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ABSTRACT 

Recently, Arbogast and Wheeler have formulated and analyzed a modi
fied method of characteristics-mixed method for approximating solutions 
to convection-diffusion equations. This scheme is theoretically mass con
servative over each grid cell; it is approximately so in implementations. 
We consider application of this procedure to contaminant transport and 
to miscible displacement with unfavorable mobility ratio. Results in one, 
two, and three space dimensions are discussed. 

1. INTRODUCTION 

Transport of contaminants in groundwater and miscible displacement are 
most often described by a convection-diffusion equation. For purposes of 
illustration, consider the following transport equation for some component 
concentration c in a one, two, or three dimensional porous medium n: 

ac 
<Pat-V-DVc+u·Vc=f, inn,t>0, 

DV c · v = 0, on an, t > 0, 

c(x, 0) = c0 (x ), on n, 

(la) 

(lb) 

(le) 

where <p is the porosity, D is the dispersion coefficient, u is the (given) 
Darcy velocity, f is a distributed external source, and c0 is the initial 
concentration. Also, an is the boundary of n and v is the outward normal 
vector to an. 

A numerical method for this equation that has been used with success 
is the modified method of characteristics (MMOC-Galerkin) [2], [3] in 
which the time derivative and the advection term (i.e., the hyperbolic part 
of the equation, <jJac/ at + u · V c) are combined as a directional derivative 
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along the characteristics, and then the equation is treated as in a Galerkin 
finite element method. Though this method allows one to use large time
step increments and to treat large Peclet numbers, the main drawback 
of the method is its nonconservative nature and the cost of tracing the 
characteristics from many points. 

Here we describe a new method formulated and analyzed by Arbogast 
and Wheeler [1] that retains all the advantages of MMOC-Galerkin in 
addition to being theoretically conservative. As in MMOC-Galerkin, we 
use a directional derivative in place of the hyperbolic part of (la), but then 
we apply a mixed finite element method with the lowest order Raviart
Thomas spaces [ 4]. 

Briefly, over a single time-step, the characteristics are traced from 
every grid point to locate their origin at the previous time level. These 
trace-back points when joined form a "twisted" grid. The time-step size 
is controlled so that this twisting is not excessive and that every grid cell 
( or element) is mapped to a distinct twisted grid cell. The average mass 
in each grid cell at the new time level is then set equal to the average 
mass in the corresponding twisted grid cell at the previous time level, 
plus any dispersive mass transfer that may be taking place. In this way, 
concentrations and their dispersive fluxes are obtained, and the latter are 
used to construct a higher order approximation to the concentration in 
each grid cell. Finally, a slope-limiting scheme is used to prevent overshoot 
and undershoot. 

In Section 2 we describe the characteristic-mixed procedure and state 
a convergence result. Implementation of the method is discussed in Sec
tion 3. Some numerical results are presented in Section 4, including com
parisons of this scheme with MMOC-Galerkin and some multidimensional 
spatial results. 

2. THE CHARACTERISTIC-MIXED METHOD 

We begin be writing (1) in mixed form. Let W = L2 (il) denote the set of 
square integrable functions on il. Let H(il; div) denote the set of square 
integrable vector functions on {l which have a divergence which is also 
square integrable, and let V = {v E H(il;div): v · v = 0 on oil}. We 
define the dispersive flux as z = -DVc and then (1) is expressed for 
( c, z) E W x V as 

(<p!;+u·V,w)+(V·z,w)=(f,w), wEW, (2a) 

(D- 1 z,v) = (c, V · v), v EV, (2b) 

where ( ·, ·) denotes the L2 (il)-inner product (i.e., integration over il). 
To discretize this equation, we begin with the characteristic approxi

mation. So let D.t > 0 be the time-step increment ( which could vary with 
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the time-step in practice), and tn = n.L}..t for n = l, 2, .... The character
istic trace-back along the velocity field u of a point x E il at time tn to 
time tn-I is approximately 

v( n-l) u(x,tn) 
x x,t = x - cp(x) .L}..t. (3) 

As a consequence, the hyperbolic terms in (2a) at time tn are 

a n n vn-1 

cp c n n n cpc - c --+u ·vc ~ 
at .L}..t ' 

(4) 

wherein we use the notation 'lpn = 1P(tn) for functions of time and ~(x) = 
1P( x) for functions of space. 

For the spatial discretization, we employ the lowest order Raviart
Thomas spaces [4] defined over a rectangular grid of il with maximal 
grid spacing h > 0. These spaces consist of Wh C W equal to the set of 
discontinuous functions that are constant in each cell, and Vh C V equal to 
the set of vectors v = ( v1, v2, V3) such that Vi is continuous, piecewise linear 
over the grid in the ith direction and discontinuous, piecewise constant 
over the grid in the other two directions. 

The algorithm can be stated as follows. First let C0 E Wh approximate 
the initial concentration c0 • Then for each time level n, find en E Wh and 
zn E Vh such that 

(1 C" -:;.t-• ,w) + (V · Z",w) = (f",w), w E Wh, (5a) 

(n-1zn,v)=(Cn,V·v), vEVh, (5b) 

cn-1 = P( en-I, zn-1 ), (5c) 

where in (5c) we require the definition (6) below of the post-processing 
operator P. It is well known that in a single time-step of the mixed 
method, en is convergent to en only to the first order in h, and that 
we can improve this order through various post-processing techniques. 
Therefore, we apply the post-processing ( 5c) to the concentration at time 
tn-I before taking the next time-step. In fact, we should view the post
processed quantity en= P(Cn, zn) as our approximate concentration at 
time tn. As a consequence, the Theorem below shows that we obtain a 
better overall rate of convergence for the scheme. 

We now define P. Let Wh c W denote our post-processing space. This 
space consists of discontinuous, piecewise linear functions defined over the 
grid. Define p: w XV-+ wh for (w,v) E w XV by P(w,v) = w E wh, 
where over the grid cell R, 

(cp(w -w),w)R = 0, w E Wh, 

(DVw + v, Vw)R = o, w E wh. 
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The notation ( · , · ) R means that the integration is restricted to R. Note 
that w = l gives material balance; in fact, mass is conserved cell by cell 
over the grid. 

The following convergence is attained by the scheme under reasonable 
hypotheses (see [1] for the proof). 

THEOREM. For h and -6.t sufficiently small, 

where 111/YII = (1/Y,1/Y)I/2 is the L 2 (n)-norm. 

We remark that under special circumstances and if Wh is replaced by 
the discontinuous, piecewise quadratic functions, then h312 can be replaced 
by h 7 / 4 in the Theorem ( again see (1] for more detail). 

3. IMPLEMENTATION OF THE ALGORITHM 

Three difficulties arise in the implementation of the algorithm as defined 
by (5)-(6). The first difficulty is that (5c) produces a concentration en-I 
which may become larger than one or smaller than zero at some points. To 
rectify this, the algorithm should be modified to include a slope limiting 
procedure. Change the definition of P so that (6b) holds as nearly as 
possible subject to the constraint that en-I remains between zero and 
one. (In our code, we use a computationally simple approximation to this 
idea.) Note that ( 6a) continues to preserve the material balance locally, 
and that nonequality in ( 6b) should occur primarily only in the vicinity 
of sharp fronts. 

For the moment assume that u · v = 0 on an so that the characteristics 
do not cross an. The second difficulty with the algorithm is that it requires 
the evaluation of certain integrals which can be done only approximately. 
The integral of concern is the one containing the characteristic trace-back. 
For simplicity assume that ¢>..., is a constant in each cell R of the grid. Then 

we need to approximate In en-I dx. Use of a quadrature rule will destroy 
the material balance. 

By the change of variables y = x(x, tn-I ), we have that 

l en-I dx = l en-I(y)J dy, (7) 

where R = {y : y = x(x, tn-I) for some x E R} is the trace-back of Rand 
J is the Jacobian of the transformation. By (3), J = l + 0(.6.t) ~ 1; this 
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error can be reduced by tracing the characteristic over a series of micro
time-steps between tn and tn-I _ Finally, we approximate Ras a union of 
simplexes that join the trace-backs of the vertices of R. That is, we only 
need to find the characteristic trace-back of each grid vertex point. This 
approximation to R is good provided that the shape of R is not excessively 
deformed from that of R; control of the time-step is required to ensure this. 
In particular, we require that the set of R are pairwise nonoverlapping and 
fill the space n. In this way material balance is maintained locally. 

For an incompressible flow u, the volume of R is the same as the volume 
of R. But because of the small errors associated with the approximation of 
R, this strict equality is lost. Thus it is possible for en to become slightly 
greater than one in some cells. This error can be reduced by tracing more 
characteristics and thereby improving the approximation to R. A simpler 
approach is to locally diffuse this excess mass to the neighboring cells 
where it belongs; this was done in our code ( though uncorrected material 
balance was only about 0.5% ). 

The third difficulty with the algorithm is that the characteristics can 
trace to an. In that case, the boundary condition (lb), or more generally 
some other physically reasonable condition, must be applied in time over 
the spatial boundary. Again, this must be done carefully to maintain ma
terial balance. As an example, we describe an inlet Danckwerts boundary 
condition over I' c an where u · v :::; 0: 

( - DV C + cu) · v = Cinlet u · v, on I', t > 0, (8) 

where Cinlet is the inlet concentration. For example, in the simplest case 
where Risa cell such that BRnI' =I- 0 and only the boundary vertices trace 
outside n (so R =I- 0), we need to replace our integral by an integral over 
R plus a boundary integral of the convective flux. It is better to assume 
that there is no diffusive flux on I' in the diffusive term (V · zn, w) of ( 5a ), 
and to use the boundary integral of the full flux; that is, 

tn 

[ en-I dx = [ en-I dx -1 [ CinletU · V ds dt. (9) JR }Rn[] tn-l laflnr 

4. SOME COMPUTATIONAL RESULTS 

We begin by describing our code. The code has a routine for solving the 
pressure equation -V ·u = 0 inn for the Darcy velocity u = -µ( c)-1 kVp, 
where k is the permeability of the porous medium and µ( c) is the viscosity 
of the fluid. 

We taken as a unit interval, square, or cube. Unit flow rate is imposed 
along the primary flow direction, with uniform pressures on the opposite 
faces. No flow conditions are used on the lateral faces. The concentration 
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problem uses the Danckwerts boundary condition at the inlet face with 
Cinlet = 1, and zero flux conditions on all other faces. 

We take initial concentrations C 0 = 0. We find the approximate initial 
flow field U0 E Vh by solving a cell-centered finite difference approximation 
to the pressure equation. This is essentially the mixed method solution, 
since the mixed method with the lowest order Raviart-Thomas spaces and 
suitable quadrature rules is equivalent to a cell-centered finite difference 
scheme [5]. We take k isotropic, but heterogeneous. 

To advance from time tn-I to tn, we first treat the hyperbolic part of 
the concentration equation with characteristics, and then we apply a cell
centered finite difference scheme to the system. In this step, a velocity 
dependent dispersion tensor D(EUn) is computed (EUn is the velocity 
field extrapolated to time tn ), but only its diagonal part is used. After 
treating the transport equation, we solve the pressure equation again only 
ifµ varies with concentration. We used the quarter power mixing rule; that 
is, if c = c1 is the invading fluid, define the mobility ratio as M = µif µ1 

and then µ(c) = µ 2 [1 + (M 114 - l)c]-
4

• 

The code has been used to solve problems in one, two, and three space 
dimensions. Problems with application to both contaminant transport 
( M = 1) and unstable miscible displacement ( M > 1) have been solved. 
All the problems here use a longitudinal Peclet number of 300, a transverse 
Peclet number of 3000, and essentially no molecular diffusion. 
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Fig. 1. Post-processed solution (octagons) vs. unprocessed (triangles). 

Fig. 1 shows the effect of the use of the post-processing operator (6) 
in a one dimensional transport example. If no post-processing is used, a 
little more numerical dispersion results. 

We next consider the application of the method applied to a contam
inant transport problem in two dimensions with the permeability field 
shown in Fig. 2. An 80 x 80 concentration grid and a 160 x 160 pressure 
grid were used. Initial time-step was 0.01 PVI (pore-volumes injected). 
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Fig. 2. The permeability field. 
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Fig. 3. Contours of c = 0.5 
at 0.1 PVI intervals; M= 1. 

The simulation proceeds without the need to cut the time-step. Contours 
of 0.5 concentration are shown after every 0.1 PVI in Fig. 3. The same 
problem solved with the MMOC-Galerkin method employing the same 

. grids and time-steps yields a nearly identical solution . 
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Fig. 4. Contours of c = .8, .2 at 
. 5 PVI; MMOC-mixed; M=lO. 
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Fig. 5. Contours of c = .8, .2 at 
.5 PVI; MMOC-Galerkin; M=lO . 
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Fig. 4 shows the application of this method to an unfavorable miscible 
displacement problem. Mobility ratio was set to ten. The same grids and 
initial time-step as when M=l were employed, but soon the time-step had 
to be cut in half to prevent excessive twisting of the tracked cells. A time
step of 0.005 PVI was used for most of the simulation. Fig. 5 shows the 
concentration contours obtained with the MMOC-Galerkin method, with 
the same grid and time-steps. Though the two solutions have the same 
general features, they differ substantially in finer details. An extremely 
fine grid solution is needed to determine which method gives the truer 
result; this is future work. The solution obtained through the MMOC-
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Galerkin method exhibited undershoot and was sensitive to the number 
of sampling points used in the evaluation of the right hand side; whereas, 
the MMOC-Mixed method was much better behaved. 

Fig. 6. Contaminant concentration contours in three dimensions. 

To illustrate that the MMOC-mixed method can be used to solve 
problems in three space dimensions, we present in Fig. 6 the application 
of the method to contaminant transport. 
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