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Abstract 

Currently, the Houston Independent School District has approximately 175 elemen

tary schools providing education for more than 110,000 students. A question of major 

logistical impact is how to assign students to schools in an optimal fashion. Many 

conventional methods exist to deal with such problems, yet the sheer magnitude of 

the HISD student assignment problem presents new computational challenges which 

must be dealt with effectively if the problem is to be solved. 

This monograph examines issues related to finding the solution of school/student 

assignment problems on a workstation taken from real problem data giving rise to 

problems with over 20 million variables and 110,000 constraints. 
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Chapter 1 

Introduction 

"The field of network flows has evolved in the best tradition of applied mathematics: 

it was born from a variety of applications and continues to contribute to practice in 

many applied problem settings; it has developed a strong methodological core; and, 

it has posed numerous challenging computational issues." [1] 

A network can be defined given a set of nodes and a set of arcs or connections 

between the nodes. Associated with each node is a certain demand and capacity and 

with each arc there are associated costs and capacities. Network problems range in 

applications from planning logistics, inventory shipping, transportation routes, and 

practically any physical network - such as a telephone communication network or a 

computer chip. Not only do network flow problems occur independently, but often 

they can be found embedded in many other problems. Identification of these struc

tures is very advantageous because networks can be formulated so as to exploit their 

property of total unimodularity. For a complete discussion of total unimodularity see 

[32]. Large networks have been a constant source of investigation and continue to 

challenge applied mathematicians. 

In this monograph, we address the computational issues and real world problems 

involved in solving very large-scale, specially structured network flow problems aris

ing in the context of assigning students to schools using actual student and school 

data obtained from Houston Independent School District (HISD). This specific type 

of assignment problem has itself attracted previous attention, although many such 

investigations dealt with modeling techniques and focused little attention on the com

putational aspects of such problems. Indeed, after the U. S. Supreme Court's 1954 

decision which led to the desegregation of schools, much effort was devoted to devel

oping accurate models that could realistically be solved in order to accommodate the 

racial balancing of schools ([5], [10], [20]). 

For larger school districts, investigations have used such strategies as grouping 

students into small units ( [20], [31]) and then assigning these units to schools, thus 
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transforming this structure into a transportation problem. However, if such grouping 

techniques are employed, then a biased decision must be made as to which students 

to group together. This further restricts the ability to consider students according to 

different criteria such as grade level or ethnicity. While grouping methods have the 

obvious advantage of reducing problem size by clustering groups of students into a 

single entity, they also introduce a large number of disadvantages, such as transform

ing the problem into a much harder class of problems and limiting the ability to later 

modify the model. 

In formulating a model where each student is treated individually, problem size 

is the only significant. The HISD application has approximately 20 million possible 

school/student assignment variables and over 110,000 constraints. Given these di

mensions, a direct application of a network flow algorithm is not possible. Hence, 

the issue of interest is the actual implementation required to a real problem of this 

magnitude and complexity. 

In this paper, the unit is taken as one student to provide the most unbiased 

and accurate assignment and to use a base model of a semi-assignment structure in 

order to focus on the challenges faced by the large-scale nature of this problem. The 

base model of assigning students to schools given the school capacities can also be 

easily modified to reflect other conditions and restrictions. While many simple ideas 

exist for dealing with such instances of solving large-scale network flow problems, 

implementing these ideas is far more challenging than it seems at first glance. 

Before researchers were trying to solve general linear and integer programs, they 

were attempting to solve network flows. One of the first people to investigate these 

types of problems was the Russian mathematician L. V. Kantorovich. He believed 

that these problems could be numerically and practically solved and is credited with 

being the first person to recognize the fact that certain broad classes of production 

problems have a unique and well-defined mathematical structure. Along with M. K. 
Gavurin, he developed great capability for changing freight flows from non-optimal 

to optimal patterns for elaborate systems most commonly encountered in transporta

tion and distribution problems. Kantorovich made many theoretical and practical 

contributions. Unfortunately, his efforts went unrecognized for almost 20 years [12). 

Shortly after Kantorovich began his investigations in network flow problems, in

terest was also developing on the same types of problems in the United States. For 

obvious reasons, transportation problems were of great concern during World War II 

([23), [25), [28)). The early computational ideas that resulted from these initial inves-
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tigations would now be considered "primal simplex" methods. Researchers quickly 

focused their efforts on general linear and integer programs. However, they still held 

much interest in network flow problems and the unique structures these problems 

possess. In 1951, Danzig showed how the transportation problem can be solved by 

the simplex algorithm [11] that he developed along with Leonid Hourwicz and with 

some suggestions of T. C. Koopmans [12]. T.C. Koopmans is credited with leading 

the development of the economic theory in linear programming, due largely to his 

insight from dealing with the early network flow models. Indeed, the early investi

gations in network flows contained many fundamental ideas that contributed (and 

continue to contribute) to current developments in the area, as well as to many other 

areas of optimization. 

The advent of modern operations research laid the the groundwork for funda

mental network flow algorithms ([9], [11], [13], [17], [19], [22], [23], [29]). Eventually, 

approaches other than primal simplex evolved. Some examples of which are: out

of-kilter [21], auction [7], primal-dual [18], dual [2], path [8] , negative cycle [27], 

and scaling [15] algorithms. Gradually researchers began to focus on more specific 

instances of network problems, such as maximum flow problems, shortest route prob

lems, and assignment and semi-assignment problems. With most (if not all) of the 

theoretical groundwork laid out, recent efforts in solving network flows have been 

largely devoted to improving existing algorithms and to developing methods which 

will further exploit the problem's unique structures. Yet limiting factors that have 

always existed has been the capabilities and size of the computers used to solve these 

problems. Large problems, especially of this nature, can be identified in many prac

tical scenarios. However, many of the larger problems continue to elude solution. 

The large-scale problem presented by HISD is highly capacitated leading to ex

tensive overcrowding within the district. This condition warrants many measures in 

order to properly allow space for the number of children in the district. Overflow 

students are bussed miles from their neighborhood to a school with enough space 

to accommodate them. Temporary buildings are used in order to house extra chil

dren. Some schools are forced to limit electives due to space constraints. Clearly, 

an optimal method is desirable on which to base assignment boundaries. Given that 

these boundaries must be drawn on a yearly basis, at a minimum, and that several 

different scenarios usually exist, the techniques employed should solve to optimality 

in a reasonable amount of time. 
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In the following sections, the techniques employed for solving this problem are 

discussed. Chapter 2 discusses the challenges faced by HISD and various aspects of 

formulating an accurate and useful model for solving this problem. In Chapter 3, 

the general algorithm is presented and discussed in detail in the appropriate sections. 

Chapter 4 describes the computational results. 

Computations were performed on an IBM RISC/6000 station 350 using 400 Mbytes 

of swap space and 96 Mbytes of RAM. 
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Chapter 2 

Formulating the Model 

2.1 The Problem 

Throughout the 1960's HISD grappled with many complex and controversial pro

posals and plans to achieve racial integration. Finally, after extensive litigation, in 

the summer of 1970, the United States District Court imposed a plan to establish 

nondiscriminatory zoning which was overseen by a Tri-Ethnic Committee. In 1981, 

HISD became a unitary district and ultimately in 1984, a settlement was agreed upon 

ending decades of legal action. The settlement expired by its own terms in 1989. 

During the 20 years previous to 1990, in spite of the ever changing and growing 

population, HISD had not redrawn its school boundaries with the exception of the 

addition of new schools. During these two decades, overcrowding at schools was dealt 

with in a simple way: temporary buildings were added to alleviate overcrowding at 

any particular school site. In some cases previously closed schools were reopened for 

the sole purpose of housing overflow students who were bussed miles from their neigh

borhood. Given the cost of transporting students, building new temporary buildings 

and the district's increasingly tight financial situation coupled with the unstable state 

funding, a great need has arisen to evaluate space utilization practices at the school 

level [30]. 

At the beginning of the 1992-1993 school year, HISD implemented district wide 

boundary changes for the first time since 1970, culminating the first extensive eval

uation of HISD school attendance boundaries. However, HISD still suffers from a 

great deal of inequity between schools with respect to how students are assigned to a 

particular school. 

Overcrowded schools are not a recent difficulty for any large urban public school 

system and great strides have been taken by HISD to address this problem. In 1987, 

HISD made a commitment to improvement through Project Renewal. The first phase 

of this project began addressing the issue of overcrowding through a $371 million bond 

issue in order to build fifteen new elementary schools and one new middle school. Over 
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the last three years, HISD has taken dramatic steps in relieving overcrowding through 

Project Renewal by opening twelve of the fifteen new elementary schools with plans to 

open the one new middle school next year. However, a critical shortage of classroom 

space persists. With a declining student/teacher ratio, overcrowding is even more 

critical as enrollment continues to increase at a rate of approximately 1,100 students 

per year requiring about 55 new classrooms (the equivalent of two medium sized 

elementary schools). Historical factors further complicate the problem of adequate 

classroom space at a school site since allocation of temporary buildings between new 

schools and existing facilities has not been equitable. Within HISD some schools are 

presently underused while others are severely overcrowded. This condition is largely 

due to relocation of students in response to availability of housing supply in a volatile 

real estate market. 

Due to the shortage of clas8room space provided by the school buildings, state law 

requires the use of temporary buildings to allow adequate space for basic education. 

In addition to basic education, HISD is intent on providing ancillary, supplemental, 

enrichment programs such as fine arts, science, and other types of special activities. 

The ancillary class space dedicated to these programs may only be used periodically 

through the day or week. However, state law stipulates that class space allocated 

for ancillary programs be used as regular class space when no other space exists 

-in effect jeopardizing the supplemental programs. Currently, the severe shortage 

of regular classrooms is supplemented by 2,100 temporary buildings throughout the 

district. 

At the beginning of the 1992-1993 school year, HISD implemented significant 

boundary changes affecting more than 90 schools for the first time in 20 years [33). 

With Project Renewal moving into its second phase, numerous reconfigurations of 

boundaries will undoubtedly continue to take place at the neighborhood level. HISD 

currently has Geographic Information Systems (GIS) software packages which are 

used to assist in determining the school boundaries but which lack the ability to pro

duce optimal school boundaries [30]. While this research addresses the difficulties of 

solving the allocation of elementary school students, it could easily be incorporated 

for use in the allocation of the middle school and high school students. With the 

previous lack of systematic allocation of space in HISD, many applications from op

erations research and more specifically, network programming, can be of great value 

in determining current and future district wide school boundaries. Hence, this appli-
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cation will provide a system of determining school boundaries which will be optimal 

for all students within HISD. 

2.2 The Model 

Formally, the problem of interest is a very large-scale semi-assignment problem. The 

classical semi-assignment problem is to assign n people to m distinct jobs, where 

n > m. As mentioned, attention has been focused on trying to exploit the special 

structure ([3], [4], (24]) of such problems. More recently, with advances in computers, 

efforts have been devoted to improving existing algorithms ([6], [26]) aimed specifically 

at such assignment problems. 

In this study, the goal is to assign n students to m schools. Conceptually, the 

problems can be viewed as in Figure 2.1. To introduce some notation, the problem 

can be viewed mathematically as: 

• • • '\' rn '\' n mm1m1ze L....i=l L....j=l c;j X;j 

Subject To: 
'\'Tn 
L....i=I Xij > 1 v· - J 

Lj=l Xij :::; Pi Vi 

0 :S Xij :S 1 Vi,j 

{ 
1 if student j is assigned to school i 

where x·· = 
l IJ O h • ot erw1se, 

C;j is the corresponding distance, 

and p; is the capacity of school i. 

Let A denote the constraint matrix of (P). 

The dual of (P) can be formulated as: 

• • '\' n '\' rn max1m1ze L....j=I Yj - L....i=l p;v; 

Subject To: 

Yj - Vj :::; Cij Vi,j 

(P) 

(D) 

In order for the solution to make sense, all variables, x;1 in (P), must be either 

zero or one - each student either attends a school or does not. However since the 

constraint matrix A is totally unimodular, the variables will result in integer values 



Sj denotes the P" student, 
SCH; denotes the it!' school, 
and each arc represents a possible student-school assignment 
with an associated cost ( corresponding to the distance), Cij · 

Figure 2.1 Conceptual View of School-student Assignment Problem 

8 
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without the explicit restriction of integrality. Hence, the model can be treated as a 

linear program and still result in integer variables. 

As stated earlier, many different models have been investigated to deal with school 

boundary modeling issues. Many of these investigations devoted efforts strictly to for

mulating the model, while loosely considering the practical aspects of determining a 

solution, thereby abandoning the semi-assignment model formulation. Yet formu

lating this problem as a semi-assignment problem gives the most unbiased possible 

model as it considers each student individually without any unnecessary grouping. 

Moreover, grouping individuals results in a generalized assignment problem, a true 

integer program in which the integral restrictions may not be relaxed. Therefore, it 

becomes a much harder computational problem. 

Choosing to model this problem as a semi-assignment problem is also beneficial 

because it can be readily modified to reflect different constraints that might arise 

from actual working conditions. One primary consideration for school assignments is 

grade configuration. Presently, the HISD elementary system supports several grade 

levels: early child-care (EC), pre-kindergarten (PK), kindergarten (KN), and first 

through sixth grades. All of the schools considered in this model support the first 

through fifth grade levels. However, not all schools accommodate EC, PK, KN or 

sixth grade. Furthermore, state law requires different acceptable student/teacher 

ratios for a given grade. That is, while a particular classroom ( or school) is adequate 

for a particular number of first through sixth grade students, the same classroom is 

sufficient for a fewer number of kindergarten students, and still fewer pre-kindergarten 

students. Since no one capacity exists for any given school, the Attendance Boundary 

Committee in HISD accepts threshold ranges for the size of elementary schools, based 

upon variations in the grades within each school and the number of classes within 

each grade. 

While an obvious approach might be to allow for variable capacities and introduce 

additional constraints for the different grade levels, a much more beneficial approach 

can be employed: given the structure of the model, formulate and solve the assignment 

of each grade level as a separate problem. More importantly, any subgroup of grades 

may be formulated as a separate problem as well. This division will aid in dealing 

with the size of the large problem by formulating several smaller subproblems, albeit 

these smaller subproblems will still present computational challenges due to their size. 

Students in first through sixth grades do not need be distinguished, as the ac

ceptable capacity for these students is practically identical. However, this is not true 
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for EC, PK, and KN students. Furthermore, first through fifth grade students may 

attend any school while EC, PK, KN and sixth grade students must attend accom

modating schools. Thus, grade levels are categorized into five groups: EC, PK, KN, 

first through fifth grades, and sixth grade. Table 2.1 summarizes the dimensions of 

these subproblems. 

Grade # of total # of vars. 
students capacity m 

of schools problem 
EC 740 750 130,980 
PK 8,919 9,052 1,578,663 
KN 16,109 16,135 2,851,293 

1st _ 5tti 84,528 84,567 14,961,456 
6th 2,765 2,775 489,405 

Table 2.1 Dimensions of subproblems as partitioned by grade category. 

Dividing the entire problem into smaller subproblems proves to be computationally 

advantageous since it reduces the amount of memory required. However, most of the 

subproblems are still far too large to be solved using any direct method. The methods 

we employ to deal with these large-scale problems are discussed in chapter 3. 
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Chapter 3 

Algorithm 

The terms "students" and "schools" are used in the discussion of the methods de

veloped to make understanding of the techniques and motivation clearer. Due to 

the sheer size, attempting to solve the entire problem directly is impossible. For the 

full 20 million variables problem, it is estimated that over 8,000 Mbytes of memory 

would be needed. Given the memory constraints, the largest number of variables 

that can be directly solved on our platform is slightly less that a quarter of a million. 

Dividing the problem according grade categories, as discussed in section 2.2, results 

in smaller problems ranging in size from a few hundred thousand variables to almost 

15 million. However, these problems still far exceed memory capacities of the largest 

commercially available workstations. Hence, other techniques must be investigated. 

Thus, a natural strategy to solve this problem is one in which a small subset of 

the problem may be dealt with directly in order to solve the entire problem. One 

strategy for dealing with problems of this magnitude is to use the technique of column 

generation. This approach first solves a problem using a subset of variables and then 

brings in additional columns (variables) as are deemed necessary in order to find and 

ensure an optimal solution. The technique was first suggested by Ford and Fulkerson 

[16] and was further extended by Dantzig and Wolfe [14]. While the strategy is not 

new, the idea is to develop the method specifically for the large-scale problem at 

hand taking advantage of the very special problem structure that the HISD problem 

presents. 

Let S denote some subset of variables of a problem, corresponding to a collection 

of some of the school/student assignments with ij E S corresponding to the possible 

assignment of student j to school i. Then the subproblem of interest can be formulated 

as the full problem, (P), was in section 2.2: 

minimize LijES Cij Xij 

Subject To: 

L;Xij ~ 1 Vj E J 
Lj Xij ::; Pi Vi E I 

(Ps) 



0 s; Xij s; 1 Vij E S 

where .J = {j : where ij E S}, and 

I= { i : where ij ES} 

Similarly, the dual of (P s) can be formulated as: 

maximize EjE.7 Yi - EiEI Pi Vi 

Subject To: 

Y · - v· < c· · ViJ. ES 
J ' - '] 

where I and .J a.re defined as in (P s) 

In brief, the column generation method is described as: 

Step 1. Initial Load. 

Step 2. Optimize. 

Step 3. Price out. 

Load in a subset, So, of columns of the problem (P). 

Let i = 0. 

Optimize the problem, Psi. 

Price out the remaining variables in problem (P). 
Since the cost coefficient array, c, from (P) is known, 

as are the optimal dual values, y* and v*, for Dsil 

the reduced costs can be easily calculated as 

Cij = Cij - yJ - v;, for each variable in Psi. 

Select as incoming candidates those variables with 

negative reduced cost. Let A denote the set of 

all possible candidate variables and let 

C = A\ {Si}. 
Step 4. Candidate Load. Add some subset of candidate variables to Si, 

If C =/ 0, set Si +-- Si UC and increment i. 

Step 5. Shrink. 

(Optional) 

Step 6. Re-optimize. 

else STOP, the optimal solution has been found. 

Reduce the size of the subproblem by choosing 

some set of the active columns, R. 

Set Si +-- Si\ R 
Go to step 2. 

12 

(Ds) 

While each step is conceptually simple, each presents different computational, 

theoretical and practical issues that must be addressed for a problem of this size. 
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Attention must focus on data structures, time issues, and especially memory usage, 

since even 10% of the largest problem is still more than a million variables. In the 

following section each step is addressed individually. However care must be taken not 

to focus on each step as an individual procedure as these steps strongly affect and 

influence one another. For instance, the choice of the initial subset of variables affects 

the time taken in the optimization step. Moreover, as discussed in more detail later, 

the choice of the initial subset of columns, S0 , greatly affects the candidate loading 

as well as the optional shrinking of the subset of variables. These and other issues 

are investigated in the following sections. 

3.1 Initial Load 

The choice of the initial subset of variables, S0 , is extremely important, as it affects 

not only the speed and efficiency of the implementation but more importantly, it 

ultimately affects the total number of columns that comprise the subproblem and the 

total amount of memory that will be required to optimize the entire problem. Ideally, 

the optimal basic variables could be easily identified and would comprise the initial 

high priority list thereby requiring only one iteration of the general procedure to price 

out all remaining variables as being non-optimal. Since this cannot be achieved in 

practice, this initial high priority list should be created so as to minimize the total 

amount of memory necessary for the entire procedure. Care must be taken in the 

choosing of the number of initial variables for if this initial set of columns is too small, 

numerous iterations occur during the pricing out procedure and numerous variables 

are added to the subproblem. If too large of an initial subproblem is chosen, solving 

the subproblem can prove to be too difficult or, as pointed out, impossible due to 

memory constraints. 

An obvious method that is beneficial and natural is to rank the schools in order of 

a student's preference as defined by distance to a school; a student's first choice being 

the closest school, his second choice, the second closest school, and so on. Clearly, 

the preferable variables are the assignments corresponding to the student's closest 

schools. Hence, a high priority list can be generated using variables corresponding 

to schools which are considered close and then designated as comprising the initial 

subproblem. 
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As a result of these considerations, the initial column generation phase is easily 

implemented as: 

Step 1. Initial Load. 

for each student do 

calculate distance to each school 

sort in ascending order 

group schools into 2 categories: high and low priority 

( e.g. close and not close) 

All corresponding variables will similarly be categorized as high or low priority. 

Let the initial subset of variables, S0 , be comprised of the high priority variables. 

The calculation of distance is not an important issue, as this function can be 

performed outside the actual operation of the algorithm. Distances were calculated 

using the L1 norm. While many different choices of distances are available, the most 

useful would clearly be one which accurately reflected the actual distance traveled by 

the student. That is, the distance traveled by the student along the road network. 

Similarly, time needed to travel to each school could be used to reflect the cost 

of attendance. Still, the important fact is that once these distances or costs are 

calculated they need not ever be calculated again. 

The issue of choosing an appropriate size for the high priority list remains; that 

is, the number of schools that are considered to be of high priority. Yet even at this 

initial step, practical issues must be resolved since using this approach alone proves 

to be impossible. In order to satisfy feasibility at least the first 4-5 school choices 

must be considered. If a smaller number of schools are considered then (P s0 ) is 

infeasible. While this seems a very small number of schools for the high priority list, 

the implication is that the subset, S0 , for the largest subproblem (the first through 

fifth grade students) will consist of almost half of a million variables - for the initial 

load alone. This is unacceptably large. 

The alternative is to consider an even smaller subset of variables. This can easily 

be achieved by simply reducing the number of high priority schools for each student 

without concern for maintaining primal feasibility. However, an infeasible subproblem 

presents some difficulties with respect to recovering dual variables. Clearly, the dual 

variables for the Phase I could be used with the column generation technique if 

the initial subproblem, (P s0 ) is infeasible. This process would eventually achieve 
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feasibility but would no doubt add numerous variables. However, the main issue is 

not simply to achieve feasibility. Given the memory constraints, the high priority 

variables which comprise the initial subset of columns, So, are meant to be the best 

possible variables which can be quickly found that will facilitate reducing the number 

of additional variables that will be loaded as well as reducing the number of major 

iterations that will follow. 

An advantageous method to preclude the difficulties of primal infeasibility is to 

provide a feasible subproblem using a heuristic procedure. This not only avoids rely

ing on dual variables from the Phase I but will also not enter the pricing out procedure 

simply to achieve feasibility. Clearly, this approach is favorable as it reduces the mem

ory and effort needed to reach a feasible point. This method is also beneficial as it 

addresses the main objective of finding the best possible subset of variables for the 

initial subproblem. Thus, the following step is added to the general strategy: 

Step 1 b. Ensure Feasibility 

Use some heuristic to ensure a feasible problem exists. 

That is, find some subset of columns, :F such that 

S0 U :F is a feasible subproblem, then set So +- S0 U :F. 

Given the structure of the problem, a feasible subproblem can be ensured a priori. 

A list and discussion of the heuristics developed and their interaction with other 

techniques follows in the next section. The initial number of schools comprising the 

high priority list can now be reduced without concern for primal feasibility. Doing so 

will cause the heuristic to add variables to the subproblem. However, the heuristic will 

only add a maximum of one variable per student which will undoubtedly be smaller 

than the number of variables removed by considering fewer schools in the high priority 

list. Not only do these heuristics assist in reducing the amount of memory required 

but they also provide a warm start as to which variables will be in the optimal solution 

thereby reducing the total amount of work necessary for the general strategy. Yet, as 

mentioned, care must be taken in evaluating these heuristics independently. 

3.1.1 Ensuring Feasibility 

The heuristics developed identify variables which can be added to the list of high 

priority variables already generated from the corresponding high priority schools. In 
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order to ensure feasibility, a collection of variables will be added such that each stu

dent can be assigned to a school without violating the school capacities. The first 

heuristic developed deals with this in a very simplistic way, starting at some school 

and assigning the closest n unassigned students, where ni equals the capacity of the 

school i. This process continues for all schools until every student is assigned. 

Heuristic 1: Fill school to capacity 

for each school i, do 

find the ni closest unassigned students, where ni equals the capacity of school i 

assign students k, where k E 1, ... , ni to school i 

if corresponding variable, Xik, is not in high priority list 

add the variables into high priority list 

end if 

end for 

Table 3.1 shows the computational results for the first heuristic. In order to iden

tify a better subset of high priority variables a new heuristic is sought which will 

reduce the number of variables added to the high priority list in order to ensure feasi

bility. The second heuristic uses the fact that the farther a student is from his closest 

school the more critical it is that he be assigned to this school. Hence, the strategy 

for the second heuristic is to assign students according to the distance a student is 

from the closest school. The assignments begin with the students who are farthest 

from their closest school. 

Heuristic 2: Worst-best case 

Sort each student by the distance to their closest school, in descending order 

for each student j do 

while student j is not assigned 

find closest available school i 

( e.g. one that has not already been filled to capacity) 

assign student j to school i 

if the corresponding variable Xij is not in the high priority list then 

add variable to high priority list 

end if 

end while 
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end for 

The second heuristic successfully reduces the number of variables loaded to ensure 

a feasible subproblem, however, the number of additional variables loaded during the 

pricing out steps is still somewhat high (see Table 3.2). We therefore introduce a third 

heuristic with an additional objective: While still adding a relatively small number of 

variables to the high priority list, this new heuristic must also choose a subset of vari

ables so as to reduce the total number of variables added during the pricing out phase. 

During the pricing out procedure, variables are added largely due to the difference in 

cost coefficients. The general strategy for the third heuristic is to assign students to 

schools based on the differences in distances to schools as opposed to their distances as 

in heuristic 2. Students with the largest differences should be assigned to schools first. 

Heuristic 3: Recursive Delta Assignment 

(for a particular student, let ~i = 
distance to ( i + 1) th closest school - distance to it/' closest school) 

while all students have not been assigned 

calculate ~; for each unassigned student 

sort unassigned students by D.; in descending order 

(That is, starting with students with the largest .6.d 
for each unassigned student j do 

if student j's ith choice school is not filled to capacity then 

assign student j to school i 

if the corresponding variable, Xij is not in the high priority list then 

add variable to high priority list 

end for 

i+-i+l 

end while 

The results for the third heuristic (see Table 3.3) show that it does indeed add 

fewer variables to the high priority list in order to ensure feasibility than either of the 

two previous heuristics. More importantly, using this third heuristic results in fewer 

variables being loaded during the pricing out procedure and therefore causes fewer 

variables to be used by the overall algorithm. 



students # of high # of vars. # of iter- # of vars total # time 
pnor. added by ations added from of vars. 

schools heuristic 1 pricing out loaded 
EC 4 346 37 16,067 19,373 0:50 

3 389 38 16,070 18,679 0:57 
2 448 38 16,519 18,447 0:46 
1 561 42 17,854 19,155 0:55 

PK 4 842 10 260 36,778 3:07 
3 1,085 18 1,052 28,894 4:30 
2 1,562 21 5,245 24,645 4:19 
1 3,128 10 16,268 28,315 2:34 

KN 4 1,527 22 1,517 67,480 15:15 
3 1,950 23 4,170 54,447 13:21 
2 2,837 25 14,533 49,588 13:55 
1 5,768 19 35,711 57,588 9:54 

l st _ 5th 4 Not Enough Memory 
3 Not Enough Memory 
2 Not Enough Memory 
1 31,113 45 116,225 231,866 6:04:19 

6t/t 4 305 23 8,660 20,025 1:41 
3 396 23 8,921 17,612 1:29 
2 600 37 9,810 15,940 2:05 
1 1,134 31 11,981 15,880 1:45 

Table 3.1 Comparison of the effect of different sizes of high priority 
lists on the total number of variables loaded for heuristic 1. 
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students # of high # of vars. # of iter- # of vars total # time 
pnor. added by ations added from of vars. 

schools heuristic 2 pricing out loaded 
EC 4 308 44 8,298 11,566 0:49 

3 348 48 8,394 10,962 0:44 
2 418 36 8,199 10,097 0:35 
1 552 40 9,074 10,366 0:37 

PK 4 297 14 315 36,288 3:11 
3 385 14 1,281 28,423 3:04 
2 594 18 5,910 24,342 3:50 
1 1,293 13 20,532 30,744 2:17 

KN 4 848 19 1,692 66,976 12:53 
3 1,015 22 4,351 53,693 11:52 
2 1,535 21 14,645 48,398 10:06 
1 2,789 20 36,318 55,216 9:19 

1st _ 5th 4 Not Enough Memory 
3 Not Enough Memory 
2 Not Enough Memory 
1 14,624 47 127,898 227,050 5:40:37 

5th 4 216 21 9,765 21,041 1:18 
3 262 27 10,660 19,217 1:32 
2 411 35 11,123 17,064 1:34 
1 741 26 14,719 18,225 1:25 

Table 3.2 Comparison of the effect of different sizes of high priority 
lists on the total number of variables loaded for heuristic 2. 
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students # of high # of vars. # of iter- # of vars total # time 
pnor. added by ations added from of vars. 

schools heuristic 3 pricing out loaded 
EC 4 246 32 5,499 8,705 0:30 

3 279 50 6,002 8,501 0:40 
2 341 38 6,912 8,733 0:32 
1 461 45 7,473 8,674 0:38 

PK 4 213 13 308 36,197 3:03 
3 327 24 1,063 28,147 5:13 
2 509 20 5,404 23,751 3:38 
1 950 16 16,046 25,915 2:43 

KN 4 626 18 1,679 66,741 12:29 
3 812 19 4,018 53,157 11:02 
2 1,149 24 13,970 47,337 11:38 
1 2,027 23 31,573 49,709 10:35 

1st _ 5th 4 Not Enough Memory 
3 Not Enough Memory 
2 Not Enough Memory 
1 10,342 44 115,313 210,183 4:38:34 

5th 4 154 28 7,091 18,305 1:42 
3 196 34 8,367 16,858 1:56 
2 330 40 8,083 13,943 2:04 
1 596 37 8,123 11,484 1:39 

Table 3.3 Comparison of the effect of different sizes of high priority 
lists on the total number of variables loaded for heuristic 3. 
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Heuristic Modifications 

In attempting to further locate basic variables that will be in the optimal solution, 

modifications were made to the last two heuristics. The idea behind these modifi

cations is to extend the goal of the heuristics to not only ensure feasibility but also 

to identify additional variables that seem likely to be in the optimal solution. The 

benefit of doing so is to reduce the amount of time spent in the more expensive pricing 

out phase and also to reduce the amount of total variables that will be placed into 

the high priority list. 

For the modification of the second heuristic, an inclusive strategy was taken. 

If the variable corresponding to a student's n th school choice was placed into the 

high priority list then the variables corresponding the to first through the ( n - I )th 

choice were added as well. Surprisingly, the addition of these variables did little to 

reduce the expenditure in the pricing out iteration. An additional modification to 

the second heuristic was also considered by adding the students next i school choices 

(e.g. those corresponding to his (n + I) th through (n + i) th choices). Even with 

these additional variables, substantial gains in the pricing out phase occurred only 

after many additional schools were considered ( e.g. schools up through his ( n + 3) th 

choice). Yet any reduction in the number of variables loaded during the later pricing 

out phase of the algorithm was considerably smaller than the number of variables 

added due to the modifications of Heuristic 2. 

Modifications to Heuristic 3 consisted of adding a "before and after" buffer. If a 

student's ith choice was added to the high priority list then his ( i - 1 )th and ( i + 1 )th 

choices were added as well. The "before" strategy only made the addition of the 

( i - 1 )lh choice. 

Again, it is surprising that these additional variables did little to help in the 

reduction of work necessary during the pricing out iterations. As with the modifica

tions to the second heuristic, substantial gains in reducing the number of variables 

added during the pricing out phase only occurred after substantially increasing the 

size of the buffers, thereby greatly increasing the number of variables loaded by the 

heuristic. For these reasons the heuristics were left in their original unmodified form. 

Attempting to modify them in order to identify more optimal basic variables proved 

not to be beneficial. 

Relying solely on heuristic procedures 
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A logical modification to the general approach of identifying high priority variables 

is to rely solely on the heuristics. That is, the variables corresponding to a subset of 

high priority schools ( those considered to be close) should not be included in the initial 

subset of variables, S0 • Rather, one of the heuristics can be employed independently 

in order to identify these high priority variables. This seems a reasonable approach 

since, as mentioned, the heuristics only add one variable per student at most in order 

to ensure feasibility. However, the number of variables added from the pricing out 

procedure increases significantly (see Tables 3.4 - 3.8). 

Hence, the issue of importance is whether a decrease in realized in the total number 

of variables placed into the high priority list, S. As can be seen from the tables, the 

total number of variables does indeed tend to decrease if only the heuristics are used 

in order to determine the high priority variables. Most importantly, for the largest 

subproblem, relying solely on a heuristic to identify S0 yields the least number of 

overall variables for all three heuristics. 

3.2 Optimize 

Determining the method 

As mentioned in Chapter 1, numerous techniques for solving linear programs and 

more specifically, network flow problems, have been developed. The two most fre

quently used are the primal simplex and dual simplex methods. Each of these has 

been shown superior under different circumstances. A strong advantage in using the 

dual approach is that the difficulties of a problem being primal degenerate, as the 

problem at hand is, can be avoided. However, the problem at hand is also dual de

generate, hence there is no straightforward advantage in using a dual method. An 

extremely compelling factor in choosing either method is the ability to quickly gen-

heuristic 

1 
2 
3 

# of vars. added # of iter- # of vars added total # of 
by heuristic ations from pricing out vars. 

740 36 18,406 
740 23 10,004 
740 43 6,638 

Table 3.4 Using heuristics alone to identify 
high priority variables for EC students. 

loaded 
19,146 
10,744 

7,378 

time 

0:55 
0:27 
0:37 



heuristic 

1 
2 
3 

heuristic 

1 
2 
3 

heuristic 

1 
2 
3 

heuristic 

1 
2 
3 

# of vars. added # of iter- # of vars added total # of 
by heuristic ations from pricing out vars. loaded 

8,919 10 13,903 22,822 
8,919 14 22,326 21,245 
8,919 14 15,192 24,111 

Table 3.5 Using heuristics alone to identify 
high priority variables for PK students. 

# of vars. added # of iter- # of vars added total # of 
by heuristic ations from pricing out vars. loaded 

16,109 22 30,984 47,093 
16,109 21 38,300 54,409 
16,109 25 32,637 48,746 

Table 3.6 Using heuristics alone to identify 
high priority variables for KN students. 

# of vars. added # of iter- # of vars added total # of 
by heuristic ations from pricing out vars. loaded 

84,528 40 130,025 214,553 
84,528 48 133,806 218,334 
84,528 52 118,914 203,442 

Table 3. 7 Using heuristics alone to identify high 
priority variables for 1st - 5th grade students. 

# of vars. added # of iter- # of vars added total # of 
by heuristic ations from pricing out vars. loaded 

2,7G5 34 11,854 14,619 
2,765 35 14,923 17,688 
2,765 37 10,296 13,061 

Table 3.8 Using heuristics alone to identify high 
priority variables for 6th grade students. 
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time 

2:42 
2:22 
2:41 

time 

11:11 
9:20 

12:09 

time 

6:14:24 
5:33:26 
5:39:06 

time 

1:50 
1:47 
1:43 
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erate subsets of variables that are both primal feasible and relatively close to the 

optimal solution. For these reasons, a primal simplex method is used in the optimiza

tion step of the general strategy. 

For solving linear programs, and more specifically network flow problems or semi

assignment problems, a myriad of software packages are available. Rather than de

voting efforts to developing yet another package for a very specific type of problem, 

two high quality commercial codes, Cplex* and 0SO, were chosen to evaluate the 

algorithms and heuristics employed in solving this large scale problem. As mentioned, 

codes have been specially developed for the more specific types of network and semi

assignment problems ([4], [26]). However, many of these codes were developed for 

randomly generated problems and either employed a dual method or were not easily 

adaptable to the general strategy for this problem. Moreover, future models may well 

add restrictions that would change the semi-assignment or network structure. 

The general commercial codes mentioned can be efficiently used with the problem 

at hand as they can easily be adapted to the general strategy. Both software packages 

support the ability to solve network flow problems using a primal network simplex 

method thereby taking advantage of the special structure of the school/student as

signment problem. However, should the network structure be broken, these codes 

may be used as well (while still taking advantage of any network structure that may 

still exist). Both codes are also readily available, have been widely used and have 

proven to be versatile. 

As will be further discussed in section 3.5 neither of the packages used has a major 

computational advantage over the other. However, Cplex proved to be more flexible 

in its ability to allow for easy modification and was more helpful in providing support 

when problems arose. For these reasons the results shown employed Cplex. 

3.3 Pricing Out and Loading 

While the pricing out phase of the general strategy may seem straightforward, imple

menting simple strategies yields considerable advantages. The simplest conceivable 

strategy is to price out all variables not in the set of active variables, S. The difficulty 

with this approach being that there are a huge number of such variables. Further, a 

*Cplex is a trademark of Cplex Optimization, Inc. 

tThe Optimization Subroutine Library (OSL) is a licensed program of IBM 
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large percentage of these variables are extremely unlikely to ever be included in an op

timal basis. No realistic scenario would ever assign a student to his hundredth school 

choice. Obviously, some type of strategy for choosing candidate variables can be de

vised, especially given that there is an ordering of school choices for any particular 

student. A logical step is to create a new class of variables, classified as intermediate. 

With the high priority variables comprising the initially active variables of the sub

problem, these intermediate priority variables will be the pool from which candidates 

are initially sought during the pricing out procedure. 

The goal for this process is to determine an intermediate priority variable list so 

that none of the optimal variables are among the remaining variables which comprise 

the low priority list. In this way, the low priority list needs to be checked only once 

at the termination of the algorithm. The direct implication of this approach is that 

the vast majority of variables will now be categorized as low priority, assumed not 

to contain any of the optimal basic variables thereby greatly reducing the number 

of variables to examine. More importantly, this will reduce the potential number of 

candidates that will be loaded during the pricing out phase of the algorithm. 

The prevailing issue is now to determine an appropriate size for the intermediate 

priority list. Rather than attempting to guess which length will encompass all of the 

optimal variables, previous information can be used in order to determine a reasonable 

length. Since feasibility is established by considering approximately 4-5 high priority 

schools, a logical strategy is for the sum of the high and intermediate schools, which 

generate the high and intermediate variables, to be slightly larger than 5. Hence, 

the length of the number of intermediate priority variables will vary directly with the 

number of high priority variables so the their sum will be 6. 

Even though the number of potential candidate variables has greatly decreased, 

there still remain a large number of candidate variables. The question still remains 

as to whether or not the candidate variables should be limited in size when loaded 

into the subproblem. If the set A consist of all variables with negative reduced costs 

then the larger subproblem will require too much memory. Thus, the cardinality of 

A is restricted to be less than 20 thousand variables. 

Hence, we can view steps 3 and 4 as follows: 

(Let MaxSize be the maximum size allowable for A) 
while I A I :::; MaxSize 

for all intermediate priority schools i do 



students 

EC 

PK 

KN 

l st_ 5th 

5th 

.. 
pncmg 
strategies 
with intermediate vars. 
w / o intermediate vars. 

with intermediate vars. 
w /o intermediate vars. 

with intermediate vars. 
w / o intermediate vars. 

with intermediate vars. 
w / o intermediate vars. 

with intermediate vars. 
w / o intermediate vars. 

# of 
iterations 

43 
12 

14 
11 

25 
11 

52 
17 

37 
21 

additional 
vars. loaded 

6,638 
15,057 

15,192 
31,742 

32,632 
45,258 

118,914 
108,114 

10,296 
33,878 

total # of 
vars. loaded 

7,378 
15,797 

24,111 
40,661 

48,746 
61,367 

203,442 
192,642 

13,061 
36,643 

Table 3.9 Comparison of two pricing out strategies using 
heuristic 3 alone to determine high priority variables. 

Step 3a for each student j 

calculate the reduced cost, Cij 
if Cij ::; 0 

load Xij into A 
end for 

end for 

if A= 0 
for all low priority schools i 

Step 3b for each student j 

calculate the reduced cost, Cij 

if Cij ::; 0 

load Xij into C 

end for 

end for 

end if 

end while 

Let C -A\Sj. 
Step 4 Add variables in C to the high priority list, Si. 
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time 

0:38 
0:29 

2:41 
3:50 

12:00 
8:49 

5:38:25 
2:09:28 

1:43 
2:45 
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That is, set Si +- Si UC. 

The results from table 3.9 show that with the exception of the largest subproblem 

the total number of variables is less when the variables from intermediate list are 

exhausted before examining the remaining variables. The exception may be due to 

the fact that for the large subproblem of first through fifth grade students during 

the pricing out procedure the maximum number of candidate variables is reached on 

several of the initial iterations. Thus, on one of these initial iterations a large number 

of low priority variables are regarded as candidates. This may aid in the future pricing 

out iterations thereby reducing the total number of variables considered. 

3.4 Shrink 

While the algorithm is continually adding variables to the subproblem, a reasonable 

step is to remove some of the variables in the high priority list, thereby assuring 

that the subproblem will not grow too large. However, certain problems must be 

addressed. While the concept of removing variables from an ever increasing set of 

high priority variables is straightforward, the implementation of such an idea may 

prove not to be beneficial. 

Removing variables is a costly and time consuming procedure. Moreover, there is 

no guarantee that once variables are removed they will not simply be added during 

the next iteration. Hence, variables need only be removed when the high priority list 

exceeds a certain size. The variables to be removed will be those with large positive 

reduced cost. In this fashion, the general strategy will not enter into the shrinking 

stage unless necessary in order to regulate the growing size of the problem and will 

only remove variables that are unlikely to be added in the future. From table 3.10 

we see that the maximum number of variables in the high priority list is effectively 

reduced using this simple implementation of a shrinking strategy. 

3.5 Re-optimize 

Re-optimization is perhaps the most straight forward step in the general strategy of 

column generation. A common practice when re-optimizing a problem is to use the 

previous optimal basis as a starting point for the new calculations. This is especially 

true if relatively few variables are changed with respect to the problem. Not only 



students strategy # of additional # of # of variables 
itera- vars. vars. maximum at end 
tions loaded removed of run 

EC w / o shrinking 43 6,638 0 7,378 7,378 
with shrinking 107 14,531 13,395 4,780 1,876 

PK w / o shrinking 14 15,1921 
6,05~ I 

24,111 24,111 
with shrinking 12 16,587 21,882 19,450 

KN w / o shrinking 25 32,637 0 48,746 48,746 
with shrinking 19 37,666 19,351 41,967 34,424 

1st _ 5th w / o shrinking 52 118,914 0 203,442 203,442 
with shrinking 43 118,480 39,416 171,866 163,592 

5th w / o shrinking 37 10,296 0 13,061 13,061 
with shrinking 40 11,260 8,559 10,163 5,466 

Table 3.10 Comparison of two shrinking strategies where high priority 
variables are identified solely by heuristic 3 and the pricing out strategy is 

used. 
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time 

0:37 
0:58 

2:41 
3:44 

12:00 
3:38 

5:38:19 
5:01:55 

1:431 
2:09 

is this beneficial is providing a warm start for the re-optimization but this will also 

avoid the need to factorize the basis matrix. 

All of the subproblems exhibit large tailing effects which add an extremely small 

number of variables during many of the latter iterations of the genP-ral strategy. 

Moreover, most (if not all) of these iterations are degenerate in nature. Clearly, 

re-optimization using the previous basis would be highly advantageous as it would 

greatly reduce the amount of time needed to re-optimize. 

An effort was made to use information from the previous iteration during this 

step under both Cplex and OSL. Surprisingly, Cplex does not currently allow for an 

advanced basis of any type to be employed with the network optimizer, although 

Cplex expects to be able to do so in the future. 

This was one of the main factors in choosing to work with OSL since OSL reports to 

have this re-optimization ability. However, adding variables or columns as is necessary 

in the general strategy in any fashion (such as using the OSL routines, EKKDSCB 

or EKKCOL) disallows the ability to use an advanced basis in conjunction with the 

network optimizer. Many different approaches were examined in order to allow for 
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this re-optimization capability. Attempts were made with IBM and with the helpful 

assistance of Rob Clark to rectify this problem, however, no simple remedy could be 

found. This was a distressing discovery since IBM advertises OSL with the ability of 

re-optimizing with an advanced basis using the network solver. 

Surprisingly, neither of the two commercial codes would allow for re-optimizing 

with a network solver using an advanced basis. Instead, at each iteration if a network 

solver is to be used, optimization must occur as if for the first time using no previous 

knowledge of the solution. Given that this feature of re-optimization is not present, 

reported times do not fully reflect any time advantages using different procedures. 

In spite of this, the results still reflect the importance and benefits of the different 

approaches. But clearly, re-optimization should be used. 

Re-optimization is possible using the regular linear programming optimizer in both 

codes. Thus, when relatively few variables are added in the pricing out procedure, a 

large reduction in time can be realized by opting not to use the network optimization. 

Instead, the regular optimizer can be used with the optimal basis from the previous 

iteration (see Table 3.11). 

Clearly, the use of an advanced basis helps in reducing the amount of tailing 

that occurs with these types of problems as can be seen from the decrease in the 

number of iterations. A surprising result is the fact that the number of variables 

decreases slightly. This occurrence has been observed when using column generation 

techniques with large scale traveling salesman problems (TSP) [34]. In addition to 

the time disadvantage of re-solving the problem with out an advanced basis, all dual 

information must be disregarded. However, if re-optimization can be achieved by 

using the advanced basis from the previous optimization the dual variables will tend 

to converge to the optimal basis more quickly. Thus, it is far more advantageous to 

forego the network solver towards the end of the column generation strategy in order 

to realize the advantages of an advanced basis. Of course, the best strategy would be 

to use an advanced basis with a network solver. 



students 

EC 

PK 

KN 

6th 

strategy 

network optimization (only) 
regular + network optimization 

network optimization (only) 
regular + network optimization 

network optimization (only) 
regular + network optimization 

network optimization (only) 
regular + network optimization 

network optimization (only) 
regular + network optimization 

# of 
iterations 

43 
12 

14 
7 

25 
9 

52 
15 

32 
12 

# of vars. 
added 
6,638 
8,237 

15,192 
15,142 

32,637 
32,524 

118,297 
118,297 

10,296 
10,206 

total 
# of vars. 

7,378 
8,977 

24,111 
24,061 

48,746 
48,633 

203,442 
202,825 

13,061 
12,971 

Table 3.11 Comparison of network optimization (without advanced basis 
re-optimization) to non-network optimization (with advanced basis 

re-optimization) when relatively few variables are added from the pricing out 
iteration. 
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time 

0:37 
0:15 

2:41 
1:31 

12:00 
6:09 

5:39:06 
4:44:42 

1:43 
0:49 
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Chapter 4 

Impact to HISD 

While the computational challenges posed by the large-scale nature of this problem 

have been efficiently dealt with, many other issues need to be addressed if the solution 

produced by the algorithm is to be of practical use. In order to begin developing 

methods that would prove beneficial to school districts in determining assignment 

boundaries administrators from HISD, more specifically, the director of demographic 

planning, was consulted on a regular basis. 

Of immediate concern is the need to reestablish equity between schools with re

spect to the amount of overflow children that must be housed in temporary buildings 

at any particular campus site. This is especially true in small yet highly capacitated 

areas. In certain instances, some schools have doubled their original capacity through 

the use of temporary buildings while neighboring schools have managed to stay close 

to their core capacities. 

Yet if students within the district are reassigned, the impact to students must be 

considered. Given more equitable school capacities, if HISD were to assign students 

in an optimal fashion, a significant number of students ( approximately 15%) would 

need to be reassigned to a different school. Among the students which are reassigned, 

a majority need only to travel a slightly farther or in many cases a closer distance 

(see fig 4.1). Interestingly, a vast majority of the reassigned students are located 

on the periphery of current school boundaries (see fig 4.2) so that there is no need 

to completely revamp t!~e current boundaries so that most students would realize 

only slight changes in the distance that they currently travel. Instead, only slight 

modifications can be implemented to the currently existing assignment boundaries in 

order to realize a more equitable system. 

In addition to these current needs, HISD lacks the resources to efficiently deter

mine school boundaries beyond the coming school year due largely to circumstances 

that exist within and outside of the HISD system. The optimal dual values present 

themselves as a useful diagnostic tool to assist in future planning. Using the duals, a 

priority of schools can be established in order to determine the greatest impact to the 
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Figure 4.1 Difference in distances of new student 
assignments for first through fifth graders. 
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district ( and to each individual student) if the capacity of any one school was to be 

increased by one. This can help in determining where temporary buildings should be 

placed, or more importantly, the construction of more permanent sites. Not only will 

this allow administrators to identify problem areas before they become unmanageable 

but they can now easily and quickly find new school boundaries and determine the 

impact to the entire district of any proposed changes at the individual student level. 

Yet many other factors need to be considered in order to more accurately deter

mine the long term needs of HISD. Currently, HISD is working to establish better 

"feeder systems" for the facilities used by students advancing to higher grades. That 

is, students from certain elementary schools with congruent boundaries should "feed 
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into" into a particular middle school. Similarly, students from a cluster of middle 

schools should feed into a particular high school. 

Another area that could realize tremendous impact is the transportation of stu

dents provided by HISD. In addition to determining an adequate number of buses for 

certain schools, bus stops and routes must be planned as well. Certainly, the more 

equity that exists within the district, the easier this task. Moreover, these and many 

other issues could be incorporated into the model as well. Thus, this work not only 

provides a tool which assists in addressing current issues but provides the important 

initial step in developing an objective system to help in determining a comprehensive 

long term plan to provide a more balanced enrollment, better utilization of physical 

facilities as well as many other concerns within HISD. 



Figure 4.2 

Reassigned elementary students in all program areas 
under optimal boundaries with equitable school capacities. 

(By current school boundaries.) 
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