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GODUNOV-MIXED METHODS FOR ADVECTIVE FLOW PROBLEMS 
IN ONE SPACE DIMENSION 
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Abstract. A time-splitting method for solving advection-dominated, parabolic, partial differential 
equations is presented. In this method, a higher-order Godunov procedure approximates advection and a 
mixed finite element procedure approximates diffusion. Several variations on the basic scheme are formulated 
for solving one-dimensional, quasilinear, parabolic problems with Dirichlet boundary conditions. A maximum 
principle for one variant of the scheme is demonstrated, and L00 (L 2

) and L2 (L 2
) error estimates for the 

approximate solution and the diffusive flux, respectivly, are derived. These estimates indicate that one 
variant of the scheme is L 00-stable in certain situations, but possibly sub-optimal in error, while another 
variant is optimal and L2-stable. 

Keywords: Higher-order Godunov method, mixed finite element method, error estimates 
AMS(MOS) subject classification: 65N10, 65N30 

1. Introduction. Many problems in science and engineering are described by advection
dominated parabolic partial differential equations. Besides advection, these equations model 
diffusion and dispersion, and, in some cases, chemical reactions. Problems of this type occur, 
for example, in flow in porous media, aerodynamics, and the modelling of semiconductors. 

There are several numerical difficulties which must be addressed when solving these 
types of equations, including the approximation of sharp fronts, grid orientation effects, 
and, for reactive flow in particular, time-scale considerations. It is well-known that standard 
finite difference and finite element methods exhibit nonphysical oscillations for problems 
with sharp fronts. In response to this phenomenon, so-called upwinding schemes were 
introduced which suppress oscillations by incorporating artificial diffusion. In its basic 
form, upwinding suffers not only from excessive smearing of fronts but also from extreme 
dependence on grid orientation [11, 13]. In recent years however, numerous schemes have 
been introduced which combine numerical stability with minimal artificial diffusion and 
dependence on grid orientation. We refer to the recent work on the modified method of 
characteristics for the miscible displacement problem ( see [12] and the references therein) as 
a case in point. Moreover, by incorporating time-splitting, the time-scale difficulties which 
occur when instantaneous chemical reactions are included can be handled [18]. 

In recent years, there has been much interest in the application of higher-order Go
dunov techniques to advective flow problems. In this paper, we investigate combining these 
techniques with mixed finite element methods for advection-dominated advection-diffusion 
equations. Hereafter, we will refer to this general approach as the Godunov-mixed method, 
or GMM. The combining of these two schemes is natural because both are based on a weak 
form of the differential equation and utilize discontinuous approximating spaces. Though 
we restrict our attention in this paper to one space dimension, the methodology has been 
extended to two dimensions, using an unsplit, higher-order Godunov scheme described in 
[1]. Theoretical results for this algorithm will be given in a later paper. Numerical results 
for the scheme presented here applied to the Buckley-Leverett equation can be found in [19]. 
These results indicate that the scheme accurately resolves sharp fronts. Two-dimensional 
results given in [1] also indicate the scheme suffers minimal sensitivity to grid orientation. 

The higher-order Godunov schemes we consider are the second-order method developed 
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by van Leer [14], and the generalizations of this scheme developed by Harten, et. al., [8]. 
The former scheme, called MUSCL, was based on a scheme given in [7] and was later refined 
and extended by Colella [3] and Colella and Woodward [5]. The latter method is the second
order version of the Essentially Non-Oscillatory (ENO) schemes. These schemes have been 
used for solving conservation laws, such as those arising in gas dyanamical simulations. Bell 
and Shubin [2] were the first to apply higher-order Godunov techniques to fl.ow in porous 
media. This methodology and work of Colella [4] and van Leer [15] were the impetus for 
the two-dimensional scheme derived in [1]. 

The mixed finite element method was first developed for second-order elliptic equations 
by Raviart and Thomas [10]. Here we concentrate on the mixed method with the lowest
order Raviart-Thomas approximating spaces. 

The major results of this paper are derivation of a maximum principle and error esti
mates for Godunov-mixed methods applied to one-dimensional partial differential equations 
of the form 

(1.1) St+ f(s)x - ((a(x, t)sx)x = O, (x, t) E J X (0, T] = QT, 

with initial condition 

(1.2) s(x,O) = s0 (x), x E J, 

and Dirichlet boundary conditions, 

s(O, t) = go(t), 
s(l, t) = g1(t), 0 < t ~ T. 

(1.3) 

Similar results for boundary conditions of Neumann and mixed type, and extension of the 
arguments to a= a(x,t,s) and nonhomogeneous right hand side, can be found in [6]. In 
our analysis, we assume for simplicity that f'(s) ~ 0 and we assume O < a* ~ a(x, t) ~ a* 
for some positive constants a*, a*. We remark on the extension of the arguments to general 
f E C2 in Section 7. Throughout we assume s and the coefficients are sufficiently smooth 
so that optimal order estimates can be obtained. We also assume compatability between 
boundary and initial data; i.e., g0 (0) = s0 (0), etc. 

The remainder of this paper is organized as follows. Notation is established in the next 
section. The Godunov-mixed method is then derived in Section 3. Theoretical results for 
the basic scheme, namely a maximum principle and error estimates, are stated in Section 
4. The maximum principle is then proved in Section 5, and the error estimates in Section 
6. Extensions of these results to a more general flux function, and to more general time
stepping procedures, as well as experimental rates of convergence, are presented in Section 
7. In Section 7, we also introduce a second order in time scheme. 

2. Notation and definitions. Let J be a positive integer, and 

Ox : 0 = X 1 < X ~ < ... < X J+l = 1 
2 2 2 

be a partition of [O, 1] into grid blocks Bi = [xi-½'xi+½l· Let xi be the midpoint of Bj, 

and ~Xi = xi+½ - xi-½• ~xi+½ = Xi+t - xi, for j = 1, ... , J - 1. Let Yi = g(x;) and 
Yi+½ = g(xi+½). We assume the mesh defined by Ox is quasi-uniform; i.e., there exist 

positive constants Co, C0 , independent of the mesh, such that 

(2 4) r, ~Xi CO . . J . vo ~ ~ ~ , i,J = 1, ... , . 
uxi 
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Define 

M~ 1(bx) = {v Iv is a polynomial of degree~ k on Bj}, 

and set M~(bx) = M~ 1(bx)nC0(I). We note that a standard basis for M&(bx) is the set of 
"hat" functions {vi+½(x)}f=o• given by 

(2.5) 

for j = 1, ... , J - 1; 

(2.6) 

and 

Xi-½ ~ X ~ Xi+½• 

Xi+½ ~ X ~ Xi+½' 
otherwise, 

vi;
2
(x) = { x/f:..x1, 0 ~ x ~ X3f2, 

0, otherwise, 

(2.7) ( ) _ { (1- x)/f:..xJ, 
VJ+I/2 X - 0 

' 

XJ-1/2 ~ X ~ 1, 
otherwise. 

Thus, for g E Mb( bx), 

J 

(2.8) g(x) = ~g(xi+½)vi+½(x); 
J=O 

i.e., g is determined by its values at xi+½· 

Given a sequence of time steps t:..t0 , t:..t1 , ••• , t:..tn-I, let 

n-I 
tn = I: t:..l, 

k=O 

and let N* be such that tN* = T. Throughout this paper, t:..tn will be chosen in accordance 
with a CFL constraint as described below. Finally, let >.1J = t:..tn / t:..x i, and let gn( x) = 
g(x, tn). 

We will employ the following discrete difference operators. Given bj, j = 1, ... , J, let 

bi+I - bi . 
f:..+bi = t:.. , J = 1, ... , J - 1. 

X·+I 
J 2 

For j = 2, ... , J, define 

For b = bn time-dependent, let 



4 C. N. DAWSON 

For r a measurable spatial domain, let LP(f) denote the standard Banach space, 1 ~ 
p ~ oo, with 11 · I ILP the corresponding norm, and let 11 · 11 = 11 · I IL2. Let WJ (r) denote 
the standard Sobolev space of functions whose derivatives of order ~ q are in LP(f), with 
1 ~ p ~ oo and q a nonnegative integer, and let 11 · llw,?(r) denote the corresponding norm. 
When p = 2, we denote 11 · llwq by 11 · llq· When r = I, we write LP for LP(I), etc. 

2 

Let (·,·)denote the L2 inner product on I, and for g(x, t), h(x, t) E L2(J) for each t, 
let 

- (g(·,t) ) 
(g,h)a = a(·,t)'h(·,t) . 

Let (·, ·) denote the trapezoidal rule approximation to(·,·) on the mesh b:ci i.e., 

J-1 

(g, h) = ~ 9j+½hi+½~Xi+½' 
J=O 

and let 

g 
(g , h) a = ( - , h). 

a 

Let (g, g) = 1119111 2 and note that, for g E Ma(6x), and quasi-uniform mesh, there exists a 
constant C, independent of ~x, such that 

(2.9) IIYII ~ CIIIYIII-

In the uniform mesh case, C = 1. Moreover, let 1119111~ = (g, 9)a· 
Let [t1 , t2] C [0, T], and let X = X(r) denote a Banach or Sobolev space defined on 

r. To incorporate time dependence, we employ the notation LP(t1, t2; X) and II· IILP(t1 ,t2;X) 

to denote the space and norm, respectively, of X-valued functions g with the map t -+ 

IIJ(·,t)llx belonging to LP(t1,t2). If [t1,t2] = [0,T], we simplify our notation and write 
LP(X) for LP(0, T; X). Similar definitions hold with LP replaced by a Sobolev space wr 

In our analysis, unless indicated otherwise, we define ~x = max; ~x; and ~t = 
maxn ~tn. Moreover, C represents a generic constant, independent of ~x and ~t. The 
notation C = C( </>) means C is a constant which depends on </>. We will also use the 
standard inequality, 

1 
be ~ €b2 + 

4
€ c2

, b, c, € E R, € > 0. 

3. The Godunov-mixed method. The approach we use to solve (1.1)-(1.3) is based 
on time-splitting. Assume we have an approximation sn(x) to s(x,tn) satisfying (1.1), and 
we want an approximation to s(x,tn+l). We first apply the MUSCL (or ENO) scheme to 
the equation 

(3.1) St+ f(s)x = 0, (x,t) E J x (tn,tn+Ij, 

with initial condition 

(3.2) 
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We then apply the mixed method to the equation 

(3.3) s;-(a(x,t)s;)x = 0, (x,t) E J X (tn,tn+I], 

with initial condition 

(3.4) 

where 5n+l(x) is the MUSCL (ENO) approximation to s(x,tn+l). The result of these two 
steps is an approximation, sn+I(x), to s(x,tn+l); sn+I(x) is then the initial condition for 
the next advection step. 

We now describe these schemes. 
The MUSCL scheme. In the MUSCL algorithm, the initial condition 5n E M~ 1(6x)

Given sn, we construct a function R(x; sn) E M~ 1(8x) which is of the form 

(3.5) R(x; sn) =Sf+ (x - Xj)8S7J, x E Bj, 

where 8S7J is determined below. 
The MUSCL algorithm can be derived by integrating (3.1) over the space-time domain 

Bj x [tn, tn+l] and applying the midpoint rule in time. Doing so one obtains, for f and s 
sufficiently smooth, 

(3.6) 

where tn+½ = (tn + tn+l )/2. 
1 

For the case f' 2: 0, the term f(s(xi+½• tn+2) is approximated by f(S1J.L), where S1J.L 
1 

is determined by characteristic tracing from the point (xi+½, tn+2) back to time tn. We 

construct the line x(t) satisfying 

(3.7) 

Assuming the CFL constraint 

(3.8) s~p J'(Sf)>.7J ~ 1, 
J 

we find that x(t) crosses the t = tn axis at the point Xj,L, where 

Xj,L =Xi+½_ ~r !'(Sf) E Bj; 

By (3.5), Sf.L is then given by 

(3.9) S1J.L = R(Xj,L; sn) =Sf+ ~;j (1- J'(Sf)>-.7J)8S1J. 

This is valid for j = 1, ... , J; S0 L is determined by the boundary conditions and is given 
below. ' 
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Given Sf for j = 1, ... ,J, and Sf.L for j = O, ... ,J, define F(x;S.i) E Mb(ox) such 
that 

(3.10) F(xi+½i Sf)= J(Sf,L), j = 0, ... , J. 

Then, approximate s(x,tn+I) by sn+i E M~ 1(8x), where SJ'+t is determined by 

(3.11) 

which follows from (3.6). Multiplying by a constant WjLlXj, and summing on j, (3.11) can 
be written as 

(3.12) 

For general, smooth f(s), the approximation to f(s(xi+½' tn+½)) is determined by 
calculating left and right states, Sf.L and Sf.n, and solving a Riemann problem. Let 

17f = max(O, J'(Sf )), and 11; = min(O, /'(Sf)). Set 

(3.13) s'T},L = ST},+ Llxj (1 - ,,,t ),._1!-)oS"!-
J, J 2 J J J' 

and 

(3.14) S n sn flXj+t( - ,n )i:sn 
j,R = j+l -

2 
l - 77j+1-"j+t u j+t· 

The numerical flux h0 (Sf.L, Sf.n) which approximates f(s;:t) is given by the formula 

(3.15) 

h0 is referred to as the Godunov flux [7]. In this case, defining F(x; S.i, SR) E Mb(ox) by 

(3.16) 

we obtain 

(3.17) 

The ENO scheme. The ENO extension of the MUSCL scheme varies from the MUSCL 
scheme only in the definitions of the slope oSJ and the left and right states Sf.L and Sf.n· 
The calculation of 8SJ is given below. The left and right states are given by (3.13) and 

(3.14) with 17f = 11; =!'(Sf). 
The lowest-order mixed method. Given sn+t as the initial condition, we derive a mixed 

method for (3.3) and (3.4) using the lowest-order Raviart-Thomas approximating spaces. 
Let s* satisfy (3.3). Let 

(3.18) u(x, t) = -a(x, t)sx(x, t), x EI, 
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and let un+i:::::: un+1, un+i E M5(hx)- Let sn+i :::::: s*(x,tn+l), where sn+i E M~ 1 (hx)
The approximations un+i and sn+i are determined by 

(3.19) 
1 

(--un+i v)- (Sn+l V ) - -sn+1 v1 1 VE M 1(i5 ) an+l , , x - o, o x , 

and 

(3.20) 
sn+i -sn+i 

( lltn ,w)+(U;1+1,w)=O, wEM~1(hx)-

Combining (3.19), (3.20), and (3.17), the GMM is given by 

(3.21) ( _l_un+l v) - (sn+I V ) = -sn+lvll Ml({: ) an+I ' , x o, V E o 0 x , 

(3.22) 

When the advective component of (3.22) is approximated by MUSCL, we will refer to (3.21)
(3.22) as the MUSCL-mixed method, or MMM, and when it is approximation by the ENO 
scheme, we will refer to it as the ENO-mixed method, or EMM. 

Approximating the first integral in (3.19) using the trapezoidal rule, one obtains 

(3.23) Un+l( ) _ ( tn+l)A sn+l · _ 1 J 1· xi+½ - -a xi+½' ~+ i , J - , ... , - , 

the terms U"vt1 and u;;½ are determined by the boundary conditions. Moreover, choosing 

w = 1 on Bj and 0 elsewhere in (3.20), and substituting (3.23), we see that 

(3.24) 

Thus, the mixed method with lowest-order approximating spaces and the trapezoidal rule 
of integration is equivalent to block-centered finite differences applied to (3.3) [11, 16]. We 
note that, for uniform mesh, the truncation error associated with (3.24) is O(ilx2 + ilt), 
away from boundaries, but for nonuniform mesh, the truncation error is 0(1). 

Combining (3.17) with (3.24) we obtain 

(3.25) 

and 

(3.26) 

Hence, to determine sn+i from (3.25) and (3.26), we solve a positive definite, symmetric, 
tridiagonal system of equations at each time tn+l. In this case, when the advective term 
is determined by the MUSCL algorithm, we will refer to the scheme (3.25)-(3.26) as the 
MMM-TR (TR - trapezoidal rule), with an analogous definition for EMM-TR. 

Calculation of slopes. Given sn+i, the final step in the algorithm is the construction of 
R(x; sn+t ). By (3.5), this involves calculating the slopes i5S7J+l. 
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In the MUSCL scheme, 6S1J is calculated for each n using the following "slope-limiting" 
procedure, which allows for piecewise linear approximations in some grid cells, but reduces 
the approximation to piecewise constants at local extrema. Let 

(3.27) 
6xj+l 

µ ·- 2 
J - ' 6x. 1 

J-2 

and set 

(3.28) 

for j = 2, ... , J - l. The limited slope 6S1J for j = 2, ... , J - 1 is given by 

(3.29) 

where 

6 . sn _ { a1,i min(l6+Sfl, 16-Sfl), if (6+Sf) · (6_Sf) > 0, 
lim J - 0 otherwise. 

' 
Here a1,j is a parameter satisfying 

(3.30) 
6xi+1 

0 :::; O!/,j :::; 2 6 2 
' j = 2, ... 'J - l. 

Xj 

Limited slopes oSf and oSj incorporating the boundary conditions are given below. In 
practice one normally chooses the parameter a1,j to be close to its upper bound. This allows 
for steeper representation of sharp fronts. It also has the effect of allowing the slope-limiter 
to choose the centered slope 6cSf more often. We note that when a1,j = 0, the MUSCL 
scheme reduces to the first-order Godunov scheme [7]. 

In the ENO scheme, the slope is given by 

(3.31) 

Enforcing boundary and initial conditions. In the MUSCL scheme, a limited slope can 
be calculated for the first interval by setting 

(3.32) 

where 

(3.33) 
A sn _ s~ - (1 - 4µnsr - 4µfo~ 
Uc 1 - ' µ1(6x1 + 26x~) 

2 

and 

6 . sn _ { a1,1 min(l6+Sfl, 16-Sfl), if (6+Sf) · (6_Sf) > 0, 
lim 1 - 0 otherwise. 

' 
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Here a1,1 satisfies 

(3.34) 

(3.35) 

and 

(3.36) 

6.x3;2 
0 < 0'./ 1 < --' - ' - 6.x1 

A sn _ 2(Sr - 9o) 
L,l._ 1 - A l 

ilXl 

6.xa 
2 

µ1 = 6.x1. 

A similar formula for the term oSj can be derived with a1,J satisfying 

(3.37) 0 ::; O'./,J ::; 1; 

i.e., 

(3.38) 

where 

(3.39) 

and 

6. . sn _ { a1,J min(l6.+S.il, j6._Sjj), if (6.+S.i) · (6._Sj) > 0, 
lim J - O otherwise. 

' 
Here, 

(3.40) 

and 

(3.41) 
6.xJ-~ 

µJ = 2. 
6.xJ 

9 

The ENO slope in the first interval is given by (3.31) with 6._S1 given by (3.35). A 
similar definition holds in the last interval. 

Dirichlet boundary conditions (1.3) are further enforced by setting 

(3.42) 

When applying the trapezoidal rule in (3.19), we obtain 

Un _ n 2(S1 - 9o) 
1/2 - -al/2 A ' 

ilXl 
(3.43) 

U
n n 2(gf - Sj) 
J+l/2 = -llJ+l/2 A ' 

ilXJ 
(3.44) 
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Calculating oSJ by (3.29), j = 2, ... , J - 1, and calculating 6S~ and 6S~ by the proper 
formulas as given above, we approximate the initial condition (1.2) by setting 

(3.45) s 0 (x) =SJ+ (x - Xj)oSJ, XE Bj, 

where 

(3.46) 

Remarks on general time-splitting techniques. The procedure outlined above can be 
generalized so that one performs M advection steps per diffusion step, where Mis a positive 
integer. This approach may be useful in cases where the CFL time-step constraint associated 
with the higher-order Godunov scheme limits the overall efficiency of the method. Note 
that there is no stability time-step constraint associated with the mixed method, since we 
employed a fully implicit time-stepping procedure. 

Let £Jx(t), £~x(t) denote the approximate advection and diffusion solution operators 
associated with the MUSCL (or ENO) and mixed methods, respectively. Let R(x; sn) be 
given by (3.5). The GMM can then be written in the abstract form 

3n+1 = £~x(Litn) 0 £fX(~tn) 0 R(x; sn). 

Let ~tA and ~tv denote time-steps for advection and diffusion, respectively, where 

(3.47) 

and ~tA is determined by a CFL constraint. Taking M advection steps per diffusion step 
then gives the following scheme: 

(3.48) 

where s7•1 =Sf, j = 1, ... , J. 
For more details on this idea, see [6]. 

4. Summary of Theoretical Results. In this section we summarize theoretical re
sults which are proved in the next two sections. We will concentrate on the basic scheme 
presented in Section 3. Error estimates for the scheme given by (3.48) can be found in [6]. 
We will remark on this estimate in Section 7. We will assume J' 2': O; the extension of the 
error estimates to more general f is also discussed in Section 7. 

The first result we will state concerns the stability of the scheme just derived. We show 
that with certain time-step restrictions and assumptions on the slope-limiting parameter 
O'./,j, the MMM-TR solution Sis L00-stable. 

LEMMA 4.1. Let S be the MMM-TR approximation to the solution of {1.1}-(1.3} with 
f' 2:: O; Let the slope-limiting parameters O'./,j satisfy {3.30)-(3.34). Moreover, set 

(4.1) 

( 4.2) 

~x = mjn~Xj, 
J 

Cl'./ -~x. 
a, = max '3 3 

• 
j ~xi-½ 



Let t::..tn satisfy 

(4.3) 

where 

Then, S satisfies 

(4.4) 

GODUNOV-MIXED METHODS 

b..tn 1 
~ sup J'(s) ~ ~-
ux .§n 1 + 2 

sn = [ min(9g, 91, m~n Sf), max(9g, 91, m~ Sf)]. 
J J 

mn < S"!- < Mn 
- J -

for j = 1, .. . ,J and n = 0, .. . ,N*; where 

mn = min(minSJ, inf 9o(t), inf 91(t)) 
J [0,tn] (o,tn] 

and 

Mn= max(m?,xSJ, sup 9o(t), sup 91(t)). 
J (o,tn] [o,tn] 

11 

We now state L00 (L2 )-type estimates for the error in the approximation solution, and 
L2(L2)-type estimates for the error in the diffusive flux u, for the GMM applied to (1.1)
(1.3). 

In our analysis, we make the following smoothness assumptions on the coefficients and 
the solution, namely, 

(i) f E WJc,(R), Lipschitz continuous with Lipschitz constant L1, and f' ~ 0, 
(ii) a E W~(W!), 0 < a* < a(x, t) < a* < oo, 
(iii) s0 E WJc,(I), 
(iv) 9o, 91 E WJc,(O, T), 
(v) u E L00 (Wi), 
(vi) s E W;;,(W;;,) n L00(W!) n W!(L 00

). 

Let C* be a constant which satisfies 

llfllwi(R), llallwJc,(Wi), lls
0
11wiu), ll9ollwi(o,T), ll91llwi(o,T) ~ C*, 

and 

Let s be the L2-projection of s into M~ 1 ( bx); i.e., 

( 4.5) 

and let UJ be the interpolant of u in the space M6(6x)· Then 
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and by approximation theory 

( 4.7) 

THEOREM 4.2. Assume tl.tn satisfies the constraints given in Lemma 4.1. Let S be the 
MMM approximation to s, and U the approximation to the diffusive flux u. Then, 

(4-8) ,f.!~.11S" - •"II+ (t IIU" - u111~Llt") 
112 

~ C(Llx + Llt), 

where C is independent of tl.x and tl.t, 

( 4.9) 

For (S, U) the EMM approximations to (s, u), 

(4.10) 

The above theorem shows the MMM to be first-order in L00 (L2 ), which is not optimal 
when approximating by piecewise linears. This represents a worst-case scenario based on 
the accuracy of the slope-limiting procedure. First, note that we have not precluded the 
case 0:1,j = 0, which is the Godunov scheme and which is clearly first-order accurate. For 
0:1,j -f. 0, the MUSCL scheme uses linear functions in cells where the approximate solution 
does not have a local extrema; in neighborhoods of local extrema, piecewise constants are 
used. Thus, the truncation error for the MUSCL scheme can vary between 0(1) and 0( tl.x2 ) 

depending on the slope-limiting procedure. If the slope-limiter forces oSJ = 0 for "most" 
j's and n's, then one would expect the estimate ( 4.8) to be optimal, since a piecewise 
constant approximation is used over most of the space-time domain. Heuristically, however, 
one expects that in most cases the truncation error for the MUSCL scheme will approach 
C'.J(tl.x2 ) as the mesh tends to zero; i.e., that piecewise linear approximations will be used 
over "most" of the domain. We will examine this effect numerically in Section 7. 

We now state results for the MMM-TR and EMM-TR schemes. 
THEOREM 4.3. Let the assumptions of Theorem 4.2 hold. Let un E MA(ox) satisfy 

(4.11) 

Let (S, U) be the MMM-TR or EMM-TR approximations to (s, u). Then, 

where p = 1 for MMM-TR, p = 2 for EMM-TR, and q = 3/2 for uniform mesh, q = 1 for 
nonuniform mesh. 

The tl.x312 term in ( 4.12) in the uniform mesh case is a result of the way the mixed 
method approximates Dirichlet boundary conditions. Based on experimental evidence given 
in Section 7, this effect appears to be real and not just an artifact of the proof. 

Finally, we prove a result for the L2 error of the EMM-TR scheme which is valid for 
nonuniform mesh. 
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THEOREM 4.4. Let the assumptions of Theorem 4.2 hold, with the added smoothness 
assumptions 

( 4.13) Ut E L00(W;). 

Let S be the EMM-TR approximation to s, then 

(4.14) 

5. Proof of Lemma 4.1. In this section, we extend earlier results of Wheeler [17] to 
prove Lemma 4.1. 

Let b..1:_SJ = SJ - SJ_1, j = 2, ... , J, b..1:_S1 = 2(S1 - gl{), and hj(s) = f'(s) t!:. 
Applying the Mean Value Theorem to fin (3.11) we find 

(5.1) 

where 

hj(,Bj )[b..1:_SJ + ~? (1 - hj(SJ))6S1J 

-~xr1 (1- hj-1(sJ-1))0s1J-1l/ b..1:_s7, 
h1(,81)[b..1!._Sf + ~~1 (1- h1(S1))6S1]/ b..1:._Sf, 
0, 

if b..1:_SJ -1- 0 and j -1- 1, 
if b..1:._S1 -1- 0 and j = 1, 
otherwise, 

and ,Bj is some point between SJ.L and SJ-t,L· We now show O :S Di-½ :S 1. 
First, note that by the definitions of 6Sf and a1,j (see (3.29), (3.30), (3.37), and (3.38)), 

and the definition of SJ.L (see (3.9)), that 

(5.2) min(Sf, Sf+1) S S]L S max(Sf, Sf+i), 

for 1 S j S J - l, and 

(5.3) min( S], g1) S S],L S max( S], gf). 

Since /3j is between SJ.Land Sf-t,L• then by (5.2), (5.3), and (3.42), /3j E .5n for 1 :S j :S J, 
thus by ( 4.3), 

(5.4) 
1 

1+~· 
2 

Note that by the slope-limiting procedure, 6S1J and 6S1J_ 1 are zero or have the same 
sign as b..1:_SJ. Hence by (3.30), for j -1- 1, 

n. 1 >h·(/3·)(1-b..xj-1a1,j-1)>0 
1- 2 - 1 1 2b..x. 1 - ' 

J-2 

(5.5) 

and, for j = 1, 

(5.6) 
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Moreover, by (5.4), (4.2), and (4.3), 

(5.7) 

By (5.1), and (5.5)-(5.7), 

(5.8) min(gn min S"f) < STf+l < max(gn max S"f). o,1<·<J J - J - o,1<.<J J J_ J_ 

Recall 

(5.9) 

Suppose 

s~+i = max STf+l 
J j J 

for some j between 2 and J - 1. Since a > 0, it follows easily that 

(5.10) s~+i < s~+i. 
J - J 

Suppose 

sn+i = max S"f+l 
1 j J ' 

and recall S~+l = Sf+l - 2g~+l. We have two cases. Either Sf+l ~ g~+l or s;+1 2'. gg+i. 
In the latter case, we obtain 

Thus, in either case, 

(5.11) sn+i < max(sn+i gn+1) 1 - 1 , 0 · 

Similarly, 

(5.12) sn+l < max(sn+i gn+l) 
J - J ' 1 . 

Combining (5.10), (5.11), and (5.12) with (5.8) we find 

m?,XSf+l ~ max(m.;i,xSf, sup go(t), sup g1(t)). 
J J [tn,tn+l] [tn,tn+l] 

By similar arguments, 

min S
3
Tf+1 2'. min( min s7, inf g0 ( t), inf 91 ( t)). 

J J [tn,tn+l] [tn,tn+l] 

The lemma now follows by induction on n.// 
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6. Proofs of Theorems 4.2-4.4. Proof of Theorem 4.2. By (1.1), the solution pair 
s, u = -asx, satisfies 

(6.1) 

(6.2) (un+l v) - (sn+l V ) - -sn+lvll VE Ml(o ) , a , X - Q, Q X • 

Let 

(6.3) - -n flx j I -n n -n Sj,L = Sj + -2-(1- f (sj )>..j )t5sj, j = 1, ... , J, 

where, for the MMM, 

(6.4) 

For the EMM, 

(6.5) 

Moreover, we define 

(6.6) 

if t5S1J = a1,ifl+S7J, 
if t5S'J = a1,ifl-S7J, 
if t5S'J = flcSf, 
if t5S'J = o. 

if t5S'J = fl+Sf, 
if t5S'J = fl_S], 

-n n 
8 0,L =Yo· 

Let~= S - s, T/ = U - u1, then by (3.22), (4.5), and (6.1), 

( 8t~n+I , W) + ( T/;+I, W) 

(6.7) 

-(F(S.£)x,w)- (8tsn+1,w)- ((u1);+1,w) 

(f(sn+I )x, w) - (F(S2)x, w) + (sf+I, w) - (8tsn+I, w) 

+((un+I - u1+I)x,w), WE M~1(6x), 

Note that the last term on the right side of (6.7) vanishes since u1 interpolates u and w is 
piecewise constant. By (6.2), (4.5), and (3.21), and since v E Mli(t5x) implies Vx E M~ 1 (8x), 

(6.8) 

Thus, setting w = ~n+I, v = T/n+I, and adding (6.7) and (6.8), we find 

2~tn [11C+ill2 - IICll2 + IIC+i - ~nll2] + llrtn+ill~ 
= (f(sn+l)x - F(S2)x,C+I) + (sf+I - OtSn+I,C+I) + (un+I - U1+I,T/n+I)a 

(6.9) = 11 + h + h. 

Let F(x;sn+l) E Mb(ox) satisfy 

(6.10) 
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Then, by (6.8), 

Ji ((F(sn+l) - F(Sf))x,C+l) 
(1,n+I,F(sn+I)- F(Sf))a - (un+I - u1+1 ,F(sn+I)- F(Sf))a 

(6.11) < l1177n+lll~ + C(a; 1 )llu1+l - un+I 112 + C(a;1 )IIF(sn+l) - F(S£)112. 

By (2.9), and the Lipschitz continuity off, 

IIF(sn+l)- F(S2)112 < CIIIF(sn+l)- F(S2)1112 

(6.12) 

J 

< CI: lf(s;:D- f(sJ.L)l 2~xi+½ 
j=O 2 

J 

+CL lf(sJ,L)- J(Sf,L)l2~xi+½ 
j=O 

J 

< C(L1) L 1s;:l - sJ,Ll 2 ~xi+½+ C(L1 )lllsr, - S£111 2
• 

j=O 2 

By Taylor series expansion and the differential equation, for j > 0, 

( ) ( n+l) n ~Xj( '( n)~tn) n( ) ~tn n( ) 6.13 S XJ·+_
2
1, t 2 = S · + -- 1- j S · -- S x3· - -U x3· J 2 J ~X. X 2 X 

J 

+C'.J(~t2 + ~x2). 

Thus, by (6.13) and (6.3), 

sn+I - s"!-
i+½ J,L 

(6.14) 

n+I n+½ n+½ -n 
S ·+ 1 - S . 1 + S ·+ 1 - S3· L 

J 2 J+2 J 2 ' 

tn+l 
ltn+½ St(Xj,t)dt+ [sJ- sJ] 

+ ~;j (1 - J'(sJ) ~:n. )(s;(xj) - osJ) + ~r (J'(sJ) - J'(sJ))s;(xj) 
J 

~tn 
+2 u;(xj) + C'.J(~t2 + ~x2

). 

Note that, for the MMM, the third term is C'.J( ~x) under certain choices of osJ. Heuristically, 
one would expect osJ to converge to s;( x j) as ~x -+ 0, however, proving this theoretically 
remains an open question. Also note that, for the EMM, this term is always C'.J(~x2), 
regardless of the choice of osJ. For j = 0, 

(6.15) 

Thus, by (6.14), (4.6), and (6.15), 

(6.16) Is;:½ - sJ,LI ~ C(C*)(~t + ~xP), 

where p = l for the MMM, p = 2 for the EMM. Moreover, by definition, for j > 0, 

s1!-L - ST},L = 1;,n + ~Xj (1 - !'(ST},) ~tn )(os"!- - osn) 
J, J, 3 2 3 ~x j 3 3 

+ ~r (J'(s1J) - J'(SJ))os1J. 
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For j = 0, s~,L - S'f;,L = 0. Thus, by the definitions of 8s''J and 8S''J, and the smoothness of 
J, we find 

(6.17) 

Combining (6.16), (6.17), and (4.7) with (6.11), 

(6.18) 11 ~ ill7Jn+lll~ + C(C*, a;;-1, LJ )(b..x2
P + b..t2 + IICll2). 

By time truncation error analysis, 

(6.19) 

and by ( 4. 7), 

(6.20) 

Combining (6.18)-(6.20) with (6.9), multiplying by b..tn and summing on n, n 
0, ... , N - 1, where N ~ N* is arbitrary, we obtain 

N N-1 

(6.21) lllNll 2 + L ll7Jnll~b..tn ~ C(b..x4 + b..x2
P + b..t2) +CL IIC+lll2b..tn. 

n=l n=O 

Note that by (3.46), t0 = 0. Applying a discrete version of Gronwall's Lemma [9], we 
complete the proof of Theorem 4.2.// 

Proof of Theorem 4-3. Let un E M6(8x) be defined by 

(6.22) 

Hence 

(6.23) 

and 

(6.24) 

(6.25) 

-n -n 
-n n sj+l - sj 
U-+1 = -a.+1 ~-~, j = 1, ... ,J-1, 

J 2 J 2 b..x. 1 
J+2 

-n n 2(sf - g'[;) 
Ul/2 = -al/2 A ' 

uX1 

-n n 2(gf - s}) 
UJ+l/2 = -aJ+l/2 " b..XJ 

Let r = U - u, ( = u - u, and l = S - s, where s is defined by ( 4.5), and S, U are the 
MMM-TR or EMM-TR approximations to s,u. Then by (6.1) and (3.25), 

(6.26) (8tC+l, w) + (r_:+1, w) = (G+l, w) + (sf+l - 8tsn+1, w) 

+(f(sn+l)x - F(S2)x,w), WE M~1(8x), 

and 

-(un+l , V)a + (sn+l, Vx) - Sn+lvl5 

(6.27) 0, VE M6(8x), 
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by (3.26), (6.22), and (4.5). 
Thus, setting w = ~n+I, v = rn+I, and adding (6.26) and (6.27), we obtain 

2
~tn [11c+1 ll 2 

- ll~nll 2 + ll~n+i - Cll2] + lllrn+illl~ 
= (f(sn+I )x - F(SZ)x,~n+I) + (sf+I - OtSn+I ,~n+I) + (G+I, ~n+I) 

(6.28) = I1 + h + fJ. 

Defining F(x;sn+l) E MB(6x) by (6.10), then by (6.27), (6.16), and (6.17), 

11 = (F(sn)x - F(S1)x,~n+I) 
(rn+l, F(sn+I) - F(SZ))a 

(6.29) < ~lllrn+IIII~ + C(L1, a*, C*)(b..x2
P + D..t2 + ll~nll 2

). 

An estimate for h is given by (6.19). 
For h, note that by (6.27), 

(6.30) 

Thus 

(6.31) 

By (6.23) and Taylor expansion, for j f; 0, J, 

(6.32) 

For j = O, 

(6.33) 

A similar estimate holds for j = J. Thus, by (6.32), (6.33), 

(6.34) IIICIII~ ~ C(C*)(b..x 2
q + b..x3

), 

and consequently, 

(6.35) 

where q = l for nonuniform mesh, q = 2 otherwise. 

uniform mesh, 

nonuniform mesh. 

Combining (6.35), (6.29), (6.19), and (6.28), multiplying by b..tn, summing on n, and 
applying Gronwall's Lemma we obtain the estimate ( 4.12)./ / 
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Proof of Theorem 4.4. In this proof, we compare the EMM-TR approximation S to S 
defined as follows. For each t E (0, T], let U(t) E MA(bx), S(t) E M~1 (<5x) be given by 

(6.36) A A - 1 1 
(U, v)a - (S,vx) - -svlo, v E Mo(hx), 

(6.37) 

In the following, for a given, smooth function g = g(x), let g denote the L2-projection 
of g into M~ 1(hx). It is easily shown that 

(6.38) Ilg - gll ~ Cllgll1Llx. 

We first estimate S - s. 
LEMMA 6.1. Let S be given by {6.36)-(6.37). Then 

(6.39) 

where C1 = C(llu(·, t)ll2). Moreover 

(6.40) 

where C2 depends on lluxxtllLoo(L2) and C1. 
Proof. Set v = s - S, v = s - S, and,= u - U. Then subtracting (6.36) from (6.2), 

we obtain 

(6.41) 

where 

(6.42) T1(u,v) = (u, v)a - (a-1u,v). 

Moreover, from (6.37), 

(6.43) 

By (6.43) and (6.38), setting w = Ux - iix, we find 

(6.44) 

Thus 

(6.45) 

Let 

(6.46) 

(6.47) 

ll,xll2 = ('Yx,'Yx-w) 
C'Yx, Ux - iix) 

< CLlxll,xll llu(·, t)ll2-

-(a<f>x)x = v, X E J, 

</>( 0) = </>( 1) = 0. 
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Note that by elliptic regularity, 

(6.48) 

Setting v = -a</>x, we have by (6.46) that v E MB(ox), and by (6.41) and (6.43), 

llvll2 (v,vx) 
= (,, v)a -T1(u,v) 

= -('y,</>x) + T1(,,v)-T1(u,v) 

(6.49) R1 + R2 + R3. 

Integrating by parts and applying (6.43), (6.45), (6.38), and (6.48), we find 

R1 = ( ,x, </> - 4>) 
< C~x2 llulbll</>ll1 

(6.50) < C~x4 + }11vll 2
-

Consider R3. By error analysis for the trapezoidal rule of integration, using the fact 
that Vxx = 0 on Bj by (6.46), and applying (6.48), 

(6.51) 

Similarly, since 'Yxx = Uxx on Bj, and 11,xll is bounded, 

(6.52) 

Combining (6.50)-(6.52) with (6.49) completes the proof of (6.39). 
The proof of (6.40) involves differencing (6.41) and (6.43) in time and following an 

argument similar to the one given above. We leave the details of this proof to the reader. 
Let f3 = S - S and "' = U - (J, where S, U are the EMM-TR approximations to s, u. 

Then, by (6.36), (6.37), and (3.25), we obtain 

(8tf3n+i, w) + ("';+i, w) = (s~+i - 8tsn+i, w) + (f(sn+i )x - F(S2)x, w) 

(6.53) = (s~+l - 8tsn+l, w) + (8tvn+l, w) 

+(f(sn+l)x - F(S2)x,w), WE M~1(6x), 

and 

(6.54) 

Setting w = 13n+1 and v = K,n+l, we find 

(6.55) 

2~tn [11/3n+111 2 
- ll/3nll2 + ll/3n+l - /3nl1 2

] + IIIK,n+llll; 
= -(8tsn+i, w)- ([J;,+i, w) - (F(S2)x, w) 
= (f ( sn+i )x - F( S2 )x, 13n+1) + ( s~H - 8tsn+i, 13n+1) 

+ ( 8tlln+l, 13n+1) 

=I{+ I~+ I~. 
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Estimates for Ji and /~ can be obtained by arguments similar to those used to derive 
(6.29) and (6.19). Defining Sf.L analogously to s7J.L (see (6.3)-(6.6)), we find 

I~ - (J(sn+I)x - F(S£)x,,Bn+I) 
(,,:n+I, F(sn+I) - F(S2))a 

< }111,,:n+IIII~ + C(a;1 )IIIF(sn+l)- F(sr:)1112 

+C(a;1
) [IIIF(sr:) - F(S£)lll 2 + IIIF(S£) - F(S£)111 2

] 

(6.56) < 1111,,:n+IIII~ + C(L1,C1,a;1,C*)(b..x4 + D..t2 + ll,8nll 2
). 

Here we have also applied (6.39). 
Moreover, 

I~ ( sf+I - OtSn+I, ,an+I) 

(6.57) < Cb..tnllsttllI2(t",t"+1;L2) + Cll,Bn+Ill 2
-

By (6.40), we obtain 

I~ = ( Otiin+I, ,Bn+I) 

(6.58) < C(C2)b..x4 + Cll,Bn+Ill 2
-

Thus, combining (6.55)-(6.58), multiplying by b..tn and summing on n, and applying 
Gronwall's Lemma, we obtain 

(6.59) 

Apply the triangle inequality and (6.37) to obtain 

(6.60) 

7. Extensions and experimental rates of convergence. Extension of the esti
mates to the scheme (3.48). The scheme outlined in (3.48) is given by 

where 

(7.1) 

(7.2) 

(7.3) 

and 

M 

(8tsn+1,w) + !tA :~::)F(S£'m)x,w) + (U;1+1 ,w) = 0, w E M~ 1(6x), 
tv m=l 

(un+I,v)a-(sn+I,vx) = -sn+Ivl5, VE M6(6x), 

sn,1 = sn, 

S7:1,m = S':1,m + b..x;(l - J'(S':1-•m)AtA)6S':1-•m . ..J. 1 
J,L J 2 J D..x · J ' J 1 ' 

J 

S n,m _ n,m 
O,L - 9o , 
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Let G(x; Sn)= ~;~ 1=~=1 F(x; S£'m). 
In this case, emulating the proof of Theorem 4.2: 

(7.5) (8tC+1, w) + (17;+1, w) = (f(sn+l )x - G(Sn)x, w) + (s;+i - OtSn+l, w), 
(7.6) (17n+1,v)a - (C+l,vx) = (un+l - u'j+l,v)a-

Setting v = 17n+1, w = ~n+l, we obtain an equation of the form (6.9) with 

I1 (f(sn+l) - G(Sn), 1]n+1) + ( un+l - u'j+1, J(sn+l) - G(Sn)) 

(7.7) < }1117n+lll~ + C~x4 + C(a;;-1 )IIIF(sn+l) - G(Sn)lll 2
. 

An estimate for the last term on the right side of (7.7) is straightforward but tedious. The 
details are given in [6], where it is shown that 

Finally, we find 

N 

(7.9) ll~Nll2 + L ll77nll~~tn ~ C(~x2 + ~t2
). 

n=l 

In this case, the error is provably only first order in space for both the EMM and the MMM. 
Extension to general f E C2 • Under the assumptions of Theorem 4.2, we define 

-n -n ~Xj (1 h+(-n))~-n s · L = s · + -- - · s · us· J, J 2 J J J' 

where, for the analysis of the MMM, we set 

hf(s~) = .-\~. { f'(s1J), if /'(Sf)~ o, 
3 3 3 0, otherwise; 

and 

where 

h-:-(s~) = .-\~. { J'(s1J), if J'(Sf) ~ o, 
3 3 3 0, otherwise. 

Also, s~,L = g'[f' and sJ,R = gr. For the analysis of the EMM, we define s].L and sJ,n by the 
above formulas with hj(sJ) = h3(sJ) = f'(s1J). 

Note that the Godunov flux ha given by (3.15) is consistent; i.e., ha(v,v) = J(v). It is 
also easily shown that ha is Lipschitz in its arguments, in fact, 

(7.10) 

for arbitrary left and right states, vl, vz, v1,, and v'k-
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Emulating the proof of Theorem 4.2, the analogous bound for 11 given in (6.11) is 

(7.11) 

In this case, we have, by the consistency of hG and (7.10), 

I n+l n+ ½ I I G n+ ½ n+ ½ G -n -n I f(si+½) - f(si+½) + h (si+½, si+½) - h (sj,L, sj,R) 

+ lh0 (sJ.L, sJ,R) - h0 (SJ,L, SJ,R)I 

(7.12) < C(L1) [ Is;:½ - s;:;I + Js;:; - sJ.LI + Js;:; - sJ.RI 

+ lsJ.L - SJ.LI+ jsJ,n - SJ.nl] . 
By the same arguments which led to (6.18), we find that 

(7.13) 

where, as before, p = 1 for the MMM, p = 2 for the EMM. Thus, the estimate given 
in Theorem 4.2 holds. Extensions to the estimates given in Theorems 4.3 and 4.4 are 
straightforward. , 

A second-order-in-time scheme. The EMM and EMM-TR can be modified so that 
they are fully second order in time as well as in space. This is accomplished using Crank
Nicholson time-stepping in the mixed method, and modifying the definitions of SJ,L and 
SJ,n so that they are second-order accurate in the sense of truncation error. 

In particular, for f' ~ 0 (with the obvious extension to more general f), the scheme 
can be written as 

(7.14) 

(7.15) 

(7.16) 

1 1 

(8tsn+i, w) + (F(S~+ 2)x, w) + (U;1+ 2 , w) = 0, w E M~ 1 (bx), 
1 1 1 

(un+2,v)a - (sn+2,vx) = -sn+ 2vlli, VE Mb(bx), 

n+½ _ n { s.L -S-L-J, J, 

n = 0, 

n > 0, 

for j = 1, ... ,J, and for j = 0, 

(7.17) Sn+½ n+½ 
L = Yo 0, 

Assume the trapezoidal rule is used to evaluate (un+½,v)a. Define Sand -0 by (6.36) 
and (6.37). Then /3 = S - Sand K = U - U satisfy 

n+l n+l 
(8t(r+i, w) + (Kx 2 , w) = (st 2 - 8tSn+l, w) + (8tVn+l, w) 

+(f(sn+½)x - F(S2+½)x, w), WE M~1(bx), 

(7.18) ( n+l ) (/3n+1 ) _ Ml(c ) /'i, 2 , V a - 2 , Vx - 0, V E O Ux • 
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Assume the hypothesis of Theorem 4.4 holds, with an additional assumption on fl.t, given 
below, and assume Sttt E L2(0, T; L2). Setting w = ,an+½, v = Kn+½, multiplying by 26.t, 
summing on n, applying time truncation error estimates, and Lemma 2, we find 

n=O 

(7.19) 
n=O 

N-1 

+ C(fl.x4 + fl.t4
) +CL ll/3n+½ll2fl.t. 

n=O 

The first term on the right side of (7.19) is equal to 

(7.20) 
N-1 1 

26.t L (F(sn+½) - F(S2+2)' Kn+½)a 
n=O 

by (7.18). 
n+ !. n- !. • n- !. 

Defining sj,L 2 analogously to (7.16), (7.17), with Ux 2 replaced by Ux 2
, we find by 

Taylor expansion (see (6.13)) that, 

(7.21) 

Noting by (6.43) that 

U- 1 - U· 1 

U• ( ·) _ J+2 J-2 
X X3 - A l ux· J 

we find that 

(7.22) 
J 1 1 
~ I n+2 _n+212 A C( A 4 A 4) 
L., sj+!. - sj,L uxi+½ ::; ux + ut . 
j=O 2 

Moreover, for n > 0, 

J ( )n+!. 2: ~ 2 

j=I a i+½ 

(7.23) ! '(On) [c-n sn ) fl.t n-½( )] X j sj,L - j,L + 2 Kx Xj , 

n+!. n+!. 
where OJ is between sj,L 2 and Sj,L 2 • The term involving sJ,L - Sf.L has been dealt with 
before, and is bounded by 

(7.24) 
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where Eis a small, positive constant. The remaining term is equal to 

J ( ) n+ 1 At [ 1 1 ] K 2 1 L.l. n- - n- -L - f ((FJ)~ K, ·+l - K, ._t ~Xj+l 
. a J·+ 1 2uxJ· J 2 J 2 2 
J=l 2 

(7.25) < ~t [ [( n-½/ n+½)1/2f'(O''J)l + [( n-½/ n+½)1/2f'(OJ)]] _ 
2 

sup a+ 1 a+ 1 A sup a._ 1 a. 1 A 
j,n J 2 J 2 L.l.X j j,n J 2 J+ 2 L.l.X j 

X (IIIKn-½111~ + IIIKn+½III~). 

For ~t sufficiently small such that 

(7 26)~t [ [( n-½/ n+½)1/2f'(OJ)] + [( n-½/ n+½)1/2f'(OJ)]] < 1- E . sup a.+ 1 a.+ 1 A sup a. 1 a.+1 A _ , 
j,n J 2 J 2 L.l.Xj j,n J-2 J 2 L.l.Xj 

the right side of (7.23) is bounded by 

(7.27) 

For n = 0, the first term on the right of (7.23) is bounded by (7.24) (with n = 0), while the 
1 

second term is zero by the definition of sJ.L· 
Thus 

N-1 
1 

1 
1 

2~t L (F(sn+2) - F(S2+ 2 )' K,n+2)a 

n=O n=O 

n=O 

N-1 

< C(c)(~x4 + ~t4
) + C(c) L ll/3nll2~t 

n=O 

N-1 

+2~t I: 111"'n+½111 2
• 

n=O 

Substituting into (7.19) and applying Gronwall's Lemma, we find that 

(7.28) 

Thus, by Lemma 2, 

(7.29) 

Experimental rates of convergence. We conclude by presenting some experimental rates 
of convergence for smooth flow problems. We consider 

St+ Sx - aSxx = r(x, t), 0 < X < l, 0 < t::; .125, 

s(x,0) = sin(7rx), 

where a is a constant. 
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TABLE 1 

a = I, error in approximate solution 

MMM-TR EMM-TR ~t2 Scheme 

J lllll * 10
4 Rate lllll * 10

4 Rate lllll * 10
4 Rate 

20 6.35 - 6.41 - 12.5 -

40 1.64 1.95 1.63 1.97 3.14 1.99 

80 .416 1.98 .416 1.97 .788 1.99 

160 .105 1.99 .105 1.99 .197 2.00 

TABLE 2 

a = I, error in diffusive flux 

MMM-TR ~t2 Scheme 

J llrll£2(£2) * 103 Rate llrll£2(£2) * 103 Rate 

20 3.09 - 4.29 -

40 1.09 1.50 1.44 1.58 

80 .386 1.50 .495 1.54 

160 .136 1.50 .173 1.51 

We first set a= land determiner such that s(x, t) = sin(1r(x - t)). The experimental 
rates of convergence for lllll and llrll£2(£2) as defined in the proof of Theorem 4.3 for the 
MMM-TR and EMM-TR schemes are given in Tables 1 and 2, respectively, indicating that 
l is second order accurate, and r is of order ~x312 , as predicted. The errors are computed 
at time t = .125. These results show that our heuristic intuition concerning the second 
order convergence of the MMM-TR scheme holds in this case. In these runs, ~t = ~x2• 

We also give results for the ~t2 sheme derived above; here ~t = ~x /2. 

We next set a= 10-2, and again construct r such that s(x,t) = sin(1r(x - t)). The 
results in this case are presented in Table 3. 

Results for nonuniform mesh for the latter case are given in Table 4, these results agree 
with the estimates of Theorem 4.4. The coarsest mesh in this case satisfied 

(7.30) ~Xj = { .02, I odd, 
.04, J even. 

The latter meshes were determined by dividing each block in the previous mesh in half. 

The final results we present are for a = 10-4 • Here we consider only the ~t2 scheme, 
since the differences in the schemes for this value of a are negligible. In this case, several grid 
refinements are necessary before the L2 error approaches second order accuracy. However, 
it was observed that I Ill lo approaches second order accuracy even on the coarser meshes. 



MMM-TR 

J 11€11 * 104 

20 38.64 

40 11.02 

80 2.89 

160 .729 

ll.x 

.04 

.02 

.01 

.005 

GODUNOV-MIXED METHODS 

TABLE 3 
a= 10-2 

EMM-TR ll.t2 Scheme 

Rate 11€11 * 10
4 Rate 11€11*104 

- 39.51 - 22.07 

1.81 11.14 1.83 5.88 

1.93 2.90 1.94 1.48 

1.97 .730 1.99 .370 

TABLE 4 

a = 10-2
, nonuniform mesh 

EMM-TR ll.t2 Scheme 

11€11*10
4 

17.93 

5.09 

1.39 

.364 

J 

40 

80 

160 

320 

640 

Rate 

-

1.81 

1.87 

1.93 

TABLE 5 

a= 10-4 

11€11 * 104 

12.69 

3.64 

1.00 

.262 

b.t2 Scheme 

11€11 * 10
4 Rate 

8.34 -

2.68 1.64 

.845 1.67 

.255 1.73 

.071 1.85 

Rate 

-

1.80 

1.86 

1.93 

27 

Rate 

-

1.91 

1.99 

2.00 
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