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Abstract 

In certain applications of linear programming, some particular solutions called the 

weighted centers of the solution set are often desired, giving rise to the need of algo

rithms capable of locating such centers. In this note, we modify the Mizuno-Todd-Ye 

predictor-corrector algorithm so that the modified algorithm is guaranteed to converge 

to the weighted center for given weights. The key idea is to ensure that iterates remain 

in a sequence of shrinking neighborhoods of the ·weighted central path. The modified 

algorithm also possesses polynomiality and superlinear convergence. 
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1 Introduction 

In some applications in economy and management sciences, it is often required to obtain 

particular solutions for the linear program underlying the mathematical model. One such 

application is the Data Envelopment Analysis (DEA) (Ref. 1) which is a method to estimate 

amount of inefficiencies contained in the outputs and inputs generated by managed entities 

called Decision Making Units. The desired solutions for the DEA linear programming model 

are essentially those solutions that satisfy strict complementarity. Among those strict com

plementary solutions, its often more beneficial to obtain a solution that is "as far as possible" 

from the relative boundary of the solution set (Ref. 2), i.e. it is desirable to obtain a solution 

that is "central" to the solution set in some sense. Several notions of centers are introduced 

in the literature. To cite some, we mention, the center of gravity, the center of an ellipsoid 

of the maximum volume inscribed inside the solution set, see (Ref. 3). Unfortunately, some 

of these centers are more difficult to obtain than the linear programming itself, while others 

can be obtained in a polynomial time but the algorithms for obtaining them are not compu

tationally attractive (Ref. 3). Another notion of center is the analytic center of the solution 

set. The attractiveness of this center arise from the fact that it maximizes the product of 

the positive components of solutions in the relative interior of the solution set ( equivalently, 

it maximizes the logarithmic barrier term). The analytic center can also be defined as the 

intersection of the central path with the solution set (Ref. 3). It is our main objective in this 

work to obtain an interior-point algorithm that can locate the analytic center of the solution 

set and also possesses both global and fast local convergence properties. Throughout this 

paper, the term center will be used exclusively to refer to (weighted) analytic centers, which 

will be defined later in this section. 

We consider linear programs in the standard form: 

m1mm1ze cT x 
(1) 

subject to Ax = b, x ~ 0, 
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where c,x E Rn, b E Rm, A E Rmxn(m < n) and A has full rank m. The dual linear 

· program of ( 1) is 

max1m1ze bT y 

subject to AT y + z = c, z 2 0, 

where y E Rm and z E Rn. 

The optimality conditions for (1) and (2) can be written as 

Ax- b 

F(x,y,z)= ATy+z-c =0, (x,z)2'.0, 

XZe 

where X = diag(x), Z = diag(z) and e is then-vector of all ones. 

The feasibility set of problem (3) is defined as 

:F = { ( x, y, z) : Ax = b, AT y + z = c, ( x, z) 2: 0}. 

(2) 

(3) 

A feasible point ( x, y, z) E :Fis said to be strictly feasible if :r: and z are strictly positive. In 

this paper we denote the set of all strictly points by F+ and assume it to be nonempty. 

For any point ( x, y, z) E :F, the duality gap is 

xT z = IIF(x, y, z)lli = cT x - bT y 2 0. 

The equality holds only at optimal solutions. In general, the goal of a primal-dual interior

point method is to drive the duality gap to zero. 

We denote the solution set of Problem (3) by 

S = {(x,y,z): F(x,y,z) = 0,(x,z) 2 O}. 

It is known that the existence of strictly feasible points implies that S is bounded. In 

addition, if Sp and Sd are the primal and dual solution sets, respectively, then 
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In this work, we are only concerned with the case when S is not a singleton set, i.e., 

ri(S) #- 0 

where ri( S) is the relative interior of S. In this case, the solution set S has the following 

well-known structure: (i) the relative interior of S coincides with the set of strict comple

mentary solutions; (ii) the zero-nonzero pattern of points in the relative interior is invariant. 

Therefore, for any (x*,y*,z*) E ri(S), the following index sets 

I;={i:xT>0,1:s;i::;n} and I;={i:z;>o,1::;i::;n}. 

are independent of the choice of (x*, y*, z*). Moreover, by strict complementarity 

I;LJI; = {1,2, ... ,n} and J;n/; = 0. 

Given a weight vector w E Rn such that 

w > 0 and eTw - n - ' 

thew-weighted center, or simply w-center, of the solution set Sis defined as 

(xw,y"',zw) = argmax{v,w(x,z): (x,y,z) ES} 

where 

1/iw(x,z) = IT xt IT zt. 
iET} iEli 

Equivalently, in (5) one can replace i/Jw(x, z) by its logarithm, i.e., 

(4) 

(.5) 

(G) 

Obviously, (xw, yw, zw) E ri(S) and 'i/Jw(xw, zw) > 0. From the structure of both 'ljJw(x, .:-) 

and S, we see that xw and (yw,zw) are thew-centers of the primal and the dual solution 

sets, respectively; namely, 

xw = argmax{ IT x:Uj: XE sp} and zw = argmax{ IT z:U,: (y,z) E sd}. 
iEif iEI; 
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The existence and uniqueness of w-center can be established in a standard manner. For 

more details, see McLinden (Ref. 4) and Megiddo (Ref. 5). 

For w E Rn satisfying (4), the w-central path of Problem (3), parametrized by p, 1s 

defined as 

In particular, the w-central path corresponding to w = e is called the central path. 

The existence, differentiability and limit behavior of thew-central paths were first studied 

by McLinden (Ref. 4) in a general setting, and later by Megiddo (Ref. 5) for linear program

ming in particular. The most striking result in McLinden (Ref. 4) is perhaps Theorem 9. In 

the case of linear programming, it states that the limit of the w-central path as p converges 

to zero is the w-center of S, namely, 

(7) 

See also Proposition 8.2 in Megiddo (Ref. 5) and the discussion preceding it. 

In this paper, the norm II · II represents the Euclidean norm unless otherwise specified. 

The rest of the paper is organized as follows. In Section 2 we describe the Mizuno-Todd

Ye predictor-corrector algorithm. We present our modified predictor-corrector algorithm in 

Section 3. The convergence properties of proposed algorithm are studied in Section 4. The 

final section contains concluding remarks. 

2 Predictor-Corrector Algorithm 

In this section, we describe the Mizuno-Todd-Ye predictor-corrector algorithm (Ref. 6), a 

primal-dual interior-point algorithm. Mizuno, Todd and Ye showed that the algorithm has 

an 0( y'nL )-iteration polynomial complexity. More recently, Ye, Guler, Tapia and Zhang 

(Ref. 7) showed that it also possesses Q-quadratic rate of convergence. 
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A key ingredient in the predictor-corrector algorithm is the use of a /3-neighborhood of 

the central path, defined for some /3 E (0, 1/4] as 

N(/3) = {(x,y,z): (x,y,z) E F, IIXz -µell :S: /3µ}, (8) 

where 

µ = xTz/n. 

The Mizuno-Todd-Ye algorithm always keeps the iterates in a given /3-neighborhood. Each 

iteration consists of two steps: a predictor step and a corrector step. The predictor step goes 

to a point outside the j3-neighborhood but inside the (2/3)-neighborhood. Then the corrector 

step brings it back to a new point inside the j3-neighborhood again. Both the predictor and 

the corrector steps satisfy the linear system 

A O 0 

0 AT I 

Z O X 

0 

0 

r 

(9) 

where r = -X z for the predictor step and r = µe - X z for the corrector step. It is easy 

to see that the matrix in the left-hand-side of ( 9) is F' ( x, y, z), and the right-hand-side is 

-F(x,y,z) for the predictor step and µe -F(x,y,z) for the corrector step, noting that for 

any feasible point ( x, y, z), the first two blocks of linear equations in F( x, y, z) = 0 are always 

satisfied. Hence, the predictor step is a Newton step for the system of optimality conditions 

F(x, y, z) = 0, and the corrector step is a Newton step for a perturbed system. 

We now formally state the Mizuno-Todd-Ye predictor-corrector algorithm. 

Algorithm 2 .1 (Predictor-Corrector) 

Given a strictly feasible pair (x 0
, y0

, z0
) E N(/3) for /3 :S: 1/4. For k = 0, 1, 2, ... , do 

(1) Solve for the predictor step (~Pxk,~~/,L~.Pzk) from (9) with 
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(2) Solve for the corrector step (~cxk,~7/,~czk) from (9) with 

The iterates generated Algorithm 2.1 all remain in N(/3) as stated in the following lemma 

[see (Ref. 6) for a proof]. 

Lemma 2.1 (Mizuno-Todd-Ye) Let {(xk,yk,zk)} be generated by Algorithm 2.1. Then 

{(xk, l, zk)} c N(/3) c N(l/4). 

From the definition of N(/3), it is clear that Lemma 2.1 implies that for µk > 0 

3 Modified Algorithm 

When multiple solutions exist, there has been no assurance, up to the writing of this note, 

that the iteration sequence generated by the Mizuno-Todd-Ye predictor-corrector algorithm 

will converge to a solution, a center or not, as it approaches the solution set. In this section, 

we modify the Mizuno-Todd-Ye predictor-corrector algorithm so that the resulting algorithm 

is guaranteed to converge to the w-center of the solution set for any given weight vector w 

satisfying ( 4). Throughout this paper, we will assume that a weight vector w satisfies ( 4). 

The following lemma was proved in (Ref. 8). It provides a sufficient condition for a 

strictly feasible sequence { ( xk, yk, zk)} to converge to a w-center of the solution set. 
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Lemma 3.1 (Zhang-Tapia) Let {(xk,yk,zk)} CF+ and w be a weight vector. Assume 

and 

(11) 

Then { (xk, yk, zk)} converges to the w-center of the solution set, i.e., 

1. ( k k k) ( w w tu) Im X , y , Z = X , y , Z • 
k-+= 

In order to allow the use of arbitrary weight vectors, we redefine the ,B-neighborhood of 

a w-central path in terms of a weight vector w, i.e., 

f'1u(f3) = {(x,y,z): (x,y,z) E F, IIXz - /Lwll::; ,Bµmin(w)}, 

whereµ= xT z/n and /3 E (0, 1). 

(12) 

Our approach to constructing an algorithm that is guaranteed to converge to aw-center is 

to enforce condition ( 11). We do so by properly choosing the steplength cl at each iteration. 

The idea is to produce a sequence of gradually shrinking neighborhoods {Nw(f3k)} of a w

central path with ,Bk -+ 0, and to restrict the k-th iterate (xk, :1/, zk) to lie in f'1u(f3k-l ). 

This strategy will eventually force the iteration sequence {(xk, yk, zk)} to satisfy condition 

(11) of Lemma 3.1. 

Instead of choosing cl by ( 10), we use 

where the parameter ,Bk E (0, 1/4] is chosen dynamically to ensure ,Bk-+ 0. It can be verified 

that if 

(14) 

then ak > 0 in (13) is well defined and 

8 



(15) 

Given constants,\ E (0, 1) and /3 E (0, 1/4], we choose f3k fork> 0 according to the following 

formula: 

(16) 

Obviously, 0 < /3k :s; /3 :s; 1/4. Moreover, if IIXkzk - µkwll < /3µk min(w), then (14) is 

satisfied and cl > 0 is well defined by (13). 

We now state our modified predictor-corrector algorithm. It allows more general weight 

vector w other than w = e, and it always converges to the w-center of the solution set S, as 

will be shown in the next section. 

Algorithm 3.2 (Modified Predictor-Corrector) 

Let w be a weight vector satisfying (4) and let ,\ E (0, 1). Given a strictly feasible pair 

(x0
, y0

, z0
) E Nw(/3) where /3 :s; 1/4, for k = 0, 1, 2, ... , do 

(1) Solve for the predictor step (6.Pxk, f~,.1)/, t.i.Pzk) from (9) with 

Let (xk,,[/,zk) = (xk,yk,zk) + cl(.6.Pxk,.6.1yk,~Pzk), where cl is computed from (1:3) 

with /3k from (16). 

(2) Solve for the corrector step (~~rk, ~71\ ~czk) from (9) with 

It should be mentioned that if ak = 1 at some iteration, then ( i/, '[/, zk) will be an optimal 

solution. Hence Algorithm 3.2 (and Algorithm 2.1 for that matter) can be terminated. 
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However, this case seems extremely unlikely to happen in practice. Without loss of practical 

significance, we will assume that ci < 1 for all k. 

It is easy to verify the following well-known identities for the iteration sequence generated 

by Algorithm 3.2. 

µk+ 1 = fl = (1 - ci)µk, 

Xkzk - fiw = (1- ci)(Xkzk -lw) + (ci) 2~pxk~pzk, 

( 17) 

(18) 

(19) 

These identities will be used in analyzing the convergence properties of Algorithm 3.2 in the 

next section. 

Analogous to Lemma 2.1 for Algorithm 2.1, we have the following lemma for Algo

rithm 3.2. 

Lemma 3.2 Let {(xk,yk,zk)} be generated Algorithm 3.2. Then fork> 0 

Proof: By the choices of ci and /3k in (13) and (16), respectively, we have 

which implies 

(20) 

Hence for every i, 

In particular, for all i 
1 1 

-- < ------,-----±7 zf - (1 - 2f3k)µk min(w)' 
(21) 

It is well-known [see (Ref. 6), for example] that for any (~x, ~z) satisfying (9) 

ll~X ~zlJ ~ ll(X Z)2-1/2rlJ2 
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Therefore, it follows from (19), (20) and (21) that 

ll~cxk~czk\l 
< l\(xkzk)-1f2(xkzk _ µkw\\2;2 

< 11.fkzk - µkwll 2 /(2(1-2/3k)µkmin(w)] 

< (2/3kµkmin(w)]2/(2(1-2/3k)µkmin(w)] 

[2/3k/(1-2/3k)]/3kµkmin(w) 

< /3k jl min( w). 

In the last inequality we used the fact /3k :S 1/4. This completes the proof. 

From the definition of N..v(/3), it is clear that Lemma 3.2 implies that for µk > 0 

4 Convergence Properties 

D 

(22) 

In this section, we demonstrate that Algorithm 3.2 possesses polynomiality and superlinear 

convergence. Most importantly, for any given weight vector w, it always converges to the 

w-center of the solution set S. These results are given in Theorem 4.1 below, but first we 

need two more technical lemmas. 

Lemma 4.1 Let {o:k} be the steplength sequence generated by Algorithm 3.2. Then 

(23) 

where e is given by (15) and 

(24) 

Furthermore, 

(25) 

11 



Proof: If ak = 1, (23) is obviously true; so we assume ak < 1. Let 

It can be verified from the definition ( 13) of ak that Jk ( ak) = 0. So ak is a root of Jk (a) 

in (0, 1 ). Furthermore, from (16) and (22) 

Jk(0) \IXkzk - µkw\\ - 2/3kµk min(w) 

max(\\Xk zk - µkw\\ - 2/3µk min( w), -(e)1->-µk min( w)) 

< - min(/3, (e) 1->-)µk min(w) 

< 0. 

From identity (18), we have for a E [0, 1] 

The quadratic function gk(a) has a unique root, say ,k, in (0,1). Since fk(a)::; gk(a) in 

[0, 1] and r(o) = gk(0) < 0, we must have ak ~ ,k. A simple calculation shows 

This proves ( 23). 

In view of (22), we have 

Therefore, 

and 

This proves inequality (25) and the lemma. D 
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Lemma 4.2 Let the sequence {,Bk} be generated by Algorithm 3.2. Then {,Bk} converges 

to zero at least Q-linearly at the rate 1/2; i.e., 

,Bk+l 1 
lim sup -- < -. 

k-+oo ,Bk - 2 

Proof: By (22), 

It is known [see (Ref. 7), for example] that 

This gives 

(26) 

Since e --+ 0 and ,Bk-i :S ,B, we have for k sufficiently large 

This proves the lemma. D 

Now we are ready to state our main results. 

Theorem 4.1 Let { ( xk, yk, zk)} be generated Algorithm 3.2 and ( xw, yw, zw) be thew-center 

of the solution set S. Assume (x 0 f z0 :S 2°(£) and min(w) is independent of n. Then the 

following hold 

(1) (xkf zk :S 2-L in 0( ynL) iterations; 

(2) (xkf zk --+ 0 Q-superlinearly at the rate (1 + >.); 

(3) (xk,yk,zk)--+ (xw,yw,zw) R-superlinearly at the rate (1 + >.). 
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Proof: (1) It suffices to show ak = 0(1/-Jn). It is well-known that IIL~.PXk~pzk// :::; nµk, 

hence e :::; n/ min( w ). Furthermore, (25) implies 

err/:::; max(n/(,Bmin(w)),(n/~in(w))") = O(n). 

It follows from (23) that ak = 0(1/-Jn). 

(2) It is equivalent to prove 

( xk+l f zk+l µk+l 
---- = -k = 1 - ak = O((l)"). 

(xk)Tzk µ 

It follows from (25) and (26) that 

It can be readily verified from (23) [see Sec. 3 of (Ref. 7)] that 

This proves (2). 

(3) The convergence to thew-center follows directly from Lemmas 3.1, 3.2 and 4.2. The 

R-superlinear convergence at the rate (1 + >.) follows from (2) and Hoffman's lemma (Ref. 9). 

This completes the proof. D 

5 Concluding Remarks 

In this note, we proposed a variant of the Mizuno-Todd-Ye predictor-corrector algorithm 

that is guaranteed to converge to the w-center of the solution set S for any given weight 

vector w, provided that an initial point close to the w-central path is available. To our 

best knowledge, this is the first demonstration of an algorithm with such a property. The 

introduction of weights can be useful in applications where large values for certain variables 

are desirable. 
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The proposed algorithm retains the 0( -/nL )-iteration complexity bound of the Mizuno

Todd-Ye predictor-corrector algorithm. On the other hand, while maintaining superlinear 

convergence, the proposed algorithm has a Q-convergence rate (1 + .\) E (1, 2) instead of 

quadratic. 
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