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A trust-region algorithm for solving the equality constrained optimization problem 

is presented. This algorithm uses Byrd and Omojokun's way of computing the trial 
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A global convergence theory for this new algorithm is presented. The main fea

ture of this theory is that the linear independence assumption on the gradients of the 

constraints is not assumed. 
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1 Introduction 

In this paper, we consider the problem of finding a numerical solution to the following non

linear equality constrained optimization problem: 

(EQ) 
mm J(x), 

s. t. C(x) = 0, 

where C(x) = [C1 (:c), ... , Cm(x)f. We assume that J and Ci, i = 1, 2, ... , mare at least twice 

continuously differentiable. 

Many authors (see, for example, Refs. 1-11) have established global convergence for al

gorithms for solving problem (EQ). All of these theories were established under the linear in

dependence assumption. Specifically, the assumption that the matrix v'C(x) = [v'C1(x ), ... , 

V Cm ( x)] has full column rank. However, this is a restrictive assumption and may not hold 

in practice, especially for large problems. For this reason, Byrd and Omojokun (Ref. 12, 

see also Ref. 13) suggested an algorithm with a way of computing the trial steps that can 

handle the case when v'C does not have full column rank. This algorithm has been shown 

to be very successful in practice (Ref. 14). 

It is the purpose of this paper to present a global convergence theory for a trust-region 

algorithm that uses Byrd and Omojokun's way of computing the trial steps. The main 

feature of this theory is that the linear independence assumption on the gradients of the 

constraints is not assumed. This means that the gradients of the constraints are allowed to 

be linearly dependent. 

This paper uses the following notation. The Lagrangian function associated with problem 

(EQ) is denoted by C(x, ,\) and is defined by C(x, ,\) = f(x)+,\TC(x), where,\ is the Lagrange 

multiplier vector. The sequence of points generated by the algorithm is denoted by {xk}

The matrix Hk denotes the Hessian of the Lagrangian function at Xk or an approximation 

to it. We will abbreviate J(xk) as fk, f(xk, ,\k) as fk, and so on. Finally, all norms will be 

lrnorms. 

The organization of this paper is as follows. In Section 2, we describe in detail the 

trust-region subproblems that will be considered and the way of computing the trial steps, 

updating the trust-region radius, and updating the penalty parameter. In Section 3, we 

present the algorithm. In Section 4, we state the assumptions under which we prove global 

convergence. In Section 5, we present our global convergence results. Finally, Section 6 

contains concluding remarks. 
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2 Description of the Algorithm 

The algorithm we consider is a trust-region algorithm. The idea behind trust-region algo

rithms is as follows: model the problem by a model subproblem restricted to a region where 

the model subproblem can be trusted. Solve this trust-region model subproblem to obtain a 

trial step. Test for acceptance or rejection of the trial step and update the radius of the trust 

region accordingly. If the trial step is rejected, compute another one with the new value of 

the trust-region radius. To test the trial steps, a merit function must be invoked. Such a 

merit function often involves a parameter. This parameter is updated using some updating 

scheme. More details about the trust-region method for unconstrained optimization can be 

found in Refs. 15-16 and for constrained optimization they can be found in Ref. 4. 

In any trust-region algorithm there are two important issues to be considered. At each 

iteration k, we must first compute a trial step. This issue is addressed in Section 2.1. Once 

we have a trial step, we will need a mechanism to determine if the trial step is acceptable, 

and then to update the trust-region radius. Sections 2.2 and 2.3 are devoted to this subject. 

The other components of the algorithm are presented in Sections 2.4-2. 7. 

2.1 Computing a Trial Step 

In every trust-region algorithm, at the current iteration, an estimate Xk of the solution is 

known as well as a trust-region radius 6k. A trial step is then computed inside this trust 

reg10n. 

Byrd and Omojokun (Ref. 12) suggested decomposing the trial step Sk into normal and 

tangential components in the following form: 

The vector sk E Rn is the normal component of the trial step and Zkuk is its tangential com

ponent; here Zk is a basis for the null space of 'vC'[. For computing the normal component 

s,:, they suggested solving the following trust-region model subproblem 

mm ll'vCl Sn+ Ckll 2 

s. t. jjsnil :S 6.k. 

Here 6.k = r6k where 6k is the trust-region radius and r E (0, 1) is a constant. 
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The tangential component Zk Uk is obtained by solving for Uk the following trust-region 

subproblem: 

mm (v' fk + Hksk f Zku + ½uT zk T HkZku 

s. t. llul1 2 
:::; ~i - JJsk!l 2

-

(3) 

(4) 

Our way of computing the trial step follows Byrd and Omojokun as stated above. How

ever, a small modification is needed to ensure global convergence. In particular, the condition 

llskll :::; bllv'CkCkll, where bis a positive constant, is required. This condition can be enforced 

in practice. One way to enforce this condition, is to redefine Zik as follows 

where TE (0, 1) and bis a pre-specified large constant. 

Our way of computing the trial step is outlined in the following scheme: 

Algorithm 2.1. 

Initialization. Given O < T < 1 and b > 0. 

At the current point .ck, do the following steps 

Step 1. Obtain Zk and compute v'CkCk. 

If v'CkCk = 0, then set sk = 0. Else, solve ( 1) and (2) for sk, using (5). 

Step :2. Compute Z[ (v' fk + Hks,:). 

If Z[(v' fk + Hksk) = 0, then set Uk = 0. Else, solve (3) and ( 4) for Uk. 

2.2 Testing a Trial Step 

(5) 

To evaluate the trial steps, Byrd and Omojokun (Ref. 12) suggested using the following 

merit function 

<I>(x) = f(x) + rllC(x)JI, (6) 

where r is a nonnegative parameter, usually called the penalty parameter. This merit func

tion is non-differentiable at points where C( x) = 0. We employ as a merit function, the 

following differentiable t'rpenalty function. 

cI>(x) = f(x) + rJJC(x)l1 2
• (7) 
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We believe that this merit function is more compatible with the two subproblems. This 

function was probably first used in Ref. 17 and was used, as a merit function, in Refs. 1, 2, 

18. In Refs. 19-20 this function was also used but as a relaxed merit function. 

We will accept the trial step sk and set Xk+l = xk + sk, if sufficient decrease is produced 

in the merit function. To measure this decrease, the actual reduction and the predicted 

reduction in the merit function is computed. The actual reduction is defined by 

<I>(xk, rk) - <I>(xk + sk, rk) 

f(xk) - f(xk + sk) + rk(IICkll 2 
- IIC(xk + sk)ll 2

), 

and the predicted reduction is defined by 

<I>(:rk, rk) - {f(xk) + \7 f ( xk)T Sk + ~sf Hksk + rkl!Ck + \7C[ skll 2
} 

-\7 f[ Sk - ~sf Hksk + rk[IICkjj 2 
- jj\7C[ Sk + Ckjj 2

]. 

{8) 

(9) 

We will denote the ratio Ak/ Pk by rk and will accept the trial step if rk 2 111 where 

'71 E (0, 1) is a small fixed constant. Otherwise, the step is rejected. 

2.3 Updating the Trust-Region Radius 

The strategy that we follow for updating the trust-region radius is similar to that of Dennis, 

El-Alem, and Maciel (Ref. 4). We summarize it in the following algorithm. 

Algorithm 2.2. 

Choose constants O < a1 < 1, a2 > 1, 0 < 111 < 112 < 1, and ~max 2 ~min > 0. 

If r k < ry1, do not accept the step. 

Reduce the trust-region radius. Set ~k = ad!skll· Compute a new trial step Sk. 

If r71 :S rk < T/2, then accept the step. Set Xk+l = Xk + sk. 

Set the trust-region radius: ~k+l = max{~k, ~min}-

lf rk 2 172, then accept the step. Set Xk+l = xk + Sk, 

Increase the trust-region radius: ~k+l = min {~max, max{~min, a2~d }. 

From the way of updating the trust-region radius, we have that for all k, ~k '.S ~max, 

also ~k can be reduced below ~min while seeking an acceptable step, but once an acceptable 

step is found, we set ~k+1 2 ~min· 
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It is noteworthy that merit functions of the form (6) and (7) suffer from the Maratos effect 

and may therefore disrupt fast local convergence ( Ref. 21). The Maratos effect, however, 

has no effect on the global convergence of the algorithm. This paper does not address any 

technique for avoiding the Maratos effect. Nevertheless, when studying the local analysis, 

avoiding the Maratos effect is a very important issue in all algorithms that employ merit 

functions of the form (6) or (7) and should be considered (see Section 6). 

2.4 Penalty Parameter 

We consider, as an update formula for the penalty parameter, the following scheme that was 

suggested previously by the author (Refs. 5-6). 

Algorithm 2.3. 

Initialization. Set r_ 1 = l and choose a small constant p > 0. 

At the kth iteration, after computing Sk, do the following steps 

Step 1. Set rk = rk-1· 

Step 2. Compute Pk = -v' J[ sk - ½sf Hksk + rk[l1Ckjj 2 
- jjv'C[ sk + Ckll 2

]. 

Step 3. If pk :::; ?ll1Ckll 2 
- jjv'C[ Sk + Ckjj 2

], then set 

2v' J[ sk + sf Hksk 
rk = -II c-k-11-2 ---ll_v'_C_[_s_k _+_c_k_ll 2 + p. 

The initial choice of the penalty parameter r _1 is arbitrary and scale dependent. Here 

r -1 is taken to be 1 for convenience. The penalty parameter rk satisfies rk 2': rk-t, i.e. it is 

nondecreasing and if it increases, it will increase by at least p. 

An immediate consequence of the above algorithm is that, at every iteration k, we have 

(10) 

2.5 Updating the Hessian Matrix 

Our algorithm does not specify any scheme for updating the Hessian matrix Hk. Any up

dating scheme that produces a bounded sequence of matrices {Hk} can be used. If the exact 

second-order information is used, then an update formula for the Lagrange multipliers that 

produces a bounded sequence of multipliers must be used. This takes us to the following 

section. 
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2.6 Computing the Multiplier 

Our theory requires that if in updating Hk the exact second-order information is used, then 

the sequence of Lagrange multipliers { ,\k} must be bounded. This means that any update 

formula that produces bounded multipliers {-'d can be used. However, because we do not 

make any assumptions on the gradient of the constraints, most formulas for updating the 

Lagrange multiplier may be undefined or produce an unbounded sequence of multipliers. We 

suggest computing ,\k as the solution of the following trust-region subproblem: 

mm llv7Ck,\ + v7 fkll (11) 

s. t. 11.\11 s-; .6.k. 

It is clear that the Lagrange multipliers are well defined and satisfy at every iteration k, 

II ,\k II s-; .6.max• 

Another way of enforcing boundedness on the multipliers is to replace the matrix v7Ck 

with another matrix v7Ck such that for all k, (VC\)+ is uniformly bounded, where (VC\)+ 
denotes the pseudoinverse matrix of VCk. Then solve for -'k the minimization problem: 

(12) 

As an example, if we factor v7Ck using the SYD decomposition, we obtain v7Ck = UkL-k V{. 
Now for all k, we construct another matrix f;k from L-k by setting to zero all singular values 

less than a pre-specified small constant. Let vck = ukf;k V{. We have for all k, (VCk)+ is 

uniformly bounded. Therefore, using the global assumptions (see Section 4), problem (12) 

will produce a bounded sequence of Lagrange multipliers. 

2. 7 Terminating the Algorithm 

The algorithm is terminated if IIZ[v7 /kll + llv7CkCkll s-; c where c > 0 is a pre-specified small 

constant. 

We point out that this termination condition is not standard. It is used because v7C(x) 

may be rank deficient at the solution x*. It gives first-order stationarity to problem (EQ) 

only when IIC(x*)II = 0. 

We also point out that because we do not assume that v7Ck, k = 0, 1, ... has full column 

rank, there is a possibility that the algorithm converges to a point which is not a Karush

Kuhn-Tucker point. For example, it may converge to a point x* with IIC(x*)II > 0. This can 

happen when the algorithm converges to a point x* where v7C(x*) is rank deficient. 
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3 Trust-Region Algorithm 

In this section, we present the overall description of our trust-region algorithm. 

Algorithm 3.1. 

Step 0. Initialization. Given xo and ,\0 , compute Zo. Choose 6max 2: 6min > 0. 

Choose c > 0, b > 0, 0 < T < l, 0 < a1 < 1 < a2, 0 < T/1 < 'f/2 < 1, and p > 0. 

Set r _1 = l and k = 0. 

Step 1. Test for convergence. If IIZ[v' fkll + llv'CkCkll ~ c, then stop. 

Step 2. Compute a trial step Sk by using Algorithm 2.1. 

Step 3. Update the penalty parameter rk-l to obtain rk by using Algorithm 2.3. 

Step 5. Compute Ak = fk - fk+1 + rk [IICkll 2 
- IICk+111 2

]. 

Evaluate the step and update 6k using Algorithm 2.2. 

If the step is accepted then update Hk, let k +- k + l, and go to Step 1. 

If the step is rejected, go to Step 2. 

In the rest of the paper, we show that, under the mild assumptions stated below, the 

above algorithm is globally convergent. 

4 Global Assumptions 

Let the sequence of iterates { xk} generated by the algorithm satisfy that for all k, Xk and 

Xk + Sk E n, where n is an open convex subset of ~n. On the set n we assume 

( A 1) The functions f and C are twice continuously differentiable in n. 

(A2) f(x),v'f(x),v' 2f(x),C(x),v'C(x),Z(x), and v' 2C;(x) for i = 1, .. ·,m are bounded 

inn. 

(A3) The Hessian matrices Hk, k = 1, 2, .. are uniformly bounded in 0. 

The above are the assumptions under which we prove global convergence. Observe that 

we do not assume that the gradients of the constraints are linearly independent. 

If the exact Hessian matrices are used, then under Assumptions (Al)-( A2), Assumption 

( A3) will always be satisfied if the sequence of Lagrange multipliers {,\k} is bounded in 11. 
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5 Global Convergence Results 

This section is devoted to presenting our global convergence results. Our analysis uses proofs 

similar to those in Dennis, El-Alem, and Maciel (Ref. 4). 
In the following two lemmas we show that the two components of the trial step satisfy 

the fraction of Cauchy decrease conditions. For a detailed discussion concerning the fraction 

of Cauchy decrease condition, see Refs. 15, 22. 

Lemma 5.1. Assume (Al)-(A2). Lets,: be the normal component of the trial step. Then 

there exist positive constants b1 and b2 independent of k such that 

(13) 

Proof. If llv'CkCk\\ = 0, then sk = 0 and hence, Sk = Zkuk which implies that v'C'[ s,. = 0 

and the lemma is valid a fortiori. 

Assume that llv'CkCkll > 0. Because s,: is obtained by solving the trust-region subprob

lem ( l) and ( 2), there exists a constant µk 2 0 that depends on k, such that 

(14) 

Pre-multiply by s'j_T, to obtain 

Therefore, 

Using Lemma 3.2 of Ref. 9, we obtain 

(16) 

Using (5), (15), (16), and Assumption (A2), we arrive at the desired result. D 

Lemma 5.2. Assume (Al)-(A3). Then there exists a constant b3 > 0 independent of the 

iterates, such that 

l T T 
flk zk Hkzkuk 2 

}11z[(V !k + H,.s,;)11 min{~k, b3JJZT(V J,. + H,.s,;)JI}, 
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where ~k = J 6.k - llskll 2
. 

Proof. The proof is similar to the proof of the above lemma. For a proof, see Ref. 9. D 

The following lemma shows that if the penalty parameter were bounded, then the pre

dicted reduction would approximate the actual reduction to within the square of the length 

of the trial step. 

Lemma 5.3. Assume (Al)-(A3). Then there exists a constant b4 > 0 that does not depend 

on k, such that 

Proof. From (8) and (9), we can write: 

T 1 T ] Ak - Pk = [fk + v' fk Sk + 2sk Hksk - f(xk + sk) 

+rk[IICk + v'C[ skll 2 - IIC(xk + sk)ll 2
]. 

Therefore, we have 

I I 1 T[ 2 Ak - Pk < 2isk Hk - v' f(xk + 6sk)]skl 

+rklsk[v'Ck v'C[ - v'C(xk + 6sk)v'C(xk + ~2skf]skl 

+rklsfv' 2C(xk + ~3S k )C(xk + 6s k)sk I, 

for some ~1 , ~2 , 6 E (0, 1). Now, by using Assumptions (Al)-(A3), we obtain 

which is the desired result. 

{17) 

(18) 

D 

Lemma 5.4. Assume (Al)-(A3). Then there exists a constant b5 > 0, that does not depend 

on k, such that 

A > }11z[(gk + Hksk)II min{~k, b3IIZ[(gk + Hksk)II} 

- bsllv'CkCkll + rk[IICkll 2 
- IICk + v'C{ skll 2], 

where b3 and ~k are as in Lemma 5.2. 

Proof. The proof follows from (5), Lemma 5.2, and Assumptions (Al)-(A2). 

Using Lemma 5.1, inequality (19) can be written as 

pk 2:'. i11z[(gk + Hks;;)II min{~k, b3IIZ[(gk + Hks;;)II} 

- bsllv'CkCkll + rkllv'CkCkll min{b1~k, b21lv'CkCkll}. 
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From the above lemma, it is easy to see that at any iteration k, if '\lCkCk = 0, then the 

penalty parameter need not be increased at this iteration. Therefore, if the algorithm termi

nates after finitely many iterations, then the penalty parameter is bounded. The following 

lemma shows that if the algorithm does not terminate the sequence of penalty parameter 

will also remain bounded. 

Lemma 5.5. Assume (Al)-(A3). Then if the algorithm does not terminate, 

lim rk = r* < oo. 
k---+oo 

(21) 

Proof. The proof is similar to the proofs of Lemmas 7.9-7.12 of Ref. 4. Note that in our 

proof we use· ll'\lCkCkll in the place of IICkll- D 

From the way of updating the penalty parameter, if rk is increased, it will be increased 

by at least p. This fact and the above lemma imply that there exists a positive integer k 
such that for all k 2: k the sequence { rk} of penalty parameters generated by the algorithm 

remains constant. Hence, without loss of generality we will treat the penalty parameter rk 

as if it is independent of k. We will use the constant r > 0 in the place of the penalty 

parameter rk. 

The following theorem demonstrates that our trust-region algorithm is well-defined. This 

means that at each iteration, unless the point Xk satisfies the termination condition of the 

algorithm, an acceptable step will be found after finitely many unsuccessful trials. 

Theorem 5.6. Assume (Al)-(A3). Then at any iteration either the termination condition 

of the algorithm is satisfied or an acceptable step from xk will be found after finitely many 

trials. 

Proof. The proof is similar to the proof of Theorem 5. 7 of Ref. 6. D 

The following theorem shows that, unless the algorithm terminates, it converges to a 

stationary point of l1Ckll 2
, i.e., to a point that satisfies '\lCkCk = 0. 

Theorem 5.7. Assume (Al)-(A3). Then if for all k the termination condition of the 

algorithm is not satisfied, we have 

lim ll'\lCkCkll = 0. 
k---.oo 

(22) 

Proof. The proof is by contradiction. Assume that there exists an infinite sequence of 

indices {k1}, such that ll'\lCkCkll > E > 0 for all k E {k1}. 

From Assumptions (Al)-(A2), we have for any x E O and k E {k1}. 
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where b0 is a constant. This implies that for all x that satisfies 

we have llv7C(x)C(x)II 2:: ½llv7CkCkll > t- From (10) and Lemma 5.1, we have 

Pk 2:: illv7CkCkll min {b1~k, b2llv7CkCkll}. 

If Xk satisfies (23) for all k > k, we have !lv7CkCkll 2:: ~- Hence, for all k 2:: k 

€ • cb2 
A 2 2 mm[b1~k, 2 ]. 

(23) 

(24) 

(25) 

If there were no acceptable steps for all k 2 k, a contradiction to Theorem 5.6 would arise. 

Hence there exists an infinite sequence of acceptable steps. For any such k, 

Since <I>k is bounded below and decreasing, <I>k - <I>k+I --+ 0, and we obtain, 

lim ~k = 0. 
k-oo 

(26) 

Hence, using (10) and Lemma 5.3, the above limit implies that 

However, the updating rules for ~k increase it if rk > 112 • Thus ~k can not converge to zero. 

But this contradicts (26) and means Xk can not satisfy (23) for all k 2 k. Hence there exists 

at least one iterate such that (23) does not hold. Let l + 1 be the first index greater than k 
such that (23) is not satisfied. Then 

I I 

<I>k - <I>1+1 = L { q>k - <I>k+d = L Ak 
k=k k=k 

~ TJ1c . ~ cb2 > T/1 ~ Pk 2 2 mm[b1 ~ ~k, 2 ] 
k=k k=k 

> TJ1c min(b1 cb2]. 
2 2b0 ' 2 

As l and k goes to infinity, <I>k - <I>1+1 goes to zero, which contradicts the assumption that 

c > 0 and proves the theorem. D 
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The above theorem shows that, under Assumptions (Al)-(A3), if the algorithm does not 

terminate, it will converge to a point x* such that 'vC*C* = 0. Note that, unless 'vC* 

has full column rank, this does not necessarily mean that the algorithm will converge to a 

feasible point. 

The main global convergence result is presented in the following theorem. The statement 

of the theorem means that, under the global assumptions, the termination condition of the 

algorithm will be satisfied after finitely many iterations. 

Theorem 5.8. Assume (Al)-(A3). Then 

liminf IIZ['vfkll + ll'vCkCkll = 0. 
k---oo 

Proof. See the proof of Theorem 8.4 of Ref. 4. 0 

6 Concluding Remarks 

We have presented an algorithm for finding a numerical solution of problem (EQ). This 

algorithm uses Byrd and Omojokun's way of computing the trial step. In this way we can 

handle the lack of linear independence of the gradients of the constraints at some iterations. 

The t'rpenalty function was used as a merit function and for updating the penalty parameter, 

we used a scheme previously suggested by the author (Ref. 5). 

We have presented a global convergence theory for this algorithm. The main feature of 

the theory is that the regularity assumption is not used. A condition which can be enforced 

in practice was imposed on the normal component. 

Our theory requires that the Hessian matrices be bounded. If the exact second-order 

information is used, then an update formula for the Lagrange multipliers that produces a 

bounded sequence of multipliers must be used. To obtain bounded multipliers, we have 

presented, as an example, two ways for estimating the Lagrange multiplier vectors that 

produce bounded sequences. These two techniques certainly have been used by other authors. 

Although intensive numerical investigation with Byrd and Omojokun algorithm was re

ported in Refs. 13-14 and good numerical results were reported, we believe that our choice 

of merit function should also be considered. We feel that it is more compatible with the 

subproblems from which the step is computed. 

A local convergence theory for this algorithm without assuming the regularity assumption 

is another important question that should be answered. An important issue here is that a 
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technique for avoiding the Maratos effect should be added to the algorithm (see for example 

Refs. 23-24). 
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