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1. Introduction 
In a series of papers, Sachdev and his collaborators (1986,1987, 1988) studied several 

generalised Burgers equations, which through a similarity transformation and hence the 
introduction of a reciprocal function, reduce to a class of nonlinear ODE's called Euler-Painleve 
trancendents. These ODE's which seem to characterize generalised Burgers equations were 
studied numerically and to some extent analytically. The intermediate asymptotic character of 
the solutions for single hump initial conditions was demonstrated. However since the similarity 
form of the solution imposed certain contraints on the parameters appearing in the equation 
there is a need to study the initial value problem for the generalised Burgers equation without 
these restrictions. This is the purpose of this paper. 

We consider the equation 

dU d 2U d(Ua+I) JU 
-=8------- 1>0, a>O ar ax.2 ax 2r • 

(1.1) 

with bounded initial data, which has either finite support or vanishes sufficiently rapidly as 
lxl ~ 00 • In (1.1) J=l,2 for cylindrical and spherical symmetry respectively. Equation (1.1) 
is called sub-cylindrical if J < 1 and super-cylindrical if J > l.For a = 1/ J + l Sachdev & Nair 
gave an explicit exact similarity solution of (1.1). For most of this paper however we will deal 
with a version of ( 1.1) obtained by scaling x and t which has the effect of eliminating 8. The 
aim of our analysis is to construct large time asymptotic solutions of ( 1.1) with non-negative 
initial data when either a < 1/ J + 1 or a > 1/ J + 1. The approach is to introduce similarity 
variables and seek different asymptotic balances in the large time limit. This is reminiscent of 
the method of 'dominant balance' for ODE's (see for example Orzag and Bender (1978)). In 
order to render the solutions uniformly valid in it sometimes necessary to introduce transition 
layers at the leading and trailing edges of the support of the solution. This is done using the 
techniques of singular perturbation theory. 

Finally we note that the equation has a useful integral invariance property, provided u has a 
sufficiently fast decay to zero at infinity.As well as playing a useful role in constructing the 
asymptotic solution, it can also be used as a check on the computations. If we define 

-
M(t) = f u(x,t)dx (1.2) 



(2.5) 

The idea now is to compare the relative importance, as t ~ 00 , of the two terms explicitly 

involving t on the right hand side of (2.5). The most straightforward situation arises when 

diffusion dominates nonlinear convection. Assuming all the T\ derivatives are bounded and ~ 
at 

= o(l) when 11=0(1) and t ~ 00 , then this means that the first term on the right hand side 

must present an asymptotic balance with the whole of the left hand side,the second term being 

small. Thus we take 

1- 26 = 0 and 1- o -aa < 0 

which, on elimination of o, gives 

o = 1/2 , a > 1/2a 

Now we know from the mass condition (1.2) that in terms of v and T\ 

00 00 

M = Mt t -J(l = f u (x,t) dx =to-a J v (11,t) dll . (2.7) 
-00 -00 

So, if we introduce the large time expansion 

V (11,t) = VO (Tl) + O(l) 

as t ~ 00 , Tl = 0 (1), then substitution into (2.7) gives 

Hence with Mt constant and o = 1/2 we find from (2.6) that 

a = (J+l)/2 

whereupon the inequality in (2.6) yields 

(2.6) 

(2.8) 

(2.9) 

(2.10) 
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Figure 1: Convergence to the large time solution for a = 2/3, J = 2. t = 500, 

t= 1000, t = 1500. 

Although convergence of the numerical solution to the asymptotic profile is clearly established 

we can do something quite simple to improve the rate of convergence. To be specific we take 

the case a.= 2/(J+ 1) and note that to first order the expansion (2.8) for v(T1,t) has the form 

( I )2/(J+l} _ ~ 
v(T1,t) = vo(Tl) -2 M1 2'11t '-/ J+3 vo' t·112 logt + O(t -112) 

or equivalently 

v(T1,t) = vo(Tll) + O(t -112) 

where 

Thus to absorb the logarithmic error term into the leading order solution as t ~ oo we simply 

regard vo as a function of the shifted variable Tl 1 rather than Tl- The utility of this device is 

evident from Figure 2 where the numerical solution for v=u t312,again with J=2 and a.= 1/3, is 

plotted against T11.The improvement in the rate of convergence is clearly evident 



as t ~ 00, Tl = 0(1) we have 

00 

M 
[a(J+l) - l]/2a 

1 = t f vo(Tl) d11 
-00 

to leading order. Assuming for the moment that the integral converges then we must choose 

a = 1/(J+l) (2.15) 

in which event 

00 

(2.16) 

To find an equation for vo, we substitute (2.14) with (2.15) into (2.5) and equate leading order 

terms to give 

II 1 t Tl f vn 
vo - (voa+ ) + 2 vo + 2 = 0 

which after one integration yields 

I 1 ,, 
vo - voa+ + 2 vo = A. 

where A is an arbitrary constant and primes denote differentiation with respect to 11.For the 

integral in (2.16) to converge we require vo = 0(11-l) as ITll ~ 00 and hence A = 0. A 

further integration now gives the solution as 

vo = 
{a · ~-;;; erfc (11f) r(X 

(2.17) 

where B is an arbitrary constant which is implicity given in terms of M 1 via (2.16). We note 

that this solution was first given by Sachdev & Nair (1987) as an exact solution of (2.1) for 

a=l/(J+l). 

Thus we conclude that for 

a = 1/ (J+l) 



Hence with (2.18) we have 

a = (2+1)/2(1 +a) } 

6 = (2-aJ)/2(1 +a) 

and the inequality on 6 becomes 

a< 1/(J+l) 

(2.19) 

(2.20) 

(2.21) 

which completes our coverage of a-J parameter space. With these choices of a and 6 

(2.5) can be written as 

t av _ (2+1) 
at 2(a+l) 

a(va+l) 
+ --- = 

d11 

(2-aJ) av Jv 
V - 11- + 2 

2(1+a) d11 

t { a(J+l)-1 }/(a+l) a2v 
d112 

Constructing the outer expansion 

v(T1,t) = vo (11) + o (1) 

as t ~ oo, 11 = 0(1), substituting into (2.22) and equating dominant terms gives 

1 I (2-aJ) I (Ja-2) 
(voa+ ) - -"-------'- 11vo + --'--- vo = 0 

2(a+l) 2(a+l) 

(2.22) 

(2.23) 

with primes indicating differentiation with respect to 11. This equation has the general solution 

vo { 2 - aJ) 11 - 2 (a+ 1) voa } = C (2.24) 

where C is an arbitrary constant. For C > 0, vo('ll) is multi-valued, a possibility which we 

reject. On the other hand, although vo is single valued for C < 0, 

C 
vo -

(2-aJ) 11 

as 11 ~ -oo and, since (2.9) requires that 



The numerical solution for v = u t <2+J)(2(a+l) with I=l and a= 1/4 is plotted as a function 

of 11 in Figure 4 together with the limiting form given by (2.26) with (2.27). To reduce the 

influence of diffusion boundary layers at the edges of the support we compute the solution to 

the original equation (1.1) in unscaled variables with 6=10·2. This has no effect on the outer 

solution since the particular combination of variables appearing there eliminates 6. With 

11 1=1.8353 from (2.27) the computations clearly confirm convergence to the outer solution 

given by (2.26). 

We must point out at this stage that this outer solution cannot be uniformly valid for all x 

t ~ oo since we expect the asymptotic solution to have infinite support and to be continuous 

for all x. The structure of the solution indicates that the trouble lies at the leading and trailing 

edges of the support of vo. Singularities arise at these points because the second derivatives 

have been ignored in the equation for vo. To remedy the situation we have to make the 

diffusion term on the right hand side of (2.23) of order one near the edges of the support of vo 

(11). 

Let us consider first the leading edge of the support and construct the scaled variable 

y = (11 -111) t~ (2.28) 

near 11 = 111. Making this change of variable in (2.23) and now regarding v = v(y,t) we have 

[
ta~ + {~ _ (2-aJ) } yav + (Ja-2) ] t -~ 

en 2(1+a) ay 2(a+l) 

(2-aJ) 111 c)v + acva+l) = t 13-[1-a(J+l)/(a+l) 
2( a+ 1) ay ay 

Choosing 

~ = {1-a(J+l)} /(a+l) 

to render the diffusion term of 0(1) as t -+ oo and expanding 

v(y,t) = wo (y) + o (1) 

as t-+ oo, y = 0 (1), we find to leading order that 

(2.29) 



Thus in conclusion we have shown that for a.< 1/(J+l) the large time solution is, in the 

language of singular perturbation theory, three layered. In the outer region where 

Tl = x/~ = 0(1), 0 < Tl < Tl 1 

u(x,t) = t-a { <2-a.J) x }1/a. { 1 + o (1) } 
2(a.+1) to . 

{ 
(2-a.J) X }1/a { } 

= ---------- 1 + o (1) 
2(a.+l) t 

as t ~ oo. 

In the region at the leading edge where 

{ 
x - Tl 1 tO } R { 0 } a.(2+a.J)/2(a.+1) 

Y = . ti-' = X - Tl 1 t . t 
t6 

= 0 (1) 

u (x,t) = t-a wo (y) { 1 + o (1) } 

_ ra { 1'11 (2 - aJ) }1/a. 

- 2(a+l) [ 1 + eaT11(2-a.J)(x-T11 t0 -yo tOl)/2(a.+1) tOl] 

x{ 1 + o (1) } 

as t ~ oo, where 61 = a.(2+a.J)f2(a.+1). 

Finally in the region near the trailing edge where 

~ = Tl t ( 1 - a.(J+l)}j2(a.+1) = X /t 1/2 

u = cl/20. 't() ( x/t112) { 1 + 0 (1) } 

as t ~ oo where 't() (~) is given by the solution to (2.36) - (2.38). 



(3.8) 

where 

SlimU~ = {min(IA.Uj~IA_Ujl), if 6.Uj · A_Uj > 0, 

' O otherwise 
(3.9) 

Here 6.Ui is the forward difference (Ui+I - U) I h and A_Ui = (Ui -Ui_1) / h. 

Approximating u;:;J; by uj;~ we obtain the linear symmetric positive definite system of 
equations 

Ut' -Uj + f(Uj;~)- f(Vj:~) 
At h 

u~·1 
- 2u~·1 + u~·1 1u~·1 

- D J+I I 1-I + __ I - = Q 
h2 2t"+I 

(3.10) 
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