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Abstract. Time-split methods for multidimensional advection-diffusion equations are considered. 

In these methods, advection is approximated by a Godunov-type procedure, and diffusion is approxi

mated by a low order mixed finite element method. This approach is currently being used by a number 

of researchers to model fluid flow. A general methodology is outlined and analyzed, then two particular 

schemes for calculating advective fluxes are discussed. The first approach is an unsplit, higher-order 

Godunov method. In this approach, rectangular geometry and a CFL time step constraint are as

sumed. In the second approach, a method of characteristics is used to calculate the advective flux, 

and time steps larger than a CFL time step are considered. In an appendix, a modification to the first 

approach that is second order in time is analyzed. 

Keywords: Godunov method, mixed finite element method, advection-diffusion equation 
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1. Introduction. In this paper, we consider the approximation of solutions to lin

ear and nonlinear advection-diffusion equations in multiple dimensions. The approaches 

examined are based on time-splitting, whereby advection and diffusion are approximated 

by different, but related, solution procedures. For advection, we consider multidimen

sional extensions of higher-order Godunov [22] and Essentially Non-Oscillatory (ENO) 

schemes [14]. In particular, we consider unsplit methods similar to those derived by 
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Colella [5], van Leer [23], and Bell, Dawson, and Shubin [3], and we consider the methods 

developed by Meyling, Mulder, and Schmidt [15, 16, 17]. 

These advection schemes are based on conservation of mass element-by-element; 

the solution is approximated at discrete time levels by a discontinuous, piecewise poly

nomial, and the normal advective flux is approximated by a constant on element 

edges. Therefore, these methods can be combined naturally with a mixed finite element 

method for approximating diffusion, using the lowest-order Raviart-Thomas approxi

mating spaces [20]. 

Methods based on combining Godunov-type schemes for advection with mixed fi

nite elements for diffusion have been applied to advection-dominated flow problems in 

reservoir engineering, contaminant transport, and computational fluid dynamics. In 

[3, 10, 17], applications of these types of methods to single and two-phase flow in 

oil reservoirs are discussed; application to the Na vier-Stokes equations is given in [2]. 

These methods have proven useful for advective flow problems because they combine 

element-by-element conservation of mass with numerical stability and minimal numer-

ical diffusion. 

In [9], a procedure based on combining the MUSCL algorithm with the lowest

order mixed method was analyzed for one-dimensional advection-diffusion equations. 

Several variants of the scheme were examined and experimental convergence rates were 

presented. In this algorithm, the time step was assumed to satisfy a CFL constraint. 

In this paper, we extend these ideas to multiple dimensions, and derive error estimates. 

We also examine a method which allows for larger time steps, based on ideas outlined 
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in [17). 

This paper is organized as follows. In the next section, we state the problem of 

interest and develop the numerical algorithm. We will restrict attention to IR-2, however, 

the methodology and the analysis can be extended to problems in IR-3. We then prove a 

general error estimate which provides a framework for the analysis of different variations 

of the basic algorithm, depending on the construction of the approximate advective flux. 

In Section 3, we present two specific methods for constructing approximate advective 

fluxes. The first is an unsplit, higher-order Godunov procedure. Here we assume 

rectangular geometry and we assume that the time-step satisfies a CFL constraint. For 

this method, second order accuracy in space and first order accuracy in time is proven 

for quasilinear problems. In an appendix, we analyze a modification to this scheme that 

is second order accurate in time. In the second method, numerical fluxes are calculated 

by characteristic tracing over (possibly) several elements. Here we assume the elements 

are triangular; no CFL constraint is assumed. First order accuracy in time and space 

is shown for this approach for linear problems. 

(1) 

(2) 

(3) 

2. The General Approach. Let s(x, t) satisfy 

St+ J(x, t, s )x + g(x, t, s )y - v' · (D(x, t)v' s) 

= 0 , on n x ( 0, T], 

s = b, on an X (O,T], 

s = s0
' on n X {O}, 

where X = ( X' y) and n is a bounded polygon of IR-2. 
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Let q denote the diffusive flux, 

(4) q(x, t, s) = -D(x, t)v' s, 

where O < D* :s; D :s; D* for D* ,D* positive constants, and let F = (f,gf. Then 

(1) becomes 

(5) St+ v' · (F + q) = 0, on n x (0, T]. 

Let (·, ·h:: denote the L2
(~) innner product, when~= n, we drop the subscript. 

Let 11111 2 = (J, J), and let H(div; !1) denote the set of vector functions v E (L2 (!1)) 2 

with y' · V E L2(!1). 

Let Kh = {I(} denote a triangulation of D into triangles and parallelograms J{i 

whose diameters are :s; h. 

Let O = t0 < t 1 < · · · < tn = T be a given sequence, ~tn = tn - tn-l, and for 

f = f(t), let Jn = J(tn), and 

At each discrete time level, we will approximate solution values and fluxes in the 

lowest-order Raviart-Thomas approximating spaces, defined on Kh. For each n, let 

are the lowest-order Raviart-Thomas spaces. Thus, a function w E Wh is constant on 

each element J{ of Kh, and the degrees of freedom of a function v E Vh correspond to 

the values of v · v at the midpoints of the sides of K, where vis the outward normal to 

8I<, see [20]. 
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Given 5n-l E Wh, we apply operator splitting to (5), first solving 

(6) St+ y'. F(x, t,s) = 0' on n X (tn-1
, tn], 

with initial condition 5n-1
• The solution generated at this step we denote by sn. Next, 

we solve 

(7) s; + y' · q(x,t,s*) = Q, on !1 X (tn-l,tn], 

with initial condition sn. The solution generated here will approximate Sn. 
Let I{ denote a generic element in K,h· Integrating (6) over I{ x (tn-1

, tn], we find 

f Sn = f 5n-l - rin f F(x, t, s) . v , 
}K }K }tn-1 JaK 

where v is the outward normal to 8K. 

A number of methods have been proposed for approximating advective fluxes on 

element boundaries. We will examine explicit approaches where F(x, t, s) · v is ap-

proximated by a constant on each edge of 8!{, and where the approximation is con-

structed from 5n- 1 . Specific examples will be given in the next section. Thus, let 

an-I (x, 5n-1 ) E h be an approximation to F; that is, 

Then, define 5n E Wh by 

(8) snl = 5n-ll - _0:.._ r an-l(X 5n-l). V 

K K m(K) laK ' ' 

where m(K) is the measure of K. 
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Next, we apply the mixed finite element method to the system 

with initial condition 5n E Wh, Applying backward differencing in time and substi

tuting (8), the approximations 5n E wh and Qn E vh to Sn and qn, respectively, are 

determined by 

(9) 

(10) 

-(bn,v · nn)an, v Eh, 

-('V · cn-1 ,w), w E Wh, 

where n 11 is the outward normal to 80.. The system (9)-(10) can now be solved for 5n 

Note that the solution pair (s,q) satisfies 

(11) 

(12) (s~,w) + ('V · qn,w) -('V·Fn,w), wEWh, 

For n = 0, set 

S0(x) = 7l'2s0(x) , 

where 7!'2s0 (x) is the L2-projection of s0
; that is 

(13) (S0 ,w) = (s 0 ,w), w E Wh. 

Remark 1. In cases where Dis a scalar function (or a diagonal matrix) and the ele-

ments of Khare rectangular, the integral ((D- 1Qt, V) decomposes into ((D-1Qxr, vx)+ 
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tageous to evaluate these integrals using special quadrature rules. In particular, if we 

evaluate the Qx integral using the trapezoidal rule in x and the midpoint rule in y, with 

the reverse rules for the QY integral, then Qn can be eliminated from the equation and 

one obtains a block-centered finite difference method for sn [24]. 

In order to derive an error estimate for the method given by (9)-(13), we will 

use a standard technique [25, 24] and compare our approximate solution to an elliptic 

projection. Let S(·, t) E Wh, Q(· , t) E Vh denote the mixed method solutions to the 

elliptic problem associated with (1); that is, for each t E [O, Tl, 

( 14) ( D- l ( ·, t) Q ( · , t), V) - ( 5 ( · , t), V) = - ( b( ·, t), V · no) 80 , V E Vh , 

(V · Q(·, t), w) (V · q(·, t), w) 

(15) -(st(· ,t),w)-(V · F(· ,t),w), w E Wh. 

In [20], it is shown that such a projection satisfies 

( 16) 115 - s11 + IIQ - qllH(div;o)::; Ch; 

however, assuming Dis scalar and n is rectangular, Nakata et al. [18] and Ewing et al. 

[11] have shown 

( 17) 

where 1r2s(·, t) is the L 2 projection of s(·, t) into Wh. This "superconvergence" result has 

recently been extended by Arbogast and Wheeler (1] to the case where D is a matrix. 
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Furthermore, for triangular elements and the Laplace operator, Castaldi and Nochetto 

[12] have shown 

(18) 

- -
Let F E Vh satisfy that F · 11 at the midpoint of a side of any element I< is equal 

to the integral average of F · 11 over the side; then F satisfies 

(19) ('v · (F - F)(·, t), w) = 0, w E wh. 

Let ~ = S - S, T/ = Q - Q, and /3 = 1r2s - S. Fors and the data sufficiently smooth, we 

assume the numerical flux cn-l (x, 5n-l) satisfies the following approximation result: 

where r is an integer 2: 1. \Ve will verify (20) for specific choices of an-l below. Then, 

the following error estimate holds. 

THEOREM 2 .1. Let the data and the solution pair ( s, q) be sufficiently smooth and 

(20) hold. Then 

I 

m~x l!CII + Ct IITJnll 2.0.tn) 
2 

(21) :S C(h' + 6.t) + C ( [f 11/3,(·,t)ll'df + [f; 11/3"11'6.t"n , 

where .0.t = maxn .0.tn and C is a constant, independent of h and .0.t. 

Proof. In the arguments below, C represents a generic constant, independent of h 

and .0.t. We will repeatedly use the standard inequality, 

E 2 
ab '.S 2a

2 + ;b2
, a,b,t: E IR, E > 0. 
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Subtracting (14) from (9) and (15) from (10), and applying (19), we find 

(22) ((D-177t,v)-(en,V·v)=0, vEh, 

- (V · cn-1 ,w) + (V · frn,w) 

(23) 

Set v = T/n, w = en and add (22) and (23) to obtain 

(24) +(V. (Fn - cn-1 ), C) . 

By (22) and (20), 

(25) 

(V. (Fn - cn-1 ), C) = ((D-177 r' pn - cn-1) 

< ½ll(D-½77tll 2 

< ½ll(D-½77tll 2 + C(6t2
) 

+ C [llen-111
2 + lliBn-i f + h2

r + 6t2
] • 

Furthermore, 

(26) (8tiBn + sr - 81s\C) :Sc ( / 1tn lliBt(·,t)ll2dt + 6t2
) + IICll 2

• 
utn tn-1 
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Substituting (25) and (26) into (24) we find 

(27) 

Using 

multiplying (27) by 6.tn, summing on n, and applying Gronwall's Lemma, completes 

the proof of the theorem. D 

Note that, in this proof, no explicit assumptions have been made on the relative 

sizes of 6.t and h. 

3. Examples of Numerical Fluxes. 

3.1. An unsplit, higher-order Godunov approach. In this section, we derive 

numerical flux approximations similar to those given in [3, 5, 23]. These methods 

are unsplit in that spatial operator splitting is not employed, which helps reduce the 

sensitivity of the methods to grid-orientation; this feature is important when modeling 

radial flow [21). For ease of notation, we will assume F = F(s); the arguments given 

below can be easily extended to the case F = F(x, t, s ). 

Assume O = (0, 1)2 and the elements of K,h are rectangles. Let Dx and Dy be quasi-

uniform partitions of [O, 1]: 

Xl < X~ < .. · < XJ+l = 1, 
2 2 2 
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8y : 0 = y 1. < y 1 < · · · < y J + 1. = 1 . 
2 2 2 

Let hf= xi+1.-xi_1., hJY = YJ+1.-yJ·-1., and h = maxi,j(hf, hJ~). Let Xi= (xi_!. +xi+!.)/2, 
2 2 2 2 2 2 

with the analogous definition for Yj· The methods we discuss in this section were 

developed for advective flow with no diffusion, under the assumption of a CFL stability 

constraint. Thus, we will assume the time-step satisfies 

max(sup lfsl, sup l9sl).6.t ::; hrrun, 

where hrrun = mini,j(hf,hJ). 

Let 

where Bf= [xi_1.,x;+1.l and Pk(Bf) is the set of all polynomials of degree less than or 
2 2 

equal to k defined on Bf. Let 

Then the lowest-order Raviart-Thomas spaces Vh and Wh are given by 

with 

and 

Using a standard basis for M6(8x), namely the linear "chapeau" functions, any function 

in vhx is determined by its values at the points (xi+½' Yj)- Similarly, a function in V,;' is 

determined by its values at the points (xi, Yj+i/2). 
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The function F = (],g) E Vh satisfying (19) is determined by 

(27) 

i = 0, ... , I, j = 1, ... , J, with g(xi, Yj+½' t) defined similarly. 

In the remainder of this section, for 0 = O(x), let Oi,j = O(xi, Yj ), Oi+½,j = 0( xi+½, Yj), 

etc. 

Let I<;,j = Bf X BJ. In order to construct the numerical flux an-l (x, 5n-l) = 

(Jn-l, gn-l ), first construct a piecewise linear function Rsn-l (x) on each element I<i,j; 

that is, 

(28) Rsn-1(x)JK = s;;1 + (x - x;)8xSf;1 + (y - yj)8ySf;1, 
,,; 

where DxS2;1 and 8yS2;1 are x and y slopes. For some problems, it is advantageous to 

include a bilinear term in (28), see [3]. The inclusion of this term allows for continuity 

of RS across elements, which is advantageous in regions where the solution is smooth. 

However, since inclusion of this term does not increase the order of accuracy of the 

method, we will omit it from the analysis presented here. 

The slope calculation can be performed in numerous ways, see, for example, [3, 14]. 

In the second-order ENO scheme, for instance, 

(29) 8 
5n_ = { ~+srj, if l~+srjl ~ l~:.srjl, 

X i,J 

~-srj' otherwise ' 

where ~+ and ~=- are forward and backward difference operators, respectively, in the x 

direction. The arguments given below hold for any operators Dx and Dy which construct 
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slopes from the constants Sfj, and satisfy 

(30) h3:l8xS1:I < C " " 1s1:.1 , 1,1 L L ,,1 , 
j-Ls_js_j+L i-N s_iS.i+N 

(31) 

where L and N are positive integers independent of h. For simplicity of the arguments 

below, we will assume the x slope is calculated by (29), with the analogous definition 

for the y slope. 

In some applications, it is desirable from a numerical stability viewpoint to allow 

8xSf1 = 8ySfj = 0 in elements where the solution is a local maximum or minimum. 

This situation was discussed in [9], where it was shown that a full order of h may be 

lost in the analysis; however, no loss of accuracy was seen numerically. 

The numerical flux approximation on the boundary of each element consists of 

calculating left and right states, and solving a one-dimensional Riemann problem in the 

direction normal to the boundary. Given left and right states wL and wR, the Riemann 

solution is determined by the Godunov flux [13]. For a given flux function w(s), the 

Godunov flux Hw( wL, wR) is given by 

(32) 

1 
minwL<s<wR w( s) , 

H ( L R) _ - -
w w ,w -

maXwRs_ss_wL w( S) , otherwise. 

It is easily seen that Hw is Lipschitz in its arguments if w is Lipschitz in s, and Hw is 

consistent, that is, 

Hw(s,s) = w(s). 

The calculation of the left and right states is based on Taylor expansion. For s with 
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smooth second derivatives, 

where the right side of (3.1) is evaluated at (xi,Yj,tn- 1
). By (1), 

St = - fssx - 9y - 'v · q , 

thus 

(33) 

where 

tltn 
--

2
-(v' · q) + O(h2 + tlt2

) 

(34) O(tlt + h2
) • 

Based on (33) and a similar expansion about (x;+1 , Yj, tn-l ), define 

(3.5) 

and 

(36) 

Here 

5L,n-l 
i+½,j 

sR,n-1 
i+½,j 

S'.1--:--1 + ( hf - b.tn f (S'.1--:--1 )) 8 5n-:--l 
t,J 2 2 S t,J X t,J 

/;ltn [ ] _ -- rn-1 _ rn-1 
2hy i,j+½ i,j-½ ' 

J 

5n-l (hf+1 b.tnf (sn-1 )) 8 5n-l 
i+l,j - -2- + -2- s i+I,j x i+I,j 

rn-1 H (SL,n-1 s·R,n-1) 
· ·+ 1 = g "+ l l · ·+ 1 , t,J 2 t,J 2 t,J 2 
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where 

(37) 

(38) 

G' 5L,n-l 5R,n-l define the numerical flux by 1ven i+½,j , i+½,j , 

(39) f-n-1 fl (sL,n-1 sR,n-1) 
·+ 1 · = f ·+ l · , ·+ 1 · • ' 2 ,J ' 2 ,J I 2 ,J 

The equations (30)-(39) hold for elements at least one element away from the 

boundary. At the left boundary (x = 0) for example, one can set 

( 40) SL,n-l = sR,n-1 = b(O . tn-1) 
1 · 1 · , Y1, , 
2 ,J 2 ,J 

j = 1, ... ,J' 

and in the slope calculation prc;>cedure, we define the slope 8xS~,:;-1 using (29) with 

On the bottom boundary (y = 0), we set 

(41) 

in (35) and (36). 

In order to verify (20), construct S~+·~-.1 , SR+'l-.1 from S given in (14) and (15) by: 
t 2 ,J I 2 ,J 

( 42) 

SL,n-1 
i+½,j 

at interior edges, where 

( 43) 8 sn-:- 1 
= 1 X t,J 

s1:--:-1 + ( hf - t::.tn f (s1:--:-1 )) 8 s1:--:-1 
t,J 2 2 S t,J X 1,J 

t::,,tn [ 1 - 1 - ] 
- -hy r~-:-+i(S) - rn-:-_ 1 (S) ') · •,J 2 l,J 2 

~ J 

A s-n-1 
u+ i,j , 

A s-n-1 
u_ i,j , 

'f s: sn-1 A sn-1 
1 Ux i,j = u+ i,j ' 

otherwise, 
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and 

with 

(44) 

( 45) 

Define Sl!-+·~--1 similarly. Then, assuming f is twice differentiable and Lipschitz contin-
' 2 ,J 

uous, and using the Lipschitz continuity of the Godunov flux and (30), it can be shown 

that 

( 46) 

where C is independent of hand l::lt, a similar bound holds for Js1!-+·~-.1 
- s1!-+·~-.1 J. 

' 2 ,J ' 2 ,J 

At the boundaries, we follow ( 40) and ( 41) and define, for example, 

S-L,n-l 
1 . 
2,J 

5R,n-l _ b(O _ tn-1) 
1J· - ,Y1, , 
2' 

Th S L n-1 5-L n-1 O f 1 us, 1 '. - 1 '. = , or examp e. 
2,J 2,J 

j = 1, ... ,J' 

D fi L,n-1 R,n-1 L,n-1 d R,n-1 1 S-L n-1 d 5-R n-1 e ne 1r2s. 1 . , 1r2s.+1 . , s. 1 . , an s.+1 . ana ogous to ·+'1 . an ·+'1 . usmg 
•+2,J l 2'J •+:r,J I 2,J I 2'J t 2'J 

1r2s and s, respectively. 

Consider 
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H (SL,n-1 SR,n-1) 1 J,YJ+½ J( ( tn-l))d 
f +1.·, +1.· -hy sxi+!.,Y, y 

I 2 ,J I 2 ,J J Yj-½ 2 

[H (s~,n-_1 5R,n-_1) _ H (s~,n-_1 sl_?-,n-_1)] 
I •+½,J ' •+½,J I •+½,J ' •+½,J 

( 
n- !. ) 1 1Yj + ½ 1 + f 8 i+f · - hy f(s(xi+!., y, tn- ))dy. 

2•J j Yi-½ 2 

( 47) R1 +···+Rs. 

By the Lipschitz continuity of Hi, and ( 46), 

IRil < c [1sL,~--1 
- s~·~--11 + 1s1_?-·~-.1 

- sI_?-·~-11] 
1+2J 1+2J •+2J •+2J 

( 48) 
i+2 j+2 

< C °" °" 1sn-1 - 5n-11 ~ ~ (,m (,m 

l=i-1 m=j-1 

By similar arguments applied to R2 and R3 , 

( 49) 
i+2 j+2 

IR2I ::; c I: I: is;,;;/ - 1r2sl,~
1 i , 

l=i-1 m=j-1 

and, using the fact that l1r2Si,j - s;,jl = O(h2
), 

i+l j+2 

IR31 ::; C L L l1r2St,~
1 

- St,~1, 
l=i-1 m=j-2 

(50) < Ch2
• 

By the consistency of Hi, and (33), (34), and (31), 

C s. I . - s. I . + s. I . - s. I . [ I L,n-1 n-½ I I R,n-1 n-½ I] 
1+2,J 1+2,J •+2,J 1+2,J 

(51) 
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Finally, it is easily seen that 

(52) IRsl ~ C(h2 + flt). 

Multiplying ( 48)-(52) by hf+ 1 h], summing on i and j, and using equivalence of 
2 

norms, 

(53) 

where C. is an equivalence constant between the continuous and discrete L2 norms. 

Defining gn-l and gn-l similarly and following analogous arguments yields 

Thus, (20) holds with r = 2. 

Remark 2. The method we have presented here is closely related to the approach 

given in [5]. It differs from the algorithm described in [3] in the omission of the xy 

slope in the definition of RS, and in the definition of the transverse flux term f':'-:-+1 1 • 
t,J 2 

Moreover, a more complicated method of calculating slopes is given in [3]; however, the 

arguments given here can be extended to the analysis of the algorithm discussed in [3]. 

3.2. A method of characteristics approach. As mentioned at the end of Sec-

tion 2, the error estimate given in Theorem 1 doesn't explicitly require any assumptions 

on the relative sizes of D.t and h. In many applications it is advantageous to use time-

steps larger than a CFL constraint will allow. The question becomes can we take a 

"larger'' time step and still satisfy (20). 
18 



Numerical approaches for advective flow which allow for large time steps, based on 

combining a method of characteristics with a Galerkin finite element method, have been 

analyzed for linear and nonlinear equations, see, for example [8, 19). These methods 

require writing the differential equation (1) in non-divergence form, and seem to work 

well as long as the flux is convex. A modification of this method for nonconvex flux 

functions has been developed by Dahle et al. [6, 7]. 

An approach for nonlinear equations which models advection explicitly and allows 

for large time steps has been developed recently by Meyling et al. [15, 16) and applied 

to two-phase flow in oil reservoirs [17]. This method is similar in spirit to the general 

approach considered in Section 2; that is, advection is modeled explicitly by Godunov-

type methods and diffusion is handled through the lowest-order mixed finite element 

method. 

In order to understand the basic principles, assume that F = (!, g) is linear in s, 

J(x, s) u(x)s , 

(54) g(x, s) v(x)s, 

and assume the "velocity" u = (u, v) is a given, divergence-free function; i.e., 

(55) V·u = 0. 

Let 81{1 denote one edge of an interior triangle I<, and let x denote the midpoint of 

the edge. Define F = (], g) E Vh by 

(56) J(x, t) ( ~I<i) hKi u(x)s(x, t) 

19 



where m(8K1) is the length of the segment. Define g(x., t) analogously. Then F satisfies 

(19). 

We will interpret the numerical flux G on 8I<1 as measuring "what flows across 

8I<1 in the time interval [tn-1 , tn]." Thus, consider 

u(x) 1~~
1 

s(x, t)dt. 

Let ii = u( :x). Following Douglas and Russell [8], we define 

and note that fort E [tn-l, tn], 

(57) (
- )- s(x,t)-s(x-u(t-tn-l),tn-l) O(A) 

ST x, t - l + w.t . i - tn-

Thus 

Integrating in time we obtain 

(58) 

where 

(59) o-(x, tn-i) = O(~t) . 

Suppose, without loss of generality, that the line segment 

y(t) = x- u(t - tn-l), 
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:i 

FIG. 1. Traceback procedure 

is as pictured in Figure 1. Thus, y crosses three elements, T1 = K, T2 , and T3 • Let t0 

denote the time where y crosses the boundary between T1 and T2 , and t1 denote the 

time when y passes passes from T2 to T3 . Let s1:~1 denote the value of sn-I at the 
J 

barycenter of Tj, j = 1, 2, 3. Then by Taylor expansion 

(60) 

Thus, combining (58) and (60), 

1 tn 
~ r s(x, t)dt 
Ll.tn }tn-1 

+ (tn - t1)s~;1] 
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+0(.6.t+h) 

(61) SL,n-l(x:) + 0(.6.t + h) . 

Given 5n-i E Wh, define a numerical flux an-I = (Jn-i, gn-i) E Vh along aK1 by 

Jn-1(:x:) = u(x) [(t _ tn-l)sn-l 
f:i.tn o T1 

(62) + (t - t )sn-l + (tn - t )sn-l] 1 O T2 l T3 , 

and 

(63) + (t - t )sn-l + (tn - t )sn-l] 1 O T2 l T3 , 

where St-1 denotes the value of 5n-1 on Tj, j = 1, 2, 3. 

The development given above is valid for interior nodes where y( t) does not cross 

an. Suppose y(t) reaches an at time t1 < tn (see Figure 2). Then 

1 t" ~J s(x,t)dt = 
utn tn-1 

1 [Jt1 - s(x - ii(t - tn-l ), tn-l )dt 
f:i.tn tn-1 

(64) t" l + l b(x - u(tn - t1 ), t)dt + O(h + .6.t), 

and (62) becomes 

u(x) [(t _ tn-l)sn-l + (t _ t )sn-1 
,6.tn o T1 1 0 T2 

(65) t" l + 11 b(x - ii(tn - t1), t)dt . 

( 63) is modified accordingly. 

The analysis of this algorithm proceeds as in (47). If we let 5L,n-1(:x:) denote the 

result of the tracing procedures described above; for example, 

(66) 5L,n-l(-) = _1_ [(t - tn-1)5n-l + (t - t )Sn-l + (tn - t )sn-l] 
X f:i.tn O T1 1 0 T2 l T3 ' 
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FIG. 2. Characteristic hitting a boundary 

( assuming y( t) does not reach the boundary), then the numerical flux 

where H1 is given by (32) with f(s) = u(x)s. 

We now proceed with arguments analogous to those given in (47)-(52), defining 

5£,n-1 (:x), 1r2sL,n-1 (:x) analogously to 5£,n-1 (:x) above. In this case, 

(67) O(h +flt), 

by (61) and (64), and 

u(x) ltn _ 1 i ) ( n-1) R5 = - s(x,t)dt- (BK) u(x s x,t 6.tn tn- 1 m 1 8K1 

(68) O(h2 + 6.t). 

Thus, assuming flt = 0( h) ( so that the number of triangles involved in the tracing 

procedure is bounded as h and 6.t - 0), we find 

\\en-I - pn-l \\ ::; C {11c-1 
\\ + 11,an-l 11 + h +flt} ' 
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where C is independent of h and !::..t, ~ = S - S, and /3 = S - 1r2S. Thus, (20) holds 

with r = l. 
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4. Appendix: A second order in time method. In this appendix, we examine 

a modification to the algorithm given in Section 3.1 to make it second order accurate 

in time. The modifications consist of using Crank-Nicholson time-stepping, and adding 

a term to the left and right states at each element edge. 

Using Crank-Nicholson time-stepping in (9) and (10), we obtain the scheme 

(69) 

(70) 

where sn-½ =(Sn+ 5n-1 )/2, and en-½ is described below. 

In the definition of s~,~--1 we neglected the 'v · q term in the Taylor expansion (see i+:r,J 

(33)), thus reducing the truncation error of this approximation to O(~t). To rectify 

this situation we define new left and right states 

(71) 
L,n-½ _ L,n-1 _ ~tn l ('v · qo)i,j, 

S. 1 . - S.+1 . 
1+:r,J ' :r,J 2 3 

('v. Qn-:r)- . 
t,J' 
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and 

n=l 
(72) 

Then, the flux en-½= (Jn-½,gn-½), where 

(73) 

The additional term in (71) and (72) complicates the analysis somewhat. Setting 

V = 1]n-½ and W = en-½ = (en+ en-l )/2, the analogue of (24) is 

(74) 
- 1 1 1 +(V. (Fn-2 - cn-2), c-2). 

The first two terms on the right side of (74) are bounded by 

Let d* ~ n-1 ~ d*, where d* and d* are positive constants. Then 

(76) 

Consider 

(77) 

In order to estimate this term, we define 

5L,n-½ = SL,n-1 _ /:).tn 1 
i+½,i i+½,i 2 (78) 

(V·qo)·. i,3, 

(V. Q-n-½)-. 
i,J' 

n=l 

n ~ 2, 
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(79) L,n-½ _ L,n-1 f:itn ! 
11"2S.+1 · - 11"2S-+1 · - -

2
-

• 'j•J ' 'j,J 

(v'. qo) . . 
•,J' 

(y'. Q-n-f)- . •,J' 

n=l 

n ~ 2, 

and 

(80) L,n-½ _ L,n-1 f:itn { 
S. I · - S. I · - --

•+2,J •+2,J 2 

(v' . qo) . . •,J' 

(y' . qn-f) . . 
1,J' 

n=l 

n ~ 2. 

Note that, by (15), 

- 1 / 
v' · Q(xi, Yi)= hfhY. JK-. v' · q(x)dxdy. 

• J •,J 

By Taylor expansion 

(81) n- 1 Ln- 1 2 2 
s. /.-s.'1 .2 =O(h +tit). 

•+2,J •+2,J 

Thus, an equation similar to ( 4 7) is obtained, and the analogues of R2 - R5 lead to 

error terms which are O(h2 + b.t2 + JJ,en-1112). 

For the analogue of R1 , by the Lipschitz continuity of H1, 

< L [ JSL,n-½ - 5-L,n-½1 JSR,n-½ - s-R,n-½l l - f ·I· ·!·+·I· ·I· 1+2,J •+2,J •+2,J •+2,J 

< L [ JSL,n-1 _ sL,n-1 J + JSR,n-1 _ SR,n-1
1

] 

- f i+½,i i+½,i i+½,i i+½,j 

(82) L1f:itnJv'. ~-:-½1 L1f:itnlv'. ~-½.J + 2 77,,J + 2 77,+l,J , 

where L f is the Lipschitz constant for f ( s ). 

The first two terms on the right side of (82) have been dealt with before. We note 

that 

f:itn n-1 
-Jv' · 'f/·. 21 2 ,,J 
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(83) 6-tn [ x,n-½ x,n-½ y,n-½ y,n-½ ] 
'.S 2hmin l77i+½,i I+ l77i-½,i I+ l77i,i+½ I+ l77i,i-½ I · 

Applying the arguments of Section 3.1, (83), and equivalence of norms, 

(84) ~ ~ 1s~,n-_½ - S~,n-_½ 12 h:i: 1 hY. < Cl 1en-1 I l2 + 4C* 6.t2 I l77n-½ 112 
~ ~ i+½,J ,+½,J ,+2 J - h2. ' 

J i mm 

where the size of C* depends on the ratio of the discrete L 2 norm given on the left side 

of (84) and the continuous L2 norm. Deriving a similar estimate for the right state, and 

substituting into (82), we find 

11Jn-½ - Jn-½112 < C (llen-1112 + 11,an-1112 + h4 + t:i,.t4) 

(85) + 40L1~;_c.t:i,.t2 ll77n-½112, 
nun 

where C. is defined in (53). A similar result holds for llgn-½-gn-½112. Combining these 

estimates with (74), (75), and (76), and summing on n, we find 

(86) 

Using the fact that 

and choosing 6-t/hmin sufficiently small, the first term on the right side of (86) can be 

hidden, thus, by an application of Gronwall's Lemma, we find 

(87) 
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