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DOMAIN DECOMPOSITION AND MIXED FINITE 

ELEMENT METHODS FOR ELLIPTIC PROBLEMS 

By 

R. GLOWINSKI** AND M.F. WHEELER* 

Abstract. In this paper we describe the numerical solution of elliptic problems with 
nonconstant coefficients by domain decomposition methods based on a mixed formula
tion and mixed finite element approximations. Two families of conjugate gradient algo
rithms taking advantage of domain decomposition will be discussed and their perfor
mance will be evaluated through numerical experiments, some of them concerning practi
cal situations arising from flow in porous media. 

0. Introduction. These last years have seen the strong emergence of solution methods 
for partial differential equations based on the concept of domain decomposition. Indeed 
this approach is not new since the Schwarz alternating method to solve some class of 
elliptic problems goes back to the last century. However this technique, almost forgotten 
for a long time, is enjoying revival very likely due to the development of parallel com
puters and multiprocessor supercomputers. Giving reference to all the publications deal
ing with domain decomposition for partial differential equations has become an impossi
ble task due to the active research presently done in the United States, Western Europe, 
Japan and U.S.S.R. For this reason we advise the interested reader to consult the other 
papers in the Proceedings and the references therein. 

From a technical point of view domain decomposition techniques considered so far 
have been dealing with finite difference, conforming finite elements and spectral methods. 
To the knowledge of the two authors they have been the first to consider the combina
tion of domain decomposition with mixed finite element [1, 2]. This approach, compared 
to more traditional ones founded on conforming finite difference or finite element 
method, has no problem in treating the vertex difficulties associated with the box decom
positions [3, 4]. Another advantage is that it seems ideally suited to handling problems 
with highly discontinuous coefficients, since it contains built in harmonic averaging of 
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coefficients which is very close to the one usually as.sociated to homogenization tech
niques [5]. In this paper we would like to discuss domain decomposition for solving ellip
tic problems with nonconstant coefficients based on mixed formulation. We shall con
sider two classes of methods which can be viewed a.s duals of each other. To each we 
shall associate conjugate gradient algorithms, first for the continuous problem and then 
for the finite dimensional one obtained through mixed finite element discretizations. The 
numerical implementation of these algorithms will be discussed in detail and the possibil
ities of these methods will be illustrated by numerical experiments, some of them related 
to the numerical solution of the pressure equation originating from the mathematical 
models described by flow in porous media. 

1. The Model Problem. Let O be a bounded domain of RN. We consider on O the 
following Neumann problem: 

{
-V·(AVu)=/ 
(AVu)·n=g 

m 
on 

o, 
ao(=f); 

( 1.1) 

n: unit outward normal vector. For the above problem, in order to have a solution 
( defined within an arbitrary constant) we need to have the compatibility condition 

J f dx + f g df = 0 . 
o r 

(1.2) 

We have been considering directly the pure Neumann problem since it is the one 
that is the most difficult and physical. 

2. A Mixed Variational Formulation of Problem {1.1). Define now p by 

p = A Vu ; (2.1) 

we have then 

V·p+/ =0, 

Vu= A-1p. 

Multiplying (2.2) and (2.3) by v and q, respectively, we obtain 

J (V · p + J )v d:r = 0, V v EL 2(0), 
0 

where 

J(A-1 p·q+uV·q)dx = 0, VqEP0 , 

0 

Po = { q I q E H(O; div), q · n = 0 on f} . 

Take / EL 2(0), g E H-112(r), and A symmetric such that 

A E(Loo(o))NxN' 

A ( X )q ' q > Q I q I 2 
, Vq E RN , a. e. on fl , 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

• -l 



with, in (2.8), o a positive constant. If {1.2) holds, (1.1) has a unique solution in 
H 1(f2)/ R, implying the uniqueness of p. An alternative formulation of {1.1) is provided 
by 

Find u E £ 2(0), p E H(O; div) such that 

p ·n = g on r' 
j(V·p+f)v dx=O, VvEL2(f2), 
n 

J ( A - 1p · q + u V · q) dx = 0 , V q E Po 
n 

The LP and Sobolev spaces used above provide a convenient setup to study the various 
deco_mposition principles and related algorithms described below. For details about 
Sobolev spaces see e.g. [6-9]. 

We shall consider in detail the first class of domain decomposition methods and the 
associated algorithms, and then later more briefly, since there is much similarity between 
them, a second class of methods. 

3. Solving (1.1), via (2.9), by Domain Decomposition. 

3.1. An equivalent formulation of problem (2.9) using domain decomposition. 
For simplicity, we consider a 2-domain decomposition like the ones depicted below. If 
we denote by { ui, Pi} the restriction of { u, p} to Oi, there is clearly equivalence between 
(2.9) and 

Figure 3.1 (a) Figure 3.1 (b) 



with 

I
f (''v 'Pi +/)vi dx = 0, \f vi EL 2(0d, 
o, 

IJ(A-1pi-qi+uiv'·qi) dx =0, \/ qiEP_., 
o, 

y ; = 1,2, 

2 

Pi· ni = g on r n 8 ni, \/ i = l, 2, 

2 

E Pi · ni = 0 on "f, 
i-= 1 

E J ( A -lPi · q + ui v' · q) dx = 0, \/ q E P • , 
i-1 o, 

Pio = { qi I Qj E H(ni; div), q; · n; = 0 on an;} . 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

Since P0 =P10 @P20 @P'10 (where P'10 is a complementary subspace of P 10 @P20 in 
P 0 ), it follows from (3.1), (3.4) that (3.4) can be replaced by the less demanding condi-
tion · 

2 
E f (A-1pi ·q+ Uj v' ·q) dx = 0, \/ qEP'JO . 
i=l o, 

In addition to (3.l}-(3.5), {ui,P;} has to satisfy 

J f dx + f g df + J Pi · n; d"( = 0 . 
oi 80,nr '7 

3.2. Principle of iterative methods solving (2.9) via (3.1)-(3.6). 

(i) Consider }. 0 E H(n; div) and satisfying, Vi= l, 2, 

(3.5) 

(3.6) 

X0 ·nl;=A0 ·nl; where A 0 EH(O;div), A0 ·n=g on r, (3.7) 

ff dx + J g df + J >. 0 
• n; d"f = 0 . 

o, ao,nr ; 
(3.8) 

(ii) Solve for i = 1, 2, 

f(v'·pt+J)vi dx =0, \/ v;EL 2(ni), 
o, 

J(A-1pt·qi+ut''v·qi) dx =0, \/ qiEPio, 
(3.9) 

o, 

Pt' ni = g on r n O ni , Pt' Dj = ~ O • ni on "'f , (3.10) 



Since ui is defined only within an arbitrary constant, the constants in ur and u2 are 
adjusted in such a way that 

2 
E J (A -IPt- 7r O + u{'v · r O ) dx = 0, 
i=l o, 

where 1r0 EP..., 0 , but f r 0 ·n d'"'f'FO. 
"'1 

(iii) Define now 

P; 0 ={µlµEP..., 0 , fµ·n d'"'f=O}. 
"'1 

If 
2 

E J (A-1pi° · q + utV · q) dx = 0, V q E P;0 , 

i=l o, 

(3.11} 

{3.12} 

{3.13) 

and since (3.12) already holds, it follows from (3.5} that ut=ui, pi°=Pi· If (3.13) does 
not hold we have to correct ~ 0 • Such a correction can be done through a steepest des
cent or a conjugate gradient algorithm a.s we shall see below. 

3.3 Solving (3.1 )-(3.6) via a variational problem in P;0 • 

First of all, let us define a bilinear form over P;0 X P;0 • If we denote it by a(.,.), 
a(.,.) is defined as follows: 

Consider µ E P; 0 ; we associate to µ,Pi(µ) and ui(µ) by solving 

f 'v · Pi(µ)vi dx = 0, V vi E L2(0i), 
o, 

J(A-1pi(µ.)·q;+ui(µ)V·qd dx =0, V qiEPio, 

(3.14) 

0, 

(3.15) 

Since J Pi(µ)· ni dfi = 0, the above problem is well posed in H(O.i, div) X L 2(0.d/R. 
80, 

Let us adjust now u 1(µ) and uJµ) by 
2 

E J(A-1pi(µ)·r0 +ui(µ)V·1r0 ) dx =0. (3.16} 
i=l o, 

Finally, we define a(.,.) by 



{

a(µ,,,:)== 'E J (A-1p,(µ) · µ' + ~,(µ) "v · 1i) dz, 
i-1 0, . 

V p' EP~0 • 

(3.17) 

THEOREM 3.1. The bilinear form a(.,.) is symmetric and positive semi definite over P~0
; 

it is moreover elliptic for the norm induced by H(O; div) over the quotient space P~0 
/ R, 

where R is the equivalence relation defined by 

pRp' <=> (p-µ') · n == 0 on ·,. 

Proof 

(1) Symmetry of aL.): Taking p ==,,: in (3.14), (3.15), (3.16) define p,(p) and ui(µ' ). If 
we denote by p(p) the element of (L 2(n)t such that 

p(µ') Io, = P,(i) 

we have that 

and also that 
2 

p(µ') = E P,o(µ')+µ' (3.18) 
i-1 

with Pio (p') E Pio · 

It follows from (3.14), (3.17), (3.18) that 

2 

a (p, p') = E J (A -lPi(P) ·Pi(µ')+ u;(P) "v ·Pi(µ')) dx 
i-=l O; 

2 
- E J (A-1p,(µ) · p,0 (µ') + u,(p) V · p,0 (µ' )) dx . 

(3.19) 

i=l O; 

The second term in the right hand side of (3.19) vanishes from {3.14); on the other hand, 
it follows from (3.14) that "v ·Pi(µ')= 0. Therefore, (3.19) reduces to 

2 

a(µ,p') = E J A-1Pi(µ)·p;(p')dx. 
i=l o, 

The symmetry of a(.,.) is obvious from (3.20). 

(2) Positivity of of a(.,.): It follows from (3.20) that 
2 

a(µ,µ)= I; f A-1p;(µ)·p;(p)d:r. 
i=lO, 

(3.20) 



From the properties of A we have 

a(µ,µ)>0, \/µEP; 0 ; 

moreover, if a(µ,µ)=0 then Pi(µ)=0, implying in turn that p(µ)=0 and therefore 
thatµ· n=O. Hence, a(.,.) is positive definite over P;0 /R. 

(3) P; 0 - ellipticity of a(.,.): It is easily shown that 

µ - p(µ) 

is an isomorphism from P;0 /R onto {µlµEP 0 , V·µ=0}; the ellipticity of a(.,.) for 
the H(O; div )-norm follows then easily from 

a(µ,µ)= J A-1p(µ) · p(µ) dx 
0 

and from the fact that V · p(µ) = 0. 

From the above result, it is not too difficult to interpret (3.1)-(3.6) as a linear varia
tional problem in P;0 • To formulate this latter problem consider A 0 E H(O; div) such 
that 

A0 ·n = g on r, 

J f dx + J g df + J A0 • n; d, = 0 ; 
o, rn80i ,., 

solve then, for i = 1, 2, 

J(''v·Poi+f)v;dx =0, V viEL 2(0;), 
o, 

J (A-lPoi. qi+ Uoi V. q;) dx = 0, \/ qi E Pio ' 
o, 

Poi·ni=g on rnani, Poi·ni=A 0 ·ni on,. 

The constants for u0 i are adjusted as follows: 

f U0 1 dx = 0, 
01 

2 
E f (A-1Poi·,ro+uoi'v·,ro)dx =0 · 
i=l o, 

(3.21) 

(3.22) 

(3.23) 

(3.24) 

(3.25) 

(3.26) 

Let us denote by p 0 this element of H(O;div) such that Po lo,=Poi· If we define now 
p by 

P = P-Po (3.27) 



we clearly have 

(3.28) 

Denoting X EP -ro as the component of p in the decomposition PO = P 1o © P 20 © P -ro we 
have from (3.6), (3.22), (3.24) that 

J 'x- ni d; = 0, i.e. XE P;0 ; 

'T 

define similarly iii by iii= ui - uoi· We have then 

JV·pividx =0, \J VjEL 2(ni), 
o, 

J (A-1 P; · Q; + U; V · Q;) dx = 0, V 4; E P;0 , 

o, 

2 
E J (A -IPi · ,r O + ui V · ,r O ) dx = 0 . 
i=IO, 

It follows from (3.5) that 
2 

E J (A -lPi · P + Uj V · P) dx = 0, V PE P;0 • 

i=l o, 

From the definition of Pi, ui and from (3.34) we obtain 

2 

E J (A -IPi ·µ+iii V · µ) dx = 
i=l o, 

2 

- E J (A-1Poi ·µ+ua/v'·µ)dx, \/ µEP; 0 • 

i=IO, 

(3.29) 

{3.30) 

(3.31) 

(3.32) 

(3.33) 

(3.34) 

(3.35) 

It follows then from (3.17) and (3.29) th:it 'x is the unique solution of the linear varia
tional equation 

'Find 'x E P;0 such that 

{a('x,µ)=-'E j(A-1p 0i·µ+u 0 ;V·µ)dx, \/ µEP; 0 • 

i=l o, 

(E) 

4. Iterative Solution of (E) by Conjugate Gradient Algorithms. 



4.1. Generalities on the conjugate gradient solution of linear variational problems. 

Consider the following problem -

where: 

{
Find u EV such that 

a(u,v)=L(v), V vev 

(1) Vis an Hilbert space for (.,.) and I I· 11, 
(2) a: V X V -R is bilinear, continuous, V-elliptic, and is also symmetric, 

(3) L: V -R is linear and continuous. 

With the above hypotheses, problem (P) has a unique solution. 

Description of a conjugate gradient algorithm for solving {P): 

· u O E V , given ; 

{ 
Find g 0 E V such that 

(g 0
, v) = a(u 0

, v)-L(v), V v EV; 

if 11g 0 11 < f 0 , with f 0 "small", then u 0
::::::: u; if the contrary holds, then set 

For n > 0, assuming that un, gn, wn are known compute 

{ 
gn+l E V, 

(gn+l,v) = (gn,v)-pna(wn,v), V vE V. 

If II gn+l 11 < f then 
119° II - 1 u = un+l; if not go to (4.8) 

llgn+lll2 

'Yn = llgn 11 2 1 

Do n = n + 1 and go to (4.4). 

4.2. Application to the Solution of Problem (E). 

(P) 

(4.1) 

{4.2) 

(4.3) 

{4.4) 

(4.5) 

{4.6) 

(4.7) 

(4.8) 

(4.9) 



We shall equip P~0 with the L 2 scalar product 

(µ,µ') = J A-1µ·µ' dx, V µ,µ' E P~ 0 • 

0 

Unless V · µ =0, V · p' =0 the a.hove scalar product is not equivalent to the one 
induced by H(O; div). 

The following conjugate gradient algorithm is partly formal, but will make sense 
for the mixed finite element variants of problem (2.9). It follows then from (4.1)-(4.9) 
that a conjugate gradient algorithm for solving (E) is provided by the following method: 

Step 0: Initialization. 

Consider A0 E H(O; div) such that 

A 0 • n = g over r , 
f / dx + f g dr + f Ao · ni d; = 0 , V i = 1, 2 ; 
o, 80,nr ,., 

solve then, V i = 1, 2, 

J (V · Pl+ /)vi dx = 0, V vi EL 2(0d, 
o, 

J (A -lpf ·Qi+ ufV · qd dx = 0, V Qi E Pio , 
o, 

P -0 
• n. = g on an· n r p -0 

• n · = A ·n · on ; '' '''' o, ' 

with 

2 

Jui dx = 0, E J (A-1pt · 1r0 + u{'v · r 0 ) dx = 0. 
01 i=l o, 

Define then g 0 by 

(4.10) 

(4.11) 

(4.12) 

(4.13) 

{

g 0 E P~0 , 

I A -lgo . µ dx = t I (A -1pt. p + utv . µ) dx ' V 
po (4.14) 

µE 1o; 
0 i=l o, 

if g 0 = 0 (or is small} then Pi= pf, ui = u{; if not set 



WO= go . 
(4.15) 

For n > O,suppose that Pt, ur, gn I wn are known; we compute then pr+1' ur+1' gn+l I 
wn+I as follows: 

Step 1: Descent. 
Solve the mixed problems 

f V · 6pr vi dx = 0, \/ vi EL 2(0i), 
o, 

f (A -16pr · Qj + 6urv · Qj) dx = 0, \/qi E Pio , 
(4.16) 

o, 

with 

6p 11 ·n· = O on 60-nr 6p 11 ·n· - wn ·n· on "' I I I I I I- I II 
(4.17) 

2 

f 6uf dx = 0, E f (A-16pt · ro +6urv • 1fo) dx = 0. (4.18) 
0 1 i=I n, 

Using the fundamental relation 

2 
a(wn,µ)= E f(A-16pr·µ+6utV·µ)dx, \/ µEP;o, (4.19) 

i=l o, 

compute 

Pn =------
a(wn,wn) 

(4.20) 

and then 



{p !l+l = p!'-p 6p!' 
I I n I I 

n+l n n 
Uj = Uj -pn0Uj . 

(4.21) 

Using again (4.19), solve the linear variational problem 

{

Find gn+l E P;
0 

such that 

J A-lgn+l.µdx = f A-lgn ·µdx-pna(w",p), V µEP; 0 • 

0 0 

(4.22) 

Step £: New descent direction. 

"'In=-------f A -lgn . g" dx 
(4.23) 

0 

and finally 

(4.24) 

Don= n+l and go to (4.16)-(4.18). 

In view of practical implementations of algorithm ( 4.10)-{ 4.24) we define ,r O by 

with n12 as below (see Figure 4.1). From this definition, we clearly have 

P ,.,o = P ;o © { q I q = tr O , t ER } , 

moreover {q I q = t1r 0 , t ER}= (P~0 f for the scalar product f A-1q · q' dx. 
0 

Consider now the solution of 

(4.25) 

( 4.26) 

in the special case where L ( ,r O ) = O; we observe that this condition is satisfied by the 
linear functionals occurring in the right hand sides of (4.14) and (4.22). 

To solve ( 4.26), we shall proceed as follows: 

(i) Solve 



Figure 4.1 

l). E p "fo , 

£ A -l >. · p dx = L (µ), V p E P ,.,0 • 

(ii) Compute the component of X in (P;0 f; it is clearly given by 

J A -l >. · 1r 
O 

dx 
0 
------ ro J A-l'lro ·1ro dx 
0 

(iii) We have then 

J A-15. · 7r 0 dx 

). = ~ - 0 fio 

J A -11r o ·1r o dx 
0 

5. Mixed Finite Element Implementation. 

{4.27) 

(4.28) 

( 4.29) 

5.1 Synopsis. The computer implementation of the solution technique discussed in 
Sections 3 and 4 can be achieved through mixed finite element approximations like those 
already discussed in [10, 13]. 

We shall first consider the mixed finite element approximation of the global prob
lem (I.I) through the equivalent mixed formulation (2.9) and then apply the 



decomposition principles described in Section 3 to the global discrete problem in order to 
obtain a discrete equivalence of Problem (E) of Section 3.3. We shall also describe a 
finite dimensional variant of the conjugate gradient algorithm (4.10)-(4.24). 

5.2 Mixed Finite Element Approximations of Problem (1.1). For convenience we 
consider only two-dimensional problems with n a rectangular domain. Set 
0 = (0, xi) X(O, yi) and let A%: 0= Xo <Xi< · · · < XN = XL and • 
A 11 : 0 =Yo< Y 1 < · · · < YN, = YL be partitions of [O, xL] and [O, YL] respectively. For 
A a partition, define the piecewise polynomial space 

M;(A) = {v E C'([O,L]): vis a polynomial of degree <r on each subinterval of A}(5.l) 

where s =-1 refers to the discontinuous functions. Let us introduce now the following 
approximations of £ 2(0), H(O; div) and P 0 (cf. (2.6)), respectively 

wz,r = M;(A:r) 0 M;(A,,), 

p;,r = [M:.tf (Az) 0 M;(A11)l X [M;(A;r)0M;.tf(A11)l 

and 

P:{=Pt·rn{q:q·n=O on 80}, 

(5.2) 

(5.3) 

(5.4) 

where h =m.~x{(xi+i-xi),(Y;+i-Y;)}. We remark that these spaces satisfy for q EP;,r ,, 
V · qE w:,r, i.e. V ·Pr C wr. 

We shall denote by Q11 the set of elementary rectangles associated with grid 
A:r X A 11 • The mixed finite element formulation involves the solution pair u11 E wz,r and 
PAE p;,r satisfying 

and 

j('v ·p11 +/)v dx = 0, V vE W,V, 
0 . 

j(A-1p 11 ·q+u11 'v·q)dx = 0, V qEP!{ 
0 

j(p11 ·n-g)z·ndf = 0, V zEP!{. · 
80 

(5.5a) 

(5.5b) 

The discrete problem (5.5) is clearly the -finite dimensional analogue of the mixed prob
lem (2.9). The analysis of [10,11] shows that p 11 -p and u11 -u are O(hr+l) in £ 2(0). 

5.3 Domain Decomposition for the Discrete Problem. In this section we consider a 
two domain decomposition of the discrete problem with , parallel to the y axis and 
x = x1 with /,., between 1 and N (see Figure 5.1). Decompositions involving more than 

'1 . 

two subdomains will be discussed in Section 6. For simplicity we shall consider the case 
wheres =-1 and r is arbitrary; the elements in these spaces are in general discontinu
ous. The spaces w11-

1,r, p 11-i,r and P
0
i·r should be denoted by W11, P11, and P0 11 respec

tively. 



(O,O) 

Figure 5.1 
Two Domain Decomposition 

Following Section 3.1, it is easily proven that the discrete mixed problem (5.5) is 
equivalent to finding (P1a,i, u11 ,d, i = 1, 2, satisfying 

2 

f(V·P11,i+f)vidx =0, V viEW11,i, 
0, 

J (P11,i·n-g)z·ndf=0, V zEP011,i, 
oo,nr 

2 

:E Ph,i ·ni = 0 on 1 , 
i=l 

:E J(A-1
P11,i ·q+u11,i V·q)dx = 0, V qEP0 11 · 

i=l 0 

(5.6a) 

(f?.6b) 

(5.6c) 

(5.6d) 

(5.6e) 

As in the continuous case, we associate to I a complementary subspace P 0 11,7 of 

P 0 11,1 <I> P 011,2 in P 011; that is 

It follows then from (5.6a), (5.6b) that (5.6e) can be replaced by the less demanding con
dition 



2 

E J(A-1P1a,i·q+u1a,iV·q)dz =0, V qEPola,-r· (5.7) 
i-1 n, 

In addition to (5.6), (5.7). {P1a,i, u11 ,d has to satisfy the compatibility conditions 

ff dz+ f g dr + f Pla,i · n; d, = 0, (5.8) 
o, an,nr -r 

for i=l,2. 

Several possibilities exist for P0 1a,-r· From a practical point of view we shall take 

(5.9) 

where 

(5.10) 

qf=0, qflK=0, V KEQ1a such that ,naK = t/>}. 

In an analogous fashion, P%1a,-r is defined. From (5.9) and (5.10) if q 11 belongs to P011 ,'1 

then it vanishes outside the rectangle union of those elements of Q,. whose boundary 
touches ,. Moreover the role of P:,., / fl of the continuous case (see Section 3.3) is played 

here by the subspace of P:,.,,., consisting of those functions q 11 satisfying J q 11 • n d, = 0. 
1 

Solving the discrete system (5.6), (5.7) by a conjugate gradient method which· is a 
discrete analogue of algorithm (4.10)-(4.24) of Section 4.2 is fairly straightforward and 
therefore will not be included in this discussion. 

6. Generalization to Strip and Patch Decompositions. 

6.1. Generalities. We consider in this section the generalization of the results and 
methods of the above sections to the case where the decomposition of n involves more 
than two subdomains. Here we concentrate on patch decompositions (see Figure 6.1) 
since the strip decomposition can be observed to be an easy case of the former. 

For simplicity we shall consider two dimensional problems where n is a rectangle 
and the case where the decomposition is a t.ensor product of one-dimensional decomposi
tions as in Figure 6.1. Generalizations to three dimensions and more complicated decom
positions are possible and will be treated in a later paper. 

Let M denote the number of subdomains and consider again Problem (1.1) and its 
mixed formulation (2.9). The decomposition discussed in Section 3 can be generalized in 
the sense that Problems (1.1) and (2.9) are equivalent (with obvious notation) to 



(0,0) 

Figure 6.1 
Patch Decompositions 

j('v·pi+f)vidx =0, V VjEL 2(f2i), 
o, 

Pi . n; =g on r n a ni I 

Pi ·ni;+P; ·n;i = 0 on ,;; , 

(6.la) 

(6.lb) 

(6.lc) 

(6.ld) 

where, for i :/:- j I /jj = /jj = anj nan; and lljj is the normal to /jj pointing outward 
from f2;. \Ve set , = l,.! "Ii;; we only consider those ,;; whose measure is positive. 

I) 

To relations (6.1)-(6.4) we must add the additional compatibility condition 
M 
I; J (A -lPi · q + u; 'v · q) dx = 0, V q E P 1 o , 
i=IO, 

M 

(6.le) 

where P ,.,0 is a complementary subspace of © Pio in P0 • Obviously the { ui, Pi} have to 
i=l 

satisfy 
M 

ff dx + f g dr + E f Pi· Iljj d, = 0 . 
o, ao,nr i=I1,1 

(6.lf) 



To solve {I.I), (2.9) using the decomposition properties (6.6a.) -(6.6f) we follow basi
cally the same approach as in Section 2 for the two domain case. Therefore, we shall 
proceed as follows: 

(i) Define the su bspa.ce P~0 of P 70 ; 

(ii) define the bilinear form a(·,·) on P;0 X P~0 ; 

(iii) reformulate problem (1.1), (2.9) as variational problem in P;0 ; 

(iv) solve the above using conjugate gradients; 

(v) define a convenient mixed finite element implementation of the above process. 

6.2 The Space P;0 • From the compatibility conditions (6.lf), we are motivated to 
consider the subspace P~0 of P ,,0 consisting of those functions q satisfying the relation 

M 
I;fq·n;;d,=0, i=l,2, ... ,M. (6.2) 
,-1 -r,, 

One can easily verify that the set of linear functionals 
M 

q-Efq·n,;d,, i=l,2, ... ,M, 
j=l 'J;, 

is of rank M -1 over P ,,0 implying that the codimension of P~0 in P 70 is M - l. Let 
ri, r 2, ... , ,rM-l be M - l elements of P ,,0 which are linearly independent and which span 
a complementary subspace of P;0 in P 

70
• 

6.3 The Bilinear Form a(·,·). Generalizing Section 3.3 let us define a bilinear form 
a ( ·, ·) over P;0 X P;0 as follows: Consider µ E P;0 ; we associate to µ, M pairs 
( u;(µ), p,(µ)) by solving 

f V·pi(µ)v,dx =O, V v,EL 2(11d, 
0, 

f (A-1pj(µ) ·qi+ Uj(µ) "v · qi) dx = 0, V Qi E Pio, 
o, 

P;(p)·n; = 0 on f n ani, 

P ·(µ)·n·· = µ·n·· on ,..., .. I IJ IJ II) • 

Since µ E P;0 implies that 
M 

f Pi(µ)· Djdf i = I; f Pi(µ)· Djj d, = 0 
80, j=l '1,1 

(6.3a) 

(6.3b) 

(6.3c) 

(6.3d) 

the above problems are well posed in H(O;, div) X L 2(0d/ R. Let us adjust now ui(µ ), 
i=l,2, ... ,M, by 

(6.4a) 



M 
~ f(A- 1pj(µ)·1ri+uj(µ)V·nJdx =0, i=l,2, · · · ,M-l. 
j=l !\ 

(6.4b) 

The constants associated to u 1(µ), u 2(µ), ... , uM_1(µ) are therefore solutions of a 

linear system with a matrix whose general element is J 'v · 7ri dx, l < i, j < M - 1. The 
OJ 

linear independence of the 1r's implies that this matrix is regular implying in turn that 
the above constants are uniquely determined. 

Finally, we define a(·,·) by 
M 

a(µ, Ji) = ~ J (A -lPi(µ) · µ' + Uj (µ) 'v ·µ')dx , V- µ' EP; 0 • (6.5) 
i=l o, 

By a variant of the proof of Theorem 3.1 in Section 3.3, it follows that a(·,·) is 
symmetric and positive semi-definite over P ; 0 X P ; 0 , and also strongly elliptic over 
P; 0 / R where R is the equivalence relation defined as in Section 3.3 by 

µ R µ' ~ (µ - Ji) · n = 0 on "f . 

6.4 Reformulation of (1.1), (2.9} as a Variational Problem on P; 0 • Using the same 
approach as in Section 3.3 we can reduce the solution of the Neumann problem (1.1) to 
the solution of the linear variational equation 

{

Find ~ 0 EP!7 such that 

a(~,µ)=- :E J(A-1Poi ·µ+uoi 'v-µ)dx, V- µEP; 0 , 

i=l oi 

(6.6) 

where Poi and u0 i are defined almost as m Section 3.3. The modification consists of 
adjusting the u0 i by (6.4a) and (6.4b). 

6.5 Conjugate Gradient Solution of ( 6. 6}. Starting again from the general conjugate 
gradient algorithm (4.1)-(4.9) of Section 4 we can easily solve the linear variational prob
lem (6.6) by an algorithm which is a simple generalization of Algorithm ( 4.10)-( 4.24) of 
Section 4.2. Again the scalar product used over P; 0 is defined by 

(µ, µ') = f A -lµ ·Ji dx . (6.7) 
0 

As in Section 4.2 the conjugate gradient implementation leads to the solution of 
linear variational problems of the following type: 

{

). EP; 0 , 

I 1 (6.8) 

0
A->..·µdx=L(µ), V- µEP; 0 • 

with L(1rd=0, V- i=l,2, · · · M-1. To simplify the solution of problem (6.8), we 



may define 1I"i, 1r2, ... , 1rM-l by 

{

1ri EP 10 , 

J A -l1l"ii ·q dx = ~ J q ·nij d "'f, V- q E P 10 , 

0 J-l'"t,1 

(6.9) 

for i = 1, 2, ... , M-1. From (6.9) it is quite clear that the subspace of P 10 generated by 
{1ri }/!11 is precisely the orthogonal complement of P;0 in P 

10 
for the inner product 

(6.7). 

To solve (6.8) we shall proceed as follows: 

(i) Solve 

{

>..EP 10 , 

£ A - l >. · µ dx = L ( µ) , V- µ E P 
10 

• 

(ii) Compute the component of >. in P ;-; it is given by M:El cj 1rj, where the cj are the 
j=l 

solution of the linear system 
M-1 

:E (j A - l,.. i · 1r j dx) c j = J A - l ~ · 1r i dx , i = 1, 2, ... , M -1 , 
j=l O 0 

(6.10) 

whose matrix is block tridiagonal, symmetric and positive definite. Actually if the 
1ri 's are defined by (6.9) one can easily verify using Green's Formula that the above 
matrix coincides with the one occurring in (6.4b) to adjust the ui(µ). 

(iii) We have then 
M-1 

A.=~-"C·11"· LJ J J 
j=l 

6.7 Mixed Finite Element Implementation. The mixed finite element implementation 
of the above patch decomposition techniques are analogous to the procedure described in 
Section 5.3 for the two domain problem. 

We define "'Ix (resp. "'!Y) as the union of those faces of"'/ which are parallel to the x 
direction (resp. y direction). Then we approximate the space P; 0 /R of Section 6.3 by 
P:h,'"t @P%h,1 where in this context 

P;h,1 = { qh = {qt, qf} lqh EPoh , qf = 0, qt IK = 0, 

V- KE Qh such that "'Ix n 8K = </>} 

(6.11) 

and Pfh,'"t is defined in a similar fashion. In (6.11) the space P0h is the same as in Sec
tion 5. 



The finite element implementation of the conjugate gradient algorithm discussed in 
Section 6.5 is straightforward. 

7. A Second Decomposition Principle for the Mixed Formulation of Problem 
1.1. 

7.1. Generalities. -we consider again the Neumann problem (1.1) with the data / 
and g satisfying the compatibility condition (1.2). In Section 2, we formulated the 
mixed problem (2.9) which is equivalent to (1.1). 

In this section we would like to discuss a domain decomposition method which can 
be seen as the dual of the one defined in Section 3. Here duality is implied by the fact 
that the master unknown is no longer the flux A 'yU · n on ;, but instead is the trace of 
u on,. 

- Applying the following to a Dirichlet or a Neumann-Dirichlet problem will be even 
less complicated and therefore will not be discussed here. Anticipating the next sections 
we remark that this second decomposition method is simpler than the first since no con
stant adjustment is needed; however, we have the feeling that the first method is easier 
to precondition than the second. We are presently running numerical experiments to 
substantiate these conjectures (which will be reported in a forthcoming paper). 

7.2 Another Equivalent Formulation of Problem (£.9} Using Domain Decomposition. 
For simplicity we consider again a two domain decomposition as depicted in Figures 3.la 
and Figure 3.lb of Section 3.1 (whose notation has been retained). 

Let us denote by >. the trace over , of the solution u of Problem 1.1. We have 
then for i = 1, 2, 

where 

f('v·pi+f)vidx =0, V viEL 2(0i), 
o, 

f (A -IPi · Qi + ui 'v · qd dz = J >. Qi · ni d,, V Qi E Hi , 
0, . 1 

Pi · ni = g on r no ni , 

2 

J('EPi·n;)µd;=O, V µEA, 
1 i=l 

and Pi, ui are the restrictions to ni of p and u respectively, and where 

A={µ lµEL 2(,), µ = µ 11 where µ EH1(f2)}. 

(7 .1) 

(7.2) 

(7.3) 

(7.4) 

(7 .5) 

7.3 Solving {7.1)-(7.,I} Via a Variational Problem on A. We define a bilinear form 
over AX A, which is denoted by b(·, ·) and given by 

b(µ, µ') = J (p1(µ) · ni +piµ)· n2)/i d; (7.6) 
1 



where p1(µ) and piµ) are obtained through the solution of the two local mixed problems 

JV·p;(µ)v;dx =0, V v;EL 2(0;), (7.7a) 
o, 

J(A-1p;(µ)·q;+u;(µ)V·q;)dx =fµq;·n;d"f, Vq;EH;, (7.7b) 
o, , 

p;(µ)EH; . (7.7c) 

Combining (7.6) and (7.7b) we easily obtain that, forµ,µ EA 
2 

b(µ, µ') = E J (A-1p;(µ') · p;(µ) + u;(µ') V · P;(µ)) dx 
i=IO, 

which combined with (7.7a) yields 
2 

b(µ,µ) = E J A-1p;(µ)·p;(µ)dx. 
i=lO, 

{7.8) 

From (7 .8) the bilinear form b is symmetric positive semi-de.finite. Indeed b is positive 
definite over A/R. To prove this result suppose that b(µ,µ)=0. It follows from (7.8) 
that P;(µ)=O which in turn implies from (7.7b) that 

Ju;(µ)v·qidx=Jµqi·nid"f, V QjEH; · (7.9) 
0, , 

Consider now for i = l, 2 the local Neumann problems 

A 'Pi= O on ni, 
o</>; 
-- = 0 on f n iJ ni , 
on; 

a4>i -- = z on "I, 
on; 

(7.10) 

where zEL2("1) with J z d1=0. Problem (7.10) has a solution which is unique modulo , 
constant. Moreover, V</>; belongs to H; and is divergence free. Thus setting q; = Vt/>; 
in (7.9) we obtain that 

J µ z d1 = o . , (7.11) 

Therefore µ belongs to the orthogonal in L 2("1) of the closed subspace of the functions 
whose average value is zero on 1; consequently µ is a constant. In fact it can be easily 
shown that the bilinear form b(·, ·) is strongly elliptic over A/R. We define p;0 ,u;0 as 
the solutions of the local mixed problems 

J(V·pio +f)v; dx = 0, V v;EL 2(0;), 
n, 

(7.12) 



f (A -lPio · q; + Ufo V · qddx = 0, Y qi E Hi , 
o, 

with 

Now we define ui, Pi by 

(7.13) 

(7.14) 

(7.15) 

where u;, Pi are as in Section 7.2. Subtracting (7.12), (7.13), (7.14) from (7.1), (7.2) and 
(7 .3) respectively, we obtain that ii'i and Pi satisfy 

f V "PiVi dx = 0, Y V; EL 2(11i), (7.16) 
o, 

J (A -lPi ·qi+ ii'i V · qd dx = J >.. Q; · n; d,, Y q; EH;, 
o, 1 

Pi ·Di= 0 on rnani . 

Also combining (7.4) and (7.15), we have that 
2 2 

J(EPi·n;)µd"(=-J(EPio·ni)µd,, Y µEA. 
1 i=l 1 i=l 

From the definition of p 1(µ) and p2(µ), we see from (7.7) that 

Pi =Pi(>..)' iii = Uj(>..) . 

(7.17) 

(7.18) 

{7.19) 

(7.20) 

Combining (7.19), (7.20) it follows from the definition of the bilinear form b(·, ·) given by 
(7.6) that 

{

b(>.,µ)=-{it
1
(Pio·n;)µd"f, Y µEA, 

>..EA. 

(7.21) 

From (7.21) the trace>.. of u on "f appears as the solution of a variational problem in A. 
Since the bilinear form b(·, ·) is symmetric and strongly elliptic over A/R problem (2.1) 
can be solved by the conjugate gradient algorithm (4.1)-(4.9). 

Due to page limitation no details of the conjugate gradient implementation will be 
discussed here; we mention however that the mixed finite element implementation of the 
algorithm is easy if one uses as scalar product on the discrete equivalent of A 

{µ, µ' } - J µµ d "( . 
1 



Actually one could use a more sophisticated scalar product in order to obtain an efficient 
preconditioner of the above algorithm. This important point will be discussed in a later 
paper together with the mixed finite element discretization of the second class of 
methods. 

8. Numerical Experiments. 

8.1. Generalities. In this section we would briefly like to describe some numerical 
results obtained using the method discussed in Sections 3-6 where the master unknown 
is the flux at the subdomain interfaces. Comparison with results obtained by the 
method of Section 7 will be reported elsewhere. 

_ The various test problems we have been considering involve smooth and nonsmooth 
coefficients, right-hand sides and solutions. 

We have also been comparing the performance of our algorithm on strip and patch 
decompositions. In view of engineering applications for which efficiency is essential we 
have been using as an initial guess of our conjugate gradient algorithm a predicted solu
tion from a coarse grid calculation. 

The local mixed problems have been solved using the preconditioned conjugate gra
dient MINV technique due to Concus, Golub and Meurant [14]. For details of applica
tion of this to mixed finite element method procedures see [13]. 

For all of the experiments to be described below the stopping criteria of our conju
gate gradient algorithm, using the notation of Section 4, was 

J A -lgn . gn dx 
_o ______ < 

10
-12 . 

(8.1) 

In addition, the region O was assumed to be the unit square. The mixed finite ele
ment approximating space chosen was the Raviart-Thomas tensor space r = 1 and 
s = -1 given by (5.2) - {5.4). 

8.2. First Test Problem. The first test problem is the Neumann problem 

-.ti.u = J in n, 
au 
-=g on an, an 

(8.2) 

where / and g have been chosen in such a way that the exact solution of problem (8.2) 
is u ( x, y) = sin 1rx sin 1ry. We used a uniform mesh with 20 X 20, 40 X 40 and 80 X 80 
elementary squares. The number of unknowns is roughly 5,000, 20,000, and 80,000 for 
each case respectively. 

The domain decompositions depicted in Figures 8.1 - 8.4 have been considered 
(indeed we used also a (16, 16) decomposition). 

Table 8.1 depicts the number of conjugate gradient iterations required to satisfy 
the stopping test (8.1) according to the value of h and the decornf"'"ition of 0. 
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Decompositions h-1 =20 h-1 =40 h-1 =80 
(2 1) 3 8 
(2.2) 5 8 
(4,4) 23 23 
(8,8) 27 

(16,16) 

Table 8.1 
Number of Conjugate Gradient Iterations 

Smooth Problem 

41 

31 

We observe that the number of iterations is slightly increasing with h-1 but 
definitely not proportional to h-1 implying that the preconditioning properties of the 
scalar product J A -1µ · µ' dx are quite good. 

0 

8.3. NonBmooth TeBt Problems. Motivated by applications in reservoir engineering 
we are considering now the following class of test problems: 

--v·(A'vu)=6(i,o)-6(o,i) m !l, 

A 'yU · n = 0 on an 

where A is defined by either 

(i) A =A 1 = I, 

(ii) 1 A =A2=------I 
1+100(x2 +y2) ' 

or 

(iii) A = A 3 = a I where 

{ 
1, 

a= .01, 
0 < X < .5, 

.5 < X < 1. 

(8.3) 

Tables 8.2-8.4 depict the number of iterations required by the conjugate gradient 
with the same stopping criteria as before. 

Clearly the slope dependence on h still holds, roughly showing a h-½ influence; 
moreover the speed of convergence is practically insensitive to the. roughness of the 
source term and coefficients. This is a most interesting property in view of practical 
applications. It is our opinion that this property originates from the harmonic averaging 
associated to the mixed method and to the scalar product used. for the conjugate gra
dient iteration. 

A natural question arising from the above numerical tests is how accurate must be 
the solution of the local problems; actually the results reported here were obtained by 
solving these subproblems within machine precision ( ,_, 10-12 on the Cray-XMP). Indeed 
the final precision and the global performances of our conjugate gradient algorithm were 
practically identical when the subproblems were solved within a 10-3 precision on the 
local residuals. 



Decompositions h-1 = 20 h-1 =40 h-1 = 80 

9. Conclusion. 

(2,1) 15 20 
(2 2) 15 20 
(4,4) 20 29 
(8 8) 29 

(16,16) 

Table 8.2 
Number of Conjugate Gradient Iterations 

A =A 1 

Decompositions h-1 =20 h-1 =40 
(2 1) 19 24 
(2,2) 20 27 
(4 4) 21 34 
(8,8) 30 
(4,1) 38 
(8,1) >50 

Table 8.3 
Number of Conjugate Gradient Iterations 

A =A 2 

Decompositions h-1 =20 h-1 =40 
(2,1) 19 24 
(2,2) 18 21 
(4 4) 20 33 
(8,8) 29 

Table 8.4 
Number of Conjugate Gradient Iterations 

A =A 3 

26 
43 
43 
33 

Domain decomposition, combined with mixed finite element methods of approxima
tion, seems to provide efficient techniques for elliptic problems with discontinuous and 
rapidly varying coefficients which arise in many important engineering applications. 
This combination seems to be particularly well suited for box decomposition since the 
traditional difficulty associated with vertices, when classical C0-rnnforming finite element 
methods are used, does not hold here. Indeed, the same comment applies to large classes 
of time dependent linear and nonlinear problems. One of the attractive features of this 



method is that it readily lends itself to exploiting parallelism. In. fa.ct, we think it is the 
most interesting field in which computer science and numerical analysis can merge to 
produce efficient tools for scientific computing. 
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