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Viscoelastic Finite Difference Modeling 

ABSTRACT 

Real eanh media disperse and attenuate propagating mechanical waves. This 

anelastic behavior can be described well by a viscoelastic model. We have developed a 

finite difference simulator to model wave propagation in viscoelastic media. The finite 

difference method was chosen in favor of other methods for several reasons. Finite 

difference codes are more ponable than pseudo-spectral codes for instance. Moreover, 

finite difference schemes provide a convenient environment in which to define 

complicated boundaries. Several finite difference schemes for viscoelastic wave 

propagation are thoroughly investigated with convergence tests, dispersion and stability 

analyses. We illustrate our method and the imponance of accurately modeling anelastic 

media through 2-D and 3-D examples from shallow marine environments. 
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the stress-strain relation, use this approach as well as Carcione (1993) and Tai-Ezer et al. 

(1990). 

Since the differential version of viscoelastic theory yields a hyperbolic system of 

partial differential equations, it is natural to employ explicit finite difference schemes in 

simulation algorithms. Finite difference schemes are intrinsically dispersive (Dablain, 

1986), and in order not to confuse this numerical dispersion with the physical dispersion 

of viscoelastic waves, previous authors have employed pseudo-spectral schemes 

(Cardone et al., 1988a, 1988b, 1988c, Tal-Ezer et al., 1990, and Carcione, 1993). 

Pseudo-spectral schemes yield minimal numerical dispersion, but employ 

computationally expensive discrete Fourier transforms. Use of vendor-supplied FFf 

packages decreases computational expense but makes such codes less portable and/or 

more complex than their finite difference analogs. Also pseudo-spectral schemes can 

accommodate only essentially periodic boundary conditions (Canuto et al., 1987). 

To address the issues of portability and boundary condition flexibility, we have 

examined the employment of (low order) finite difference schemes for viscoelasticity. 

We have implemented and investigated 0(2,2), 0(2,4), and 0(4,4) accurate schemes in 1-

D (where O(n,m) means: order of accuracy, n in time, m in space). These have been 

thoroughly investigated through convergence tests, dispersion and stability analyses. The 

discrete dispersion relation for the system was found to be the product of a well known 

term responsible for wave propagation (Levander, 1989) and another term responsible for 

attenuation. The stability criteria for the viscoelastic schemes are approximately the same 

as for the analog elastic schemes. The Courant number must however be adjusted to the 

highest phase velocity (found at infinite frequency) in the viscoelastic medium. We have 

performed convergence tests in which we compared the analytic solution for single 

wavenumbers to the numerical solution for identical initial conditions (Blanch et al., 

1993a, 1993b). Based on these investigations we choose the 0(2,4) scheme as the most 

flexible and efficient of these. We have also implemented 2-D and 3-D 0(2,4 )-schemes. 

We start with a brief review of viscoelastic theory, after which we present our 

algorithm for constant Q optimization. We then pursue the theory by deriving the 

equations governing viscoelastic wave propagation and also formulate these as a system 

of linear first order partial differential equations. Next we summarize implementation 

aspects and tests and present stability and dispersion analyses for the different schemes. 

For practical reasons we have limited this analysis to 1-D. Our results may be directly 

applied to modeling of higher dimensions viscoelastic wave propagation. We describe 

explicitly the 2-D and 3-D extensions of our method and exhibit two examples where 

disregarding anelasticity seriously limit the realism of the problems. 
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REALISTIC ATTENUATION AND DISPERSION MODELING 

Experiments have shown that earth materials generally have constant Q, for both 

pressure and shear waves over a limited range of frequencies (e.g. Murphy, 1982, and 

Spencer, 1981). A viscoelastic constant Q model will in tum yield a realistic dispersion 

relation (Wuensche!, 1965). In this section we describe an algorithm to approximate 

constant Q over a specified band using an array of standard linear solids in parallel. 

Constant Q optimization 

A mathematical definition of the quality factor, Q, is, 

Q(co) Re[Mc(co)) 
Im[Mc(w)) 

(4) 

where Mc(ro) is the complex bulk modulus, defined as the Fourier transform of G(t}, 

which for the case of L standard linear solids connected in parallel was given in equation 

(3). 

Our objective is to adjust the parameters of equation (3) such that the resulting 

quality factor is approximately constant and equal to Oo over a limited passband. The 

inverse problem is better formulated if we optimize 1/Q instead of Q, which of course 

does not limit us. For an array of L standard linear solids in parallel the problem may be 

stated as, 

Find 

Minimize f(Oo- 1 -Q-1)2dm over{i-a,i-ai}~=I 
Pass Band 

where 

(5) 
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scale ranging from the lower bound of the pass band to the upper bound, in the sense 

described by equation (8). One pair of relaxation mechanisms per one or two octaves is 

sufficient to yield an approximately constant Q over a pass band although, as we shall 

exhibit later, for many practical purposes only one pair is sufficient also when using 

sources with a bandwidth similar to that of a Ricker wavelet. By distributing r:al in the 

way described above, our problem is reduced to an over-determined linear system of 

equations, where the only variables are ( T£1 - -rot), which we solved through singular 

value decomposition. 
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differential equations may be obtained instead of the convolutions as follows. First, by 

ta.king the time derivative of equation (16) we obtain, 

(18) 

From equation (16) we see that equation (18) reduces to, 

(19) 

We have now derived a set of first order linear differential equations for the memory 

variables. Newton's second law completes the full description of wave propagation in a 

viscoelastic medium. This is, 

(20) 

Equations (15), (19) and, (20) is the system of first order linear differential equations of 

one dimensional viscoelastic wave propagation in a medium with L sets of standard linear 

solid relaxation mechanisms. 
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,.+I n 

rj,I - rj,I = __ I_(rn+I + r" ) 
A 2 /,I /,I 
ul 'rCJI . 

(23) 

+M -- 1- - · ---''----~----''---"--- + ---'--~----'--1 ( -r£1 J (-vj+2 + 8vj+1 - 8vj_1 + vj_2 -vj:J + Svj:f - Svj:!:f + vj:!:J) 
R 2'ro1 'ro1 12.1.x 12.1.x 

l=I, ...... ,L 

where .1t is the time step and .1x is the spatial step. The truncation error can be found 

from the equivalent differential equations (EDE's). 

(24) 

I= I,... . .. ,L (25) 

(26) 

The third derivatives of p and v in time appearing in equations (24) and (26) can be 

expressed through equations (15), (19), and (20) as spatial derivatives. For the special 

case of one relaxation mechanism these are, 

v =-M ~-1 p __ l _!_, -M _l _!_(~-lJv 
ut R 'f p2 .u:x 'f p >: R 'f p 'f ;u 

CJ CJ CJ CJ 

(27) 

(28) 

The O(.1t2) truncation error in equations (24) and (26) may thus be eliminated by 

subtracting corresponding terms expressed as spatial derivatives from the finite difference 

scheme in equations (21) through (23). The stencil of the new scheme does not have to 

be expanded, since it is sufficient to use second order approximations for the spatial 
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ST ABILITY ANALYSIS 

For simplicity, the discussion in this and the following section is restricted to one 

memory variable, L= 1. All schemes presented in this section are second accurate order in 

time and fourth order accurate in space. We employed both von Neumann analyses as 

well as implementations to investigate the stability of different finite difference schemes. 

Some realizations were found to be conditionally stable whereas other were intrinsically 

unstable, even though the same basic schemes, leap-frog and Crank-Nicholson, were 

used. The scheme in equations (21) through (23) is unstable. By mcxlifying the stencil 

for the equation governing the memory variable the following conditionally stable 

scheme is obtained, 

11+1 11-I 
Pi - Pi 

2t..t 

11 
8 

11 
8 

11 11 
're -vi+2 + vi+I - vi-I+ vi-2 1 ( 11+1 11-1) =-M ______ _... __ ....__...._ ___ r- +r-

R 'fa 12t...x 2 1 1 
(29) 

11+1 11-I 
7 i - 7i 

2.1t 
1 ( 11+1 11_1) 1 (re J(-v7+2 + 8v7+1 - 8v7_1 + v7_2 ) (30) =--- r- +r- -MR- --1 

2-ra 
1 1 

!'a 'f(1 12,1.x 

11 
8 

11 
8 

11 11 
-pj+2 + Pj+I - Pj-1 + Pj-2 

= 
12t...x 

(31) 

This scheme (equations (29) through (31)) will be called the stable non-staggered 

scheme. Our most fruitful formulation is, 

11+1/2 11-l/2 11 11 11 11 

Pj - Pj - -M 're -vj+3!2 + 27vi+l/2 - 27vi-l/2 + vj-3/2 

l!t - R 'fa 24t...x 

_ !(,n+l/2 + ,11-1/2) 
2 / / 

11+1/2 11-1/2 v. -v. 
p J J 

l!t 24t...x 

11+1/2 11-1/2 
7 i - 7 i = __ 1_(7 ..+112 + ,'!-112) 

l!t 2 r 1 1 
a 

1 (re ) (-v'J+312 + 27v'J+112 - 27v'J_112 + vj_3,2) -M - --1 · 
R 'f 'fa 24t...x 

a 
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DISPERSION ANALYSIS 

Viscoelastic media are intrinsically dispersive. As can be seen in Figure 2, the 

phase velocity increases with frequency as shown by Futterman (1962) and Wuensche! 

(1965). In addition, finite difference methods for wave propagation introduce numerical 

dispersion due to the time and space discretization; hence, we are studying dispersive 

media with dispersive methods. We must therefore assure that the influence of numerical 

dispersion is minimal. 

The discrete finite difference schemes are Fourier transformed to the frequency

wavenumber domain, where they are compared to the analytical (physical) dispersion of 

the viscoelastic medium. The numerical dispersion has two sources in our schemes. 

First, unwanted dispersion is introduced through the equation governing the memory 

variable, r. More familiar numerical dispersion is introduced through the part of the 

scheme governing the wave propagation. The dispersion relation for the viscoelastic 

schemes must be solved numerically, most conveniently through an iterative method. 

Due to the dependence on Q and the complicated analytical dispersion relations, it 

is not possible to derive a simple rule of thumb for the number of grid-points per 

wavelength needed to assure sufficiently small numerical dispersion. 

The 0(2,2) and 0(2,4) schemes. 

The dispersion relations for the 0(2,2) and 0(2,4) schemes may be written as a 

factor for the numerical dispersion originating from an elastic scheme multiplied with a 

factor for the numerical dispersion from the equation for r (Blanch et al., 1993a). The 

viscoelastic dispersion curves exhibit the same characteristics as their elastic analogs 

described by Dablain (1986) and Levander (1988). Dispersion curves for the 0(2,4) 

schemes in equations (21) through (23), equations (29) through (31), and equations (32) 

through (34), respectively, are plotted in Figure 2. The two non-staggered schemes have 

identical dispersion behavior, even though one of the schemes is intrinsically unstable. 

The stable staggered scheme evidently models the velocity much better than the other two 

schemes. All the schemes model the damping very accurately for a wide range of 

Courant numbers, as can be seen in Figure 3, where corresponding damping curves are 

plotted. The non-staggered unstable scheme overestimates the damping slightly for large 

wavenumbers. The dispersion relation for the scheme in equations (29) through (31) is, 
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NUMERICAL 1-D EXAMPLE 

We made several simulations for different schemes using a Ricker wavelet with a 

central frequency at 35 Hz propagating in the positive x direction in a 2000 m long 

homogeneous interval with periodic boundary conditions. One of these experiments is 

described next. 

Considerations on a practical number of relaxation mechanisms. 

The relaxation modulus (corresponds to the bulk modulus in the elastic case), MR, 

was 8 GPa and the density 2000 kg/m3
• This leads to a velocity of 2000 m/s in the O Hz 

limit. In Table 1 we display three pairs of relaxation mechanisms, obtained through the 

optimization algorithm described above, which yields an essentially constant Q of 200 

between 20 and 80 Hz. In Figure 6 we compare a snapshot at 2.25 s and a Q of 200 using 

the 0(2,4) scheme for the three pairs of relaxation mechanisms in Table 1 to an identical 

simulation using one pair of relaxation mechanisms (te=4.2654 ms, tcr=4.2230 ms). The 

difference is small and we conclude that the optimization of a constant Q is not as crucial 

as might have been anticipated in simulating viscoelastic wave propagation. For practical 

purposes it might even be sufficient to use fewer pairs of relaxation mechanisms than one 

per one or two octaves, as we stated as a good rule of thumb. The explanation for this is 

found from the memory variables. The magnitude of the curves corresponding to the 

different relaxation mechanisms varies dramatically, and therefore the main contribution 

to the viscoelastic modeling stems from the memory variable corresponding to the first 

set of relaxation mechanisms. 
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2-D AND 3-D VISCOELASTIC MODELING 

The results from the 1-D case described above are easily generalized to higher 

dimensions. Our implementation of the 2-D viscoelastic 0(2,4) stable staggered scheme 

requires 14 fields of variables to be stored simultaneously and 121 calculations per grid

point and time-step. The analog 3-D implementation requires 21 fields of variables to be 

stored simultaneously and 225 calculations per grid-point and time-step. In the 2-D 

viscoelastic wave equation for 1 relaxation mechanism both for the P-waves and the SV

waves, the analog to equations (15), (19), and (20) is, 

~=µ _£ _:i +-Y +Q aa -r. (av av ) 
dt 

O 
1:a iJy dx 

1 

d<J'Yf ( 1:: 2 t',;) av:i 1:: avy = n -- µ - --+n ---+q ar 01: 01: ax 01: .::>.. 3 a a a uy 

av .. =.!.(aaX.t + aary) 
dt p iJx: dy . 

<J'ii denotes the ij:th component of the symmetric stress tensor. 

vi denotes the i:th component of the velocity. 
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frequency content than sources used in conventional seismic exploration. In both 

examples we used Ricker wavelet sources with center-frequencies of 80 Hz in the 2-D 

example and 120 Hz in the 3-D example. The Ricker wavelet is symmetric with respect 

to its radius and was insened as a pressure pulse in the water column. We chose to model 

only one set of relaxation mechanisms and thereby obtained a sufficiently close to 

constant Q approximation which serves our purposes more than well. 

We chose not to model the water surface since multiple reflections from this 

would complicate a simple analysis of the wavefield. Instead we used absorbing 

boundaries around the grid by increasing the attenuation towards the edges to a Q of 2 

both for P- and S-waves, which in effect is a sponge filter. Due to the intrinsic 

viscoelastic dispersion we also tuned the Lame constants in the absorbing region to 

minimize impedance reflections. This quite efficient method enables us to use very thin 

absorbing boundaries (20 grid-points thick in the 3-D example). 

Numerical example 1. 2-D wave propagation in a sediment feature on the 

continental shelf (e.g. an incised valley). 

In this example we modeled a seismic experiment using an 80 Hz Ricker wavelet 

and a typical cross-section of an incised valley (Anderson, 1992). This is enclosed in 

Figure 7 and the material properties are listed in Table 2. The model is 190 m in the 

venical direction of which the upper 70 m are water (Figure 7), and 640 m in the 

horizontal direction. We have cut out the absorbing frame in the energy snapshots in 

Figures 8a through d, and Figures 9a through d. 1 m grid-spacing was used in both 

spatial directions and the time step was 0.15 ms which leads to a maximum Courant 

number of 0.33 which is well below the stability limit for our scheme. 

In Figures 8a through d we show P- and SY-wave energy snapshots of a 

viscoelastic simulation using the material propenies in Table 2. In Figures 9a through d 

we show snapshots from the analog experiment in the elastic limit where we have set all 

Q in Table 2 to 10,000. The SY-wave energy snapshots have been amplified three times 

more compared to the P-wave energy snapshots. In Figures 8a and b, and 9a and b, we 

show the P- and SY-wave energy snapshots at 0.05 s for the viscoelastic and the elastic 

simulation respectively. In the snapshots for the P-wave energy, reflections from the 

different sediment layers are clearly visible. There is a strong conversion of P-waves to 

SY-waves at the different boundaries. The initiation of SY-waves are found where the P

wave intersect the boundaries of the model. This gives the impression that the SY-waves 

21 



Viscoelastic Finite Difference Modeling 

3-D effects are more pronounced here. In Figure 11 b we can see how S-wave energy 

gets trapped in the uppennost marine sediment layer. The S-waves are damped by the 

sediments and the strongest feature is the direct S-wave in the lower most layer where Q 

is the highest. The wave pattern is quite complicated in the region of the oxbow lake. In 

Figure 11 d we clearly see how S-wave energy is trapped in this feature. In an elastic 

simulation this energy would not attenuate, leading to a significantly different wavefield 

radiated back into the water column. 
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Water Layer 1 Layer 2 Layer 3 Layer4 

VP (km/s) 1.52 1.60 1.75 1.9 2.2 

Qp 10,000 40 50 50 100 

v, (km/s) 0 0.4 0.8 LO 1.2 

Qs 0 30 35 45 70 

p (g/cm3
) 1.05 1.3 1.5 1.5 2.0 

Table 2. The average material properties used for the incised valley model. v P is the 

velocity of P-waves and QP its quality factor, v, is the S-wave velocity and Qs its 

quality factor.pis the density. Layer 1, 2, 3, and 4 denotes the different sediment layers. 
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FIGURE CAPTIONS 

Fig. 1. Effects on Q by penurbations in the relaxation times. The case illustrated in 

Figure 1 was used as the unperturbed state. Solid: The desired function (between 100 and 

500 Hz). Dashed: The optimized Q function. Dotted: Q after increasing both the stress 

relaxation time and the strain relaxation time by 20%. Dash-dotted: Q after increasing 

only the strain relaxation time by 20%. 

Fig. 2. Dispersion curves are plotted versus the inverse of grid-points per wavelength. 

The maximum value on the x-axis corresponds to a frequency of 500 Hz. This frequency 

has to be given since the viscoelastic medium is intrinsically dispersive. Maximum 

attenuation is found at 40 Hz. The Courant number increases from 0.2, 0.4 to 0.6 . Solid: 

True dispersion. Dashed: Non-staggered stable scheme. Dotted: Staggered stable 

scheme. Dash dotted: Non-staggered unstable scheme. 

Fig. 3. Damping curves are plotted versus the inverse of grid-points per wavelength. The 

maximum value on the x-axis corresponds to a frequency of 500 Hz. This frequency has 

to be given since the viscoelastic medium is intrinsically dispersive. Maximum 

attenuation is found at 40 Hz. The Courant number increases from 0.2, 0.4 to 0.6 . Solid: 

True dispersion. Dashed: Non-staggered stable scheme. Dotted: Staggered stable 

scheme. Dash dotted: Non-staggered unstable scheme. 

Fig. 4. Dispersion for the 0(4,4) scheme. The Courant number varies from 0.2, 0.4, 0.6, 

0.8 to 0.9. The 0(4,4) aligns very well to the theoretical curve. Maximum frequency 

500 Hz. Q=50@ 37.5 Hz. Solid (top): Theoretical curve. Dashed (bottom): 0(4,4) 

C=0.2 . Dotted: 0(4,4) C=0.4 . Dash-dotted: 0(4,4) C=0.6 . Solid (bottom): 0(4,4) 

C=0.8. Dashed (top): 0(4,4) C=0.9. 

Fig. 5. Damping for the 0(4,4) scheme. The damping is overestimated for large Courant 

numbers and slightly underestimated for Courant number = 0.2. Solid (bottom): 

Theoretical curve. Dashed (bottom): 0(4,4) C=0.2 . Dotted: 0(4,4) C=0.4 . Dash

dotted: 0(4,4) C=0.6. Solid (top): 0(4,4) C=0.8. Dashed (top): 0(4,4) C=0.9. 
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Fig. 10. The model used in the 3-D oxbow lake experiment. a) is a 3-D view of the layer 

underlying the oxbow lake. b) and c) are vertical cross sections through the center of the 

model in the xz- and yz-planes. The area above the solid line is water. The area between 

the solid and the dashed line represents Holocene transgressive marine deposits (Layer 1 

in Table 3). The area between the dashed and the dotted line represent regressive fluvial 

deposits (Layer 2 in Table 3). The area below the dotted line represents early 

Wisconsinian regressive deposits (Layer 3 in Table 3). The star shows the position of the 

source. 

Fig. 11. Snapshots from the 3-D oxbow lake experiment. a) and b) illustrates energy 

snapshots in the xz-plane (see Figure 10) for the P-wave field at 25 ms and the S-wave 

field at 50 ms. c) and d) illustrates energy snapshots in the yz-plane (see Figure 10) for 

the P-wave field at 25 ms and the S-wave field at 50 ms. 
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