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GRAVITATIONAL FORCES IN DUAL-POROSITY SYSTEMS 
II. COMPUTATIONAL VALIDATION 
OF THE HOMOGENIZED MODEL* 

TODD ARBOGASTt 

Abstract. Three models are considered for single component, single phase flow in 
naturally fractured porous media. The microscopic model holds on the Darcy scale, 
and it is considered to govern the system. The macroscopic, dual-porosity model was 
derived in Part I of this work from the microscopic model by two-scale mathematical 
homogenization. In this paper, we show that the dual-porosity model predicts well the 
behavior of the microscopic model by comparing their computed solutions in certain 
reasonable test cases. Homogenization gives a complex formula for a key parameter in 
the dual-porosity model; herein a simple approximation to this formula is presented. 
The third model considered is a single-porosity model with averaged parameters. It 
is shown that this type of model cannot predict the behavior of the microscopic flow. 

1. Introduction. 
A naturally fractured porous medium has throughout its extent a system of in

terconnected fracture planes. On the scale of the fracture thickness, porosity and 
permeability vary discontinuously over the medium. Both are large in the fractures, 
and small in the porous rock (i.e., the matrix). As a consequence, most of the net 
fl.ow takes place in the system of fractures. However, the total fracture volume is 
very small, so the bulk of the fluids resides in the matrix. 

Taking into account the discontinuous nature of porosity and permeability on the 
scale of the fracture thickness, the system is governed by the equations describing 
porous media fl.ow; this description will be called the microscopic model of the fl.ow. 
A computer simulation of a field-scale porous medium, however, requires a grid that 
is many orders of magnitude larger than the fracture thickness. As a consequence, 
some average of the governing equations is needed. 

It has long been known that simply taking an average porosity and permeability 
in the equations is inadequate to describe the fl.ow; we will call this model the "av
eraged parameters" model. Instead, the concept of dual-porosity [13, 5, 15] has been 
developed to model the fl.ow. It is assumed that the porous medium is composed 
of two distinct, interacting porous structures, the fracture system and the matrix. 
Because the fracture system is interconnected, fl.ow within it is macroscopically av
eraged to exist over the entire medium; thus, computer simulation of the fracture 
fl.ow becomes tractable. The matrix fl.ow is discontinuous, occurring on each indi
vidual matrix block on a scale much greater than the scale of the fracture thickness; 
therefore, computer simulation of the matrix merely requires the solution of a large 
number of relatively small problems. 
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Recently, two-scale mathematical homogenization [6, 14, 9] has been used to de
rive macroscopic, dual-porosity models from the microscopic description of the flow 
[4, 3, 7, 2]. In Part I of this work [2], a homogenized, dual-porosity model for single 
component, single phase flow is presented that includes the effects of compression 
and gravity in the matrix-fracture interaction. This model is the formal limit in 
the sense of two-scale homogenization of a family of microscopic models describing 
the flow on the medium. This family of models is indexed by the diameter E of the 
matrix blocks. The equations governing the flow are carefully scaled by E so that 
certain critical properties of the flow are preserved as E tends to zero. The claim 
is that the formal limiting model captures the dynamics of the flow in the original, 
microscopic model. This is debatable, since in any convergence, the limit can be 
far afield from the starting point. 

In this paper, we evaluate the effectiveness of the homogenization by comparing 
the solution to the macroscopic, dual porosity model to the solution of the mi
croscopic model. Of course, the latter solution can be obtained only for certain 
small problems. However, our computational results show that there is very close 
agreement between the two models, thereby justifying the use of the homogenized, 
dual-porosity model over the microscopic model of the flow. We also compare the 
microscopic solution to the solution of the averaged parameters model, verifying 
indeed that it provides a poor description of the flow. 

In the next section, we present the three models. Each model requires a perme
ability that is related to the fracture flow. The two macroscopic models have formula 
for their fracture permeabilities, but they are difficult to compute. In Section 3 we 
give simple approximate formula for these permeabilities. Our computational re
sults appear in Section 4, and our conclusions are summarized in Section 5. In the 
appendix, we briefly describe the numerical scheme used to obtain our solutions. 

2. The Three Models. 
We begin this section by defining some of our nomenclature. Let il denote the 

entire medium, and let il f and ilm denote the continuous fracture and discontinuous 
matrix parts, respectively. The fractures give the medium a structure, which we 
idealize as periodic (see Fig. 1). Each period, or block, is congruent to the reference 
cell Q containing half the thickness of the fractures, Q f, surrounding the matrix 
part, Qm (see Fig. 2). Let {) denote "boundary of," and let v denote the outward 
unit normal vector to the matrix-fracture interface (8Dm or 8Qm), Let g denote 
the gravitational constant. For any set S, let ISi denote its volume. 

For fluid and medium properties, we use subscript f for fracture quantities, and 
m for matrix quantities. Let p, p(p ), µ, and <P denote the fluid pressure, density, vis
cosity, and flow pseudo-potential, respectively. The pseudo-potential [11] is defined 
for a given pressure pat a point x E D by 

(2.1) 1P d1r 
<p - -- - X3 

- Po p(1r)g ' 

where Po is some reference pressure and x 3 is the depth. Note that if 'Ip gives the 
gravitational equilibrium pressure distribution ( ?p 1 = p( 'Ip )g ), then 

(2.2) 
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Fig. 1. The periodic reservoir fl. Fig. 2. The reference cell Q. 

For notational convenience, let a(p) = (p(p) )2 g / µ so that the mass flux can be 
written as p(p)µ- 1 k['\7p - p(p)g'\7xa] = a(p)k'\7P. Finally, denote by </Jm(P) the 
matrix porosity, and by km the matrix permeability, a tensor. These are defined on 
the pore scale. 

The microscopic model. Let </Jj(p) and kj denote the fracture porosity and 
absolute permeability tensor defined on the scale of the fracture thickness ( so </Jj ~ l 
and kj is a very large scaler). The microscopic model is simply Darcy flow imposed 
over the entire medium on the scale of the fracture thickness, with porosity and 
permeability discontinuous across the interface 8ilm (see Fig. 3). So let 

k(x)= 1' { 
k* 

km, 
and </J(x,p) = { </Jj(p), 

</Jm(P), 

Then the flow on fl ( for time t > 0) is governed by 

(2.3a) 

(2.3b) 

a at [</J(p)p(p)] - '\7 · [a(p)k'\7P] = 0, x E fl, 

p = 'ljJ(P +xa), XE n. 

To these equations we must add an initial condition for t = 0 and some bound
ary condition on 8il. (We remark that (2.3) must be interpreted in the sense of 
distributions, since k( x) is discontinuous.) 

Fig. 3. The microscopic geometry 
of the medium. 
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interpreted as a dual-porosity system. 



The dual-porosity model. The homogenized, dual-porosity model is formu
lated in six space dimensions. As depicted in Fig. 4, three of the space dimensions 
represent the entire medium fl over which the fracture system flow occurs. At 
each point x E fl, there exists a three dimensional, "infinitely small," matrix block 
congruent to the reference cell Qm on which matrix flow occurs. 

The fracture system equations govern <P1(x, t) or PJ(x, t) for x E fl, and they are 

a 1 r a 
(2.4a) at [<P1(P1)P(P1)] + IQJ }Qm at [<Pm(Pm)P(Pm)] dy 

- V · [a(pJ )k1V<P1] = 0, x E fl, 

(2.4b) PJ = 'ljJ(<P f + X3), X E fl, 

where <Pf and k f denote the fracture system porosity and permeability defined on 
the macroscopic scale. These two quantities are predicted by homogenization, and 
they are given below in (2.7)-(2.9). 

For the matrix, for each x E fl there is a block congruent to Qm on which 
<Pm(x, y, t) or Pm(x, y, t) for y E Qm is governed by 

a 
(2.5a) at [ <Pm(Pm)P(Pm)] - Vy · [a(pm)km Vy<Pm] = 0, Y E Qm, 

(2.5b) Pm= 'ljJ(<Pm + X3 + Y3), YE Qm, 

(2.5c) <Pm = <Pf - <Pref, YE 8Qm, 

The equations are posed in terms of y E Qm, so Vy is the gradient with respect 
to the y-variable, and y3 is the depth within Qm. The parameter x E fl merely 
identifies the particular matrix block within the medium that is being considered. 

Finally, the reference pseudo-potential <Pref is a function of <Pf and depth X3. On 
the matrix block at x E fl, for a given <Pf, <Pref is defined by 

(2.6) IQlml lm (<PmP)('1jJ(<J.>1-<Pref+X3 +y3))dy = <Pm(PJ)P(PJ), 

The monotonicity of ( <PmP) o 'ljJ insures a unique solution to (2.6) except in the 
uninteresting case that the rock and fluid are incompressible. In that case, set 
<Pref= 0. 

Fracture flow occurs on the largest scale only, since it is homogenized to exist over 
the entire medium. To relate this flow to the matrix flow, the basic assumption of the 
model is that the fracture system, being highly permeable, comes into gravitational 
equilibrium locally on the scale of the fracture spacing very rapidly. Equilibrium 
is equivalent to a constant pseudo-potential. The fracture system influences the 
matrix equations through the boundary condition (2.5c), which states that <Pm is 
constant with respect toy E 8Qm, Note that mass is conserved between the matrix 
and fracture systems, since fluid flow out of the matrix shows up in the fractures in 
the second term of (2.4a): 

-1 a(pm)km Vy<Pm · vda(y) = - { Vy· [a(pm)km Vy<Pm] dy 
8Qm }Qm 

= -1 ! [</>m(Pm)P(Pm)] dy, 
Qm 

4 



by the Divergence Theorem and (2.5a). This term is called the matrix source or 
"transfer function." 

A few remarks on (2.6) are in order. If we assume that the matrix block is 
in gravitational equilibrium, then the left-hand side of (2.6) is the average fluid 
density in the matrix block, which is defined on the scale of the fracture spacing. 
The right-hand side is the average density as predicted from the fracture pressure 
or pseudo-potential immediately outside the block, which is defined on the largest 
scale. Therefore, (2.6) says that, under conditions of gravitational equilibrium, the 
amount of total mass is invariant with respect to the scale considered. We may 
restate this in terms of depth. Depth within the reservoir is measured by X3 on 
the macroscopic scale. Any additional depth y3 within the "infinitely small" matrix 
block is defined on the finer, fracture spacing scale, and it should be measured with 
respect to the pseudo-potential reference depth Pref· Finally, note that if the rock 
and fluid are only slightly compressible, then Pref ~ 1,L I f Qm y3 dy; consequently, 
depth within the matrix block should be measured approximately with respect to 
its centroid. 

It remains to define the macroscopic fracture porosity and permeability. They are 
defined in terms of the microscopic quantities given above. As we should expect, 
</> t is the bulk fracture porosity: 

(2.7) 

Let Wj(Y), j = 1, 2, 3, be periodic across 8Q and satisfy 

(2.8a) 

(2.8b) 

- Vy· [kjVywj] = 0, y E Qt, 

kjVyWj · v = -kjej · v, y E 8Qm, 

where ej is the jth Cartesian direction. Next, define the tensor kt by 

(2.9) ~ 1 1 * (8Wj ) kt,ii = L.J IQI kt,ik 8 + 8kj dy, 
k=l Q1 Yk 

where 8kj is the Kronecker delta. It is known that kt is symmetric and positive 
definite (see, e.g., [3]). It is also known that the linearized model is mathematically 
well-posed [1]. 

The averaged parameters model. If in the homogenization no €-scaling is 
made to the family of microscopic models, then as € -+ 0 we obtain not a dual
porosity but an averaged, single porosity macroscopic model of the flow over the 
entire medium. The model is 

(2.10a) 

(2.10b) 

! [4>(p)p(p)] - V · [a(p)kVP] = 0, x E fl, 

p = 'ljJ(P + X3), XE D, 
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where 

(2.11) 

is the total bulk porosity and k is some average permeability, defined as follows. 
Let Wj(Y), j = 1, 2, 3, be periodic across 8Q and satisfy the variational problem 

(2.12) 1 kjV ywj · V y'-P dy + 1 km V yWj · V y'-P dy 
QJ Qm 

= { (kj-km)ej·vcpda(y), 
laQm 

for all infinitely differentiable <p which are periodic across 8Q. This is the weak 
form of the problem 

-Vy· [kVywj] =Vy· [kei], 

where k(y) = kj if y E Qf, and k(y) = km if y E Qm. We define the tensor k by 

(2.13) 

3. Approximate Formula for the Fracture Permeabilities. 
We can give simple formula for the fracture permeabilities if we make some as

sumptions about our medium. Suppose that for each Cartesian direction i, there is 
a family of fracture planes perpendicular to ei, with uniform spacing £i and uniform 
thickness 8i. Then Q and Qm are rectangular parallelepipeds, where Q is of size 
£1 X £2 X £3, and Qm, centered inside Q, is of size (£1 - 81) X (£2 - 82) X (£3 - 83). 
We further assume that km is diagonal. 

We first consider kj. Although this quantity is presumed to be measurable, it is 
difficult to measure kj either in the laboratory or in the field. As an alternative, it 
is sometimes assumed that a fracture mimics the space between two parallel plates. 
If a fixed pressure drop is applied lengthwise along the plates, the Stoke's flow that 
results can be found analytically. Darcy's law gives the permeability along the 
fracture as 82 /12, where 8 is the effective fracture thickness. Since there is very 
little flow across the fracture, assume that kj is isotropic (i.e., a multiple of the 
identity) within a single fracture. 

In our case, we have three sets of fractures, so kj must be heterogeneous if the Di 
vary. Let Qf,i C Qf denote the fracture perpendicular to ei: 

If the fractures did not intersect, kj would be isotropic everywhere, and we would 

set kj,i/Y) = 8j /12 for y E Q f,j. But we must take into account the regions where 
the fractures overlap. First kj is diagonal, so kj,ij = 0, i, j = 1, 2, 3, i f:. j. Now 
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for any index i between 1 and 3, let j and k denote the other two indices. Then a 
reasonable approximation to kj is 

Df /12, y E Qf,i \ ( Qf,j U QJ,k), 

(3.1) 
DJ /12, y E Qf,i \ Qf,k, 

c5U12, y E Qf,k \ Qf,j, 

( c5; + c5D/24, y E Q1,i n Qf,k· 

We turn now to the two homogenized permeabilities k1 and k. It is known 
that in one space dimension, (2.12)-(2.13) can be solved analytically, and the re
sult is exactly the harmonic average of the two microscopic permeabilities: k = 
Rkjkm/ ( 8km + ( £ - c5)kj). The dual-porosity model is meaningless in one space 
dimension, because the fracture system is disconnected. However, in one dimen
sion the definition (2.8)-(2.9) implies that k1 = 0, which is the harmonic average 
of the permeability of the fracture flow only, i.e., kj for a distance c5 followed by 
permeability zero for a distance£ - c5. 

In the multidimensional case, a pressure gradient in a Cartesian direction pro
duces flow in the same direction by symmetry, so k f and k are diagonal. Along a 
Cartesian direction, then, a good approximation to our homogenized permeabilities 
is given by averaging the microscopic permeability harmonically in the direction 
of flow and arithmetically in the transverse directions. For example, this type of 
average along e1 of a function Fis 

For (2.8)-(2.9), we formally set to zero the permeability outside the fractures 
Q f. Again let i be any index between 1 and 3, and let j and k denote the other 
two indices. The harmonic average is nonzero only on Qf,i U Qf,k, and there the 
permeability is constant in the ith direction, so it is easy to obtain that 

(3.2) kf,ii = I)\ [kj ii IQ ·\Q 8i(£k - 8k) i(,ji(,k ' J,J J,k 

+kj,iiiQ \Q _c5k(£i-8i)+kj,iiiQ nQ _c5jc5k] 
J,k J,J J,k J,J 

12:jfk [c5i(£k - ½c5k) + c5f(Rj - ½c5i )] . 

Now for (2.12)-(2.13), our average over Qf,j U Qf,k gives the above expression. On 
the rest of the fractures, namely on Qf,i \ (QJ,j U QJ,k), the harmonic average should 
be about km,ii, since km,ii ~ kj,ii· Therefore we have simply that 

(3.3) kii ~ kf ii + km ii· 
' ' 
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4. Computational Results. 
In order that we can obtain a solution to the microscopic model, we restrict 

ourselves to a relatively simple problem in which !} is a two-dimensional medium 
with a rectangular shape. Assume that only the fluids are compressible, and that 
the medium is highly pressurized (e.g., deeply underground). 

Let Q be square, of size £ = 3 m, and let all fractures have the same thickness 
8 = 200micrometers (so Qm is also square). Assume that all fractures are open, 
i.e., that </>j = 1. Take an isotropic matrix permeability km = l millidarcy, and a 
matrix porosity of </>m = 0.2. 

Knowledge of the geometry of the reference cell Q, i.e., £ and 8, and the three 
quantities </>j, km, and </>m are enough to determine the remaining properties of the 
medium. Since in our case IQI = £2, IQml = (£ - 8)2, and IQ1I = IQI - IQml, (2.7) 
and (2.11) give that 

</> f = 1.33 x 10-4 and ~ = 0.2001. 

The three fracture permeabilities are given by two-dimensional analogues of (3.1)
(3.3). In our case, the permeabilities are isotropic. Since a = (£ - 8)/£, we have 
that 

kj = 3.3 x 106 millidarcy, k f = 220 millidarcy, and k = 221 millidarcy. 

We consider the flow of two types of fluids. The first fluid is an oil of viscosity 
µ = 2 cp. The assumed equation of state is p(p) = p0 exp( c(p - p0 ) ), where we 
take c = 10-5 psi- 1 , po = 0.8 g cm-3 , and p0 = 0.0 psi. (We remark that our 
fracture structure and oil properties were chosen to be similar to those in a problem 
considered in [12).) 

The second type of fluid is an ideal gas, akin to CO2 at about 30° C. The viscosity 
is µ = 0.0153 cp, and the equation of state is p(p) = C p, where C = 1.204 x 
10-4 gcm-3 psi-1 andp0 = 14.7psi. 

PJ = Pwen(t) 

• no-flow F £ ~ 

Fig. 5. A test problem with 3 layers. 

As depicted in Fig. 5, we place a horizontal well with a single prescribed pres
sure along the top of the porous medium. There is a no-flow boundary condition 
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prescribed along the sides and bottom. Assume that the fluids are initially in grav
itational equilibrium and match the initial well pressure. By symmetry, then, the 
solutions to our models will be periodic of period R, in the horizontal direction. As 
a consequence, we need only solve the problem in a single vertical stack of, say, n 
blocks ( matrix blocks plus half the surrounding fractures), and we can interpret the 
result as holding in n entire layers of the medium. Moreover, in a single such stack, 
there is symmetry about the center, so only half of the microscopic solution needs 
to be computed. 

The well pressure Pwen(t) varies linearly with time between some initial pressure 
Pinit and some final pressure Pfinal at time tfix, and the well pressure remains fixed 
thereafter: 

(t) _ { Pinit + (Pfinal - Pinit)t/tfix, 
Pwell -

Pfinal, 

0 ~ t ~ tfix, 

tfix < t. 

Our computational results begin with a study of compressional effects, since these 
dominate the matrix-fracture interaction. We chose a severe test case to amplify 
these forces. For the oil, we take Pinit = 4000 psi, Pfinal = 2000 psi, and tfix 

0.25 days. For the ideal gas, we take Pinit = 150 psi, Pfinal = 14. 7 psi, and tfix = 
0.25days. 

In Fig. 6-9 we depict production rates, i.e., the change in mass per unit time in a 
single 3 m wide stack of blocks in the reservoir. Our solutions were approximated by 
the procedure described briefly in the Appendix. We obtained converged production 
rate curves for the three models on a medium with from one to four layers of blocks. 

Fig. 6 shows that the microscopic and dual-porosity models produce nearly iden
tical results when oil fills the medium. This match holds both during the rapid 
changes caused by the well pressure drop over the first 0.25 days, and during the 
subsequent resettling of the medium. Fig. 7 shows the same conclusion for the ideal 
gas, although gas is produced slightly too fast at about 0.07 days. It takes much 
longer for the medium to resettle, because the (p(p) )2 expression in the flow terms 
is very small; however, the match between the two models is still excellent. 

As a practical matter, we remark that a fairly fine matrix discretization was 
required to obtain a converged dual-porosity solution for the ideal gas. If one takes 
a coarser discretization of 2 x 5 nodes (which is very reasonable in practice), then 
one obtains the results depicted in Fig. 7. The match is not as good because of 
the discretization error. These results show again that the dual-porosity model has 
captured the dynamics of the microscopic model; the results differ, but not wildly 
so. Moreover, most of the mismatch is confined to the first 0.25 days when the 
system is changing rapidly. 

At this point we remind the reader that our key dual-porosity macroscopic param
eters, fracture porosity ¢>1 and permeability k1, are defined by (2.7) and (2.8)-(2.9). 
We replaced (2.8)-(2.9) by the two dimensional analogue of (3.2). In fact, numer
ical approximation of (2.8)-(2.9) demonstrates that this replacement is accurate 
in our case. So we emphasize that our parameters have not been "fine tuned" 
in the simulation; on the contrary, they were predicted before any simulation was 
performed. 
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Fig. 6. Microscopic and dual-porosity production 
rates for one to four layers of blocks containing an oil. 
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Fig. 7. Microscopic, dual-porosity, and unconverged dual
porosity (with a coarse 2x5 matrix discretization) production 
rates for one to four layers of blocks containing an ideal gas. 

In Fig. 8-9, we compare the microscopic model's production rate to the averaged 
parameters model's production rate. Agreement is not seen for either the oil or 
the ideal gas. Our key macroscopic parameters, ~ and k, are given by (2.11) and 
(3.3). The average porosity is exactly given by (2.11 ); however, it can be debated 
whether (3.3) is correct. In Table 1, we list to the nearest millidarcy the value of k 
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Fig. 8. Microscopic and averaged parameters production 
rates for one to four layers of blocks containing an oil. 
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Fig. 9. Microscopic and averaged parameters production 
rates for one to four layers of blocks containing an ideal gas. 

that provides a match between the averaged parameters and microscopic production 
rates. No single value of k works in all cases; consequently, we conclude that the 
averaged parameters model cannot capture the dynamics of a fractured medium. 

We now turn to an assessment of the modeling of the gravitational forces in 
the matrix; in particular, we consider the ability of the dual-porosity model to 
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Table 1. The value of k that enables the averaged parameters 
model to match the microscopic model's production rate. 

Layers k ( millidarcies) 
Oil Ideal gas 

1 9 11 
2 32 37 
3 62 63 
4 92 83 

approximate the internal matrix flow. We restrict ourselves to the heavier fluid, 
oil, and to a single layer of blocks. We also slow the well changes by setting tfix = 
lOdays . 

. 81620 .81620 

.81621 .81621 

.81622 .81622 

.81623 .81617 .81617 
.81623 

.81624 

.81624 

.81625 

.81618 .81618 

.81619 .81619 

. . 
m1croscop1c dual-porosity 

Fig. 10. Microscopic and dual-porosity density contours (g/cm3
) 

in the right-hand half of the block at 10 days of the simulation. 

The left-hand side of Fig. 10 shows the density contours at day 10 of the simulation 
of the microscopic model (for the right-hand half of the block). Gravity has clearly 
had an observable effect on the matrix flow. The dual-porosity model has an infinite 
number of "infinitely small" matrix blocks over the medium. In our approximation, 
this becomes a finite number of matrix blocks, which we average to obtain a single 
representation of the solution. The density contours of this composite matrix block 
are shown on the right-hand side of Fig. 10. Our matrix discretization was 4 x 9, 
which is not fine enough to give the converged solution to the contours. In light of 
this fact, the dual-porosity solution matches the microscopic solution remarkably 
well. In fact, the main difference is near the center of the matrix block, where the 
dual-porosity grid was taken to be much coarser than near the surface. 
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5. Conclusions. 
The basic assumption of the dual-porosity model is that the fracture system 

comes into gravitational equilibrium locally very rapidly on the scale of the fracture 
spacing. We conclude that this assumption is valid for the reasonably typical test 
problems considered in this paper. 

To be more specific, we have seen that the dual-porosity model correctly predicts 
the behavior of the microscopic model, especially compressional and gravitational 
effects, when either an oil or an ideal gas fills the medium. This is true even if 
the medium is quite small ( consisting of as few as a single block), in spite of the 
fact that the derivation of the dual-porosity model from the microscopic model by 
two-scale homogenization assumes that the number of blocks tends to infinity. 

The simple formula for the fracture permeability kt given by (3.2) accurately 
approximates the true formula (2.8)-(2.9). We did not need to tune our parameters; 
therefore, the dual-porosity model truly predicts the behavior of the microscopic 
model. Since the microscopic model is defined on the Darcy scale, we assume that 
it correctly models the flow, so that in fact the dual-porosity model captures very 
well the behavior of fluid flow in naturally fractured porous media. 

In a field-scale simulation of the dual-porosity model, it may be necessary to take 
a coarser matrix discretization than is necessary to obtain a converged solution. 
However, we saw that this should not excessively degrade the results compared 
with the microscopic solution; in fact, the dual-porosity's matrix density contours 
are remarkably accurate even for a coarse discretization. 

The averaged parameters model cannot predict the microscopic flow. To match 
the behavior, the value of k was required to change depending on any number of 
variables, including at least the length of the flow path and the type of fluid in the 
medium. This shows that a more complex model such as the dual-porosity approach 
is in fact necessary to model a naturally fractured porous medium. 

Appendix. Some Remarks on the Numerical Algorithm. 
In this appendix we describe briefly our computational algorithm. It will be 

presented for the dual-porosity simulation. Relatively minor changes enable us to 
simulate the other two models; these alterations are noted at the end. 

Suppose that 

il = {(x1,x3) IO< x1 < L1 and O < x3 < L3}, 

Qm = {(y1,Y3)IO <YI< £1 and O < Y3 < £3}. 

Define a rectangular fracture grid over il by choosing two partitions O = Xk,o < 
Xk,I < Xk,2 < ... < Xk,Nt,k = Lk, k = 1,3, andlettingtheithgridvertex, i = (i1,i3), 
be Xi= (x1,i1 ,x3,i3 ). We also need a grid defined over Qm (see Fig. 11). Choose 
two partitions O = Yk,o < Yk,1 < Yk,2 < ... < Yk,Nm,k = fk, k = l, 3, and then let the 
jth matrix grid vertex be Yi = (YI,ji, Y3,ia ). 

Discretization in space is accomplished by a finite element method. For the 
fracture system, let M f denote the set of continuous functions that are piecewise 
bilinear over the fracture grid and equal to zero on the top where X3 = 0. Let 
'Pi denote the fracture basis function that is one at vertex i, and zero at all other 
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Fig. 11. The fracture and matrix grids. 

vertices. For the matrix, let Mm denote the set of continuous functions that are 
piecewise bilinear over the matrix grid and equal to zero on 8Qm, Denote the jth 
matrix basis function by Xi. 

Time is discretized by giving for each integer n 2: 1 a time-step !::l.tn > 0. Let 
tn = E;=l !::l.tk, t 0 = 0. A backward Euler discretization is used to approximate a 
time derivative. 

To insure stability, especially between the matrix and fracture systems, we use a 
fully implicit algorithm. We assume that <pf and k f are piecewise constant over the 
fracture grid, and that matrix quantities are constant over the entire medium. 

We now define our finite element procedure. We use the convention that all 
integrals are to be interpreted as being approximated by a rectangle quadrature 
rule. That being the case, any given quantity is needed only at each fracture or 
matrix grid vertex. For a fracture vertex, let a quantity subscripted with i denote 
that quantity at Xi, Furthermore, as shown in Fig. 11, the only matrix problems 
that need to be solved are those for which x = Xi, In this appendix, let a depend 
on density rather than on pressure, so a(p) = p2 g / µ. Let p~ and p~ denote the 
initial densities. 

We need to find for each time tn, n ~ l, the approximate fracture pseudo-potential 

Pj = L 'Pf,i'Pi E Mt+ 1P-1 (PweU(tn)) 
I 

such that for each i (with i3 ~ 1), 

(A.la) 

(A.lb) 

n n-1 l <pf pf ~:: 'Pi dx + l T::i 'Pi dx + l a(pj )k /v'Pj · "v 'Pi dx = 0, 

PJ = p(VJ(<Pj + X3)), 

where T::i is the matrix source (transfer function), defined below. For the matrix, 
we need to find for each i and n 2: 1 the matrix pseudo-potential 

<P~,i = L <P~,i,jXj E Mm+ <Pf,i - <Pref 
j 
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satisfying, for each x; E Mm, 

(A.2a) 

(A.2b) 

(A.2c) 

n n-1 

1 ,I,. Pm,i - Pm,i d 1 ( n )k 't"'7Ain 't"'7 d 0 
'I'm .6._tn x; y+ a Pm,i mV~m,i. vx; y = ' 

Qm Qm 

P~,i = p('ljJ(<P~,i + X3,ia + Y3 - 'Pref)), 

'Pref= ½£3 

( actually, the code exploits the symmetry of the matrix problem in the Y1 -direction). 
Finally, 

(A.3) 
n n-1 

Tn . = _l { ,1,. Pm,i - Pm,i d 
m,i IQI }Qm 'I'm .6._tn y. 

This finite element method is similar to the one introduced in [1] for a linearized 
version of the equations. For that problem, it was shown that the approximation 
converges to the true solution at the optimal rate as the grid spacing tends to zero. 

The scheme is nonlinear, so we solve it using a Newton iteration. The primary 
variables are taken to be the potentials, and the secondary variables are the densi
ties. The linear systems are solved by a preconditioned orthomin iteration. 

The linear system that results from this procedure is quite large. It is therefore 
desirable to simplify the problem by exploiting the fact that the matrix problems 
are independent of each other. We do this with a technique used for the linear 
problem in [1], and modified for the nonlinear problem in [8]. This technique is 
essentially that used by Gilman [10], although the formulation given in [1, 8] allows 
for greater flexibility and efficiency, especially in parallel computation. 

For the other two models, we omit Tm and the matrix computations. For the 
microscopic model, we let </> f and k f take on the values </>j and kj in the fractures, 
and </>m and km in the matrix. The fractures are very thin, so only a single grid cell 
spans half the thickness. To reduce the number of unknowns, the grid cells become 
larger as we move away from the fractures. For the averaged parameters model, we 
let </> f and k f take on the average values ~ and k. 
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