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Abstract 

In some applications, the accuracy of the numerical solution of an el
liptic problem needs to be increased only in certain parts of the domain. 
In this paper, local refinement is introduced for an overlapping additive 
Schwarz algorithm for the p-version finite element method. The resulting 
algorithm is highly parallel and scalable. 
Under certain hypotheses on the refinement region, it is proved that in 
two and three dimensions the condition number of the iteration operator 
is bounded by a constant independent of p and the number of subdomains. 
In the general two dimensional case, an almost optimal bound with loga
rithmic growth in pis proved. 

1 Introduction. 

A domain decomposition method using p-version finite elements was analyzed in 
Pavarino [11], using the framework provided by the additive Schwarz method 
(ASM) of Dryja and Widlund [8], [9]. Due to the generous overlap between 
subdomains, we were able to show that the condition number of the ASM 
iteration operator is bounded by a constant independent of the degree p, the 
mesh size H and the number of subdomains N. Here we consider a variant of 
the method based on local refinement. Our work is inspired by work of Bramble, 
Ewing, Parashkevov, and Pasciak, for the h-version finite element method, see 
[4], [5]. 
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Local refinement algorithms can be of interest in many applications where 
the accuracy of the numerical solution needs to be increased only in certain 
parts of the domain. For standard h-version finite elements, local mesh refine
ment can be introduced by selecting and refining some elements of a coarse 
triangulation. This process can be applied recursively and multilevel methods 
can be considered. For the p-version finite element method considered here, 
local refinement amounts to increasing the degree p of the polynomial basis 
functions only in selected elements of the fixed triangulation. We note that our 
results are easily extended to multiplicative variants of the algorithm by apply
ing general theorems of the abstract Schwarz theory; see Dryja and Widlund 
[8], [9], Pavarino [12] and the references therein. 
In Section 2 of this paper, we introduce a simple model problem and its dis
cretization with the p-version finite element method. We then define an over
lapping additive Schwarz algorithm, using local refinement, and formulate our 
main result in two dimensions. Under certain hypotheses on the boundary of 
the refinement region, we prove a constant bound for the condition number of 
the iteration operator, while in the general case, we prove an almost optimal 
logarithmic bound. The proof is based on some preliminary results, of inde
pendent interest, about discrete harmonic polynomials. The three dimensional 
case is studied in Section 3, while in Section 4 we illustrate our results with 
some numerical experiments. 

2 An additive Schwarz method with local refine
ment in two dimensions. 

For simplicity, we consider a linear, self adjoint, second order elliptic, model 
problem on a bounded Lipschitz region n C R2: 

Find u EV= HJ(f!) such that 

a(u,v) = f(v), V VE V' 

where the bilinear form 

a(u,v) = la v'u · v'v dx 

defines a semi-norm lulH1(n) = (a( u, u))112 in H 1 (f!), and a norm in V = HJ(f!). 
The discrete problem is given by the p-version finite element method. A 

triangulation of the region n is introduced by dividing it into non-overlapping 
quadrilateral elements ni, i = 1, ···,Ne . We suppose, for simplicity, that the 
elements are squares of side H and that the original region is a union of such 
elements. Using affine mappings onto a reference square, our analysis also works 
for general quadrilateral elements. Let N be the number of interior mesh points. 
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With refinement everywhere, we have the finite element space 

VP = { </> E c 0(n) : </>In; E Qp, i = 1, ···,Ne} n Hc}(n) , 

where 
Qp = span{xiyj : 0 ~ i,j ~ p}. 

In the case of local refinement, we select Nr < N interior nodes. Let JT be the 
set of refinement indexes. With each selected interior node Xi, we associate a 
subdomain ni, defined as the 2H x 2H open square centered at Xi- The region 
of refinement is then 

nr =uni, 
and the finite element space 

V! = VH + Vf + · · · + Vk . 

vH = V 1 is the analog of the h-version coarse space and consists of the con
tinuos functions defined on n that are piecewise bilinear on each element and 
vanish on an. vr = VP n HJ(nD are the local spaces. 
The discrete problem is then: 
Find u; E Vf such that 

V Vp E v:. (1) 

As before, the algorithm consists in solving, by an iterative method such as 
the conjugate gradient, the equation 

(2) 

where the projections Pi : Vf--+ Vf are defined by 

V</>p E Vf. (3) 

For two dimensions, the main result of this paper is: 

Theorem 1 Let n C R 2 • The operator P of the additive algorithm defined by 
the spaces ~P satisfies the estimate 

,.,,(P) ~ const. 

if there are no isolated points on anr, and 

,.,,(P) ~ C(l + logp)2 

otherwise. 
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A point on 8f2r is isolated if it is not a limit (accumulation) point of 8f2r; see 
Section 4 for numerical experiments and examples. Before proving this theo
rem, we need to develop some technical results concerning the decomposition 
of discrete harmonic polynomials as well as review some classical tools in ap
proximation theory. A polynomial w E Qp is discrete harmonic on an element 
f!df 

a(w,</>)=0, 'ti </> E Q P that vanish on of!i. 

A piecewise polynomial function w E VP defined on n is discrete harmonic if it 
is so on each element. 

2.1 Auxiliary results 

When working with Sobolev norms on domains of diameter O(H), we need to 
work with scaled norms. These are obtained by a change of variable from the 
standard definitions on a domain of diameter 0(1). For example, 

llullJi1(n) = lulJI1(n) + 12 llulli2(n)• 

I 12 2 1 12 lu IH1l2(80) = lulHl/2(80) + H llu bean)· 
We will use the classical Markov's Theorem: 

Theorem 2 If v is a polynomial of degree p on I= [-1, 1], then 

with equality only for v = ±Tp , the Chebyshev polynomial of degree p. This 
inequality is not scale invariant: on the interval lH = [-H, H] 

p2 
maxlv'(x)I ~ H maxlv(x)I. 

IH lH 

A proof and many useful generalizations can be found in Rivlin [14]. The 
following result is Lemma 2.2 in Bramble and Xu [6]: 

Lemma 1 If D is a bounded Lipschitz domain in R2 , then 

for every function w E W 1 •00 (D) and any€ E (0, 1). 

With this Lemma, we can prove a Sobolev-like inequality for polynomial finite 
element: 
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Lemma 2 If up E Qp(ni), where ni is an element of diameter H, then 

lluplli00 (n;) :S C(l + logp)JlupllJfl(n;)· 

Proof. Apply Lemma 1 to w = up on one element D = ni . Then 

On an element ni of diameter H, the W 1•00 -norm is given by 

By Markov's inequality: 

Choosing E = 6JP2 in Lemma 1, we obtain: 

i/2 I i + 2p2 II II llupl!Loo(n;) :S Cl log6C + 2logpl I upl1H1(n;) + Bp2 Up Loo(n;) 

and finally 

Corollary 1 If up of Lemma 2 vanishes at some point in n;, then 

for every constant a. 

Proof. Use the inequality 

and apply Lemma 2. 

Corollary 2 If j3 is any value of up inn;, then 

llup - /3IIJ,oo(n;) :S C(l + logp)luPIJi1(n;)· 

D 

D 

Proof. Consider the inf over a in the estimate of Corollary 1. By a quotient 
space argument, we obtain 

Then, just apply this estimate to up - j3. 
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One of our main tools is the following p-version analog of Lemma 3.2 in 
Widlund [15]: 

Lemma 3 Let w E Qp be a discrete harmonic polynomial on a square element 
ni, that vanishes at the vertices of ni. Then there exist four discrete harmonic 
polynomials Wj E Qp, each with nonzero boundary values only on one side ri 
of fli, such that W = I:j Wj and 

4 

L lwilt1/2(an;) :::; C(l + logp)
2
lwlJi1(n;)· 

j=l 

Proof. For each side r j, we define 

w i = 0 on r i =/= r i 
{ 

w on ri 

discrete harmonic extension in ni . 

Clearly w = I:i Wj. By definition 

I .
1
2 _ [ [ lwi(x(s)) - Wj(x(s'))l 2 d 'd 

wJ H1/2(an;) - Jan; Jan; lx(s) - x(s')l2 s s. 

Since ani = Uk I\ ' we have: 

The first term can be bounded by using the trace Theorem: 

Now consider one of the other terms. If r k and r i are opposite sides of ni, then 
lx(s) - x(s')I ~ H. We then parametrize and bound the double integral by 

[H [H lw(x(s))l2 1 l [H 2 2 

Jo Jo lx(s)- x(s')l2 ds ds::; H Jo lw(x(s))I ds::; llwllLoo(ni)· 

By Corollary 2, this is bounded by C(l + logp)lwlk1(n;)" If rk and fj share a 
vertex of ni, we parametrize the double integral as 

.,.......,-~~- ds' ds. lH lo lw(x(s))l2 

o -H lx(s) - x(s')l 2 
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This integral can be estimated by 

2 {H jo lw(x(s))l2 ds'ds < 2 {H lw(x(s))l2 ds 
lo -H Is - s'l 2 - lo s ' 

because 

Jo ds' 1 1 1 1 
-H (s - s')2 = s - s'l~H = ;- s + H ~ ;· 

We divide each resulting integral into two: 

lH lw(x(s))l 2 1H/p
2 

lw(x(s))l2 J,H lw(x(s))l 2 
.;.__"---'----.:....:....'- ds = .;.__"---'----.:....:....'- ds + '--'"--'---'--'---'- ds . 

o s o s H/p2 S 

We estimate the first term by using the mean value Theorem and Markov's 
inequality. 

1
H/p2 lw(x(s))l2 1H/p2 dw _ 2(x(s) - x(0))2 

ds= 1-d (x)I ~---ds~ 
O S O S S 

p2 2 2 [Hfp2 (x(s) - x(0))2 p2 2 2 [Hfp2 
:::; ( H) llwllL00 (0i) lo s ds = ( H) llwllL"°(O;) lo s ds = 

P2 )21 2 1 H 2 1 2 = ( H lwllL00 (n;) 2( p2) = 211wllL00 (0i)• 

since x(s) - x(O) = s. We estimate the second term by using the discrete 
Sobolev inequality of Corollary 2. 

{H lw(x(s))l2 
2 H 2 

lH/p2 s ds:::; llwllL"°(O;)log Hjp2 = 2logpllwllL"°(O;):::; 

:::; C(l + logp)2lwlk1(n;) 

Combining these estimates, we obtain the result. 

D 

We will need the following two dimensional extension Theorem for polyno
mial finite element functions. The proof, for a square and a triangle, can be 
found in Babuska et al. [1) or Bernardi and Maday [3). Using results of Canuto 
and Funaro [7), it is possible to prove a three dimensional polynomial extension 
Theorem, see Belgacem [2] and Pavarino and Widlund [13]. 

Theorem 3 Let Qi be a square element and f E H 112( 8!li) be a polynomial 
of degree p on each side of !l;, which is continuous on ani, Then there exists a 
polynomial u E Qp(!l;) such that u = f on 8!li and 
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{hf2 

r r ............ 3. .... -, ·-···-····-·L. 
Xi 

Figure 1: Decomposition of Wi in 2-dim 

Using this extension Theorem, it is possible to prove the following p-version 
analog of Lemma 4.1 of Bramble et al. [5]. Lemma 4 is a generalization of 
Lemma 3 of Pavarino [11]. 

Lemma 4 Consider an interior node Xi, with its associated subdomain ni, and 
let r j ,j = 1, 2, 3, 4, denote the four edges connecting Xi and ani (see Figure 1). 
Let Wi E Vt = VP n HJ(nD be a discrete harmonic polynomial that vanishes at 
the interior node Xi . Let Wij be the discrete harmonic polynomial that equals 
Wi on r j and vanishes on the remaining edges. 
Then Wi = EJ=I Wij and 

4 

L a( Wij, Wij) :S Ca( Wi, Wi) 
j=l 

if Wi vanishes on at least one of the r j, and 

1:a(Wij,Wij):::; C(l +logp)2 a(wi,wi) 
j 

otherwise. 

Proof. a) Let suppose that Wi = 0 on the edge r 4 • We start by constructing 
Wit with support in 01 LJ 02 LJ f 1 : 

{ 
Wi On 01 LJ f1 

WiI = reflection across f 1 from 01 onto 02, 

Clearly Wi1 is discrete harmonic, since Wi is, and 
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Now Wi-Wil is discrete harmonic, vanishes on r 1 and, by the triangle inequality, 
lwi - Wi1IH1(n:> ~ 3lwilH1(n:>· We can therefore construct Wi2 with support in 
S12 U S13 Ur 2 in the same way: 

{ 

Wi - Wil on f!2 U f 2 

Wi2 = reflection across f 2 from S12 onto S13. 

Wi2 is discrete harmonic, lwi2IH1(n:> ~ 6lwilH1(nD and lwi - Wi1 - Wi2IH1(n:> ~ 
9lwilHl(O:) . Similarly, we construct Wi3 with support in S13 U S14 U f3: 

{ 
Wi - Wi1 - Wi2 on S13 U f3 

w·3-
1 - reflection across f 3 from S13 onto S14. 

Again, Wi3 is discrete harmonic and lwi3IH1(n') ~ l8lwilH1(n:)· 
Finally, we define Wi4 = Wi - Lj Wij and it is dear that Wi4 is discrete harmonic, 
with support in S14 and that lwi4IH1(nD ~ 27lwilH1(nD· 

Therefore I:J=1 Wij = Wi and I:J=1 a( Wij, Wij) ~ Ca( Wi, Wi). 

b) We suppose now that Wi does not vanish identically on any r j. Consider 
one of the four elements of n~, for example S11 . Wi vanishes on the two edges 
of S11 that are on the boundary of n~ and differs from zero on the other two 
interior edges f1 and f4. We want to write Wi as a sum of two discrete harmonic 
functions each different from zero on only one of the interior edges. By Lemma 
3, we can find two discrete harmonic polynomials Wil and Wi4 with nonzero 
values only on f 1 and f 4, respectively, such that 

lwi1lt1/2(an1) + lwi4lt1/2(an1) ~ C(l + logp)
2
lwilJJ"1(ni). 

By the polynomial extension Theorem 3 

Therefore 

lwi1lt1(ni) ~ C(l + logp)2lwilk1(nt) 

and the same inequality holds for wi4 • 

Repeating the process on the other elements in n~, we obtain eight discrete 
harmonic polynomials. Combining the pairs corresponding to the same interior 
edge, where they have the same values by definition, we finally obtain the four 
discrete harmonic piecewise polynomials with the desired properties. 

D 
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2.2 Proof of Theorem 1 

We can now proceed to prove Theorem 1. As in the case with refinement 
everywhere studied in [11], we base the proof on the Schwarz framework of 
Dryja and Widlund [8], [9]. 
A constant upper bound for the spectrum of P is obtained by noting that for 
i ~ 1 

a(Piup,up) = a(Piup,Piup) = ao,(Piup,Piup) :'.S an1 (up,up)· • • 
Each point is covered by no more than four subregions ni and the norm of Po 
is equal to one. Therefore Amax :'.S 5 . 

A lower bound is obtained by Lemma 1 in Pavarino [11], Lemma 4 in the 
previous Section and by defining a partition of u E Vf with the required prop
erties. We start by defining u0 E VH, by specifying its values at the interior 
nodes Xi: 

uo(x;) = { u(x;) if x;_ ¢ nr 
QHu(x;) 1f Xi E Qr 

Here QH is the L2-projection of Vf onto vH. It has the properties 

ll(J - QH)vllh(n) :'.S CH 2a(v,v) 

a(QHv,QHv) :'.S Ca(v,v) 

for every function v E HJ(n), see Bramble and Xu [6]. Since u - u0 = 0 outside 
nr, we have 

an ( U - Uo, U - Uo) = anr ( U - UQ, U - Uo). 

Using the triangle inequality, we have 

a( u - uo, u - uo)112 = anr( u - QHu + QHu - uo, u - QHu + QHu - uo)112 :'.S 

anr((I - Q H )u, (I - QH )u)112 + anr(QHu - uo, Q HU - uo)1
1

2 

:'.S Ca( u, u)1
/

2 + anr( QHu - uo, QHu - uo)112
. 

By definition Q HU - u0 = 0 in nr except in those elements n; which have at 
least one vertex on 8Qr, Therefore, expanding QHu-u0 = L;(QHu-u0 )(x;)¢>i 
in the nodal basis and using the properties of Q H, we obtain: 

anr(QHu - uo,QHu - uo) :'.SC L (QHu - uo)2(xi) :'.S 
x;E80r 

:'.S cH-2 IIQHu - uolli2(n) :'.S Ca(u,u). 

We have then proved 

a(u - u0 ,u- u0 ) ~ Ca(u, u). (4) 
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Reasoning in the same way, we prove 

llu-uolli2(n)::; CH 2a(u,u). (5) 

We now need to decompose w = u - u0 E HJ(flr ). We use a result from 
Pavarino [11] (see eqn. (24)) for the case of refinement everywhere: 

There exists a decomposition w = Ef:1 Wi such that 

N 1 
~a(wi,wi)::; C(a(w,w)+ H 2 llwlli2(n)) 
i=l 

and supp( wi) C supp( w ). 
Here N is the number of all interior nodes in n. Therefore this is not the 
desired decomposition, since it contains terms Wi with i ¢ Ir, which correspond 
to Xi ¢ fir, Since supp( Wi) C supp( w ), these remaining terms Wi vanish unless 
Xi E 80r, Therefore, we need to decompose only the terms Wi corresponding 
to Xi E 8f2r and distribute their contributions among the other terms. First, 
we write 

Wi =WO+ y 

where y = Wi on the mesh lines and is extended as a discrete harmonic poly
nomial inside each element. w0 = Wi - y vanishes on the mesh lines and is 
a-orthogonal toy. Thus 

a( Wi, Wi) = a( w0
, w0

) + a(y, y). 

Since w0 is nonzero only on elements in fir, we can regard these elements as 
belonging to a unique subdomain nj with j E Ir and add the restrictions of w0 

on these elements to the corresponding term wi. We still denote these modified 
terms by Wj, We now use Lemma 4 to decompose y. If there are no isolated 
points on anr' there is at least one edge of the mesh belonging to anr ending 
at Xi. Since Wi = 0 on this edge, y will vanish there too. Therefore, by Lemma 
4, y = Lj Yi and 

I::a(yi,Yi)::; Ca(y,y). 
j 

If Xi is an isolated point of anr, then Lemma 4 will give us a decomposition of 
y satisfying the weaker inequality: 

La(Yi,Yi)::; C(l +logp)2a(y,y). 
i 

The functions Yi are nonzero only on one edge of the mesh and this edge is 
assigned uniquely to a subdomain nk in fir, We add the functions Yi to the 
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corresponding Wk and still denote the modified terms by Wk. We then have 
found a decomposition 

satisfying 

w= LWi 
iElr 

L a(wi,wi) :S C(a(w,w)+ ; 2 llwllh(n)) 
iElr 

in the case without isolated points on anr and 

L a(wi,wi) $ C(l +logp)2(a(w,w)+ 12 llwlli2(n)) 
iElr 

in the general case. Using (4) and (5), we can conclude that the decomposition 
of u satisfies the inequality of Lemma 1 in Pavarino [11] with a constant inde
pendent of p and Nr, in the case without isolated points, and with C(l +logp)2 

otherwise. A lower bound of the smallest eigenvalue of the iteration operator 
P is then observed. 

D 

3 An overlapping ASM with local refinement in 
three dimensions 

We now consider regular refinement regions, in the sense specified in Theorem 
4, and establish an optimal bound for 1,,(P). The general case still requires 
further research. 

Our model problem is given on a region n C R3 
, which for simplicity is the 

union of non-overlapping cubic elements ni with mesh size H. Homogeneous 
Dirichlet boundary conditions are given on an. With the same notation as 
in the two dimensional case, we associate with each selected interior node Xi 

a subdomain ni defined as the open cube of side 2H centered at Xi • The 
refinement region is 

and the finite element space is decomposed as 

V; = VH + Vf + · · · + Vk , 

where vH = V1 and Vt= VP n HJ(nD are the local spaces. The definition of 
the algorithm in terms of projections is the same as before. The main result is: 
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Theorem 4 Let n C R 3 • If there are no isolated points or edges on the bound
ary 80r of the refinement region, then the operator P of the ASM defined by 
the spaces V{ satisfies the estimates 

,.,,(P) ~ const. 

Proof. We proceed as in the two dimensional proof of the constant upper bound 
and in the construction of the coarse component u0 in the decomposition of 
u E Vf . We then apply to w = u - u0 the three dimensional decomposition 
result proved in Pavarino [11] for the case of refinement everywhere: 

There exists a decomposition w = Ef:1 Wi such that 

and supp( wi) C supp( w ). 
This is not the desired decomposition, since it contains terms with i (j. Ir, As 
before, we need to decompose only the terms Wi corresponding to Xi E 80r. 
We write 

Wi =WO+ y 

where y = Wi on the interface f = U 8f2i and is extended as a discrete harmonic 
polynomial inside each element. w0 = Wi - y vanishes on the interface and is 
a-orthogonal toy: 

a( Wi, wi) = a( w0
, w0

) + a(y, y). 

Since w0 is nonzero only on elements in Or, it can be distributed as in the two 
dimensional case. We now decompose and distribute y. If there are no isolated 
points or edges on 80r, then there is at least one face of the interface belonging 
to 80r which contains Xi, Since Wi = 0 on this face, y will vanish there too. 
We then apply the following Lemma and conclude as in the proof of Theorem 
1: 

Lemma 5 Let Xi be an interior node with its associated subdomain n~ (union 
of eight elements Oi; see Figure 2). Let Fij = ni n ni be the face between ni 
and nj and let Xik, k = I,···, 6, be the central nodes of the faces of n~. Let 
Wi E Vt = VP n HJ(nD be a discrete harmonic polynomial that vanishes at 
the interior node Xi and assume that Wi also vanishes on at least one face Fij. 
Then there exist discrete harmonic polynomials Wik E ~t, k = I,···, 6, such 
that Wi = Lk Wik and 

6 

La( Wik, Wik):::; Ca( Wi, Wi), 
k=l 
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Figure 2: First step in the decomposition of Wi in 3-dim 

Proof. Let us suppose that Wi = 0 on the face between 111 and 116 (see Figure 
2) and denote by Xil the interior node shared by the elements 111,112,113, and 
114. We construct Wil E ¼i by reflection across faces: 

Clearly Wi1 E ¼i and 

Wi1 in 111 U F12 U Fi4 
reflection across F12 from 111 
reflection across F14 from 111 
reflection across F23 from 112 

onto 112 

onto 114 
onto 113 

Wi-Wi1 vanishes on F12 and F14 and it has its support in 11~\111. This subregion 
is formed by seven cubic elements, see Figure 2. We now observe that this is the 
case treated in Lemma 3.4 of Pavarino [12]. Using this Lemma, we can further 
decompose Wi - Wi1 into the remaining terms Wik with the desired properties. 

D 

4 Numerical experiments in two dimensions 

In this section, we describe some numerical experiments in two dimensions with 
the local refinement p-method. For similar experiments with the h-version, see 
Bramble, Ewing, Parashkevov, and Pasciak [5]. More complete experiments for 
the h-version, with parallel machines and different methods can be found in 
Moe [10]. 

The programs, written in MATLAB, have been run on Sun Spare work
stations. In each set of experiments, we consider the Poisson equation in two 
dimensions with homogeneous Dirichlet boundary conditions. The equation 
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Pup = 9p is solved using the conjugate gradient method. The iteration process 
is stopped when the relative 12-norm of the residual has been decreased by at 
least 10-9 _ In the following tables, K-(P) = Amax/Amin is the condition number 
of the operator P, computed by the Lanczos method. 

1) We consider first a problem with no isolated points on 80r. This is a 
case of regular refinement. 

{ 
-~u = 

u = 
1!'2 • ( 1r ) • ( 1r ) - 8 sm 4 x sin 4 y . 

0 
inn, 
on an 

The square region n = [O, 8] 2 has 16 elements and 5 refinement subregions, 
see Figure 3. The condition number and the number of iterations are reported 
in Table 1. In this case, Amax is constant and Amin seems to converge as p 
mcreases. 

2) We next consider a case of irregular refinement for problem 1. This 
selection of refinement points leaves an isolated point on 80r, see Figure 4. 
From the results of Table 2, we see that Amax is still constant, but that Amin 
decreases considerably. A least square approximation shows that the condition 
number grows like C(logp)2 • 

3) Finally, we consider a problem with an isolated edge on the boundary of 
Or , see Figure 5. Since in this case we do not have isolated points on 80r , this 
is a regular case and the theory predicts that the condition number is bounded 
by a constant. This is confirmed by the results of Table 3. 
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Figure 3: Regular choice of refinement points 

degree p K(P) Amax Amin iter. 
3 5.7256 3 0.5240 12 
4 5.9885 3 0.5010 14 
5 6.1371 3 0.4888 15 
6 6.2328 3 0.4813 16 
7 6.2986 3 0.4763 16 
8 6.3466 3 0.4727 17 

Table 1: Regular refinement for pb. 1 

Figure 4: Irregular choice of refinement points 
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degree p ,-,(P) Amax Amin iter. 
3 8.1493 2 0.2454 12 
4 10.4374 2 0.1916 13 
5 12.4814 2 0.1602 13 
6 14.3318 2 0.1395 14 
7 16.0255 2 0.1248 14 
8 17.5900 2 0.1137 15 

Table 2: Irregular refinement for pb. 2 

Figure 5: Refinement points with an isolated edge on oflr 

degree p "-(P) Amax Amin iter. 
3 9.0330 3 0.3321 22 
4 10.0987 3 0.2971 23 
5 10.8288 3 0.2770 23 
6 11.2881 3 0.2658 24 
7 11.6386 3 0.2578 24 
8 11.8852 3 0.2524 25 

Table 3: Regular refinement for pb. 3 

Acknowledgments. I would like to thank Prof. Olof Widlund for sug
gesting this problem and for all the help and time he has devoted to my work. 
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