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1. Introduction 

In non linear elasticity a (static) universal solution is a deformation 
such that the equations of equilibrium (without any body force term) 
are satisfied in the deformed configuration, for all materials belonging 
to a given class, and with a given structure on the body. The best 
known universal solutions are those for- the class of incompressible 
isotropic elastic materials with a homogeneous structure. Clearly, rela
tive to a homogeneous reference configuration, all (isochoric) homoge
neous deformations are universal solutions. Other than this trivial fam
ily, five families of inhomogeneous universal solutions have been found 
and thoroughly analyzed. See, for example, the reference books ( 1], [2]. 
For the more important class of compressible isotropic elastic materials 
with a homogeneous structure, however, the homogeneous deforma
tions turn out to be the only universal solutions, cf. [3], or the reference 
books [l], [2]. 

By virtue of the very requirements for a universal solution, clearly, 
the bigger the class of materials and structures, the harder may a de
formation qualify as one, and as a result, the fewer are such solutions. 
Hence a way to increase the number of universal solutions is to de
crease the materials and the structures in the class. Indeed, in a recent 
paper [ 4], certain inhomogeneous deformations have been shown to be 
universal solutions for some special kinds of compressible isotropic 
elastic materials with a homogeneous structure. This approach is re
stricted by the choice of the special kinds of materials, since a universal 
solution for one particular kind need not be valid for others. The choice 
of the special kinds of materials for consideration, however, is often 
based necessarily on mathematical simplicity, rather than on physical 
grounds. 

The approach taken in this paper is in another direction. We do not 
wish to place any additional restrictions on the class of materials; in 
fact, it turns out that our results are applicable not only to all com
pressible isotropic elastic materials with a homogeneous structure but 
also to all isotropic or transversely isotropic elastic materials with cer
tain special inhomogeneous or even materially non uniform structures. 
To obtain our solutions, we relax the requirements from those for a 
universal solution in the following way: 

First, we decompose an equilibrium (deformed) configuration into a 
disjoint union of I-parameter family of surfaces, called lamina surfaces. 
We require that all of these lamina surfaces be· 2-dimensional universal 
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solutions of homogeneous isotropic elastic membranes. Then the two 
tangential equations of equilibrium are satisfied without any body 
force, universally for all isotropic elastic (membrane) materials. In fact, 
since this requirement is applied independently on each lamina surface, 
there is no need for the isotropic material to be the same for different 
laminae. Hence we allow not only a homogeneous structure on the 
body, but also those special inhomogeneous or materially non uniform 
structures, such that each lamina is materially uniform and homoge
neous. Furthermore, since isotropy is required only in the tangent 
planes of the lamina surfaces, we allow not only (3-dimensional) 
isotropic materials, but also those transversely isotropic materials, such 
that the axis of transverse isotropy is always in the normal direction at 
each point of the lamina surfaces. 

It should be noted that, the most important class of materials and 
structures included in our analysis is still the class of compressible 
isotropic elastic materials with a homogeneous structure. We allow the 
other materials and structures simply because, from the mathematical 
point of view, they are naturally and effortlessly included by our analy
sis any way. We give specific examples of our results in Section 7, how
ever, only for isotropic materials with a homogeneous structure. 

Of course, the tangential equations are just two of the three equa
tions of equilibrium. For a 3-dimensional universal solution, the normal 
equation of equilibrium would have to be satisfied also, universally for 
all isotropic materials (but then the deformation must be 3-dimension
ally homogeneous as remarked before). For our results here, we relax 
this requirement by allowing the deformation along the normal trajec
tories to depend on the specific material and structure, in such a way 
that the normal equation of equilibrium is satisfied. Indeed, since the 
deformation is not 3-dimensionally homogeneous, it would not be pos
sible for any particular deformation along the normal trajectories be 
such that the normal equation of equilibrium is satisfied universally for 
all compressible isotropic elastic materials, since we have already re
quired the tangential equations of equilibrium be satisfied universally. 
The best we can do is to determine a specific deformation along the 
normal trajectories for each specific material and structure, by using 
the normal equation of equilibrium as its governing equation. 

Since each specific deformation along the normal trajectories satisfies 
the normal equation of equilibrium only for a specific material and 
structure, the corresponding, 3-dimensional deformation is not a univer
sal solution. However, since the specific material and structure is arbi-
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trary within the class prescribed at the onset of our analysis, the elasto
static problems corresponding to the deformations are solved uni ver-
aJh. 

This situation is just like many linear elastostatic solutions (such as 
those for the bending problems) which depend on material constants. 
While those problems are not solved by universal solutions; neverthe
less, they are all solved by a specific solution for a specific material. 
Since the material constants in those solutions are arbitrary, the corre
sponding problems are solved universally. Our analysis here yields the 
same kind of results. Indeed, we do solve the elastostatic problems 
universally for all compressible isotropic elastic materials with a homo
geneous structure and then some, including the other materials and 
structures as well, as we have remarked before. 

Our results are complete in the sense that we have found all defor
mations of the kind that the tangential configurations of the lamina 
surfaces are (2-dimensional) universal solutions for homogeneous 
isotropic elastic membranes, and that the deformations along the nor
mal trajectories are determined for each specific material and structure, 
by solving the normal equation of equilibrium. The proof of the com
pleteness of our results is given in Sections 2 - 4, where the materials 
and structures allowed, and the precise conditions on the deformations, 
are formulated and explained in detail. 

It turns out that the elastostatic solutions determined by our analy
sis may be grouped into five families, which are very similar to the 
trivial family of homogeneous deformations and the first four families 
of inhomogeneous universal solutions for incompressible isotropic elas
tic materials with a homogeneous structure. (Notice that these five 
families of deformations have been shown to be universal solutions for 
incompressible isotropic and transversely isotropic elastic materials 
with certain laminated structures also, u. [5]. This generalization is 
very similar to the natural extension of our analysis to the more general 
materials and structures, as we have remarked before for the com
pressible case treated in this paper.) We present the five families of 
deformations, together with the general form of the normal equation of 
equilibrium which governs the deformations along the normal trajecto
ries, in Section 5. 

Although the elastostatic solutions in the five families are deter
mined by solving a single second order quasi-linear differential equa
tion for the deformations along the normal trajectories of the lamina 
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surf aces, there are important differences between these problems and 
the ordinary elastostatic problems for I-dimensional continua (confined 
to a I-dimensional physical space). We shall compare these problems 
in detail, especially concerning their governing equations, in Section 6. 

In Section 7, we give some specific examples of the five families of 
deformations, including solutions to the bending problems, the torsion 
problems, the expansion problems, and the eversion problems, for the 
important special case the bodies being isotropic and homogeneous. 
These solutions for the compressible isotropic elastic materials are the 
counterparts of the same for incompressible isotropic elastic materials, 
found in the late forties and the early fifties, tl. [6] - [ 10] or the refer
ence books [1], [2]. 

For incompressible materials there is an additional fifth family of in
homogeneous universal solutions, tl. [11 ], which have not been shown 
to be universal for any inhomogeneous structure. After careful exami
nation of the deformations in this family, we explain in Section 8 why 
they do not correspond to any solutions of the kind constructed in this 
paper, for compressible materials. 

2. Laminated Bodies and their Normal Confieurations 

As introduced in [5], a laminated body B is made up of a I-parame
ter family of laminae such that each lamina is a homogeneous mem
brane. In general, the laminae may be fused or glued together in dif
ferent states to form the body B. As a result, B may be an inhomoge
neous body in the sense that it has no global configuration in which the 
laminae are all in the same state. 

For example, choose a I-parameter family of homogeneous isotropic 
elastic sheets (infinitely thin, in order that the body may be smooth). 
We stretch the sheets uniformly but differently for different sheets. 
Then we fuse or glue the sheets together in their stretched states. The 
resulting body is a laminated plate, which is generally an inhomoge
neous body. Similarly, if we stretch some cylindrical or spherical sheets 
differently and then fuse them together in their stretched states, the 
resulting bodies are laminated cylinders or spheres. Such laminated 
bodies are not new; indeed, gun barrels are usually made to be lami
nated cylinders in order that they can withstand a higher internal pres
sure than homogeneous ones can. It should be noted that, laminated 
bodies, like all inhomogeneous bodies, are pres tressed. Such a feature 
makes it possible to design a structure for a laminated body, intrinsi-
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cally stronger than a homogeneous one made up of exactly the same 
material. 

We assume that the laminae are made up of isotropic or transversely 
isotropic elastic materials in the 3-dimensional sense. In the trans
versely isotropic case, we require that the tangent planes of the laminae 
be the planes of isotropy, so that each lamina is isotropic elastic in the 
2-dimensional sense. In this paper, we are mainly interested in certain 
special configurations of a laminated body, called normal configurations. 

We say that a (3-dimensional) configuration of a laminated body B is 
normal if the local configurations of all points remain materially iso
morphic under reflection in the normal direction of the lamina surfaces. 
This condition means that, in the isotropic case, the normal vector is an 
eigenvector of the left stretch tensor V of the local configuration rela
tive to an undistorted state of the material, while in the transversely 
isotropic case, the normal vector is the axis of transverse isotropy in the 
local configuration, at all positions in the configuration. Notice that, in a 
normal configuration, the tangential planes of the lamina surfaces need 
not be undistorted in the 2-dimensional sense. Thus the restriction of 
V to the tangent planes of the lamina surfaces need not be completely 
degenerate. 

Let X be a typical normal configuration of a laminated body :8. Then 
it is convenient to use a special coordinate system (x3) on the domain 
X(:8 ), called a normal coordinate system. We require that the lamina 
surfaces be characterized by the condition 

x 3 = constant (2 .1) 

and that the x3 coordinate curves be normal trajectories of the lamina 
surfaces in the configuration. As a result, the Euclidean metric tensor g 
has the component form 

g = g ea ® eP + g e3 ® e3 ap 33 , (2.2) 

where the repeated Greek indices a and ~ are summed from 1 to 2, and 
{ ei} denotes the natural covariant basis field for (xi). 

On the configuration surface of a typical lamina characterized by 
(2.1), we can regard (x0

) as a surface coordinate system. From (2.2), the 

5 



induced metric (~ the first fundamental form) h has the component 
form 

h=h ea®eP ap ' (2.3) 

where 

(2.4) 

for all a,~=1, 2. 

As usual, the Christoffel symbols on X(:8) relative to (xi) are given by 

(2.5) 

while those on the lamina surfaces relative to (Xa) are given similarly 
by 

(2.6) 

In (2.5) and (2.6), we have used the contravariant components gjk and 

ha). of g and h, respectively; they are related to the covariant compo
nents gkj and h,.p b y 

ik . 
g gk. =o~, 

J J 
(2. 7) 

From (2.2), g has the contravariant component form 

(2.8) 

where { ed denotes the natural contravariant basis field for (xi) . From 
(2.4) and (2.7), we have 

(2.9) 
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for all a,p = 1, 2. Then using (2.5), (2.6), and (2.8), we verify easily that 

for all cx,p, y = 1, 2. 

Ha -r,a ~., - ~ (2.10) 

From the assumption of isotropy or transverse isotropy, the stress 
tensor field T in the normal configuration must have the component 
form 

(2.11) 

We denote the restriction of T to the tangent planes of the lamina sur
faces by S, 

S -Ta~e ®e -S~e ®e 
- a ~- a ~· (2.12) 

where 

(2.13) 

for all cx,p = 1, 2. By isotropy (in the 2-dimensional sense) on the tan

gent planes of the lamina surfaces, we know also that S must be coaxial 
with the restriction of the tensor field V to the tangent planes. Indeed, 
the lamina surface is the configuration surface of a homogeneous 
isotropic elastic membrane (the lamina), and S is the surface stress ten
sor field. 

Now the main idea of this paper is simply this: We seek equilibrium 
normal configurations of the laminated body B by patching together 
equilibrium configurations of the laminae, which are all universal solu
tions for the membranes. Thus we literally regard B as the result of 
patching together a I -parameter family of membranes! 

Of course, if a suitable body force field is applied, then every config
uration of an elastic body or membrane may be maintained in equilib
rium. In practice, we are mainly interested in configurations which 
may be maintained in equilibrium by surface traction acting on the 
boundary of the body alone. (Such configurations are called control-
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table by some researchers in continuum mechanics.) Hence the stress 
tensor field T must satisfy the equation of equilibrium 

div T = 0 ( 2. 14) 

without the body force term. Similarly, the surface stress tensor field S 
must satisfy the tangential equation of equilibrium 

div S = 0 (2.15) 

as well as a normal equation of equilibrium which we shall consider 
later in this section. 

It should be noted, however, that the divergence operators in (2.14) 
and (2.15) are not the same. Indeed, the former is taken relative to the 
Euclidean connection with Christoffel symbols rj~ given by (2.5), while 

the latter is taken relative to the Riemannian connection with Christof
fel symbols H~

1 
given by (2.6). In components relative to a normal co-

ordinate system (xi), the tangential projection of (2.14) takes the form 

(2.16) 

where j and k are summed from 1 to 3 , while in component form rel
ative to the surface coordinate system (xa), (2.15) takes the form 

Sal3 - asal3 + s'fl3Ha + 5a1Hl3 - 0 
'13 - ax13 "t13 'fl3 - ' 

(2.17) 

where a and J3 are summed from 1 to 2. By virtue of (2.10), (2.11), and 
(2.12), we can rewrite (2.16) as 

(2.18) 

Comparing (2.18) with (2.17), we see that (2. 15) coincides with the tan
gential projection of (2. 14) if and only if 

(2.19) 
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for all a = 1 , 2. 

Since we wish to patch equilibrium configurations of the laminae to
gether to form equilibrium configurations of the laminated body for all 
isotropic or transversely isotropic elastic materials, we may choose both 
the normal stress T33 and the surface stress T°1 arbitrarily at each point 
in n. Hence (2.19) holds if and only if 

r~ = 0 and r~3 = 0 (2.20) 

for all y,a = 1 , 2. Using (2.2), (2.5), and (2.8), we verify easily that 
(2.20h is equivalent to the condition 

(2.21) 

for both a = 1 , 2. Then using the same equations (2.2), (2.5), and (2.8) 
again, we see that (2.20) 1 follows from (2.21 ). Hence the tangential 
equations of equilibrium for the laminated body reduce universally to 
the same for the lamina surfaces if and only if the lamina surfaces are 
parallel to one another. 

Using (2.2), (2.5), and (2.8), we can verify easily that the condition 
(2.21) implies also 

(2.22) 

Since the normal basis vector field e3 satisfies the condition 

(2.23) 

it follows from (2.20) 1 and (2.22) that e3 remains constant along the 
coordinate curves, viz, 

(2.24) 

As a result, the normal trajectories of the parallel equilibrium configu
ration surfaces of the laminae are all straight lines. Then from (2.24) 
we get 
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(2.25) 

Combining this result with (2.21 ), we see that 

g 33 = constant. (2.26) 

Using a simple linear transformation of the coordinate function x3, 
we can assume without loss of generality that e 3 is the unit normal 
vector field n of the lamina surfaces, viz, 

g33 = 1, n = e 3 . (2.27) 

Under the preceding normalization, the second fundamental form of the 
lamina surfaces is related to the Christoffel symbols by 

(2.28) 

so that 

b~ -r~ a - 3a (2.29) 

for all a,~ = 1, 2. 

From (2.2), (2.5), (2.8), (2.21), and (2.29), we can rewrite the second 
fundamental form as 

(2.30) 

Then from (2.2), (2.5), (2.8), and (2.21), we have also 

(2.31) 

Using the formulae (2.29) -and (2.31), we can express the equation of 
equilibrium (2.14) in the normal direction as 
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(2.32) 

This equation is comparable to the normal equation of equilibrium for a 
membrane, which reads 

(2.33) 

where p denotes the pressure field on the membrane m the direction 
opposite to the positive unit normal n. 

Clearly, the equation of equilibrium (2.32) and (2.33) are consistent. 
Indeed, consider a pill box with base area dA on a lamina surface and 
height O in the positive normal direction. Then the top area of the pill 
box is 

dA(l-b~o) (2.34) 

and the normal stress there 1s 

T33 + aa~:3 o . (2.35) 

where T33 denotes the normal stress on the base of the pill box. Hence, 
to within terms of first order in &IA, the normal traction on the top 
surf ace of the pill box is 

(2.36) 

where the leading term is the normal traction on the base surface of the 
pill box. As a result, the pressure in the direction opposite to the posi
tive unit normal n is 

c)T33 T33ba 
-(~- a)O. (2.37) 

We need to multiply the equation (2.32) by O to get the equation (2.33), 
since the surface stress tensor sail gives the tangential traction per unit 

length across a curve, while the tangential stre_ss tensor Tall gives the 
tangential traction per unit area around the mantle of the pill box. In 
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fact, we should have multiplied the equations (2.16) and (2.18) by a 
before comparing them with the equation (2.17); this factor could be 
removed easily, however, since (2.17) is homogeneous in sati. 

The condition that, in an equilibrium normal configuration the lam
ina surfaces must be parallel surfaces with straight normal trajectories, 
is rather intriguing. Exactly the same condition for a I-parameter fam
ily of surfaces occurs in an analysis of steady universal motions of 
Rivlin-Ericksen fluids, ct. (12, Sect. 6, following equation (6.11)]. (In 
fact, those motions are universal for all incompressible isotropic simple 
materials, ~- [13].) Clearly, the condition is satisfied by families of par
allel planes, coaxial circular cylinders, or concentric spheres. However, 
there are other possibilities such as families of coaxial parallel right cir
cular cones or coaxial parallel tori. In [12), the additional condition that 
the surfaces have constant mean curvature was established, and then 
Ericksen's result (£f. [10] and [14]) was used to rule out the families 
other than parallel planes, coaxial circular cylinders, or concentric 
spheres. 

Fortunately, for our analysis here, we can also establish the condition 
that in an equilibrium normal configuration the lamina surfaces are all 
surfaces of constant mean curvature. Consequently, we can also apply 
Ericksen's theorem to reach the same conclusion that the surfaces must 
be parallel planes, coaxial circular cylinders, or concentric spheres, as 
we shall see in the following section. 

3. Universal Solutions for Isotropic Elastic Membranes 

In the preceding section we have determined the condition under 
which a I-parameter family of (2-dimensional) universal solutions for 
homogeneous isotropic elastic membranes may be patched together to 
form an equilibrium normal configuration of a laminated body. Much 
work has been done on the universal solutions for homogeneous 
isotropic elastic membranes, £.f. [15], [16], [ 17]. The main results may be 
summarized as follows: 

As usual, the universal solutions satisfy the equations of equilibrium 
(2.17) and (2.33) for all (2-dimensional) isotropic elastic materials 
which constitute the membranes. In [17], solutions of (2.17) are called 
weak universal solutions. For these, the pressure field p required to 
maintain the equilibrium may be determined by (2.33) and may vary 
over the equilibrium surface., If p is a constant over the entire equilib-
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rium surf ace, then the solutions of (2.17) and (2.33) are called s tr on a 
universal solutions. Both strong and weak universal solutions have 
been determined; their completeness is proved in [17]. 

Specifically, weak universal solutions for homogeneous isotropic 
elastic membranes are either developable surfaces on which the princi
pal stretches (distinct or equal) are homogeneous (i.&.,_, the 2-dimen
sional left stretch tensor V relative to an undistorted state of the 
isotropic membrane material is constant relative to the Euclidean con
nection on the developable surface) or an arbitrary surface with uni
form stretch (i.&.a., V is a constant multiple of the surface metric). Strong 
universal solutions are special cases of weak universal solutions such 
that, in the former case the developable surfaces must be either planes 
or circular cylinders, while in the latter case they are surfaces of con
stant mean curvature. 

As we have explained in the preceding section, by virtue of the con
dition (2.19), the tangential equations of equilibrium (2.18) take exactly 
the same form as the equations of equilibrium (2.17) for a membrane. 
Consequently, in a normal configuration satisfying the condition (2.19), 
if the lamina surfaces are all weak universal solutions, then the tangen
tial equations of equilibrium are automatically satisfied. However, from 
(2.37), the normal pressure field p on each lamina surface is given by 

aT
33 

T33ba 
p = - (ax3- a) (3 .1) 

which need not be a constant unless we can prove otherwise. Hence we 
cannot apply directly the results for strong universal solutions to a 
lamina surface. 

Since each lamina surface is a weak universal solution, its tangential 
principal stretches are constant. Since the lamina surfaces are parallel, 
the normal principal stretch (i.&.,_, V33 ) must also be constant on each 
surface. As a result, the principal stresses, both tangential and normal, 
depend only on the normal coordinate x3, which characterizes the lam
ina surfaces by the condition (2.1 ). In particular, the normal- principal 
stress T33 is a function of x3, independent of the tangential coordinates 
(x«). Hence from (3.1) the pressure field p takes the special form 

p =a+ cb~, (3.2) 
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where a and c are constants on each lamina surface. 

Now using the same argument as in [17], we can show that (3.2) re
quires the mean curvature to be constant on each lamina surface. In
deed, relative to the principal coordinate system on a lamina surface 
(i&a., with coordinate curves in the directions of the tangential principal 
stresses or stretches) the normal equilibrium condition (2.32) reduces 
to the component form 

(t1 - c)k1 + (t2 - c)k2 = a , (3.3) 

where k1 and k2 are the normal curvatures of the orthogonal principal 
coordinate curves. Then by virtue of the universality - of (3.3) for all 
isotropic elastic materials (in the 2-dimensional sense), the normal cur
vatures k1 and k2 must remain constant if t1 and t2 are distinct, while 
their sum, the mean curvature 

(3.4) 

must remain constant if t1 and t2 are equal. Therefore, in either case, 
each lamina surface in these special equilibrium normal configurations 
must be a surface of constant mean curvature. 

From (3.2) the pressure field p is a constant on each lamina surface. 
Hence the lamina surfaces in these equilibrium normal configurations 
are actually all strong universal solutions. 

Having shown that the mean curvature remains constant on each 
lamina surface, we can apply Ericksen's theorem to conclude that, in 
these special equilibrium normal configurations of a laminated body, 
the lamina surfaces must be parallel planes, coaxial circular cylinders, 
or concentric spheres. Of course, in the first two cases the tangential 
principal stretches must be homogeneous (but need not be equal) on 
each plane or circular cylinder, while in the third case the tangential 
stretch must be uniform on each sphere. 

It should be noted that, in the first two cases the tangential principal 
directions must remain constant with respect to the Euclidean connec
tion on each plane or circular cylinder. However, both the values and 
the directions of the tangential principal stretches may vary from lam
ina to lamina. In the third case, the tangential principal directions are 
arbitrary, of course, and tlie value of the uniform stretch may vary 
from sphere to sphere. 
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By using the 2-dimensional universal solutions for the lamina sur
faces, we have satisfied the tangential equilibrium conditions identi
cally. Then the normal equilibrium condition (2.32) places a restriction 
on the variation of the principal stretches along the normal trajectories. 
Such a restriction generally depends on the structure and the material 
of the body. Consequently, .these special equilibrium normal configura
tions of the laminated bodies are not 3-dimensional universal solutions. 

This situation is expected, of course, since the equilibrium normal 
configurations are not homogeneous configurations, even in the simplest 
special case the body being isotropic and homogeneous but compress
ible. We shall determine these special equilibrium normal configura
tions for laminated plates, laminated circular cylindrical shells, and 
laminated spherical shells in general in Section 5, after we formulate in 
detail the material response and structures on these laminated bodies 
m the following section. 

4, Material Response and Structures on Laminated Plates and Shells 

We consider first the response function of a typical transversely 
isotropic elastic material point p in a body B. As usual, we denote the 
(3-dimensional) tangent space of p by BP· Then there is an axis t in 
B p and an inner product m on B p such that the (abstract) isotropy 
group of p is made up of all orthogonal transformations Q of B p which 
preserve the axis t, viz, 

Q(t) = t ( 4.1) 

in the set-theoretical sense. Clearly, such orthogonal transformations Q 
also preserve the plane P orthogonal to t. We call t the isotropy axis and 
P the isotropy plane of p. 

A local configuration 1C of p is a (linear) isomorphism of B p with the 
physical translation space V; it is called a normal (local} confi&uration if 
1C(t) is orthogonal to K(P) relative to the standard inner product g on V. 
In this paper we are interested in normal configurations only. Such a 
configuration 1C may be prescribed in the following way: 

There are two orthogonal lines t 1 and t2 in P such that their images 
1C( ti) and 1C(t2) remain orthogonal in lC(P ). Since 1C is normal, it actually 
transforms the orthogonal lines {t1,t2,t} in B p onto the orthogonal lines 
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{1C( t1),1C(ti),1C(t)} in V. Since 1C is a linear isomorphism, its restnct1on to 
any line is a stretch relative to the inner product m on ! p and the stan
dard inner product g on V. We denote the stretches from ta to lC( 
ta) by Va and from t to 1C(t) by v or v3, and we call vi, i = 1, 2, 3, the 
principal stretches of the normal configuration 1C . 

The preceding description of the normal configuration 1C amounts to 
choosing an undistorted configuration 'Y with unit principal stretches 
(i..&a_, 1 transforms m to g) as the (local) reference configuration and 
then characterizing 1C by the deformation gradient F, viz, 

F = lCoY- 1 : V ~ V . ( 4.2) 

For definiteness, we choose 'Y having the same orientation as 1C (i.&.., 'Y 
and 1C transform a basis in B p into bases of the same orientation in V ). 
Then 

det F > 0 , 

and F has the polar decomposition 

F = VR 

( 4.3) 

( 4.4) 

where V is symmetric positive-definite and R is a rotation. Then the 
principal stretches vi of 1C are simply the eigenvalues of V such that v3 
is chosen to be the eigenvalue corresponding to the eigenvector in the 
direction of the isotropy axis 1C(t) in the configuration lC. In application, 
it is more convenient to use the left Cauchy-Green tensor B, defined by 

( 4.5) 

to characterize the principal stretches. From ( 4.5), the eigenvalues A.i of 
B determine those of V, and vice versa, by 

A,. = v,2 
I I ' 

( 4.6) 

For the normal configuration lC, the stress tensor T is coaxial with the 
left stretch tensor V or the left Cauchy-Green tensor B . The principal 
stresses ti (ordered in the same sequence as vi or A.) are given by a 
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tangential principal stress function CJ and a normal principal stress 
function t as follows: 

(4.7) 

As indicated in ( 4. 7), the function 't is symmetric with respect to its last 
two arguments. Hence we can replace ( 4. 7)J by 

( 4.8) 

where ta, ex = 1, 2, denote the tangential principal invariants, ~' 

(4.9) 

For a transversely isotropic elastic material in general, the principal 
stress response functions cr and 't are independent of each other; they 
must coincide, however, if the material is actually isotropic. 

We generally regard the first argument of the response functions a, 
't, and 11 as the strain variable and the last two arguments as parame
ters. The dependence of the principal stress ti on the principal strain 

variable Ai, while holding the parameters Aj or lj, i ~ j, fixed, then char
acterizes the stress-strain relation in a particular tangential or normal 
principal direction. 

For a physically reasonable response, the stress-strain relations 
should be monotone increasing functions. This condition is a special 
case of a general condition for physical reasonableness of response, 
known as the tension-extension inequality. For our analysis here, we 
are particularly interested in the stress-strain relation in the normal 
principal direction. Under the monotonicity condition, the equation 
( 4.8) may be inverted and solved for the normal strain as a function of 
normal stress, viz, 

(4.10) 

17 



For most elastic solids, the stress-strain relation admits a stress-free 
natural state, where the stress changes from compression to tension. 
From (4.10), the natural state A.o in the normal direction is given by 

(4.11) 

which generally depends on the tangential principal invariants ta. 

Having prescribed the response of a typical transversely isotropic 
elastic material point in normal configurations, we now introduce a 
laminated body B made up of such material points. For definiteness, 
we consider three specific cases: a laminated plate, a laminated circular 
cylindrical shell, and a laminated spherical shell. 

In each case, we define the structure of the body n by g1vmg the 
field of states (~. principal stretches and directions) on a particular 
global normal configuration cp(B ), which will be used as the reference 
configuration of the body B. It should be noted that cp need not itself be 
a (controllable) equilibrium configuration of B; it is merely a reference 
configuration upon which the structure of B is conveniently prescribed. 
Using the reference configuration cp, we can then determine the equilib
rium normal configurations of B by suitable deformations relative to cp. 

First, for a laminated plate, we use a rectangular Cartesian coordinate 
system (XA) on cp(B ). Then the components of the Euclidean metric g 
are given by 

GAB= GAB= BAB, (4.12) 

and all the Christoffel symbols vanish. According to the convention 
(2.1 ), the lamina surfaces in cp(B) are the parallel planes given by 

x3 = constant . (4.13) 

The coordinate system (Xa) is rectangular Cartesian on these planes, 
with constant basis vectors Ea, and the positive unit normal vector of 
the planes is the constant basis vector E 3. 

The structure on B may be characterized by the fields of the intrin
sic inner products m and the response functions cr, 't, 11 on cp(B ). The 
simplest case is a homogeneous structure, for which m coincides with g 
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and a, t, Tl do not vary on +CB). In the general case the laminated plate 
need not be homogeneous. Then m and g are independent of each 
other, and a, t, Tl may vary from lamina to lamina (i&a,, they may de
pend on X3 ). 

Since there are two independent metrics m and g on the configura
tion +(B ), we must be careful with our component notations. The coor
dinate system (XA) is rectangular Cartesian with respect to g but gen
erally not so with respect to m . As in Section 2, the natural basis fields 

{EA} and {EA} are reciprocal with respect to g, so that they are the 

same in this case. In order to avoid possible ambiguity, we shall not 
use the reciprocal basis of {EA} with respect to m. Hence it is conceptu-

ally simpler to regard m just as a symmetric positive-definite tensor 
field on +<B ). Then the dual of m is another symmetric positive-defi
nite tensor field m * on +<B ). 

Since ct,(:B) is a normal configuration and (XA) is a normal coordinate 
system on it, the component matrix of m must be of the form 

0 l 0 ' 
M33 

(4.14) 

where MAB depend only on X3
, and [MAB] is symmetric positive-definite. 

By virtue of (4.14) the dual metric m * has the component matrix 

M12 O l 
~22 ~33 

(4.15) 

such that 

(4.16) 

As a result, MAB depend onJy on X3
, and [MAB] 1s symmetric positive

definite. 
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Notice that the notations MAB and MAB denote the components of two 
distinct tensor fields m and m * relative to the same orthonormal basis 

{EA} or {EA}; they are not components of the same tensor field with in

dices lowered or raised by the metric tensor g. The reason for using the 
exceptional notations will become clear later. In fact, without the un-
derlying metric g, the fields MAB and MAB may be regarded as the co
variant and contravariant components of the metric m relative to the 
coordinate system (X A) . 

As explained in [5], the matrices [MAB] and [MAB] are simply the com
ponent matrices of the left Cauchy-Green tensor and its inverse of the 
local configuration + relative to the undistorted state 'Y. (Recall that in 
the undistorted state y the intrinsic inner product m coincides with the 
Euclidean inner product g .) From ( 4.15) the normal principal square 
stretch in +(B) is M33 , viz, 

while the tangential principal invariants in +(B ) are given by 

Hence from ( 4.8) the normal principal stress T33 is given by 

T33 = n(M33 t t X3) 
'I '1'2' ' 

(4.17) 

(4.18) 

( 4.19) 

where Tl may vary from lamina to lamina, so that it may depend ex
plicitly on X3 • 

Since the matrix [M~] 1s generally not diagonal, the determination 
of the tangential stress Tali is more complicated. Specifically, the tan
gential principal square stretches A.a are the eigenvalues of [M~], whose 
corresponding principal ( orthonormal) basis, denoted by { p ,q}, gives the 
tangential principal directions. In terms of A.a and {p,q}, M~ may be 
represented by the spectral form 

( 4.20) 
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Notice that A.a, pa, and qa are known functions of X3, since Mal! are given 

functions of X3 . From the tangential principal square stretches A.a and 
the normal principal square stretch M33 , we can then determine the tan
gential principal stresses ta by (4.7), fil, 

(4.21) 

where O' may vary from lamina to lamina, so that it may depend ex
plicitly on X 3

• Using the fact that { p ,q} is also the principal basis of the 
tangential stress tensor r1~, we finally obtain 

( 4.22) 

Thus i.aP are known functions of X3 , since t0 are given by ( 4.21) and 
{p,q} by (4.20). 

The preceding procedure for the determination of the tangential 

stress components Ta~ is lengthy, since it depends on the eigenvalue 
problem for the spectral form ( 4.20). A more direct method is to use 
the representation formula 

Ta~ _ ( ·M33 x3)Ga~ ( M33 x3)Map -O'o tl't2, ' +0'1 tptz, , ' (4.23) 

which follows from the fact that the tangential stress is given by an 
isotropic (symmetric tensor valued) function of the tangential part of 
the left Cauchy-Green tensor. Of course, this functional relation gener
ally depends on the normal principal square stretch and may vary from 
lamina to lamina. Assuming that the functions cr, cr0 , and cr1 are smooth, 
we can express cr0 and cr1 in terms of cr, and vice versa. Thus the use 
of the spectral forms ( 4.20) and ( 4.22) is made implicit by the repre
sentation formula ( 4.23 ). 

Now if the normal configuration +<B) is in equilibrium, then the 
stress tensor field must satisfy the normal equation of equilibrium 
(2.32), which in this case reduces to 

dT33 
ax3 =O. ( 4.24) 
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In general, •en) need not be in equilibrium itself, but it may be trans
formed into some equilibrium configurations by suitable deformations, 
as we shall see in the following section. 

Next, we consider the structure of a laminated circular cylindrical 
shell. Naturally, we use the cylindrical coordinate system on +<B ), but 
in order that the notations be consistent with those of Section 2, we list 
the coordinates as (0, Z, R) , viz, 

(4.25) 

so that the lamina surfaces in +(B) are circular cylinders with constant 
R. Then the first two coordinates (0, Z) may be regarded as a Cartesian 
system (not rectangular) on the developable lamina cylinders with the 
unit normal given by the basis vector E3 • 

Since in this case the natural basis {EA} 1s orthogonal but not or
thonormal, it is important to distinguish covariant components from 
contravariant components. The Euclidean metric g has the covariant 
components 

[GAB] = diag (R2
, 1, 1) (4.26) 

and the contravariant components 

[GAB] = diag ( ; 2 , 1, 1) . ( 4.27) 

The non zero Christoffel symbols are 

r 3 -rR =-R 11 - ee • 
1 r l -re -

31 - Re - R · (4.28) 

The first fundamental form of the lamina cylinders relative to (Xa) is 

[Ha~] = diag (R2
, 1) ( 4.29) 

and the second fundamental form is 

[ba~] = diag (-R, 0) . (4.30) 
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As in the preceding case, the structure of B may be prescribed by the 
dual intrinsic metrics m and m * with covariant component matrix for m 
of the form (4.14), and contravariant component matrix for m * of the 
form ( 4.15), such that ( 4.16) again holds. 

We remark again that MA8 and MAB are the aforementioned compo
nents of two distinct tensor fields m and m *; they are related by the 
inverse relation ( 4.16), not by the operations of lowering or raising of 
indices based on g. As before, m * is precisely the left Cauchy-Green 
tensor of the local configuration of cp relative to the un~istorted state y, 
while m is its inverse. Also, if we suppress the metric g, then the com
ponents MAB and MAB may be regarded as the covariant components and 
the contravariant components of the metric m relative to the coordinate 
system (X A) . 

Because the coordinate system (XA) is not rectangular Cartesian for 
the metric g, we must be careful with the determination of the tangen
tial principal invariants ta. The correct formulae are 

t = G Mal3 = R2M11 + M22 1 a~ , 

(4.31) 

From these and the normal principal square stretch M33, we can deter
mine the normal principal stress T 33 by ( 4.19) (but with X3 =- R for this 
case, of course). 

We may solve an eigenvalue problem for Mal3 relative to Ga13 as be

fore and then determine the tangential stresses Tal3 or, more directly, 
we may use the representation formula (4.23), with ta given by (4.31). 
In any case "f'Xl3 are determined as functions of X3 = R, on the normal 
configuration cp(B ). 

Now if cp(B) happens to be an equilibrium configuration, then the 
stress tensor field satisfies the normal equation of equilibrium (2.32), 
which in this case reduces to 
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(4.32) 

This equation may be rewritten in terms of the physical components of 
T relative to the cylindrical coordinate system as 

aT(RR) T(RR)- T(00) _ O 
aR + R - ' (4.33) 

which has a more familiar form. In general, cp(B) need not be in equi
librium, then ( 4.32) or ( 4.33) are not satisfied, but we may transform 
•<~) by suitable deformations into equilibrium config!)rations, as we 
shall see in the foil owing section. 

Finally, for a laminated spherical shell :B, we use the spherical coor
dinate system (XA) =(0,<I>,R) on cp(B), where we have chosen R as X 3 in 
accordance with the notations of Section 2. The lamina surfaces in cp(B) 
are spheres with constant R, and their unit normal is the basis vector 
field E3 • The Euclidean metric g has the covariant component matrix 

(4.34) 

and the contravariant component matrix 

[GAB]= diag <wl 'R2 ~ 29• 1). sm .. 
(4.35) 

The non zero Christoffel symbols needed for the normal equation of 
equilibrium are 

Hence the first fundamental form of the spheres relative to the coordi
nate system (Xa)=(0,<I>) is 

(4.37) 

while the second fundamental form is 
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(4.38) 

From (4.37) and (4.38) the mean curvature is 

b~ = - ~. (4.39) 

As in the preceding two cases, the structure of B may be prescribed 
by the intrinsic dual metrics m and m *. We require that the lamina 
spheres be under uniform stretch relative to the undistorted state 'Y. 
Hence [MAB] is of the form 

AB . A A M33) 
[M ] = diag (R2'R2sin0' ' ( 4.40) 

where A. and M33 are certain given functions of R. 

From (4.34) and (4.40), the tangential principal invariants ta in q)(B) 
are given by 

while the normal principal square stretch is still given by ( 4.17). Hence 
the uniform tangential principal stress t is given by 

t = a(A., A., M33
, R), (4.42) 

so that the tangential stress tensor has the component matrix 

[Tal3] = diag < ""[2", R 2 s~2 0) . (4.43) 

Similarly, the normal principal stress T33 is given by 

( 4.44) 
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As before, if •(B ) happens to be in equilibrium, then the stress ten
sor field satisfies the normal equation of equilibrium (2.32), which in 
this case reduces to 

c)T33 (T33 -tJ ax3 +2 x3 =O. (4.45) 

A more familiar form of this equation, expressed in terms of the physi
cal components of T relative to the spherical coordinate system, is 

iJT~:R) + z( T(RR) /(00)) = O . (4.46) 

In general, f(B) need not be in equilibrium, of course, but it may be 
transformed by suitable deformations into equilibrium configurations, 
as we shall see in the following section. 

5. Equilibrium Normal Configurations of Laminated Plates and Shells 

The analysis of the stress tensor field on the reference configuration 
f(B) presented in the preceding section is perfectly general; therefore, 
it may be applied to any normal configuration X ('.B ). From this analysis 
we see clearly that there are only three classes of equilibrium normal 
configurations. 

A. Planar Configurations 

In this class the lamina surfaces are parallel planes with homoge
neous tangential principal stretches. Using a rectangular Cartesian co
ordinate system (xi) on X(B ), we can write the normal equation of equi
librium in the form (.d. (4.24)) 

dT33 
cixT=O (5.1) 

which implies that the normal principal stress T33 remains constant 
throughout X(B). 

B. Cylindrical Configurations 
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In this class the lamina surfaces are coaxial circular cylinders with 
homogeneous tangential principal stretches. Using a cylindrical coordi-
nate system (xi) = (8. z. r) on X(B ). we can write the normal equation of 
equilibrium in the form (£f. ( 4.33)) 

or equivalently 

drT(rr) = T(SS) 
dr 

rT(rr)- r0 T(rr)lr = fr T(80)dr 
o Jr0 

(5.2) 

(5 .3) 

which is just the formula for the hoop tension of a laminated circular 
cylindrical shell between radii r0 and r. 

Indeed. consider half of the cylindrical shell with unit height in the z 
direction and with axis of symmetry in the x direction. Then the cylin
der with radius r is acted on by a uniform pressure of the amount 
-T(rr). Hence the resultant traction on the cylinder is 2rT(rr) in the x di-
rection. The difference between this force and the resultant traction 
2r0 T(rr)lr

0 
on the cylinder with radius r0 must be balanced by two times 

the hoop tension between the radii r0 and r. The hoop tension is 

clearly given by the integral on the right-hand side of (5.3). Thus the 
equation (5 .3 ). multiplied by 2. is just the global balance equation in the 
direction of the axis of symmetry of a half circular cylindrical shell with 
unit height. 

C. Spherical Confi~urations 

In this class the lamina surfaces are concentric spheres with uniform 
tangential stretches. Using a spherical coordinate system (xi) = (0. <I>. r) 

on I(~), we can write the normal equation of equilibrium in the form 
(£f. ( 4.46)) 

or equivalently 

dr2T(rr) = 2rT(00) 
dr 
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r2T(rr)- rgT(rr)lr = Jr 2rT(88)dr 
o r0 

(5.5) 

which is just the formula for the surface tension of a laminated spheri
cal shell between radii r0 and r . 

Indeed, consider half of the spherical shell between radii r0 and r 
with axis of symmetry in the x direction. Then the sphere with radius r 
is acted on by a uniform pressure of the amount -T(rr). Hence the re-

sultant traction on the sphere is 1tr2T(rr) in the x direction. The differ

ence between this force and the resultant traction 1trJT(rr)lr
0 
on the 

sphere with radius r0 must be balanced by the resultant of the surface 
tension on the annular edge of the shell between radii r0 and r. The 
surface tension is clearly given by the integral on the right-hand side of 
(5.5) multiplied by 1t. Thus the equation (5.5), multiplied by 7t, is just 
the global balance equation in the direction of the axis of symmetry of a 
half spherical shell. 

Now there are two families of deformations which transform a refer
ence normal configuration +CB) into a planar normal configuration X(:8) 
in general. 

Family 0. From a planar +c:a) to a planar X(:8). 

We use a rectangular Cartesian coordinate system (XA) = (X, Y, Z) 
on +<B) and (xi) = (x, y, z) on X(B ). The deformations are given by 

X =AX+ BY, y =ex+ DY, z = f(Z), (5.6) 

where A, .... ,D are constants and f is an unknown function such that 

(AD - BC)f > 0. (5.7) 

In order that X(B) be in equilibrium, the unknown function f is deter
mined by solving the normal equation of equilibrium (5.1). 

Family 1. From a cylindrical +(B) to a planar X(B). 

We use a cylindrical coordinate system (XA)=(S,Z,R)on+(:8) and a 

rectangular Cartesian coordinate system (xi) = (x, y, z) on X(:8 ). The de

formations are given by 
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x = A8 +BZ, y=C8 +DZ, z=f(R), (5.8) 

where A, .... ,D and f also satisfy the condition (5.7). Again, in order that 
X(B) be in equilibrium, the unknown function f is determined by solv
ing the normal equation of equilibrium (5 .1 ). 

Next, there are two families of deformations which transform a ref
erence configuration cp(B) into a cylindrical normal configuration X(B) in 
general. 

Family 2. From a planar cp(B) to a cylindrical X(B). 

We use a rectangular Cartesian coordinate system (XA) = (X, Y, Z) on 
cp(B) and a cylindrical coordinate system (xi) = (8, z, r) on X(B ). The 
deformations are given by 

8 =AX+BY, z=CX+DY, r=f(Z), (5.9) 

where A, ... ,D and f obey (5.7). In this case the unknown function f is 
determined by solving the normal equation of equilibrium (5.2) for 
cylindrical configurations. 

Family 3. From a cylindrical cp(B) to a cylindrical X(B). 

We use cylindrical coordinate systems (XA) = (9, Z, R) on cp(B) and (xi) 
= (8, z, r) on X(B ). The deformations are given by 

8 =AS+ BZ, z = Ce + DZ, r = f(R), (5.10) 

where A, ... ,D and f obey (5.7), and the unknown function f is deter
mined by solving the normal equation of equilibrium (5.2). 

Finally, there is a family of deformations which transform cp(B) into a 
spherical normal configuration X(B) in general. 

Family 4. From a spherical cp(B) to a spherical X ('.B) . 

Relative to spherical coordinate system (XA) = (8, cf>, R) on cp(B) and 

(xi) = (8, q>, r) on X(B) the deformations are given by 
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8 = ± 9, <p = cf>, r = f(R ), (5.11) 

where the sign of 9 is the same as that of f. In order that X (B ) be in 
equilibrium, the unknown function f is determined by solving the nor
mal equation of equilibrium (5 .4) for spherical configurations. 

For each family, the normal equation of equilibrium may be derived 
by the following procedure: First, the contravariant components mij of 
the intrinsic metric m * are given by the transformation rule 

(5.12) 

Hence for the first four families we have the matrix equation 

[

mu m12 

m21 m22 

0 0 

O l [A B O][M
11 

M
12 

0 = C D O M 21 M 22 

m33 0 0 f' 0 0 
(5 .13) 

while for the fifth family (5.12) simply reduces to 

(5.14) 

Of course, the arguments x3 and X3 of mij and MA8 , respectively, are re
lated by the unknown function f, viz, 

x3 = f(X3
) (5.15) 

which is invertible, since by (5.7) f is non vanishing. 

Now from the components mij we can determine the tangential prin
cipal invariants ta by 

(5.16) 

and the normal principal square stretch by 

A.
3 
= m33 = f ,2 M33 . (5.17) 
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As a result, the normal principal stress T33 is given by 

(5.18) 

while the tangential stress components 'f°P may be determined by the 
eigenvalue problem for mal3 relative to gap or by using the representa

tion formula ( 4.23 ), viz, 

(5.19) 

Notice that we can express the right-hand side of (5.18) and (5.19) 
first as certain functions of X3 and then as functions of x3 through the 
invertible relation (5.15). Hence when we substitute (5.18) and (5.19) 
into the normal equation of equilibrium (5.1), (5.2), or (5.4), as the case 
may be, the result is a second order quasi-linear differential equation 
for the unknown function f. This governing equation generally depends 
on the parameters A, ... ,D of the deformations, the metric MAB, and the 
response functions Tl, cr0 , cr1 and cr. Consequently, the equilibrium 

normal configurations obtained by the solutions f are not (3-dimen
sional) universal solutions. 

Although the elastostatic problems for normal configurations of 
laminated bodies are characterized by a single unknown scalar valued 
function f of a scalar variable X3 and governed by a single equation of 
equilibrium, there are important differences between these problems 
and the elastostatic problems of I -dimensional continua. We shall dis
cuss the differences in detail in the following section. Then we shall 
present some specific examples of elastostatic problems for normal con
figurations in Section 7. 

6, Comparison with I-dimensional Elastostatic Problems 

For a I-dimensional continuum C a configuration is a diffeomorphism 
of C with an interval in the real line 1t (equipped with the standard 
Euclidean structure). Let + be a reference configuration of C. Then the 
points in C may be characterized by the referential coordinate X. A 
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deformation from +<c) to a configuration X of C m general may then 
be given by a function 

x = f(X), ( 6. 1 ) 

which assigns the deformed coordinate x to the point whose referential 
coordinate is X. In order that the deformation be non singular, the 
function f must be monotone. There are two general cases: Stretching 
( expansion or contraction) corresponds to f' > 0, and eversion 
corresponds to f < 0. 

The (local) stretch is characterized by the absolute value If' I of the 
derivative f; it is often more convenient to use the square stretch f' 2 as 
the strain variable. For simplicity, we denote the square stretch by a., 
VIZ, 

a. = f'2. (6.2) 

Then the stress t 1s given by a response function ~ of the strain a., 

t = ~( a., X), (6.3) 

where ~ may depend on X due to material non uniformity. 

The I-dimensional equation of equilibrium is 

dt 
dx + b = 0, (6.4) 

where b denotes the body force in the deformed configuration X(C). 
The body force is generally given by a function of the position x in X(C) 

b = b(x). (6.5) 

Substituting the constitutive equation (6.3) into the equation of 
equilibrium (6.4), we then obtain a second order quasi-linear 
differential equation governing the deformation function f. 

Now consider the elastostatic problems based on normal 
configurations of a laminated body B . For the case the normal 
configurations are planar (Families 0 and 1 ), the corresponding 

32 



elastostatic problems reduce precisely to certain elastostatic problems 
of 1-dimensional continua. Indeed, the normal principal square stretch 
"'3 depends on f'2 and X3 (due to M33

), while the tangential principal 

invariants ta depend on the parameters A, ... ,D and X3 (due to Mall). 

Hence the representation (5.18) may be regarded as a special case of 
(6.3). Likewise, the equation of equilibrium (5.1) is a special case of 
(6.4) with zero body force. 

On the other hand, for the case the normal configurations being 
cylindrical or spherical (Families 2, 3, and 4), the elastostatic problems 
for laminated bodies are more general than those for I-dimensional 
continua because of the following reasons: First, the · normal principal 
invariants ta depend not only on the parameters and X3 but also on the 

position x3 = f(X3
), by virtue of the presence of the tangential metric gall 

in (5.16). As a result, the constitutive equation (5.18) is a special case 
of a more general I -dimensional stress-strain relation 

t = s (a, x, X), (6.6) 

where the response function S depends explicitly on x . 

Now the reason, why the response function in (6.3) is independent of 
the position x = f(X), is due to the principle of material frame 
indifference, which essentially asserts that the (I-dimensional) physical 
space is homogeneous. However, along a normal line of a cylindrical or 
spherical configuration, the dependence of the normal principal stress 
T33 on the normal principal square stretch A.3 is clearly not homogeneous 

with respect to the position x3 = f(X3
). Clearly, the way the tangential 

principal invariants ta being calculated depends explicitly on the 

position x3 = f(X3
) occupied by the lamina. Since the tangential principal 

invariants affect the dependence of the normal principal stress T33 on 
the normal strain A.3, cf. (5. I8) or ( 4.7), the constitutive equation in the 
normal direction is of the form (6.6), not of the simple form (6.3), for I
dimensional elastic continua. 

The second difference between the elastostatic problems based on 
cylindrical or spherical configurations of laminated bodies and the 
conventional I-dimensional elastostatic problems is in the body force 
term. The extra terms on the left-hand side of ( 4.33) or ( 4.46) 
generally depend not only on the position x3 = f(X3

) but also on the 
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strain variable as well as on the position X3 m the reference con
figuration + . 

By virtue of the preceding remarks, we see that the normal equa
tion of equilibrium for the cylindrical and spherical configurations of 
laminated bodies may be regarded as a special case of (6.4) provided 
that the response function ~ be of the general form given by (6.6) 
and that the body force term be allowed to take a similar form: 

b = b(a, x, X). 

It is understood that the functions l; and b depend also on the pa
rameters of the deformations, of course. 

Substituting (6.6) and (6.7) into (6.4) and using the invertible re
lation ( 6.1) between x and X, we obtain the governing equation 

! ( ~(f'2,f,X) )r' + b(f'2,f,X) = 0 

for the unknown function f(X). Since this is a second order quasi
linear differential equation, we need two additional conditions on f to 
determine a particular solution. We shall derive the governing 
equation and give the two additional conditions for some specific ex
amples in the following section. 

7. Examples of Equilibrium Normal Configurations 

For simplicity, we now assume that '.B is a homogeneous isotropic 
elastic body, and we take a homogeneous undistorted configuration cp 
as the reference configuration. (The local configuration of ct, is then 
the undistorted state y relative to which the deformation gradient F, 
the left stretch tensor V, and the left Cauchy-Green tensor 8 are 
taken.) Then the intrinsic metric m coincides with the Euclidean 
metric g on cp(B ), and the response functions for the tangential prin
cipal stresses coincide with that for the normal principal stress and 
are independent of the normal coordinate X3 in cp(B ). We give spe
cific examples for each of the five families, obtained in Section 5. 

Family 0. Under the assumption of homogeneity on the body, the 
deformations in this family are all homogeneous. Indeed, since the 
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components of the metrics m and g relative to the rectangular Carte
sian coordinate system (X A) = (X, Y, Z) are 

from (5.12) or (5.13) we see that the tangential components ma~ of 
m * are constant on XCB ). Next, since 

from (5.16) we see that the tangential principal invariants ta are con

stant on xCB ). Finally, since the normal principal stress T33 must 
obey the normal equation of equilibrium (5.1), it must remain con
stant on XCB ). But since T33 is given by 

T33 = n(m33 t t ) 
'I ' l' 2 ' 

where 11 is assumed to be monotone increasing with respect to the 

strain variable, we conclude that m33 must be constant on X(B ), viz, 

m33 = oo(T33 
t t ) ' 1' 2 , 

where oo denotes the inverse of 11, as shown in (4.10). 

(7 .1) 

(7.2) 

(7.3) 

(7.4) 

From (5.14) and (7.1) for M33 = 1, we see that m33 1s just the 
square derivative f'2

. Thus f is a linear function, say 

f(Z) = EZ, (7 .5) 

where the integration constant may be dropped, since it merely gives 
rise to an extra rigid translation to the deformations. From (5.7), the 
parameters A, ... , E of the deformations obey the condition 

(AD - BC)E > 0. 

We mention one specific example of homogeneous deformations in 
order to illustrate the inverse function oo in (7.4 ). 

Simple Shear For a plane deformation, a simple shear is given by 
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X = X + BY, y = y' z = z. (7.7) 

Then (5.13) reduces to 

[ ml! 
m12 0 ] [1+B

2 B ~] m21 m22 0 = B 1 
0 0 m33 0 0 

(7.8) 

and (5.16) yields 

(7.9) 

Thus the normal stress T 33 is given by 

T 33 = 11(1, 2+ B2
, 1), (7 .10) 

which is generally non zero. 

For a plane stress problem (with zero normal stress), we may take a 
simple shear as the deformation 

X = X + BY' y = y' z = EZ, (7.11) 

where E is an unknown parameter to be determined by the zero 
normal stress condition. Following the same procedure as before, we 
obtain the expression 

T33 = 11(E2,2+B2
, 1). (7.12) 

Now we may set T 33 equal to zero and solve the condition (7.12) for the 
principal square stretch 

(7 .13) 

From (7 .6) E is positive, so that its value is given by 

(7 .14) 
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Family 1 Under the assumption of homogeneity on the body, the 
component matrices of the metrics m and g in (XA) = (0, Z, R) are 
given by 

[GAB]= [MAB] = diag(b, 1, 1) (7 .15) 

cf. ( 4.27). We consider the following specific example. 

Bending of a Cylindrical Sector into a Plate We take the deformation to 
be the special case of (5.8) with B = C = 0, viz , 

x = A0, y = DZ, z = f(R). (7.16) 

We assume that the body occupies the domain 9CB) with 

(7 .17) 

Then after the bending :B occupies the domain X(:B) with 

(7 .18) 

For definiteness, we take A, D, and r to be pos1t1ve, so that the 
condition (5.7) is satisfied. We regard the body as a beam with its top 
at R = R2, its front at Z = 0, and its left end at 0 = 0 in 9(:8 ). The cross 
sections of the beam are rectangles with constant 0, while the lamina 
surfaces are circular cylinders with constant R in cl»(:B ). As always, we 
use the terms normal and tangential with respect to the lamina 
surfaces, not with respect to the cross sections. 

Notice that the plane cross sections in cl»(:B) are deformed into plane 
cross sections in X(:B ). However, there is generally a linear deformation 
(characterized by the parameter D) in the direction of the width of the 
cross sections (Z in cl»(:B) and y in X(:B )), and a non linear deformation 
( characterized by the unknown function f) in the direction of the height 
of the cross sections (R in 9(:8 ) and z in I(:8 )). There is also a 
homogeneous stretch of the length which depends on the lamina. 
Specifically, the lamina at - R with length R02 in cl»(:B) is stretched 
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homogeneously to the constant length A82 in X(~ ), for all values of R 

between R1 and R2 • For this reason we call A the len~th parameter, D 
the width parameter, and f the transverse deformation function of the 
bending given by (7.16). We now show how to determine these for any 
given isotropic elastic material which constitutes the body. 

First, from (7.15) and (7.16), the components mij of m * relative to the 
Cartesian coordinate system (x, y, z) in X(B) are given by 

.. A2 2 2 
[m1J] = diag (R2, D , f' ) . (7 .19) 

Hence the tangential principal invariants ta are 

(7 .20) 

Then the normal principal stress T33 is given by 

T33 = 11(f'2 A2 + 02 A2D2) 
'I , R2 , R2 · (7 .21) 

By virtue of the normal equation of equilibrium (5 .1 ), T33 must be a 
constant on X(B). 

In a pure bending, it is customary to require that the top and the 
bottom of the beam be free of stress. Thus we set 

T33 = 0. (7 .22) 

Substituting (7 .22) into (7 .21) and solving for the strain variable, we 
obtain 

(7 .23) 

Since f is positive, this equation 1s equivalent to 
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(7 .24) 

In (7 .22) we have selected one integration constant for the normal 
equation of equilibrium (5.1). We select the second integration constant 
by setting z1 = f(R1) = 0 as the position of the bottom of the beam in the 

deformed configuration XCB ). Then the transverse deformation function 
is given by the integral 

R ( A2 A2D2J f(R) = J c.o 0,-:r+D2
, 2 ds. 

R1 S S 
(7.25) 

However, this expression still depends on the length parameter A and 
the width parameter D, which may be determined by two more suitable 
conditions, as we now prescribe. 

We assume that the resultant traction on the cross sections vanishes 
and that the same on the longitudinal plane sections (parallel to the 
front and the back plane faces of the beam) vanishes in the deformed 
configuration XCB ). The stress on the cross sections is the tangential 

principal stress T 11
, which is generally a function of the normal 

coordinate z, viz, 

(7.26) 

Hence the zero traction condition on the cross sections is 

(7 .27) 

where f is given by (7.24). The width parameter D is not zero, of 
course, so that after the integration with respect to R, (7 .27) is an 
algebraic condition on A and D. 

Similarly, the stress on the longitudinal plane sections is the 
tangential principal stress T22 , which is also a function of z, viz, 
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A2 A2f,2 
T22 = n(D2 + f'2 -.....-) 

'I , R2 , . R2 · (7 .28) 

The zero traction condition on these plane sections is then given by 

(7 .29) 

where f is again given by (7.24). Since the length A82 of the beam m 

X(B) is non zero, after the integration with respect to R, (7.29) is an 
algebraic condition on A and D. 

Assuming that the conditions (7 .27) and (7.29) are independent, we 
can solve them simultaneously for the values of the parameters A and 
D. Then, with these values, the solution (7.25) gives the form of the 
transverse deformation function f. 

With the traction vanishing on the cross sections, there is a bending 
moment n, in the direction y of the width, given by the integral 

(7 .30) 

However, unlike the situation in linear elasticity, there is generally also 
a bending moment L on the longitudinal plane sections of the beam, in 
the direction x of the length, given by the integral 

(7 .31) 

Intuitively, we expect the cross sections to be in compression at the 
top and in tension at the bottom, so that n is in the positive y 
direction on the left end cross section (at x = 0). Then the longitudinal 
plane sections should also be in compression at the top and in tension at 
the bottom, so that its moment L is in the negative x direction on the 
front face (at y = 0). Without the longitudinal moment L, we expect the 
width of the cross sections to become bigger at the top and smaller at 
the bottom, but then the _deformed configuration is no longer a planar 
configuration given by (7 .16). 
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Family 2 The intrinsic metric m * has the components MAB given by 
(7 .1) relative to the coordinate system (XA) = (X, Y, Z) in •<B ). We 
consider the following specific example. 

Bendin& of a Plate into a Cylinder Sector We take the deformation to be 
the special case of (5.9) with B = C = 0, viz,_ 

0 = AX, z = DY, r = f(Z). (7.32) 

We assume that the body B occupies the domain •(B) with 

(7.33) 

Then, after the bending, '.B occupies the domain X(B) with 

e E [0, AX2], ZE [0, D], re [f(0), f(Z2)l . (7.34) 

For definiteness, we take A, D, and f to be positive. Their physical 
meaning are similar to those in the preceding example, so we continue 
to call them length parameter, width parameter, and transverse 
deformation function, respectively. 

Relative to the cylindrical coordinate system (xi) = (0, z, r) on X('.8), 

the contravariant components mij of m * are given by 

(7 .35) 

Hence from (5.16) the tangential principal invariants ta are 

t 1 = r2 A 2 + 0 2, t2 = r2 A 2 0 2 , ( 7 . 3 6) 

where r may be replaced by f(Z) as shown in (7 .32). Then the normal 
principal stress T33 is given by 

which is a function first of Z , then of r, through the inverse of (7 .32). 
The physical component T(00) = T(l 1) is given by 
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(7 .38) 

where we have replaced r by f(Z) as in (7.37). From (5.2) the governing 
equation for the unknown transverse deformation function f is 

(7 .39) 

which may be rewritten as the second order differential equation 

(7 .40) 

As usual, the general solution of this equation depends on the 
parameters A, D, and contains two integration constants, so that we 
need a total of four algebraic conditions to determine a particular 
solution. 

As in the preceding example, we may choose one of the two 
integration constants by setting the value 

r1 = f(O), (7 .41) 

which gives the curvature of the bottom surface of the beam m X('.B). 
Notice that, different values of r1 correspond to different bending 

deformations of the flat beam in 9('.B ). 

Next, we require a set of three conditions, any two of which are 
independent but the third one follows from the other two. Specifically, 
we require that there be no normal principal stresses on the top (at r2 = 

f(Z2 )) and on the bottom (at r1 = f(O)) of the beam in X('.B) and that there 

be no resultant hoop tension on the cross sections of the beam in X('.B). 
The reason for the dependency of these three conditions has been 
explained in Section 5, cf. (5.3). 

From (7 .37), the conditions that there be no stresses on the top and 
the bottom surfaces of the beam in X ('.B) are 

(7.42) 
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and 

0 = 11( f'(0)2 ,f(0)
2 
A 2 + 0 2 ,f(0}202

) , (7 .43) 

respectively. From (7.38) the condition of no resultant hoop tension on 
the cross sections in XCB) is 

(7.44) 

where the width parameter D is non zero. Any two of the three 
conditions (7.42) - (7 .44) imply the third by virtue of the global 
equation of equilibrium (5.3) based on (7.39). 

Finally, we require that there be no resultant traction on the 
longitudinal plane sections parallel to the front face and the back face of 
the (curved) beam in XCB ). From (7.35) the tangential principal stress 

T22 in the direction of the width is given by 

(7 .45) 

where we have replaced the variable r by the function f as we have 
done so in (7.37) and (7.38). Then the condition of no resultant traction 
on the longitudinal plane sections in X ('.B) is 

(7.46) 

Using any two of the three conditions (7.42) - (7.44) together with 
the condition (7.46), we can determine the values of the parameters A, 
D, and the remaining integration constant in f. Thus the deformation 
(7 .32) is completely determined for each value r1 of the bottom of the 

beam in the deformed configuration X (B ). 

As before, we can determine the bending moment n on the cross 
sections of the beam in X(B) by 
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(7.4 7) 

Furthermore, there is a longitudinal moment L whose density u per 
unit angle d8 is given by 

(7.48) 

Since in this example the longitudinal length r2AX2 at the top is 
longer than the longitudinal length r1AX2 at the bottom of the beam in 

the deformed configuration X(B) (they have the same length X2 in +(B)), 
we expect the cross section to be in tension at the top and in 
compression at the bottom. Then the longitudinal plan sections should 
also be in tension at the top and in compression at the bottom. Hence 
the bending moment .Q is in the negative z direction on the right end 
cross section (at 0 = 0) and the longitudinal moment density u is in the 
positive 0 direction on the back face (at z = 0) of the beam. 

Family 3 As in Family 1, the metric m * has the contravariant 
components MAB given by (7.15) relative to the coordinate system (XA) 

= (0, Z, R) in +(B ). There are several interesting examples belonging to 
--this family. 

Bending of a Cylindrical Sector into a Cylindrical Sector of a Different 
Curvature We take the deformation to be the special case of (5.10) 
with B = C = 0, viz, 

8 = A0, z = DZ, r = f(R), (7 .49) 

where A, D, and f are taken to be positive, so that the deformation is a 
bending, not an eversion. We assume that the body B occupies the 
domain +<B) with 

(7 .50) 

Then, after the bending, B occupies the domain X(B) with 

(7 .51) 
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The analysis and the results for this example are similar to those of 
the preceding example. We may choose for the bottom surface of the 
beam a radius r1 in X CB), viz, 

(7 .52) 

which may be either longer or shorter than its original radius R1 in ct, (B) 
before the bending. After r1 is fixed, the deformation (7.49) is 

determined by the additional conditions that there be no stress T33 on 
the cylinders r1 = f(R1) and r2 = f(R2), that there be no resultant hoop 
tension on the cross sections, and that there be no resultant traction on 
the longitudinal plane sections. As before, only two of the first three 
conditions are independent. Any two of the three together with the 
fourth condition then determine the parameters A, D, and the remaining 
integration constant in f. 

To maintain this deformation m equilibrium, there is generally a 
bending moment n on the cross sections and a longitudinal moment L 
with density u per unit angle d9 on the longitudinal plane sections of 
the (curved) beam in X(B). 

If the sector is the entire circular cylinder with 0 2 = 21t, then the 
parameter A must take the value 1, and the deformations (7.49) 
become Radial Expansions or Contractions of a Hollow Circular 
Cylindrical Shell. In this case it is not appropriate to assume that there 
be no normal stress T33 on the boundary cylinders at r1 = f(R1) and r2 = 
f (R2); instead, we may choose any two of the following four values: the 

radius rl' the radius r2 , the radial stress T33 on the inner cylinder R = Rl' 

and the radial stress T33 on the outer cylinder R = R2 • In addition to 
these we simply take D = 1 for a plane strain or require that the 
resultant axial traction on the annular plane sections of constant z be 
zero as a condition for the determination of the parameter D. 

In each combination of conditions, the deformation (7.49) is 
completely determined, since the number of conditions matches 
precisely the number of µnknowns (including the integration constants). 

Eversion of a Cylindrical Shell We take the deformation to be the 
special case of (5.10) with A = -1 and B = C = 0, viz, 
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0 = -0, z = DZ, r = f(R), (7.53) 

where D is positive and f is negative. We assume that the body is a full 
circular cylindrical shell which occupies the domain •<n) with 

Then after the eversion B occupies the domain X(B) with 

-0e [O, 21t], ze [0, D], re [f(R2), f(R1)]. 

(7 .54) 

(7.55) 

From (7.15) and (7.53) the contravariant components mij of m * 
relative to the coordinate system (xi) = (0, z, r) on I(B) are given by 

.. 1 2 2 
[m1J] = diag (R2, D, f'). (7 .56) 

Hence the tangential principal invariants la are 

where r may be replaced by f(R) by virtue of (7 .53 ). Then the normal 
principal stress T33 is given by 

T33 = n(f'2 _f_ + 02 f2D2 J (7 .5 8) 
'I 'R2 ' R2 ' 

which is a function first of R, then of r, through the inverse of (7.53). 
From (7 .56) the physical component T(00) = T(l 1) is given by 

T(l l} = 11( f ,02 + f'2 ,D2f'2 ) • (7 .59) 

Substituting (7 .58) and (7 .59) into the normal equation of equilibrium 
(5.2), we obtain the governing equation for the unknown function f 
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(7 .60) 

which is a second order quasi-linear differential equation whose 
general solution contains two integration constants. Hence we need 
three additional conditions to determine them and the parameter D. 

We require that the normal principal stress T 33 be zero at the inner 
and the outer cylinders (at r = r2 = f(R2) and r = r1 = f(R1), respectively) 

and that the resultant axial traction on the annular sections of constant 
z be zero in X(~ ). Notice that, by virtue of (5.3), the resultant hoop 
tension on the rectangular cross sections with constant 8 must vanish. 

From (7.58) the conditions of zero normal stress at the inner and the 
outer cylinders are 

( 
f(R )

2 
f(R )

2
D

2 J 0=11 f'(R )2 2 +D2 _2.......,....._ 
2, R2 , R2 , 

2 2 

From (7.56) the tangential principal stress T 22 is given by 

T22 = n(o2 f2 + f'2 f2f,2 J 
'I 'R2 ' R2 · 

(7.61) 

(7 .62) 

Then the condition of zero resultant axial traction on the annular 
sections is 

(7.63) 

where we have used the condition that f' is negative when we change 
the integration variable from r to R. Of course, we can rewrite (7 .63) as 
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(7 .64) 

Using the conditions (7 .61 ), and (7 .64 ), we can determine the 
parameter D and the two integration constants contained in the solution 
f of (7 .60). Hence after the eversion (7 .53) of a circular cylindrical shell, 
both the inner and the outer radii r2 and r1 as well as the axial stretch 
parameter D are determined by the response function 11 of the material. 

Since there is no resultant hoop tension on the rectangular cross 
sections with constant 0 in XCB ), we expect the outer cylinder to be in 
tension while the inner side to be in compression. Hence there is a 
bending moment n on the cross sections given by 

(7.65) 

where we have switched the limits of integration and removed the 
negative sign of f when we change the integration variable from r to R. 
As before, there is also a moment L on the annular sections with the 
density u per unit angle d0 given by 

(7.66) 

Without this moment we expect the inner cylinder to have a bigger 
axial stretch than that of the outer cylinder after the eversion, but then 
the deformed configuration is no longer the cylindrical one given by 
(7 .53 ). 

Torsion of a Cylindrical Shell We take the deformation to be the special 
case of (5.10) with A = I, C = 0, viz, 

0 = 8 + BZ, z = DZ, r = f(R), (7 .67) 

where D and f are taken to be positive, but B may be positive or 
negative. We assume that the body B is a full circular cylindrical shell 
which occupies the domain ,ca) with 
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Se [0, 21t], Ze [0, 1], Re [Rl' R2] • (7 .68) 

Then after the torsion n occupies the domain X (B) with 

0e [0, 21t], ze [0, D], re [f(R1), f(R2)] • (7 .69) 

For this example we refer to z as the axis of torsion. Then B is the angle 
of twist (right handed positive) per unit axial length in the reference 
configuration f(B ). Hence we call B the torsion parameter, D the (axial) 
stretch parameter, and f the radial deformation function. As usual we 
may choose any particular value for the torsion parameter B. Then we 
determine the corresponding value for the stretch parameter D and the 
radial deformation function f. 

From (7.15) and (7 .67) the contra variant component matrix [mij] IS 

given by 

[ m
11 m12 

0 l 1 +B2 BD 0 
m21 m22 0 - R2 (7. 70) 

BD 02 0 
0 0 m33 

0 0 f'2 

Hence from (5.16) the tangential principal invariants ta are 

(7. 71) 

where we have replaced the variable r by the. function f(R), so that the 
invariants ta may be regarded first as certain functions of R, and then of 
r, through the invertible relation (7.67). Using (7.70) and (7.71), we can 
determine the normal principal stress T33 by 

(7. 72) 

where, for simplicity, we have suppressed the explicit form (7. 71) of ta 

from the arguments of Tl. 

Since the tangential component matrix [ma13 ] is not diagonal, to get 
the tangential stress -r«13 we may either solve an eigenvalue problem for 
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map relative to ga!J and obtain the spectral form as in (4.20) and (4.22) 
or we may use the representation formula ( 4.23 ), which in this case 
takes the form 

(7.73) 

Then the physical component T(00) = T(l 1) is given by 

(7. 7 4) 

where from (7. 73) we have 

(7.75) 

Substituting (7.75) into (7.74), we see that T(08) may be expressed as 
certain function first of R, and then of r, through the invertible relation 
(7.67). Hence the normal equation of equilibrium is 

(7.76) 

which is a second order quasi-linear differential equation governing the 
unknown radial deformation function f(R). 

Now we choose any specific value (either positive or negative) for 
the torsion parameter B. Then we impose three additional conditions to 
determine the corresponding values of the stretch parameter D and the 
two integration constants contained in the general solution f of (7.76). 
As in the preceding example, we require that there be no normal stress 
T33 on the inner and the outer cylinders (at r = r1 = f(R1) and r = r2 = 
f(R2), respectively) and that there be no resultant axial traction on the 

annular sections with constant z in X('.8). 

From (7 .72) the first two conditions are simply 

(7 .77) 
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and 

where ta are given explicitly by (7.71) as functions of R. From (7.73) 

the axial stress T22 is given by 

Hence the condition of no resultant axial traction is 

Assuming that the conditions (7. 77), (7. 78), and (7 .80) are 
independent, we can solve them simultaneously for the values of the 
stretch parameter D and the two integration constants contained in the 
solution f of (7. 76), for each given value of the torsion parameter B. 
However, since (7.71) and (7.76) depend only on the square of B, the 
values of D and f(R) do not depend on the sign of B. 

As shown by (7. 79), the axial stress T22 is a function of r in the 
configuration XCB ). Hence by symmetry there is no bending moment on 
the annular sections with constant z. From (7. 73) the shear stress on 
these sections has the physical component 

cr1( t1' t2 ,f'2) 
T(8z)= f BD (7. 81) 

which is a function first of R, then of r, through the invertible relation 
(7 .67). Then the twisting moment '¥ on the sections is given by 

(7.82) 

which is an odd function of B. It should be noted, however, that the 
twisting moment '¥ is generally not a linear function of B, since both the 
stretch parameter D and the radial deformation function f(R), which 
enter into the integrand in (7 .82), depend on B2

, as we have remarked 
before. 
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The preceding analysis for the torsion of a hollow circular cylinder 
may be modified easily to include the case of a full circular cylinder. 
We simply set the inner radius R1 to zero and replace the boundary 
condition (7.77) by 

(7.83) 

Then the limit of the ratio of f over R at the center R = 0 is given by 

lim f (R) = f '(O) 
R---..0 R ' (7.84) 

so that the limits of the tangential invariants are 

(7 .85) 

By symmetry, the shear stress T(0z) vanishes at the center. 

Family 4 Under the assumption of homogeneity, the intrinsic metric m * 
has the component matrix 

M~ a~ . i i 1 
[ ] = [ ] = d1ag ( R2' R 2 sin2 8, ) , (7 .86) 

cf. (4.35). We consider the following two specific examples. 

Radial Expansions or Contractions of a Spherical Shell We take the 
positive sign in (5.11), viz, 

0 = 8, ~=<I>, r = f(R) , (7 .87) 

where f > 0. We assume that the body '.B occupies the domain f('.B) with 

(7 .88) 

Then after the deformation '.B occupies the domain X('.B) with 

e E [0,27t], ~ E [0,7t], re [f(R1), f(R2)l . (7.89) 
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From (7 .86) and (7 .87) the contravariant component matrix [mij] of 
m * relative to the spherical coordinate system (xi) = (8,cp,r) on X(~) is 
given by 

.. 1 2 
[m1J] = diag (R2 , D , f'2

). (7. 90) 

Hence the tangential principal invariants are 

(7. 91) 

Then the normal principal stress is given by 

T33 _ (r,2 2r
2 

f
4 J -11 'R2'R4 , (7.92) 

where we have replaced the variable r by the function f, so that T33 

may be regarded first as a function of R, then of r, through the 
invertible relation (7 .87). From (7 .90) the physical components T{88) or 
T{cpcp) of the tangential stress are given by 

(7. 93) 

Substituting (7.92) and (7 .93) into the normal equation of equilibrium, 
we obtain 

d ( 2 ( ,2 2f
2 

f
4 JJ , _ ( f 2 

f
2 

,2 f
2
f '

2 J dR f 11 f , R 2 , R 4 f - 2frt R 2 , R 2 + f , R 4 , (7.94) 

which is a second order quasi-linear differential equation governmg the 
unknown radial deformation function f(R). 

As in the previous example of radial expansions or contractions for a 
circular cylindrical shell, we may require any two of the following four 
boundary values: the radius r1= f(R1), the radius r2= f(R2), the radial 

stress T 33 on the inner sphere at R = R1, and the radial stress T 33 on the 
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outer sphere at R = R2 • Any two of these four values may be used to 
determine the two integration constants contained in the solution f of 
(7 .94). In fact, after f is determined, so are the other two values. For 
instance, imposing the values r1 and r2 , we then determine the 

corresponding radial stresses on the inner and the outer spheres at r = 
r1 and r = r2, respectively. 

The preceding analysis is valid for a hollow spherical shell with a 
positive value for the inner radius R1 in cl>(:S ), but it may be modified 
easily to include the case of a full sphere with R1 = 0. We simply set r1 

= 0 in (7 .83) and impose one of the following two values on the outer 
sphere at r = r2= f(R2). The limiting value of the ratio of f(R) over R at 

the center is still given by (7.84). From (7.91) the limiting values of the 
invariants at the center are 

(7 .95) 

Eversion of a Spherical Shell We take the negative sign in (5.11), viz, 

-0 = 8, <I>= <I>, r = f(R), (7.96) 

where f < 0. We assume that :S occupies the domain cl>(:S) given by 
(7 .88) before the eversion and the domain X(:S) with 

-e E [0, 27t], <I> E [0, 7t], re [f(R2), f(R1)1 (7. 97) 

after the eversion. From (7 .86) and (7 .96) the contravariant component 
matrix [mij] is still given by (7 .90) and the tangential invariants ta by 

(7.91). As a result, T33 and T(00) are still given by (7.92) and (7.93), 
respectively, so that the governing equation for f(R) is still given by 
(7 .94). 

For a naturally everted configuration X(:S ), we reqmre that both the 
inner sphere and the outer sphere be free of radial stress, i&..., 

·_ ( '( )2 2f(R2)2 f(R2}4 J 
0 - 11 f R2 ' R 2 ' R 4 

2 2 

(7.98) 
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and 

(7 .99) 

These two conditions may be used to determine the two integration 
constants in the solution f of (7 .94) with f < 0. In particular, the inner 
and the outer radii in XCB ), f(R2) and f(R1) respectively, are then 
determined. 

8. Closin~ Remarks 

The five families of deformations presented in Section 5, which yield 
planar, cylindrical, and spherical configurations in general for 
compressible, homogeneous or laminated, isotropic or transversely 
isotropic, elastic material bodies, are similar and closely related to five 
families of (3-dimensional) universal solutions for incompressible 
bodies with the same kind of materials and structures. There is, 
however, one more known family of universal solutions, valid 
specifically for incompressible, homogeneous, isotropic, elastic bodies, 
~- [11]. 

Family 5 Relative to cylindrical coordinate systems (R, 0, Z) and (r, 0, 
z) in the reference and the deformed configurations, the deformations 
are given by 

r = AR, 9 = BlogR + CE), z = DZ, (8.1) 

where A, ... ,D are constants such that 

A2CD = 1. (8.2) 

It is interesting to examine how these deformations are able to 
satisfy the equations of equilibrium universally for all incompressible 
isotropic elastic materials with a homogeneous structure. 

Observe that the coordinate R enters into the expressions (8 .1) for 
both the coordinates r and 0. Hence a possible way to visualize the 
deformations is to regard the deformed configurations as the disjoint 
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union of a family of (r, 8 )-planes. Clearly, the planes are parallel and 
their normal trajectories are straight lines. Hence as explained in 
Section 2, the tangential deformations on the planes must obey the 
tangential equations of equilibrium universally in the 2-dimensional 
sense. 

Using (7 .15) but changing the order of the coordinates back to (X A) = 
(R, 8, Z), we can calculate the contravariant component matrix [mij] as 

[

mu m12 

m21 m22 

0 0 
0 ] 0 -

m33 

A2 

AB 
R 
0 

0 

0 

02 

Hence the tangential principal invariants are given by 

(8.3) 

(8.4) 

which both remain constant. In fact, the physical component matrix 
[m(cx~)] is a constant matrix relative to the tangential coordinate system 
(r, 8), viz, 

(8.5) 

Hence if the material of the planes is compressible and isotropic in the 
2-dimensional sense, than the physical components T(a~) of the 
tangential stress must also all be constant relative to the coordinate 
system (r, 8). However, such a stress field does not satisfy the 
tangential equations of equilibrium 

oT(rr) + oT(r0) + T(rr)-T(00) = O oT(r0) + oT(00) + 2T(r0) = O 
or rae r ' ar rae r ' 

(8.6) 
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unless it reduces to a constant hydrostatic stress with T(rr) equal to 
T(88) and T(8r) equal to zero, but in that case the parameter B vanishes 
and the deformation becomes a special case of Family 3. 

On the other hand, if the material of the planes is incompressible and 
isotropic in the 2-dimensional sense (i&.a., area-preserving), then the 
tangential stress is determined only to within an arbitrary additive 
pressure field p, viz, 

T(al3) = -po(af3) + S(af3) , (8.7) 

where S(al3) are constant since m(al3) are. As a result, the tangential 
equations of equilibrium (8.6) reduces to 

~- S(rr)-S(00) ~ ar - r ' ae = 2S(r0), (8.8) 

which are satisfied universally provided that the pressure field p be 
given by 

p = (S(rr)-S(80) )logr + 20S(r0) + c , (8.9) 

where c may depend on the normal coordinate z, but not on the 
tangential coordinates (r, 8). Hence, unlike Families O - 4, in which the 
lamina surfaces are all (2-dimensional) universal solutions for 
homogeneous compressible (i.e., not necessarily area-preserving) 
isotropic elastic membranes; in Family 5, the lamina planes are (2-
dimensional) universal solutions for homogeneous incompressible (i.e., 
area-preserving) isotropic elastic membranes. 

Notice that, it is much more difficult to patch together (2-
dimensional) universal solutions for incompressible membranes than 
those for compressible ones, since from [17] the former are generally 
not homogeneous, while the latter are. Since the pressure field is 
solved from the tangential equations of equilibrium, its integration 
constant depends only on the normal coordinate. However, if the 
tangential deformations are not homogeneous, then the normal equation 
of equilibrium generally depends not only on the normal coordinate but 
also on the tangential coordinates. As a result, it is generally not 
possible to adjust the pressure field to satisfy the normal equation of 
equilibrium along all normal trajectories. 
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Although the tangential deformations in the Family 5 are not 
homogeneous, the normal equation of equilibrium happens to be 
independent of the tangential coordinates in this case. In fact, the 
normal stress S(zz) is a constant on all lamina planes. Hence the 
normal equation of equilibrium is satisfied universally by choosing 
the integration constant c in (8.9) to be independent of the normal 
coordinate z. 

After seeing my results, Professor Timothy Healey of Cornell 
University kindly pointed to me that some special cases of the five 
families of deformations obtained in Section 5 had been considered 
earlier by Ogden (18] using the semi inverse method. I am grateful 
to Tim for this remark. 

I should point out, however, that the semi mverse method is quite 
different from the method presented here. Indeed, the five families 
of deformations are constructed by patching together universal 
solutions for isotropic elastic membranes in such a way that the 
resulting 3-dimensional deformations satisfy the tangential 
equations of equilibrium universally, while the normal equation of 
equilibrium becomes the governing equation for various elastostatic 
problems of specific isotropic or transversely isotropic materials. On 
the other hand, the semi inverse method simply chooses some 
plausible deformations as possible solution sets for some elastostatic 
problems without much justification beyond working experience. 
Since the five families of deformations differ only slightly from the 
well known families of universal solutions for incompressible 
isotropic elastic materials, they are natural candidates of solution 
sets for the semi inverse method, and indeed some have been so 
chosen as noted above while others may have been considered 
elsewhere. 

As a final remark it should be pointed out that the universal 
solutions for the special kinds of compressible isotropic elastic 
materials with a homogeneous structure found in [ 4] are all special 
cases of the five families of solutions obtained in this paper. Since 
the universal solutions are given in closed forms, they are examples 
of explicit solutions of the governing differential equations 
associated with the response functions of the special kinds of 
materials. 
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The idea for the approach taken in this paper is strongly 
motivated by these special solutions. Indeed, all the preliminary 
results needed for this work had been found prior to 1981, but this 
paper could not have been written without the motivation provided 
by the results of [ 4]. 
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