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Karmarkar as a Classical Method 1 

A.M. Morshedi2 

and 

R.A. Tapia3 

Abstract. In this work we demonstrate that the Karmarkar algorithm for 

linear programs results from the classical approach of first transforming 

nonnegativity constraints into equality constraints by adding squared-slack 

variables and then applying the method of successive linear programming (SLP) 

to the resulting nonlinear program. Three specific formulations of the SLP 

method immediately present themselves. One gives the Karmarkar algorithm, 

one gives the algorithm commonly referred to as the affine scaling variant of the 

Karmarkar algorithm, and one gives the Karmarkar variant suggested 

independently by Barnes (1986), Cavalier and Soyster (1985), and Vanderbei, 

Meketon and Freedman (1985). Employing the understanding gained from these 

equivalences, we make several observations. By replacing the SLP component 

with an SQP (successive quadratic programming) component we present a new 

algorithm and demonstrate that it is locally quadratically convergent, and the 

problem variables that converge to zero do so q-superlinearly. Finally, we give 

some general comments on the use of squared-slack variables and a historical 

overview of the use of square-slack variables in linear programming. 

1Dedicated this 15th day of March, 1987 to the memory of Circee Tapia on the occasion of 
the fifth anniversary of her death. 

2Dynamic Matrix Control, Houston, Texas. 
3Mathematical Sciences Department, Rice University, Houston, Texas 77251-1892. Research 

sponsored by DOE DE-FG05-86ER25017, ARO DAAG-03-86-K-0113, and AFOSR 85-0243. 
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l. Preliminaries. 

In this section we are mainly interested in the form of a linear program. We 

will therefore present linear programs using generic quantities without specifying 

their dimensions. 

Consider the linear program 

minimize c T x 

subject to Ax = b 

Bx> d 

(l.la) 

(l.lb) 

(l.lc) 

Of interest to us 1s the notion of adjoining constraints ( and perhaps auxiliary 

variables) 

u(x,w)=O 

v(x, w) > 0 

(1.2a) 

(1.2b) 

to problem (1.1) so that the resulting feasibility region will be compact. We 

therefore call the constraints (1.2) a compactification of the linear program (1.1) 

if the set of (x, w) satisfying (I.lb), (I.le), (1.2a) and (1.2b) is compact. If we 

are to preserve the linearity of the problem, the compactification constraints u 

and v must be affine. 

Clearly, compactification constraints must be chosen so that they are 

compatible with solutions of problem (1.1) that are of interest. In the classical 

theory of ill-posed problems this notion of compactification is referred to as 

regularization by compact sets. 

In the present work the notion of compactification 1s used to transform a 

given problem into a problem of a particular form. 
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Observe that the linear constraint a T x = M compactifies the constraint set 

{ x: x,- > 0} if and only if a,- > 0 V- i. The change of variables x/ = a; xi/ M 

allows us to represent {x: x; >o}, in terms of the transformed variables, as 

{x ': x/ >o} and {x: a T x =M} as {x ': e T x '= 1} where e T = (1, ... , 1). 

It follows that if there is no preference for a particular scaling, then a 

compactification of the linear program 

minimize c T x 

subject to Ax = b 

X >O. 

which gives a linear program of the form 

minimize 

subject to Ax= b 

X >O 

w >o 

(1.3a) 

(1.3b) 

(1.3c) 

(1.4a) 

(1.4b) 

(1.4c) 

(1.4d) 

(1.4e) 

should be considered the canonical (standard) compactification of problem (1.3). 

Karmarkar (1984) first considers the linear program (1.3). He then assumes 

a bound M on a solution of problem (1.3), introduces a non-negative slack 

variable w which is constrained to satisfy ~ x; + w = M, and then rescales the 

variables by dividing each one of them by the assumed bound M to obtain an 

"equivalent" linear program of the form (1.4). 
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After introducing the canonical compactification Karmarkar uses it to write 

problem (1.4) in the homogeneous form 

minimize c T x 

subject to Ax -( e T x + w )b = 0 

X >O 

w >o 

(1.5a) 

(1.5b) 

(1.5c) 

(1.5d) 

(1.5e) 

Several authors suggest alternative formulation of the homogeneous constraint 

(1.5b ). This issue has no effect on the present work. 

Karmarkar (1984) defines his algorithm for linear programs of the generic 

form 

minimize CTX (1.6a) 

subject to Ax =0 (1.6b) 

X >O (1.6c) 

eTx=l. (1.6d) 

2. The Karmarkar Algorithm. 

Consider the linear program (1.6) and suppose that c, x, e E JR,n and 

e T =(l, ... , 1). 

Karmarkar Algorithm 



Given an initial feasible point x 0 > 0 

begin 

x =x0 

do until convergence 

D = diag (x) 

Compute x as the solution of 

minimize c T Dx' 

subJect to ADx' = O 

lle-x'll<o 

x=Dx 

end do 

end 
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(2.la) 

(2.1 b) 

(2.lc) 

(2.ld) 

(2.2) 

(2.3) 

The norm in (2.ld) is the 2-norm and 8E [o, ~l- With this choice of 

8, x and therefore x are always positive. 

A variant of the Karmarkar algorithm is the so-called affine scaling variant 

where the constraint (2.lc) is replaced with the constraint 

e T Dx' = l . (2.4) 

In the affine-scaling variant of the Karmarkar algorithm the normalization (2.3) 
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is redundant, since (2.4) gives e T x = 1. 

Karmarkar does not separate steps (2.2) and (2.3) as we have done. Later 

on we will have occasion to refer to each step separately. When combined steps 

(2.2) and (2.3) are called the Karmarkar projective transformation. 

3. The Method of Successive Linear Programming (SLP}. 

Consider the nonlinear program 

minimize f ( x) 

subject to h (x) = 0 

g(x)>o 

(3.la) 

(3.1 b) 

(3.lc) 

where f: IRn ---+IR, h: IRn ---+IRm, and g: IRn ---+IRP are continuously 

differentiable. The symbol v7 will be used to denote the transpose of the 

Jacobian operator. Let x* denote a solution of problem (3.1). 

Suppose that we have xe as a current approximation to x*. Ideally, by 

linearizing the functions in (3.1) about the point Xe, we may consider, as an 

improved estimate of x*, the point X+ =xc +se where sc is a solution of the 

linear program 

minimize F (xe )Ts + f (xe) (3.2a) 

(3.2b) 

(3.2c) 

In (3.2) F(xeVs+f(xe), H(xc)Ts+h(xe), and G(xeVs+g(xe) are linear 

approximations at Xe to J (xe + s ), h (xe + s) and g (xe + s) respectively. If we 
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choose F(xe)='vf(xe), H(xe)='vh(xe) and G(xe)='vg(xe), then we obtain the 

standard Taylor series linearization of f , h and g at Xe . 

It is standard to add a trust-region constraint 

(3.3) 

to problem (3.2). The positive constant oe is called the radius of the trust region. 

The choice of norm in (3.3) is also a part of the formulation of the algorithm. 

For further detail on the model-trust region approach the reader is referred to 

Dennis and Schnabel (1983). 

By a successive linear programming (SLP) method for problem (3.1) we mean 

the construction of the iteration sequence {xd where each subsequent iterate x+ 

is obtained from the current iterate Xe by letting X+ = Xe + sc where sc is the 

solution of the model-trust region linear program 

subject to H(xc f s + h (xc) = 0 

for specific choices of F(xe), H(xc) and G(xc). 

4. The Squared-Slack Variable SLP Method. 

(3.4a) 

(3.4b) 

(3.4c) 

(3.4d) 

Given y=(y 1, .. ·,Yn)TEIRn let us use the notation y 2 EIRn to denote 

(yf, .. , Yn2 f. The classical technique (see Section 15) of adding squared-slack 

variables to inequality constraints transforms problem (1.6) into the following 



equality constrained nonlinear program 

minimize c T x 

subject to Ax = 0 

X = y2. 
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( 4.la) 

(4.lb) 

(4.lc) 

(4.ld) 

When dealing with problems which have only nonnegativity inequality 

constraints it is also standard to now substitute (4.ld) into (4.la), (4.lb) and 

(4.lc) to obtain the equivalent problem 

minimize CT y2 (4.2a) 

subject to Ay 2 = 0 (4.2b) 

e T y2 = 1 ( 4.2c) 

X = y2. (4.2d) 

Our algorithms will be derived by working with problem (4.2). However, we 

will find it useful to also use the form (4.1) in the convergence analysis presented 

in Section 14. 

Equation (4.2c) represents the canonical compactification constraint (4.lc) 

written in terms of the slack variables y. When written in terms of the slack 

variables, the compactification constraint is nonlinear and restricts the solution 

to the unit sphere, i.e., requires the solution to have 2-norm equal to 1. 

Observe that problem ( 4.2) separates conveniently into a minimization phase 

and an update phase. 
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With the goal in mind of applying the method of SLP (and later on SQP) 

we must consider linearization of the quantities in ( 4.2). Toward this end 

consider Xe Effin which is strictly feasible with respect to problem (1.6) ; 1.e., 

xe > 0, Axe = 0 and e T xe = 1. Expression ( 4.2d) tells us to choose ye = v7c;. 
Let Ee = diag (Ye). 

A Taylor series linearization of y 2 about Ye gives 

y/ + 2Ee (y -ye) 

which we can rewrite as 

Since xe = y/ is feasible, i.e. Axe =0, the Taylor series linearization of Ay2 =0 

about Ye is 

AEeY = 0. 

Taking Taylor series linearizations of (4.2a) and (4.2b) we obtain the 

approximating subproblem 

minimize c T Eey (4.3a) 

subject to AEey = O (4.3b) 

e T y2 = 1 ( 4.3c) 

X = y2. (4.3d) 

In order to apply the method of SLP we must still obtain a linear approximation 

to the compactification constraint ( 4.3c ), and define an appropriate trust-region 
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constraint. We also want to explore any advantages gained by linearizing the 

update formula (4.3d). 

An obvious objective is to formulate a subproblem which produces feasible 

iterates. From (4.3b) we see that the use of the update formula (4.3d), in its 

quadratic form has no chance of accomplishing this objective. Hence, we consider 

the Taylor series linearization of (4.3d) about Ye 

(4.4) 

The use of ( 4.4) requires the enforcement of the condition 

(4.5) 

in the subproblem. This constraint will be handled implicitly via the trust-region 

constraint as in the Karmarkar algorithm. 

If y + = Yx where x is given by ( 4.4 ), then the com pactification constraint 

( 4.2c) is not satisfied, i.e., the 2-norm of y + is not necessarily equal to 1. It is 

standard procedure, when using iterative methods on problems where it is known 

that the solution has 2-norm equal to 1, to project the iterates by dividing them 

by their 2-norm, e.g., projected Newton. This projection not only maintains 

feasibility of the iterates with respect to this constraint, but in some cases it may 

improve both the numerical and theoretical convergence properties of the 

algorithm. See for example Tapia and Whitley (1987). 

If Y+ =Vx where x is given by (4.4), then the implementation of the 

projection Y+ ~Y+/ IIY+ 11 2 in terms of x consists of replacing (4.4) with 

(4.6) 

This follows directly from the fact that I IVz 11 2 = e T z. Since the constraint 
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(4.2b) is in homogeneous form, the use of (4.6) instead of (4.4) does not destroy 

the feasibility of the iterates with respect to this constraint. 

Now, a linear approximation to e T y 2 = 1, passing through the point Ye is of 

the form 

(4.7) 

for some choice of a. We mention in passing that if a > 0 in (4.7), then (4.5) 

guarantees that the feasibility region of the subproblem (without the trust-region 

constraint) will be compact. Hence (4.5) may be viewed as a compactification 

constraint for the subproblem. 

An obvious choice for a in (4.7) is 

a = Ye 

With this choice (4.7) becomes y{y =1 which we can also write as 

e T Ee y = 1 . 

(4.8) 

(4.9) 

Observe that (4.9) is what we would have obtained by taking a Taylor series 

linearization of (4.3c). Another choice for a in (4.7) is 

(4.10) 

With this choice (4.7) can be written 

e T Ee-IY = n . (4.11) 

Finally, we must make a choice of trust-region constraint. We know that, 

in general, Ye will have some components converging to zero and other 

components not converging to zero. Hence any measurement of change should 
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probably be a relative one. This motivates, for the choice of norm, the 2-norm 

weighted by Ec- 1, i.e. the trust-region constraint should be 

(4.12) 

We are now ready to state an SLP algorithm for problem (4.2); this in turn 

gives a squared-slack variable SLP algorithm for problem (1.6). 

Squa.red-S1a.ck Yariah1e SLP {SSY-SLP) A1gorithm. 

Given an initial feasible point x 0 > 0 

begin 

X =Xo 

do until convergence 

y=Vx 

E = diag (y) 

Compute fl as the solution of 

minimize c T Ey ' 

subJect to AEy ' = 0 

e T E-1y '= n 

I IE- 1(Y -y ') II < 8/2 

x =E(2y-y)/eTE(2y-y) 

end do 

(4.13a) 

(4.13b) 

(4.13c) 

(4.13d) 

(4.14) 
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end 

5. Equivalence Results. 

THEOREM 5.1. Suppose that for the squared-slack variable SLP algorithm the 

choice of initial iterate x 0 and the choice of trust-region radius 8 are the same as 

those for the Karmarkar algorithm. Then the Karmarkar algorithm and the 

squared-slack variable SLP algorithm produce identical x iterates. 

Moreover, the affine-scaling variant of the Karmarkar algorithm and the 

squared-slack variable SLP algorithm with the choice for (4.13c} given by 

e T Ey '= l produce identical x iterates. 

Proof. The proof follows directly by observing that x, the solution of 

problem (2.1) and y, the solution of problem (4.13), are related by 

x =E-1(2y -y ). • 

Remark. Of interest here is that it is known that once a squared-slack variable 

algorithm has been derived (e.g. SSV-SLP), it can be written in a form which 

maintains the slack variables in squared form only ( e.g. Karmarkar ). This 

aspect of the equivalence will be discussed in greater detail in Section 10. 

6. An Invariance Property of the Karmarkar Algorithm. 

The fact that x, the solution to problem (2.1 ), is invariant with respect to 

positive scalar multiples of D leads to the following interesting property of the 

Karmarkar algorithm. 
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PROPOSITION 6.1. The Karmarkar iterate x remains the same whether the 

normalization step {2.3} has been performed or ignored in each previous iteration. 

We will refer to Proposition 6.1 in Section 9. 

7. Deficiencies of the Affine Scaling Approximation. 

Consider a sequence of positive points xk in 1R n converging to x* > 0. 

Suppose that at least one component of x* is zero. Let Dk = diag (xk) and 

D * = diag ( x* ). This models the situation in the Karmarkar method. 

Fact J: 

While the sets Sk={xE1Rn:x>o,eTDkx=l} are compact, the set 

s* = {x E ]Rn: x >o, e T D*x = 1} is unbounded. 

Fact 2; 

The asymptotic subproblem associated with the affine scaling approximation 

is poorly-posed. Specifically, if the linear program 

minimize c T D*x 

subJect to AD* x = 0 

X >O 

has a solution, then it has arbitrarily large solutions. 

(7.la) 

(7.lb) 

(7.lc) 

(7.ld) 
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Remark. We are not implying that the affine-scaling approximation necessarily 

will lead to poor numerical performance. However, we do feel that these 

observations imply that a worst case analysis, analogous to the one established 

by Karmarkar for the algorithm using the Karmarkar approximation, would be 

essentially impossible to establish. 

8. The Ideal Approximation. 

At first glance it may seem that the "ideal" subproblem for the SSL-SLP 

algorithm would be problem (4.2) where neither the quadratic compactification 

constraint ( 4.2c) nor the quadratic update formula ( 4.2d) are approximated. 

Indeed, it is standard when using squared-slack variable substitution methods for 

problems with nonnegativity bounds on the variables to not approximate the 

update formula (4.2d). This subproblem would lead to iterates which are not 

necessarily feasible (with respect to problem (4.2) or problem (1.6)). Without 

feasible iterates it is not clear how a trust-region algorithm should be formulated. 

Moreover, when the iterates are not feasible we cannot use the technique of 

handling the spherical constraint by riding the negative of the projected gradient 

to the boundary. 

9. No Compactification Constraint. 

An extreme way of approximating the spherical compactification constraint 

(4.lc) in the subproblem is to ignore it altogether. Observe that if we ignore the 

compactification constraint in the subproblem, then the compactification 

constraint e T x = l will be effectively ignored in the main problem. This happens 

because, as Proposition 6.1 shows, the normalization step (2.3) is redundant and 

this normalization step is the only step in the algorithm which takes the 

compactification constraint into account, once it has been ignored from the 
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subproblem. Now, if all compactification constraints are ignored, then there is 

no need for the normalization step (2.3) and in turn no need for writing the 

constraints Ax = b in homogeneous form. The resulting algorithm would be the 

following. 

Consider the linear program {1.3) and suppose that c, x, e E ]Rn and 

eT=(l, ... ,l). 

Karmarkar Variant (no-compactification). 

Given an initial point x0 > 0 

begin 

end 

X =Xo 

do until convergence 

D = diag (x) 

Compute x as the solution of 

minimize c T Dx ' 

subject to ADx ' = b 

lle-x'll<o 

x =Dx 

end do 

Remark. The no-compactification Karmarkar variant algorithm 1s the 

Karmarkar variant posed independently by Barnes (1986), Cavalier and Soyster 

(1985) and Vanderbei, Meketon and Freedman (1985). Their choice for the 
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trust-region radius 8 is an implicit choice. Specifically they calculate the negative 

of the projected gradient for the subproblem and then follow it .99 of the 

distance to the boundary of the positive orthant. 

Remark. The observations and statements that were made in Section 7 

concerning the affine-scaling variant of the Karmarkar algorithm also apply to 

the no-compactification variant of the Karmarkar algorithm presented above. 

Specifically, we doubt that a Karmarkar worst case analysis could be established 

for this variant. 

Remark. The no-compactification Karmarkar variant algorithm 1s the 

straightforward ( all linearizations are Taylor series linearizations) squared-slack 

variable SLP methods applied to problem (1.3). 

10. The role of the Karmarkar ProJective Transformation. 

We would like to determine the role(s) that the Karmarkar projective 

transformation plays by isolating its counterparts in the various parts of the 

equivalent squared-slack variable SLP method. To begin with consider the 

fundamental squared-slack variable relationship 

X = y2. (10.1) 

Given nonnegative xc, (10.1) leads us to the choice Ye =--v-;:. Let De= diag (xc) 

and Ee = diag (Ye). A Taylor series linearization of y 2 at Ye gives 

y/ + 2 Ee (y - Ye) (10.2) 

which simplifies to 
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2 EC y - y/ . (10.3) 

Using (10.3), we see that if Xe satisfies Axe = b, then the Taylor series 

linearization of the constraint Ay2 = b at Ye is 

AEcY =b. (10.4) 

From (10.4) and the quantities in (4.13) and (4.14) we see that the change of 

variables 

(10.5) 

will allow us to work with the slack variables in squared form only, i.e. we can 

work with xc and De instead of Ye and Ee. Historically, there has been activity 

centered around the issue of working with the slack variables in squared form 

only, after the respective linearizations have been made. Some of this activity is 

discussed in Tapia (1980). 

The squared-slack variable SLP philosophy does not reqmre homogeneous 

constraints. Therefore, rederiving (4.13) and (4.14) without the assumption that 

b in the constraints Ax = b is zero, ignoring the trust-region constraint and 

writing the problem in terms of the slack variables in squared form leads to 

minimize CT D X, 
C 

(10.6a) 

subJect to ADcx 
, 
=b (10.6b) 

eTx'=n (10.6c) 

x =Dcx'jeTDcx'. (10.7) 
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This derivation consists of replacing (4.13b) with (10.4) and then replacing y' 

and y in (4.13) and (4.14) with (10.5). 

In the above subproblem we have obtained (10.6a) and (10.6b) from problem 

(1.6) by performing the following three transformations in succession: 

Squared-Slack Substitution: 

Taylor Series Linearization: 

Resquaring of Slack Variables: 

The composition of these three transformations gives 

x = D x' 
C 

(10.8) 

which we call the squared slack variable transformation. The transformation 

(10.8) appears in the Karmarkar theory literature where it is called the affine 

scaling transformation. 

In the above subproblem we have obtained (10.7) from problem (1.6) by 

performing the following four transformations in succession: 

Squared-Slack Substitution: X -+y2 

Taylor Series Linearization: 

Projection of Slack-Variable Iterate: 

Resquaring of Slack Variables: 

The composition of these four transformations gives the Karmarkar projective 
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transformation 

(10.9) 

A mam objective of this research was to show that the affine scaling 

transformation and the Karmarkar projective transformation result from the 

composition of these traditional meaningful transformations. 

The formal Karmarkar approach would lead to the subproblem which 

consists of problem (10.6) with Dex' in (10.6a) and (10.6b) replaced by the 

Karmarkar projective transformation 

The update formula (10.7) would remam the same. This replacement is only 

valid in (10.6b) if either b = 0 or b was replaced by ( e T x )b in the original 

problem. It is fascinating that this is exactly what Kamarkar suggests. This 

replacement is never valid in (10.6a). It is equally fascinating that Karmarkar 

suggests replacing the projective transformation in the objective function of the 

subproblem with the transformation D c x ', i.e., using the objective function 

dictated by the squared-slack variable SLP approach. 

In conclusion then, we have demonstrated that the Karmarkar projective 

transformation plays three roles in interpreting the Karmarkar algorithm as a 

squared-slack variable projected SLP method. The first role concerns the 

objective function and is never valid (Karmarkar changes the objective function). 

The second concerns the constraints and is valid only if the constraints are in 

homogeneous form (as Karmarkar requires). The third role concerns the update 

formula. Here we have seen that the Karmarkar projective transformation 

represents the combined effect of the squared-slack variable transformation and 

the 2-norm projection of the slack-variable iterate. Since the Karmarkar 
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projective transformation contains a factor which represents the 2-norm 

projection, its use in any part of the algorithm except the update formula is 

highly questionable. 

The role that the Karmarkar approximation (10.6c) plays relative to other 

approximations is the subject of current research. 

11. The Role of the Positive Iterate. 

Tapia (1974), (1977), and (1980) has studied the use of squared-slack 

variables in SQP formulations. A feel for the understanding gained can be 

obtained from the third paper. A main feature of the use of squared-slack 

variables is that once a slack variable or multiplier becomes zero, it stays zero in 

all subsequent iterations, i.e., it is effectively removed from the problem. 

Consequently, a squared-slack variable algorithm could lead to disastrous results 

if not properly safeguarded. 

Consistent with the interpretation we have given as a squared-slack variable 

algorithm, there is nothing in the formulation of the Karmarkar algorithm which 

precludes a variable from taking on the value zero. Moreover, (2.3) shows that 

once a variable becomes zero it will remain zero in all future iterations. Of 

course, the Karmarkar potential function is defined only for positive variables, 

hence it must be modified if a variable takes on the value zero. 

Karmarkar uses the potential function to determine trust-region radii which 

will safeguard the algorithm and keep the variables from inadvertently taking on 

a zero value. This safeguarding coupled with his convergence theorems should be 

viewed as an elegant global convergence theory for one particular squared-slack 

variable application. Such theories are rare. 
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12. The Squared-Slack Variable SQP Trust-Region Method. 

Now that we have established that the Karmarkar algorithm is equivalent to 

an SLP formulation, it seems natural that a successive quadratic programming 

extension should be considered and should give a superior local convergence rate. 

Our objective in the next three sections is to extend the Karmarkar squared-slack 

variable SLP method to two basic squared-slack variable SQP methods and 

demonstrate local q-quadratic convergence for these new methods. We will also 

demonstrate that these squared-slack variable SQP formulations have the 

desirable property that any variable which converges to zero does so at a q

superlinear rate. 

The important and challenging tasks of implementing and safeguarding the 

new algorithms will be the subject of future research. The present paper contains 

only basic formulations. 

The method of successive quadratic programming (SQP) is a popular and 

effective tool in numerical optimization. Its philosophical basis is similar to that 

of the SLP method presented in Section 3. The characterizing difference is that, 

instead of using a linear approximation of the objective function of the nonlinear 

program as the objective function for the subproblem, one uses a quadratic 

approximation of the Lagrangian function associated with the nonlinear program. 

The Hessian of the Lagrangian, consequently the Hessian of the quadratic 

approximation, is expected to possess positive curvature on the space of linearized 

constraints; hence in SQP the addition of a compactification constraint can be 

viewed as safeguarding, i.e., locally the subproblem will have a solution without 

it. 

An elementary presentation of the SQP method can be found in Section 

6.5.3 of Gill, Murray and Wright (1981) and in Tapia (1978). The presentation 

given in this paper, in terms of both method and theory, is based on Tapia 
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(1980). 

We now derive an SQP method for problem (4.1); this in turn will give a 

squared-slack variable SQP method for the linear program (1.6). As in Section 4, 

given nonnegative Xe EIRn as an approximation to x*, the solution of problem 

(1.6), and guided by (4.ld) we choose Ye=~ as an approximation to y*, the 

solution of problem ( 4.1 ). Let Ee = diag (Ye) and also let µe and r, e be estimates 

of the Lagrange multipliers associated with the solution y* and corresponding to 

the constraints (4.lb) and (4.lc) respectively. 

The SQP philosophy tells us to obtain an improved estimate of y* of the 

form Ye + s where s is the solution of the so-called SQP quadratic program. The 

improved estimate of xe will then come from the update formula (4.ld) or an 

approximation or modification of this update formula. 

The objective function for the SQP quadratic program is 

(12.1) 

(12.2) 

If we write y = Ye + s, then the Taylor series linearization of the quantity y 2 at 

the point Ye is given by 

It follows that the Taylor series linearization of the constraint ( 4.1 b) at Ye is 

(12.3a) 



and if xe is feasible, then (12.3a) reduces to 

The Taylor series linearization of the spherical constraint (4.lc) at Ye 1s 

eT(y/+2Ees) = 1 

and if xe is feasible, then (12.4a) reduces to 

e T Ees = 0. 
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(12.3b) 

(12.4a) 

(12.4b) 

We have been calling this linear approximation the affine-scaling approximation. 

We will state our basic SQP algorithms using only the affine-scaling (Taylor 

series) linearization. This will allow us to establish optimal local convergence 

rates. The linearization of the spherical constraint ( 4.lc) which we have been 

calling the Karmarkar approximation could also be used and may give superior 

global behavior; however we cannot include it in our local convergence analysis. 

These issues merit further investigation. 

Based on the subproblem we are considering we will obtain an improved 

approximation to x* either from the quadratic update formula (4.ld) normalizing 

so that (4.lc) will be satisfied, i.e., 

(12.5) 

or a linearization of ( 4.ld), followed by taking absolute value, and then 

normalizing so that (4.lc) will be satisfied and the nonnegativity of the x 

variables will be maintained, i.e., 

(12.6) 

We are now ready to state our squared-slack variable SQP trust-region method 



for the linear program (1.6). 

Squared-Slack Yaria,b)e SQP Trust-Region Method. 

Given an initial feasible point x 0 > 0 and Ao > 0 

begin 

end 

do until convergence 

y=Vx 
E = diag (y) 

A= diag (A) 

Compute (s, µ, rJ) as a Kuhn-Tucker point of 

c T Es + _!_ s T As 
2 

minimize 

subject to AEs =0 

eT Es= 0 

end do 
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(12.7a) 

(12.7b) 

(12.7c) 

(12.7d) 

(12.8) 

(12.9) 
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Remark. As was the case with the Karmarkar algorithm the trust-region 

constraint (12.7d) could be used to ensure that y +2s >o and then the absolute 

value in (12.8) would not have to be used. 

Remark. The notation [x l+ denotes the vector z with all negative 

components set to zero. In Section 14 we will show that c +ATµ+ rJe is equal 

to the vector of multipliers corresponding to the nonnegativity constraints ( 4.ld). 

From classical Lagrange multiplier theory we know that these multipliers must 

be nonnegative. This accounts for the use of the projection [ l+ in (12.9). 

Remark. Recall that in Section 11 we expressed concern over the fact that in 

squared-slack variable SQP formulations once a multiplier corresponding to a 

constraint where a squared-slack variable has been introduced becomes zero, then 

it remains zero in all subsequent iterations. It follows that formula (12.9) will 

not be able to recover multipliers which have inadvertently become zero as long 

as µ and r, have been obtained from the SQP subproblem. For this reason a 

good safeguarding strategy will consider alternative methods for calculating µ 
and r, is (12.9). For example one could estimate µ and r, from f) using one of the 

standard multiplier estimation formulas. For greater detail see Section 2 of 

Tapia (1977). 

13. The Squared-Slack Variable SQP Line-Search Method. 

In this section we reformulate the method described in the previous section 

replacing the trust-region component with a line-search component. In order to 

establish a particular convergence rate for the x variable (Theorem 14.2) we state 

the algorithm in a form that does not approximate the update formula (4.2d). 

This means that the iterates will no longer be feasible with respect to the 
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constraint Ax =0. However, upon convergence it will be a simple matter to 

retrieve a feasible solution. 

Squared-Slack Variable SQP Line-Search Method. 

Given an initial point x0 >o and Ao> 0 

begin 

end 

X =Xo 

>- = >-0 

do until convergence 

y=Vx 

E =diag (y) 

A= diag (>-) 

Compute (s, µ, r,) as a Kuhn-Tucker point of 

c T Es + _!_ s T As 
2 

minimize 

sub;'ect to AE(y+2s)=0 

end do 

(13.la) 

(13.lb) 

(13.lc) 

(13.2) 

(13.3) 
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Remark. Both 1 in (13.2) and a in (13.3) are contained in (0, 1]. Also, as in the 

last section, [z l+ denotes the vector z with all negative components set to zero. 

Remark. The last remark made in Section 12 concerning the update of the 

multiplier A also applies in the present context. 

14. Convergence Results. 

The method of SQP is well known to be equivalent to applying Newton's 

method to the first-order (Kuhn-Tucker) conditions for the optimization problem 

in question. For detail on this equivalence and others the reader is ref erred to 

Tapia (1978). 

We will study the local convergence properties of our two squared-slack 

variable SQP methods by looking at the first-order conditions for problems ( 4.1) 

and (4.2). 

If we let µ, 17 and A denote the multipliers corresponding to the constraints 

(4.lb), (4.lc) and (4.ld) respectively, then the first-order conditions for problem 

(4.1) can be written 

c+ATµ+17e-A=O 

Ay =0 

Ax =0 

X = y2 

(14.1) 

where A= diag (>-). Let (xc, Ye, µc, 11c, Ac) be a current approximation to 

(x*,Y*,µ*,11*,A*), a Kuhn-Tucker point of problem (4.1) (solution of (14.1)). 
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Also let Ee = diag (Ye) and Ac = diag (Ac). A direct calculation shows that the 

Newton correction (fu, 6.y, 6.µ, 6.rJ, 6.A) is the solution of the linear system 

0 0 AT e -I 6.x c +AT µc + 'r/c e -Ac 
0 Ac 0 0 EC 6.y Ac Ye 
A 0 0 0 0 !:::,,.µ - Axe (14.2) 
eT 0 0 0 0 6.rJ eT X -1 
-I 2E 0 0 0 6.).. C 

C 0 

Now, let µ and rJ denote the multipliers corresponding to the constraints 

( 4.2b) and ( 4.2c) respectively. The first-order conditions for problem ( 4.2) can be 

written 

diag (y )( c + A T µ + rJe) = 0 

Ay 2 =0 

X = y2. 

(14.3) 

Let (xc,Yc,µc,'r/c) be a current approximation to (x*,Y*,µ*,rJ*), a Kuhn-Tucker 

point of problem (4.2) (solution of (14.3)). Also let Ee = diag (Ye). A direct 

calculation shows that the Newton correction ( ~, l:::,,.y, I:::,.µ, l:::,,.rJ) is the solution of 

the linear system 

0 diag(c +AT µc+rJc e) ATE Ye 

[~]--
Ee ( c +AT µc +rJc +rJc e C 

0 2ECA 0 0 Ay/ 
(14.4) 

0 2yt 0 0 1-YtYc 
-I 2Ec 0 0 0 

Furthermore, if µ, rJ, and A denote the multipliers corresponding to the 

constraints (1.6b ), (1.6d) and (1.6c) respectively, then the first-order conditions 



for problem (1.6) can be written 

where as before A= diag (A). 

LEMMA 14.1. 

c + A T µ + 17e - A = 0 

Ax =0 

Ax =0 

X >O 
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(14.5) 

(i) If (x*,µ*,17*,A*) is a Kuhn-Tucker point of problem {1.6}, then 

(x*,y-;;;,µ*,17*,A*) is a Kuhn-Tucker point of problem {4-1) and 

( x*, v-;;;, µ *, 17 * ), is a Kuhn-Tucker point of problem (,f.. 2 }. 

(ii) If (x*,Y*,µ*,17*) is a Kuhn-Tucker point of problem (.f-.2}, then 

(x*,Y*,µ*,17*,A*) where A*=c+ATµ*+17*e is a Kuhn-Tucker 

point of problem (4.1). Ifin addition A* >o, then (x*, Y*,µ*,17*,A*) is 

also a Kuhn-Tucker point of problem {1.6}. 

(iii) If (x+, y +' µ+, 17+, A+) is the Newton iterate for problem {4-1} obtained 

from the current iterate (Xe, y c, µc, 17 c, Ac), then ( x +, y +' µ+, 17+) is the 

Newton iterate for problem (4. 2} obtained from the current iterate 

(xc,Yc,µc,17c)-

(iv) If (x+, Y+, µ+, 17+, A+) is the Newton iterate for problem (4.2} obtained 

from the current iterate (xc, Ye, µc, 17c ), then (x+, y +' µ+, 17+, A+) with 

A+= c +ATµ++ 17+e is the Newton iterate for problem (4.1} obtained 

from the current iterate (xc, Ye, µc, 17c, Ac). 



31 

Proof. Parts (i) and (ii) of the lemma follow from comparing the three 

nonlinear systems (14.1), (14.3) and (14.5). Parts (iii) and (iv) of the lemma 

follow from comparing the two liner systems (14.2) and (14.4). • 
Let x* be a solution of problem (1.6) and let "* be the vector of multipliers 

associated with the nonnegativity constraints (1.6c). Recall that strict 

complementarity is said to hold for (x* )i if not both (x* )i and (:\* )i are zero. 

Strict complementarity holds for x* if it holds for each one of its components. 

The following theorem is an adaptation of Theorem 3 of Tapia (1980). 

THEOREM 14.2. Suppose that the sequence {(yk, '-k)} has been generated by 

the squared-slack variable SQP trust-region or line-search algorithm and converges 

to (y*, '-*) where x* =yi is a solution of problem {1.6} and"* is the vector of 

multipliers associated with the nonnegativity constraints {1. 6c). Suppose further 

that strict complementarity holds for x* and that eventually the choice for both 1 

and a in {13.2} and {13.3} is one, or in the case of the trust-region algorithm 

eventually the trust-region constraint is not binding. 

(i) 

(ii) 

If lim (Yk )i = 0, then the convergence is q -superlinear { or achieved in a 
k 

finite number of steps). 

If lim (:\di = 0, then the convergence is q -superlinear ( or achieved in a 
k 

finite number of steps). 

In addition, for the squared-slack variable SQP line-search algorithm we 

have the following result. 

(iii) If lim ( xk )i = 0, then the convergence is q-superlinear { or achieved in a 
k 

finite number of steps). 
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Proof. We are assuming that in the SQP trust-region algorithm eventually 

the trust-region constraint is inactive and in the SQP line-search algorithm 

eventually the line-search parameters a and , are equal to one. Hence by Lemma 

14.1 we may assume that for both algorithms the iterates are given by (14.2) 

except that the updating formula for the x variable has been modified according 

to (12.8) or (13.2). 

We will assume that none of the variables converge in a finite number of 

steps. In the case that some of them do, the proof given below can be easily 

modified to handle this case also. The second equation in (14.2) can be written 

(14.6) 

Observing that all our matrices are diagonal and in this case nonsingular, and 

that A;- 1\ = e, we can write (14.6) as 

(14.7) 

Parts (i) and (ii) of the theorem now follow from (14.9) and strict 

complementarity. Part (iii) follows from part (i) and the fact that (13.2) is of the 

form x = ay 2 and a converges to one. • 

The following theorem is an adaptation of Theorem 2 of Tapia (1980). 

THEOREM 14.2. Let (x* ,µ-t,f/-t,A-t) be a Kuhn-Tucker point of problem 

(1.6) (solution of (14.5)). Suppose that 

(i) strict complementarity holds at x* 

(ii) the matrix [A T, e] has full rank. 
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Then, there exists E > 0 such that if (x0 , A0) > 0 and I l(x0 , Ao)-(x*, A:;) 11 <c, 

the squared-slack variable SQP line-search algorithm with step-length choices 

1= a= 1 and the squared-slack variable SQP trust-region algorithm with the trust 

region inactive generates iterates ( xk, Yk, µk, 17k, Ak) which converge q -

quadratically to (x*, y7;;,µ*, rJ:;, A:;). 

Proof. Conditions (i) and (ii) are sufficient to guarantee that the coefficient 

matrix in (14.2) is nonsingular in a neighborhood of (x:;,y;:,µ*,rJ*,A*). Our 

algorithms, under the above assumptions, reduce to Newton's method as defined 

by (14.2) followed by various modifications. It is not obvious, but it can be 

shown that these modifications will not destroy the local q-quadratic convergence 

of Newton's method. • 

15. General Comments on Squared-Slack Variables. 

The use of squared-slack variables is classical and was well-known to 

researchers in the calculus of variations in the early part of this century. Also 

known to these researchers were the subproblems associated with the SLP and 

the SQP methods. Hestenes (1987) says that he does not remember a time in his 

research career when these notions were not a standard part of his, or his 

colleagues, arsenal of mathematical tools. 

Classical calculus of variations dealt with infinite dimensional problems and 

the tools needed to analyze these problems. The finite dimensional cases were 

used to illustrate the infinite dimensional theory, but they were not considered to 

be of sufficient interest to merit publication on their own. The classical theory 

was also not concerned with the development of algorithms and as such these 

tools were referred to as the indirect methods of the calculus of variations. 
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In time, emphasis was put on semi-direct and direct methods. The primary 

use of squared-slack variables was to allow researchers to carry over theory 

developed for the more standard equality constrained problem to the less 

standard inequality constrained problem. 

Valentine (1937) in his doctoral thesis was concerned with the problem of 

Lagrange in which differential inequalities appeared. They were of the form 

g(x, y, dy /dx) > 0. (15.1) 

Valentine replaced such a constraint by the equality constraint 

g ( x, y, dy / dx) = (dz/ dx )2 (15.2) 

where z ( x) is an auxiliary function satisfying a particular initial condition. He 

then applied the standard theory and interpreted the results. This powerful 

technique became known in the literature as the Method of Valentine, although it 

had undoubtedly been used earlier. Today, many authors refer to the general use 

of squared-slack variables as the Method of Valentine. 

An interesting side note concerning the use of squared-slack variables in an 

infinite dimensional setting is the following. Good and Gaskins (1971 ), in 

proposing a probability density estimation procedure, consider an optimization 

problem of the form 

minimize J ( v) 

subject to v > 0 

\Iv EH 

(15.3a) 

(15.3b) 

(15.3c) 

where H is a function space of continuously differentiable functions. Making the 

transformation u = Vv, they write problem (15.3) in the form 



minimize f ( u 2) 

suby"ect to u E H 
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(15.4a) 

(15.4b) 

and consider v* = u* 2 as the solution of (15.3) where u* solves (15.4). Tapia 

and Thompson (1978) point out that this approach is not necessarily valid, since 

~ = ~ = I u * I is not necessarily continuously differentiable. This 

anomaly would not occur in a finite dimensional setting. 

Even in finite dimensions squared-slack variables can be used to develop 

mathematical insights. Indeed, a quick way to derive the Kuhn-Tucker theory 

for general nonlinear programming is to add squared-slack variables to the 

inequality constraints and then apply the standard Lagrange multiplier theory 

for equality constrained nonlinear programming. Such an approach does not 

establish the nonnegativity of the multipliers corresponding to the inequality 

constraints. However, their nonnegativity follows directly from the second-order 

necessary conditions. Hence collectively the first-order and second-order 

necessary conditions that result from the two derivations are the same. The 

price one pays for this quick derivation is that we must assume regularity and 

cannot reap the benefits of more subtle constraint qualifications. The reason that 

this price is modest is that regularity is a standard assumption in the algorithmic 

theory of quasi-Newton methods. Squared-slack variables also point out the role 

that strict complementarity plays in these quasi-Newton methods. Specifically, 

without strict complementarity, the Hessian matrix will be singular ( consider the 

matrix in (14.2)). 

The use of squared-slack variables, as an algorithmic device, has received 

strong criticism in contemporary writings. The subject is usually discussed and 

dismissed in an introductory section with a quick wave of the hand, justified by 

several standard cliches. Tapia (1974), (1977) and (1980) studies the use of 

squared-slack variables in the context of SQP methods and in Tapia (1980) he 
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tries to dispel several of these standard criticisms. 

The use of squared-slack variables is a powerful algorithmic tool. Like most 

powerful algorithmic tools, e.g. Newton's method, it must be carefully and 

properly safeguarded. It has deficiencies; it does not ensure the nonnegativity of 

the multipliers associated with inequality constraints and this deficiency must be 

corrected on an ad hoc basis (see (12.9) and (13.3)). It will lead to singularities 

and slow convergence if strict complementarity does not exist (so will essentially 

any other quasi-Newton formulation). 

In his introductory chapter Fletcher (1981) briefly discusses the use of 

squared-slack variables. He gives one simple example where their use leads to an 

extraneous stationary point; however the sign of the multiplier is violated at this 

extraneous stationary point. He gives a second simple example where their use 

leads to a singular Hessian; however this example does not satisfy strict 

complementarity. 

The elegant Karmarkar (1984) global convergence theory for the Karmarkar 

SSV-SLP algorithm demonstrates that this safeguarding is possible. 

16. A Historical Overview of the Use of Squared-Slack Variables in Linear 

Programming 

Klein (1955) considers the linear program 

minimize c T x 

subject to Ax > b 

X >O 

(16.la) 

(16.lb) 

(16.lc) 

Referring to Valentine (1937), he adds squared-slack variables to (16.1) to obtain 
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minimize CTX (16.2a) 

subject to (Ax - b )i = z.2 
I (16.2b) 

X· = y-2 
I I (16.2c) 

Substituting (16.2c) into (16.2a) and (16.2b ), and using the classical first-order 

necessary conditions for equality constrained optimization he arrives at the 

equivalent problem 

Xj (A+ A T <P )i = 0 

<Pi (- b + Ax )i = O , 

(16.3a) 

(16.3b) 

where <P is the vector of multipliers associated with the constraints (16.2b) and A 

is the vector of multipliers associated with the constraints (16.2c). 

Klein next observes that (16.3) possesses an "either-or" nature, either xi = 0 

or (A+ AT <P)i = 0, either <Pi = 0 or (Ax - b )i = 0. This led him to propose the 

"numerical method" consisting of solving (16.3) with all possible combinations of 

the components of x and <P set equal to zero, and then checking to see which 

solution minimized the objective function. 

In a letter to the editor, entitled "Such Solutions are Very Little Solved," 

Charnes and Cooper (1955) strongly criticized Klein for proposing such a 

preposterous scheme. They included the statements: "Mr. Klein's piece seems to 

be directed toward resurrecting the methods of the classical (indirect) school of 

the calculus of variations -- presumable as an OR tool," and "Mr. Klein 

terminates his discussion by announcing that the problems are solved at the very 

place where the real mathematical difficulties begin." 

Also, in a letter to the editor, Camp (1955) commented on Klein's 

suggestion. Camp's basic premise was that, while Klein's "numerical method" 
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was prohibitively expensive, his idea of using squared-slack variables might lead 

to a reasonable algorithm if coupled with a penalty function method where the 

minimization was carried out using trajectory methods or simple steepest descent. 

This comment is interesting, and at least leans in the direction of Karmarkar and 

the approaches presented in the current work. 

In order to help settle this controversy, the editors of Operations Research 

asked Dantzig to comment on Klein's article. Below we quote the last two 

paragraphs of Dantzig (1956): 

The foregoing may be summarized as follows: First, Klein's method leads to a 

set of equations which, in the linear case, have been well known for some years. 

Second, the direct solution of these equations in the case of a large number of 

variables, had previously been thoroughly explored and shown to be prohibitive

ly laborious. Third, the Simplex method, applied to the same problem but fol

lowing a different procedure, is capable of solving this type of problem with an 

acceptable amount of labor. 

However, it does not follow that Klein's work contains nothing of value, for at 

least two reasons: First, the squared-variable transformation makes it possible 

to replace all inequality constraints by equality constraints, that is, to reduce 

non-classical to classical problems. Second, Klein's method has applicability to 

inequality-constrained non-linear few-variables problems, as indicated in his ar

ticle itself. 
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