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1 Introduction 

In this paper we consider the problem of approximating a solution of the 
following unconstrained minimization problem 

mm1m1ze xElR.n J(x) = h(F(x)) (1.1) 

where IRn ---+ IRm is continuously differentiable and h : IRm ---+ IR is a lo
cally Lipschitz function that is regular, i.e. the one-sided directional deriva
tive h'(y; u) equals the generalized directional derivative h0 (y; u) (see Clarke 
(1983) ). 

The literature abounds in papers where his a special norm on IRn. We cite 
for example El Attar, Vidya and Dutte (1975), Madsen (1975), Osborne and 
Watson (1969), Anderson and Osborne (1977), Osborne and Watson (1978), 
Watson (1979), Murray and Overton (1981), Overton (1981). In most cases 
a linesearch strategy is applied: At the kth iteration, one has an estimate 
Xk of the solution of (1.1), the local model parameterized in Xk, assumed to 
have a solution, 

(a) mm1m1ze m(xk;s) = h(F(xk) + F'(xk)s) 
(b) subject to s E IRn (1.2) 

is solved for Sk, and then one performs a linesearch in the direction sk to find 
a positive scalar Ak such that 

where a is a small scalar in (0, 1 ). 
One popular application of problem (1.1) with h being a norm is the 

problem of solving the nonlinear system 

F(x)=O. (1.4) 

The model (1.2) is suitable if the nonlinear system (1.4) has a solution or 
it is a small residual problem. When (1.4) is a large residual problem then 
the nonlinear problem is more a minimization problem rather than a non
linear system. Therefore, to get fast convergence one needs some second 
order information to be incorporated into the local model. In the line search 
strategy, adding second order information or its approximation in (1.2) poses 
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a problem: one needs the second order information matrices to be positive 
definite. The alternative is then to use a trust-region strategy. Such strategy 
is used in Dennis, Gay and Welsch (1981a,b ), Powell (1983), Yuan (1983), 
El Hallabi and Tapia (1993), Shou Bai Li (1989) and Dennis, Li and Tapia 
(1993). Most of these algorithms apply the following iterative method: At 
the kth iteration one has an estimate Xk of a solution of (1.1) , a trust-region 
radius 8k > 0 and a local model mk(·). The following problem 

(a) 
( b) 

mm1m1ze 
subject to 

(1.5) 

is solved for sk. In (1.5b) the norm is arbitrary. Then one decides to accept 
or reject the step sk. Generally, if the test 

(1.6) 

where a E (0, 1) is satisfied then the step Skis accepted and the next iterate 
Xk+i is set to xk+sk. Otherwise the trust-region radius 8k is decreased and the 
problem (1.5) is resolved with the new (smaller) radius. It is known that if Xk 
is not a stationary point of J then one cannot continue decreasing the trust
region radius indefinitely without getting (1.6) to hold (see El Hallabi and 
Tapia (1993)). To terminate the iteration, one updates the trust region radius 
and, maybe, the model mk(·), i.e. the second order information matrix. We 
refer to Dennis and Schnabel (1983) for the latter and to El Hallabi and 
Tapia (1993) for the former for example. 

Notice that since the constraint test in ( 1.5b) is bounded one does not 
need the second information matrices to be positive definite. 

Algorithms that use a trust-region strategy to solve problem (1.1) or a 
special case are, for example, El Hallabi and Tapia (1993), Dennis, Gay 
and Welsch (198la,b ), Powell (1983), Yuan (1983), Shou Bai Li (1989) and 
Dennis, Li and Tapia (1993). In El Hallabi and Tapia (1993), the authors 
consider solving problem (1.1) where h is an arbitrary norm on nr and 
m = n in an attempt to globally solve the nonlinear system (1.4). So they 
do not need any second order information to be incorporated in their model 
mk(s) = IIF(sk) + F'(xk)s11- They use the following more general test to 
update the iterate Xk 

(1.7) 
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where 1 : IRn x IRn - IR is an continuous function satisfying 

max{ ~[mx(s)-f(x)],J'(x,s)} :s; ,(x,s) < 0 (1.8) 

for O < a :s; (3 < l. Observe that the test defined by (1.7) and (1.8) is a natu
ral generalization of the most common criteria used in smooth optimization, 
and that it contains (1.6) as a special case because we have (see El Hallabi 
and Tapia (1993)) 

J'(x,s) :s; IIF(x) + F'(x)s11 - IIF(x)II- (1.9) 

In Dennis, Gay and Welsch (198la,b) the fr norm is used as function 
h. They solve an overdetermined system, so they do need second order 
information. In an attempt to unify most of the approaches, Powell (1983) 
uses as function h in (1.1) any continuous and coercive convex function on 
IRn. He uses the following model 

(1.10) 

The use of the matrices Bk's was first considered in Han (1978, 1981) where a 
line-search strategy is applied and the matrices are assumed to be uniformly 
bounded and uniformly positive definite to give a global convergence result 
for solving a minimax problem. Powell (1983) uses a trust-region strategy 
and assumes the Bk's are only uniformly bounded. Dropping the positive 
definiteness of Bk's is important because such an algorithm might be used 
when each Bk is large and sparse and because suitable formulae for sparse 
matrices that satisfy the quasi-Newton condition may not allow each Bk to 
be positive definite. He shows that if the iterates remain uniformly bounded 
then any accumulation point x* of the sequence generated by his trust-region 
algorithm is a stationary point of f defined by 

where 

'l/;(x) = h(F(x))- min{h(F(x) + F'(x)s) 111s11 :s; 1} 

It can be proved that (1.8) is equivalent to 

J'(x*; s) ~ 0 
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for all s in m,n, which is the natural definition of stationary points of f. In 
Shau Bai Li (1989) and Dennis, Li and Tapia (1993), the authors consider 
solving problem (1.1) with f being an arbitrary real-valued regular locally 
Lipschitz function on m,n. They uses the criterium (1.6) to accept or reject 
the trial step Sk. They also uses a general local model assumed to have at 
least the same first order information than f, which is very hard to get in 
nonsmooth optimization unless one uses some special structure inf. 

In this paper we define a General Trust-Region Algorithm for approxi
mating a solution of problem (1.1 ). We will use the local model defined in 
(1.9), because we want to consider functions of the form h(F), where the 
first order information ( or a good approximation ) of h is easy to obtain. 
We also use the following more general test 

(1.14) 

where 1 : m,n x m,n
2 

x m,n -+ 1R, is an upper semi-continuous function satisfying 

1 ( x, B, s) E [ max { - I J' ( x; s) I - 1J, [ m ( x, B, s) - f ( x)]}, 0 ) . (1.15) 

Our test is a generalization of the test (1.8) used in El Hallabi and Tapia 
(1993) and contains most of the tests used in practice. 

We will consider that our algorithm generates a sequence {(xk, Ok, Bk), Sk E 
JN} and will prove that if F is continuously differentiable, h is a regu
lar locally Lipschitz function, the iterates remain in a bounded set, and 
Bk's are uniformly bounded then any accumulation point of the sequence 
{(xk, 8k, Bk) I k E lN}, say (x*, 8*, B*), is such that x* is a stationary point of 
f, i.e. 

(1.16) 

for alls in Rn. In section 2, we review some subdifferentiability properties of 
f = h(F) and we give the optimality conditions for solving (1.1). In section 
3, we define our General Trust-Region Algorithm. In section 4 we give a 
fundamental property of the trust-region strategy that insures the global 
convergence, an advantage over a linesearch strategy. In section 5, we review 
the Zangwill's global convergence theory. Finally, in section 6 we model our 
algorithm by a point-to-set map and prove that Zangwill's theory applies to 
it, and hence we obtain the global convergence of our algorithm for solving 
(1.1). 
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2 Differentiability of f = h( F) 
In this section we give some subdifferentiability properties of the function 
f = h(F), where F: IR,n - IR,m is continuously differentiable and h : IR,m -

IR, is locally Lipschitz and regular (see Definition 2.1). 
The usual one-sided directional derivative off at x E IR,n in the direction 

s E IR,n, denoted f'(x; s), is defined by 

J'(x· s) = lim f(x + ts) - f(x) 
' tlO t 

(2.1) 

whenever this limit exists. Since F is continuously differentiable, it is Lips
chitz near any x E IR,n, i.e. Lipschitz in a neighborhood of x (see Corollary 
of Proposition 2.2 of Clarke (1983)). Consequently the function f = h(F) is 
Lipschitz near any x E IR,n, and hence its generalized directional derivative 
at x in the direction s E IR,n exists and is defined by 

J 0 (x; s) = lim J(y + ts) - f(y) 
y-+x t 
tlO 

Moreover its generalized gradient at x, denoted 8J(x), is 

8f(x) = {g E IR,njf0 (x; s) ~ gT s, Vs E IR,n} 

(2.2) 

(2.3) 

Definition 2.1 Let x be any point in IR,n and let f be a function defined on 
X C IR,n, Lipschitz near x. The function f is said to be regular at x if both 
J'(x; s) and f 0 (x; s) exist for any sin IR,n and are equal. 

Moreover it is said to be regular on X if it is regular at any x in X. 

Proposition 2.2 Let F : IR,n - IR,m be continuously differentiable and let 
h : IR,m - IR, be a locally Lipschitz and regular function. Then the function 
f(x) = h(F(x)) is regular. 

Proof. This proposition can be found in Clarke (1983). D 

Definition 2.3 Let f : IR,n - IR,m be continously differentiable and h : 
IR,n - IR, be locally Lipschitz. Then a given point x in IR,n is said to be 
stationary for f = h(F) if and only if 

J'(x; s) ~ 0 (2.4) 

for any s in IR,n. 
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Observe that Definition 2.3 is equivalent to the standad definition of sta
tionarity, that is x is a stationary point of f if O E 8 f ( x), because of ( 2. 3) 
and the regularity of J. 

Since in a trust-region algorithm the iterates are updated via a solution 
of a local model and becuase of Definition 2.3, the local model should have 
the same directional derivative than f at any x in IIr. 

Proposition 2.4 Let x and d be any points in IR,n. Also let F : IR,n --t IR,m 

be continuously differentiable and let h : film --t IR, be Lipschitz near x and 
regular at x. Then 

J'(x; d) = m'(x, E; O; d) 

for any d in ffin, where 

m(x, E; s) = h(F(x) + F'(x)s) + ~sT Es. 
2 

Proof. Since F is continuously differentiable we have 

F(x +ts)= F(x) + tF'(x)s + o(t), 

where 
lim o(t) = 0 . 
t--+0 f 

We have then 

h(F(x + ts) - h(F(x)) h(F(x) + tF'(x)s + o(t)) - h(F(x)) 
t t 

or equivalently 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

J(x + ts) - J(x) 
t 

h(F(x) + tF'(x)s) + ~sT Es - h(F(x)) t T 
----'-----'-----'----'-----'-----'--=---------'-..:._.:...;_ - -s Es 

t 2 
h(F(x) + tF'(x)s + o(t)) - h(F(x) + tF'(x)s) 

+ t 

which implies, since h is locally Lipschitz and because of (2.8), that 

1
. J(x+ts)-f(x) 

1
. m(x,E;ts)-m(x,E;O) 

1m = 1m 
tlO t tlO f ' 

or equivalently 
f'(x;s) = m'(x,E;O;s) 

which completes the proof. 
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Corollary 2.5 Under the hypothesis of Proposition 2.4, a point x is station
ary for f if and only if 

m'(x,E;O;s) ~ 0 (2.13) 

for all s in IRn, where m( x, E; s) is defined by (2. 6). 

Proof. It is an obvious application of Definition 2.3 and Proposition 2.4. 
D 

It would be useful to have a relation between the stationarity and the set 
of minimizers of the local model one uses in the algorithm. 

Proposition 2.6 Under the hypothesis of Proposition 2.4, if x is not a sta
tionary point off then zero is not a local minimizer of the subproblem 

mm1m1ze 
subject to 

m(x,E;s) 

llsll:::; 8 
(2.14) 

where 8 is any positive scalar, E any matrix in 1Rn
2 

and II II any norm on 
IRn. 

Proof. Suppose that O is a local minimizer of problem (2.14). Then we 
have 

h(F(x)):::; h(F(x) + F'(x)s) + 1sT Es (2.15) 

for alls such that lisii :::; 8, and s E N(O), when N(O) is some neighborhood 
of zero. Let s be any point in IRn, then for sufficiently small positive t, we 
have IJtslJ :::; 8 and ts E N(O). Consequently 

h(F(x) + tF'(x)s) + fsT Es - h(F(x)) 
0 ::; t , (2.16) 

or equivalently 
m(x, E; ts) - m(x, E; 0) 

0 < --------- ' - t (2.17) 

and by passing to the limit when t l 0, we obtain 

0:::; m'(x,E;O;s). (2.18) 

Now since sis an arbitrary point in IRn, we obtain from (2.5) and (2.18) that 
x is a stationary point off= h(F), which contradicts the hypothesis of our 
proposition. D 
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3 The General Trust-Region Algorithm 

In this section we define our general trust-region algorithm for approximating 
a solution of the nondifferentiable optimization problem 

min f(x) = h(F(x)) 
xElRn 

where F : IRn -+ IRm is continuously differentiable and where h is an arbi
trary regular locally Lipschitz function. 

Let us set 

m(x,B,s) = h(F(x) + F'(x)s) + }sTBs. (3.1) 

Let 1 : IRn x IRn
2 

x IRn - IR be a function satisfying 

1 ( x, B, s) E [ max { - I J' ( x; s) I - 77, m ( x, B, s) - f ( x)}, 0 ) ( 3. 2) 

where O < 77 < < 1. Also let Ci, i = 1, ... , 5 be positive scalars such that 

0 < C1 < C2 < 1 :'.S C3 , 

0 < C4 < C5 < 1 j 

and let 

(3.3) 

(3.4) 

(3.5) 

be any arbitrary small positive scalar. Finally let x0 be any point in IRn, bo 
any positive scalar, B0 any square matrix of order n, and II II any norms on 
IRn. 

Suppose that Xk, bk and Bk are the iterates, the trust-region radius and 
the matrix determined by the algorithm at the kth iteration. The algorithm 
determines Xk+l, bk+l and Bk+l in the following manner: 

STEP 1. Obtain Sk as a solution of the model trust region problem 
(a) mm1m1ze mk(s) = m(xk,Bk;s) 
(b) subject to 11s11 :'.S bk 

STEP 2. If f(xk + sk) :'.S f(xk) + c11(xk, Bk, sk) 
set Xk + 1 = Xk + sk, and go to STEP 3, 

Else Choose bk so that 
c4ilskll :'.S bk :'.S csllskll, 
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and go to STEP 1; 
STEP 3. If J(xk + sk) < J(xk) + c2[mk(sk) - J(xk)] 

choose 8k+l so that 
llskll :S 8k+1 '.S max(8k, c3ilskll), 

Else if J(xk + sk) > J(xk) + c2[mk(sk) - J(xk)] 
choose 8k+I such that 

c4llskll :S 8k+I '.S csllskll 
Else choose c5k+l such that 

c4llskllb :S 8k+1 '.S max(c5k,c311skllb)
STEP 4. Set 8k+1 = max( 8k+1, Domin) 
STEP 5. Choose Bk+I, any square matrix of order n. 

Observe that ifs is a direction of negative curvature of m(x, B, .) then 
the choice 

1 (x,B,s) = J'(x,s)-71. 

is less conservative than the choice 

1 (x,B,s) = m(x,B,s)- J(x). 

(3.6) 

(3.7) 

which in turn is less conservative when s is a direction of positive curvature. 
The above choices are possible because the function 

1 ( x, B, s) = max { - I J' ( x; s) I - 71, [ m ( x, B, s) - J ( x)]} ( 3. 8) 

is an upper semi-continuous function satisfying (3.2). 

4 A Fundamental Property of the General 
Trust-Region Globalization Strategy 

In this section we recall a theorem from El Hallabi and Tapia (1993). This 
result shows that the globalization strategy enjoys the satisfying property 
that as the radius of the trust region approaches zero the solutions of the 
model trust-region problem come arbitrarily close to directions of steepest 
descents of J, which is an enormous advantage on a linesearch globalization 
strategy. The direction is steepest with respect to the the norm used in 
defining the trust region, i.e. II II- This result will play an important role in 
the convergence analysis developed in a later section. 
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Theorem 4.1 Let g be a real-valued function 1 locally Lipschitz on m,n I and 
let x E m,n be such that g'( x; s) exists for all s E m,n. Also let { 8k I k E N} 
be a sequence of positive scalars converging to 8 = 0. Consider the sequence 
{ Sk I k E N} 1 where Sk solves the problem 

(a) 
(b) 

mm1m1ze 
subject to 

g(x + s) 
llsll ~ 8k · 

( 4.1) 

If sk -/- 0 for all k E N, then any accumulation point d* of { dk = 11 ;~ 11 I k EN} 
is a steepest descent direction for g at x with respect to the norm 1111 in (4- 1 b). 

Proof. The proof of this theorem can be found in El Hallabi and Tapia 
(1988) as Theorem 7.1. D 

Remark. If f(x) = h(F(x)) and m(x,B,s) = h(F(x) + F'(x)s) + ½sTBs, 
then using Theorem 4.1 with g(x + s) = m(x,B,s) and recalling (2.5) of 
Proposition 2.4 we see that d* is a steepest descent direction for f at x. 

5 Zangwill's Global Convergence Theory 

In this section we review some basic results and definitions from the theory 
of point-to-set maps including the Zangwill convergence theorem. 

Let A : X C m,n -----+ 2JRP be a point-to-set map. Also let x be a point in 
X. 

Definition 5.1 (closed point-to-set map). The point-to-set map A is said 

to be closed at x if { Xk I k E N} converges to x and {Yk E A(xk) I k E N} 
converges to y implies that y E A( x). If A is closed at every x in X, then it 
is said to be closed on X. 

In parts of the literature, a closed point-to-set map sometimes is called 
an upper semi-continous map. We use the terminology of "closdness" . 
In numerical optimization, most algorithms are iterative in nature. Namely, 
given a starting point z0 , a sequence { Zk I k E N} is generated according 
to prescribed rules. Each iterate is chosen from a well-defined subset ( of 
possible successors) that is rarely a singleton. For example,in our General 
Trust-Region Algorithm, problem (3.5) may have more than one solution sk, 
and the iterate is defined to be Xk+l = Xk + Sk. Furthermore, the trust-region 
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radius is always chosen from a continuum defined by inequalities. Therefore 
the iterate Xk+l is defined via a point-to-set map which is said to characterizes 
the algorithm. 

Model Algorithm 
Given a point z0 E IIr, a sequence of points { Zk I k E .N} is generated 

recursively according to the defining relation 

where A is a point-to-set map and any point in the set A(zk) is an acceptable 
successor point of Zk, 

Notice that the model does not specify the type of problem we are solving. 
We refer to the set of solutions as the solution set S. For a specific application, 
A and S must be defined according to the algorithm to be used. 

Our motivation for using point-to-set maps to model our algoirthm stems 
from the following theorem due to Zangwill (1969). We present the theorem 
as stated in Huard (1979). 

Theorem 5.2 Let E, a compact set of IRP, SC E (a solution set), A: E-+ 
2E, a point-to-set map and g : E -+ ~ a continuous function be such that for 
any z E E and z (/. S we have 

(i) A(z) i= </> 

(ii) g(z') < g(z) for any z' in A(z). 

(iii) A is closed at z. 

Suppose that a sequence { Zk I k E .N} has been obtained by the following 
recursion relation: let z0 be any point in E, if Zk (/. S then Zk+l E A(zk), 
otherwise Zk+l = Zk. Then any accumulation point z* of { Zk I k E N} is 
contained in S. 

Proof. This theorem can be found as Convergence Theorem A of Zangwill 
(1969) or as a consequence of Corollary 3 and Remark 6 of Huard (1975). D 

More details regarding point-to-set maps can be found in Berge (1966), 
Delahaye and Denel (1978), Denel (1977), Huard (1972a,b; 1975), Meyer 
(1970) and Hogan (1973). 
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6 Global Convergence of the General 
Trust-Region Algorithm 

In this section we establish the general convergence of the General Trust
Region Algorithm described in Section 3 by modeling it by a point-to-set map 
A and then proving that the hypothesis of Zangwill's Theorem (Theorem 5.2) 
hold. 

To be able to apply Zangwill's Theorem, we make the following hypothe
ses: 
Hl. The level set 

Eo = {x E nr I f(x) :S f(xo)} (6.1) 
H2. The matrices Bk's are uniformly bounded, i.e. 3 M > 0 such that 

(6.2) 

H3. There exists a positive scalar D-min such that 

(6.3) 

Remark. The hypothesis Hl implies that the trust-region radii are uni
formly bounded because of the way we update 8k in the algorithm. Therefore 
there exists a positive scalar D-max ~ D-min such that 

0 < 8 k '.S D-max · (6.4) 

Now, let us get the elements of Theorem 5.2. The subset E will be defined 
by 

E = Eo X [D-min, D-max] X [O, M] . (6.5) 

The subset S of E will be defined as follows: 

(x,8,B) ES~ J'(x;s) ~ 0 (6.6) 

The merit function g used in Theorem 5.2 will be 

g(x,8,B) = J(x). (6.7) 

Finally we define the point-to-set map A that models our algorithm: 
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1. For z = (x,8,B) ES we will set A(z) = {z}. 

2. For z = (x, 8, B) E S we will say that z' = (x', 8', B') E A(z) if there 
exists a positive scalarµ such that µ ands = x' - x satisfy the following 
six conditions: 

and 

(a) 0 < µ :::; 8 

(b) s E argmin{m(x,8,B) I llsll:::; µ} 

(c) f(x + s):::; f(x) + c11(x,B;s) 

(d) if f(x + s) < f(x) + c2[m(x, B, s) - f(x)], then 

llsll :::; 8':::; max(b, c3llsll) 

else if f(x + s) > f(x) + c2 [m(x,B,s)- f(x)], then 

c4ilsll :::; 8':::; csllsll 

else choose 8' such that 

(e) 8' = max(b', ~min), 

(f) B' is any square matrix of order n. (6.8) 

The scalar µ in (6.Sa) will be said to determine an acceptable step s with 
respect to (x, 8, B). 

Now we give our global convergence theorem. 

Theorem 6.1 Let F : IRn -+ IRm be continuously differentiable and h : 
IRn -+ IR be locally Lipschitz and regular, let f = h( F), let II II be an arbitrary 
norm on IRn, let Xo be any point in IRn, Do be any positive scalar and Bo be 
an arbitrary square matrix of order n. If the hypotheses HJ, H2 and H3 hold 

and if the function I defined in (3.2) is upper semi-continuous, then any 

accumulation point of the sequence { (xk, bk, Bk) I k EN}, say (x*, 8*, B*), is 
such that x* is a stationary point off. 
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The proof of the theorem will require the use of the following lemmas 
whose proofs will be given shortly. 

Lemma 6.2 Consider some fixed (x, 8, B), where 8 =/- 0 and x is not a sta
tionary point off, then the algorithm cannot loop indefinitely between Step 
2 and Step 1. 

Lemma 6.3 The point-to-set map A that models the General Trust-Region 
Algorithm is closed at any (x, 8, B) (/. S, i.e. such that the point x is not a 
stationary point off. 

Proof of Theorem 6.2. It is sufficient to prove that the conditions of 
Theorem 5.2 hold. The subset E defined in (6.5) is compact because of the 
hypotheses Hl, H2 and H3, and the merit function g is continuous because 
of (6.7). Let us establish that conditions (i), (ii) and (iii) of Theorem 5.2 
hold. First let z = (x, 8, B) (/. S. Then by the remark stated just before 
Theorem 6.2 we have that 8 > 0, and by Lemma 6.2 there exists µ E (0, 8) 
ands E argmin{m(x,B;s) I llsll s; µ} such that x' = x =sand 

f(x') s; f(x) + c1 1 (x, B, s) . (6.9) 

The existence of 8' and B' such that z' = ( x', 8', B') E A( z) is obvious. There
fore, property (i) of Zangwill's Theorem 5.2 holds. Secondly, if (x', 8', B') E 

A(x, 8, B), it is straightforward from (6.7), (6.8c) and the definition of 
,(x,B,s), i.e. (3.2), that g(x',8',B') < g(x,8,B) which is condition (ii) 
of Theorem 5.2. The third condition (iii) follows from Lemma 6.3. Conse
quently, our theorem is a consequence of Zangwill's Theorem 5.2 and Lemmas 
6.2 and 6.3. D 

Before proving Lemmas 6.2 and 6.3 we give the following propositions needed 
for that purpose. 

Proposition 6.4 Let x be a nonstationary point of f = h( F). Also let 
{µj,j E N} be any sequence of positive scalars that converges to µ = 0. 
Consider the sequence { Sj I j E N} where Sj solves the problem 

( a) mm1m1ze m(x, B; s) 
(b) subject to llsll s; µj 

(6.10) 

Then any accumulation point of { dj = 
11
:; II, k E N} is a steepest descent 

direction of J at x with respect to the norm II II-

14 



Proposition 6.5 Suppose that some sequence {(xk,8k,Bk) E E\S,k EN} 
converges to some (x, 8, B) E E\S. If µk is a scalar that determines an 
acceptable step Sk with respect to (xk, 8k, Bk), then there exists a positfve 
scalar µ(x, 8, B) such that any accumulation pointµ* of {µk I k EN} satisfies 

µ* 2:: µ(x,8,B). (6.11) 

Proof of Lemma 6.2. Let {xj,j E N} be the sequence generated by 
letting Xj+ 1 = x + Sj where Sj is a solution of the following model trust
region problem 

(a) 
(b) 

mm1m1ze 
subject to 

m(x,B,s) = h(F(x) + F'(x)s) + ½sTBs 
!isl! ::; Dj' 

(6.12) 

and !isj+ill ::; Dj+1 ::; csllsjll ::; Dj for all j EN. Observe that Do= 8 and 
0 < c5 < 1 so the sequence {sj,j EN} is decreasing to s = 0. Under the 
hypothesis of the lemma the test in Step 2 fails for all j EN. Thus 

(6.13) 

or since Sj -/= 0 
f(x + Sj) - J(x) 1 

lisjll > cn(x, B, Sj) iisjil (6.14) 

and by the definition of 1 , i.e. (3.2) 

f(x+sj)-f(x) { I'( Sj) 
llsjll > Ci max - f x, llsjll -ry, 

m(x, B, Sj) - m(x, B, 0)} 
llsjll 

Let us set 

then (6.15) becomes 

f ( X + t j d j) - f ( X) { I J' ( d ) I ---t----- > c1 max - x, j - 'T/, 
J 

(6.15) 

(6.16) 

m(x, B, t1di) - m(x, B, 0)} . 
t· J 

(6.17) 
Let d* be any accumulation point of { d1, j E N}. From the Lipschitz conti
nuity off(·) and m(x,B,·), the continuity of f'(x,·) and Proposition 2.10, 
we obtain 

(6.18) 
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which implies since O < c1 < 1 

(6.19) 

But by Proposition 6.4, d* is a steepest descent direction of f at x, which 
contradicts the hypothesis of x not being a stationary point of J. D 

Proof of Lemma 6.3. Let {(xk,8k,Bk) I k E N} be a sequence that 
converges to (x*, 8*, B*) and let { (xk, 8~, BU E A(xk, 8k, Bk) I k E N} be 
a sequence that converges to some (x:, o:, B:). We want to establish that 
(x:, o:, B~) E A(x*, 8*, B*). By the definition of A, (x:, o:, B~) E A(x*, 8*, B*) 
implies that there exists a positive scalar µk and for sk = xk-xk, the following 
conditions hold: 

(a) 
( b) 
(c) 

0 < µk :S 8k, 

sk E argmin{ m(xk, Bk, s) 111s11 :S µk} , 

f(x~) :S f(xk) + cn(xk, Bk, sk) . 

(6.20) 

Since the sequence { xk I k E N} and { Xk I k E N} converges to x: and x* 
respectively, the sequence { sk, I k EN} converges to s* such that 

(6.21) 

and consequently it is a bounded sequence, say llskll :S ~* for all k E N. 
Because of (6.71a), we have the sequence {µk I k E N} is bounded, say 
µk :S ~, for all k E N. Therefore it has a subsequence, say {µk I k E N'}, 
that converges to someµ*. We now establish that 

Let us set 
¢(s;x,B,µ) = m(x,B,s) 

and 
{s E m,n 111s11 :S µ} = T(x,B,µ), 

and rewrite (6.206) as 

Sk E argmin{ef>(s;xk,Bk,µk) Is E T(xk,Bk,µk)}. 

The point-to-set map T is the composition of the projection 

II(x,B,µ)=µ 
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(6.22) 

(6.23) 

(6.24) 

(6.25) 

(6.26) 



and the point-to-set map 

D(µ) = {s E IRn Iµ~ IJslJ} · (6.27) 

The projection (6.26) is continuous and by Proposition 5.8.6 of Huard (1972a) 
the point-to-set map D in (6.27) is closed, consequently by Proposition 5.6.4 
of Huard (1972a) the point-to-set map T = Do IT is continuous. Now, since 
the function q> in (6.23) is continuous, we have that the point to-set map 

7/J: (x,B,µ) -t argmin{4>(s;x,B,µ) Is E T(x,B,µ)} (6.28) 

is closed. Therefore, because {(xk,Bk,µk) I k E J\f} converges to (x*,B*,µ*) 
and { Sk E 7/J(xk, Bk, µk) I k E J\f} converges to s*, the closdnessof the point
yo-set map 7/J implies that s* E 7/J(x*, B*, µ*) or equivalently 

(6.29) 

Now, since (x*, 8*, B*) r/. S, we obtain from Proposition 6.5 that 

(6.30) 

and since x* is not a stationary point off, Proposition 2.10 implies that 

(6.31) 

Therefore by (6.20a) and (6.30) 

(6.32) 

The upper semi-continuity of the real-valued function I implies that the 
function defined by 

v ( x, B, s) = f ( x + s) - f ( x) - en ( x, B, s) (6.33) 

is lower semi-continuous, and consequently its epigraph, epi( v) ,is a closed 
subset of IRn x IRn

2 
x IRn x IR. By (6.20c) we have that (xk, Bk, Sk, 0) E epi(v) 

for all k E J\f, and on the other hand it converges to (x*, B*, s*, 0), therefore 
(x*,B*,s*,0) E epi(v), i.e. 

(6.34) 

17 



Properties (6.29), (6.32) and (6.34) establish the first three properties needed 
to conclude that (X:, o:, B~) E A(x*, o*, B*), i.e. (6.8a), (6.8b) and (6.8c). 
Property (6.Sf) is obvious. Let us establish Property (6.8d) and (6.Se). Sup
pose that 

The sequence {(xk,Bk,sk) I k EN} converges to (x*,B*,s*), so for all large 
k EN we have 

which gives 

which in turn implies 

Now suppose that 

Then we have for all large k, 

and consequently 

which imlpies 

c4lls*II :So: :S c5ils*II · 
Finally, if neither (6.35) nor (6.39) holds, then necessarily we have 

We have for all k E N 
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(6.37) 

(6.38) 

(6.41) 

(6.42) 

(6.44) 



which implies that 

(6.45) 

Properties (6.35) and (6.38), (6.39) and (6.42),a.nd (6.43) and (6.45) establish 
(6.8d). On the other hand it is obvious that 

(6.46) 

holds which is the prorerty (6.8e). Therefore, we conclude that (x:, 8:, B:) E 
A(x*, 8*, B*). This establishes that the point-to-set map A that characterizes 
the General Trust-Region Algorithm defined in section 3 is closed on E / S. D 

Now we give the proofs of Propositions 6.4 and 6.5. 
Proof of Proposition 6.4. Since x is not a stationary point and 8k > 0, 

we have, by Proposition 2.10, that Sj =/- 0. Let s be any unitary vector in 
IRn. Also let Oj be a positive scalar such that 

and let us set 
O'.jS = Yj . 

Then we have 

m(x, B, Sj) - m(x, B, 0) m(x, B, Yj) - rn(x, B, 0) 
< I . llsj II - IIYjl 

If we set 

s · Yi 
dj = 11s;II and 

Yj = IIYjll = 8 

then (6.48) becomes 

m(x,B,tjdj}- m(x,B,0) m(x,B,tjs) - m(x,B,0) 
---'----'---'------'----~<-----'--------'-. 

tj - tj 

Let d* be any accumulation point of { dj, j E N}. Then we have 

m(x, B, tjd*) - m(x, B, 0) m(x, B, tjdj) - m(x, B, tJd*) 
t · + t 

J 

m(x,B,tjs)- m(x,B,0) 
< 
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t· J 

( 6.4 7) 

(6.48) 

(6.49) 

(6.50) 

(6.51) 

(6.52) 



and using the fact that m( x, B,.) is locally Lipschitz, we obtain from ( 6.52) 
that 

m'(x,B,O;d*):::;; m(x,B,O;s) (6.53) 

which implies, since s is an arbitrary unitary vector in IIr and because of 
Proposition 2.8, that s is a steepest descent direction off at x. D 

Proof of Proposition 6.5. Let µ* be any accumulation point of {µk I k E 
N}, and also let {µk I k E N' C N} be a subsequence that converges to µ*. 
Without loss of generality, we can assume that {flk I k E N} converges to µ*. 
We know that 

(6.54) 

We consider two cases: 

[Case i).) We suppose that there exists a subsequence of {µk I k E N' C N} 
such that 

in which case we have 

µ* = D 

and consequently we obtain (6.11 ), with 

µ(x,8,B) = 8/2. 

[Case ii).) We suppose that for all k EN 

(6.55) 

(6.56) 

(6.57) 

(6.58) 

This is equivalent to saying that Dk never determines an acceptable step. Let 
sk be the last non-acceptable step obtained by decreasing Dk, Since Dk > 0 
and Xk is not a stationary point off we have, by Proposition 2.10, that 

(6.59) 

and 
(6.60) 

Also we have for k EN 

(6.61) 
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Now, suppose thatµ= 0. From Inequality (6.59) we obtain that {sk I k EN} 
converges to s = 0. Moreover, we have 

which implies, because of (6.59), that 

Let us set 

which implies that 
lim tk = 0. 

k-++oo 

Inequality (6.62) becomes 

Let us prove that 

From from (3.2) we obtain 

,(xk, sk) 2:: m(xk, Bk, sk) - m(xk, Bk, 0) . 

The equalities in (6.64) and Inequalities (6.66) and (6.68) imply that 

f(xk + tkdk) - f(xk) m(xk, Bk, tkdk) - f(xk) ------- > C1 ----''--------''----....:........:.----'--
t k tk 

or equivalently 

f(xk + tkdk) - f(xk) 
tk 
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(6.62) 

(6.64) 

(6.65) 

(6.66) 

(6.67) 

(6.68) 

(6.69) 

(6.70) 



and consequently 

(6.71) 
Since Fis continuously differentiable, h is locally Lipschitz and { Bk I k E N} 
converges to B, we obtain from (2. 7), (6.64), (6.65) and (6. 71) 

(1 ) 1
. J(xk + tkdk) - f(xk) > 

0 - c1 1msup _ , 
k-++oo tk 

and because O < c1 < 1 

which is (6.67). 
Now let 

s~ E argmin{m(x,B,s) 111s1I::; µk} · 

(6.72) 

(6.73) 

(6.74) 

Since {µk > 0 I k E N} converges to µ = 0, we have by Proposition 6.4 

that any accumulation point d* of { dk = ll:~II I k EN} is a steepest descent 

direction of f at x. Consequently since x is not a stationary point we have 

(6.75) 

Also let ak be a positive scalar such that 

(6. 76) 

Then we have for all k EN 

mk(xk, Bk, sk) - J(xk) < mk(xk, Bk, aksk) - f(xk) . (
6

_
77

) 
llskll - akllskll 

Let us set 
(6.78) 
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and 
- Sk 

dk = llskll' (6.79) 

Therefore (6.77) becomes 

m(xk, Bk, tkdk) - J(xk) < m(xk, Bk, tkd'ic) - f(xk) 
tk - tk 

(6.80) 

which implies, since lldkll = lldkll = 1 and {Bk I k EN} converges to B, 

J(xk + tkdk) - f(xk) < J(xk + tkd*1J - f(xk) + o(tk) (6.Sl) 
tk - tk tk ' 

(see (2.10)). Therefore we obtain that 

1
. J(xk + tkdk) - J(xk) < 

1
. f(y + td*) - f(y) 

1m sup 1m sup 
k----,.+oo tk - y----,.x t 

(6.82) 

t!O 

where d* is an arbitrary accumulation point of { dk I k E N}. Inequality ( 6.82) 
is equivalent to 

and consequently by using (6.67) we obtain that 

J'(x, d*) 2: 0 

(6.83) 

(6.84) 

which contradicts the hypothesis on x being a nonstationary point of f, 
i.e. (6.75). Therefore there exists a positive scalar µ(x, 8, B) such that any 
accumulation point of the sequence {µk I k EN}, say µ*, satisfies 

µ* 2: µ(x, 8, B) 

where (x, 8, B) rt S. 
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7 Summary and Concluding Remarks 

Following the recent work of El Hallabi and Tapia (1988), in this paper we 
have presented a General Trust-Region Algorithm where the model trust
region problem has the form 

(a) 
(b) 

mm1m1ze 
subject to 

h(F(x) + F'(x )s) + ½sT Bs 
iisii ::; 8 

(7.1) 

where II II is arbitrary but fixed norm on IRn. The local model above is a 
nonsmooth optimization problem. We aim to consider problems where the 
first order information of h or a good approximation to it is easy to obtain. 
Using the tools from locally Lipshitz analysis, nonsmooth optimization and 
the Zangwill convergence theorem we have established general convergence 
analysis for our General Trust-Region Algorithm which applies to most pub
lished works, except that we needed a lower bound ,6.min on the trust-region 
radii where ,6.min is entended to be a arbitrary small positive scalar. 

Our global convergence theory indicates that if O < T/ < < 1, the choice of 

1 in (3.2) should be 

1(x,B,s) = m(x,B,s)- J(x) (7.2) 

when the step skis a direction of positive curvature of m(x, B, ·) and 

1(x,B,s) = J'(x;s)-T/ (7.3) 

when it is a direction of negative curvature. When the local model is of 
very high negative curvature in the direction sk, the choice (7.3) would ac
cept the trial step sk whereas the choice (7.2) would not, especially when 
Sk is not small. We think that the choice (7.3) tends to leave faster regions 
of high negative curvature of the local madel where Xk is nearly a saddle 
point. The details concerning the above choices cannot be finalized without 
some numerical experimentation. But we feel that the least coservative and 
straightforward choice of the function I in (3.2) should be 

1(x, B, s) = max{J'(x; s ), [m(x, B, s) - f(x )]}. (7.4) 

especially when the matrix Bk+l does not inherit the positive definitness 
property. 
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