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Microlocal Regularity of an Inverse Problem for 
the Multidimensional Wave Equation 

Gang Bao 

Abstract 

Many physical processes such as reflection seismology, oil exploration, and ground-

penetrating radar may be modeled as inverse problems for the multidimensional 

acoustic wave equation with point energy sources. The inverse problem is to identify 

the coefficients from the knowledge of boundary measurements of the solution. 

In this research we formulate an inverse problem for the wave equation with con-

stant wave speed as a functional equation involving a forward map, which maps the 

coefficient (density) to the boundary value of the solution (excess pressure). 

We begin by examining some fundamental results in nonsmooth microlocal anal-

ysis. Rauch's lemma on the algebraic property of microlocal Sobolev spaces and a 

Beals-Reed linear propagation of singularities theorem are extended. We then present 

a trace regularity theorem which indicates that with microlocal restrictions against 

tangential oscillations in the coefficient, the boundary value is just as regular as the 

solution itself. The trace theorem also gives the first hint of the appropriate domain 

and range for the forward map. However, compared to the one dimensional case, 



lll 

much more overall smoothness has to be imposed to assure the optimal regularity of 

timelike traces. 

The Hadamard theory on progressing wave expansions is employed to study the 

fundamental solution to the linear acoustic wave equation. To establish the regularity 

of the solution, the solutions of transport equations are investigated by applying the 

Rauch-type results. 

The central result for the regularity of the inverse problem is an upper bound for 

the linearized forward map with nonsmooth reference density. In order to establish 

this regularity result, a dual technique is developed which dramatically reduces the 

difficulties of the inverse problem. Our method has the potential to obtain some 

regularity results even for the important nonsmooth reference velocity case. Similar 

analyses could result in a continuity result and a differentiability result for the forward 

map. These regularity properties are obviously crucial in the design and analysis of 

the algorithms for solving the inverse problem. 
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Chapter 1 

Preliminaries 

1.1 Description of problem 

A simplified model which governs many physical processes such as seismic and acoustic 

wave propagation is the following reduced linear acoustic wave equation: 

1 a2 

(-- - ~ - Va· V)u = J 
c2 8t2 ' 

(1.1) 

where a = a( x) is the logarithm of the density, c = c( x) is the sound speed of 

the medium, and J = J(x, t) is the source term which introduces the energy to the 

problem. If a, c and f are given along with appropriate side conditions, the forward 

(or direct) problem is to determine u = u(x, t), the excess pressure. For appropriate 

choices of a, c, and f, u is determined uniquely by standard linear hyperbolic theory 

of partial differential equations (p.d.e.). 

In this work we study the inverse problem which arises in reflection seismology, 

oil exploration, ground-penetrating radar, etc. To understand the problem further, 

let us look at a simple exploration seismology experiment explained in detail in Lailly 

[20]. Near the surface of the earth, a seismic source is fired at some point (point 

source). The seismic waves propagate into the earth. Since the earth's structure 

varies ( as do its physical properties) part of the energy of the wave will be reflected 

1 
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back to the surface and can be measured. The inverse problem is to deduce the 

interior properties of the earth from the recorded data. Mathematically, the inverse 

problem is to determine the coefficients a, c by knowing additional boundary value 

conditions of u. 

A natural problem of mathematical and physical importance is to pursue the 

right models so that the reflected waves they generate carry sufficient information 

for determining the physical properties of the medium. By the theory of geometric 

optics, the models which are too smooth ( i.e., the coefficients a, c are smooth) on 

the wavelength scale do not generate reflected waves. On the other hand, no energy 

penetrates extremely oscillatory media, hence models that are too rough generate no 

reflected waves. 

Another important reason that one wants to work with nonsmooth models comes 

from a computational point of view. It is clear that to solve inverse problems numer

ically requires efficient minimization algorithms. By far, the most efficient minimiza

tion algorithms are Newton-type algorithms. According to the infinite dimensional 

optimization theory (see e.g. Kantorovich and Akilov [19]), in order to formulate 

any effective convergent Newton-type algorithm, one has to study the problem in 

a Banach space. Moreover, dealing with minimization problems, the best available 

results are perhaps those for Hilbert spaces. Note that even though C 00-topology 

induces countable semi-norms, it is not a Banach space. At this point, we do not 

know any effective convergent Newton-type minimization algorithm in a non-Banach 
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space. Besides, it is natural to use the weakest norm and the biggest possible space 

of models. 

To fix the ideas, write x E IR,n as (x', Xn), where x' E IR,n-l, Xn E IR, representing 

depth of the "flat" earth. We assume that the medium is the whole space IRn and 

u = 0 in the past. Take J(x, t) = 8(x, t) as an ideal point source. This assump

tion seems reasonable when the spatial extent of the source is much smaller than 

a typical wavelength and all frequency components to be measured are present in 

J. More explanations on the validity of these assumptions may be found in Symes 

[37]. Throughout this work we shall restrict ourselves to the special case of constant 

velocity c, though we believe that the ideas in this work may be extended to cover 

some more general cases. We then have the following simple model: 

Du - Va-· Vu= 8(x,t), (x,t) E IR,n x IR, 

u 0, t<O, 

(1.2) 

( 1.3) 

where D is defined to be 8; - .6., and .6. is the Laplacian. Thus the inverse problem 

1s: 

Recover a-= a-(x) by the knowledge of u = u(x, t) on the subset {xn = O}. 

Define the forward map F as: 

F: <7---+ (qm) lxn=O, (1.4) 

where <P E C0 (IR,n) is supported inside the conoid { t > lxl} and near{ Xn = O}. The 

reason for introducing this cut-off function, <f>(x, t) is that we want to make sure the 
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restriction of distribution u to the hypersurface { Xn = 0} is well defined even though 

the equation (1.2) has a singular right-hand side. Since the inverse problem is just to 

invert this functional relation F, we are naturally interested in all the properties of 

this forward map. 

Because F is nonlinear, one wants to work with the formal linearization ( or formal 

derivative) DF, with respect to the reference state (o-0 , u0 ), defined by first order 

perturbation theory (Born-approximation). Let u0 be the solution of (1.2), (1.3) 

corresponding to O'o. Assume that u0 + d5u is the solution corresponding to o-0 + c8o-. 

Substituting them into the equation and ignoring higher order terms in c, we obtain 

the linearized problem 

D8u 

8u 0, t < 0. 

D F is defined by 

D F( O-o )80- = ( </>8u) lxn=O . 

(1.5) 

(1.6) 

(1. 7) 

It is our main goal in this work to determine the appropriate spaces of the domain 

and range of F for which 

the formal derivative DF is bounded. 

W, 1)elieve that similar analysis will lead to the continuity or even differentiability of 

F. These properties are obviously crucial in the design and analysis of algorithms for 

solving the inverse problems. 
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1.2 Previous research 

When the spatial dimension is one or c and <7 depend only on Xn (layered problem) 

there is a large· literature available. For a similar problem in which the medium was 

assumed to be excited by an impulsive load on the surface {xn = O} instead of point 

sources, the properties of the forward map have been studied fairly satisfactorily by 

Symes and others (see Symes (34] for references). It was shown by Symes that, for 

the constant wave speed case, the forward map is a C 1 - diffeomorphism by applying 

the method of geometrical optics together with energy estimates. 

When the spatial dimension n > I and c, <7 depend on all space variables ( non

layered problem), very little is known in mathematics. Symes (32, 33, 35], Sacks and 

Symes [29], Rakesh [25], and Sun [31] have some partial results. The difficulties are 

essentially due to the ill-posed nature of the timelike hyperbolic Cauchy problem and 

the presence of nonsmooth coefficients. For the one dimensional wave equation, both 

coordinate directions are spacelike, which indicates that the problem is hyperbolic 

with respect to both directions. Apparently, this is not the case when the spatial 

dimension is larger than one. 

Rakesh in [25] looked at a related linearized velocity inversion problem with con

stant density and point sources. Assuming smooth background velocity, he obtained 

some results on both upper and lower bounds for the linearized forward map. The 

essential observation in Rakesh's work is that DF is a Fourier integral operator (see 

also Beylkin [7]). Unfortunately, the calculus of Fourier integral operators employed 
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in Rakesh's work is not applicable to the nonsmooth reference velocity case since the 

linearized forward map is a Fourier integral operator only when the reference velocity 

is smooth. 

In [32], Symes gave a pair of examples, based on the geometric optics construc

tion, which show that both DF(l) and DF(l)-1 are unbounded for a slightly different 

problem. As the examples show, within the Sobolev scales no strengthening or weak

ening of topologies of the domain and range can make both DF and DF-1 bounded. 

This fact also implies a strategy of regularization: Change the topology in the domain 

so that DF becomes bounded, then ask for optimal regularization of DF-1 in the 

sense of best possible lower bound estimate for DF. In both examples of Symes, 

the unboundedness was caused by rapid oscillation of <7 in the x'-direction or the 

tangential directions, hence the problem is actually "partially well-posed", i.e., only 

more smoothness of the coefficients in tangential directions ( essentially grazing ray 

directions) will be required to cure the difficulty. This might be the main reason the 

anisotropic Sobolev spaces Hm,a(IIr) or Hormander spaces, were introduced in [29], 

[35] and [31]. As defined originally in Hormander [14], 

where 

Da = Da1 , .. ,,on-1 Dan 
x 1,Xn x' xn· 

Thus, in Hm,s(IRn), the distributions are in Hm withs additional orders of smoothness 

in the x' -variables. 
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In Theorem 4.1 of [29] Sacks and Symes showed by using the full strength of 

sideways energy estimates that for a linearized density determination problem with 

constant velocity and plane wave sources, DF is bounded from H 1
•
1 to H 1

, provided 

the reference coefficient is in H 1
•
8 for some s > n + 2. They also proved the injec

tivity of DF. However, as they pointed out, the lower bound for DF was not that 

satisfactory. Our techniques and results are quite different from theirs. We intend to 

assure the optimal regularity of the timelike trace under weaker hypotheses. 

There remains an extremely important issue to be addressed, namely, 

What is an appropriate space for the domain of DF ? 

In 1983, as one of his conjectures, Symes suggested that microlocal restrictions 

on the coefficients might regularize the inverse problem (see [33], [35], and [36]). In 

some sense, this was confirmed by recent joint work with Symes [2], where we were 

able to prove a trace theorem for the solutions of general linear p.d.e. with smooth 

coefficients. Roughly speaking, our theorem asserts that the solution will belong to 

H 8 along a codimension one hypersurface if it belongs to Hs in a neighborhood of 

the hypersurface and to Hs+l microlocally in those directions where the p.d.e. is not 

microlocally strictly hyperbolic. Note that we gained back the half derivative from 

the standard trace theorem. 

In this work, we relax the requirement of additional tangential smoothness to 

additional microlocal smoothness. The microlocal regularity of the forward map will 
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be established. Various results on propagation of singularities and microlocal analysis 

will play essential roles. 

Interested in applications to nonlinear p.d.e., Beals, Bony, Rauch, Reed and many 

other mathematicians have over the past decade developed the theory of microlo

cal analysis concerning p.d.e. with nonsmooth coefficients. The fundamental fact is 

Rauch 's lemma proven by Rauch in [26]. 

Lemma 1.1 (Rauch's Lemma) For some (x0 ,fo) E T*(lRn)\O, assume 

that u, v E Hs n H::ne( xo, fo) with n/2 < s :'.S: r < 2s - n/2. Then 

The propagation of singularities theorem for linear p.d.e. with smooth coefficients 

is due to Hormander [15] and dates back to the early seventies. Hormander's theorem 

basically says: The singularities propagate generally along the null bicharacteristics 

of the principal part of the operator. However, Hormander's theorem itself does not 

say anything about how the singularities propagate when the p.d.e. has nonsmooth 

coefficients. Obviously the nonsmoothness of the coefficients will introduce new sin

gularities to the solutions, so that only limited initial regularity can be propagated. In 

1982, Beals and Reed [5] were able to prove a linear propagation of singularities the

orem for strictly hyperbolic pseudodifferential operators with nonsmooth coefficients 

at lower order terms by following the general outline of the proof of Hormander's 
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theorem. Their theorem and its proof turn out to be the major tools in our work 

here. 

It is known that in their applications to nonlinear wave equations, most of the 

results based on Rauch's lemma (or the method of Fourier analysis) can only deal with 

relatively weak singularities. This is very unfortunate, since in many situations strong 

singularities (like shocks) are present. In general, such strong singularities are much 

more difficult to work with. Nonetheless, this work exhibits that to some extent, 

strong singularities appearing in the linear wave equation ( e.g. the fundamental 

solution) can also be tackled by this Fourier analysis method. The relation between 

the coefficients and solution with strong singularities remains to be fully understood, 

especially when the coefficients are less regular. 

1.3 Plan of the work 

The fundamental concepts of microlocal analysis and results of propagation of singu

larities are introduced in Chapter 2. We establish an extension of Rauch's lemma and 

a new commutator lemma. The main result of this chapter is an extended Beals-Reed 

theorem on propagation of singularities which allows relaxation of the smoothness re

quirements on the solution, and therefore on the coefficients. In the last part of this 

chapter, we obtain some better regularity results when the coefficients are indepen

dent of some variables. 
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In Chapter 3, we prove a trace regularity theorem by using the propagation of 

singularities theorem introduced in Chapter 2, along with an application of the pseu

dodifferential C7P .d.o.) cut-off technique and standard hyperbolic energy estimates. 

Our trace theorem indicates that with microlocal restrictions against tangential oscil

lations in the coefficients, the trace is just as regular as the solution. In particular, it 

is as regular as the coefficients allow it to be. These properties of traces also indicate 

that the conclusion of our trace theorem is optimal. However, as compared to the 

layered problem, a much higher degree of overall smoothness has to be imposed. 

The basic structure of fundamental solutions to second order multidimensional 

wave equations can be traced back to the works of Hadamard [13], where progressing 

wave expansions were introduced to construct approximate solutions. To explain the 

ideas of Hadamard's theory, we state a theorem due to Romanov which gives an 

explicit progressing wave expression of the fundamental solution when the spatial 

dimension is three. We point out that his proof actually works for other dimensions 

as well. The main result in Chapter 4 is a regularity theorem for the solution of the 

model problem (i.e. the fundamental solution to equations (1.2), (1.3)) by applying 

the method of progressing wave expansions inside the characteristic surface. A simple 

energy identity plays a crucial role in our analysis: It indicates that the regularity 

result can be established by analyzing the regularity of the transport equations. Based 

on a 'ljJ.d.o. cut-off technique and some properties of rp.d.o. as well as Rauch-type 
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results, we are able to prove a regularity result for solutions of the transport equations 

which also turns out to be important in the next chapter. 

Chapter 5 is devoted to a study of the regularity of the forward map. By ana

lyzing the propagation of regularity for solution of a problem dual to the linearized 

problem, we obtain an upper bound for the formal derivative of the forward map 

at the nonsmooth reference density a0 • In this process, a microlocal version of the 

classical trace theorem is introduced. An important step is deriving an estimate out 

of the result on propagation of singularities. It seems to us that the dual technique 

developed in this chapter may well be useful in other contexts. 

Conclusions are presented in the last chapter. We also make a few comments on 

the effective computation of the multidimensional hyperbolic inverse problems. Some 

future interests will be briefly mentioned at the end of this chapter. 

1.4 Notation 

Throughout this thesis, the reader is assumed to be familiar with the basic calculus 

of Pseudodifferential Operators (from now, they will always be called " 'lj).d.o. ") as 

stated in Taylor (39], Nirenberg (24] or Chazarain and Piriou (9]. A classical 'lj).d.o. P 

of order mis denoted as PE OP Sm with its symbol p E sm. ES(P) stands for the 

essential support of operator P. W F( u) denotes the wave front set of a distribution 

u. H 8 is the standard L2-type Sobolev space and H,:c means a local Sobolev space. 

(~) means (1 + 1~1 2
)

112
. The Fourier transform of a distribution u is expressed as u. 
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Usually, the constant from the Fourier Transform is assumed to be absorbed by the 

integral. For simplicity, C serves as a generalized positive constant the precise value 

of which is not needed. Finally, xr is the characteristic function of a set r. 

1.5 Warning 

When the reference density cr0 is smooth, most of the regularity results for the for

ward map in this work will follow more easily from the calculus of Fourier Integral 

Operators. For a standard text on F. I. 0. we refer to Duistermaat [11] or Hormander 

[16]. However, this technique fails with the appearance of the nonsmooth reference 

density, an assumption important in this work. 



Chapter 2 

Microlocal Analysis and Propagation of 
Singularities 

2.1 Introduction 

In this chapter, the basic material of microlocal Sobolev spaces that will serve this 

work is introduced and discussed. The recent monograph of Beals [4] contains the 

most complete references to date in microlocal analysis and its applications to the 

study of nonlinear hyperbolic partial differential equations. 

Our main result here is a linear propagation of singularities theorem which is 

an extension of the Beals-Reed theorem in [5]. The theorem assures that weaker 

regularity of the solution may also be propagated along the null bicharacteristics. 

The main ingredients in our proof are an extended Rauch's lemma and a commutator 

lemma. 

We prove the theorem by following the general scheme of the proof of the Beals

Reed theorem in [5]. The pseudodifferential cutoff technique in their proof was analo

gous to a proof of Hormander's theorem (see [15] for the original form) as described in 

Nirenberg [24]. Except for the use of Rauch's lemma since nonsmooth coefficients and 

right-hand side were present, the key step was a commutator lemma which allowed 

13 
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them to compute the action on Hs n H-:ni 1 ) of a commutator of a 'ljJ.d.o. with a dif-

ferential operator whose coefficient was nonsmooth. Then a local existence theorem 

with microlocal hypotheses completed their proof. 

All the results in Sections 2.3-2.5 are improved in the last section under the ad

ditional hypothesis that the coefficients depend only on some of the variables (recall 

that the density in the model problem is time independent). 

2.2 Some basic estimates 

The following estimates will be used frequently in various contexts, essentially be

cause it contains very useful information about certain kernels, other related kernel 

estimates may be found in Beals [3] and Beals and Reed [6]. 

We begin with Young's inequality (see Adams [1] for a proof). 

Proposition 2.1 (Young's Inequality) Let 1 :S p < +oo and u E 

L1(IR,n), v E LP(IR,n). Then the convolution products 

u * v = f u( x - y )v(y )dy , }JR_n V*u(x)= f v(x-y)u(y)dy }JR,n 

are well defined and are equal a.e. in IR,n. Moreover, 

A combination of the Cauchy-Schwarz inequality and Young's inequality yields 

the kernel estimates Proposition 2.2 obtained originally by Rauch and Reed in [27]. 



Proposition 2.2 Define 

rg,h(O = J K(e, 11)J(11)g(e - 11)d11 

where J, g E L2
• Then the estimate 

holds if I< ( e, 17) can be decomposed into finitely many pieces, i.e. I< = 

L,i J{i ( e, 17) such that each of which satisfies one of the following con di-

tions: 

(1) s~p jlKi(e,11)l 2d17::; Co< +oo, 

(2) s~p jlI<i(e, 11)l 2de::; Co< +oo. 

15 

An immediate consequence of Proposition 2.2 leads to a key estimate in this 

chapter. 

Corollary 2.1 Define 

where J, g E L2(IRn), a+ /3 > n/2. Then 

Finally, a distance argument is stated for completeness. 



Proposition 2.3 Assume that J(' is a closed cone which is strictly con

tained in an open cone /(. If e E J('' T/ E /(C' then 

(1) 1e - TJI 2:: c11e1, c1 > o; 

(2) if lei 2:: Co> 0, then (e - TJ) 2:: C(e). 

Proof (1) is trivial. The statement (2) holds from the simple fact: 

(e)2 = 1 + lel 2 :s; (1 + l/Co)lel 2 :s; C(e - TJ) 2 
• 

2.3 Microlocal Sobolev spaces 

16 

D 

We present some basic properties of microlocal Sobolev spaces. Details may be found 

in the references mentioned above. Only new results will be proved. 

The standard Schauder's lemma asserts that H 8 (Hr) is an algebra for s > n/2. 

Concerning the lower order Sobolev spaces, one can generalize Schauder's lemma in 

a number of ways. 

Proof The conclusion holds if either one of the following additional conditions is 

satisfied (see Beals [3] for a proof): 
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Thus, in order to prove the lemma, it suffices to look at the case where s1 > n/2 and 

Observe that 

(e)s2 I uv(e) \= j K(e,11) I J(e - 11)g(11) I d17, 

where u(e - 17) = (e -77) 51 J(e - 77), v(77) = (77) 52 9(77), f,g E L2 (1Rn), and K(e,11) = 
(e)s2 

The conclusion then follows from Proposition 2.2, by considering three cases: 

(1) If I 11 \:::; 1/2 I e \, then 

(2) If I 11 \2:: 1/2 I e I and I e - 11 \:::; 1;2 I e \, then I 11 \:::; 3/2 I e \ and 

C 
K(e,11):::; (e _ 

(3) If I 1112:: 1;2 I e I, I e - 1112:: 1;2 I e I, then since I 11 1:::;1 e - 11 I + I e I, 

D 

It is evident that the microlocal Sobolev spaces give a precise description about 

how regularity and singularities are propagated for solutions to linear strictly hyper-

bolic p.d.e .. 



Definition 2.1 u E HsnH:nt(x0 ,fo) if there exist <j)(x) E C0 (Ifr) with 

qy(x0 )-:/ 0 and a conic neighborhood I C IRn\{O} of fo such that 

18 

In terms of classical 'lj;.d.o., there is an equivalent way to characterize the mi

crolocal Sobolev spaces. Recall that a classical 'lj;.d.o. p(x, D) of order mis said to be 

microlocally elliptic at ( x 0 , fo) if there is a constant C and a small conic neighborhood 

1 of fo such that its symbol satisfies 

on 1 . 

Proposition 2.4 u E H:nl(x0 , fo) if and only if there is a 'lj;.d.o. Q E 

OPS0 such that Q is microlocally elliptic at (xo, fo) and Qu E H[oc· 

To work on microlocal Sobolev spaces, Rauch's lemma (whose standard form is 

stated in the introduction) is essential. It gives the algebraic property of this inter

esting class of spaces. Here, we prove a generalized Rauch's lemma whose statement 

was first presented in Symes [36]. 

Lemma 2.2 Suppose that for some (x0 , fo) E T*(IRn)\O, the distribu

tions u, v satisfy u E Hs n H;,,Axo, fo) and v E H 1 n H;,,Axo, fo) with 

n/2 < s, 0 ::; l ::; s, q, and q < s + l - n/2. Then 

uv E H1 n H!it(xo, fo) . 



In order to prove the lemma, the following Proposition 2.5 is needed. 

Proposition 2.5 Assume that, for n/2 < r, 0 ~ l ~ q ~ r, and q < 

l + r - n/2, 

Then 

19 

Proof Let I< be a small conic neighborhood of fo such that w E H1 n H'/nt(I<). By 

Definition 2.1, we may represent w as 

(2.1) 

with 

Then 

Since n/2 < r and q ~ r, Lemma 2.1 gives 

- Hg 
WW2 E loc. (2.2) 

Next using Lemma 2.1 one more time gives us ww1 E Hfoc· Therefore from (2.1) and 

(2.2), it suffices to show that 

(2.3) 
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Let J{' be another conic neighborhood of fo which is strictly contained in J{. Suppose 

that 

which means that f, g E L2
• Thus in order to get (2.3), it is sufficient to show that 

(2.4) 

belongs to L 2
• But this is simple from our previous results. Actually, since e E J{' 

and 17 E J{C, Proposition 2.3 implies (e - 17) ~ C(e), therefore Corollary 2.1 together 

with the hypothesis q < l + r - n/2 lead to the fact that (2.4) is in L 2 space. D 

Proof of Lemma 2.2 If q :s; s then u E Ht
0
c, the conclusion follows from Proposition 

2.5. Therefore, we may assume that s < q. 

Definition 2.1 allows us to rewrite 

with 

then 

The fact u2v2 E H 1 n H1fnAx0 , fo) is an immediate consequence of Lemma 2.1. From 

Proposition 2.5, we have 
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Finally, Proposition 2.6 below and Lemma 2.1 yield 

u1v1 E H!,,.(xo, fo) , for q::; s + l - n/2 , 

0 

Remark on Lemma 2.2. Note that for l = s, this lemma becomes the original 

Rauch's lemma. Since l can be any constant between O ands, q can be any number 

in the interval(/, s+l-n/2), Lemma 2.2 is indeed an improvement of Rauch's lemma. 

We claim that like Rauch's lemma, Lemma 2.2 cannot be strengthened. The 

following result and an example exhibit the extent to which the result is applicable. 

Proposition 2.6 Let K1 , K 2 , and I{ be cones in rn,n\o and assume 

that Ui E Hs;(Hr) and ITWF(wi) C Ki, i = 1,2, where fi denotes the 

projection on the second factor (or on the frequency space). If K CC 

Kf n K~, then 

Remark. When s < s 1 + s 2 - n/2, the result is due to Rauch (Theorem 2.2 in 

[26]); the extreme case was first observed by Meyer in [23]. The proposition cannot be 

strengthened as is shown by the example described below ( the example is illustrated 

in Figure 2.1). The idea for the example came from private conversation with Michael 

Beals at IMA. See also Beals [4]. 

Suppose that 
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where 8 > 0 small, 1<1 is a small conic neighborhood of { ( 6, 0, · · ·, 0) : 6 > 0}, and 

1{2 is a small conic neighborhood of {(0, 6, · · ·, 0) : 6 > 0} with tv1, W2 2:: 0. Let I< 

be a small conic neighborhood of {(6,6, · · ·,0): 6 = 6}. Then 

Now if I 77 I~ 1/2 I e I, then 1/2 I e l~I e - 77 I~ 3/2 I e 1. Hence 

Therefore, XK(D)w 1 w2 is not in any space Ht fort> s1 + s2 -n/2. 

For the sake of completeness, we end up this section with Hormander's theorem 

on propagation of singularities for operators with smooth coefficients. The proof may 

be found in Hormander [14] or Nirenberg [24]; the statement is taken from Taylor 

[39]. 

Let p(x,0 E sr:,0 have a scalar principal symbol Pm(x,0. Then the bicharacter

istic strips of Pm are defined by the Hamiltonian system: 

dx 
ds = v'~pm(x, e) ' 

de 
ds = -v'xPm(x,e). 

The null bicharacteristic through (xo, ea) for Pm(Xo, eo) is the curve defined by the 

system above associated with the initial condition, 

x(O) = Xo ' e(o) = fo ' 
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K 

~1 

Figure 2.1 A counterexample to Proposition 2.6. 



and Pm(x,e) = 0. 

Theorem 2.1 (Hormander) Let p(x, D) E OP Sm have a scalar principal 

symbol. Let Pm(x0 ,fo) = 0, let r be a null bicharacteristic through (x 0 ,fo) 

for Repm, and assume Impm 2:: 0 on a neighborhood of r. Suppose 

P(x, D)u(x) = f(x) E H:nir). 

Then u E Hs+m-i (f) if u E Hs+m-i (x t ) ml ml O, ',,O • 

2.4 Commutator lemma 

24 

Having introduced the basic concepts of microlocal Sobolev spaces, we now present a 

commutator lemma which is necessary in order to prove any results on propagation of 

singularities for a p.d.e. with nonsmooth coefficients. As usual, a commutator [A, B] 

represents AB - BA. Then the calculus of 'ljJ.d.o. indicates that if p(x, D) E OPSm1 

and q(x, D) E OPSm2 then [p(x, D), q(x, D)] E OPSmi+mrl. However, the situation 

becomes more complicated when one of the operators has nonsmooth coefficients. 

Lemma 2.3 Let p1(x,e) E S1 and bo(x,e) E S 0 be properly supported, 

and assume that for some (x 0 ,fo) E T*(lR,n)\0, a(x) E Hs n H::n_i(xo,fo) 

and v(x) E H1 n H:n1(x0 ,fo), with 1 + n/2 < s, 0 ::; l::; s, q ::; r, and 

q ::; l + s - (1 + n/2). Then 

[bo(x,D),a(x)p1(x,D)]v(x) E H1 n H!i1(xo,eo). 
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We shall prove this lemma by the following two steps. Proposition 2.7 offers 

the local version of the commutator action, while the microlocal version is given as 

Proposition 2.8. 

Proposition 2.7 Letp1 (x,e) E 51, bo(x,e) E S0 beproperlysupported, 

let 1 + n/2 < s, and assume that a(x) E Hs and v(x) E H1 with O ~ l ~ s. 

Then 

[bo(x,D),a(x)p1(x,D)]v(x) E H 1
• 

Proof Assume that b0 ,p1 depend one only, and v, a are compactly supported (the 

general case requires some obvious modifications). We only consider l ~ l case. A 

slightly different analysis will lead to the conclusion for O ~ l < 1. 

[bo(D), a(x)p1(D)]v(e) 

bo(O j a(11)P1(e - 11)v(e - 11)d11 - j a(11)P1(e - 11)bo(e - 11)v(e - 11)d11 

- j a(17)(bo(e) - bo(e- 17))P1(e - 17)v(e - 17)d17. 

Write a(17) = J(17)/(17)s, v(e - 17) = g(e - 17)/(e - 17) 1
, then f,g E L2

• Thus 

(e)1 [bo(D),a(x)p1(D)]v(e) = j K(e,11)f(17)g(e - 17)d17, 

where 

By Proposition 2.2, it suffices to divide I{ into finitely many pieces so that 
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But this is obvious from the given regularity assumptions and Proposition 2.3, to-

gether with the following facts: 

(1) For 1171 > lel/2 and le - 171 > lel/2, 

C 
II<I ::; (e)s-1 · 

(2) For 1171 > lel/2 and le - 171 < lel/2, 

(3) For 1171 < 1e1;2, e - 17 ::::: e, thus lbo(O - bo(e - 17)1 ::; C(17)/(e), and 

consequently, 

Proposition 2.8 Let p1(x,e) E S1, b0 (x,e) E S0 be properly supported, 

and assume that for some (x 0 , fo) E T*(IR,n)\O, a(x) E H 8 n H;,,l(x0 , fo) 

and v(x) E H1 n H;,,l(x0 , fo), with 1 + n/2 < s, 0 ::::; l :s; s, q and q < 

l + s - (1 + n/2). Then 

[bo(x, D), a(x )p1(x, D)]v(x) E H:nAxo, ea) . (2.5) 

Proof As before, after making some simplifications, we have 

[bo(D),a(x)p1(D)]v(e) = j a(17)(bo(e) - bo(e - 17))p1(e - 17)v(e - 17)d17. 

D 
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Let K be a small conic neighborhood of eo such that a E HS n H!i,.(K) and V E 

H1 n H'fnt(K). Let K' be a strictly smaller conic neighborhood of fo; then in order to 

prove (2.5) it suffices to show that 

Write 

where ai,Vi E L2 (i = 1,2). 

(2.6) 

(2.7) 

(2.8) 

We only prove (2.5) for the case where q > s, since if q :S s then (2. 7) will become 

a(ry) = ~~\~), and the same analysis will go through with much simpler arguments. 

Substituting (2. 7) and (2.8) into (2.6), we then have 

where 

(1) K (t ) = XK 1 (0(e)qXK(T/)XK(e - ry)(bo(O - bo(e - ry))(e - ry) 
11 .,,, ,,, (11)q(e - r,)q , 

(2) K (t ) = XK 1(0(e)qXK(11)xxc(e - r,)(bo(O - bo(e - r,))(e- r,) 
12.,,,11 (r,)q(e-r,)1 , 

(3) K (t ) = XK 1(0(e)qxxc(r,)xx(e - r,)(bo(e) - bo(e - r,))(e- r,) 
21 .,, , 11 (,,,) s ( e _ ,,, ) q , 

(4) K (t ) = XK 1 (0(e)qXKc("1)XKc(e - ry)(bo(O - bo(e - r,))(e- r,) 
22 <,,, 11 (r,)s (~ _ r,)1 · 
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It follows from Proposition 2.2 ( essentially Cauchy-Schwarz inequality) that the 

corresponding estimates of the kernels will complete the proof: 

(1) I<11 will be handled exactly as in Proposition 2.7, knowing the fact that 

1 + n/2 < q. 

(2) Since q > s, the hypothesis implies that l - 1 > n/2. On supp K12 , 

e - 77 E KC, e EK'=* (77) 2 C(e); hence 

if 1e - 77! 2 c1e1 , then IK12I ::; (e~-1 , 

C 
then !Kn! ::; (e _ 

77
)1_ 1 . 

(3) On supp K21, 77 E KC, e EK'=* (e - 77) 2 C(e). Now 

if 177I 2 1e1;2 ' then IK21 I ::; (e - ~)s-1 ' s - 1 > n/2 ; 

if 177I < 1e1;2 then e - 77 ~ e' thus lbo(e) - bo(e - 77)!::; C(77)/(e) ' 

( 4) On supp K22, 77 E KC, e - 77 E KC, e E J{' =* Proposition 2.6 can be 

applied to treat this term since q ::; l + s - (1 + n/2). 

D 
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2.5 Propagation of singularities theorem 

We are now ready for a formal statement and a proof of the main result of this chapter: 

a linear propagation of singularities theorem for 'lj;.d.o. equations with nonsmooth 

coefficients at lower order terms. 

Theorem 2.2 Let Pm(x, D) be a strictly hyperbolic homogeneous 'lj;.d.o. 

of degree m ~ 2, Pa(x,O E 5m-1
, and p13(x,O E 5m-2

. Let r be a null 

bicharacteristic of Pm passing through (x0 , fo) E T*(IRn)\O. Assume that 

(i) 1 + n/2 < s, 0 :s; l :s; s, q, and q < l + s - (1 + n/2); 

(ii) aa E HS n H!e(r) and a13 E Hs-l n H!e\r); 

(iii) v E H 1+m-2 n H!~m-2 (f) and f E H 1 n H!e(f); 

and that 

[pm(x, D) + Eaa(x)pa(x, D) + Ea13(x)p13(x, D)]v(x) = J(x). 

Then 

Proof We shall basically follow the outline of the proof of the Beals-Reed theorem 

in [5], indicating the necessary modifications. Denote x = (t, x), where t is a distin

guished variable. W.L.O.G., we assume that Pm is homogeneous strictly hyperbolic 
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with respect to the direction (1, 0) or 

Pm ( t, x, T, [) = ( T - k1 ( t, X, [)) · · · ( T - km ( t, x, [)) , 

with ki E S1 (IRn-1 \0) real, homogeneous of degree one in[, and distinct fore-=/=- 0. 

Clearly, Lemma 2.2 reduces the equation to 

where I< is a conic nbhd of r and r cc I<. 

Let b0 (x, e) E S 0 be chosen exactly as in Beals and Reed [5], so that supp b0 CC I<, 

bo is elliptic near f, [bo, Pm] has order m-2, and Pmbo = (Dt-k1 (t, x, Dx)qm-l (x, D)b0 

(mod C00
) with qm-l E 5m- 1 elliptic near f. Let 

- - fJ2 ~ fJ2 1/2 
A - (D) - (1 - ( ~ + ~ ~- 2 )) • 

ut uxi 

Then 

Observe that since A-1p°' has order m - 2, Lemma 2.3 leads to [b0 , aaA]A-1pav E 

H1 nH!ie(I<). Since A[b0 , A-1Pa] has order m-2, the last term will be in H1nH!ie(I<) 

by Lemma 2.2. We conclude that 
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Let Pa = p 0 q_(m-l) where q-(m-1) is the parametrix of qm-1 so that q-(m-l)qm-1 = 1 

on supp b0. Set w = qm_ 1b0v. We then have 

where w E Hq-l and WF(w) CC K. Therefore, we have obtained a well behaved 

hyperbolic Cauchy problem for w (assumption (iv) implies that the Cauchy data of 

w E Hq-l+t for t near 0). Our next proposition, which is an extension of the one in 

[5], yields that w E Hq-l+t. Thus, v E Hq+m-2+t (f) will follow as a consequence of 

the fact qm-l b0 is microlocally elliptic of order m - 1 near r. 

Proposition 2.9 Let k1 (t,x,[) E S1(Ilr-1 ), k1 be real, and p0 (x,~) E 

S0 (IR,n). Assume that 

(i) n/2 < s, 0 ::; q; 

(ii) w E Hq-i and W F(w) cc K; 

(iii) a E Hs n H;,.iI<); 

(iv) g E H;,.11+t(I<), for some O ::; c::; 1; 

(v) w E Hq-l+t for t near 0, 

and that 

(Dt - k1(t, x, Dx))w = a(x)po(x, D)w + g(x) . 

Then 

D 
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An immediate consequence of Theorem 2.2 is a theorem on propagation of singu

larities due to Beals and Reed, Theorem 1 in [5]. 

2.6 Remark on Theorem 2.2 

Notice that the Beals-Reed theorem as well as Rauch's Lemma are designed for the 

study of nonlinear propagation of singularities. In that case the coefficients or the 

right-hand side, roughly speaking, have same ( or closely related) regularity as the 

solution to the problem or the transformed problem. Theorem 2.2 deals with much 

more general situations, since l could vary from O to s and q E [l, l + s - (l + n/2)) 

( unlike in the Beals-Reed theorem). 

We conjecture that Theorem 2.2 cannot be improved much concerning the regu

larity requirements for the coefficients and right-hand side, since the conclusions of 

Lemma 2.2 and Lemma 2.3 cannot be strengthened. 

The most precise information about the propagation of singularities may be ob

tained in the case of one space dimension. Roughly speaking, the improved microlocal 

regularity is then propagated along null bicharacteristics with very few restriction on 

the order of smoothness. This certainly is not implied by Theorem 2.2. Note that 

the result itself is not too surprising if one observes that the one dimensional wave 

operator can be factored into products of differential operators. But it exhibits a 

substantial difference between the one dimension and multidimension for hyperbolic 

p.d.e., is somehow remarkable. 
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2. 7 Analysis on family of distributions 

Since the coefficient u = u( x) in the model equation is time-independent, one wants 

to obtain some better regularity results by taking advantage of this fact. 

Once again, we begin with examining the algebraic properties of this class of 

distributions. 

Lemma 2.4 (Generalized Schauder's Lemma) If s1 , s2 > 0, u(x) E 

with s = min{ s1, s2, s1 + s2 - n0/2 - 8}, for any 8 > 0. 

Proof Write 

Then 

uv(e,TJ) - u(O * v(e,TJ) 

j(e -6)-Sl J(e- 6)(6,TJ)-S2 g(6,TJ)d6 • 

Since le - 61 + l(e1,TJ)I ~ l(e,TJ)I, we have either 6 E 11 so that 1e-ei1 ~ l(e,TJ)l/2 

or 6 E 12 so that l(e1,TJ)I ~ l(e,TJ)l/2. Thus 

(e, TJ) 9 luv(e, TJ)I 

::; f (6, TJt 92 (e - eir-s1 I J(e - 6)g(6, 11) I de1 11i 



or 

where 

and 

S1 < c11j(6,11)8-s1 -s2 lf(~-6)g(6,11)ld6IIL2(e,11) 

< CJ d17ll(6,11)s-si-s2 I 9(6,11) I llv(ei)ll!IIL2 

< CllgllL2((.11)ll!IIL2 ' 

S2 = c11j(~-6)s-si-s2 lf(~-6)9(6,11) ld6IIL2(e,11) 

< c j d11ll(e)8-s1 -s2 I J(O I llv<el · llg(6,11)IIL2(e1) 

< Cl! (e)s-si -s
2 IIL2 (e) IIJIIP(dl9IIL2(e,7J) ~ CllgllL2 (e,11)ll!IIL2 . 

Note that here we have used Young's inequality and the assumption 

so that the following inequalities 

and 

34 
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hold. D 

We can also develop a corresponding generalized Rauch's type lemma that 1s 

similar to Lemma 2.2. 

Lemma 2.5 Suppose that for some (xo, fo) E T*(IR,no )\0 where (xo, Yo, fo, T/o) E 

T*(IR,n)\O (1 ::; n0 ::; n), the distributions u, v satisfy u(x) E Hs n 

H!t(xo, ea) and v(x, y) E H1 nH':nt(xo, Yo, ea, T/o), with no/2 < s, 0 ::; l ::; s, 

q, and q < l + s - n0 /2. Then 

u(x)v(x,y) E H1 n H;,tf(xo,Yo,ea,T/o). 

Proof The fact that uv E Hfoc comes from Lemma 2.4. W.L.O.G., we may assume 

that u, v have compact supports in their own spaces. Moreover, we only prove the 

lemma for the case q > s; a natural modification of the proof will yield the conclusion 

for q ::; s. Let I< be a conic neighborhood of (eo, T/o) which is small enough so that 

V E H1 n H!iI<) and u E HS n H!f(r), where r is the projection of r on thee-space. 

Let I<' CC I<, a strictly smaller conic neighborhood of (ea, 170 ). r' is the projection 

of K'. It suffices to show that 

Write u = u1 + u2, v = V1 + V2 such that 

U1 E H 8 
, U2 E Hq , and supp 'U1 ~ re , supp U2 ~ f , 

V1 E H1 , V2 E Hq , and supp V1 ~ Kc , supp v2 ~ K . 
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Then 

Let 

(0 8 u1 (e) = Ji (0 , 

( e, 11) 1 v1 ( e, 11) = 91 ( e, 11) , 

then f; E L2 (ffin°) and g; E L2(ffin), i = 1, 2. Thus we may decompose 

where 

Jl _ t t: )qj XK 1(e, 17 )Xr(6)XK(e - 6, 17 )fi(6)g2(e - 6, 17 )d6 
- '"'' 11 (e1)q(e - 6, 11)q ' 

J
2 

= (t: )qj XK 1 (e, 17 )xr(6)XKc(e - 6, 17 )Ji(e1)g1(e - 6, 17 )d6 
"''

77 
(6)q(e-6,11)1 ' 

/
3 

= (1: )qj XK 1 (e, 17)Xrc(6)XK(e - 6, 17)f1(6)g2(e - 6, 17)d6 
"'' 17 (6)s(e-e1,11)q ' 

14 
_ (e )qj XK 1 (e,11)Xrc(6)XKc(e - 6,17)f1(6)g1(e - e1,17)d6 
- ' 17 (6)s(e-6,11) 1 • 

Therefore, to accomplish the proof, we only need to show that J; E L2 (ffin) (i = 

1, · · ·, 4). 

(1) The fact 11 E L2(e,11) comes from Lemma 2.4. 

(2) On support 12, (e - 6,11) E Kc and (e,11) E K' => (6,0) 2:: C(e,ry). 

Hence 

I 1 I< JI ti(6)g1(e - ei, 11) 1 d6 
2 

- (e-ei,11)1 ' 
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therefore an extension of Corollary 2.1 and the hypotheses will yield 

(3) On support /3, e1 Ere, (e,ry) EK'=> (e -e1,"1) ~ C(e,"7), Proposition 

2.1 gives 

Thus, one gets from the hypothesis s > n0 /2 that 

( 4) On support /4, 6 E re, (e - 6, T/) E KC, (e, T/) E K. Then, since 

q :s; l + s - n 0 /2, one may apply an extension form of Proposition 2.6 to 

obtain 

D 

Having established the corresponding generalized Schauder's lemma and the Rauch 

type lemma, one can proceed further to prove an extension of our commutator lemma 

(Lemma 2.3). We skip the proof because it is parallel to the one in Section 2.4. 

Lemma 2.6 (Generalized Commutator Lemma) Let p1(x, y, e, ry) E S1 (1Rn) 

and bo(x,y,e,"l) E S0 (1Rn), and assume that for some (x0 ,fo) E T*(1Rn°), 

(xo,Yo,fo,770) E T*(lRn) (1 :s; no :s; n), a(x) E Hs n H'/ne(xo,fo) and 



v(x,y) E H 1 n H!ixo,Yo,fo,r,o), with 1 + no/2 < s, 0 ::; l::; s, q, and 

q < l + s - (1 + n0 /2). Then 
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Consequently, essentially the same arguments as in the proof of Theorem 2.2 lead 

to a generalized form of Theorem 2.2. Again, we omit the proof and leave it to the 

interested reader. 

Theorem 2.3 Let Pm(x, D) be a strictly hyperbolic homogeneous 1/J.d.o. 

of degree m ~ 2, Pa(x,e) E 5m-1, p13(x,e) E 5m-2, with x = (x1,x2) E 

IRno x IRn-no, 1 ::; no ::; n. Let r be a null bicharacteristic of Pm passing 

through (xo,fo) E T*(lRn)\0. Denote J( = II(f), II: T*(lRn) ~ T*(1Rn°) 

the projection map. Assume that 

(i) 1 + no/2 < s, 0 ::; l ::; s, q, and q < l + s - (1 + no/2); 

(ii) a(X E HS n H!e(I<) and a13 E Hs-l n H!-/(I<); 

(iii) V E H1+m-2 n H!1m-2(r) and f E H 1 n H!g(f); 

(iv) v E H!~m-2+e(xo,eo), for some O::; to::; 1, 

and that 

Then 
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An interesting special case of Theorem 2.3 arises: For the layered problem, the 

coefficients (density) depend only on one space variable, so that we have the following 

degenerate form of Theorem 2.3. 

Corollary 2.2 Let Pm(x, D) be a strictly hyperbolic homogeneous 'ljJ.d.o. 

of degree m ~ 2, pa,(x, fl E 5m-l and p13(x, ~) E 5m-2 , with x = (x 1 , x2 ) E 

IR1 x IRn-l. Let r be a null bi characteristic of Pm passing through (x0 , fo) E 

T*(IRn)\O. Let ]{ = II(r), II : T*(IRn) -+ T*(IR1
) the projection map. 

Assume that 

(i) 3/2 < s, 0 :S l :S s, q, and q < l + s - 3/2; 

( 1
·
1
·) E Hmin{s, q} d E Hmin{s, q}-1, aa, Loe an a13 Loe , 

(iii) v E H1+m-2 n H!~m-2 (r) and f E H1 n H!t(f); 

(iv) v E H!~m-2+t(xo,fo), for some O :St :S 1, 

and that 

Then 

2.8 Microlocal norm 

In this section, we introduce a notation which will be used frequently in the following 

chapters for simplifying the estimates. Since the microlocal Sobolev spaces are the 
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main spaces we deal with in this work, it will be convenient to introduce a microlocal 

norm to measure them. 

Definition 2.2 Let P be a standard 'ljJ.d.o. of order zero, then for any 

q, r E IR, define 

where n is a compact set in IRn, or n = IRn if P has compact support in 

spatial variables. 

Having Definition 2.2, it is a simple exercise to interpret Rauch's lemma in terms 

of an estimate. 

Proposition 2.10 Suppose w 1 and w 2 E HqnH-:neh), 1 E T*(IRn), and 

n/2 < q s; r < 2q - n/2. Then there exist 'ljJ.d.o. Pi, A of order zero such 

that for i = 1, 2, 

ES(Pi) ~ a sufficiently small conic neighborhood of 1 , 

and their principal symbols 

P? = l on I n { ( X' 0 : I e I > 1} . 

Furthermore, for cp E Cgo(IRn), and supp(cp) C n a compact set in IRn, 
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Proof The conclusion is slightly stronger than the original Rauch's lemma, though 

the proof is analogous. Therefore, we shall skip the proof by making the following 

observation. It is obvious to see that the proof of our generalized Rauch's lemma 

(Lemma 2.2) can be utilized to prove Rauch's lemma. Furthermore, the proposition 

will follow immediately if one writes down the corresponding estimates. D 





Chapter 3 

Some Trace Regularity Theorems 

3.1 Introduction 

The trace properties of solutions to the hyperbolic problem are obviously essential 

in understanding the forward map as well as the inverse problem itself. Therefore, a 

precise trace theorem is always the first thing one wants to demonstrate in working 

on this sort of inverse problem. 

The classical trace theorem in Sobolev spaces asserts that the restriction map of a 

distribution to a codimension one hypersurface extends uniquely to a continuous linear 

operator from H 5 (1Rk) to Hs-If2 (1Rk-I ), if s > 1/2. It is also well known that this 

result is sharp, see Lions and Magenes [22] or Taylor [39] for details. However, dealing 

with the solutions to hyperbolic p.d.e., one may reasonably expect an improvement of 

their trace regularity. This is actually the case if the equation with smooth coefficients 

is strictly hyperbolic with respect to a codimension one trace hypersurface, since 

then standard energy estimates will yield that the trace map is from H 8 (1Rk) to 

H 8 (1Rk-I) locally for any reals. Unfortunately, the same idea will not work if the 

trace surface is timelike, essentially because the presence of grazing rays prohibit the 

42 
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direct application of energy estimates. See Symes [32], Bao and Symes [2] for more 

comments on this aspect. 

In [32], Symes proved a trace theorem for the solution of a second order multi

dimensional wave equation with constant coefficients: For finite energy initial data 

compactly supported away from the boundary (with the absence of the grazing rays), 

the trace is of class H1~c which is as regular as the solution in the interior. Some 

similar trace regularity results were obtained by Lasiecka and Triggiani (21] for the 

solutions of second order hyperbolic mixed problems based on the application of the 

Laplace-Fourier transform. 

Recently in [2], we proved a trace theorem for general linear p.d.e. with smooth 

variable coefficients, applying the full strength of the Hormander-Nirenberg pseudod

ifferential cutoff technique and the method of energy estimates. Our theorem shows 

that the difficulty above may be resolved by imposing more smoothness against graz

ing ray directions. 

Roughly speaking, the analysis in this chapter is similar to that of Bao and Symes 

[2]. Two major differences are in order: 

• Since in this work our attention is restricted to the second order equation, 

compared to the general case in [2] a much simpler -ip.d.o. cut-off of the operator 

becomes possible. 

• Note that the model problem is an initial value problem; therefore both of the 

propagation of singularity theorems, both Theorem 2.1 (Hormander's theorem) 
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and Theorem 2.3, have to be involved in the analysis in contrast to [2] where 

no side condition was introduced and discussed explicitly. 

The main ingredient of this chapter is a fattening lemma which provides a conve

nient way to determine the regularity of the action of a smooth family of ¢.d.o. on a 

distribution under some appropriate hypotheses. This lemma plays a dominant role 

in deriving our trace regularity theorems. 

3.2 Properties of ~.d.o.-like operators 

It is easy to observe that by the definition of ¢.d.o. a smooth family of ¢.d.o. 

P(x,y,Dx) E OPSm(IRk0 ), for each y E IRk-ko with k0 < k, is not necessarily a 

¢.d.o. in IRk. For convenience, in the future, we shall denote the smooth family of 

¢.d.o. as PE C 00 (IRk-ko, OPSm(IRk0
)). The results in this section will conclude that 

a smooth family of ¢.d.o. in fact behaves like a ¢.d.o., hence will be called a ¢.d.o.-like 

operator in the future. 

This section is devoted to the understanding of these ¢.d.o.-like operators. 

We begin with our Proposition 3.1 which guarantees that similar Sobolev space 

continuous properties still hold. 

Proposition 3.1 If p(x,t) E sm(IRk0
), 1::; k0 ::; k, satisfies one of the 

following assumptions: 

(1) p(x, l) = p(e); that is pis independent of x; 
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(2) p(x,e) has compact support in lxl:::; c, 

then 

continuously. 

Proof For simplicity, we only prove the second statement here. The first one follows 

from the fact Fx[P(Dx)u(x, y)] = P(t)u(t, y). It suffices to assume them = 0 case 

and derive the appropriate norm estimates. Let u ES, the Schwarz space and write 

p(x,e) = J fxP(rt,t)eixr,dT/, with FxP(rt,O = J p(x1,e)e-ixiT1dx1. Assumption (2) on 

p(x,e) implies that I FxP(rt,t) Is; CN(l+ IT/ 12 )-N/2 
, VN > 0. Since the Fourier 

transform of P(:x, Dx)u(x, y) has the form 

F(P(x, Dx)u)(TJ, () = j FxP(T/ - t, t)u(t, ()dt , 

we have 

J 2 -N/2 • I F(P(x, Dx)u)(TJ, () 1:::; CN (1 + I T/ - e I ) I u(t, () I dt. 

Therefore, 

where N1 = N - s. For large N, Young's inequality yields that 
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D 

Note that the only thing preventing P(x, y, Dx) from being a 'ljJ.d.o. of order mis 

that its symbol p( x, y, e) does not decrease in any directions other than the (-direction. 

This implies that via a pseudodifferential cutoff along those nondecay directions P 

may be regularized to be a 'ljJ.d.o., which leads to our next proposition. 

From now on, Ih : X E T*(IRk) ---t YE IRk x IRko serves as a map for k > k0 , 

IT2(X) = {(x,y,e) E Y: (x,y,(,17) EX}. 

Recall that the normal bundle of a foliation IRk = IRk-ko x IRko is the set 

Proposition 3.2 Assume that P(x, y, Dx) E C00 (IRk-ko, OPSm(IRko )), 

H(x,y,Dx,Dy) E OPSm0 (IRk), 1 :::; k0 :::; k, m,m0 E Rand </>(x,y) E 

Cgo(IRk). Furthermore, assume that 

ES(H) nN = 0, 

where N is the normal bundle of IRko x IRk-ko. Then 

and 

ES(P</>H) c fr21 ES(P(·, y, ·)) n ES(H) . 
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Proof W.L.O.G., it is sufficient to consider the case with m = mo= 0 (some simple 

modifications lead to the general case). Thus it suffices to show that 

Q = P(x, y, Dx)</J(x, y)H(Dx, Dy) 

is a 'ljJ.d.o. ( in OPS0 (IRk) ). Observe that 

Qu(x,y) 

hence, the symbol of Q 

The definition of 'ljJ.d.o. gives that 

I a;,1 P(x, Y, e + e') I <· Ca,K(l+ I e + e' lt01 

< C(l+ I e' lt01 (l+ I e 1r1, Va1 > 0. 

Therefore, for any ( e', rJ') E IRk and any ( x, y) that is contained in a compact set in 

I ar,Qo(x, Y, e', r,') I 

< CI L [8t,1 J P(x, Y, e + e')eix<J(e, y)de] at,- 01 H((, r,') I 
O:Sa1 :Sa 

< L C(l+ I ( lt01 a;-01 H(e', 11') 

< Ca,K(l+ I e' I+ I 17
1 lt 0

, 
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The last inequality comes from our construction of H; that is, H(f, r,') is nonzero 

only in the region (1+ If I+ Ir,' I)::; C(l+ If J). Thus Q is a 1j).d.o. in IR,k_ 

The fact 

ES(P</>H) C fr21ES(P(·, y, ·)) 

is a simple exercise of the definitions of essential support as well as the map II2• From 

the above expression of the symbol of Q, it is obvious to see that 

ES(P</>H) c ES(H) . 

D 

Remark. In the appendix of [38], Taylor studied some properties of 1j}.d.o.-like 

operators through two lemmas (Lemma A.1, Lemma A.2). While in Lemma A.1, for 

a smooth family of 1j).d.o. Pi E c=(IR,1, OPS1(1R,n-l )), he obtained essentially the first 

conclusion of Proposition 3.2. He then showed in Lemma A.2 that if (8/8y - Pi)u E 

c=, then WF(u) nN = 0. 

We shall make an extensive use of the 1j).d.o. cut-off technique behind Proposition 

3.2 and examine further properties of these 1j}.d.o.-like operators. 

Our next proposition provides us with an important property of microlocal ellip

ticity. 

Proposition 3.3 Suppose PE opsm(IR,k) and Q E OPS0(IR,k), s E IR,, 

q(x, O has compact support in x, and Pis microlocally elliptic on a conic 
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neighborhood of ES( Q). Then 

holds for any real r and u E Ccf(IRn), n is a compact set in IRn with 

supp(u) C n, and the constants depending on r,s,m, and supp(u). 

Proof Since P is elliptic on a neighborhood of ES( Q), there is another 'lj; .d.o. R of 

order m such that 

• P + R is elliptic; 

• ES(R) n ES(Q) = 0. 

According to Carding's inequality, we then have for any real r 

IIQulls,O < C1Jl(P + R)Q,uJls-m,O + C~IIQuJlr,O 

< C1IIPQulls-m,O + C2llullr,O, 

where to derive the second inequality, we have used the fact that RQ is a smoothing 

operator. D 

We are now ready to prove a lemma based on Propositions 3.1-3.3 and a 'lj;.d.o. 

fattening technique. The usefulness of this lemma will become clear in the proofs of 

the coming trace theorems. 

Lemma 3.1 (Fattening Lemma) Let B(x, y, Dx) E C00 (IRk-ko, OPSm(IRk0
) 

and A(x,y,Dx,Dy) E OPSm0 (IRk), where 1 ~ k0 ~ k. Let 



be the normal bundle of IR,ko x IR,k-ko. Also, assume that 

Then 

(1) A is microlocal elliptic on a conic set Ell(A), with N CC 

Ell(A); 

(2) u E Hh n H:;,1 1 ([T*(IR,k)\Ell(A)] n fr2 1ES(B(·,y, ·))); 

(3) A</>u E H1~~mo+i (IR,k), where </>(x) E Cg:>(IR,k). 

in addition, if B is either a convolutional operator or its symbol has com

pact support in spatial variables, 
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Remark on the lemma. Since the operator A plays a very important role here, 

a natural question arises: Given operator B and u, how can one find the appropri

ate operator A? It is obvious that the right candidate should satisfy assumptions 

(1) and (3); that is, its properties depend strongly on the properties of B and u. 

Fortunately, this is not a problem because the wave operator always satisfies two 

essential requirements: The wave operator D is microlocally elliptic away from its 

characteristic variety, therefore we know exactly where ( 1) holds. According to the 

theorems on propagation of singularities, the improved regularity is propagated along 

the null bicharacteristics (the Hamiltonian flow) of D, which gives a first hint to find 

where the assumption (2) is satisfied. 
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Proof We only prove the first part of the conclusion, the second part can be shown 

by a simple application of Proposition 3.1. 

By assumptions (1) and (2), we can find a conic set Elli, such that NC Ell1 CC 

Ell(A), and u E Hh n H,';:,11 ([T*(IRk)\Elli] n Il21 ES(B( ·, y, · ))). 

One can also construct a 1/J.d.o. H1 E OPS0 (IRk) which satisfies 

• ES(H1 ) ~ Ell(A) and 

• the symbol of H 1, h1 = 1 on Ell1 n {(x,O: 1~1 > 1}. 

Write <P = <P<P1 with </>1 E cr(IRk); we then have 

with H = I - H 1• 

Since 

and [A, H1] has order m0 - 1, we have 

AH ,.. E Hh-mo+l 
1 '+'u /oc , 

which follows by assumptions (1) & (2) and Proposition 3.1. 

From assumption (1) and the fact 

ES(H1 ) ~ Ell(A) , 

where Ell(A) is the microlocal elliptic region of A, we see from Proposition 3.3 that 
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Thus Proposition 3.1 gives 

On the other hand, from the construction of H, Proposition 3.2 implies that 

Moreover, 

ES(B¢>1H) ~ fr; 1 ES(B(·, y, ·)) n ES(H) ~ [T*(1Rk)\Ell1] n fr; 1 ES(B(·, Y, ·)). 

Thus, a simple property of wavefront set yields 

Eventually, combining the above arguments, we have 

B</>u = B</>1H</>u + B</>1H1</>u E H1:~m+1 , 
which finishes the proof. D 

Furthermore, an estimate can be obtained by carrying out all the corresponding 

estimates in the above proof. 

Corollary 3.1 Under the assumptions of Lemma 3.1, the following es

timate holds: 

where ¢>0 (x) E C0 (1Rn), P E OPS0 and ES(P) ~ a sufficiently small 

conic neighborhood of r = [T*(IRk)\Ell1] n fr21ES(B(·,y,·)) and p = l 

on r n {(x,~): 1~1 > 1}. 
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3.3 Propagation of singularities 

From now on, the space variable is always denoted as (x', Xn) E :ur-1 x IR and the 

Fourier variables dual to t, x are w, ( respectively. We shall focus mainly on the 

multidimensional case, n ~ 2. 

For convenience, we state and prove a simple result on propagation of singularities 

by following closely Nirenberg's construction in [24]. Although the lemma is stated 

for the wave operator D, which is what we need in this work, it is clear from the proof 

that the corresponding result for general operators can be established with no further 

difficulty. 

Let 

D(x, t, (, w) = (1/2)(w2 
- e) , 

the bicharacteristic strips of D are defined by the Hamiltonian System 

x = -(' e = o, 

t = w' w =0. 

The null bicharacteristics of D are those that satisfy w2 = 1(1 2 
• For example, one can 

easily write down the characteristic through the point (xo, 0, fo,w0) with w5 = lfol2 

as 

{(x, t, (,w): X = Xo - (fo/wo)t, ( = fo, and W = Wo}. 

Lemma 3.2 Given a conic set 1 , there exists a BE OPS0 such that 

(1) [B, DJ E OPS0
; 



(2) B is elliptic on the null bicharacteristics (Hamiltonian flow) 

generated by the wave operator D out of , . 
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Proof According to Nirenberg's proof of the theorem of propagation of singularities, 

we can find a 'lj).d.o. A of order zero for every null bicharacteristic of D out of 1 

such that A is elliptic on a small conic neighborhood of the bicharacteristic and 

[A, DJ E 0PS0
. 

Now B may be constructed in the following way: B = I: A where A is defined as 

above. Then B E OPS0
, it can be arranged to be elliptic on the Hamiltonian flow 

out of 1 , and [B, DJ E OPS0
• Moreover, the local compactness of the unit sphere 

ensures that the summation is finite. D 

Three remarks are in order: 

(1) The same idea could lead to the existence of B E OPS0 with all the 

properties of B and, moreover, [.B, DJ E OPS-00
• However, it is evident 

that with the presence of nonsmooth coefficients, the fact that [.B, D] E 

0 P s-00 will not benefit our analysis any further. The proofs of the Beals

Reed type theorems only rely on [ B, DJ E OP S 0
, anyway. 

(2) With Lemma 3.2, both Hormander's theorem and the Beals-Reed the

orem enjoy an obvious but useful generalization. For example, consider 

problem 

Du f 
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where f is smooth. From Lemma 3.2, Hormander's theorem will then yield 

where r is the Hamiltonian flow out of 1 . 

(3) By the definition of microlocal Sobolev spaces, u E H:ne(xo,fo) implies 

that there is a conic neighborhood of fo K, such that u E H:nt ( xo, K). This 

fact has been implicitly used in Chapter 2. Therefore a combination of this 

fact and a simple compactness argument will imply that all the previous 

results on propagation of singularities hold in a small conic neighborhood 

(in the frequency space) of the null bicharacteristic as well. 

3.4 Trace theorem I: Constant coefficients 

In this section, we present a trace theorem for the hyperbolic p.d.e. with constant co

efficients. In addition, we employ Hormander's theorem ( and Lemma 3.2) to describe 

how the singularities are propagated. 

We first state a useful local regularity result for the solution to a first order hyper

bolic Cauchy problem. We shall skip the proof because it is based on the method of 

energy estimates employed by Beals and Reed (Proposition on pages 176-177 in [5]). 

The difference is that a slightly different version of local regularity result is given in 
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their paper with microlocal assumptions on the coefficients and the right-hand side. 

See also Proposition 2.9 in the preceding chapter. 

Proposition 3.4 (Local Regularity) Let Pi(x,t,Dx) E c=(IR,OPS1 (IRn-1
)) 

and P0 (x, t, Dx, Dt) E OPS0 (IRn), where Dt - Pi is symmetric hyperbolic 

in the sense that Pi + Pt E OP S 0
• Assume that 

(i) a E H[0 c, n/2 < r and s :::; r, 

(ii) f E Hfoc, 

(iii) v E Hf
0
c for t near 0, 

and that 

(Dt - Pi(x, t, Dx))v(x, t) = a(x, t)Po(x, t, Dx, Dt)v(x, t) + f(x, t) . 

Then 

VE H/oc. 

We now proceed to show a trace regularity theorem. 

Theorem 3.1 Suppose that u solves the hyperbolic problem 

fj2 
Du - ( ot2 - ~)u = 0 

u E Hs n H:n11(,), near {t = O}, 

with 



for small to> 0, where n is a compact subset of {(x, t) E m,n+i , JtJ, lxnl ::S 

to}. Then 
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Idea of the proof. As we mentioned before, since the hypersurface { Xn = O} is a 

time-like surface, the method of energy estimates cannot be applied directly. To cure 

this difficulty, we shall alter the wave operator D by a -ip.d.o. cut-off technique so that 

{ Xn = 0} becomes a space-like surface. In other words, we shall construct a strictly 

hyperbolic -ip.d.o. equation with respect to the trace {xn = O}. Since the operator 

in our construction is differential in Xn, the standard method of energy estimates 

(for example in John (18] or Taylor [39]) can be applied to get the basic estimate. 

Then, the microlocal hypotheses and Theorem 2.1 together with Lemmas 3.1, 3.2 will 

complete the proof. 

Proof Let 10,,1 be two conic subsets of the set n0 x {(e',w) E m,n, lwl ~ lei} and 

let Ih,o C II2,1 (strictly), where II2 maps a set to its second factor or the frequency 

space ( see Figure 3.1), and n0 is generated by n in such a way that each point in n0 

may be traced back to n along the characteristics of the operator D. That is, 

no= {(x, t) E m,n+l, :3(xo, to) En, x = Xo - >..t, i>..I = 1}. 

Then, we can find a convolutional operator Q E C00 (IR,,OPS0 (IR,n)), q = q((,w), 

that satisfies 

• ES(Q) C 11 and O ::S Qo ~ 1; 



Il210 
Il2;1 
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the light cone 

Figure 3.1 The projection of sets ,o, 11 to the frequency space. 
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• Qo = 1 on ,on {(x,t,t,w), l(t,w)I > 1}, 

where Q0 (t,w) is the principal symbol of Q. Define another operator E as 

E dg. QDx',t + (I - Q)t:.x',t ' 

where Dx',t = 8; - 8;,, t:.x',t = 8; + 8;,. 

Observe that the principal symbol of E 

for j(w,f)I ~ 8, with some positive constants C,8. Hence, Eis an elliptic 'lj;.d.o. of 

order two. 

Let¢= ¢(x, t) E Cgo(IRn+l) with supp¢~ {lxnl ~ Eo}. We then have a strictly 

symmetric hyperbolic problem 

(-8;n + E)</m = [D, ¢Ju+ (I - Q)(t:.x',t - Dx,,t)</>u . 

Since ¢ is compactly supported, we actually have a symmetric hyperbolic Cauchy 

problem with zero Cauchy data. It follows from a hyperbolic energy estimate in 

Taylor [39J pages 73-75 or Proposition 3.4, by knowing that [o, ¢J and [t:.x',t - Dx,,tJ 

are operators of order one and two respectively, that 

11(</>u) lxn=O Ila < Cll[D, </>Ju+ (I - Q)(t:.x',t - Dx1,t)</>ulls-l 

< C[jj¢uJJs + Jj(J - Q)28;,¢ulls-1] , 

where the second inequality makes sense because Q is a convolutional operator so 

that Proposition 3.1 is applicable. 
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Therefore, to obtain the desired conclusion it suffices to show that 

(I - Q)o;,¢m E Hs-I , 

which requires the use of Lemma 3.1. In order to apply Lemma 3.1, we choose 

B = (I - Q) of order m = 0, A= D of order m0 = 2. Bis also a 1/J.d.o.-like operator 

in rn,n X lR,1 with k0 = n, k = n + l, and h = s - 2. 

Let us look at the assumption (1) of Lemma 3.1, Ell(A) (the elliptic region of 

A= D) is easy to determine. Actually D is elliptic away from the light cone {w2 = 

Since Du = 0, the fact 

Do;,</>u = [D, o;,</>]u E Hs- 3 

verifies assumption (3). Hence, the only assumption that needs to be checked is that 

see Figure 3.2. 

Since u E H1~c is a simple consequence of Proposition 3.3, we are left with verifying 

that u E H::i11([T*(IR,n+i )\Ell(D)] n II21 ES(! - Q)), and this demands Hormander's 

theorem on propagation of singularities and Lemma 3.2. 

Let ,o, ,1 approach the set no X {( e, W) ; lw I 2:: le' I}. The set 

[T*(IR,n+i )\Ell(D)] n flt ES(J - Q) 
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is contained in a small (conic) neighborhood of the Hamiltonian flow out of 1 . Hence 

Hormander's theorem on propagation of singularities, Lemma 3.2 (in particular, re

marks (2) and (3) there), and the microlocal initial hypotheses yield that 

Thus we have proved the theorem. D 

3.5 Trace theorem II: Variable coefficients 

The ideas in the previous section can be generalized immediately to the case of non

smooth coefficients in the lower order terms. With the presence of nonsmooth coeffi

cients, the generalized Beals-Reed theorem (Theorem 2.3) are obvious necessary. 

For the sake of simplicity, let us define 

Q = [T*(IRn+i )\Ell(D)] n fr21 ES(I - Q) 

where N CC Ell(D), with N the normal bundle of IRn x IR1
. Q is a convolutional 

operator defined in the proof of Theorem 3.1 (see figure 3.2 for 9). 

Theorem 3.2 Suppose thats > 3+n/2 and that u solves the hyperbolic 

initial value problem 

D'u [D-\Ja·\J]u=f, 

u E H 1 n H~/ (,) , near { t = 0} . 

(3.1) 

(3.2) 



the light cone 

-:.~ :::.::: :~: ~:::.-.-~:::-·71~, r 

---···./f···· 

w 

Figure 3.2 The projection of set 
g = [T*(ffi.n+l)\Ell(D)] n rr;1 ES((! - Q)(·, Xn, ·)) to the frequency 

space. 
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with 

for small co> 0. n is a compact subset of {(x, t) E IR,n+l , ltl, lxnl :S co} 

and 

r = a small conic neighborhood of 1 . 

Assume that 

(i) u E H 1
-

1 n H~e(r), 1 :S l '.S s; 

(ii) Vo-(x) E Hs-i n H:ne(K), II: r c T*(IR,n+1
) .- Kc T*(IR,n) 

is the projection map; 

(iii) f E H 1- 1 n H~if). 

Then 
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Proof Proposition 3.3 implies that u E H{
0
c In the statement of Theorem 2.3 

choose 

(m,n 0 ,n,l,s,q,1:) = (2,n,n + 1,l- l,s -1,l,1) 

then the microlocal hypotheses and the fact 9 C r verify all the assumptions of 

Theorem 2.3. Hence similar to the proof of Theorem 3.1, we find u E Hi_,:;/(9), or 

u E H 1 n H:::/(9). 
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Notice that the main assumption, s > 3 + n/2, is required by the corresponding 

hypothesis (i) in Theorem 2.3. 

Define E exactly as in the proof of Theorem 3.1. Similar arguments lead to 

DqJU + (I - Q)(~x',t - Dx,,t)<f>u 

[o, <f>]u + </>J + </>'vrr ·'vu+ (I - Q)(~x',t - Dx,,t)<f>u, 

where again</>= </>(x, t) E Cg"(IRn+l) with supp</>~ {Jxnl :S t:o}. 

Hence 

11(</>u) lxn=O 111 ~ Cllr.h.s. of (3.1)111-1 

(3.3) 

~ C[ll</>1ull1 + l11>!111-1 + 11</>'vrr · 'vull1-1 + ll(I - Q)8;,</>ull1-il, (3.4) 

where </>1 E Cg" and supp( 1>) ~ supp( </>0 ). But the generalized Schauder's lemma 

(Lemma 2.4) yields 

<f>Vrr · 'vu E H1
-

1 
. 

Therefore, to complete the proof it suffices to show that 

(I - Q)fJ;,</>u E H1
-

1 
, 

which again requires Lemma 3.1. 

Arguments similar to those in the proof of Theorem 3.1 are employed to verify all 

the assumptions of Lemma 3.1. Choose B = I - Q E C 00 (IR1
, OPS0 (IRn)) of order 

m = 0, A= D of order m 0 = 2, and h = l - 2 in the statement of Lemma 3.1. Then 

hypothesis (1) of Lemma 3.1 is obvious once again because D is elliptic away from 



65 

the light cone. Using the Beals-Reed type theorem on propagation of singularities 

(Theorem 2.3) as well as Lemma 3.2 and its remarks, we can verify hypothesis (2). 

To verify hypothesis (3), one only needs to look at 

Do;,¢u = [D, o;,¢]u + o;,</J("v (j ·"vu+ J) , 

which is bounded by the first three terms in (3.2); hence the same arguments yield 

that Do;,<pu E H 1- 3 . 

The proof of Theorem 3.2 is then completed. D 

Next we derive the corresponding trace estimate on the solution which will also 

be useful in Chapter 5. In this process and in the future, for the sake of simplicity it 

is convenient to introduce a useful notation. 

Definition 3.1 A constant C is said to depend on the Hs n H-:ne(K)

norm of u E Cg"(IRk) if the constant depends on I lulls+ IIQullr,O for a 

'lj).d.o. Q of order zero such that 

• ES ( Q) ~ a sufficiently small conic neighborhood of K, and 

• q = 1 on K, n {(x,0: l~I > 1}. 

!1 is a compact set such that supp( u) C !1, or !1 IRk if q(x, e) has 

compact support in x. 

We also need a Garding's type inequality concerning the microlocal ellipticity. 



Lemma 3.3 Assume that Qi E OPSm1 , Q2 E OPSm2
, with mi,m2 E 

IR. Furthermore assume Q2 is elliptic on ES( Qi)- Then for any r E IR 

and u E Cf:', 

where n is a compact set, supp(u) C n. 
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Proof W.L.O.G., it suffices to consider the case where mi = m 2 = 0. Let Q2i be 

a parametrix of Q2 on 1 , a small conic neighborhood of ES(Qi). That is, 

(3.5) 

where K is a smoothing operator. 

Construct a 'lj;.d.o. P of order zero so that 

• ES(Qi) C ES(P) C 1 ; 

• p = 1 on ES(Qi) n {(x,e): lei> 1}, 

where pis the symbol of P. Then Qi can be decomposed into two parts: 

From (3.5) and the construction of P, we see that 

But since 

ES(Qi(I - P)) = ES(Q1) n ES(! - P) = 0, 



Q 1 (1 - P) is a smoothing operator. Therefore, for any r E IR, 

IIQ1ulls,n < CIIQ1Pulls,n + Cllullr,n 

< CIIQ1Q;-1 Q2Pulls,n + Cllullr,n 

< CIIQ2ulls,n + Cllullr,n . 
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D 

Remark. The lemma enjoys an obvious extension because in the proof we have 

only used the fact that Q2 has a parametrix on 1 . 

Lemma 3.4 Under the same hypotheses as in the statement of Theorem 

3.2, the estimate 

holds for a 'lj;.d.o. P of order: zero ES(P) ~ f, where </>(x, t) and </>o E 

Cg:'(JRn+l) are supported near the trace hypersurface { Xn = O} and the 

constant C1 depends on ns-l n H~AK)-norm of 'lj;'v a with 'Ip E Cg:'(lRn), 

!1 is a compact set in JRn+l such that supp(</>) C supp( </>o) C !1. 

Proof Clearly the conclusion of this lemma is slightly stronger than the previous 

theorem. Following the general outline of Theorem 3.2, we prove this lemma by 

getting all the necessary estimates. 

Recall the estimate (3.4) in the proof of Theorem 3.2, 
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where Q is again defined in the proof of Theorem 3.1. The generalized Schauder's 

lemma (Lemma 2.4) gives 

with constant C depending on llv,Valls-1, for some v, E Cg"(IRn). 

Thus it suffices to estimate ll(J - Q)</>ull1+1, which requires the v,.d.o. fattening 

technique developed in the proof of Lemma 3.1 (see also Corollary 3.1 for the esti

mate). 

Recall the construction of the v,.d.o. H in the proof of Lemma 3.1. Similarly, one 

has 

(J - Q)8;,4>u = (I - Q)</>1(1 - H)8;,</>u + (I - Q)</>1H8;,</>u. (3.8) 

Choosing A = D, B = I - Q, k = n + 1, k0 = n, and h = l, A is microlocally 

elliptic on ES(J - H); hence, according to the proof of Lemma 3.1, one can easily 

write down the estimate 

(3.9) 

where C again depends on llv,Vo-lls-1· 

Therefore to prove the lemma we only need to bound 11(1 - Q)</>1H8;,</>ull1+1-

As in the proof of Theorem 3.1 we can arrange € to be sufficiently small and 10, 

,1 to approach the set 0 0 x {(e',w), lwl ~ le'I} so that supp((! - Q)</>1H) is near 

{xn = O} and ES((J - Q)</>1H) is contained in the flow out of 1 (the set I is defined 



69 

in the statement of Theorem 3.1). It follows from Lemma 3.2 that there exists a 

1/J.d.o. P of order zero such that 

• Pis elliptic on ES((! - Q)c/> 1 H); 

• [D, P] E OPS0
; 

• p is supported near { Xn = 0}. 

From the ellipticity of Pon ES((! - Q)c/>1 H), Carding's type inequality Lemma 

3.3 yields that 

11(1 - Q)c/>1H8;,c/>ull1-1,n < CIIP8;,c/>ull1-1,n + Cllc/>ullr,n 

< Cl l[P, 8;,c/>]ul 11-1,n + Cl lc/>Pul 11+1,n + Cl lc/>ul lr,n 

< Cllc/>Pull1+1,n + Cll</mllr,O 

for any r E IR. Thus the proof has been reduced to bounding llc/>Pull1+1,n

Acting Ponto both sides of equation (3.1), one has 

DPu [o, P]u + P\JO" ·\Ju+ Pf 

u O t<O. 

Then the energy estimates together with a simple estimate implied by the commutator 

lemma (Lemma 2.6) yield 

llc/>Pull1+1,n::; Cllc/>oull1,n + Cll</>ofll1-1,n + CIIP</>ofll1,n, (3.10) 

where C depends on the Hs-I n H~i(I<)-norm of 'ljJ\JO". 

Eventually, the proof is completed by combining (3.7) with (3.9) and (3.10). D 



Chapter 4 

Regularity of Fundamental Solution 

4.1 Introduction 

Since the excess pressure u in the model equation is in fact the fundamental solution, 

in order to study the regularity of the forward map, the regularity of the fundamental 

solution must be understood. It is evident that the real obstacle here is the singular 

right-hand side so that none of the propagation of singularity results discussed before 

could be applied to handle it directly. The goal in this chapter is to determine the 

regularity of the excess pressure by using the Hadamard theory of progressing wave 

expansion. Hadamard's construction (see e.g. Courant and Hilbert [10]) is nothing 

more than a singular decomposition in the sense that it decomposes the fundamental 

solution to the second order hyperbolic equation with smooth coefficients into two 

parts: A singular part which is the sum of a series of singular functions (singular only 

on the "wave front") and a regular part which is generally smoother than the singular 

part. The expansion exhibits precisely where the singularities take place and how 

singular they are. We refer the reader to Courant and Hilbert [10), Friedlander [12) 

and Romanov [28], for a detail study on the method of progressing wave expansions. 
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This chapter is started with a rigorous progressing wave expansion for general 

second order hyperbolic p.d.e .. We then specify the idea to work on our model prob

lem. Clearly in order to get regularity of the fundamental solution it is crucial to 

study the transport equations. But what is more interesting is that by employing 

an energy identity given by Symes [36], the energy norm of the solution can be ex

pressed in terms of an appropriate norm of the solution on the characteristic surface 

( solutions of the transport equations) without any remainder term. Notice that the 

regular part Vs vanishes at t = T( x) when s is not too small. It is easy to show that 

the solution of the model problem with smooth coefficients is actually smooth inside 

the conoid {t = T(x)}. For more general cases (with nonsmooth coefficients), the 

previous Rauch-type results may be applied to obtaining an estimate. 

The method involved in the regularity analysis for the solution of the model prob

lem (the fundamental solution) is a natural one. What it shows, however, is encour

aging: With the help of a simple energy identity, the previous Rauch-type results 

and the method of progressing wave expansions may well be applied to deal with 

certain strong singularities. Note that the right-hand side in the model equation is 

as singular as the Delta function. 

4.2 Progressing wave expansion: General result 

Consider a general second order hyperbolic equation 

Utt - Lu = J(x, t) , 
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where L is a uniformly elliptic operator 

n n 

Lu= L aij(x)ux;x1 + Lbi(x)ux; + c(x)u, 
i,j=l i=l 

n n l n 

µLa7 ~ L ai1(x)a;aj ~ -La7, 0 < µ < +oo. 
x=l i,j=l µ i=l 

Let D be an open simply connected domain of m,n containing the origin. The Riemann 

metric is considered as 

dT = _t bi,1(x )dx;dxj , 
( ) 

1/2 

t,J=l 

and T( x) is the distance between x and 0. 

A point x in D can be specified using the Riemann coordinates ( = ((1 , ( 2 , · · ·, (n), 

i.e., x = f((). With respect to the variable (, the function f(() has the inverse 

( = g(x ). In this case, 

n 

T2 (x) = L bij(0)g;(x)gj(x). 
i,j=l 

The conoid { t 2 T(x)} is defined by the domain of influence of the point (0, 0). 

We are now able to state a general regularity result 

Lemma 4.1 (Romanov) For the spatial dimension n = 3, the funda-

mental solution which solves 

Utt - Lu = b(x, t) 

u=0, t<0 

is of the following structure: 

(4.1) 

1 s 
u(x, t) = -H(t) L ak(x)Sk(t2 

- T2(x)) + v8 (x, t), (4.2) 
271" k=O 
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where H(t) is the Heaviside function, and 

tk-1 

S0 (t) = 8(t), Sk(t) = (k _ l)! H(t) , for k 2:: 1 . 

The functions ak ( k = 0, · · ·, s) satisfy the recurrence relations: 

bks(0)gk(x) a~/s(O le=J(tg(x),O) dt} ' 

1 /1 -1 k 
o-k(x) = 4o-o(x) Jo [o-o(O] t Leo-k-1(O le=J(tg(x),o) dt, k > 0. 

Furthermore, Vs solves the Cauchy problem 

V 8 0, t < 0. 

Remark. The lemma carries all the information about the singularities through 

expansion ( 4.2). The importance of this result is that it gives a natural way to 

determine the regularity of u in terms of the regularity of the coefficients O"k-

A detailed proof may be found in Romanov [28], the calculation is a bit com

plicated there, but the idea is rather simple. The proof containes two major steps: 

using some known results on the distributions, one may arrange to match the Delta 
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function on the right-hand side; the coefficients of the less singular parts all van-

ish, and moreover these relations may be deduced to a series of ordinary differential 

equations ( transport equations). The standard way of solving the o.d.e. yields the 

recurrence relations of O-k. However, to get the above construction, one has to take 

into full consideration the special structure of 3-D. Nonetheless, Theorem 4.1 below 

verifies that similar progressing wave expansions may be carried out for other spatial 

dimensions (though one might not be able to write down the explicit expansions as 

simply as in Lemma 4.1). Essentially the only difficulty is how to remove the Delta 

function on the right-hand side of equation (4.2), but it can be overcome by using 

the properties of special functions. The proof is fashioned after the proof of Lemma 

4.1 in Romanov's book; hence we shall not hesitate to skip it. However, it should be 

pointed out that the behavior of the leading singularities for all spatial dimensions 

was well understood long ago (for example in Courant and Hilbert [10]). 

Theorem 4.1 The fundamental solution which solves 

Utt - Lu= o(x, t) ' (x, t) E IRn+l 

u 0, t<O 

is of the following structure: 

8 

u(x, t) = CoH(t) L o-k(x)Sk(t2 
- T

2(x)) + Vs(x, t), 
k=O 



where Co is a constant depending on the dimension n, and 

S0 (t) = 5<n;-
3
l(t) and Sk(t) = Sk-i , for k ~ 1 , 

5(-1l(t) = H(t) and 5C-1 / 2l(t) = H$) . 

The functions ak ( k = 0, · · ·, s) satisfy the recurrence relations: 

When k = -1, the right-hand side should be replaced by zero, where 

n n 

L'r = L aijrXiX1 + L bSx; +Ci, 
i,j=l i=l 

where C1 is another fixed constant. 

Furthermore Vs solves the Cauchy problem 

Vs O, t < 0. 

4.3 Energy identity 
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vVe now examine the regularity of the fundamental solution to the model problem 

quantitatively. Clearly Theorem 4.1 gives us a direct way to do so. We can represent 

the fundamental solution as the sum of the principal part and remainder and study 
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the remainder by the Beals-Reed type propagation of singularity theorem. However, 

a great drawback of this idea is that additional regularity is needed to regularize the 

remainder term. In this section, taking the special structure of the model problem 

into account, we shall modify the above straightforward idea by introducing an en-

ergy identity. The advantage to this technique is that with the energy identity, we 

can essentially get rid of the remainder term in the expansion; therefore a refined 

regularity result should be expected. 

To fix the ideas, let us consider a problem obtained from the model problem by 

integrating the problem in the time variable, 

(D - V o-o · V)vo = 5- n;-i (t)8(x) , (x, t) E m,n+t 

( 4.3) 

Vo= 0, f < 0. 

Hadamard's construction leads to the progressing wave expansion for v0 , 

s 

Vo= L bkSk(t - r(x)) + Rv0 (x, t) (4.4) 
k=O 

where r(x) = lxl, So is the Heaviside function, S~ = Sk-t (k 2:: 1), and Rv0 vanishes 

at t = r(x). Moreover {bk} solve the transport equations, fork= I,·· ·,s, 

2Vr · Vb0 + (.6..r + Vr · Vo-o)bo 0 (4.5) 

Since the boundedness of the energy norm will naturally lead to the regularity, we 

attempt to bound the energy norm by recalling an energy identity stated in Symes 

[36]. 
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Denote 

Br= {x: T(x) ~ T}, Cr= {(x, t): t = T(x) ~ T}. 

We can then introduce an energy identity for the solution of the wave equation. 

Proposition 4.1 (Energy Identity) Suppose w solves the inhomoge-

neous wave equation 

(D - \7 o-\l)w = f, (x, t) E IRn+l 
(4.7) 

w=O, t<O. 

Define 

Then the following identity holds 

Proof We shall assume that o-, f, ware smooth enough, and w has compact support 

in x for each t. The equation ( 4. 7) may be rewritten as 

Multiply both sides by Wt and integrate over Br x (0, t], 

Integration by parts ( divergence theorem) yields 
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D 

Remarks on the energy identity. 

(1) Applying Proposition 4.1 to v0 , the remainder term is eliminated due to 

the fact that Rv0 = 0 on CT. More interestingly, both the tangential and 

normal derivatives of v0 are determined by the transport equations. 

(2) After a simple calculation, we can deduce from ( 4.4) that 

Therefore 

'\lvolt-+r(x)+ 

avo 
at lt-+T(x)+ 

where the term b1 is killed due to a cancellation. In fact this is true in 

general: Given P a differential operator with constant coefficients of order 

k, it is easy to show that bk does not appear in 

the leading term is '\lbk-1-

With Proposition 4.1, one can then examine the regularity of v0 in (4.3) in terms 

of the regularity of the solutions to the corresponding transport equations. 



Corollary 4.1 The solution v0 of ( 4.3) belongs to H1 inside { t = r( x)} 

if and only if bk E H 1-\ where bk solves the k-th transport equation of 

(4.5), (4.6) and k = O,· · ·,l- l. 
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Proof From the above energy identity as well as the remarks it is obvious to show 

that the Lrnorm of 8fv0 can be bounded by the Hk-i_norm of bi for i = 1, · · ·, k - l. 

Hence it is sufficient to consider higher order x-derivatives. But this is not difficult 

either. As an example, let us look at the V 2v0 term. Since Vv0 solves equation 

which may be viewed as an inhomogeneous equation, the corresponding energy iden

tity and a simple use of Gronwall's inequality will lead to the desired estimate. The 

general case followes by induction. 0 

4.4 Regularity of fundamental solution 

In order to establish a regularity result with the presence of nonsmooth coefficients, 

we need the following results. 

It is helpful to introduce an interesting invariant property of microlocal Sobolev 

spaces. The result was originally established by Bony [8] and was extended by Meyer 

[23]. See also Beals [3] for a different proof. 



Proposition 4.2 Suppose that for some (x 0 , fo) E T*(IRn)\O, u E Hs n 

H;,,ixo, fo), n/2 < s ::; r ::; 2s - n/2, and g E C 00
, then 
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Observe that all the transport equations in ( 4.5)-( 4.6) have the same principal 

part 2'vT · 'v which is a smooth vector field. Therefore in order to understand the 

regularity of the solutions to ( 4.5 )-( 4.6) it is useful to study the properties of this 

smooth vector field. 

It is evident that the equation 

Vu= f 

can be solved by the so called characteristic method (i.e. finding integral curves of 

the vector field V). Let x = x(>.) be such a curve with >.. as a parameter, then x(.X) 

satisfies a system of ordinary differential equations 

dxJ 
d>. = TAx(.X)) j = 1, · · ·, n, 

therefore along such a curve 

du= f 
d>. 

which may be viewed as a hyperbolic first order differential equation. 

Lemma 4.2 Let V be the smooth vector field 'vT · 'v. Consider 

du 
Vu = f , or d').. = f , 

( 4.9) 



where u is smooth and supp(u) C {,\ > 8}, for "18 > 0 small. Then there 

exists a 'lj;.d.o. Q of order zero such that Q is elliptic on C har(V) and 

[V,Q] E OPS-00
• Moreover, for s E IR, the inequalities 

llr/>Ulls,O < Cll¢QVulls,O + Cll¢Vulls-l,O + Cll¢ullr,O (4.10) 

IIQulls,O < CIIQVulls,O + Cllullr,O (4.11) 

hold for any r E IR, where </> and ¢ E C~, !1 C K x {,\ : ,\ > 8-} 

with K a compact set, n is a sufficiently big compact set, and supp(</>) C 

supp(¢) C !1. 
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Proof The existence of operator Q follows from Nirenberg's construction which ap

peared in the proof of Theorem 6 in [24], together with a local compactness argument. 

The assumption on Q implies that Q is elliptic on 1 , a small conic neighborhood of 

Char(V). Thus, one may construct another 'lj;.d.o. R of order zero which has the 

properties: 

• R + Q is elliptic and 

• ES(R) n 1 = 0. 

Then Carding's inequality gives 

11</>ulls,O < CIJ(R + Q)</>ulls,O + CJJ</>ullr,O 

< CIIR</>ulls,n + CIIQ</>ulls,O + CJJ</>ullr,O (4.12) 

for any r E IR. 
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Since V is elliptic on ,c ::) ES(R), the Garding's type result Lemma 3.3 yields 

that 

IIR4>ulls,n::; CIIV4>ulls-t,n + Cll4>ullr,n; (4.13) 

hence 

ll4>ulls,n < CIIV4>ulls-t,n + CIIQ4>ulls,n + Cll4>ullr,n 

< Cll4>Vulls-t,n + Cll4>Qulls,n + Cll4>1ulls-1,n + Cll4>ullr,n, 

with 4>1 E C~(IR,n), and supp( 4>) C supp( 4>1) C 0. Now we may apply a bootstrap 

argument. In fact, same analysis leads to 

ll4>iulls-i,O :'.S Cll<PiVulls-i-1,0 + Cll<PiQulls-i,O + Cll<Pi+1ulls-i-l,O + Cjjipiullr,O, 

( 4.14) 

where 'Pi E C~, supp( ip) C supp( <Pt) C · · · C 0, i = 1, 2, · · ·. Therefore, a simple 

calculation yields 

ll4>ulls,n :'.S C[IIJVulls-1,0 + IIJQulls,n + IIJullr,n] · (4.15) 

Thus it suffices to study the term l!Qulls,O· Observe that Qu E C 00 (I<) solves 

VQu = QVu + [V, Q]u 

which is a first order equation. Thus along the integral curve of the vector field V, 

dQu 
~ = QVu + [V,Q]u, (4.16) 

which is a hyperbolic first order differential equation. 
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Moreover, the pseudolocal property of Q yields that 

ll(Qu)(·,8)lls,K :S Cjjullr,K · 

Hence the method of hyperbolic energy estimates in Taylor [39] pages 73-75 may be 

applied to ( 4.16) and leads to a simple estimate 

or 

IIQu(·, -\)lls,K :SC l,\[IIQVulls,K + ll[V, Q]ulls,K]d,\ 

IIQulls,K < CIIQVulls,K + ll[V, Q]ulls,K 

< CIIQVulls,K + llullr,K · ( 4.17) 

The second estimate uses the fact that [V, Q] is a smoothing operator. The estimate 

( 4.11) follows from differentiating the differential equations and above estimates. 

Substituting estimates (4.11) and (4.13) to (4.12), we eventually obtain that 

11</>ulls,fl :S CIIJVulls-1,fl + CIIJQVulls,fl + c11Jullr,fl' 

which completes our proof. D 

Until now, we have only considered the principal part of the transport equations. 

Fortunately, our next proposition implies that the lower order terms may actually be 

absorbed by the principal part, hence the whole analysis can go through. 

Proposition 4.3 Assume that w, q solve 

V w = f and V q = a , ( 4.18) 
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where again V denotes 'vr · 'v. Then w = we-q solves the equation 

Vw +aw= fe-q . ( 4.19) 

Proof Substituting w = we-q to the left-hand side of ( 4.19), one has by chain rule 

Vw +aw= Vwe-q + (-Vq + a)we-q. 

Hence the assumptions in ( 4.18) verify the equation ( 4.19). D 

Remark. We want to make the following observation: In the transport equations 

( 4.5) and ( 4.6), 

q = ao/2 + qo 

where q0 solves equation V q0 = l::i,.r /2. Thus q is nothing more than a smooth per

turbation of O"o/2. 

With the above preparations, we are now ready to state and prove the main result 

of this chapter. 

Theorem 4.2 Suppose that O"o E H 1+0t n H!i 1 (Char('vr · 'v)) with one 

of the following assumptions: a > n/4 and l ~ 1 + a, or a = n/4 and 

l > 1 + n/4. Let Char('vr · 'v) = {(x,e) E T*(1Rn), 'vr · e = O}. Then 

vo E H1(U), 

where U = {(x,t): x En, t E [O,T] and t > r(x)} is a compact set in 

]Rn+l. 
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Proof By Corollary 4.1, it suffices to show that bk E H 1-k(D.), where bk is the 

solution of the k-th transport equation of ( 4.5), ( 4.6), for k = 0, · · ·, l - 1. 

We once again introduce a function q = cro/2 + q0 with 'vr · 'vqo = ~r/2. Then 

according to Proposition 4.3, the transport equations ( 4.5), ( 4.6) may be transformed 

to equations 

'vr · 'vb0 eq 

'\77 · '\Jbkeq 

for k = 1, · · ·, l - 1. 

0 

(~bk-t/2 + 'vcro · 'vbk-t/2)eq , 

( 4.20) 

( 4.21) 

From equation (4.20), the assumptions on cr0 , l, and a clearly indicate that 

llboll1,n::; Cllcroll1,n-

Since 'v cr0 E H 1
+01-l n H';;,,i 2 

( 1 ), the assumptions imply that l + a -1, 2l - 2 satisfy 

Rauch's condition, Proposition 4.3 and Lemma 2.2 (our generalized Rauch's lemma 

in Chapter 2) guarantee that all of the operations involving 'v cr0 may be performed. 

To clarify the idea, we shall use Qo to represent all 'lj;.d.o. of order zero. Their 

essential supports are close to each other, and they all possess the properties of Q in 

Lemma 4.2. Therefore by using (4.10), (4.11) of Lemma 4.2 several times, after some 

similar simple calculations, one can write down the following inequalities, 
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where k = 1, · · ·, l - 1, ¢> E Ccf(O), r/>1 E Ccf has bigger support than ¢>, r is any 

real number, and C depends at most on I lr/>1aol l~cx,Zl-t,n· Using the Carding's type 

inequality of Lemma 3.3 one more time, and knowing the regularity of b0 , we can 

then complete the proof of this theorem. D 

We want to make some comments on Theorem 4.2. It is unpleasant to have extra 

o:-order derivatives on a0 in the statement of the theorem. This defect cannot be 

avoided because Rauch's condition is necessary to get the conclusion of Proposition 

4.2. At this point, we do not know how to relax the hypothesis as long as the Rauch

type results are employed. 





Chapter 5 

Upper Bound for Linearized Forward Map 

5.1 Introduction 

We are now ready to establish a regularity result for the forward map F. It is well 

known that in the study of inverse problems the regularity of forward map is essen

tial. To solve inverse problems numerically, the differentiability of the corresponding 

forward maps is necessary in order to access to any fast numerical schemes such as 

various types of Newton's methods. Also local properties of inverse problems may be 

understood through the study of the formal derivative of forward maps provided that 

the forward maps are differentiable. Moreover, the regularity results for forward maps 

are obviously crucial in the design and implementation of any numerical algorithms 

for solving inverse problems. 

Our goal in this chapter is to determine the appropriate hypotheses under which 

DF(o-0 ), the linearization of F about a reference state o-0 , is bounded above. We 

believe that similar analyses could lead to a continuity result for F as well as the 

differentiability of F ( these and other related issues will be addressed in a sequel to 

this work). 
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Recall the linearized problem corresponding to the reference state ( u0 , o-0 ), for 

( t, x) E IR, n+ 
1 

, x = ( x', x n), 

(D - v'o-ov')8u = v'8o-v'uo 
(5.1) 

bu= 0, t < 0, 

where u0 is the solution of the model problem corresponding to the reference density 

o-0 • The linearized forward map can be defined as 

DF(o-0)80- = (<}>bu) lxn=O, (5.2) 

where </>(x, t) E Cgo(m,n+l) is supported inside the conoid {t > lxl}, and near {xn = 

O}. 

Once again we consider a related problem, 

(D - v'o-o · v') V = v'Oo- · v'vo 
(,5.3) 

v=O, t<O, 

n-"1 

where 8u = 8-;'2 v and v0 solves 

(5.4) 
Vo= 0, t < 0, 

Observe that for l E IR,, 

(5.5) 

where Ii denotes l + n ; 
1 

. Thus the real challenge here is to get an appropriate trace 

regularity estimate for v on a time-like hypersurface {xn = O}. 
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Throughout this chapter, we shall always assume that 

(A) supp(8o-) C {xn > c}, 

for c > 0 small. After all, the most precise recovery of the density should take place 

near the trace surface. 

5.2 Statement of theorem 

We first state the main result of this chapter then give a brief description about the 

idea of its proof. The theorem will be proved in the sections which follow. 

Recall Definition 3.1, by a constant C depending on the Hs n H::niK)-norm of u 

we mean that the constant C depends on llull~r = llulls + IIQullr,n for a 1/J.d.o. Q of 

order zero such that ES( Q) ~ a sufficiently small conic neighborhood of K and q = l 

on Kn {(x,e): lei> 1}, where n is a compact set with supp(u) C 0. 

Theorem 5.1 Assume that a~ n/4, l ~ max{a+(3-n)/2,3/2+8i}, 

s = max{3 + n/2 + 82,l + n - 1 + 82,l +a+ (n - 1)/2}, V81, 82 > 0, 

0 = Char('\!· -r) = {(x,e) E T*(Ilr), '\/-r · e = O}, and I< = {(x,e) E 

T*(IR,n), lenl ~ clel}. Then under the assumption (A), the following esti

mate holds 

(5.6) 

where the constant C depends on the Hs n H~(n+I)l2(J<) n H':!itn- 2 (0)

norm of o-0 but is independent of 80-. 
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An interesting special case of Theorem 5.1 is remarkable because the additional mi

crolocal smoothness along the tangential direction will then be absorbed. 

Corollary 5.1 In addition to the assumptions in the statement of Theorem 

5.1, assume that the spatial dimension n ~ 3. Then under the assumption 

(A), the same estimate 

holds, where the constant C depends on the H 8 n H!tn-2 (0)-norm of o-0 

but is independent of 80-. 

However, it still remains to see whether or not the additional smoothness along the 

characteristic variety of transport equations can be removed. 

Before getting into the details of the proof, let us first make the following general 

remarks on this theorem: 

• The estimate (5.6) above has a similar form to a Rakesh's theorem (Theorem 

2.5 in [25]). Actually a formal extension of our proof here could lead to an 

elementary proof of his theorem. On the contrary, notice that Rakesh's proof 

is based on the calculus of Fourier integral operators, therefore it breaks down 

when the reference density is nonsmooth ( as we mentioned earlier the method 

of F. I. 0. is only applicable to smooth reference density). 

• Our approach here is based on the method of energy estimates associated with 

results on propagation of singularities and various trace regularity results. The 
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beauty of the method of energy estimates is that it possesses useful information 

on various parameters involved in the estimates. Most importantly, the idea 

of our approach has the potential to deal with much more difficult velocity 

inversion problems with nonsmooth reference velocity. 

• To simplify the proof of Theorem 5.1, we shall first assume that o-0 and 80- are 

smooth functions with (sufficiently big) compact supports. We then derive the 

estimates. The precise smoothness requirement for o-0 can be seen easily from 

the dependence of the constants on o-0 in the estimates. It is also important to 

see that the coefficient is smooth is not a necessary assumption in order to use 

all the techniques involved in our proof. 

In order to clarify the ideas, we shall split the proof in several steps: 

• Applying our previous trace theorem, assumption (A), as well as results on 

propagation of singularities, the estimate of 11(¢>v) lxn=O ll1i may be reduced to 

the estimate of 11 ¢v 111 1 • 

• We then decompose 80- into two pieces: Q 18o- (good part) and Q 28o- (bad part), 

correspondingly decompose v into v1 +v2 , so that they can be studied separately 

and then reassembled. 

• We show that the good part actually leads to the desired estimate by the same 

technique used in the preceding chapter. 
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• The most difficult part is to show that the bad part has very little influence on 

the estimate therefore may be negligible. In order to do so, we introduce a dual 

problem. We show that it suffices to analyze how the singularities (regularity) 

of the solution to the dual problem propagate. The main ingredients in this 

step are an estimate derived from the propagation of singularities theorem and 

a microlocal version of the classical trace theorem. 

Let </> E ego be supported inside the characteristic surface ( also inside { Xn < t/2}). 

Multiplying</> to both sides of equation (5.3), we have 

D</>v = </>V (J'o · Vv + [D, </>]v 

v=O, t<O. 

(,5.7) 

Here we have used the fact that according to the assumption (A), </> and /5(]' have 

disjoint supports, so that <f>V /5(J'Vv0 = 0. 

Once again with l1 we denote l + (n - 1)/2. 

Lemma 5.1 Assume thats> 3 + n/2, 1 ~ Ii ~ s, and v solves problem 

( 5. 7) then there is a </>0 E ego supported near supp(</>) such that the 

following estimate holds, 

(5.8) 

where e is a constant depending on the Hs-l n H~e(K)-norm of V (]'0 , but 

is independent of /5(]'. 
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Proof This lemma is a direct application of Lemma 3.4 in Chapter 3, where the 

right-hand side f is chosen to be V8a · Vv0 • Observe in the equation (5.7), by the 

assumption (A),</> and 8a have disjoint supports; thus cpf = 0. From the construction 

of the 'lj;.d.o. P in the proof of Lemma 3.3, its symbol p is supported near { Xn = O}; 

therefore Pf= 0. D 

5.3 Regularity of v1 

Construct two 'lj;.d.o. Q1 , Q2 E OPS0 (IRn), such that 

• ES( Q2 ) is a small conic neighborhood of{Vr · e = O}; 

• Q/s symbol q2 = 1 near {Vr · e = O} n {(x,e), lei 2:: l}. 

An immediate consequence of this construction is that for any ¢.d.o. Q whose essential 

support is near {Vr · e = O}, the operator QQ1 is a smoothing operator. Accordingly, 

by linearity, the solution to (5.3) may also be decomposed into two pieces, 

where Vi (for i = 1, 2) satisfies 

(D - Vao · V)vi = VQi8a · Vvo, (x, t) E IRn+l 

Vi= 0, t < 0. 

(5.9) 
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Therefore, in order to estimate ll</.>vll1n it suffices to estimate ll</.>vill11 for i = 1, 2. 

In the rest of this chapter, we shall proceed to estimate the two terms separately 

because of their different natures. 

The analysis of v1 's regularity is parallel to that in Sections 4.2-4.3. From (5.9), 

Hadamard's construction again leads to the progressing wave expansion of v1 , 

s 

V1 = L akSk(t - T(x)) + Rv1 (x, t), (5.10) 
k=O 

where T(x) = lxl, So is the Heaviside function, sk = sk-l, Rv1 vanishes at t = T(x), 

and { ak} solve the transport equations, for k = 0, · · ·, s - 1, 

(5.11) 

and bk as defined in Section 4.3 solves the k-th transport equation ( 4.6) for v0 • 

In order to get the regularity for v1 we attempt to bound the energy norm by the 

energy identity Proposition 4.1 stated in Section 4.3. Since the whole process is so 

similar to the one in Sections 4.3-4.4, we think it is appropriate to only point out the 

major differences. 

Now we can read out the regularity for v1 . 

Lemma 5.2 Suppose that a > n/4, l ~ 1 + a, or a = n/4, l > 1 + a; 

then 

(5.13) 



holds, where constant C depends on the H11 +°' n H;;r1(0)-norm of a-0 , 

and 0 is a small conic neighborhood of {(x,e) E T*(IR,n), 'vr · e = O}. 
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Proof Since the proof follows the same pattern as in Section 4.4, we shall only 

make the following observation: Applying the same ideas as in Section 4.4, since a-0 

is smooth, in general one should expect an estimate of the following form 

llv1ll11 < CIIQ18a-ll11 + CIIPQ18a-ll211 

Cl IQ18a-l lii,211 

where C depends on a-0 , P is a 'lj;.d.o. of order zero, and ES(P) near {'vr · e = O}. 

However our construction of Q1 implies that PQ 1 is a smoothing operator which is 

why we call v1 the good part. 

5.4 Microlocal version of trace theorem 

In order to estimate the term I lv2 lxn=O I Iii, a microlocal version of the classical trace 

theorem is necessary. 

The classical trace theorem in Sobolev spaces characterizes the regularity of a dis

tribution restricted to a hypersurface. Dealing with inverse problems, one always has 

to face a difficult but crucial question: When does the restriction operator commute 

with another operator of interest? The result in this section indicates that a simple 

microlocal trace theorem, which not only works on the space restriction but also on 

the phase space restriction (i.e. a trace theorem on cotangent bundles), may lead to 
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a way to cure the difficulty. Let I< E ffi.n, i: x E ffi.n -t (x,O) E ffi.n+l_ Define a 

semi-norm: 

Then, a proof of the classical trace theorem ( see e.g. in Taylor [39], pages 20-21) 

implies the following inequality. 

Proposition 5.1 For s > 1/2, u E Ca, 

ji*ulK,s-1/2 ~ CjulKxlR,s · 

Thus the map i* may be extended to be a bounded map from H:ne(x x Ill, I< x Ill) 

to H:n,-,_ 1!
2 (x, K), provided s > 1/2. 

Once again, let II2 be the projection map to the frequency space ( or the second 

factor). We may reformulate this result in terms of 'lj).d.o .. 

Proposition 5.2 If A is a 'lj).d.o. of order zero in ffi.n, with II2ES(A) C 

I<, then there exists a 'lj).d.o. A of order zero in ffi.n+l, and II2ES(A) C 

I{ x IR, such that for s > 1/2, u E Ca, 

where i* again denotes a restriction operator to a codimension one hyper-

surface. 

The above results together with our Garding's type result Lemma 3.3 yield a 

microlocal version of trace theorem. 
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Lemma 5.3 Assume that Eis an elliptic operator of order min m,n+l x 

J{ x IR, PE OPS0 (IRn) and IT 2ES(P) CK. Then for s > 1/2, u E Cgo, 

IIPi*ulls-1/2 ::; CIIEulls-m + Cl lul Ir 

for any r E IR. 

5.5 Dual problem 

According to Proposition 5.2, under some appropriate hypotheses, bounding I lv2 lxn=O 1111 

is equivalent to bounding llv2ll11 • Recall that v2 solves 

(5.14) 

V2 = 0 t < 0. 

To simplify the arguments on its dual problem, we make use of the symmetric form 

of (5.14) by introducing p(x) = ea-0 • Then (5.14) becomes 

[ 
1 2 1 1 

D1v2 = -at -V · (-V)]v2 = -VQ280-Vvo 
p p p (5.1.5) 

V2 = 0 t < 0. 

Now let us look at a dual problem to (5.15), 

D~w = [~8; - V · (~V)]w = VJ 
p p (5.16) 

w = 0 t >> T1, 

where VJ E Cgo and supp(VJ) C m,n x [0,T1] n {ltl < lxl}. 

Equivalently, we may reformulate (5.16) as 

(5.17) 

w = 0 t >> T1. 



Thus if we can show that 

then it can be ~oncluded that 

Lemma 5.4 Suppose that a 2: n/4, 11 2: max{l + a, 1 + n/2 + 8}, 

/i + (n - 1)/2 < s and 0 is a small conic neighborhood of {(x,e) E 

T*(IR,n), Vr · e = O}. Then the estimate (5.19) holds where the constant 

- 2/ 1 C depends on the H 8 n Hmr (0)-norm of O'o. 

Proof Green's identity and integration by parts lead to 

(8; 1 v2,1P) = (v2, o~a;1 w) 

= (D1v2, 0;1 w) - f ![v2
8
° a:1 w - a:1 w

0
° v2]ds 

lt=r(x) p n n 
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(5.18) 

(-5.19) 

= (!VQ28a · Vv0 ,a:1 w) -1 ds![v2(oi 1+1 
- VrV8i 1 )w - a:1 w(8t - VrV)v2]. 

p t=r(x) p 
(5.20) 

The first term in (5.20) is easy to handle. Actually, integration by parts and a 

simple use of Cauchy-Schwarz inequality lead to 

The energy estimate on w gives ll8twllo s; Cll1/;llo- We may apply the generalized 

Schauder's lemma (Lemma 2.4) twice to obtain 
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(5.22) 

where s0 > n/2, and llvoll11 can be handled by Theorem 4.2, provided that a-o E 

Thus it suffices to estimate the last two terms in (5.20). As usual, one may write 

down the progressing wave expansion for v2 . Actually, assuming that Ci solves the 

i-th transport equation ( i = 0, 1 ), we have 

(5.23) 

Hence to control the last part of (5.20) we only need to analyze 

Since Q2 is symmetric in the sense that Q; 

deduces 

(5.25) 

Q2 , the Cauchy-Schwarz inequality 

with Pi a first order differential operator ( or a linear combination of operators Ot 

and VTV). Tr(u) = ult=-r(x) is a restriction (trace) operator and f, g are smooth 

functions determined by (5.23), (5.24). It is not difficult to see that f only depends 

on a-o, while g involves a-0 , Dao and ~a-o. 
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From Lemma 5.3, we know that there is a 'lj;.d.o. Q2 of order zero whose es

sential support is contained in a "cylindrical" conic neighborhood of ES( Q2 ) along 

w-direction, such that IIsupp( q2 ) is near the characteristic surface and IIsupp( q2 ) n 

supp( 'ljJ) = 0. That is, 

II1I ~ CIIQd(ao)Piwll11+1/2+ + CIIQ2g(ao)wll11+1/2+. (5.26) 

Thus Lemma 2.5 (the generalized Rauch's lemma) and the estimates involved in the 

proof imply that for /1 + 1/2 + n/2 < s0 , 11 - 1/2 + n/2 < s1 , 

IIQd(ao)Piwll11 < C1(llwll1 + IIQowll11+3/2+) 

IIQ2g(ao)wll11 < C2(llwlli + IIQowll11+1/2+) 

with C1, C2 depending on iiaollso and iiaolls1 respectively, Q0 E OPS0
, ES(Qo) is 

near ES( Q2), and IIsupp( q0 ) n supp( 'ljJ) = 0. 

Hence to finish the proof of Lemma 5.4 it is sufficient to show that 

(5.27) 

which can be proved by applying Lemma 5.5 below. The lemma (Lemma 5.5) will be 

proved in the remaining sections of this chapter. D 

5.6 Regularity for solution of the dual problem 

A result on propagation of singularities in Duistermaat's notes [11], Proposition 1.3.3 

(see also Theorem 8.2.13 in Hormander's book [17]) demonstrates the relation between 

the wavefront of the restriction of a distribution and the wavefront set of its own. 
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Applying this result and Homander's theorem on propagation of singularities, it 

is easy to see that Q 2Tr( 8; 1 Pi v2 ) is smooth. However the result does not directly 

lead to any explicit bound. In this section, we shall derive the necessary estimates 

by using a bootstrap argument. Our idea here is motivated by Nirenberg's proof of 

Hormander's theorem on propagation of singularities. In fact, the main purpose of 

this section is to obtain a real estimate out of his proof. 

Lemma 5.5 There exists an elliptic ip.d.o. B of order zero, such that 

ES(B) is contained in Cy, a "cylindrical" conic neighborhood of 

{(x,t,e,w) E T*IR,n+l\O, t2 
- lxl2 = 0,w = Vr · e} 

along w direction, and the symbol of B, b satisfies 

IIsupp(b) n supp( '1/J) = 0 . 

Then, for any k E IR,, <fa E C8°(IR,n+l) 

(5.28) 

where the constant C depends on llaolls, k - 2 + n/2 < s. 

The proof follows by showing two propositions below. Proposition 5.3 really gives 

an estimate based on Nirenberg's proof of Hormander's theorem. It indicates that 

an estimate may be formed near any bicharacteristic, hence near the characteristic 

variety of operator D = 8; - .6.. We then proceed in Proposition 5.4 to argue that the 
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remaining part of the cylindrical region, where the operator D is elliptic, causes no 

trouble at all. With a concern about the nonsmooth o-0 , it should not be surprising 

that both propositions require the commutator lemma proved in Chapter 2. 

Let /3 be a null bicharacteristic contained in Cy. 

Proposition 5.3 There exists a 'lj;.d.o. B of order zero such that B is 

supported in a small conic neighborhood of /3 and B is elliptic near /3, 

IIsupp(b) n supp('lj;) = 0. If, furthermore, k - 2 + n/2 < s, then the 

estimate 

holds with Ck depending on !IV a-oils-

Proof According to Nirenberg's construction, one can find a 'lj;.d.o. B 0 of order zero 

with 

( 1) b0 supported in a small conic neighborhood of /3, Bo elliptic near /3, 

(2) IIsupp(bo) n supp( 'lj;) = 0, and 

(3) [D,Bo] E OPS0
. 

Since w solves (5.17), the method of energy estimates yields 

where C is a constant depending on IIVo-0 11.; for s > n/2. 
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Observe that from (5.17), 

Since 7/J is supported inside the characteristic surface, IIsupp( b0 ) n supp( 1/J) = 0, we 

have 

Now energy estimates give 

IIBowll2::; C(ll[D, Bo]wlli + ll[Bo, v7CTo · v7]wlh. (5.29) 

Since [D, B0] is of order 0, 

11[ 0 ,Bo]wlli::; CJlwlh::; CJl?/Jllo · 

The second term in (5.29) may be ~stimated by applying the generalized commutator 

lemma (Lemma 2.6 or more precisely Proposition 2.7) by choosing q = l, l = l, 1 + 

n/2 < s0 in Proposition 2. 7, so that 

IJ[Bo, v7CTo · v7w]Jl1::; CJlwlh::; CJJ?/Jllo, 

where C depends on JJv7aollso· 

Thus 

with Co depending on JJv7aollso· 

(5.30) 
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Applying Nirenberg's construction once again, we can find a ¢.d.o. B1 such that 

ES(B1 ) C ES(Bo)(strictly), B 1 also has properties (1) and (2) above; moreover 

[D, B1 } E OPS- 1 and B 0 is elliptic near ES(B1 ). From (5.17) and B 1 eC1°¢ = 0, 

If we write down the energy estimates, after a simple ¢.d.o. cut-off on B 1 we will find 

where A1 E OPS0
, ES(B1) C ES(A1) c ES(B0 ), Bo is elliptic on ES(Ai), and 

a1 = 1 on ES(B1) n { (x, e), lei ~ 1 }. 

Now since w E H 1 n H':ne(ES(Bo)), Proposition 2.8 implies that [B1 , 'vo-0 · 'v]w E 

H 1 n H':nt(ES(A1)) and 

Here C depends on li'vo-ollsi for 2 + n/2::; s1. 

Because of our construction, B 0 is elliptic on ES(A 1 ); therefore Carding's type 

inequality Lemma 3.3 leads to, for any real r, 

by (5.30). 

Therefore we have shown that 
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where C1 depends on !IV o-ollsi-

We can continue this process by constructing a sequence of 'ljJ .d.o. Bi, A1 ( i = 

1 · · · k - 2) such that 
' ' ' 

• Bi has properties (1 ), (2), [D, Bi] E OPS-i, 

• ES(Bi) c ES(A;) c ES(Bi+i), and 

• B;+1 is elliptic on ES(A;), a; = 1 on ES(B;) n { (x, 0, l~I 2': 1 }, 

• Also 

where Ci depends on I IVo-ol Is; for i + n/2 < Si. 

Eventually we conclude by choosing B = Bk_2 so that, for k - 2 + n/2 < s, 

with C depending on I IV o-ol ls- 0 

Proposition 5.4 Let P be a 'ljJ.d.o. of order zero with the following 

properties: The wave operator D is elliptic in a small conic neighborhood 

of ES(P) and IIsupp(p) n supp( 'ljJ) = 0. Then 

IIPwllk ~ Cllfllo, 

where C depends on IIVo-ollq fork - 2 + n/2 < q. 
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Proof The proof is based on the same type of bootstrap arguments as in the proof 

of last proposition. 

Recall (5.17) 

Dw + 'v ao · 'vw = eo-0 1jJ . (5.31) 

From the support assumption on p, we see that Peo-0 'ljJ = 0. Hence, by applying P to 

both sides of (5.31), we find 

DPw = [D, P]w - [P, 'va0 • 'v]w - 'va0 · 'v Pw. (5.32) 

Now since D is elliptic in a small conic neighborhood of ES(P), there exists a 'ljJ.d.o. 

Po of order zero, such that ES(P) C ES(P0 ), P0 is elliptic near ES(P), and D is 

elliptic in a small conic neighborhood of ES(P0 ). From the ellipticity of P0 D on 

ES(P), Proposition 3.3 gives, for any real number r, 

or from (5.32) 

IIPwllk ~ C(IIPo[D,P]wllk-2 + IIPo[P, 'vao · 'v]wllk-2 + IIPo'vao · v'Pwllk-2). 

Therefore an application of Proposition 2.8 and Lemma 2.5 yields 

IIPwllk < C1IIPowllk-1 + C2(llwll1 + IIPowllk-2) + C3(llwll1 + IIPowllk-1) 

< Cll1Pllo + CIIPowllk-1 · 

Here constants C2 and C3 depend on ll'vo-allq fork - 2 + n/2 < q. 



107 

Thus the bootstrap arguments on Po will accomplish the proof. D 

A combination of Propositions 5.3, 5.4 and Carding's type Lemma 3.3 assures the 

existence of an elliptic operator B with properties stated in Lemma 5.5. Near the 

characteristic variety of D in the cylindrical region Proposition 5.3 and an extension 

of Lemma 3.2 may be used, while away from its characteristic set operator D~ is 

microlocally elliptic, hence Proposition 5.4 becomes applicable. 

5. 7 Proof of the claim 

We conclude this chapter by proving an earlier claim. 

Claim 5.1 Assume that v2 solves equation (5.14), l1 E JR, l1 - 3/2 + 

n/2 < s. Then the following estimate holds: 

(5.33) 

with the constant depending on I IO'ol ls-

Proof We first construct a 'lj;.d.o. A E OPS0 such that a, the symbol of A, is one 

on lwl ~ tle'I, fore= (e',en), and ES(A) C {lwl ~ tole'I, with€> to}, Denote Tr 

as the restriction operator to { Xn = 0}; then we have 

Tr(v2) = v2lxn=O = ATr(v2) + (I-A)Tr(v2) 

or 
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Since the operator a:1 is elliptic on ES(A), a simple use of Lemma 3.3 leads to 

for any r E IR. 

On the other hand, the microlocal trace theorem implies that there exists a 'ljy.d.o. 

A of order zero such that ES(A) C a cylindrical neighborhood of {lwl ~ tle'I} along 

the en -direction, and 

Therefore similar arguments as in the preceding section yield 

with the constant C depending on llaolls, for /1 - 3/2 + n/2 < s. 

Combining the above discussions, we have proved the claim. D 



Chapter 6 

Concluding Remarks 

6.1 Conclusion 

In this thesis work, we introduce the methods of nonsmooth microlocal analysis to the 

study of multidimensional hyperbolic inverse problems. Through the study several 

trace regularity results are established, which turn out ( as expected) to be crucial 

in the investigation of the inverse problem. In particular, we develop the first trace 

regularity result for the variable coefficients, see also [2]. A new regularity result is 

also established for the forward map. In this process, some fundamental results of 

linear microlocal analysis are examined. Rauch's lemma on the algebraic property of 

microlocal analysis and a Beals-Reed linear propagation of singularities theorem with 

nonsmooth coefficients at lower order terms are extended. We also determine the 

microlocal regularity of the fundamental solutions to second order hyperbolic p.d.e .. 

Our results show that the microlocal Sobolev spaces may be the right spaces to work 

with in the study of inverse problems for multidimensional wave propagation. The 

results in this study clearly exhibit the substantial differences between layered and 

nonlayered problems. 
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In the rest of this chapter, we shall comment on the computational aspect of the 

inverse problem and propose some related open problems. 

6.2 Remark on computation 

In this section, we briefly discuss the numerical indications of our regularity results. 

It is evident that the least-squares approach is relevant to solve the inverse problem 

numerically, i.e., 

min IIF(O') - Fdatall 
(1 

(6.1) 

for some suitable norm " II · II ". It is, perhaps, not so evident that even for layered 

problems the least-squares approach leads to a very difficult optimization problem. 

As explained in detail by Santosa and Symes in [30], the difficulties are essentially 

caused by the nonconvexity of the objective function so that the problem often has 

many minima. To overcome this obstacle, a very delicate approach, "the coherency 

optimization method", was proposed by them to convexify the least-squares problem 

based on the known regularity results of the forward map. We refer to [30] for further 

discussions and results of solving layered problems. 

Similarly, for nonlayered problems, an analogous method may be proposed to 

regularize this ill-posed least-squares problem. In stead of working on (6.1), we look 

at a perturbed optimization problem, 

(6.2) 
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where Q is a 'ljJ.d.o. of order zero, and a is a small positive constant. We anticipate 

that in this way the problem will be regularized as for the layered problem, so that 

the convexity and stability will follow. However, we do not know any numerical 

experiments for nonlayered problems based on the ideas above. In any case, we believe 

that our regularity result holds some promise to the design and implementation of 

algorithms for solving the inverse problem. 

6.3 Future work 

As we mentioned at the beginning of this thesis very little is known in mathematics 

about nonlayered multidimensional inverse problems. There are a great deal of open 

problems to be addressed. It seems that our results as well as the techniques in 

this work have the potential to demonstrate some rather difficult situations such 

as nonlayered velocity inversion problems with nonsmooth background velocity and 

mixed forward problems. Most importantly, there is a real challenge, which is related 

to this work to some extent, concerning the development of a generalized travel time 

transformation to nonlayered media, see Symes [36]. Finally a natural question is 

how one can interpret the results from the geophysical point of view? 
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