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Abstract. In this work we define a trust region algorithm for ap
proximating zeros of the nonlinear system F ( x) = 0, where F : 
IR" --+ IR" is continuously differentiable. We are concerned with the 
fact that n may be large. So we replace the £2 norm with arbitrary 
norms in the objective function and in the trust region constraint. 
In particular, if polyhydral norms are used, then the algorithm can 
be viewed as a sequential linear programming algorithm. At each 
iteration, the local trust-region model is only solved within some tol
erance. This research is an extension of El Hallabi and Tapia (1993) 
for nonlinear equations, where an exact solution of the local model 
was required. We demonstrate that the algorithm under considera
tion is globally convergent, and that, under mild assumptions, the 
iteration sequence generated by the algorithm converges to a solu
tion of the nonlinear system. We also demonstrate that, under the 
standard assumptions for Newton's method theory, the rate of con
vergence is q-superlinear. Moreover, quadratic convergence can be 
obtained by requiring sufficient accuracy in the solution of the local 
model. 

Key Words: Nonlinear systems, Trust-Region, Inexact Newton's 
method, Global convergence, superlinear convergence, quadratic con
vergence. 

1 Research sponsored by The Moroccan American Commission for Educational and Cultural 
Exchanges (3, Rue Tiddas, Rabat, Morocco.) 

2 The author would like to thank The Council for International Exchange of Scholars ( CIES) 
for its administrative, assistance. 

3 This work was performed while the author was visiting the Center for Research on Par
allel Computation and the the Computational and Applied Mathematics Department of Rice 
University, Houston, Texas. 

4 Currently at Ecole Hassania des Travaux Publics, Route d'El Jadida, Km.7, Oasis, 
Casablanca, Morocco. 



.. 



1. Introduction. In this paper we consider the problem of solving the nonlinear system of 

equations 

( 1.1) F(x)=0, 

where F : IR n ---+ IR n is a continuously differentiable function. We will be concerned with the fact 

that the Jacobian of F at x, say F' ( x), may be sparse. 

Locally, problem (1.1) is often solved by Newton's method, which is known to have fast con

vergence. We refer the reader to Chapter 10 of Dennis and Schnabel( 1983)[3] for details. The 

most popular trust-region globalization strategy for Newton's method is the Levenberg-Marquardt 

strategy which, starting from a remote point x 0 , attempts to solve the problem 

minimizexElRn f(x) = IIF(x)II~-

At each iteration, given a current estimate Xk and a current trust-region radius 8k, the trial step 

Sk is obtained as the solution of the local model subproblem 

(1.2a) mm1m1ze IIF(xk) + F'(xk)s11; 

(1.2b) subject to 11s11; ~ 8k, 

The Karush-Kuhn-Tucker conditions for Problem (1.2) are equivalent to 

( 1.3a) 

( 1.3b) µ ~ 0, 11s(µ)II~ ~ 8k, and (ok - 11s(µ)II~)µ. 

Because s = 0 is never the solution of (1.2) (unless F(x) = 0), these conditions are both necessary 

and sufficient. In general, the robust Hebden-More implementation of the Levenberg-Marquardt 

algorithm described in More (1977)[10] is used to solve (1.3a) and (1.3b) for the unique nonnegative 

µk such that lls(µk)ll3 = 8k, unless lls(0)ll3 ~ 8k, in which case s(0) =sf, i.e. the Newton step for 

(1.1) is the solution. 

The Levenberg-Marquardt algorithm is known to be globally convergent, i.e. any accumulation 

point of the sequence { xk} generated by this algorithm, starting from an arbitrary xo, is a stationary 

point of the objective function. However, for larger systems, it has the disadvantage that the matrix 

F'(xk)I' F'(xk) in (1.3) may mask the sparsity present in in F'(xk) along with the possibility that 

the computation of s(µk) may require several iterations. 

To avoid solving (1.3) at each iteration, the dogleg (Powell (1970)[12]) or the double dogleg 

(Dennis and Mei ( 1979)[2]) can be used to obtain a good approximation to the solution of Problem 

(1.2). However, we cannot expect the dogleg strategies to be as robust as the Levenberg-Marquardt 

algorithm. In fact, Reid ( 1973)[13] adapted the dogleg method to the sparse case, and reported 
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finding examples for which the method did not converge, but the standard Levenberg-Marquardt 

method did converge. This suggests the use of a Levenberg-Marquardt type algorithm that does 

not hide the sparsity pattern of F'( x ). This can be accomplished by using polyhydral norms instead 

of the £2 norm. 

The use of norms different from the £2 norm in ( 1.2a) and in ( 1.2b) has been suggested and 

investigated by many authors. Madsen (1975)[9] uses the £=-norm. 

Powell (1983)[13], and Yuan (1983)[15][16] also considered a trust-region algorithm for mini

mizing h( F( x)), where F : IR n --+ IR n, n ::::; m, is continuously differentiable and h is any coercive 

continuous convex function. Their local models are 

( 1.4) 

where { Bk} is a bounded sequence of symmetric matrices. 

El Hallabi and Tapia (1993)[6] use arbitrary norms in IRn in (1.2) for the trust-region globaliza

tion strategy of Newton's method. The same approach is taken in Eisenstst and Walker (1993)[4] 

where the authors propose a trust-region globalization strategy for an inexact Newton's method. 

In the present work, we extend the work of El Halla bi and Tapia ( 1993)[6] to the inexact 

minimization of the local model subproblem. 

Consider the optimization problem 

(1.5) minimizexEIRP IIF(x)lla 

where II Ila denotes an arbitrary, but fixed, norm in IRn. We propose a globally convergent trust

region algorithm for approximating solutions of (1.5). At each iteration, we solve, to within some 

tolerance Ek, the following (local model) trust-region problem: 

(LMTR) { 
minimize mk(s) = IIF(xk) + F'(xk)slla 

subject to llsllb S: bk 

where II llb is an arbitrary but fixed norm on IRn, and II Ila is the norm selected in (1.5). In Section 

2 we review the optimality conditions for solving ( 1.5 ), and recall from El Halla bi and Tapia 

(1993)[6] that stationary points x*, for which the linear system F(x*) + F'(x*)s = 0 is consistent, 

are solutions of F( x) = 0. The inexact trust-region algorithm is described in Section 3. In Section 

4 we demonstrate that the inexact trust-region algorithm is globally convergent. In Section 5 we 

prove that this algorithm converges to a solution of F( x) = 0 whenever the iteration sequence 

has an accumulation point x* such that F'( x*) is nonsingular. The q-superlinear convergence of 

the algorithm is demonstrated in Section 6; so is the fact that if more accuracy is required in the 

minimization of the local model subproblem, then the rate of convergence is q-quadratic. Finally, 

in Section 7 we present a summary and some concluding remarks. 
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2. Optimality Conditions. In this section, we present optimality conditions for problem 

(1.5) and characterize the solutions of F(x) = 0 where F: IRn --, JRn is C 1 , i.e. continuously 

differentiable. To this end, we need some subdifferentiability properties of J = IIFlla-
The composite function J = IIFlla, is locally Lipschitz (see Clarke (1983)[1]). Therefore, at any 

x and in any direction s in IRn, its generalized directional derivative denoted J0 ( x; s) and defined 

by 

(2.1) J0 (x; s) = lim sup J(y + ts) - J(y). 
t 

y-+x 

Also its generalized gradient at x, denoted &f(x) is the subset of JRn defined by 

Moreover the usual one-sided directional derivative off exists, and is defined by 

(2.2) J'(x; s) = lim J(x + ts) - f(x). 
t!O t 

It is obvious that 

(2.3) J' ( X ; S) :'.S j O ( S; S) 

A function for which (2.3) is an equality is said to be regular at x ; moreover if (2.3) holds for all 

x in some X C IR n, then f is regular on X. 

In our case, since the norm is a regular function and F is a C1 function, we have that f is 

regular on IR n. 

We should mention that when the II Ila is the £1- norm 

J'(x;s)= L signFi(x)-sTv'Fi(x)+ L lsTv'Fi(x)I 
i!i!A(x) iEA(x) 

where 

A(x) = {i I Fi(x) = O}. 

Moreover when II Ila is the (,0 -norm 

where 

J'(x;s) = max {sign Fi(x)sTv'Fi(x)} 
iEM(x) 

M(x) = {ii IFi(x)I = IIF(x)lloo}-

The following lemma shows that the local model mx and the function f have the same descent 

directions. This is important from an algorithmic point of view. 
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LEMMA 2.1. [El Hallabi and Tapia (1993)[6]]. Let x ands be any points in ]Rn, F: ]Rn----+ ]Rn 

a continuously differentiable function at x, and f = IIFII- Then 

f'(x; s) = m~(O; s), 

where 

(2.4) mx(s) = IIF(x) + F'(x)slla· 

The standard definition of a stationary point x* of a real-valued function f in unconstrained 

nonsmooth optimization is that OE 8f(x*). In our case, the function f is regular, therefore this 

characterization is equivalent to 

for all s in ]Rn. The following proposition relates the definition of stationarity to the set of mini

mizers of the local model. 

PROPOSITION 2.1. [El Hallabi and Tapia (1993)[6]]. Let f = IIFII where F : ]Rn ----+ ]Rn is 

continuously differentiable. Then x* E ]Rn is a stationary point off if and only if for alls E ]Rn 

or equivalently mx.(O) :S: mx.(s) for alls E ]Rn where mx is given in {2.4). 
From Proposition 2.1 it is obvious that any solution of the nonlinear system (1.1) is a stationary 

point of f = I IFI I a. In the following theorem, we establish a necessary and sufficient condition for 

a stationary point off to be a solution of the nonlinear system (1.1). 

THEOREM 2.1. Let x* be a stationary point off= IIFII- Then x* is a solution of the nonlinear 

system 

(2.6a) 

if and only if the linear system 

(2.6b) 

is consistent. 

Proof. It is obvious that if (2.6a) holds then the linear system (2.6b) has a solution. Now 

assume that the linear system (2.6b) has a solutions*, i.e. 

Since x* is a stationary point off, we conclude from Proposition 2.1, that F(x*) = 0.D 
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3. The Inexact Trust-Region Algorithm ( ITRA): In this section we define our general 

trust-region algorithm for approximating a solution of the nondifferentiable optimization problem 

minimizexEIRn f(x) = IIF(x)lla 

where F: IRn ---+ IR,n, is continuously differentiable and where II Ila is an arbitrary norm on IR,n. 

DEFINITION 3.1. Consider x E IRn, E > 0, andµ > 0. Also let 11 Ila and 11 llb be any two 

norms on IR,n. We say thats* is an £-solution of the local model trust-region subproblem 

minimize mx(s) = IIF(x) + F'(x)slla 

subject to llsllb -S µ. 

ifs* satisfies 

mx(s*) - mx(0) < 0 and mx(s*) 'S mx(s) + f. 
for all s satisfying llsllb S: µ. 

Inexact Trust-Region Algorithm (ITRA). 

Let Ci, i = 0, ... , 5, 0, Dmin, 80 , and /3o be constants satisfying : 

Q < C1 < C2 < 1 S: C3 

O < 0 < l 

0 < 80 

Q < C4 < C5 < 1 

0 < Dmin 

0 < /3o 

Let Xo be any point in IR,n, and let II Ila and 11 llb be any two norms on IR,n and IR,n respectively. 

Suppose that Xk and 8k are the iterate and the trust-region radius determined by the algorithm 

at the k th iteration. The algorithm determines Xk+I and 8k+1 in the following manner: 

STEP 1. Set µk = 8k and T/k = f3k 

STEP 2. Obtain an Ek-solution, with 

Ek = T/k min (llskllb, IIF(xk)lla), 

of the local model trust-region subproblem 

(LMTR) { 
minimize mk(s) = IIF(xk) + F'(xk)slla 

subject to llsllb S: µk 

STEP 3. If f(xk + sk) 'S f(xk) + c1[mk(sk) - f(xk)] 

Else 

set Xk+l = Xk + Sk, 

go to STEP 4. 

choose µk such that 

c4llskllb S: µk S: c5llskllb , 

choose O S: T/k S: 0ryk, 

and go to STEP 2; 
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STEP 4.If f(xk + Sk) ~ f(xk) + c2[mk(sk) - f(xk)] 

choose 8k+1 so that 

µk ~ 8k+1 ~ max(µk, c3llskllb), 
Else 

choose 8k+I such that 

c4llskllb ~ 8k+1 ~ csllskllb; 
STEP 5.Set 8k+1 = max( 8k+1, Dmin), 

and choose O ~ f3k+1 ~ 0f3k, 

DEFINITION 3.2. The couple (µk, 'T/k) defined in STEP 1, for which a solution sk of the local 

model subproblem in STEP 2 satisfies the test in STEPS, is said to determine an acceptable step 

Sk with respect to (xk, Dk, f3k)- Moreover the iterate Xk+l = Xk + Sk will be called a successor of Xk-

4. A Fundamental Property of Trust Region Algorithms. In this section we will 

demonstrate that trust region algorithms enjoy the satisfying property that as the radius of the 

trust region approaches zero the approximate solutions, in the sense of Definition 3.1, of the model 

trust-region problem approach directions of steepest descent off. The directions are steepest with 

respect to the norm used in defining the trust region. This result will play an important role in the 

convergence analysis developed in this paper. 

THEOREM 4.1. Let w: IRn---+ IR be locally Lipschitz and let x E IRn be such that the one-sided 

directional derivative w'( x; s) exists for all s E IR n. Also let { bk} and {f3k} be sequences of real 

numbers decreasing respectively to 8 = 0 and /3 = 0. Consider a sequence {sk}, where sk is an 

Ek-solution, with Ek= /3k min (llskll,w(x)) of the problem 

mm1m1ze w( x + s) 
subject to llsll ~ Dk. 

If Sk # 0 for all k E IN, then any accumulation point d* of {dk = sk/llskll} is a steepest descent 

direction for w at x with respect to the norm 1111-

Proof. Let s be any vector of norm one, and let d* be any accumulation point of { dk}. By 

choosing a subsequence, if needed, we can assume without loss of generality that { dk} converges to 

d*. We have 

( 4.1) 
1 1 M [w(x + sk) - w(x)] ~ M [w(x + llskils) - w(x)] + f3k 

By substituting the quantities dk = sk/llskll and tk = llskll into ( 4.1) and rewriting we obtain 

w(x + tkd*)- w(x) w(x + tkdk)- w(x + tkd*) w(x + tks) - w(x) 
tk + tk ::; tk + Pk 

which implies, because w is locally Lipschitz and {fJk} converges to zero, 

w' ( x, d*) ~ w' ( x; s) . 
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This inequality shows that d* is a steepest descent direction for w at x with respect to the norm 

1111- D 

REMARK 4.1. In our application the function w will be either f or equivalently mx ( see Lemma 

2.1 ). 

5. Global Convergence of the Inexact Trust-Region Algorithm. In this section, 

we will establish global convergence of the Inexact Trust-Region Algorithm defined in Section 3. 

Throughout this section, unless otherwise mentioned, Ek( sk, f3k) is defined by 

( 5.1) 

PROPOSITION 5.1. Consider ( x, b, /3) where b > 0, f3 > 0, and x is not a stationary point 

off. Then the Inexact Trust-Region Algorithm cannot loop infinitely often between STEPS and 

STEP 2. 

Proof. We prove the contrapositive. Suppose that the algorithm loops indefinitely. Let { Xj} be 

the sequence generated by letting Xj = x + Sj where Sj is a solution within Ej( Sj, ru) of the following 

model trust-region problem 

mm1m1ze mx(s) = IIF(x) + F'(x)slla 

subject to llsllb ~ µj. 

Observe that ilsj+I II ~ µj+1 ~ c4llsj II for all j E IN, 0 ~ 1]j+1 ~ 07]j, 0 < 0 < l, and that 0 < c4 < 1, 

so the sequences {llsjllb} and { 1]j} are decreasing to zero. Under our hypothesis the test in Step 3 

fails for all j E IN, thus, because mx(sj) - f(x) ~ f'(x; sj), we have 

(5.2) 

Since Sj i- 0, we set 

d----2_ d 11 11 
J - llsjllb an tj = Sj b· 

Let d* be any accumulation point of { dj}. Without loss of generality, we can assume that the 

sequence converges to d*. Therefore, from (5.2) we obtain 

f(x+tjd*)-f(x) J(x+tjd*)-J(x+tjdj) J'( ·d·) - --~-----~~ > Ct X, J , 
tj tj 

which implies, since f is locally Lipschitz and J'(x; ·) is continuous, that 

But from Theorem 4.1 we obtain that d* is a steepest descent direction for f at x. Consequently, 

for all d E IR n with norm one, we have 

f'(x; d) ~ 0, 
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which implies that x is a stationary point off. D 

PROPOSITION 5.2. Consider a sequence {(xk,bk,th)} converging to some (x,b*,O) where x 

is not a stationary point off and b > 0. If (µk, T/k) determines an acceptable step Sk with respect 

to (xk,bk,Pk), then there exists a positive scalar µ(x,b) such that any accumulation point of {µk}, 

say µ*, satisfies the inequality 

(5.3) µ* > µ(x,b). 

Proof. Let µ* be any accumulation point of {µk}. Without loss of generality, we can assume 

that {µk} converges toµ*. It follows that µk :S bk. We consider two cases: 

Case i) We suppose that there exists a subsequence {µk, k E N' C IN} such that µk = bk in which 

case we haveµ*= b. Consequently we obtain (5.3) with µ(x,b) = b/2. 

Case ii) Suppose that µk < bk for all sufficiently large k E IN. Therefore, for sufficiently large 

k, (bk,Pk) never gives an acceptable step. Let sk be the last non-acceptable step obtained by 

decreasing bk and Pk- Observe that Sk is a solution of the local model subproblem within Ek( Sk, T/k) 

for some O :S T/k :S Pk· Since bk > 0 and Xk is not a stationary point off we have, by Proposition 

2.1, that Sk =J. 0 and µk > 0. Also we have for large k E IN 

(5.4) 

Assume thatµ*= 0. Let s't, E argmin{mx.(s) I llsll :S µk}, and let d* be any accumulation point 

of {d't, = s't,/lls't,llb}- Without loss of generality we can assume that {d't,} converges to d*. Since 

{O < µk} converges to zero, we obtain from Theorem 4.1 and Lemma 2.1 that d* is a steepest 

descent direction of f at x. 

Let O:k be a positive scalar such that llaks't,llb = llskilb- Since Sk is an Ek(sk, T/k)-solution, we 

have 

(5.5a) 

Therefore (5.5a) becomes 

(5.5b) 

From inequality (5.4) we obtain that {tk} converges to zero. Since Skis not acceptable, we have 

(5.6) 
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On the other hand, because F if continuously differentiable, we have for all i = 1 · · · n 

where (i E (xk, Xk + tkrh), which implies that 

where A(xk, tkrh) is a matrix whose i th row is [\7 Fi((i)- \7 Fi(xk)]. Since {xk} converges to x*, and 

{tk} converges to zero, we have 

Therefore we obtain 

(5.7a) 

and 

(5.7b) 

From (5.6), (5.7b) we obtain 

and since O < c1 < 1, this implies that 

( 5.8) 

Similarly to (5.7a), we obtain 

(5.9) 

Using (5.7b) and (5.9), we rewrite (5.5b) as 

J(xk + tkdk) - J(xk) < f(xk + tkd!) - J(xk) o(tk) 
+ -tk +TJk tk - tk 

or 

(5.10) 
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Because { dt;} converges to d*, { tk} and {ryk} converge to zero, and f is Lipschitz continuous, we 

obtain from ( 5.8) and (5.10) 

which implies, together with the regularity off and the definition of J0
, that 

0 '.S f 1 ( X ; d* ) , 

and since d* is a steepest descent direction off at x, we conclude that 

0 ::; f' ( X; s) \/ s E JR n, 

which contradicts the hypothesis that x is not a stationary point of f. Therefore there exists a 

positive scalar µ( x, 8) such that any accumulation point of the sequence {µk}, say µ*, satisfies ( 5.3). 

D 

PROPOSITION 5.3. Let {(xk,µk,1Jk)} be a sequence converging to (x*,µ* 1 0), where x* and Xk 

are not stationary points of J, and where µk andµ* are positive. Let Sk be an Ek(sk, 1Jk)-solution 

of the local subproblem 

(5.12a) 

(5.12b) 

minimize mk(s) = IIF(xk) + F'(xxk)slla 

subject to lfslfb :S µk. 

Then any accumulation point of { sk}, say s*, is an exact solution of the local subproblem 

(5.13a) 

(5.13b) 

minimize mx.(s) = IIF(x*) + F'(x*)slla 

subject to llsllb ::; µ* 

Proof. Since {µk} converges toµ* and liskllb ::; µk for all k, the sequence {sk} is bounded. 

Consider any accumulation point s* of this sequence. We prove that 

(5.14) 

holds for all s such that llsllb ::; µ*, i.e. s* is an exact solution of (5.16). Let s satisfy llsllb ::; µ*. 

We consider two cases: 

i) Assume that llsllb < µ*. Therefore, since {µk} converges to µ* llsll ::; µk holds for sufficiently 

large k E IN. Consequently, because Skis a solution within Ek(sk, 1Jk) of the local subproblem (5.12), 

we obtain 

(5.15) 
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which implies that (5.14) is satisfied. 

ii) Assume that llsllb = µ*. Consider for all k E IN Yk = ~s, which satisfies IIYkllb = µk. Because 

Skis a solution within E(sk, 1]k) of the local subproblem (5.12), we obtain 

(5.16a) 

By passing to the limit when k --. +oo, we obtain 

(5.16b) IIF(x*) + F'(x*)s*lla :::; IIF(x*) + ll:ilb F'(x*)slla

Since llsllb =µ*,this implies (5.14).D 

THEOREM 5.1. Consider (x*, 8*, 0) where 8* > 0 and x* is not a stationary point off. Then 

there exists a neighborhood N* = N*(x*, 8*, 0) and a positive scalar p* = p*(x*, 8*) such that for 

any (x, 8, (3) 

(5.17) 

holds for any successor ( x+, o+, (3+) of ( x, 8, (3). 

Proof. We prove the contrapositive. Then there exists a sequence { ( Xk, Dk, f3k)} converging to 

( x*, 8*, 0), a sequence {pk} converging to zero, and a sequence {( xt, ot, f3t)} where ( xt, ot, f3t) is 

a successor of (xk,8k,f3k) such that 

(5.18a) 

holds for all k E IN. Therefore, for all k E IN, there exists an Ek-solution sk, with 

of the subproblem 

minimize IIF(xk) + F'(xk)slla 

subject to llsllb :::; µk, 

where O < µk :::; 8k and O :::; 'r/k :::; f3k such that 

xt = Sk + Sk 

satisfies (5.18a). Because xt = sk + Sk is a successor of Xk, we have 

From (5.18a) and (5.18b) we obtain 

(5.19) 
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which implies that 

(5.20) lim sup[mk( sk) - f( xk)] 2:: 0. 
k-+= 

Because llskllb < 8k and { 8k} converges to 8*, the sequences { sk} is bounded. From (5.20a) we 

obtain 

(5.21) 

for any accumulatuion point s* of { Sk}. 

Because O ~ µk ~ 8k and {8k} converges to 8*, the sequence {µk} is bounded. Let µ* be any 

accumulation point of {µk}. Since {(xk, 8k, /h)} converges to (x*, 8*, 0) and x* is not a stationary 

point off, we have, by Proposition 5.2, that µ* > 0. Also, because sk is a solution within q, we 

obtain from Proposition 5.3, that s* is an exact solution of the subproblem 

mm1m1ze mx.(s) = IIF(x*) + F'(x*)slla 

subject to llsllb ~ µ*. 

which, together with (5.21), implies that 

(5.22) 

for alls such that llsll ~ µ*. By Proposition 2.1, (5.22) contradicts the hypothesis that x* is not a 

stationary point off. D 

It is standard in trust-region convergence theory to assume that the level set X 0 = { x E 

IRn I f(x) ~ f(x 0 )} is bounded. The following lemma shows that this hypothesis implies that the 

trust-region radii are uniformly bounded. 

LEMMA 5.1. [El Hallabi and Tapia (1993)[6]]. Let x 0 be any point E IRn. If the subset ofIRn 

X o = { x E IR n I f ( x) ~ f ( x 0 )} is bounded, then there exists a positive scalar 8max such that the 

trust-region radius 8k satisfies 

(5.28) 

In the following theorem, we demonstrate that the Inexact Trust-Region Algorithm described 

in Section 3 is globally convergent. 

THEOREM 5.2. Consider a continuously differentiable function F: IRn------> IRn. Let II Ila and 

11 llb be arbitrary norms on IRn, let xo be an arbitrary point in IRn, and finally let f(x) = IIF(x)lla

Assume that the level set Xo = {x E IRn II f(x) ~ f(xo)} is bounded. Then any accumulation point 

of the sequence {xk} generated by the Inexact Trust-Region Algorithm using x 0 as initial point is a 

stationary point off. 
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Proof. Let x* be an accumulation point of the sequence { xk} generated by the algorithm. With

out loss of generality (by considering a subsequence if necessary), we can assume that the sequence 

converges to x*. The sequence {(xk,b'k,!h)} is bounded. Let {(xj,b'j,,8j)} be a subsequence that 

converges to (x*, b'*, 0). Because the sequence {f(xk)} is strictly decreasing, we have 

which implies that 

(5.24) 

Suppose that x* is not a stationary point off. Since in (x*, b'*, 0), x* is not a stationary point off 

and b'* > 0, by Theorem 5.1, there exists a neighborhood N* = N*(x*, b'*, 0) and a positive scalar 

p* such that for any (x,b',,8) EN* 

holds for any successor x+ of x. Now since the sequence {(xj,b'j,,8j)} conerges to (x*,b'*,0), there 

exists an integer j* such that (xj,b'j,,8j) EN* for all j ~ j* and 

(5.25) 

which contradicts (5.24). Consequently, any accumulation point of the sequence {xk} generated by 

the algorithm in Section 3 is a stationary point of f = IIFlla· D 

REMARK 5.1. Actually, Theorem 5.2 is can be obtained as an application of Theorem 5.1 

and the work of either Huard (1979)[8] or Polak (1970)[11] dealing with the global convergence 

of conceptual algorithms. We choose to give a direct proof because that proof is not long and 

contributes to the conciseness of the presentation. 

6. Convergence to a Solution of F( x) = 0. In this section we demonstrate that under 

standard assumptions for Newton method theory, the iteration sequence generated by the Inexact 

Trust-Region Algorithm actually converges to a solution of the nonlinear system (1.1). 

THEOREM 6.1. Assume the hypothesis of Theorem 5.1. Then either the linear systems 

{6.1) 

are inconsistent for all stationary points x* off, or 

for any accumulation point x* of f. Moreover, if the sequence { x k} generated by the Inexact 

Trust-Region Algorithm has an accumulation point, say x*, such that F'(x*) is nonsingular, then 

F(x*) = 0 and {xk} converges to x*. 
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Proof. Since the sequence {IIF(xk)lla} is decreasing, it is constant on the set of accumulation 

points of the iteration sequence { xk} ( see El Halla bi and Tapia ( 1993)[6]). Let x** be an arbitrary 

accumulation point of {xk}. By Theorem 5.2, x** is a stationary point of J = IIFlla· Assume that 

(6.2) holds for x**· Then F(x*) = 0 for any accumulation point x* of {xk}, and obviously the 

linear system F(x*) + F'(x*)s = 0 is consistent. On the other hand, assume that the linear system 

(6.1), where x* is an arbitrary accumulation point of {xk}, is consistent. Then, by Theorem 2.1, 

(6.2) holds for x*, and consequently any accumulation point is a solution of the nonlinear system 

F(x)=O. 

Now assume that F' ( x*) is nonsingular. Then the linear system 

is consistent, which, by Theorem 2.1,implies that 

Finally the convergence of the sequence { xk} to x* follows from Theorem 3.3 of Eisenstat and 

Walker (1993)[4].D 

7. Convergence Rate of the Inexact Trust-Region Algorithm. In this section, we prove 

that the Inexact Trust Region Algorithm is q-superlinearly convergent and that it is q-quadratically 

convergent if either /h = O(IIF(xk)II) or f3k = O(llskll) . 

THEOREM 7.1. Assume the hypothesis of Theorem 5.1. Also assume that the sequence {xk} 

generated by the Inexact Trust-Region Algorithm has an accumulation point, say x*, such that 

F'(x*) is nonsingular and F' is Lipschitz near x*. Then the iteration sequence converges superlin

early to x*. 

Proof. By Theorem 6.1, the iteration sequence converges to x*. To prove that the algorithm 

converges superlinearly to x*, first we need to establish that the trust-region radius cannot be 

decreased for sufficiently large k, i.e. 

(7 .1) 

where Skis an Ek(llskllb, IIF(xklla)-solution, is satisfied for sufficiently large k. Since Fis continuously 

differentiable and {xk} converges to x*, we have 

(see (5.6)) and therefore 

(7.2) 
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Because J(xk) - mk(sk) > 0, this implies 

f(xk) - f(xk + Sk) > l _ llo(llskllb)lla 
J(xk) - mk(sk) - J(xk) - mk(sk) 

or equivalently 

(7.3) f(xk) - f(xk + sk) > 
1 _ llo(llskllb)lla ll 8 kllb 

f(xk) - mk(sk) - llskllb J(xk) - mk(sk) · 

Let us show that the ratio 
f(xk) - mk(sk) 

11s kllb 

is bounded away from zero. Since {xk} converges to x*, F'(x*) is nonsingular, and Fis continuously 

differentiable, there exists k* in IN and a positive constant ,\* such that F' ( x k) is nonsingular for 

all k ~ k* and 

(7.4) 

Consider (xk, 8k,fh) fork~ k*. Denote by sf the Newton step, i.e. the solution of 

First assume that llskll ::::; llsfll- Set 

(7.5) 

Since O < ak ::::; 1, we have 

(7.6) 

and 

mk(sk) = (1 - ak)IIF'(xk)sflla 

= (1 - ak)IIF(xk)lla 

Because 11.skllb = llskllb and Skis an Ek(sk, /h)-solution of the local model, we have 

(7. 7) 

From (7.6), (7.7) and llskllb = 11.skllb we obtain 

(7.9) 
IIF'(xk)sj; Ila f(xk) - mk(sk) (3 

llsj;llb :=::; llskllb + k· 

Therefore, since {(3k} converges to zero, we obtain from (7.4) and (7.8) 

(7.9) 

for all sufficiently large k, say k 2 k* for convenience. 
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Now we assume that 11s!;llb < JJskllb- Since mk(sj;) = 0 and Skis an Ek(sk,,Lh)-solution of the 

local model, we have 

or equivalently 
f(xk) - mk(sk) > IIF(xk) - F(x*)llb _ Pk-

Jlskllb - ll 8 kllb 

Also, since F' ( x*) is nonsingular, we have for sufficiently large k, 

(7.10) 

for some O < .X1(x*). Because {J(xk)} is decreasing, we have 

On the other hand, for all i = 1, · · ·, m, we have 

or 

This implies that 

(7.11) 

where A(xk+1, x*) is a matrix whose i th row is [V Fi((k+d- V Fi(x*)f. Since F' is continuous and 

F'(x*) is nonsingular, we obtain fron (7.11) and a similar equality for Xk that 

(7.12) 

for some constants O < L1 '.S L2 depending ov x*. We claim that there exists a constant O < M1 

such that 

(7.13) 

Assume the contrary. Then 

(7.14) 

for some N C IN. But we have 

(7.15) ll 8 kllb ll(xk+l - x*) - (xk - x*)llb llxk+l - x*llb ----=----------<-----+1 
llxk - x*llb llxk - x*llb - llxk - x*llb 
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From (7.14), (7.15), and the convergence of {,lh} to zero, we obtain 

lim llxk+I - x*llb = +oo. 
kEN-++oo llxk - x*llb 

This contradicts (7.12). From (7.10) and (7.13) we obtain 

(7.16) 

for all k 2: k* such that 11s£' Ila< llsklla- Consequently, we obtain from (7.9) and (7.16) that 

(7.17) 

for all k 2: k*. Inequalities (7.17) and (7.3) imply that fork 2: k* we have 

(7.18a) 

On the other hand, there exists an integer, say k* for convenience, such that 

(7.18b) 

for all k > k*. From (7,18a) and (7.18b), we obtain that equality (7.1) holds fork 2: k*. Also, since 

0 < c1 < c2, we have 

which, together with ( 7 .1 ), implies that lh determines an acceptable step with respect to ( x k, lh, f3k), 
i.e. µk = Dk for all k 2'. k*. Consequently the trust-region radius Dk is updated according to the rule 

which implies that 

(7.19) 

We now prove that the algorithm converges q-superlinearly. We have 

which implies that, say fork 2'. k* for convenience, the Newton steps£' is feasible for the subproblem 

(LMTR), i.e. 

(7.20) 
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We have for k 2: k* 

(7.21) 
F(xk) + F'(xk)(sk - sf!)+ F'(xk)sf; 

F'(xk)(sk - sf;). 

Since Skis an Ek(sk, /h)-solution of the local model, we obtain from (7.20) and (7.21) 

(7.22) 

and consequently 

JJsk - sf/Jla < >.;1,lhJIF(xk)lla 
(7.23) < >.;;-1/hJJF(xk) - F(x*)lla 

< L*!hllxk - x*llb 

for some constant L* depending on x*. On the other hand we have 

Xk+1 - X* Xk - X* + Sk 

(xk - x* + sf/) + (sk - sf;) 

(xk + sf! - x*) + (sk-sf/) 

(xf:+ 1 - x*) + ( Sk - sf!). 

Observe that xf/+1 is the Newton step obtained from Xk, an iterate generated by the ITRA algo

rithm. Therefore we have 

(7.24) 

From (7.23) and (7.24), we obtain 

(7.25) 

Consider D* a convex neighborhood of x* contained in the domain of the q-quadratic convergence of 

Newton's method for some constant L 2 (see Dennis and Schnabel (1983)[3]). Since {xk} converges 

to x*, there exists an integer , say k* for convenience, such that Xk E D* for all k 2: k*. Then we 

have 

(7.26) 

From (7.25) and (7.26) we obtain 

(7.27) 

Therefore, because {!h} converges to zero, (7.27) implies that 

(7.28) 
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i.e. the iteration sequence {xk} generated by the algorithm converges q-superlinearly.D 

Theorem 7.2. Assume the hypothesis of Theorem 7.1. Then 

i)if f3k = O(IIF(xk)II) or f3k = O(liskil), the iteration sequence converges q-quadratically to x*, and 

ii) if (3 k = 0 for sufficiently large k, x k is the Newton iterate for the nonlinear equation F( x) = 0 

and consequently the rate of convergence of {xk} to x* is q-quadratic. 

Proof. Assume that 

(7.29a) 

or 

(7.29b) 

From (7.28) we obtain 

Since F( x*) = 0 and F is continously differentiable, we have 

(7.31) 
IIF(xk)lla IIF(xk) - F(x*)lla 

< L2 llxk - x* lib-

From (7.29a) and (7.31) or (7.30) and (7.29b), we obtain 

(7.32) 

Therefore (7.27) becomes 

(7.33) 

i.e. the iteration sequence { xk} generated by the ITRA algorithm converges q-quadratically to x*. 

Now asume that f3k = 0 fork~ k*, which means that we are solving the local model trust-region 

(LMTR) exactly. The proof is similar to the one given for Theorem 8.1 of El Hallabi and Tapia 

(1993)[6].D 

8. Summary and Concluding Remarks. A successful trust-region algorithm for approx

imating the solution of the nonlinear system of equations F( x) = 0 is the well-known Levenberg

Marquardt trust-region algorithm. The model trust-region problem in the Levenberg-Marquardt 

algorithm has the form 

(8.la) 

( 8.1 b) 

minimize IIF(x) + F'(x)sll; 

subject to iisii~ ::; 8. 
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where 11112 denotes the £2-norm on IR,n in (8.la) and (8.lb ). But this globalization formulation of 

the problem is not adequate for large nonlinear problems. 

A much better formulation of the problem is to consider the optimization problem 

(8.2a) 

(8.2b) 

mm1m1ze IIF(x) + F'(x)sllnorm 

subject to 11s11 00 ::; 8, 

where norm can be the £1 or £00 norm or a convex combination of these norms on IR,n. The subprob

lem (8.2) can be solved using linear programming techniques and allows one to take advantage of 

sparsity patterns in F'(x). This formulation is a special case of the Inexact Trust-Region Algorithm 

presented in this paper, where the norms in (8.2a) and (8.2b) can be arbitrary norms in IR,n_ This 

special case can be considered as an SLP algorithm for solving large nonlinear equations. 

It is satisfying to us that we have been able to demonstrate that our Inexact Trust-Region 

Algorithm converges q-superlinearly under mild assumptions and that it converges q-quadratically 

if more accurate minimization, but not exact, of the local model is performed. 
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