterations. This seems to be particularly evident 
for very ill-conditioned problems. Secondly, when a preconditioner is invoked ( with 
enough number of modes), the number of iterations seems to depend to a much lesser 
degree on the parameters Ne and E compared to the case when no preconditioner is 
used. The preconditioner seems to be particularly effective in reducing the dependency 
with respect to f. 

The target function in Test Problem 2 is not symmetric in the x 1-direction with 
respect to the axis x1 = 1/2. Thus, if the support of the control is the line x 1 = 1/2, 
those modes that are nonsymmetric with respect to x 1 = 1/2 cannot be excited by the 
control, and we can expect a poor approximation of the target function. Preliminary 
studies showed that the controllability is quite "weak" also for positions of the control 
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Figure 9: The computed final state, yJ., 
for Test Problem 2; E = 10-12 , ,cat x1 = 
1r /3, and Ne = 4. 
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Table 1: Controllability study for Test Problem 2 when re is at x1 = 7r /3. The spectral 
preconditioner with p = 80 is used. 

f Jh(uh) IIYl:r-YTIIL2(0) lluh IIL2(,cx(O,T)) 
# of 

IIYTIIL,(O) iter. 
10-8 2.74 X 10-2 0.429 1.35 X 103 17 
10-9 8.48 X 10-3 0.174 3.30 X 103 22 
10-10 1.78 X 10-3 0.0753 4.92 X 103 31 
10-11 4.04 X 10-4 0.0417 6.79 X 103 36 
10-12 1.45 X 10-4 0.0316 9.53 X 103 64 

close to the line x1 = 1; a good "fit" seems to require very small values of the regu
larization parameter f, leading to an ill-conditioned problem. To keep the number of 
iterations down to a manageable size, we could have good use of the preconditioner. 

Table 1 shows the value of the cost function at convergence, the relative error in the 
final state, the norm of the computed optimal control, and the number of iterations for 
f = 10-8 down to f = 10- 12 for Test Problem 2 when re is at x1 = 7r /3. For all of these 
runs, the number of preconditioner modes is p = 80. For f = 10- 12 , Figure 9 shows 
the computed final state, Figure 10 shows cross section of the target state and the 
computed final state, and Figure 11 shows the computed optimal controls. Indeed, it 
seems to be possible to obtain a good "fit" for small enough values off. However, note 
the size of the control in Figure 11! This example nicely illustrates that having only 
so-called approximate controllability of a specific system ( cf. [7]) might be of limited 
"practical" use: even if we can approximate any state to any precision, the cost for this 
might be so high that a physical realization would be impossible. 

5 Summary and Conclusions 

To construct a preconditioner, we exploited a splitting property (2.4) of the normal 
operator in the normal equations associated with a regularized least-squares prob
lem. Such a splitting can always be obtained by orthogonal projections, as in (3.12) 
and (3.32). Of course, this is a useful approach only if inverting the preconditioner 
is considerably cheaper than solving the full problem and if not too much extra stor
age is needed. We considered in this article a certain class of least-squares problems 
associated with evolution problems involving elliptic, selfadjoint operators. For these 
problems, the fact that the eigenfunctions of the elliptic operator diagonalize the evolu
tion equation can be used to accomplish an efficient inversion of the preconditioner as 
demonstrated in Section 3.5.2. The long-term behavior of the evolution equation (3.1) 
as well as corresponding discrete equation is dominated by the modes corresponding 
to the smallest eigenvalues of the elliptic operator. Thus, we can expect that the pro
jection of the forward map onto the space spanned by these eigenmodes approximates 
the full forward map quite well. This is why a quite limited spectral information can 
be sufficient for the preconditioner. The numerical experiments were performed for a 
case when only the "weaker" estimate (3.14) holds. In spite of that, we got quite good 
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results and were able to solve problems, for instance, the ones reported in Table 1, that 
would have been all but impossible to solve without the preconditioner. 

The main limitations of this method of preconditioning is that it only can be applied 
to a limited class of problems and that, in general, a numerical eigenvalue calculation 
has to be performed, which, in itself, is a nontrivial task. Since we only need a limited 
spectral information, and since the elliptic operator typically is large and sparse after 
discretization, we recommend a Lanczos procedure for this [16], [15]. An interesting 
problem, in which we attempt to apply the preconditioning approach with a numerical 
eigenvalue-calculation is the control of the Unsteady Stokes Equations ( cf. [8] and [2]). 

Appendix 

Approximation and Convergence of the 
Abstract Least-Squares Problem 

As discussed in Section 3.5.1, we use an adjoint equation technique to compute the 
gradient needed in the conjugate gradient algorithm to solve the least-squares prob
lem (3.22). Note that we use as our discrete adjoint equation the exact adjoint of the 
discrete state equation, and not an independent discretization of the adjoint of the 
infinite-dimensional state equation. This is important to guarantee an accurate calcu
lation of the gradient of the discrete cost function (3.21) in order to ensure that the 
conjugate gradient algorithm will converge to the solution of the discrete minimization 
problem (3.21). Thus, the general strategy is to pick convergent discretizations of the 
state equation and the cost function and let the discrete adjoint equation be defined 
by the choice of these discretizations. Unfortunately, this strategy is not, by itself, 
sufficient to ensure convergence of the solution to our discrete control problem to the 
solution of the original problem. This is illustrated below by a simple example. Thus, 
a natural question to ask is what conditions we need to add to ensure convergence 
in this sense. It turns out, as we show below, that the essential condition simply is a 
strong convergence of the discrete forward map and a strong convergence of the discrete 
adjoint map. 

The convergence result below is established by a standard compactness argument, 
making no specific assumptions on the way the forward map and the cost function 
are discretized. To our surprise, we have not been able to find this quite fundamental 
result in the literature. In the literature on the numerical analysis of optimal control 
problems, convergence is usually proved for specific discretizations; see, for instance, [7], 
[13], [14], [11], [19] for control problems related to parabolic equations. The assumption 
of a specific discretization allows for much stronger results such as error estimates, 
but does not highlight the simple sufficiency of the strong convergence properties. In 
the literature on regularization methods for general ill-posed problems, other types of 
convergence is typically at focus, like the behavior of the solution as the regularization 
parameter approaches zero; see, for instance, the recent survey article by Engl [5] and 
the references therein. 
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An Example of Nonconvergence 

The following example will elucidate the need for care when choosing discretizations 
of a normal equation of the type (2.3). Let '2/ = H = £2

, where £2 is the set of all 
real, square-summable sequences; that is, v = ( v1, v2, ... ) E £2 if and only if llvll 2 = 
L~=l lvnl 2 < +oo. We take as our forward map, the right-shift operator RE 2'('21), 

R : ( Vi ' V2' ... ) t-+ ( 0' Vi ' ... ) . 

The adjoint of R is the left-shift operator, 

We consider, for f > 0 and for z E £2, the following regularized normal equation 

(£! + R* R)u = R*z. (A.l) 

To approximate £2
, we take the space of n-truncated sequences £~ C £2, that is, vn E 

£~ approximates v so that vn = ( v1 , •.. , Vn, 0, ... ) where v1 , ... , Vn are the first n 
components of v. We have vn --* v as n--* oo. To approximate R we take the circular 

right shift Rn E 2'( £~) 

Rn : ( Vi , , , . , Vn, 0) t-+ ( Vn, Vi, , , , , Vn -1 , 0, ... ) . 

The adjoint of Rn in £2 is the circular left shift, 

R~ : (Vi, ... , Vn, 0) t-+ ( V2, V3, ... , Vn, Vi, 0, , , , ) , 

We can now define the discrete normal equation 

(A.2) 

which has a unique solution for all n. However, the solution Un will not (in general) 
converge to u as n --* oo. Indeed, we have 

00 

m=n 

as n --* oo. However, 

00 

IIR*v - R~vnll
2 = lv1 - Vn+1l

2 + I:: lvml
2

; 

m=n+2 

thus, because of the first term, R~vn f+ R*v. Note that, in this case, R~Rn = In, so 
the left-hand side of (A.2) will indeed converge to the left-hand side of (A.l), but not 
the right-hand side, in general. 
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Approximation and Convergence 

We consider the abstract, regularized least-squares problem introduced in Section 2. 
For each m E z+, consider the closed subspaces CW'm C %', Hm C H. We assume 
density in the sense that for all v E %' there exists a sequence ( Vm )m, Vm E CW'm such 
that Vm ---+ v in %' as m ---+ oo and similarly for H. 

For each m E z+, we introduce the operator Am E !£(%'m,Hm), the operator 
Nm E !£(%'m), N:;, = Nm, the element Zm E Hm, and consider the problem 

(A.3) 

which has a unique solution for all m E Z +. We assume that the Nm 's uniformly3 

satisfies the coercivity property (2.1 ). We follow the discretization approach discussed 
above; thus, A;,, is the exact adjoint to the map Am and not an independent approxi
mation to the adjoint A*. 

It will be shown in Theorem A.l that the solution um converges to the solution u 
of (2.3) if the approximations to z E H converge, that is, 

lim !!zm - z\l = 0, 
m-+oo 

(A.4) 

and if the following assumptions on the approximations to the maps A and N hold: 

lim IIAmvm - Av\l = 0 whenever lim !lvm - vii = 0, 
m~oo m~oo 

lim \IA;',,ym - A*yll = 0 whenever lim !IYm - Y!I = 0, 
m~oo m~oo 

and 

lim IINmvm - Nvll = 0 whenever lim !lvm - vii= 0, 
m~oo m~oo 

(A.5) 

(A.6) 

(A.7) 

The assumptions (A.5) and (A.6) are quite reasonable in the sense that they simply 
tells us that the "approximate observation", Am Vm, converges to the "real observation", 
Av, if the "data", Vm, converges ( and similarly for the adjoint). 

To establish the convergence result, we proceed through a sequence of lemmas. 

Lemma A.1 Let Pm E !£(%', %'m) be the orthogonal projector from%' onto CW'm. Then 

sup IIAmPmll < +oo 
mEZ+ 

if the assumption (A. 5) holds. 

PROOF: Let v E %'. Then Pmv---+ v in%' as m---+ oo. Since a convergent sequence is 
bounded, the assumption (A.5) implies 

sup IIAmPmvll < +oo, 
mEZ+ 

and since v is arbitrary, the principle of uniform boundedness yields 

sup !IAmPmll < +oo. 
mEZ+ 

D 

3That is, the same v > 0 holds for all m E :z+. 
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Lemma A.2 Let (um)m be any subsequence generated by the solutions of (A.3). As
suming {A. 5), there exists a further subsequence ( Um' )m, to ( Um )m and an element 
u* E %' such that ( um, )m, converges weakly to u* in %'. 

PROOF: For any m associated with the sequence (Um), we have, 

= (um, Nmum + A;,,Amum) 

= (Um, A;,, Zm) 

= (Amum, Zm) = (AmPmum, Zm) ~ IIAmPmllllumllllzmll 
~ Cllumll, 

( unif. coercivity 
of the Nm's) 

(by (A.3)) 

where in the last inequality, we have used Lemma A.l and the fact that (zm)m 1s 
convergent (and thus bounded). Thus, 

and we can conclude that the sequence ( um)m is uniformly bounded. The space %' is 
reflexive since it is a Hilbert space, and we can therefore extract a subsequence ( Um' )m, 
such that, for some u* E %', um, ___,_ u* in %'. D 

Lemma A.3 Assume that {A.4), (A.5), (A.6), and {A.7) hold. Let (um)m be any 
subsequence generated by the solutions of { A.3). If ( Um' )m, is a subsequence to ( um)m 
converging weakly to an element u* in %', then u* = u, where u is the solution to 
equation (2.3). 

PROOF: For now, let ( un)n denote the subsequence ( Um' )m' · Let v E %', and let 
Pn E 2'( %', '21n) be the orthogonal projector from %' onto '21n. Then, 

= (N v, u*) + (A* Av, u*) 
(A.8) 

since Pnv-. v, NnPnv-. v (by (A.7)), Un---'- u*, and A~AnPnv-. A* Av (by (A.5) and 
(A.6)). On the other hand, by (A.3) and the assumption (A.4), 

lim (Pnv, (Nn + A~An) Un)= lim (Pnv, A~zn) = (v, A* z). (A.9) 
n~oo n~oo 

Together, the expressions (A.8) and (A.9) yields that u* satisfies the equation (2.3), 
and thus, since the solution is unique, that u* = u. D 

Theorem A.1 Under the assumptions {A.4), (A.5), {A.6), and (A. 7), the sequence 
(um)m generated by the solutions of (A.3) converges in%' to the solution u of (2.3). 
Also, the sequence (Amum)~=I converges to Au in H. 
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PROOF: By Lemma A.2 and A.3 there exists a subsequence (um,)m, C (um)m such 
that Um' ___,_ u in %'. Assume that the full sequence ( Um )m does not converges weakly 
to u. Then there would exist a further subsequence (u;;-;);;-; C (um,)m', a 80 > 0, and a 
Vo E %' such that' for each m, 

l(v0 ,u;;-;-u)I > 80 • (A.10) 

However, (u;;-;);;-; C (um)m so (u;;-;);;-; is bounded. Thus, there exists a subsequence 
( u;;-;, );;-;, C ( u;;-; );;-; and a u** E %' such that u;;-;, ___,_ u** = u in %' by Lemma A.2 and 
Lemma A.3. Thus, there exists an M E z+ such that form' 2 M and for each v E %', 

l(v,u;;-;, -u)I < 80 , 

which contradicts (A.10). Thus the full sequence ( um)m converges weakly to u. 
Now let um = Um - Pmu where Pm is the orthogonal projection from Ponto Pm. 

Then we have 

= (um, Nmum + A;',,Amum) - (um, NmPmu + A;',,AmPmu) 

= (Um, A;',, Zm) - (Um, N mP m U + A;',, Am Pm U). 

Taking limits, we obtain 

(by (A.3)) 

since Um---'- 0, A;',,zm-+ A*z (by (A.6)), and NmPmu + A;',,AmPmu-+ Nu+ A* Au (by 
(A.5), (A.6), and (A.7)). Thus, limm--+oo llumll = 0 and hence limm--+oo llumll = llull
Since Um ___,_ u in %' and llumll -+ llull we can conclude that Um -+ u in %', and also, 
because of the assumption (A.5), that Amum -+ Au in H. D 
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