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Abstract 

Under mild assumptions, thP classical Farkas lemma approach to 
Lagrange multiplier theory is extnuled to au infinite programming for
mulation. The main result generalizes the usual first-order necessity 
conditions to addn~ss problems iu which the domain of the objective 
function is Hilbert spacP arnl the 1rnmher of constraints is arbitrary. 
The result is used to ohtaiu IIP<'essity co1Hlitions for a well-known prob
lem from the statistical literatmP OH probability density estimation. 

Key words: Lagrange multiplier theory, Farkas lemma, infinite program
ming, mathematica.l programming. 





1 Introduction 

In 1951, Kulm and Tucker [H] dt'veloped a. La.grange multiplier theory for 
ma.thema.tica.l progra.mmi11g prol>lems tlrnt cont.a.in inequality constraints. In 
this theory, the domain of the objective function is Euclidean space and the 
constraint functionals a.re indext-·d by a fi11itf' set. Their development, expli
cated and popularized by Fiacco a1Hl McCormick ([G], Chapter 2), invokes 
the classical Farkas lemma (Farkas [:i]) to generate a vector (the La.grange 
multipliers) that can ht> viewed as a "weighting" of the finite set of con
straints. For yea.rs we have tanglit this material, ea.ch time pondering the 
extent to which this <leveloprneut of La.grange multiplier theory depends on 
the finite dimensionality of Enclideau space and the finiteness of the con
straint set. Somewhat recently, om interest was enhanced when we learned 
of a.n interesting infinite progrnmrni11g problem in the statistics literature for 
which we could state a formal generalization of the usual first-order neces
sity conditions, with no knowu tlworetical justification for doing so. In the 
present study of Lagrange mnltiplit>r theory, we have not only succeeded in 
generalizing the Farkas le1111ua apprnacl1, hut have also acquired new insight 
into the essential features of tlwt itpproach. 

Of late, it has become foshiouahk to refor to the first-order necessity 
conditions as the "Karush-Knllll-Tnrker conditions," rather than the "Kuhn
Tucker conditions." This ol>s1~rvatiou motivated us to carefully study the ori
gins of these conditious, res11lh11g iu a fascinating excursion into the history 
of nonlinear programmiug awl tlw classical cak11l11s of variations. Because of 
the pedagogical nature of tlw preseut work, we believe that it is appropriate 
to share what we have learned. Ju passing, we note that Prekopa [17] effec
tively argues tha.t furnl<1meut<1.l i( leits coucerning the optima.lity condition:,; for 
nonlinear progra.mmiug ec111 ht\ fonud in some early papers in mechanics by 
Fourier, Cournot, and Farkas itlHl also by Ganss, Ostrogradsky and Hamel. 

In the 1930s, there flourished at tlie University of Chicago a school of 
thought in the calculus of variatious that was founded by G. A. Bliss. Re
searchers associated with this school iudwlPd L. M. Graws, H. H. Goldstine, 
M. R. Hestenes, A. S. Hom;el]()lder, V./. Karnsh, E . .T. McShane, W. T. Reid, 
F. A. Valentine, arnl ma.uy others. Lagr<111ge mnltiplier theory for the equality 
constrained mathematical progr,1.mmiug problem was known, in one form or 
another, to most researchers iu the classical calculus of variations, who were 
fully a.ware that it conld he deriv1-·d from various theories for more genera.I 
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problems. Bliss [3] preseuted a11 elegaut exposition of this theory in the first 
section of a 1938 survey of mmrntlity awl almonnality in the calculus of varia
tions. The first section of Bliss's article is entitled, "Abnormality for minima 
of functions of a finite munlwr of variables," and it begins, "The significance 
of the notion of almonrndity iu the calculus of variations can be indicated 
by a study of the theory of the simpler prnblem of finding .... " (p. 367). 
What is particularly enlightening abont tl1is section is that it reveals how the 

- -

Chica.go school rega.nled finite-dimeusiouaJ problems: in a pre-computational 
era, the theoretically less challeuging case of fiuite dimensions was primar
ily valued as a training gnmwl for developing intnition a.bout more difficult 
problems. 

Another interest of the Cl1ic,1go school was the incorporation of inequality 
constraints. They ofteu usecl sqnan~cl slack variables to extend known theory 
and insight from the more stanclarcl equality constrained problem to the less 
standard inequality constrai1wd problem. Hestenes recalled that this device, 
a.s well as the teclmicpies of snccessive linear and quadratic programming 
( techniques usually a.ttrilmtPd to the post-war mathematical programming 
community), was a. standard tool of Uw Chica.go school. 

In his 19;37 Ph.D. thesis, Va.leutine [:l:{] studied the problem of La.grange 
with differential ineqna.lity coustrn.iuts of the form 

y(:r, y, dy/d:i:):::: 0. 

He replaced this coustraiut with 1 he equality coustra.int 

2 
!f ( :i:, !J, dy / d:i:) = ( d:: / d:r) , 

where z( :r) is an a.uxilia.ry fonctiou satisfying a. particular initial condition, 
and applied the standanl tlwory. Toclay, ma11y authors refer to the use of 
squared slack variables as tlw "lVIethocl of Valentim~." The first a.uthor of the 
present pa.per, undouhteclly iufiueuced by the inst.met.ion of Hestenes and 
Valentine in his graduate edncatiou at UCLA, often employs this method 
to develop insight in elernenta.ry courses. For example, a quick way to de
rive Lagrange multiplier theory for genera.I nonliuea.r programming is to add 
squared slack variables to the inecprnlity coustraints, then apply the stan
dard theory for equality ccmstraiued uouliuear programming. This approach 
does not establish the 1101megativity of the multipliers of the inequality con
straints; however, their 11onrn~gativity follows directly from the second-order 
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necessity conditions. Collectively, tlwu, cme obtains the same first-order and 
second-order necessity couditious from tl1is elementary approach. The price 
tha.t one pa.y8 i8 that regularity (liuear independence of the gradients of the 
binding constraints) must be ,1.ssunw<l, so 1.lrnt it is not possible to reap the 
benefits of more subtle co11stra.i11t q1rnlifications. 

Given these interests of the ( lhicago school, it made perfect sense for 
Graves to assign to Ka.rush, as a topic suita.ble for his master's thesis, the 
simple problem of extemling Bliss's .fin it, -dirn., nsional treatment of equal
ity constraints to the case of inequality constraints. Ka.rush [12] handled 
his assignment beautifnlly, deriving first-onler necessity conditions using the 
Farkas lemma and formally stc1ti11g tlw Kulm-Tucker constraint qualifica
tion as "Property Q." Thus, Karnsh's l!J;J!J thesis contains the Kulm-Tucker 
theory in all of its pa'J'ticular.-;. Tlw co11straint qualification Q was implicit 
in Bliss [:3], who showed that it wc1s implied by regularity, which he then 
assumed. Ka.rush, however, assnnwd 011ly the constraint <pia.lification, ac
cording it a privileged status tlrnt Bliss had not. 

One chara.cteristic of the nsu,d (Kulm-Tncker) approach to Lagrange mul
tiplier theory is that it requires tl1e mnltiplier of the gradient of the objective 
function (8ay Ao) to he unity. Tltis reqnirement is what necessitates a con
straint <p1alification: it is gew~rally lrnown that this hypothesis is unnecessary 
if Au is allowed to vary fref'ly. Fm wmlinear programming with inequality 
constraints, this fad, is nsn,dly c11trilmted to .John [ll] and called the Fritz 
John condition. (Tlw deviet' itsdf was first stndied by Mayer [Hi]; in fact, 
this is the standard form11latio11 of Lagra11gf' multiplier theory in the calculus 
of variations.) It is of value, lien·, to point out that Karnsh also presented a 
form of the .John theory. A str,1.ig!ttforwanl application of Bliss's treatment 
of the equality constrained prol,lcrn 1.o th<~ scprnrecl slack variable fonnnla.tion 
of the inequality constrained prnl,lem led him to a resnlt that is identical to 
John's, but without the sigu restrictious 011 the multipliers. Ka.rush then ob
served that the sign restrictious followed from Bliss's second-order necessity 
theory. As we have already observed, however, the price of this derivation 
is the assumption of reg11larity awl two coutinuous derivatives. Accordingly, 
Ka.rush employed this approc1d1 iu c1 mmmer that we have attributed to the 
Chicago school, viz. to oU,,iu i11sights tlw.t led him to the Karush-Kuhn
Tucker theory. 

Ka.rush was nevc~r e11co111·c1gc·d to p11l>lisl1 his work, presumably because 
the finite-dimensional case w,,s t lieu deemed too elementary to be of inde-
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pendent interest. It remained virtually 1111kuown until Kulm discovered a. 
reference to it in a. 1!)74 t.extliook by Takayama [l!l] and obtained a copy 
of the thesis. Kulm attempted to "set tl1e record straight" at a 1975 AMS 
symposium (Kulm [1:3]), and eveu weut so far as to refer to the "Ka.rush 
conditions." The same year, Hestew~s [10], who ha.cl directed Ka.rush\; Ph.D. 
thesis, noted Ka.rush's work iu his hook on optimization theory. Even so, it 
is only very recently that Karnsh 's work has been gem~rally acknowledged. 

In summary, our historical iuvestigations have led us to strongly sup
port the "Karush-Kulm-T11cker" terminology. There is no question of the 
importance of the K11lm-T11ckPr paper iu the history of mathematical pro
gramming, but there is also uo q11estion that Ka.rnsh obtained the identical 
result twelve yea.rs earliPr. Fmtlwnnore, not only is Ka.rnsh himself deserving 
of recognition, but we believe tlrnt the use of his name is a fitting tribute to 
the members of the great Cl1icc1.go school of Bliss, whose deep understanding 
of mathematical programmiug l1as not liePIJ properly recognized and appre
ciated. Because it was uot 11util tlw l!J:>0s that there was a demand for the 
finite-dimensional theory, the ( :hicago researchers were simply two decades 
a.head of their time. The l\arnsh-K nlrn-TnckPr conditions represent a. rare 
instance in which it is possible to doc11me11t just how much of mathematical 
programming these researdwrs understood arnl anticipated. 

Returning to the preseut. papPr, um objective is to extend the classical 
Farkas lemma approach to mc1tlwnrntical programming problems in which 
the domain of the objective f11nctio11 is Hilbert space and the constraint 
functionals a.re indexed by au arl iitra.ry set. Our approach carefully mimics 
the finite programming devdopmeut. It is based on a generalized Farkas 
lemma., and replaces the Lagrc1.11µ;t~ multiplier vector with a measure on the 
(possibly infinite) index sd. If tliis nwasun~ is absolutely continuous, then 
it can be represented as a (deusity) fnuctiou ou the index set. Because our 
point of view may seem 1mw1t11ral to some readers otherwise familiar with 
La.grange multiplier theory, we bridly digress to motivate it. 

Consider vectors :i: 1 , ... , :i: 1, E R", scalar weights u. 1 , ••. , Uk E R", and the 
weighted sum 

LU,::t:,:, 
iEl 

where the index set I = { l, ... , k}. By defining a measure ,,, on the Borel 
sets of R:'' that ccmceutrates 011 {.r 1 , ... ,:q,} and satisfies 11.({:r:,:}) = u;, we 
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can write 
Lu;.r;= 
iEl 

/. :1)1(d:r). ./H II 

Thus, a set of weights ca11 he viewed as a measure and a weighted sum can 
be viewed as a (Lebesg1w) iutegr,d with respect to that measure. When the 
weights are nonnegative arnl smn t.o a11ity, I' is a probability measure and 
probabilists call the integral au expectatio11. 

Now consider the imlex map i, ......... :i:;, which embeds I in R". The measure 
/l induces a. meaimre u 011 tl1e snl,sets of I hy '/1.({i}) = 11,({:r:;}). This allows 
us to further write 

L'/1.;:r;= l :,),(d:,:)= l:J:;'/1.(di); 
iEl .fn,, .f 1 

hence, our point of view that a set of weights is a measure on an index set. 
It is this persµective that will lead t.o a rn,ma.geable statement of generalized 
first-order cornlitions. 

The flavor of our genendizatio11 of Lagrange multiplier theory is not en
tirely new. Semi-infi11ite progrc1m1niug is also concerned with problems in 
which the constraint fonctiouc1ls are iudexed by an infinite set, although the 
domain of the objective fnnctiou is st.ill assunwd to be Euclidean space. The 
famous pa.per by .Jolm [11] posed ,1 st>mi-infiuite programming problem; how
ever, .John exploited the fiui1(~ dinwusioua.lity of R" to reduce the munber 
of constraints to n + l. Mon, n·cf·utly, a multiplier theon~m of precisely the 
sort that we seek was ohtaiued liy (~olierna., Lc)pez, and Pastor [8]. The a.u
thon; m;e a generalized Farkas lemnrn arnl retain the full set of constraints; 
however, their result also dqw11ds <Titiuilly on the finite dimensionality of 
Euclidean space. 

It should be note<l that ,1 w111il ,er of ant hors have pnhlished multiplier 
theorems in very al>stra.ct sdti11gs. Tl1e standa.nl formulation is that of 
Guignard [9], who derived lmtl1 uecessity and sufficiency conditions for the 
problem 

lllilXIIHIZ<~ 

snhject tu 

tj, ( :i:) 

:r EC c X 

a(:r) E BC Y, 

where X and Y a.re real Ba11,1d1 sp,1ces and 'If! : X -+ ( -oo, +oo) and a : 

X-+ Ya.re Frfrhet differeutiald(•. G11ig11ard's mnltiplier is an element of the 
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topological dua.l spa.ce of Y, a]l(l her eutin_, approach is markedly different 
from ours. 

The primary purpose of t.lw prr·s<~ut paper is peda.gogica.l. Tha.t is, we wish 
to demonstrate that by (i) iuterprdiug the vector of La.grange multipliers as 
a. measure on the index sf't of c011straiuts arnl by (ii) utilizing tools from 
functional analysis and probability t.lwory, the standard finite-dimensional 
a.pproa.ch to multiplier theory ( Karnsh-K11lm-T11cker) can be successfully gen
eralized to infinite programmiug iu Hill1ert space. This exercise, however, is 
not entirely pedagogical, for W<' also l,elievf' that there a.re important infi
nite programming problems to whid1 om theory can be profitably applied. 
Therefore, after in Sectiou 2 derivi11g first-cmler necessity conditions for gen
eral infinite progra.mmi11g problems, iu Sf'ction ;~ we will consider results tha.t 
facilitate the use of tlwse coll(liti011s. 111 Sf'ctiou 4, hy way of a.n example, we 
will a.lso apply this theory to ol1tc1iu 1iecf'ssity conditiom; for a constrained 
optimization problem from the stc1tistical lit.nature on probability density 
estimation. However, we liav<-' deferred to a.uother pa.per (Trosset [21]) a.n 
investigation of the sbtisticc1! co11seq11euces of these conditions. 

2 Main Theorem 

We begin with a real Hillwrt span· X with inner produd (· , ·). By the 
general nonlinear programrniug prnhlem - problem (NLP) for short - we 
mean the constrained optirniz,i1 iou problem 

maXlllllZ(' I ( ./:) 
.<Jn(:i:) ~ () 

h1,(.r) = 0 

\:/n E J 

\:/ (1 E .7 , 

where f, !lo, hr; : X ---+ (-oo, +oo ). \,V1, a.ssmne that the index sets I and J 
have corresponding sigma fields I all([ J snch tha.t the pairs (I, I) and (.1, J) 
a.re measure spaces. Measnn_,s 011 tlwse spaces will be denoted by t, u, >., etc. 
At times, we will also eudow / ,rnd ./ with topologies. Typically, I and J will 
be subsets of Euclidean spact>. For ead1 :i: E X, we define the index subset 
Io(:r) := {a E J: g"(:r) = O}. 

We assume that f,!l",hr, E ('1(X). For ea.ch :r EX, the sets v'A0 (:r) := 

{v'gc,(:r) : o· E 10 (:r)} awl ~ B(.r) := {v'h1;(:r) : (1 E .!} a.re assumed to be 



Borel measurable. WP also ass11111P that tlw imlex maps O' t-t V Yn ( :c) and 
fJ t--t V hr;(:r) arP Bord bimeasmc1ble fnw·t.io11s. This will enable measures on 
I and J to induce measm·ps 011 )(, arnl also couversely. Measures on X will 
be denoted VF, VG, Ptc. 

For technical reaso11s, WP will so111etinws further assume that the functions 
Ye, and hr; are elements of a rP,d Hillwrt spacP r. In that event, we will assume 
that the sets Ao( :r) : = fo0 : n E / 0 ( :i:)} am l B : = { hr; : fJ E .l} are Borel 
measurable. We will a.lso ass1mw that tlw index maps O' t-t Yer and fJ t--t hr; 
are Borel measurable fimctious. Tliis will enable measures on I and .J to 
induce measures on r. S11cl1 uwasnn·s will lw deuoted by F, G, etc. 

In this section WP will derivt" 1wcessary conditions for a poiut :r:* E X to 
be a local solution of problern (NLP). To do so, we modify and generalize 
Fiacco's and McCormick's [(i] pn·sPutatiou of th~ first-order theory for the 
finite-dimensional ca.sf'. Tlw k<'y to this generalization is the concept of the 
expectation of a measnn~ 011 c1 Ilillwrt space. Toward this end, in what 
follows H will denote a rea.l Hill,ert space with inner product (·, ·). Following 
Parthasarathy ([lG], Dd1niti011 :t:2, p. l(iK) we make the following <lefinition. 

Definition 2.1 Ld I' lu: ,,. 111rn:,11n m1. H. ff tlu linear fnnctional L(y) := 

J(y, :c)p(d:i:) is contin:rwu.-;, th, 11 th, ,·:rpfffofion of 11. 1 which Wf rlt:nott: by 
J:r:11.(d:c) 1 is rlt:finul to br t/11 Hits:-: npnsrnkr ofL. 

At this point it will ])(, of v,1lne to iutn><lnce some basic notation. Let 
M(K) denote the family of tot ally fiuite positive measmes that concentrate 
on the set J{ C H, and Id M 1 (X) deuote the family of probability mea
sures that concentrate 011 Uw sl'1 /\' C H. Vve a.re iuterested in the sets of 
expectations 

C(I<) = {.l .r11(d:i:): I' E M(I()} 

and 

C\ (I{) = {./ .1p(d.i:) : /I E M1 (I()} 
The set C\(K) is esseutially tlw cuuwx lrnll of I(, and the set C(K) is 

essentially the cone generatt•d hy C'i(I{). It shonld he clear that C(K) and 
C1 ( K) are convex. l11 thP 1wxt s<·diou w<~ will demonstrate that C\ ( K) is also 
compact. The closednPss of ( '( /\.) will lw of fo11<lamental importance in our 
theory. In the next sPdio11 \\'t' \\'ill c011stn1ct a coudition which guarantees 

!) 



that C(I<) is closed. Howt-'V<-'l', for the mome11t we will assume that it 1s 
closed. 

We now generalize ,t fa111011s res11lt. 

Len1111a 2.1 (Gt:nffa.lizul Farl,:11s Lu11111.11.}: Ld H rlt:nofr a nal Hilbert space 
with inner product (-, ·). Lrt :r 11 E H 1111d I( C H. Assurn.f: that C(I<) is 
closed. Then tlu: followi11,<J mT n111i1111Jnit: 

(i) Vy EH, (!J,.r) 2 0 V :r EI( t·ntails (y,:r:0 ) 2 0; 

(ii) :3 I" E M(J() su('h that :i: 11 = ./ :1:t1.(d:r). 

Proof: We utilize tlw 11ot.io11 of c1 dual co11e, i11trod11ced by Dieudonne [4] 
in his proof of the Ha.lm-Ba11ad1 t.lworPm. The dual cone C* of a cone C is 
the set of all continuous liw_.ar fuudimrnls nonuegative on C. 

Consider (i). If (y,:r) 2 () V.i: EI<, t.heu (y,.f:r:11.(d:i:)) = .f(y,:r)p.(d:r:) ~ 
0 Vp. E M(I<), i.e. y E C(I<)*. 1-I<·uc<·, (i) is eqnivalent to the assertion that 
y E C(I<)* entails (y,:i: 11 ) 2 (} Vy E H, or simply that :r: 0 E C(I<)**. By 
Lemma 5.G iu Girsauov [7], ( ' ( l\. t* is t lw weak closun· of the convex hull of 
C(I<). Since C(I<) is closed c11td couwx, it follows that (i) is equivalent to 
:ro E C(J()** = C(I<). But (ii) is a dir<-'ct. statement that :r:0 E C(I<); hence, 
(i) and (ii) are equivalf'nt. D 

Remark: It is possihlf' to giv<-' au <--'l<--'lll<'Htary, but more complicated proof of 
this result. The very elt-~gaut proof tlrnt. we have presented was suggested to 
us anonymously by the referee. Tliis is au amnsing realization of Valentine's 
[22] admonition to "always look at the dual situation when working with 
convex sets for it ma.y save yon sorn<--' <-'ll1hanassmP11t." 

Associated with prohl<-'lll (N LP) is tlw ge11era.lized Lagrangian gradient 

P'(:r:,u,>.) := '7:,f(:i:) - / \7,.1/n(:r)u(dn) + ;· '7:,,hr{r:)>.(df-J), ./1 . J 

which is guaranteed to exist if tlw s<·t.s \lA(:r) aud \7B(:r:) a.re compact and 
the measures u a.nd >. a.re totally fiuite. Our goal is to derive necessary 
conditions for solving problem ( NLP) that involve this expression. We are 
now in a position to characterize some of these cowlitions. 

Suppose that :c is a. foasil,le poiut of problem (NLP). Let 

Z1(:r:) := {z EX:(::, 'v.<J,.(.r)) 2 O V n E 10 (:i:), 

(:.:. \lh1,(:r)) = 0 V /-J E .!, (z, \lf(:c)) ~ O}, 
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Z2(:r) ·- {z EX: (z, V9n.(.r)) 2 0 V <l' E Io(:r), 

(::, Vh;,(:r)) = O V /J E .J, (z, V f(:r:)) < O}, 

Proposition 2.1 Ld J( = VA 11 (.r*) UV B(:r*). Assume 
Al : J( is cornzuu·t; 
A2 : C(K) is closnl. 

fl :c* is a feasible point of prnblun (NLP)J t!u:n tlu: following are urnivalent: 

(ii) There e:rist totallu .finift 11uasrr/'f'S u* on (J,I) and).* on (J,J) such 

that 

(a) R'(:r*,u*,>.*) = 0, 

(b) Yn(:r:*) ~ 0 V n E J, 

(c) hr,(:r*) = 0 V /1 E .l, 

(rl) u*(I') = () V I' //1((/S(/l'(/{ilr C Irv Iu(:r*), 

(e) u*(I') 2 0 V I' 11u (f.,ur"lih C I. 

We will refer to the ro11ditio11s (a)-(e) i11 (ii) as the generalized first-order 
conditions. 
Proof: Assume (ii) am! suppose t.!1,d. :: E Z:.{r*). Tlwn 

o > (:.:, VJ(/)) 

(z, l V.<Jn(:r~)u*(dn) - ;· Vhr,(:r:*))>.*(d/1)) 
j I . J 

! (z, V9"(:i:*))H~(dn) - f (:.:, Vhr,(:r*))>.*(df1) 
. I . J 

> () ' 

which is a. contradiction. Tl1is prnV<'S tliat (ii) impliPs (i). 
Conversely, suppose that Z2 ( /) = ~b. Theu, if z satisfies 

(z, V.<Ju(/)) 2 () 
(z, Vh 1,(:r*)) ~ O 

(.::, -Vh1,(:r*)) ~ O 

11 

V n E Iu(:r*) 

V/1E.l 

V/JE.l, 



z mtrnt also satisfy (z, Vf(:r*)) > 0. Bnt this implication is (i) in Lemma 
2.1, so we may conclude tlrnt 

Vf(:r:*) = r yVf~i(dy) + r yVF'(dy)- r yVF"(dy) 
j'ilAo(:i:*) .J'ilB(,*) j'ilB(:c*) 

/, Vg,..(:i:*)t11(dn) + ;· Vh1,(:r*)t'(d/3) - f Vhr,(:i:*)t"(dfJ). 
· lo(:i:*) · J .JJ 

We now obtain conditicms ( a)-( e) liy setting u* = t 0 on / 0 ( :r*), u* = 0 on 
I,....., Io(:c*), and ).* = -(t' - t") 011 .7. D 

Our statement of first-onlt-'l' couditiou (a.) is somewhat nontraditional. 
Suppose that the g, .. and hr; are elt'!IH~uts of a n~a.l Hilbert spacer. Assuming 
that the indicated exped.c1.tious !'Xist ( wliich, of conrsP, they may not), define 
the generalized Lagrangia.11 fuuctiou to he 

P(:i:,u,>.) := f(:r)- ;·.<J,..(:i:)u(rln) + f hp(:r)>.(d/1) . 
. I . J 

To conform to commo11 practict·, wt· \\'tmld writP condition (a) as 

V:iJ!(:r*,u*,,\*) = t'(:r*,u*,>.*) = 0. 

The following result esta.lilislws toircmnstanct-•s in which this representation is 

legitimate. 

Proposition 2.2 Fi:r :1: E X. L<t II and ). dnwff totally .finitr rneasu1·es 
on (J,I) and (.1,J). Ass1111u that tlu r:1ptct11tions [J := Ii!fou(dn) and h. := 

I.J hr,>.( dfJ) /Joth e:rist. rr t/11 .'ii ts of f1111di01u-; A := fon : ()' E J} and B are 
each un~fonnly Lipschit:,; 1·011ti1111ous, t/11:11 V,,.P(:r, u, >.) = P'(:r:, u, >.). 

Proof: We must Psta.blish 1 ltat 

V / 90 (:r:)u(dn) = V.u(.r) = / :i;V F(dy) = /, V.<Jcv(:r)u(dn), (1) 
./1 ./vA(,) . I 

where VF is the mea.snH' 011 X iuduced by u. ClPa.rly it. suffices to prove 
that 

(q,V.9(:r)) = (11. l y'vF(dy)) V ·11 EX. 
.fvA(,) 

12 
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We note that 

a.nd that 

(17, Vg(:c)) 

(r;, f . yV F(dy)) 
j'v'A(:r) 

,i/(:r)(,;) 
I 

liu
1
1
1 
-. {D(:i: + n;) - D(:r)} ,_ ( 

l ;· lim-{ [!fn(:i: + n;)- !fn(:r)]u(da)} 
,-11 c- • J 

lim f <p,(;i:)u(da) 
,-0 .!1 

f (1;,y)VF(dy) 
j'v'A(.r) 

/
·(,;, V.<Ju(:1:))u(dn) 

. I 

! . .<lJr )('1; )u( dn) 
. I 

!
. l 
lim-[51n(:i: + f'l/)-9"(:r)]v.(dn) 

. 1,-11 f 

/
.li1n¢,(n)u(cln) . 

. I ,-11 

Since the f/a's a.re uuifonnly Lipscl1itz co11ti1rnous, i.e. :3 M < oo such tha.t 

lfln(Y) - flu(z)I::::; 111IIY - .::II V .r, YE).;' awl V n E J, we have 

M 
1¢,( 0 )1::::; -·. 110111 = 1111i,;11 < oo. 

( 

Then, since u is totally fiuit<·, \\'(' c,w a.pply the Dominated Convergence 
Theorem to interchauge lim,_11 <111d J1 . This establishes (2); hence, (1). The 
identical a.rgnment estahlislws 1 l1<1t 

V / lip(:r)>.(cl;i) = / Vhr,(:r)>.(d/1), 

and the result follows. D 

We now return to prohlt~lll (NLP). As iu the finite-dimensional ca.se, in or
der to derive a. necessity couditiou from Proposition 2.1, we must supplement 
the first-order conditious witli ii co11str<1i11t qualification. 

l:{ 



Definition 2.2 Supposf that :i:* is r, ffasibfr JJOint of probfrrn (NLP). We 

say that :i:* satisfi,fs thf rn11st rn i 11/ rr1w.hffrrdion for problem (NLP) ~f: 

for each '/1,0'l/,Z(:1'0 Z EX :;(l/i,•;f1;i11,1; (::, v.lfn(:i:*)) 2: ()VO' E Io(:r:*) and 
(z, Vhr,(:r:*)) = 0 V /1 E ./, t!tcn 1:rists T > () (J.nd (/, continuous arc 
C : [O, T) -+ X srdisfyin.lJ 

C(O) = :r*, 

C'(O) = :: , 
!!n(C(t)) 2: O 

hr, ( C (t)) = o 
V f E [O, T) (/.'/1,d V ()' E J' 
V / E [O, T) and V {1 E .l . 

Our ma.in result uow follows pr<"cisdy as iu tlw finite-dimensiona.l case. 

Theorem 2.1 Ld I(= VA0 (:r*) UV B(:i:*). Assumt 
Al: I( is co111,z)(/,ct; 

A2: C(K) is do.'ffd. 

rf :r* S(J.tisfi.es tlu: <·011strni11l q1uiliffralion fm· prnblnn (NLP), tlu:n a nec
essary condition f01· :i:* to lu r, lo('(/1 solution of prnblnn (NLP) is that the 

fi,rst-onler c011Aiti011::; hold. 

Proof: We invoke Propositio11 :2. l. Snppose that :r* is a. local :.;olution and 
that z E Z'2(:r:*). Clearly i1 11ms1 lw tlrnt :: # 0, so there exists a. feasible 
continuous a.re C : [O, T) --+ X. Siun' .r* is a local solution, for t > () 
sufficiently sma.11 it mnst l w tlwt 

f(('(t))- f(('(O)) 2: 0 

and therefore 
1 

1[f(C(t)) - f(C(O))] 2: O. 

But this implies that 

[f o C]'(O) = (Vf(( '(O))J''(O)) = (Vf(:r:*), z) 2: 0, 

which is a. contradictiou. D 



3 Discussion of Hypotheses 

Let us now examine assumptious Al awl A2 of Theorem 2.1. To begin, recall 
that they a.ntoma.tica.lly hold iu tlw case of fi11ite programming. Specifically, 
a. finite set is compact, awl it is wdl-k11ow11 that a finitely generated cone 
ii, closed. Hence, a.ssumptiolls A 1 arnl A2 an~ exactly the price one nnrnt 
pa.y to extend the Farkas lemma approach to necei,i,ity conditions from finite 
programming to infinite programmi11g. Of course this extension will Le of 
no value if we cannot find reasow1hlt" cowlitions that imply assumptions Al, 
A2, and the constraint q11alifi(',d.io1L. S11d1 co11ditions a.re the subject of the 
present section; in tht> 1wxt S<'dio11, Wt' will prPsent a nwaningfol example 
that satisfies our co11ditio11s. 

We first consider assmnptiou A 1, tlw cmnpactnt>ss assumption for the sets 
V A 0 (:r:*) and V B(:r:*). Si11ce prnhle111 (NLP) is stated without reference to 
these sets, it is obviously n1111l wrsouH· to dwck hypotheses involving them. 
Fortunately, many problems will Hot n·quirP this. 

Lem1na 3.1 Suppose that flu .</,, and h1, an dt:inf:nfs of a rwl Hilbert space 

r. Fi:r :r: EX awl ltf V,. dnw/1 1 011!11111io11 11t :r. Sunwst: that tlu: !fcv and h1, 

are un~forrnly r:onti11,'11.o'/ls 1111 d I h11 t \/,, is 11, confinuo'/ls functional on A and 
B. Assume that tlu: indn: :;1 t., I 1111d .1 !111.·rw bn:n tozwlogizf'.(l. rt' I and .J are 

c01nzuu:f and thf: iwft:r '/Ill/JI,, n f-t .</n /1,/lr/ (-J f-t h;, an c011.fi11:UO'llS, thf:n the 

sets V A 0 (:r:) and V B(;i:) an 1·m111111l'l. 

Proof: We argue i11 terms of tlw .</n· Giw~n a sequence { a.,,} C 10 (:r), 
we claim that there exists n 11 E 111 ( .r) awl a subsequence { n.,,,} such that 
Vgc,

11
,(:r)-+ Vgn0 (:i:). 

The indexi11g assnmptious imply that A is compact. Since V,, is con
tirrnous on A, it follows tlrnt tlw l(0 Vd set A11 (:1:) = fon : !f"'(:1:) = O} = 
{!In : V,,(gn) = O} is closed, lw11ce compact itself. Therefore there exists 
O'o E 10(:1:) and a snl>seqll(·'llC(' {n1,,} such tlwt .<J"',.,-+ ffc, 0 • 

The convergence iwlicated is in 11orm. HowevPr, since the .<Jn a.re uniformly 
continuous, the convergP11ce 11111st alsu lw nuifonn. But this allows us to write 

lim V.</0 ,,,(.r) = 9 lim .<Jn,.,(:i:) = V.<1n0 (:r). 
n 1 --+CX..! 11 1 __.rx_, 

D 
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We now derive co11ditio11s wl1ich imply that assumption A2 holds. We fin,t 

derive a technical lemma a.bout <'Xpec1.ations that will be used to show that 

I< compact and O tt C,\ (I{) implies A~. This lemma derives from probability 

theory. An excellent refon,uce for tlw requisite material is Billingsley [2]. 

Lemn1a 3.2 Ld H dnwtc a n rt! Hillwrt spr,r·t: with inru:r product ( · , ·). Let 
M 1 (K) denote the family of 1irol)(f.liilily 111tasun:s that concentrafr on the set 

J( CH. If I{ is compact, thtu flu .,wt of t:tptcfations C1 (K) := {J :r11(d:r:): 

JI, E M 1 (K)} is co1wct and 1·01117u1d. 

Remark: As mentioned l><'fon-, 1lw set (,\(K) is essentially the convex hull 

of K. 

Proof: Since I< is compact, J(y, :/'.)/t(d:i:)::;: \\y\\ I \\:r\\Jl(d:r:) ~ l\y\1:-;up_,,Ef{l\;rl\ < 
oo; we are therefore assured tl1;i1 Uw (~xpectatio11s exist. The convexity of 

C\ ( K) follow:-; innnedia.tdy frurn t lie li 1wa.ri ty of expectation. 
To de111011:-;tra.te compac1.1wss, cousid(~r tl1e seqnence {:r: 11 = J :r:p,11 (d:t) : 

Jln E M1 (K)}. Si11ce I( is rnrnp<1d, M1 (I{) is tight. It follows from Pro

horov's Theorem tlrnt tlierP ('Xists a weakly co11vergent subsequence of {11,n}, 
1.e. that there exi:-;ts l'o E M 1 (I\.) aud ,t sn bseqnence {v,,,} such that 

./ c/J(:l'.)/1 11 ,(d.r)-+ ./ q>(;l'.)/io(d:r) 

for all bou11ded co11ti1111011s fn]l('tiuus </J : H -+ ( -oo, +oo ). Since I( i:-; com-

pact, (y, ·) is :-;uch a fuuctiuu; lw1ice 

Then it must Le that tlw Rit'SZ repn~s(~llt(~rs 

:r:,,, = ./ :1:,1 11 ,(d:r)-+ :i:0 := ./ '.l'.Jl,o(d:r), 

so the arbitrary sequeuce { .i:,,} l1as " co11verge11t subsequence. D 

We now remove the restridio11 tlwt the positive meaimres used to form 
expectation:,; have a. total 1rn1ss of 1111i1y. 

Le1nn1a 3.3 Let H dtnofr u fful Ilillwl'I ,-;JHlet wdh im1.f'.1' product(·,·) and 
origin 0. LF:t M(K) rltnoft flu family of totally .fi:nifr, positivf rnmsu.n:s 

that c011.crn.trn.tt: on ti, t s< t l\' c H. ff I< i.-; 1:0111.pad and O tt C\ ( K), tlu:n 
C(K) := {J:r:11(d:i:): /'EM(/\')} i,-; 1·0111 1t:r and do8f'.d. 

l(i 



Remark: As mentiout>d lwfort-\ t!te set C(I{) is essentially the half-cone 
generated by tlw C0ILV<'X lrnll of ]{. 

Remark: The condit.io11s that /\. is compact and O r/. C1 ( K) a.re sufficient 
but uot necessary for tlw co11d11sio11. To illustrate, let S be a. closed 
subspace of H aud lt>t A' C ,S' he ,111y sd snch that O is an interior point 

of C\(K) CS rt>la.tive to S, e.g. {:i: E 8: 11:rll < l}. Then C'(K) = S 
is automatically co11vex a11d dose<!. However, the simple conditions 

stated in the lt>mma h,tv<~ a uc1tma.l ana.log in the finite-dimensional 
theory and a.re t>11t.irely c1deq11c1t.e for the example of Section 4. 

Proof: Writing C(I{) = {r:i:: .i: E (\(I{),,.= [O, +oo)}, it follows from the 
convexity of C\(J() tlrn1. C'(J\') is c1 coHV<"X lrnlf-cone. \Ve claim that C(K) is 
also closed. 

Towa.rd t.ha.t end, snppos<' 111,11 {y 11 } C C(K) with l!Yn - :i7II -t 0. Write 
Yn = rn:Dn with :r:,,, E C\(J{). By tit<' compa.ct.ness of C\(K), {:D,,} contains a 
subsequence {:r:,,,,} with 11,r,,, - ill -t O for some :T: E C\(K). Mon~over, since 

0 r/. C\ (K), 11:rll > 0. 
Now let. f > 0 be a.rhit.rary. By coust.rnction, there exists N( f) such that 

n' 2". N(t) entails 11:r:", - :T:11 :S < a11d llr11
1:r,,, - :i7II :S f. It follows tha.t., if 

f < 11:rll and n' 2: N(t), t.lwu 

11:~II - 1 

11:rii + 1 
:S ,·,,, :S 

so that r,,, -t 'I':= 11:VII/II-TII- Hell(·<-, 

11:VII + f 
ll:1:II - f 

IIYn' - T':,·11 llr,,,:i:,,, - r,,,.,: + ·r.,,,:r - T':rll 
< r,,,!J.r11 1 - :Tl!+ Ir,,, - 'f'I IJ:rlJ 
-t () . 

By the uniqueness of limits, _17 = T'.r E C(I{). D 

Notice tha.t the hypot.lwsis that O (/:. (\(!{) is closely related to the oft
imposed (in finite programming) cowlitiou of regularity. A feasible point. :r:* 

is sa.id to be 1-eg·ri.lar if t.lw sd /\. is liut~a.rly iwlependent, i.e. if no finite 
nonzero linear comhi1rnt.io11 of t.lw coHst raiut. gr,ulient.s at. :r:* can vanish. Our 
condition is somewhat. stro11ger i11 011e rf'sped., lmt. much Wf'aker in a.not.her. 
On the one hand, we cousid<·r ,1.rhitrary m<0 as11n~s (weights) on K, not. just 

17 



finitely supported oues. This is c1rn1logous to infinite linear combinations, 
hence stronger; on the other lrnnd, we ouly co11sider probability measures 

(nonnegative weights totalling 1111ity); tl1is is ana.logons to convex combina
tions in:,tead of linear cornhi11at.io11s, lw11ce weaker. 

In finite programming, if / is a n---gnla.r point, then :r:* must satisfy the 
constraint qualification. This pkasc1.11t property does not hold in infinite 
programming; in fact, siuce tlie lllllllher of liuearly independent gradient:, 
cannot exceed the clime1Jsio11 of tlw spa.ct' X, the notion of regularity is 
wholly inappropriate for th<--' cc1.s<--- of se111i-i11fi11ite programming and somewhat 

inappropriate in thf' case of i11ti11ite programming. Accordingly, we will search 

for other conditions that will illlply tlw coustra.iut qnalifica.tion. 
The simplest situation is tlie 011<· in which all of the constraints are linear. 

If :r:* and z are as in DdiIJitiou :!.l, t lwu the arc C(t) = :r* + tz satisfies 

C(O) * .r 
' 

C' ( o) 

.<Ju(C(t)) () VI 2: 0, V n E Io(:r:*) ; 

h1, ( C ( t)) () VI 2: 0, V /1 E J. 

Moreover, for ea.ch n E J,...., 10 (:r~) (tl1e 11c>lil>i11<ling constraints), there exists 

r(a) > 0 such that 
.1/o-(('(t)) 2: 0 V f E [O, r(n)). 

If the munber of nouhirnling rn11st raiut s is fiuite, tlwn we can take T = 
infc,{r(a)} > 0 and tlw <·011strc1i11t. cpwlifica.tion is automatica.lly :,atit,fied. 

Otherwi:,e, it may be tlrnt iuC{ r(n)} = 0 awl the constraint qualification 
may not hold. Vie are tl1erefore contt·nt to establish that the constraint 
qualification holds for <nw illlportc111t family of ex,unplt's. 

Both control theory c1.11d s1 ;it.is tics ahonll<l with constraint:, of the sort 
that a function he l><im1<l<·d by certiiiu values. The following result addresses 
the prototypical case; we liope tl1c1J tlw method of proof will suffice for a 
variety of applications. 

Le1nma 3.4 Let X rlnwfr II rrnl Ilillu 1·t spa,·f offunr-tions :r : J -+ ( -oo, +oo). 
Let fie, denote coaluation ,it n- E /. If" X is a vmpn- functional Hilber-t spaa, 
i.e. if tlu: !Ju an continuo11.-;, I Ju II I I, r rnl fret ion of iw <r1wlity constrn.ints 

.<In· ( :r) = .r ( n) 2: 0 V fl' E J 



satis.fies tlu: constraint <111.a.lifirn I ion. 

Proof: Since the !In are ('tJll1i11llu11s allfl linear, V!Ja(:r:) exi:,;t:,; V :r: E X. 
Suppo:,;e that :r* E X is a feasible poiut allfl that a nonzero z E X satisfies 

Fort> 0, let 

(z, V!Jcv(:i:*)) = .</,(.,·*)(z) = z(n) 2:: 0 Va E / 0 (.1:*), 

i.e. V n s11cl1 tlw.t :i:*(n) = 0. 

K(t) := {:i; EX: :r*(,r) + ty(n) 2 0 V n E J}. 

We note that the sets K(t) an· m·sted, for suppose that t0 < t 1 . If O < 
:r:*(n) + t 1y(n) V n E J, i.t· . .'J E J\"(/ 1 ), tlwu 

tu 
0 'S -t :i:*(n) + f11:i;(n) 'S :r*(n) + t0 y(n) V n E J, 

·1 

i.e. !J E K(t0 ). Tlrns, ]((ti) C /{(t 11 ). 
Suppo:,;e that tn l f11. Tlw11 U 11 l((t 11 ) C K(t 0 ); hence, the closure of 

UrJ((tn) is contained in tlw dos11n· of J((t0 ),which is just K(t 0 ). To establish 
the converse, let Yo C K(t 11 ) <111d sd :i; 11 = (t0/tr,)JJ0. Then Yn C K(t,i) and 
IIYn - Yoll __, O; hence, K(to) is cc>11L1i1wd in the closme of U,,K(t,,). 

Suppo:,;e that tr, i tu. Tlt('11 n"r\·(1 11 ), i.e. 

{:i:*(n)+l 11 y(n)20 VnEJ} Vt,,. 

Then 
{ / ( n) + f o,1/ ( n) 2 () V n E J} , 

i.e. y E K(tu). 
It now follows from Prnpositiou :{.LL in Attonch [l] that, if tn --, t 0 , 

then K(t,,) --, K(t 0 ) in tlw s<·11st-' of Mosco-convergence of clo:,;ed convex 
sets. Furthermore, Proposii.iou :{.:{4 in Attonch [l] state:,; that the Mosco
convergence of close<l convt·x s<·1s is equivalent to the convergence of the 
projection:,; of an arbitrary poi1!1 i1Jtn Uwse sets. Therefore, let z*(t) denote 
the projectiou of Z iuto J((t). Tlw11, f 11 --+ fo euta.ils llz*(t,,,) - z*(t0 )II--, 0, 
a.nd we coudude that z*(l) is ;i couti1rno11s arc for t > 0. Moreover, since 
:r:*(n) = 0 entails z(u) 2 (),:;is rnnt<1i1wd in the closnrt> of Ut>oK(t). We 
can therefore close the arc liy sdti11µ; .::*(O) = ::. 

l !) 



Now let C(t) := :r* + t::*(t). By ro11strnctio11, C is a. feasible continuous 
a.re with C(O) = :c*. Moreover, 

lim ~ IIC(t) - C(O) - t ::II = Jim! lit z*(t) - tzll = lim llz*(t) - zll = 0, 
t-.U f 1-ll f t--.0 

so C'(O) = z. This verifies tlw nrnditio11s specified by Definition 2.2. D 

Ren1ark: It is also possihl<~ to give r111 denwuta.ry proof that the a.re z*(t) is 
continuous. The use of Mosco-co11verg<-·11et· was snggested to us anonymously 
Ly the referee. The equiva.l<·un° of ]\!Iosco-convergence and the convergence 
of the projections of a.11 ,1rl>itrr1ry poiut is due to Sonntag [18]. 

4 An Example 

We now apply our resnlts lo ol>L1ill 11ecf'ssity conditions for a. well-known 
problem from the statistic,il literatme 011 probability density estimation. 
Watson arnl Lea.dbettf'r [24] so11ght to miuimize thf' mPau integrated squared 
error of a. kernel probability d<·ttsity estimator. Specifically, given indepen
dent and identically distrilmt<·d r,1udom va.ria.hles X 1 , ... , X,, with probabil
ity density function 8, tlwy r11Lalyzed tlw optimization problem 

lllllllllllZt-' ;·,,, [ 1 " l 2 

K,,EU(-cx.,,+,x,) E - L. l\',,(:r - X,) - 8(:r:) d:r: . 
. -r,,_. /1. i=L 

It turns out that sol11tio11s c1n· 1 ypiu1lly uot everywhere nonuega.tive, which 
results in estimates that are uot 1 lwrnselves probability densities. This is a 
matter of taste, but if we pn.fer to estiuwte densities with densities, then we 
must confront the co11str<1i1wd optimiz<1tio11 problem 

lllllllllllZ<' 
K,, EL2 (-w,+cx.,) 

subject to 

.,,. [ l " l :.! 
E j - L f{n(:1: - X;) - 8(:r:) d:r 

. -,,, II i=l 

This problem does not yidd tu \'<1Tir1.tiu1wl methods, making it a natural can
dicla.te for the applicatio11 of om 11rnltipliPr tlwory. We proceed to formulate 
it in tha.t context. 
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Consider the Sobolev space ]{1 [n 1 , (\' 2], wl1ich is dd-ined by endowing the 
vector space 

{:r: :,Ji) E /}[(\'1 1 n 2] for j = 0,1} 

with the inner prodnct 

l 

(T '1/) - ~( /.(j) '/'j(.i)) ''[ ] . , . - L.....t · , , L- cq ,cr2 • 

.i=ll 

It should be noted that tlw deriYc1tivt->s iu the defiuition of H 1 [n1 , n 2] are ta.ken 
in the sense of distril111tio11s. 11 is W<'ll kuowu that H1 [n1 , n2 ] is a proper func
tiona.l Hilbert space awl tlrnt t·,1Cl1 <·leuwut of H 1 [n1 , n 2 ] is absolutely con
tinuous. See Appewlix I of 'fc1pic1 c111d Thompson [20] for a. discussion of the 
analogous Soholev spacf', H1 (-oo,+oo). Notice that, if b E H 1 (-oo,+oo), 
then the restriction of 8 to [n1 , n:2] is dll element of H 1 [n1 , n2]. 

We now retm11 to tlw prohl<-lll of \Vat.son awl Leadbetter, which we re
formulate as problem (\VL): 

(WL) 

lllllllllllZe 
:i:11EX /

,,:,,,_, [ 1 n l 2 
f(.r,,) = E -:- L. :T:,,,(n - x;) - b(n) da 

'-,:,,,_, I/, i=l 

.<Ju ( :/' 11) = :/' 11 (I\) 2 () \j ()' E J 

h(:r,,) = ;· .i: 11 ((\')dn - 1 = 0, 
' 1 

where I = [n1 , lt 2], X = IP [n1 . n·:2], awl i,,, denotes the extension of ;r;"' to 
( -oo, +oo) defined by :Y: 11 ( n) = 0 i r n t/:. I; and where the expectation is taken 
with respect to the iwlt>pe11de11t a11d ideutica.lly distril111ted random variables 
X,:, i = 1, ... , n, haviug prohal>ili1.y d<'11sity fnnction b E H 1 (-oo, +oo ). We 
have modified the origiual prnl>l(~lll i11 two ways. First, we have demanded 
some additional smootlrnt->ss. S('('O!Hl, we have restricte<l attention to kernels 
supported on [n1 , n 2 ]. V·/t> prnn·<·d to V(·rify that Theorem 2.1 can he applied 
to problem (WL). 

The point eval11atio11 fn11ct.io11als q., E r = X* are both linear and 
continuous, hence co11ti11110nsly differeutiahle a11d also uniformly continu
ous. It is also easily dwck(0 d that f, h E C 1 (X). Furthermore, the set 
v'B(:c) = {v'h(:r:)} is obviously nJI11pact. \Ve a.lso have 

Lemma4.1 F01·prnbli111 (ll'L), //,1 s,tv'A(:i:) = {v'_<Jcr(:r:) n E J} is 
compact. 



Proof: We apply Lt>mma :{. l. Tlw poiut Pva.lnation functionaL, Vx E f* 
are continuous, sinct> V,.(!Jn) = _11,..(.i:) = .i:(n). Since I is compact, it remains 
only to demonstrate that tlw illd<·x map n rt !In is continuous. 

Consider the optimiza.tiou prnhl<'m 

111 m 11 rn z e 
:1: !.,," [:r' ( n) ]'\la 

, 111 

subject to :i: ( a 1 ) = li1 , :r ( a.'2) = b2 . 

It is a trivial exercise iu th<-' calc11l11s of variatious to establish that the min
imizer is a. straight line with slop<~ 

This yields a. minimum ohj<'ct.ive f11udiou value of lb'2 - b1 l2 /la'2 - a. 1 1. It 
follows that any :r: E X wit\1 :r( u 1 ) = h1 and :r( a 2 ) = h2 must satisfy 

(3) 

Now suppose that n 11 -. n 11 dS 11. -. oo. Theu (:1) allows 11s to write 

lls1c,,, - !loo II snp l.<Jn,,(.r) - .'/nJr)I = sup j:c:(nn) - :r(no)I 
11,,.11::;1 11:i ll'.Sl 

J 1 

< sup ln 11 - n 0 12 ll:rll = In,, - n0 12 -. 0 a.s n-. oo. D 
11:i•ll'.S 1 

Next, we show that om co11ditiolls 011 I{ hold. 

Len.1.ma 4.2 FoqJrolh,n (IV[,), Id J{ = \lA(:r)U\71,.(:r). Tlun C\(K) does 
not contain th, ori51in of X = H 1 [n1 , n2 ]. 

Proof: We exploit tllf' fa.ct th<1t tlw gp1.die11t is tl1e Riesz representer of the 
directional derivative. LPt 11 E )t; tll('u 

lirn ~ [11,,(:i: + f11) - <Jcv(:r)] 
f-0 f . ' 

. 1 
lntt - [:i:(n) + t11(n) - :i:(n)] 
t-0 f 

tJ(n) 



and 

h'(:r: )('IJ) lim ~[h(.r +fl/) - h(:i:)] 
t-ll t 

lim~ [/'[.,· + ti,]((\')dn -1 - f :r:(a)da + 1] 
t-o t . 1 Jr 

I. 11(n)dn . 
. I 

Hence, Vgcv(:r) must satisfy 

(V9,.(:r), 11) = 11(n) VI/EX 

and V h( :r) m1u,t. satisfy 

(Vh(:i:), 11) = ;· ,,((\')dn V 11 EX . 
. 1 

Now suppose that. there <~·xists I' E M 1 (I<) such that JK!Jfl(dy) = 0. Let 
,\ = /l(Vh(:r:)) arnl let. (l->.)11 d<'!lote tlw m<~asme on (J,I) induced by JL 

Then it must. be that, V 11 E .\, 

o (o,,1) 

( ./.: :rJ I I ( dy). I I) 

.l: (:r;,11)11(dy) 

f (.11, 11)11(d,1;) + ,\(Vh(:i:), 11) 
.fvA(,) 

l 11(n )11(dy) + >- j. 11(n)da 
.fv A(•,) , I 

(1- >.) ;· 11(n)11(dn) + ,\ ;· 11(n)dn. 
. I . I 

(4) 

But the la.st expressio11 iu (4) is strictly positive if I/EX is strictly positive 
on I; hence, C,\(K) cam10t cout<1i11 the origiu of X. D 

Re1nark: If v. is a. finitely snpporti,<l sigue<l measure, say u = I:r~1 u;l(a;), 
where 1 denotes point-mass, t.lieu ( 4) reduces to 

0 = (1 - >.) f u111(n;) +A;· ·11(n)dn. 
i=l . I 



If,\= 1, this ec1ua.lity fails for (say) 11(n) = l; if,\=/- 1, this equality fails 
for any ''7 satisfying 11(0;) = -11 1 aud /j 1/(ll')dn = 0. Thus, the condition of 
regularity also holds for prohl<·rn (WL). Notice, however, that the restriction 
to finite linear combinatious iu tlw <ldi11itio11 of liuea.r independenc:e is crucial 
to this conclusion. If arbitrary sig1wd 111easmes a.re allowed, then take u to 
be the negative uniform 111<·asm(' ou I aud pnt ,\ = 1 / ( a 2 - a 1 + l). Then 
the la.st expression iu ( 4) is 

(1 - ,\) /, 't/(O')u(dn) + ,\ ;· 11(n)dn 
. I , I 

[ l ] L ;· 1 ! l - ----- ---- 11(n)dn + . 11(n)dn, 
n2 - n1 + l n, - n 1 . 1 n2 - n1 + 1 . I 

which does in<leed vauisli \/ 'I E ).;'. Tliis distiuction should not he surprising. 
Roughly stated, finitely m,rny v,t!1ws do uot determine a function's Lebesgue 
integral, hut all values togetlwr do. 

Finally, the equality cnustrai 1t1 i11 problem (WL) is easily incorporated 
into the proof of Lemma :{.4. Tl1is provides a me,ms of verifying that any 
feasible point for problem (\1VL) s,t1 isfies tlw constraint qualification. Theo
rem 2.1 therefore applies: a JW(Tssary cowlition for :i:;, to be a. local solution 
of problem (WL) is tlrnt tlw first-order cornlitions hold. 

Let us make some fmtlier ohservatious coucerniug problem (WL). The 
objective function is strictly cmivt·x awl the constraint set is convex. It fol
lows that any local solutiou will he tlw uuique global solution. It is well 
known that the variatioua.l i1wc111ality whid1 serves as a. necessity condition 
when the constraiut, set is co11w·x st'J'\'('S as a suf-ficieucy condition when the 
objective function is also c011vex. A ratlwr straightforwanl argument can be 
used to show that, iu tlw cas<· of a c011vex nmstraiut set, condition (i) of 
Proposition 2.1, namely Z2 (:r~) = </>, implies the variational inequality neces
sity condition. These comnH·111 s say that, iu the case of a. convex program 
where the constraint cpwlificatio11 holds (as is the case for problem (WL)), 
the existence of La.grange m11lt.ipli!'IS (Propositiou :l.l) is both necessary a.nd 
sufficient for :r:* to be a. gloli,d 111i11i111iier. 

Our theory, the above co11111w111,s ,111cl some straightforward computations 
lead us to the followiug n·s1d1 co11cerniug problem (WL): :r;, is the unique 
global minimizer if c111cl 011ly if tlwre exists a. tota.lly finite measure concen
trating on [o,1 , n:l], witl1 dt-·usity f11uctio11 u;,, and a real number -\;,, such 
that 



(a) u;,(n) = 2"~1 [:t;, * 8 * h](n) - 2[b * h](u) + ;:t;,(n) + .\;, 'i/ n E [0:1, 0:2], 

(b) :c;,(n) 2: 0 'i/ n E [n1, n2], 

(c) J~:'/ :r:;,(n)da = 1, 

(d) :r:;,(a)u;,(n) = 0 'i/ n E [n1, n2], 

(e) u;,(a) 2 0 'i/ n E [n1 , n:.1]. 

In condition (a), h(n) := 8(-n), awl * deuotes convolntion. 
Since problem (WL) is highly uo11trivial, it is uot surprising that the cor

responding necessity cowliti011s ilH' so111<~what complicated. A more detailed 
analysis of these co11<litio11s was 1111d<'rt<1.k<~11 by Trosset [21]. Nevertheless, it 
is evident from the material pn·s< ·1!1 <'d lwre tlrnt tl1e theory developed in Sec
tions 2 and ;3 can he 1nod11c1 iv<·ly "PPli<·d to a body of problems admitting 
an infinite programming fornllllation. 

Acknowledgements 

We gratefully aml siucnely tl1<111k tlw lat<~ 1Vlagn11s Hestenes, William Ka.rush, 
and Frederick Valenti1w for so g<·11<·ro11sly sharing their recollections of a beau
tiful and excitiug era in 20t!t n·11tmy mc1tlwmatics in which they participated. 
These discussions were a. rnn· privil<',~<·, a11<l they significantly enhanced both 
our understanding a.wl onr <-~ujoyuw11t of 01u own researd1. 

We also thank au ano11yrno11s rd°<'l'f'<~ for comments and suggestions that 
led to a more elega.ut pres<·111;i1io11 of tlw theory. Finally we thank Stephen 
Robinson for leadiug us to tlw work of Pn'Jwpa.[17]. 

References 

[l] H. At.touch. Vm·iaho11<il ( '011.01 Jf/f 11,·1 for Fu11.dion.s and Opendors. Pit
man, Boston, 11)84. 

[2] P. Billingsley. Conv<T.<Jr 111·1 of Prolwbility l\1rn.sun.'i. .John Wiley and 
Sons, New York, 1%~. 

[3] G. A. Bliss. Norma.lity <111d ,d,uonnality in the calculus of variations. 
Tnrn,sact£ons of thf A 111< 1·irn 11 /\fotlu 11111tic11l Socfrty, 4:3::3G5-:37G, 1938. 

•) I". _,) 



[4] .J. Dieudoune. Snr le 11H:ori-·u1(' d(· I-Ialrn-Bauach. Rf"l1. Sci., 7~):G42-643, 

1941. 

[5] .J. Farkas. Uber die Tlwori<i der ei11foclie11 1h1gleichungen. Journal fiir 
die reinc und angf:wr1.ndtr Mu/111111r1til.:, 124:1-27, 1901. 

[6] A. V. Fiacco and G. P. l\fr( :onnick. Nmilinrn,1· Programming: Sequential 
Unconstr-aincrl l\1ini111i::u/ ion Tn11.niquFs. .Toh11 Wiley and Sons, New 
York, 1%8. 

[7] I. V. Girsanov. Lfffuns 011 Mutlu 111.uticul Tluory of E:rtn:rnurn Prnbfrrns. 
Springer-Verlag, New York, 1 ()71. 

[8] A. Goberna, M. A. Uip('Z, a]l(l .l. Pastor. Farkas-Minkowski systems 
in semi-infinite progrc11111ni11g. A1111linl l\1atl1t·111r1tics and Optirnization, 
7:295-:308, 1981. 

[9] M. Guignard. Geueralized K nlrn-Tncker cornlitions for mathematical 
programming prohlPrns i11 ,1 Ba11acl1 space. SIAJ\1 .lounw1 on Control, 
2:2:32-241, 1%!). 

[10] M. R. Hestenes. 01Jti111.i.--:ulion T/11 ory: Tiu Finiff Di11un8ional Ca8e. 
.John Wiley arnl Sous, N('\\' Ymk, l !)7!'i. 

[11] F . .John. Extremnm prnld<·111s \\'itl1 i11eq11alities as subsidiary conditions. 
Iu K. 0. Friedrichs, 0. E. :\('11/!/'ha.ner, a]l(l .T. .T. Stoker, editors, Studies 
awl Essay8 Pnsf1dnl to 17. (\J11n111t on His (j()fh Bi1-tlulay, pages 187-
204, Interscience P11hlisl1('J's, N<'\\' York, 1!)48. 

[12] W. Karusl1. l\1ini111u of Fundion., of Snwrnl Vm·iulilf:s with Inequalities 
as Sirh: Conditi011s. Masi(·r's ih<'sis, Uniwrsity of Chicago, 1939. 

[1:1] H. W. Kulm. No11liw0 ,1r progrnmrniug: ,1 historical view. In R. W. Cottle 
and C. E. Lemke, editors, No11li11rr/1' P/'Of}1'fl1/l.'/ll,ing, pages l-2G, SIAM
AMS, America11 Mathe11wt ir,d Socid,y, Provi<lence, 1976. An appendix 
sun11narizes Karnsl1's 111<1.ster's 11wsis. 

[14] H. W. Kulm and A. vV. Tucker. No11li11ear programming. In .T. Neyman, 
editor, Prncenling8 of tl11 Sr 1·011d Br rl.:flf y ,','yrnposiurn on Matlu:rnatical 
Statistics awl P/'Olmliilily. pages -!Xl--4!)2, University of California Press, 
Berkeley, 1 % 1. 

2(i 



[15] A. Mayer. Begriidu11g der Lagrn11ge'schen Multiplica.torenmethocle in 
der Va.ria.ti01rnrechum1g. M11tl11111rdisf'h1 Annafrn, 26:74-82, 188G. 

[16] K. R. Parthasarathy. Fmlmhility M1usu1·rs on Metric Spaces. Academic 
Press, New York, 1%7. 

[17] A. Prekopa. On the developme11t of optimization theory. Arnerican 

Mathematical Monthly, l'l7:.'>17-.'>4l, l!)l'lO. 

[18] Y. Sonntag. lnterpr?tatio11 g(:omt'-triqne de la. convergence d'une suite 
de convexes. C. R. A('(/d. 81'. Puri.'>, Sfrit· A, 282:1099-1100, 1976. 

[19] A. Takayama.. J1111tl1111111/ irnl Ern110111if's. Dryden Press, Hinsdale, IL, 
1974. 

[20] R. A. Tapia arnl .l. R. Tlto111pso11. Nonpa·ra'/11.fh-ic Probability Density 
Estimation . .lolms Hopkins lJ11iwrsity Press, Baltimore, 1978. 

[21] M. W. Trosset. Optima.! shapes for kernel density estimation. Comm,u
nications in Stati.,;fi('.S - Tht ory (IUd ilfrthods, 22::ns-:391, H)~J:3. 

[22] F. A. Valentine. ConP<.r: Sr/.,. Kri(~ger, New York, 1%4. Reprinted with 
corn~ctions in l!J7G. 

[23] F. A. Valentine. The pn,lil('Ill of Lagra.11ge with differential inequalities 
as added side c011<litio11s. ln ('onlrilmtions to tlu: Calculus of Variations, 
1933-1937, pages LH):{-,1,17. ll11iversity of Chica.go Press, Chicago, 1937. 
Ph.D. thesis, University of ( llticago. 

[24] G. S. Watson and M. R. L(~adlwtt.er. Ou the estimation of the probability 
density, I. Annals of Math, 11u1f i('(/1 Statistics, :{4:480-491, 1%3. 

n 


