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ABSTRACT 

In this research we extend the Levenberg-Marquardt algorithm for 

approximating zeros of the nonlinear system F(x)=O, where F is continuously 

differentiable from IR" to IR". Instead of the lrnorm, arbitrary norms can be 

used in the objective function and in the trust region constraint. The algorithm 

is shown to be globally convergent. This research was motivated by the recent 

work of Duff, Nocedal and Reid. A key point in our analysis is that the tools 

from nonsmooth analysis, namely locally Lipschitz analysis, allow us to estaLlish 

essentially the same properties for our algorithm that have been established for 

the Levenberg-Marquardt algorithm using the tools from smooth optimization. 

In our analysis, the sequence generated by the algorithm is the couple (xk, 8d 

where xk is the iterate and Ok the trust region radius. Since the successor 

(xk+i· Ok_,_i) of (xtobd is not unique we model our algorithm by a point-to-set 

map and then apply Zangwill's theorem of convergence to our case. It is shown 

that our algorithm reduces locally to Newton's method. 
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CHAPTER 1 

Introduction 

1.1. The Problem and the Standard Newton's Method 

In this research, we consider the problem of solving the system of nonlinear 

equations 

F(x) = 0, (1.1.1) 

where F: IRn ~ ffin is a continuously differentiable function. We will be 

concerned with the fact that the Jacobian of F at x, say F '(x ), may be sparse. 

Such systems arise, for example, in the solution of the algebraic equations 

produced by finite elements or finite difference discretization of boundary value 

problems for ordinary and partial differential equations. 

Problem (1.1.1) is often solved by Newton's method. Namely, given an 

initial approximation x0 to the solution x,. successive approximations 

XI' X2 • are generated by solving the linear system 

F'(x;)s = -F(x;), k = 0.1.2, (1.1.2) 

for the Newton step s; and letting 

Xk+I = X; +s; k = 0,1,2. · · (1.1.3) 

If the initial iterate x 0 is an arbitrary point of some sufficiently small 

1 

2 

neighborhood J\'(x,) of the solution x., F'(x,) is nonsingular, and F is 

sufficiently smooth, then the method gives very rapid convergence [Denni~ aud 

Schnabel (HJ83)]. Because x0 is assumed to be any point of J\'(x •) we say that 

the method is locally convergent. 

In the use of Newton's method, difficulties arise when the Newton step lies 

outside the region where the linear model 

F(x;) + F '(x1 ) s (1.1.4) 

is a good approximation to F(x1 + s). One effective remedy when this occurs is 

to restrict the step s to a region where the linear model (1.1.4) can be trusted. 

Specifically in the well-known Levenberg-Marquardt trust region approach the 

step B; is the solution of the optimization problem 

mm1mm .!. IIF(x1 )+F'(x;)s II? 
2 

subject to ½ I I B 11 i ~ f>; · 

For details see Chapter 6 of Dennis and Schnabel (1983). 

(1.1.5a) 

(l.1.5b) 

To better understand the above approach, it should be viewed as a 

globalization strategy for the locally convergent Newton's method for solving the 

unconstrained minimization problem 

minimizef(:r) = .!.. IIF(:r)lli-
•EIR' 2 

(1.1.6) 

In {1.1.6) the square of the lrnorm is introduced for the convenience of dealing 
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with a differentiable objective function. 

By a globalization strategy of a locally convergent method for the smooth 

problem 

minimize f (:r), 
rER' 

(l.I.7) 

i.e. the function f is differentiable, we mean a modification to the algorithm 

that attempts to force it to converge to a local (or global) solution of problem 

(I.1.7), starting from any given x0 in JR". Two of the most popular 

globalization strategies for a locally convergent method are the line-search and 

the model trust-region strategies. 

Because the algorithms proposed in this research will be of the second kind, 

we will touch briefly on the line-search strategy and present the trust region 

strategy in more detail. 

1.2. Line-search Globalization Strategy 

The idea behind a line-search strategy is simple. Namely, given a descent 

direction d, of f at xk. i.e. a dk such that 

'v f (x,)T d, < 0, {1.2.1) 

we take a step in that direction that is acceptable according to some rule. 

Specifically, at the eh iteration we set Xt+l = xk +>-t d, for some At > 0 which 

makes >-t d, an acceptable step. Different rules may be used to define an 
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acceptable step. One of the first rules was proposed by Armijo (H166). Then, 

various rules were studied by Goldstein and Price (Hl67) and Wolfe (IMO). In 

all these versions an acceptable step has to satisfy at least the so-called n-

condition 

f(xk +>-tdt) ~ f(xt)+>-t o<yf(xt)T dk, (1.2.2) 

where a is a small fixed constant in (0, 1 ). Additional conditions may be 

required. The convergence theory for such algorithms shows that fast local 

convergence will not be lost provided that asymptotically one chooses At = 1 

[see Dennis and More (1077)]. This fact motivated Dennis and Schnabel (1083) 

to consider the backtracking algorithm 

Given n E (0, .!. ) and O < / < u < 1, 
2 

At = 1. 

while f (xk + Atdk) > f (xt)+oAk 'vf (xtf dt 

do 

Ak = :pAt for some p E [/, µ]: 

Xt+I = x, +Atdk. 

For more details concerning the line-search strategy we refer the read!'f to 

Dennis and Schnabel (1083). 



5 

1.3. Trust Region Globalization Strategy 

In the trust region globalization strategy we build a local model or f at xk, 

say mk(-). which satisfies at least the properties 

mk(0) = f (xk) 

"i1 mk (0) = "vf (xk). 

(1.3.1) 

(1.3.2) 

Given such a model and a trust region radius bk, we obtain sk as the solution of 

the optimization problem 

minimize mk ( s) 

subject to I Is 11 S 6k . 

(I.3.3a) 

(I.3.3b) 

In (I.3.3.b ), 11 11 is usually chosen to be the lz-norm. We accept the step sk 

and set xk+l = xk + sk if the model mt(·) can be trusted, i.e. if 

(I.3.4) 

where a is a (small) fixed constant in (0, 1) and 

actred(k) = f (xk +sk)-f(xk) (I.3.5) 

and 

prered(k) = mk (sk)-f(xk). (I.3.6) 

In most cases the local model mk (-) is convex, and consequently, we have 

"i1 mt(o)T sk S mk ( sk )- mk (0), (1.3.7) 

or, using the equalities (I.3.1) and (I.3.2), 

8 

"i1 f ( Xt f sk S mt( st)- f ( xk ) . (I.3.8) 

Using (I.3.5) and (1.3.6) we can rewrite (1.3.4) as 

f(xk +sk) ~ f(xk)+o{ mt(sd-h(O)}, (1 .3.ll) 

which, because or (1.3.8), can be viewed as a relaxation of the a-condition 

f(xk+sk) ~ f(xk)+o"vf(xt)Tsk. (1.3.10) 

Either criterion (1.3.4) or (1.3.10) is used for the acceptance or rejection of 

the step sk. More and Sorenson (1982) use the former; Dennis and Schnah(·! 

(1983) prefer the latter. The main issue here is that / is the merit function used 

to determine when one approximate solution is better than another. If the step 

sk is rejected, then the trust region radius 6t is decreased, and problem (1.3.3) is 

solved with this new trust region radius. For a discussion regarding the 

reduction factor, we refer the reader to Dennis and Schnabel (1983). Wben the 

step is accepted, the parameter bk is updated by comparing the values adred (k) 

and prered (k) given in (I.3.5) and (1.3.6). Namely, if 

actred(k) <fJ 
prered(k) ' 

where f3 E ( o, 1 ), then the trust region radius is decreased by choosing 

6k+l E [µ1 II sk II ,112 II 8k II], 

(1.3.11) 

(1.3.12) 

where 11 1 and 11 2 are constants such that 0 < 11 1 S 11 2 < 1. If (1.3.11) does not 
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hold, then 6k is increased. The following two ways of increasing the radius of 

the trust region are commonly used: 

(1) 61: + 1 is chosen to be any scalar in 

[II sk 11, 1 I I sk II] , 1 > 1; (1.3.13) 

(2) hk+I is chosen to be any scalar in 

[6k, 16k], 1 > 1. (1.3.14) 

In the present work, we consider the following third possibility for increasing the 

trust region radius: 

(3) hk+I is chosen to be any scalar in 

[ilsk II, max(61, 1 llsk 11)], 1 > 1. (1.3.15) 

We have seen that the Levenberg-Marquardt algorithm is a trust region 

globalization strategy for Newton's method for solving problem (1.1.6). The 

model of the objective function used at each iteration is 

mk ( s) = 11 F ( xk) + F ' ( xk ) s 11 2 . (1.3.16) 

Because of the special structure of the constraint in the convex program (1.1.5), 

the Kuhn-Tucker conditions are both necessary and sufficient for s1: to be a 

solution. Consequently problem (1.1.5) is solved by 

s (11) = - ( F '(x.)T F '(x.) + µ!) -l f '(x1: l F(x.) (I.3.17) 

8 

for the unique nonnegative 111: E JR such that 11 s (µ1:) 11 = 61:, unless 

11 s (0) 11 ~ 61:, in which case s(0) = sf•, i.e. the Newton step, is the solution. 

In the earlier implementations of the Levenberg-Marquardt method, control 

is gained by working directly with the parameter µ, while in the later improved 

implementations, control was gained by varying the parameter 61: and 

computing 11 by a very efficient iterative method suggested by Hebden (1973) 

and refined by More' (1977). This Levenberg-Marquardt algorithm (or the Ir 

trust-region method for nonlinear systems) has proven to be an effective 

algorithm with good global behavior. 

The Hebden-More' implementation of the Levenberg-Marquardt algorithm is 

known to be robust. However, for large problems, it has the disadvantage that 

the system (1.3.17) has to be solved for several values of µ at each iteration. It 

is not obvious how one utilizes sparsity here since multiplying a matrix by its 

transpose may destroy the sparsity. Therefore, replacillf the problem of solving 

(1.1.5) by the problem (1.3.17) is not attractive for large problems. 

To avoid solving (1.3.17) at each iteration, Powell (1970) devised his now 

famous dogleg version of the Levenberg-Marquardt trust-region algorithm. 

Dennis and Mei (1979) extended Powell's dogleg to what they called the double 

dogleg. The dogleg algorithm approximates the solution of the trust-region 

problem (1.1.5) by restricting x, + s to lie on the piecewise linear curve 

connecting x,, the Cauchy-point (minimizer of the functional in (l.I.5a} in thP 
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direction of steepest descent) and the Newton point (unconstrained minimizer of 

the functional in (l.l.5a)). The optimization problem (1.1.5) restricted to this 

piecewise linear curve ( dogleg) can readily be solved. In most cases, the dogleg 

step will be a good approximation to the locally constrained optimal step, i.e. 

the solution of problem (1.1.5). 

The dogleg and double dogleg methods have proven to be effective for many 

problems. However, we cannot expect them to be as robust as the Levenberg

Marquardt algorithm. In fact, Reid (1Q73) adopted the dogleg method to the 

sparse case, and reported finding examples for which the method did not 

converge, but the Levenberg-Marquardt method did converge. 

1.4. The Duff, Nocedal and Reid Approach 

Duff, Nocedal and Reid (IQ84) suggested replacing the square of the l:,norm 

in {1.1.6) and (1.1.5a) by the 11-norm and the square of the lrnorm in (l.1.5b) 

by the [00-norm. They point out that in this way one can use linear 

programming techniques to solve the model trust-region problem {1.1.5), and 

therefore take advantage of any sparsity patterns in the Jacobian F '(xk ). The 

Levenberg-Marquardt approach does not usually allow one to take advantage of 

sparsity. Duff. Nocedal and Reid (1984) replaced the a-condition {1.3.10) by the 

a-condition 
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11 F ( x + s) 11 1 S I I F ( x) 11 1 - a 11 F ' ( x )s I I 1 . {I.4.1) 

One way to view {1.4.1) in the context of {I.3.10) is that since the I 1-norm 

is not necessarily differentiable, Duff, Nocedal and Reid merely differentiated 

underneath the norm. This is equivalent to assuming that the 11-norm is linear, 

and we do know that the 11-norm is piecewise linear. The main drawback to 

(1.4.1) is demonstrated by the following inequalities (which we will establish 

later): 

- IIF'(x)s 111 Sf '(x,s) S IIF(x)+F'(x)s 11 1- IIF(x)ll 1 . {1.4.2) 

In {I.4.2), f '(x, s) is the one-sided directional derivative of f (x) = 11 F(x) 11 1 at 

x in the direction s. It is possible to have I/ '(x, s) I so small relative to 

IIF'(x)s 11 that -al!F'(x)s II is less than f '(x,s). This implies, as we will 

see in Section 5.1, that the a-condition {1.4.1) cannot always be satisfied. The 

fact that Duff. Nocedal and Reid chose the wrong generalization of the o

condition (1.3.10) is a minor point, and we will presently show that it is not 

difficult to state a correct a-condition for their formulation. Their al~orit hm 

uses {1.3.12) and (1 .3.14) to update the trust-region radius. 

Duff. Nocedal and Reid do not give any convergence results. They J?;iYe a 

very detailed description of their implementation and point out that it is very 

competitive with the other methods and can succeed when other approaches fail. 

We feel that {I.4.2) implies that the Duff, Nocedal and Reid a-condition {I.4.1) 
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is excessively conservative, and it may not be possible to establish global 

convergence of their algorithm (more will be said about this in Section 5.1 ). On 

the other hand, our formulation of the correct a-condition will allow us to 

obtain a global convergence result. 

1.5. Other Formulations 

The use of a different norm in (1.1.5) and (1.1.6) instead of the square of 

the lrnorm has been suggested and investigated by many authors. M11.dsen 

(1975) uses the 100-norm in both (1.1.5) and (1.1.6) and considers the 

overdetermined systems where F:JR" -+lRm n ~ m. He defines a stationary 

point of the function f as a point x which satisfies 

f(x) = IIF(x)ll 00 = min{ IIF(x)+F'(x)s 11 00 I sEJR"}, (1.5.1) 

or equivalently 

1,b(xk) = 0, (1.5.2) 

where 

-it,(xk) = IIF(xk)ll 00 -min{IIF(xd+F'(x.)s 11 00 I sElR"}, (1.5.3) 

or simply because the function m, (s) is convex 

'l!·(x,) = IIF(x, 11 00 -min{IIF(xk)+F'(xk)s 11 00 /lls 11 00 ~I}. (I.5.4) 

His algorithm is a trust-region type method where the model mk ( s) is 

12 

IIF(x.)+F'(x.)slloc· Madsen shows that if Fis twice continuou~ly 

differentiable and the sequence generated by his algorithm, say { xk, k El\'}, is 

bounded, then 

Jim d (xt,S) = 0 
k-+oo 

(1.5.5) 

where S is the set of stationary points of the function f (x) = II F(x) II 
00

, and 

where 

d(x*'S)= min{d(x.,y) I yES}. (1.5.6) 

The limit (1.5.5) does not imply that any accumulation point of the 

sequence { xk , k EL'\'} is in S. It only implies that there exists a subsequence 

{xk,, j EN} whose accumulation points are in S, or equivalently, that 

Jim inf 1/J(x.) = 0 , 
•-oo 

(1.5.7) 

as we will establish in the following lemma. 

LEMMA 1.5.1 If the sequence { xl:, k E 1/\'} generated by the algorithm of 

Madsen (1Y75} is bounded, then the limit (1.5.5) is equivalent to the limit inferior 

in (1.5.i). 

Proof. Suppose that Jim infth(xk)=0. Then there exists a subsequence 
l:-+oo 

{ xk , k EN'} such that { t/.-{x.), k EN'} converges to OE ffi. The sequence 

{ x. , k EL'\'} is bounded and the function -rt· is continuous (see Powell (1983)); 
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therefore any accumulation point of { xk , k EN'}, say x., verifies 

1/1(x,) = 0 

and consequently it is a stationary point of / = 11 F 11 00 • 

Now suppose that lim d(xk,S)=0. Then there exists a subsequence 
t-+ 00 

{xk,, j E LV} and a sequence {Yj ES I j ElN} such that 

d(x.,y1 )<-.-1- forall jElN. 
, J + 1 

(1.5.8) 

The subsequence {x.,, j E JN} is bounded; consequently, the sequence 

{Yj ES, j E Ii'\'} is also bounded. If x and y ES are accumulation points of 

{xk, jEJN} and {YjES, jEJN} respectively then, by (1.5.8), we have that 
J 

x = y, and consequenlty x is a stationary point. • 

Madsen uses the criterion (I.3.4) to accept or reject the step. But he uses 

different criteria to update the trust region radius. The trust-region radius is 

decreased if (I.3.11) holds. It is increased whenever the inequality 

IIF(x.+s.)-(F(x.)+F'(xdsk) 11 00 :S µ [!(x.)-f(xk+s.)] (I.5.9) 

is satisfied, where µ is a fixed constant in (0, 1). The radius 15k is set equal to 

I I sk 11 if neither (1.3.11) nor (1.5.9) holds. No relationship is mentioned 

between the constant /3 in (I.3.11) and µ in (1.5.9). This lack of dependence 
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may lead to a situation where one cannot decide whether to increase or to 

decrease the trust-region radius. For example, suppose that the test for 

increasing 15k, i.e. (1.5.9), is satisfied. Then we have 

f(xk +sk)- IIF(x.)+F'(xk)sk 11 00 :SI' [!(x1)-/(x1 +s1)] 

or 

-[!(x1)-f(x1 +sk)] +f(x.)-IIF(x1)+F'(xds111 00 :S µ [/(x1)-f(x1 +s1)], 

and 

(l+11t1 [!(x.)-IIF(x1)+F'(xds1ll 00 ] :S [!(x.)-f(xk+s1)], (1.5.10) 

which does not contradict the test for decreasing the trust-region radius, i.e. we 

may also have 

f(x.)-J(xk +sk) :S /3 [!(x1)- IIF(x1)+F'(x1)s1 lie,.,] 

as long as (1 +µt 1 :S /3. Therefore in the algorithm of Madsen (19i5) the 

constants µ and f3 should satisfy a restriction of the form 

(I+ µJ-1 > /3. (1.5.11) 

In fact in his numerical experiments Madsen used µ = /3= 0.25, which satisfies 

(1.5.11 ). 

Powell (HJ83) also considered a trust-region algorithm for solving problem 

(1.1.6), where F: IR" -+ lRm, n S m (overdetermined system of nonlinear 



15 

equations) is continuously differentiable and the square of the l:z-norm wa., 

replaced by any continuous convex function h. In order to provide theory 

applicable to the often used cases where h is a norm or a power of a norm on 

Rm, he assumed that h is bounded below and h (F)-> +oo whenever 

11 F 11 _. +oo. He also assumed that the function / (x) = h (F(x )) is restricted 

to a compact subset X CR". Powell defined a stationary point of the function 

f (x) = h(F(x)) to be a point x such that ~x) = 0 where 1/! is defined by 

,t{x) = h(F(x))-min{h(F(x)+F '(x)s) I !Is II '.S l} (1.5.12) 

(more will be said about this definition in Chapter 5). Observe that this is 

Madsen's definition (1.5.3) of a stationary point where 11 11 00 is replaced by h. 

Powell used the following local model: 

mk(s) = h(F(xt)+F '(xt)s) + ½ sT Bts, (1.5.13) 

where {Bk, k E JN} is a bounded sequence of symmetric matrices. He proves 

that if the sequence generated by his algorithm, say {xk, k E llV}, satisfies the 

property that for any 11 there exists E > 0 such that whenever ,t{xk) 2: µ the 

inequality 

mk(sk) '.S h(F(xt))-Emin[l,(\] (I.5.14) 

holds. then '1/{xk )--0 as k -++oo. To show that this property is a practical one 

Powell (1983) points out that the solution to (1.1.5) satisfies this property. 

16 

Suppose that we choose h as one-half of the square of the lrnorm and that 

the overdetermined system 

or equivalently 

F(x)=O 

1 - IIF(x)lli = 0 
2 

(1.5.15) 

(1.5.16) 

has a solution. V.'hen applied to the unconstrained problem of minimizing 

f (x) = .!. 11 F(x) 11 i, Newton's method is 
2 

Xk+I = Xt -[F '(xk)f F '(xt)+ S(xk)r
1 

F '(xkir F(xt), (1.5. 17) 

m 
where S(xk) = I:; F;(xk) "1v2F;(xk ). We know that this method is locally q

i=! 

quadratically convergent under mild assumptions. For the zero residual 

problems (I.5.15), instead of (1.5.17) one usually considers the modification 

where S(xk) is removed. This gives us the Gauss-Newton method. i.e. 

Xk+I = Xt-[F'(xtf F'(xk)r F'(xt)F(xt), (I.5.18) 

which is still q-quadratically convergent (for details see Chapter 10 of Dennb 

and Schnabel (1983)). 

In a trust~region globalization strategy for solving (1.5.15), one expects the 

trus~region constraint not to be binding near a solution, and consequently the 

problem (1.3.3) to be unconstrained. Therefore, ~ny solution of problem (1.3.3) 
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would satisfy 

'v,mk(st) = O. (1.5.10) 

In Powell's model trust-region algorithm (1083) we would have 

F '(xk f (F '(xk )sk + F(xk )) + Bk sk = 0 . (1.5.20) 

From {I.5.18), sk cannot be the Gauss-Newton step unless Bk sFN = 0. and it is 

not obvious when this will be satisfied with a nonzero Bk. We can rewrite 

(1.5.20) as 

[F'(xk)TF'(xt)+Bk]sk = -F'(xk)TF(xk), (l.5.21) 

and conclude from (1.5.17) that sk will be the Newton step if Bk is equal to 

S(xk ), a quantity which we wish not to calculate. 

Powell's (rn83) trust-region algorithm with a nonzero Bk is probably not 

suitable for solving zero (or small) residual nonlinear systems, and it should be 

considered an algorithm for nonzero residual problems, which are, after all, 

minimization problems rather than nonlinear systems. Indeed, it is for the case 

of nonzero residual problems that Powell and Yuan (1983) derive conditions on 

B1, k E JS. which imply superlinear convergence in the case where h is either the 

11-norm or the / 00-norm. 

In a similar approach to Powell (1983a, b ), Yuan (1083) replaced condition 

(1.5.14) by a very simple condition, namely h (F(xk+ 1) < h(F(xk )). He obtained 

a global convergence result of Madsen's type, i.e. 
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lim inf ,.t,(xk) = 0 
k-•oc-

where 1}· is defined by (1.5.12). 

The matrices Bk, k E IN have their origin in the approach suggested by Han 

(1078, 1981) for solving the min-max problem 

minimize "I (x) = max(! 1(:r ), ... , / m (x)), 
zER" (I.5.22) 

where / i• i = 1, ... , m are twice continuously differentiable. Problem (1.5.22) i~ 

equivalent to 

mm1m1ze µ 

subject to /,(x) S µ i = l, ... ,m 

Han's approach contains a line-search globalization strategy where the search 

direction dk is the solution of 

minimize l._ s T Bks + µ 
2 

subject to /i(xk)+'v /,(xk)Ts S µ 

where {Bk, k E IN} is a sequence of matrices such that 

i= 1, ... ,m. 

M1JlsJJJSsTBksSM2llsll§ VsEIR" 

where O < M 1 S M 2• \'\'hen this approach is applied to the problem 

minimize 11 F(:r) 11""'. 
:ER" 

problem (1.5.23) becomes 

(1.5.23) 

(1.5.24) 



mm1m1u lsTBks +µ 
2 
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subject to 1/,-(xt)+"v/,-(xk)Ts I S µ i=l, ... ,m, 

or 

m1mm1ze !sTBks + IIF(xt)+F'(xk)s 11 00 • 

•ER" 2 
(I.5.25) 

Adding a trust-region constraint in Problem (I.5.25), we relax the positive 

definiteness condition (I.5.24} on the matrices Bk and obtain Powell's approach 

with h(F)= IIF !loo· 

The solution of problem (I.5.23), say sk, satisfies 

,'(xk,sk) S -s[Bksk, (1.5.26) 

where 1 ' (xk, sk) is the one-sided directional derivative or I at xk in the direction 

sk. Han uses a backtracking line-search to obtain the subsequent iterate 

xk +I= xk + At sk and requires that the a-condition 

,(xk + >-;s;) S ,(x;)+>-ka(-s[Bksk) 

holds. \Ne remark that, in the context of (1.3.10), i.e. 

f(x+s)<_:::/(x)+>-to:"vf(x)Ts, Han used an approximate directional 

derivatin that majorizes the one-sided directional derivative of I at xk, unlike 

Duff, Nocedal and Reid (1984) who used a quantity which minorized the one

sided directional derivative (see (I.4.1) and (I.4.2)). Han gives a global 

convergence result. 
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Solving problem (I.1.6) when the square or the lz-norm is replaC"ed by a 

different norm has generated considerable interest, mainly for overdetermined 

systems. For overdetermined systems (n < m) Osborne and Watson (1060), 

Anderson and Osborne (1077), Osborne and Watson (1078) and Watson (1070) 

present algorithms which use line-search globalization strategies. A Nrwt.on

type algorithm for overdetermined system was considered in Dennis, Gay and 

Welch (1081a, b ). Completely different approaches were considered by El Attar, 

Vidya and Dutta (rn70) and Murray and Overton (rn81). In the former. thP 

authors replaced the square or the lrnorm by the 11-norm and then solved a 

sequence of parameterized differentiable unconstrained problems. Theoretically, 

the sequence of parameterized solutions converges to the solution or problem 

(I.1.6) as the parameter goes to zero. Numerically, this makes the 

unconstrained problems ill-conditioned. In the later paper, the authors used the 

11-norm and proposed a method based on projected Lagrangian mf'thocls for 

constrained optimization which requires successively solving quadratir programs 

in the same number of variables n. 

1.6. The Present Work 

In the present work, we propose a globally convergent algorithm for 

approximating zeros of the square nonlinear system F(x)=O, where F is 

continuously differentiable. Our approach consists of approximating the wlution 
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of problem (I.1.6) where the square of the lz-norm can be replaced by any norm 

on JR" 

Our general class of algorithms has been motivated by the algorithm 

proposed by Duff, Nocedal and Reid (1984). At each iteration we solve the 

following problem 

minimize mk(s)= IIF(xk)+F'(xk)slla 

subject to I I s 11 6 ::; 6 k , 
(J.6.1) 

where 11 11 a and 11 116 are two arbitrary but fixed norms on JR". Although 

our intention is that both 11 11 a and 11 I I I should be either the /1-norm or 

the /
00

-norm so that the subproblem can be solved as a linear program, we feel 

that the formulation of the algorithm in terms of arbitrary norms has not only 

simplified the presentation and analysis hut has given considerable credibility to 

the philosophy and structure of the algorithm. 

In our analysis, we consider the sequence {(xk, ok), k EI\'} generated by the 

algorithm. Since the iterate (xk+I• 6k+ 1) is not unique, i.e. the subproblem may 

have many solutions and the choice of ok+I is far from unique, we model our 

algorithm with a point-to-set map. Therefore in the first part of Chapter 2, we 

review some basic results concerning point-to-set maps and the convergence 

theorem of Zangwill (1969) for such models. The objective function of the 

subproblem (1.6.I) is convex. In order to exploit this fact fully. in part 2 of 

Chapter 2 we review results from the theory of convex analysis. For this review 
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we will appeal to Rockafellar (1970) for results regarding thr existence and other 

properties of the one-sided directional derivative of the convex function mi(-) 

and its subdifferential at zero. To end the second chapter we review results 

concerning locally Lipschitz functions, mainly the existence of the 11:eneralized 

directional derivative and the generalized gradient at :r of a function that is 

Lipschitz near :r, i.e. Lipschitz on some neighborhood of :r. 

In Chapter 3 we apply the results reviewed in parts 2 and 3 of ChaptPr 2 to 

the function mk(·) and J(x)= IIF(x)II •. We show that J is regular. i.e. the 

one-sided directional derivative at x is equal to the generalized directional 

derivative. Also, we show that the one-sided directional derivative and the 

subdifferential at zero of the convex model mk(·) at xi are respectively equal to 

the generalized directional derivative and the generalized gradient off at :rk. 

In the fourth chapter we give the well-known necessary conditions for :r • to 

solve problem 

minimizef(:r) = IIF(:r)II., 
zER" 

(1.6.2) 

that is, zero is in the generalized gradient of J at :r., i.e. 0 E & J ( :r • ). The results 

from the second chapter allow us to prove that this condition is equivalent to 

saying that the one-sided directional derivative of J at x, is nonnegative in all 

directions in JR", i.e. 

J'(x.,s)2:0 \J s EJR" (I.6.3) 
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Consequently, we will define a stationary point x, as a point for which (1.6.3) 

holds. and then show that although our definition seems more natural, it is 

equivalent to the one used by Madsen (19i5), and by Powell {1983) and Yuan 

(1983). We also show that a stationary point x., at which F '(x,) is 

nonsingular, is actually a solution of the nonlinear system of equation F(x) = O. 

We establish the inequalities 

- 11 F ' ( x )s 11 • :'.S f ' ( x, s) :S 11 F ( x) + F ' ( x )s I I • - 11 F ( x) 11 • , 

which demonstrate the conservatism of the a,-condition used by Duff. Noeedal 

and Reid (1984). 

In Chapter 5, we define our model trust-region algorithm. We model it 

with a point-to-set map and show that the theorem of Zangwill (1969) reviewed 

in part one of the second chapter applies to our algorithm. Consequently, our 

algorithm is globally convergent to a stationary point of f = 11 F I I a. We end 

the chapter by proving that if the sequence { xb k E LV} converges to a 

stationary point x, such that F '(x,) is nonsingular and F' is Lipschitz near x., 

then our algorithm reduces to Newton's method for large k and therefore is q

quadratically convergent to a zero of F. 

CHAPTER 2 

Background Material 

This chapter consists of three parts. In the first part we review some basic 

results from the theory of point-to-set maps including thr Zangwill convl'rgence 

theorem. The second part deals with results from convex analysis and inrludl's 

properties of the one-sided directional derivative of a proper convex function. 

Finally. in the third part, we review some results related to locally Lipschitz 

functions. including properties of the generalized directional derivative. 

2.1. Point-to-Set Maps 

DEFINITION 2.1.1 Let A be a map defined from X CIR" into 2 ,. where 

Y C !Rm. We say that A is a point-to-set map (muflivalued function or 

multifunction) if A (x) is not a singleton set for at least one x in X. If A (x) is a 

singleton for every x in X, then we call A a point-to-point map or a point-to

point function. Even though (in a set theoretic senu) the range spaces are not 

the same. no distinction will be made between the point-to-point funrfion f and 

f considered as a Junction in the usual sense. 

24 
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In numerical optimization, most algorithms are iterative in nature. 

Namely, given a starting point z0, a sequence { z1 , k E EV} is generated according 

to prescribed rules. Each iterate is chosen from a well-defined subset of X CIR" 

that is rarely a singleton (for example in a model trust-region globalization 

strategy, problem (1.1.5) may have more than one solution and the iterate is 

defined to be xk+I = :r1 + sk, where sk is any solution of problem (1.1.5)). 

Therefore the iterate zk+I is defined via a point-to-set map which characterizes 

algorithm. 

Model Algorithm 

Given a point z0 EIR", a sequence of points {zt, kEL'V} is generated 

recursively according to the defining relation 

Z1+1EA(z1) 

where A is a poin~to-set map and any point in the set A (z1 ) is an acceptable 

successor point of z1. 

Notice that the model does not specify the type of problem we are solving. 

We refer to the set of solutions as the solution set P. For a specific application, 

A and P must be defined. 

We now recall a well-known definition. 
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DEFINITION 2.1.2 ConsidH a function f defined on X CIR" into R'. We 

say that f is continuous at :r EX if given W(f (:r )). an open neighborhood of 

f (:r ), there exists l'(:r), an open neighborhood of :r, such that 

:r' E l'(:r)nX ~ f (:r ')E ll'(!(:r)), (2.1.1) 

holds. If f is continuous at every x in X, then it is said to be continuous on X. 

Property (2.1.1) may be written in two forms: 

(1) For any open set W in IRP such that {f (x)} C W there exists an open 

neighborhood of x, l'(x ), such that x' EX n l'(:r) implies that 

{! (:r ')} C W, or 

(2) For any open set W in IRP such that W n {! (x)} ;,of¢, there exists an open 

neighborhood V(x) of x such that x' EX n V(x) implies {f (:r ')} n W ;,of <iJ, 

Each of these two forms motivates one of the following generalizations of 

continuity to point-to-set maps. 

Let A: X C IRm-+ 2R' be a point-to-set map. Also let :r be a point in X. 

DEFINITION 2.1.3 (upper semi-continuity). The point-to-set map A is said 

to be upper semi-continuous (u.s. c.) at x if for any open set ll' in IR' containing 

A (:r ), there exists an open neighborhood l' of :r such that A (:r ') is contained in 

W whenever :r' is in V. If A is u.s.c. at every :r in X. then it is said to be 

u.s.c. onX. 
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The last definition of the upper semi-continuity should not be confused with 

the common definition of the upper semi-continuity of a point-to-point function; 

that is, the function f: !Rn-+ JR is u.s.c. at x (equivalently, - f is l.s.c. at x) if 

and only if for any ! > 0, there exists 6 > 0 such that 

llx'-xll < 6=;, f(x') :'.::'. f(x)+!. 

DEF'INITION 2.1.4 {lower-semi-continuity). The point-to-set map A is said 

to be lotl'er-semi-continuous (l.s.c.} at x if for any open set W in IIP intersecting 

A (x ), there exists an open neighborhood V of x such that W intersects A (x ') 

whenever x' is in V. If A is l.s.c. at every x in X, then it is said to be /.s.c. on 

X. 

We can consider two additional properties or the point-to-set map A by 

looking at equivalent notions of continuity or a point-to-point function f. 

Specifically, recall that Definition 2.1.2 is equivalent to the statement that f is 

continuous at x if, given a sequence {xt, k E IN} which converges to x, then the 

sequence {J (xk ), k E f\'} converges to f (x ). 

DEFINITION 2.1.5 {closed point-to-set map). The point-to-set map A is said 

to be closed at x if { xk, k E Ji\'} converges to x and {yk EA (xk ), k E IN} 

converges to y implies that y EA (:r ). If A is closed at every x in X CIRm, then 

it is said to be closed on X. 
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A5 we shall see. the property or being closed will be very important for the 

convergence to a solution or the model algorithm. In parts or the literature, a 

closed point-to-set map sometimes is called an upper semi-continuous map. 

Therefore it is important to specify which definition is being used in a particular 

application. 

DEFINITION 2.1 .6 (open point-to-set map). The point-to-set A is said to be 

open at x, 1J {xt,kELY} converges to x, implies that for each yin A(x) there 

exist k0 E IN and Yk EA (xk) for each k 2: k 0 such that {Yk, k 2: k0 } converges to 

y. If A is open at every x in X, then it is said to be open on X. 

DEFINITION 2.1.7 (continuous point-to-set map). If A is both closed and 

open at x, then A is said to be continuous at x. It is said to be continuous on X 

if it is continuous at every x in X. 

In the following three propositions we will review some special properties or 

point-to-set maps. 

PROPOSITION 2.1.8 (composition of a point-to-set map and a functio11). Let 

XCIRn,YCIRm, ZcJRP and xEX. Also let f:X-+}' be a contin11ous 

point-to-point function and A 1: Y-+ 2Z be a point-to-set map. Consider the 

point-to-set map A: X-+ 2Z defined by A (x) = A 1(! (:r )). If A I is closed (open) 

at x, then A is closed ( open) at x. 
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]>roof For a proof or thi, propo~ition Sf'!' Prop0<;itio11 f,.li.·1 or Huard 

(Hli2a) or Corollary 4.2.1 or Zangwill (HH,!l). • 

Our second proposition deals with point-to-s!'t maps defin!'d hy inequalitie~. 

PROPOSITJO:--- 2.1.ll. Let X at1d }" br subset.< of mm and rnr rcsprrti11c/y 

Also Id f:XXl"---+JR be a poi11t-to-poinl function a11d finally lei 

A 
1
: D C X---+ 2 1· and A 2: D C X---+ 2 1 be the point-to-ut map,< defined by 

A i(.r) = {y E r I f (:r' y) 2' O} 

A 2( :r ) = { Y E r I f ( :r , y) > o} 

u·hrrc D i.s the subset of X consi,<ting of points :r for u·hirh A 1(:r) ,j'.. ¢ and 

A 2(x) ,6 <b The following implications hold. 

(i) If Y is closed in ]RP and f is u.s.c, then A I is closed on D; 

(ii) ,j f fr l.s.c .. then A 2 is opw on D. 

(iii) 1f f is l.s.r. al x ED and 

yEA 1(x)=, yE-4 2(:r). 

thrnA 1 isopenal:r. 

Proof This proposition can be found a., Proposition 5.8.6 of Huard (19i2a)• 

Problem (1.1.5) may he ·dewed a.s a parameterized optimization problem: 

the paranwter is (x,.o,) and we solve (1.1.5) for s,. For this reason we wish to 
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include the following proposition from parametric optimization. 

PROPOSITION 2.1.9. Let Y and Z be subsets of m.m and nP respectively. 

Also let A: r - 2Z be a point-to-set map, f: Z X Y-+ JR. be a point-to-point 

function and consider the following point-to-set map 

'ti' ( y) = { z EA (y) I f ( z' y) $ f ( z , ' y)' V z , EA ( y)} 

= argmin {f(z,y) I zEA(y)}. 

Finally, let y be any point in Y. If A is continuous at y and if f is continuous 

on A (y) X {y }, then 1/1 is closed at y. 

Proof. This proposition can be found as Proposition 6.10.11 of Huard 

(1972a) or as Theorem 8 of Hogan (1973). • 

Our motivation for using point-to-set maps to model our algorithm stems 

from the following theorem due to Zangwill (1969). We present the theorem a.5 

stated in Huard (1979). 

THEOREM 2.1.11. Let E, a compact set of ]Rm, P CE (a solution set), 

A; E -+ 2E, a point-to-set map and h: E -+ JR. a continuous function be surh that 

for any z EE and z El: P we have 



(i) A(:)~¢ 

(ii) h(z')<h(z)foranyz' inA(z) 

(iii) A is closed al z. 
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Suppose that a sequence { zk, k E .ll\'} has been obtained by the fol/01l'ir1g recursion 

relation: let z 0 be any point. in E, if zkit_P then zk+iEA(zk), otherwise 

zk+I = zk. Then any accumulation point z, of { zk, k E .ll\'} is contained in P. 

Proof. This theorem can be found as Convergence Theorem A of Zangwill 

(1969) or as a consequence of Corollary 3 and Remark 6 of Huard (1975). • 

More details regarding point-t<rset maps can be found in Berge (1966), 

Delahaye and Dene! (1978), Dene! (1977), Huard (1975), Meyer {1970) and Hogan 

(1973). 

2.2. Convex Functions 

We recall some basic definitions and properties from convex analysis that 

will be used later on. The main reference used here is Rockafellar (1970). 

DEFINITION 2.2.1 (epigraph of a real function). Let C be a subset of JR" 

and let h be a real valued function defined on C. The epigraph of h is the set 

epi (h) = {(x, r) E C X JR I h (x) :'.S r} . (1.2.1) 
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DEFINITION 2.2.2 (convex fundion and convex set). Let C be a subset of 

JR" and lei h be a real function defined on C. Then 

(i) The subset of C is said to be convex if AX + (1 - A)y EC for all A in I0, I] 

and for all x, y in C. 

(ii) The function h is said to be convex on C if 

h(b+{l-A)y) :'.S Ah(x)+(l-A)h(y) (2.2.3) 

for all A in I0, 1] and for all x, y in C. 

DEFINITION 2.2.3 (support function of a convex set). Let C be a convex set 

in JR". The support function S(- I C) is defined by 

S(x I C) = sup {xT y I y EC} . (2.2.4) 

DEFINITION 2.2.4 (effective domain of a convex function). Let h be a 

convex function defined on JR". The effective domain of h, denoted dom (h ), is 

defined lo be the subset of JR" consisting of all x for which there exists a scalar r 

such that (x, r )E epi (h ). 

DEFINITION 2.2.5 {relative interior of a convex set). Lei C be a cont•e:r 

subset of JR". Also lei af f ( C) denote the smallest affine subspace of JR" 

containing C. Then the relative interior of C, denoted ri(C), is the sub.sd of 

af f ( C) consisting of the elements x such that there exists ( > 0 satisfying 
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(x +cB)naf f(C)C C, where Bis the unit ball of P..". 

DEFINITION 2.2.6 (proper com•ex function}. A convex function h on JR" ,s 

said to be proper if 

(i) epi ( h) is not empty, 

(ii) there exists at least one :r in JR" such that h(x) < +oo, and 

(iii) h(x) > -oo for all x in JR". 

For a convex function h defined on JR" and differentiable at x, the gradient 

'v h ( x) satisfies the inequality 

h(y)-h(x) 2: 'v'h(x)T(y-x), (2.2.5) 

for all y in JR". For a proof of this result we refer the reader to page 84 of 

Ortega and Rheinholdt (rn70). \\Then h is not differentiable, the gradient is no 

longer defined; however we may be able to obtain vectors in JR" which play the 

same role as the gradient in inequality (2.2.5). 

DEFINITION 2.2.7 (the subdifferential of a cont·ex function}. Let h be a 

convex function defined on JR", and let x be a point in JR" such that h(x) is 

finite. Then a vector g in JR" is said to be a subgradient of h at x if 

h(y)-h(x) 2: gT(y-x) (2.2.6) 

for all y in JR". The set of all s11bgradients of h at :r is called the subdifferential 
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of h al x and i.~ denoted by &h ( x ). 

It is well known that a convex function h has a one-sided directional 

derivative at any point x such that h (x) is finite. This fart is given by the 

following theorems from Rockafellar. 

THEOREM 2.2.8. let h be a convex function. and let x be a point in JR" 

such that h (x) is finite. Then for each d E JR", the limit 

Jim h(x+d)-h(x) 
!JO . 

(2.2.7) 

exists and is called the one-sided directional derivative of h at x in the direr/ion 

d and is denoted by h '(x;d). 

Wben h is differentiable at x, its subdifferential consists of the single 

element 7h(x) and the one-sided directional derivative at x in th!' direction dis 

given by 7h(x)T d. If h is not differentiable, then the relationship between the 

one-sided directional derivative of h at x, in the direction d and its 

subdifferential at x. &h (x ), is gh·en by the following theorem. 

THEOREM 2.2.9. Let h be a proper com•ex function on JR". Then for any x 

in ri( dom ( h )), the s11bdifferential of h at x, &h (x ), is a nonempty. compart and 

convex set. Furthermore, we hat·e 
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h '(:r;d) = max{gTd I gE8h(x)}, (1.2.9) 

or equfralently h '(x; d) is the support Junction of 8h (x ). 

The previous theorem leads us to the following useful result. 

THEOREM 2.2.10. Let h be a proper convex function on JR". Then for any 

x in r,-(dom(h)) we have 

h'(x;d):S h(x+d)-h(x) (2.2.10) 

for all d in IR". 

Proof. The proof follows directly from Definition 2.2.7 and Theorem 2.2.9. • 

THEOREM 2.2.11. Let h be a proper convex Junction on IR". Then for any 

x in r,- dom (h )), 

Bh(x)={gEJR" lgTd S h'(x;d) V dEJR"} (2.2.11) 

Proof. Theorem 2.2.9 implies that the set defined by the right hand side of 

(2.2.11) contains the subdifferential of h at x, i.e. 8h(x). On the other hand let 

g in IR" be such that 

gTdSh'(x;d) VdEIR". (2.2.12) 

The inequalities (2.2.10) and (2.2.12) give 
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gTd S h(x+d)-h(x), V dElR" 

which implies that g is in 8h(x) by (2.2.7). • 

2.3. Lipschitz Functions 

Let X be an open set in IR". A function /:JR" -+JR is said to be Lip~chitz 

on X if there exists a positive constant K such that 

IJ(y)-f(y')I :SK lly-y' II, 

for all y and y' in X, where 11 11 is a given norm on JR". 

DEFINITION 2.3.1 [Clarke (1983), p. 25]. Let x be any point in IR" and f a 

real Junction defined on IR". If f is Lipschitz on some neighborhood J\'(x) of x, 

then f is said to be Lipschitz near x. 

A real function / that is Lipschitz near some x in IR" may not ha,·e a one

sided directional derivative at x; however we do have the existence of a more 

general notion. 

DEFINITION 2.3.2 [Clarke (1983), p. 25]. Let x be any point in IR". and let 

/: JR" -+ ffi be a function that is Lipschitz near x. The generalized directional 

derivatit•e off at x in the direction d in IR" is defined to be 



37 

lim sup l.[!(y + td)-f (y)] 
,-, I 
t JO 

and is derioted by f 0(x; d). 

The utility of the generalized directional derivative /° sterns from the 

properties given in the following proposition and theorem. 

PROPOSITION 2.3.3 [Clarke (1983)]. Let f: IR" -+ IR be Lipschitz near some 

point x in IR". Then 

(i) the function d-+ / 0 (x; d) defined on IR" is finite, positively homogeneous, 

subadditive and satisfies 

j/ 0(x;d)j ~ Kjjdjj 

for all d in IR", where K is the local Lipschitz constant for f and 

(ii) / 0 (x, -d) = (-/)0(x; d). 

Proof. The proof of this proposition can be found in Clarke (1983) in pp. 

25-26. • 

One of the most useful properties of the functional / 0 on IR" X IR" is given 

in the following theorem. 

THEOREM 2.3.4 [Clarke (1983) pp. 25-26]. Suppose that f :IR" -+IR is 

Lipschitz near x for all x in IR". Then the generalized directional derivative 
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functional f 0
: IR" X IR" -+ IR defined by / 0 (x; d) is upper semi-continuous. 

Proof. The proof of this theorem can be found in pages 2-'>-26 of Clarke 

(1083). • 

DEFr.\'ITION 2.3.5 [Clarke (1083) page 2i]. Let I: ffi" -+ IR be Lipschitz near 

some x i11 IR". Then the generalized gradient off at x is the set 

a I ( X) = { g E JR. n I g T d ~ /°( X; d) ' V d E IR n } 

Theorem 2.2.9 states that the one-sided directional derivative of a proper 

convex / at x in r;(dom(/)) is indeed the support function of the subdifferential 

of / at x. In the following we give a similar property for the generalized 

directional derivative and the generalized gradient of a function / that is 

Lipschitz near some x in IR". 

THEOREM 2.3.6. Let x be a point in IR", and let f: IR." - IR be Lipschitz 

near x. Then 

(i) the generalized gradient iJ f (x) is a nonempty compact set of IR", and 

(ii) the Junction d-+ /°(x, d) is the support function of the generaliud gradient 

8/ (x), i.e. 

f°(x;d) = max{gT d I g EiJ/(r)}. 
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Proof. The proof or this theorem can be found in page 27 or Clarke (1981 ). • 

Convex functions are locally Lipschitz in general as is demonstrated by the 

following theorem due to Roberts and Varberg (1974). 

THEOREM 2.3.7. Let V be an open convex subset of IR". Also let 

f: V-+ IR be a convex function. If there exists a point x and a neighborhood 

N(x) of x such that f is bounded on N(x), then J is Lipschitz near any point x 

in U. 

Proof. This theorem can be found as Proposition 2.2.6 in Clarke (1983) or 

Roberts and Vanberg (1974). • 

A consequence of the last theorem is that a convex function may have both 

a one-sided and a generalized directional derivative. In fact we have the 

following proposition. 

PROPOSITION 2.3.8 Let V C IR" be an open convex set and let J: V-+ IR be 

a convex Junction. Assume that J is Lipschitz near some x in U. Then J 0 (x; d) 

coincides with f '(x, d) for every d in IR" and the generalized gradient fJJ(x) 

coincides with the subdifferential of J at x in the sense of convex analysis.' 

Proof. This proposition can be found as Proposition 2.2.7 of Clarke (1983) 

or as Proposition 3 of Clarke (1976). • 
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The following example shows that we can have f '(x;d)~J 0 (:r;d) even 

though J is Lipschitz near x. 

Example 2.3.9. Consider J:IR-+IR defined by /(x)=-1:rl. This 

function ha.5 at :r = 0 in the direction d = 1: 

(1) a one-sided directional derivative 

f '(0.1) = lim .::...l.!.l = -1 
t JO t 

and 

(2) a generalized directional derivative because it is Lipschitz near zero. 

Moreover for t > 0 and y such that y + t < 0, we have that 

which implies that 

f(y + td)-J(y) 
t 

-!y+t!+!YI 
t 

lim sup f(y)+td)-J(y) 
1-0 t > I 
!JO -

and therefore J 0 (0; 1) > J '(0: 1 ). 

= 1, 

A function f such that the one-sided directional derivative J '(:r; d) is 

equal to the generalized directional derivative !°(:r; d) is said to be regular. We 

saw that a convex function is regular at x, but Example 2.3.9 shows that a 

function that is Lipschitz near :r is not necessarily regular at :r. 
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To end the background material on Lipschitz functions we give the 

following important property of the point-to-set map a f: :r ___. a f (:r ). 

THEOREM 2.3.8. Let x be any point in JR", and let f: JR" ___. JR be Lipschitz 

near x. Thrn the point-to-set map :r ___. 8/ (x) is closed. 

Proof. The proof of this theorem can be found in Clarke (1976) or Clarke 

(1983). • 

The reader interested in more detail concerning these notions is referred to 

Rockafellar (1980), Clarke (1975), Clarke (1976), Clarke (1981) and Clarke 

(Hl83). 

CHAPTER 3 

Existence and Equivalence Properties 

or the Various Derivatives of/ II F II 

In this chapter we establish the existence and other properti~ of the 

generalized and the one-sided directional derivatives of the function 

f (x) = 11 F(x) 11, where F is a continuously differentiable function from JR ft 

into JR" and where 11 11 denotes any norm on JR". \\'e show that the 

generalized gradient of / at :r in JR" is equal to the generalized gradient at 

s = 0 ( commonly called subdifferential in the convex case) of the convex local 

model mr(s)= IIF(x)+F'(x)s II, i.e. 

of (x) = omr(O). 

These results will allow us to establish later that our notion of stationary points 

of f = 11 F 11 is equivalent to the standard one used in nonsmooth optimization 

and to the one used by Madsen (1975), Anderson and Osborne (1977). Powell 

(1983) and Yuan (1983a, b) and others. We also show that this result implies 

that the local model m, (s) at s = 0 and the merit function / (:r) = 11 F(:r) 11 at 

x have the same descent directions. This fact is known for the l:,norm 

(Levenberg-Marquardt) formulation and is important in the conn>rgence 
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analysis. Finally we look closely at the special case where the norm is either the 

11 or loe. norm, since, in practice these choices are most likely. 

3.1. Case of General Norm 

In this section we establish that the function defined by 

J(x)= IIF(x)II (3.1. l) 

and its local model at x defined by 

m,(s)= IIF(x)+F'(x)sll, (3.1.2) 

where 11 11 is an arbitrary norm on JR", have the same one-sided directional 

derivatives at :r and s =0 respectively. We also establish that f is a regular 

function and that the generalized gradient off at every x in JR" is equal to the 

generalized gradient at s = 0, of the convex local model m,. For a convex 

function. the generalized gradient is equal to the subdifferential. 

THEOREM 3.1.1. Let x and d be points in JR". Also let F:IR" -+IR" be 

differentiable at x. Then 

(i) 

J '(x; d) = m, '(O; d). (3.1.3) 

Moreover, if in addition F is continuously differentiable in a neighborhood of 

:r, then 
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(ii) the grnerali::ed directional derivative off exists, 

(iii) the Junction f is regular at :r, ,·.e. 

J '(:r;s) = /°(x;s) (3.1.4) 

for alls in JR", and 

(iv) the generalized gradient of J at x coincides with the subdifferential at s =0 

of the convex local model m,, i.e. 

8/(x) = Bm,(0). (3.1.5) 

The proof of Theorem 3.1.l will require the following lemma. 

LEMMA 3.1.1 Let X be any open set in IR". If F:X CR" -JR" is 

continuously differentiable on X , then the point-to-set map M: X- 21P defined 

by 

M(x) = Bm,(0) (3.1.6) 

is closed and upper semi-continuous at every x in X. 

Proof of the lemma: First, we prove that M is closed at every :r in X. Let 

x be any point in X. We have, from (3.1.2) and Definition (2.2.i), that 

g E M(:r) if and only if 

11 F ( :r) + F ' ( x )s I H I F ( :r ) 11 2': g Ts (3.1.7) 
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for alls in JR". 

Let { xk, k E IN} be a sequence that converges to x; also, because M(xk) is 

not empty, let {gk, k E IN} be a sequence that converges to g and such that 

gk EM(xk) for all kEIN. Then, for any fixed sin ffi", we have 

IIF(xk)+F'(xk)sll-llF(xk)II?: g{s, 

which implies that 

IIF(x)+F'(x)s 11-IIF(x)II?: gTs. (3.1.8) 

Therefore g belongs to 8m, (0) = M(:r) and consequently M is closed at x EX. 

Since the point x EX was arbitrary, the functional M is closed on X. 

Secondly, we prove that M is upper semi-continuous on X. Suppose that 

M is not u.s.c. at some x0 in X. Then, there exists some open neighborhood W 

of M(x0 ) such that for any neighborhood V0 of x0 there exists x ' in V0 

satisfying M(x ') q: W. This implies that there exist two sequences {xk. k EIN} 

and {gk, k E IN} such that 

xk-+ xo, 

gk EM(xk) and gk ($ W. 
(3.1.9} 

Let us show that the sequence {gk, k E IN} is bounded. The fact that gk belongs 

to M(xd=8m 7 (0) implies that 

I I F(xk) + F '(xk )s 11 - 11 F(xk) 11 2:': g[s (3.1.10} 
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for all s in JR", consequently 

IIF'(xt)s II ?: g[s (3.1.11) 

for all s in ffi". In particular for s = gk, this gives 

11 F '(xk) 11 ?: c 11 gk II 2 (3.1.12) 

for some constant c independent of Ir. On the other hand, th!' sequence 

{xk, k ElN} converges to x and F is continuously differentiable In a 

neighborhood N(x) of x. Consequently 

IIF '(xk)II ~ /3 (3.1.13) 

for all k ElN, where /3 is independent of k. The inequalities (3.1.12) and (3.1.13) 

imply that the sequence {gk, k E IN} is bounded. Therefore there exists a 

subsequence {gt, k EN'} that converges to some g in ffi". Because of (3.1.0), 

W is open, and M(x 0 ) C W, the limit point g does not belong to M(:r0 ). In 

summary then, by assuming that J.f is not u.s.c. at x0 we have proved that there 

exist a sequence { :rk, k EN'} that converges to x 0 and a sequence 

{gk E M(xk ), k EN'} that converge to a g that does not belong to M(x 0 ). Thi, 

contradicts that the point-to-set map M defined by M(x) = 8m, (0) is closed on 

X. Therefore },f is upper semi-continuous on X. • 

Now we are prepared to prove Theorem 3.1.1. 
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Proof of the theorem. 

Part (i). the existence of the one-sided directional derivative at s = 0 in the 

direction d of the convex local model m,, i.e., m, '(O; d ), is the result of a 

straightforward application of Theorem 2.2.8. Now let us establish that the 

one-sided directional derivative of the function f defined by (3.1.l) at x in the 

direction d, f '(x; d), exists and is equal to m, '(O; d). The one-sided direction 

derivative of f at x in the direction d is defined to be the limit 

lim ! [f(x + td)-f (x)] 
tjO t 

(3.1.14) 

whenever this limit exists. The hypothesis of differentiability of F at x implies 

that for any positive scalar I 

F(x + td) = F(x)+ tF '(x)d + o(t) 

where 

I
• oft' 1m .::.J.::.1. = 0 

t-o t · 

Therefore we have 

f (x + td)-f (x) = II F(x)+ tF '(x)d + o(t) 11- IIF(x)II 

which implies (by the triangle inequality) that for any positive scalar t 

and 

m,(d)-m,(O) _ llo(l)II < f(x+td)-f(x) 
t 

(3.1.15) 

(3.1.16) 

(3.1.l 7a) 

f(x+td)-f(x) < m,(td)-m,(O) llo(t)II 
t . + 

The above inequalities (3.1.l 7a) and (3.1.l 7b) and the limit (3.1.l 6) give 

lim = m,(td)-m,(O) = lim f(x+td)-f(x) 
t)O I t JO t 

or 

m, '(O;d) = f '(x;d). 
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(3.1.17b) 

(3.1.18) 

Part (ii). We now establish the existence of the generalized directional derivative 

of f at x in the direction d. Because of Proposition 2.3.3, it is sufficient to 

show that the function f is Lipschitz near x. Moreover because of the 

inequality 

lf(y)-f(y')I :5 IIF(y)-F(y')II (3.1.Hl) 

it is sufficient to show that F is Lipschitz near x. However, since F is 

continuously differentiable in a neighborhood of x, F is Lipschitz near x (see the 

corollary of Proposition 2.21 in Clarke (1983)). Consequently, the gPneralized 

directional derivative of f at x in the direction d. f '(x; d ). exists. 

Part {iii). We now show that the function f = 11 F 11 is regular at :r, i.e. 

f 0 (x;s)=f '(x:s) for alls in IR". 

The proof of this result is motivated by a similar result in Clarke (1981) for 

a function which, instead of satisfying the hypothesis of Theorem 3.1.1, is 
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assumed to have a property called quasi-differentiability (we refer the reader to 

Pschenichney (1974) for the theory of quasi-differentiability). We do not have 

the quasi-differentiability property in our case. Let x be a point in X such that 

F is continuously differentiable on some neighborhood, say N(:r ), of x. Since 

!°(:r;O)= f '(x;O) (3.1.20) 

and both / '(:r; ·) and / 0(:r, ·) are positively homogeneous, it is sufficient to 

prove (3.1.4) for s of lrnorm one. Let s be any direction in IR" such that 

lisll2=l. (3.1.21) 

The generalized directional derivative of the function f at x in the direction s is 

given by 

limsup..!.. [f(y+ts)-f(y)] 
,-, t (3.1.22) 
t)O 

It is straightforward, from (3.1.14) and (3.1.22), that 

I ' ( X; 8) S / 0
( X; S) . (3.1.23) 

Consequently, it suffices to establish that 

!°(x;s) Sf '(x;s). (3.1.24) 

Let E be any positive scalar and let W be any open set such that 

M(:r) CW C M(x)+EB (3.1.25) 

where B is the lrunit ball in IR" (ll' exists because M(:r) is a bounded set). 
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Since the point~to-set map Mis u.s.c. at x, there exists a neighborhood 1' of :r 

such that 

x'El'~M(x')EH". (3.1.26) 

Given the neighborhood V of x, there exists a neighborhood 1" of :r and a 

positive scalar T such that 

y E F' and OE [O, T] ~ y + Os E V . (3.) .27) 

Consequently, the relations (3.1.25), (3.1.26) and (3.1.27) imply that 

M(y+0s) C M(x)+EB, (3.1.28) 

for all y in V' and all O in [O, T]. Theorem 2.2.8, applied to the local model of / 

at the point y +Os, and part (i) of the present theorem give 

f '(y+0s;s) = max{gTs I gEM(y+Os)}. 

Now by (3.1.28), this implies that 

f '(y+0s;s) '.S max{gTs I gEM(x)}+max{gTs I gEEB}. 

By Theorem 2.2.8 and part (i) above we have 

f'(y+0s;s)sf'(x;s)+Emax{gTs lgEB}. 

and since II s 112 = I 

f '(y +Os: s) :S / '(x: s) + f . (3.1.29) 

Let us fix y in V' and consider the function h defined on [O, Tj by 
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h(O)=f(y+os). (3.1.30) 

To establish that !°(x; s) :'.S J '(x; s ), we will use the facts that h is Lipschitz 

(/ = O and that h is absolutely continuous on [O, r]. Therefore we first establish 

these two properties. 

Let us first demonstrate that h is Lipschitz near zero. \\'e haYe 

lh(0)-h(0')1 = lf(y+0s)-J(y+O's)I 

and we know that / is Lipschitz near x, i.e. J is Lipschitz in a neighborhood of 

x, and without loss of generality we can suppose that l' is such a neighborhood. 

Consequently, we han 

lh(0)-h(0')1 S K(x)l0-0' I, (3.1.31) 

for all 0 and 0' in [O, r] where K(x) ;;6 0 is the local Lipschitz constant relative to 

J near x. This establishes the first desired property of the function h. Now we 

will demonstrate the absolute continuity of h on [O, r]. Let 

{J, = (0,-, 0,- '), i = 1. ... , p} be any finite family of subintervals of [O, r] such that 

J,- n Jj = <b for i ;;6 j. Also let {; and 1 be any positive scalars such that 

{; < K(x) and r,(0,--e,)<o. 
l=i 

(3.1.32) 

Then using (3.1.31) and {3.1.32) we get 

p 
I; jh(O,')-h(O,)I < 1 (3.I.33) 
i=l 

which establishes the absolute continuity of the function h on [O, r]. 

The absolute continuity of h on [O, r] allows us to write 

t 

h(t)-h(O) = I h '(0)d0 
0 

for all t in [O, r). Now from (3.1.30) we obtain 

h '(0) = J '(y +0s;s). 

The equalities (3.1.34) and (3.1.35) imply 

for all t in [O, r), and 

t 

h(t)-h(O) = J J '(y +Os;s)d0 
0 

t 
h(t)-h(O) = .!. J J '(y+0s;s)d0 

t 0 
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(3.1.34) 

(3.1.35) 

for all t in (0, r]. Using the inequality (3.1.29) and the definition of h given in 

(3.1.30) we obtain 

J(y+ts)-J(y) < f'(x;s)+f, 
t - (3. 1.36) 

for all t in (0, r). Finally, since in (3.1.36) y is an arbitrary point in the 

neighborhood Y' of x, we have 

. f(y+ts)-t(y) < J '(x:s)+!, hm sup t -
y-z (3.1.37) 
110 
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and since (3.l.37) holds for any positive scalar{, we have 

f 0(x;s) Sf '(x;s). (3. 1.38) 

The two inequalities (3.1.23) and (3.1.38) imply that 

f 0(x;s) = f '(x:s) (3.1.39) 

Therefore the function / is regular at x. 

Part (it-). Finally we establish that 8 f (x ), i.e. the generalized gradient of the 

function f at x, coincides with 8m, (0), i.e. the su bdifferential of the convex 

local m, at zero. From Definition 2.3.5, we have 

8/(x)= {gEJR" I f 0 (x;d):::: gTd, V dEJR"} (3.1.40) 

and from Theorem 2.2.11 and equality (3.1.3) 

8m,(0)= {gEJR" I /'(x;d):::: gTd, V dEIR"}. (3. 1.41) 

The properties (3.1.40) and (3.1.41) together with (3.1.4) imply (3.1.5). which 

ends the proof of the theorem. • 

The function m,:JR"->JR defined by m,(s)=IIF(x)+F'(x)sll is 

convex. therefore by Theorem 2.2.10 we have 

m, '(0;s) S IIF(x)+F'(x)s II-IIF(x)II 

for all .< in JR", whirh by (3.1.3), i.e. m, '(O: s) = f '(x; s) implies 

f ' ( x; s ) S 11 F ( x ) + F ' ( x )s 11 - 11 F ( x ) 11 

for all s in JR". \\'hen s is the Newton step, say BI\', (3. 1.42) becomes 

f '(x:sN) S - IIF(x)II 

or 

f '(x;sN) S - IIF '(x)sN II . 

5.« 

(3. 1.42) 

(3.1.43) 

(3.] .44) 

We now show that in fact the quantity - 11 F '(x )s 11 is a lower bound for 

f '(x;s) for alls in JR", and therefore (3.1.44) is an equality. 

THEOREM 3.1.3. Let x be any point in JR" and also let F: JR" -+ JR" be 

differentiable at x. Then 

- IIF'(x)s II Sf '(x;s) S IIF(x)+F'(x)s 11- IIF(x)II (3.1.45) 

for alls in JR". Moreover if F '(x) is nonsingular, then for s = sN, the J\'etrton 

step, the inequalities in (3.1.45) become equalities, i.e. 

- 11 F ' ( x )s N I I = / ' ( x ; s N) (3.] .46) 

and 

f '(x;sN) = IIF(x)+F'(x)sNII-IIF(x)II: (3. l.47a) 

equivalently, because F(x)+F '(x)sN =0 

! '(x;sN) = - IIF(x)II (3.1.47b) 



65 

Proof. By (3.1.3) and Theorem (2.2.10) it is sufficient to establish the first 

inequality in (3.1.45). We have for any positive scalar t and any s in JR" 

I I I F(.r) + F '(.r) ts 11 - 11 F(.r) 11 I S t I IF' (.r )s 11 

which in turn implies 

- IIF'(.r)s II s + [IIF(x)+F'(.r)ts 11- IIF(:r)II] (3.1.48) 

and by passing to the limit in (3.1.48) as t decreases to zero, we obtain 

- 11 F '(x )s 11 S lim .!.. [ 11 F(x) + F '(:r )ts 11 - 11 F(:r) 11] 
I JO i 

From Theorem 3.1.3 we have 

- IIF'(:r)s 11 SI '(x;s). (3.1.4ll) 

Now suppose that F '(x) is nonsingular and let sN denote the Newton step. 

Then (3.1.45) becomes 

-IIF'(x)sNII SI '(x;sN) S-IIF(:r)II, 

but, since F(x) + F '(x )sN =0, we have 

- IIF'(:r)sN II=/ '(x;sN) 

or -IIF(:r)II =f'(x;sN) 

and 

I ' ( x; s N) = 11 F ( x) + F ' ( x )s N 11 - I I F ( x ) 11 

(3.l.49a) 

(3.l.4llb) 

(3.1.50) 

The equalities (3.1.49) and (3.1.50) imply that the inequalities in (3.1.4.',) are 
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equalities in this case. • 

In an algorithm that uses an a-condition criterion to accept or rrject a 

given step s, the quantity of decrease should be, for a fixed o, at least 

a/ '(x; s ). \\'hen the one-sided directional derivative is not availahlf' or 

expensive to obtain, one usually tries to use some approximation to it. Thf'orem 

3.1.3 means, on the one hand, that. the quantity - 11 F ' ( x )s 11 is not a prad kal 

approximation whenever s is far away for being the Newton step, lwra11~1-

o(-11 F '(x )s 11) might be smaller than / '(:r, s ), and on the other hand that the 

quantity IIF(x)+F'(x)s 11- IIF(:r)II is a practical one. We believe that any 

acceptable approximation to/ '(x;s) should come from the interval[/ '(x;s),O) 

as long as/ '(x;s} is negative (i.e. as long as xis not stationary as defined in 

Chapter 4). 

If we choose the norms 11 11. and 11 116 in (1.6.1) to be either the l 1-norm 

or /00-norm, then our subproblem (1.6.1) can be reformulated as a linear 

program. For this reason we take a closer look at the cases where 11 11. is 

either the l i-norm or the 100-norrn. 

3.2. The case where II II a is the 11-norm 

In this section. we consider /(x)= IIF(:r)lla where 11 Ila is the 11-norm. 

We derive an explicit expression for the one-sided directional derirntin / '(:r:s) 
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which, by Theorem 3.1.1, is equal to the generalized directional derivative 

f 0 (x; s ). Using this expression we derive an important propert)· of that 

derivatin for small s. 

PROPOSITION 3.2.1. Lei :r be any point in IR". If F: IR" - 1H '' ,., 

continuously differentiable at :r and f (x)= 11 F{:r)ll I where II 11 1 is the 11-

norm, then for all s in IR" we have 

f'(x;s)= E sign(F,(x))sT'1;7F;(x)+ E lsr'l;7F,(:r}I, {3.2.1) 
i(!A(r) iEA(r) 

where A (x) = { i / F;(x) = O}. Moreover, for sufficiently smalls, we hat•e 

f ' ( x; s ) = 11 F ( x) + F ' ( x )s 11 1 - 11 F ( x) 11 1 - {3.2.2) 

Proof. By Theorem 3.1.1, establishing {3.2.1) is equivalent to showing that 

m, '{O;s} = E sign (F;(x))sT'l;7F;(x)+ E lsT'1;7F;(x)I. {3.2.3) 
i(!A(r) iEA(z) 

where m, ( s) = 11 F(x) + F '(x )s 11 1• Actually, we will show that, for sufficiently 

small positive t, we have 

m,(ts)-m,(O) = E sign(F,(x))sT'l;7F,(x)+ E lsT'1;7F,(:r)I 
I i(!A(r) i'c:A(r) 

(3.2.4} 

Indeed, for t positive we have 

m,(ts )-m,{O} = f= [ I F;(:r)+ f.s T '1;7F,(x) I - I F;(:r) I] 
•=I 

(3.2.5) 

= E [1F;(:r)+tsT'l;7F;(:r)I-IF,(x)1] 
i(i.~(r) 

+ E t lsT'l;7F,(x)I . 
iEA(r) 
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If A (x) = {I, ... , n }, then the result is obvious. Also, if for all i (! A (:r) we have 

sT'l;7F;(x)=0 or sign (F;(x))=sign (sT'l;7F;(x)), then tht> rt>sult is a!Yl obvious. 

Therefore. let us suppose that there exists at least one j (! A (:r) s11rh that 

F;(x )s T 'l;7 F;(x) < 0. Then, for 

O<t<t(x,s) (3.2.6a) 

where 

. { IF;(x)I . 
t(x,s)=mm T , J(!A(x), 

Is '1;7F;(x)I 

and F;(x)·sT'l;7F;(x)<O} 

{3.2.6b) 

we have 

I F;(x) + ts T '1;7F;(x) I = sign (F;(x ))(F;(x) + ts T '1;7F;(:r)) (3.2.i) 

for all i E$ A (x ). The inequalities (3.2.6} and the equalities (3.2.5) and (3.2.i) 

give (3.2.4) and therefore (3.2.1). Now, let us establish (3.2.2). \\'ritinis s 

instead of ts in (3.2.5), we obtain 

m,(s)-m,(O) = E [1F,(x)+sT'l;7F;(x)I- IF,(x)I] 
iiA(r) 

+ E lsT'1;7F;(:r)I 
iEA(r) 

(3.2.5-) 
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On the other hand. ir 

. { I F;(:r) I . l 
lls 112 < mm ll'vF;(:r)ll

2
, JEtA(:r) and 'vF;(:r)~o1, (3.2.9) 

then 

lsT'vF,(x)I < IF,(:r)I, forall iEtA(:r), 

and consequently. for i Et A (:r) we have 

IF,-(:r)+sr'vF,(:r)I = sign(F,-(x))(F,(x)+sr'v"F,-(x)). (3.2.30) 

If s satisfies (3.2.9), then using (3.2.30) in (3.2.8) we have 

m,(s)-m,(0) = E sign (F,-(x))s T'v"F,(x)+ E Is T'vF;(:r) I 
i!j:A(t) iEA(z) 

which gives (3.2.2) by (3.2.1). • 

3.3. The case where 11 II. is the 100-norm 

In this section we consider J(x)= IIF(:r)II. where II II. is the /00-norm. 

\Ve derive an explicit expression for the one-sided directional derivative J '(x; s) 

which. by Theorem 3.1.1, is also the generalized directional derivative r( i·: s ). 

Using this expression, we derive an important property or that derivative for 

smalls. 
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PROPOSITION 3.2.2. Let f be a real function on JR" defined by 

J(:r)= IIF(x)lloo u•here 11 11cc is the 100 -norm and F:ITT"-IR" ui 

continuously differentiable at some :r such that J (:r) ~ 0. Then for alls in ffi" 

we have 

J '(:r:s) = max {sign (F,(:r))s T 'vF,(:r)ll 
iEM(z) 

(3.3.)) 

where M(:r) = { i / IF, (x) I = 11 F(:r} 11 00 }. Moreouer, for 1111ff1ciently small II we 

have 

J '(x;s) = IIF(x)+F '(:r)s 11 00 - JJ F(:r)Jloo · (3.3.2) 

Proof. By Theorem 3.1.1, establishing (3.3.1) is equivalent to showing that 

m,'(0;s)= max {sign(F,-(x))·sr'vF;(:r)} 
iEM(z) 

Actually. we show that, for sufficiently small positive I, we have 

m,(ts)-m,{O) = max {sign (F,-(x))sr'vF;(:r)) 
t iEM(z) 

Indeed, for I positive we have 

m,(ts)-m,(0)= max JF,(x)+t.sT"vF,(x)I- max JF,(:r)J 
t::;i::;n J~i~n 

(3.3.3) 

(3.3.4} 

(3.3.5) 

Since I ean be arbitrarily small, we can assume without loss of ,:enerality that 

F,-(x) ~ 0 for all i E {1. .... n }. Therefore. let us suppose that 
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l/;(x)I = f(x) for i=I. ... ,p 

and I/ ;(x) I < / (x) for i = p + 1, ... , n . 

Therefore, for positive scalar sufficiently small, the index giving the 

max IF,-(x)+ tsT';;i'F;(x)I belongs to {l, ... ,p}. This index depends on I, but 
I:Si:Sn 

this will not cause any problem. We can rewrite (3.3.5), for small positin I, as 

m,(ts)-m,(0) = max IF.-(x)+tsT,;;;7F;(x)I- max IF,-(x)! 
iEM(z) iEM(z) 

which gives 

= max IF,-(x)+tsT,;;;7F,.(x)l-f(x) 
iEM(r) 

= _max [1F;(x)+tsT,;;;7F;(x)I-IF,-(x)1], 
1EM(z) 

m, (ts)- m, (0) = t max [sign (F;(x ))s T ,;;;7F,(x )] 
iEM) 

(3.3.6) 

for sufficiently small positive t. Clearly, (3.3.6) is equivalent to (3.3.4). From 

(3.3.4), the equality (3.3.3) is obvious. 

Now, let us show that for small s we have 

I ' ( x ; s) = 11 F ( x) + F ' ( x )s 11 00 - 11 F ( x) I I oo . 

Writing s instead of ts in (3.3.6). we obtain 

m,(s )-m,(0) = max [sign (F;(x))s 1 ,;;;7F,-(x)], 
1,'Af(z) 

which is exactly (3.3.2) by (3.3.1 ). 
• 

CHAPTER 4 

Optimality Conditions 

In this chapter, we derive optimality conditions for the nondifferentiable 

optimization problem 

minimize f (x) = I I F(x) I I 
zER' 

where /: JR" -+ JR" is continuously differentiable and 11 11 denotes an arbitrary 

norm on JR". These conditions will allow us to define stationary points of f, 

v\'e show that if the Jacobian of F at a stationary point x, is nonsingular, then 

x, is a solution of the nonlinear system F(x) = 0. 

4.1. Optimality Conditions 

Let us consider the following unconstrained optimization problem 

minimize f (x) 
zER' 

(4.1.l) 

when / is any continuous real function defined on ffi". In the smCXJth eas!', i.e. 

/ is differentiable, the point x • is said to be a stationary point of / if thP 

gradient of f vanishes at x., i.e. 
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(4.1.2) 

The standard generalization of stationary point to the nonsmooth case is given 

by the following definition. 

DEFINITION 4.1.1. Let :r, be any point in rn_n. Also let f: ffi n ..... ffi be 

Lipschitz near x,. Then, we say that :r • is a stationary point off if zero belongs 

to the generalized gradient off at x,, i.e. 

OE8f(x,) · (4.1.3) 

In our application, the objective function is defined by 

f(x)= IIF(x)II (4.1.4) 

where 11 11 denotes an arbitrary norm on rn_n and F: rn_n-+ rn_n is continuously 

differentiable. In Chapter 3 we demonstrated that f is a regular function, i.e. at 

each point :r in ]Rn and in any direction d in rn_n the usual one-sided directional 

derivative f '(x;d) exists and is equal to the generalized directional derivative 

f°(x; d). This enables us to establish the following useful characterization of 

stationarity 

LEMJvlA 4.1.2. Let x, be any point in rn_n, and also let f be defined by 

(4.1.4) where F is continuously differentiable and where 11 11 denotes an 

arbitrary norm 011 rn_n. Then, a necessary and sufficient condition for x, to be a 
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stationary point off 1s 

f'(:r,;s)?O (4.1.5) 

for alls in rn_n. 

Proof. The proof follows directly from the regularity of f (see Theorem 

3.1.1) and Definition 2.3.5. • 

Madsen (rn75) uses the criterion (1.1.26), i.e. 

IIF(x,)11 =min{IIF(x,)+F'(x,)sll, sEffi"} (4.1.6) 

to define a stationary point in bis application where 11 11 is taken a.~ the 1
00

-

norm. In the following lemma we show that his definition is also equivalent to 

the standard definition. 

LEMMA 4.1.3. Let x, be any point in ffi", and also let f be defined by 

(4.1.4) where F is continuously differentiable and where 11 11 denotes any norm 

on ffi". Then, x, is a stationary point off if and only if zero is a minimizer of 

the local model m, off at x,, i.e. 

m,.(o) :'.S m,.(s) (4.1.7) 

for alls in ffi". 

Proof. Suppose that x, is a stationary point off. Then. by Lrmma 4.1.2. 

we have 
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f '(x,;s) ~ 0 (4.1.8) 

for all s in IR". But by Theorem 2.2.10 

f '(x,;s) :'.S m,.(s)-m,.(0), 

which, together with (4.1.8), gives (4.1.7). Now, suppose that (4.1.7) holds and 

let s be any direction in IR". Then, by (4.1.7), we have 

1 
1 [m,.(ts)-m,.(0)]?0 V t>O, 

which implies that 

m, '(0;s) = lim.!.[m, (ts)-m, (0)]? 0. 
• IJO t • • 

But by Theorem 3.1.1, we have that m,.' (0, s) is equal to / '(x,; s ), and since s 

is an arbitrary direction in IR.", x, is a stationary point of/. • 

Observe that the criterion (4.1.7) is equivalent to the statement 

II F(x,) II :'.S II F(x,)+ F '(x,)s II 

for all s in JR", which is. for the special case when 11 11 is the l,,
0
-norm, 

Madsen's criterion (1.1.26). The criterion of stationarit-y ( 4.1.7) is equivalent to 

asking s = 0 to be an unconstrained global minimizer of the local model m,J ). 

But, since this model is convex, we have that x, is a stationary point of/ if and 

only if 
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m,.(0) = min{m,.(s)/ !Is 111 :'.SI} 

or equivalently 

II F(x,) II = min { II F(x,)+ F '(x,)~ II./ II s II 1 :'.SI}, 

where 11 11 6 is an arbitrary norm on IR". 

In their approach, Powell (1983) and Yuan (1983a, b) use the criterion 

(1.2.9), i.e. 

h(F(x)) = min{h(F(x)+F'(x)s)/ lls 11 ~ I} (4.1.ll) 

to define the notion of stationarity. Namely, x • is a stationary point of the 

function 

f (x) = h(F(x)) (4.1.10) 

if (4.1.9) holds for x = x,. Observe that the objective fundion in (4.1.!l) i~ 

different from the local model 

¢,,(s) = h(F(x)+F '(x)s)+sTBks (·1.1.11) 

used by Powell (1983) and Yuan (1983a, b) in the subproblem. 

In the following theorem. we establish that for any x in IR.", the one-sided 

directional derivative of di, at s = 0 is equal to the one-sided directional 

derh·atiYe at x of the function/ defined by (4.1.10). 
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THEOREM 4.1.4. Ld f :JR" --IR" be continuously differrntiable and 

h: IR" -- IR be a continuous cont'ex function. Also let x be any point in IR". 

Then the fu11rtio11 f defined by (4.1.10) is Lipschitz near x. Moreot•er if <f,, is 

defined by (4.1.11). then 

f '(x;s) = <f,, '(O;s) (4.1.12) 

for alls in IR". 

Actually, we establish that f '(x, ·) is equal to e, '(0; · ), where O is the 

convex function defined by 

0,(s) = h(F(x)+F '(x)s), {4.1.13) 

because it is obvious that 

e, '(O;s) = <f,, '(O;s). {4.1.14) 

Proof of the theorem. By Theorem 2.3.9, we have that the convex function 

h is Lipschitz near F(x ). Consequently in a similar manner to the proof of 

Theorem 3.1.l (ii), we establish that f is Lipschitz near x. Kow, let us 

demonstrate that f '(x; ·) is equal to O, '(0; ·) where O is defined by ( 4.1.13). 

We have that 

f '(x;s( =Jim..!.. [h(F(x + ts))-h(F(x))]. 
t)O t 

(4.1.15) 

where s is an arbitrary direction in JR". Since F is continuously differentiable, 

we have 

h(F(x + ts)-h(F(x)) = [h(F(x)+ tF '(x)s)-h(F(x))] 

+ [ h ( F ( x) + tF ' ( x )s + o ( t ))- h ( F ( x) + tF ' ( x )s)] , 

which implies, together with (4.1.14) 

f '(x;s) = 0, '(0;s) 

lirn ..!.. [h(F(x)+ IF '(x)s + o(l))-h(F(x)+ tF '(x)s)] 
t JO I 
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(4.l.16) 

(4.1.17) 

Let us calculate the limit in {4.1.17). Since the function h is Lipschitz near 

F(x ), there exists a neighborhood N(F(x)) of F(x) and a positive constant 

K{x)~0such that 

lh(y)-h(y')I ~ K(x)lly-y' 11 

for all y and y' in N(F(x )). It is clear that there exists f > 0 such that, for 

tE(0,f), both quantities F(:r)+tF'(x)s+o(t) and F(x)+tF'(x)s are in 

N(F(x )). Then, we have 

I h(F(x)+ IF '(x)+ o(l))-h(F(x)+ tF '(:r))I ~ K(:r)ql-. 

Consequently, the limit in (4.1.17) is zero; which implies that 

f '(x:s) = e, '(0:s). 

The fact that 0, '{0; s) = q\ '(0; s) ends the proof. • 



60 

The following corollary shows that the definition or stationarity in Powell 

{11183) and Yuan {11183a, b) is equivalent to the notion of stationarity stated in 

Lemma 4.1.2, i.e. xis a stationary point off= h(F) ir and only if f '(x;s) ?O 

for all s in IR n. 

COROLLARY 4.1.5. Assume the hypothesis of Theorem 4.1.4. Then 

h(F(x)) = min {h(F(x)+F '(x)s)/ II s II $1} (4.1.18) 

holds if and only if 

f '(x;s)? O (4.1.19) 

for alls in IR", where f is defined by {4.1.10). 

Proof. Because of ( 4.1.12), the proof is similar to the proof of Lemma 4.1.3.• 

J\'ow, because the function h is convex, one can establish that the function 

f defined by (4.1.10) is regular in a similar manner to the proof of regularity of 

the function 11 F(:r) 11, where II II is any norm on IR". This allows us to 

establish the equiYalence of the notion of stationarity used in Powell (1983) and 

Yuan (1983a, b), that is x is a stationary point of f = h(F) if and only if' 

(4.1.18) holds, and the standard characterization of a stationary point x in 

nonsmooth optimization, that is OE 8 f (x ). 
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From Lemma ( 4.1.3) it is obYious that a solution or the nonlinear !':·~tern 

F(x) = o (4.1.20) 

is a stationary point off = 11 F 11 · In the following theorem we show that if the 

Jacobian of F at some stationary point x, is nonsingular then x, is indeed a 

solution of the nonlinear system (4.1.20). 

THEOREM 4.1.6. Let 11 11 denote an arbitrary norm on IR". Al.so let :r, be 

a stationary point off = 11 F 11- If F '(x,) is nonsingular, then :r, i~ a 110/ution 

of the nonlinear system F(x) = 0. 

Proof. Suppose that F(x,)'F O and consider the following linear system 

F(x,)+F '(x,)s = 0. (4.1.21) 

This ~o:tem has a nonzero solution, st1, which is the Newton step. But by 

Theorem 3.1.3, we haYe that 

/' ( X.; s tr) = - II F ( X.) 11 

It follows that f '(x,;s~') is negatiYe, since F(x,)'FO, However, this rontradkts 

the hypothesis that x, is a stationary point of f. • 

Remark. Obsen•e that this result still holds if instead of requiring 

nonsingularity of F '(x,) we merely reqnirr· ( 4.1.21) to have a solution. 
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Lemma 4.1.3 says that zero is a minimizer of the convex function mz,(·) 

whenever x. is a stationary point off. But this minimizer might not be unique. 

Usually in optimization theory we demonstrate the uniqueness of a minimizer by 

establishing strict convexity of the objective function. Unfortunately the norm 

is never strictly convex. However, in our case, the following corollary allows us 

to establish the uniqueness of the minimizer of mz,(·) over JR". 

COROLLARY 4.1.7. Assume the hypothesis of Theorem 4.1.6. If F(x,) is 

nonsingular, then s = 0 is the unique minimizer of the local model m,,( ·) 011er 

JR". 

Proof. Theorem (4.1.6) implies that x, solves the nonlinear system (4.1.10), 

i.e. 

F(x,)=0. (4.1.22) 

Suppose that there exists s in JR" such that mz,(s) = 11 F(x,) 11- Then (4.1.22) 

implies that 

IIF(x,)+F'(x,)sll =0. (4.1.23) 

The two equalities (4.1.22) and (4.1.23), together with the hypothesis of 

nonsingularity of F '(x, ), imply that s is zero. 

CHAPTER 5 

The Algorithm and Convergence Results 

In this chapter, we define our algorithm for approximating a solution of the 

nondifferentiable optimization problem 

minimizef(x) = ll(F)II 
•ER" 

(.'i.0.1) 

where F:JR" ->JR" is continuously differentiable and where II II denotes an 

arbitrary norm on JR". \Ve also demonstrate that our algorithm is globally 

convergent in the following sense. Starting from a point x 0 in JR". the 

algorithm generates a sequence {x1 , k E.L\'} which has the property that all of its 

accumulation points are stationary points of f in problem (5.0.1 ). Furthermore, 

if any one of the accumulation points of the sequences {x1, Ir ELY}, say x,. is 

such that F '(x,) is nonsingular, then all accumulation points are n!'cessarily 

solutions of the nonlinear system 

F(x)=0. (5.0.2) 

The algorithm also has the desirable property that it asymptotically rPdur!'s to 

Newton's method and is therefore q-quadratically convergent. 
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6.1. The Trust Region Algorithm 

Let X and S be subsets of ffi" such that (x, s) is in X X S if and only if 

f '(x; s) < 0. Let 1: X X S .... ffi be an upper semi-continuous function 

satisfying 

1(:r,s)E [/ '(x;s},O), 

let c;, i = I, ... , 5 be positive scalars such that 

O<c 1<c 2<ISc3 , 

0 < C4 < C5 < I ' 

and finally let x0 be any point in ffi" and 60 any positive scalar. 

(5.1.1) 

(5.1.2} 

(5.1.3} 

Suppose that xk and bk are the iterate and the trust region radius 

determined by the algorithm at the k th iteration. The algorithm determines 

xk+J and bk+! in the following manner: 

SJ:EP._J_. Obtain s1 as the solution of the model trust region-problem 

minimize m,(s)= IIF(xk)+F'(xk)s11 

subject to 11s II S bk. 

STEP 2. If f(xk+sk) S f(xt)+co(xk,sk) 

set xk+I = xk + sk and go to STEP 3, 

Else, choose 61 so that 

c4 llsk [I S 61 S cs llsk II, 

(5.l.4a) 

(5.1.4b) 

and ~o to STEP I, 

STEP 3 • If f(xk+d < /(xk)+c2[m1(s1)-/(x1)] 

choose bk+J so that 

llsk II S 6k+1 S max(61,c3 lls1 II) 

and go to STEP I, 

Else, if/ (xH1) > / (x1) + c2[m1 (st)- I (xt)], 

choose 61+1 so that 

c4llsk II S 6k+1 S cslls1 II, 

Else, choose 61+1 so that 

c4lls1 II S bk+J S max(61,c3llsk II)-

'T 4 

SeYeral straightforward choices for the function 1 used in STEP 2 of the 

algorithm are 

1(x,x) = / '(x:s) (5.1..5) 

and 

1(x,s) = ll(F(x)+F'(x)s 11- IIF(x)II (5.1.6) 

For the choice (5.1.5) 1 is upper semi-continuous by Theorem 2.3.4, and for the 

choice (5.1.6) 1 is not only upper-semi-continuous but is actually c-ontinuous. 

In their algorithm, Duff, Nocedal and Reid {H184) used 
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")' ( x, s) = - 11 F ' ( x )s I I 1 . (5.1.7) 

Our convergence analysis does not allow the Duff, Nocedal and Reid choice 

(5.1.i). It is not acceptable because or the first inequality established in 

Theorem 3.1.3, i.e. 

- 11 F ' ( x )s 11 ~ / ' ( x: s ) (5.1.8) 

for all s in IR". The choice (5.1.7) or")' does not satisfy condition (5.1.1) or our 

algorithm except in the very special case where we have 

- IIF'(x1)sk 111 = / '(xk:s1) · (5.1.9) 

Let us take a look at the case where equality (5.1.9) holds. Equality (5.1.9) and 

Proposition 3.2.1 imply that 

where 

and 

E [ls{<;?F;(xkll +signF;(xk)s[<;?F;(x1)] = 
i~A{z,) 

-2 E ls[<;?F;(x1)I, 
iEA(,,) 

A(xk) = {i / F;(xk)=0} 

E = 0 if A(x1 )=d>. 
iEA(z,) 

One possible way to obtain (5.1.10) is to ask sk to satisfy 

s[<;? F;(xk) = 0 

(5.1.10) 

(5.1.11) 

(5.1.12) 

(5.1.13a) 

for all i in A (xk ), which implies that 

E [ls{<;?F;(xk)I +sign F;(xk)·s{<;?F;(xk) = 0, 
i¢A{z,) 

or equh·alently 

s[<;?F;(xt) ~ 0 if F,(xd > 0 

and 

s{<;?F,(xt) 2: 0 if F;(xk) < 0. 
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(5.l.13h) 

(5.1.13c) 

Observe that if (5.1.10) holds with A (xk) = d>, then (5.l.13b) and (5.1.13c) are 

not only a possible way to obtain (5.1.10) but, indeed, they are nrcrssar~· 

conditions. Therefore, a possible way of trying to include the choice (5.1.i) of 

Duff, l'\ocedal and Reid in our convergence analysis is to ask for sk to satisfy 

condition (5.1.13), or equivalently to ask for s1 to solve, instead of the 

subproblem (5.1.4), the following one: 

minimize IIF(xk)+F'(xk)s 111 

subject to 

sT<;?F;(x1)=0 iEA(xk) 

sT<;?F;(xk) 2: 0 iEA_(xk) 

sT<;?F;(xk) ~ 0 iEA+(xk) 

lls 11 ~ 8, 

where 

(5.1.14a) 

(5. 1.14h) 

(5.l.14c) 

(5. 1.14d) 



A (xt) = { i / F,-(xk) = O} 

A+(xk) = {i / F,-(xk) > O} 

A_(xk) = {i / F,-(xk) < O}. 
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Observe that if the Newton step lies inside the trust region. then it solves 

problem (5.1.14). 

Inequality (5.1.8} implies that the Duff, Nocedal and Reid choice of "I 

requires too much descent and could be impossible to satisfy. Suppose that 

there exists some x in JR" such thats, the solution of problem (5.1.4), does not 

satisfy (5.l.14b}, (5.l.14c} or (5.1.14d} even when the trust region is reduced. 

Also suppose that for a given a in (0, 1 }, the constant of the a-condition test, 

there exists a positive scalar µ, which may depend on s, such that 

aµ> 1 (5.1.15a} 

and 

- J J F '(x )s J J 1 ~ µ f '(x, s) . (5.1.15b} 

Then, we have that 

-a J J F '(x )s J J 1 ~ a µf '(x, s} . (5.1.16} 

Since f '(x, s} is negative, (5.1.16) and (5.1.15a) imply that 

-aJIF'(x)jJ 1 < J '(x,s) 

and consequently the a-condition test of Duff, Nocedal and Rci,1 

78 

IIF(x+s 111 ~ JJF(x)Jl1-aJjF'(x)slJ1 

cannot be satisfied. 

Near the solution of Problem (5.0.1) we expect sk to be the Newton step 

and in this case the three choices (5.1.5}, (5.1.6} and (5.1.7) coincide 

consequently the asymptotic properties of the respective algorithms are the same 

(see Theorem (3.1.3}). For the I 1-norm or the /00-norm case, when sk is 

sufficiently small, the function~ defined by (5.1.5) and (5.1.6) ar!' equal (!Oee 

Proposition 3.2.1 or Proposition 3.2.2), and consequently the resp!'rtive 

algorithms will be the same. 

5.2. Global Convergence Results 

In order to establish the global convergence of our algorithm we will model 

it by a point-to-set map, and then we show that the hypothesis of Zangwill's 

Theorem 2.1.1 holds. 

\\"e make the assumption that 

X 0 = { s ElR" / J(x) ~ J(x0 )} (5.2.1) 

is bounded (and therefore compact). Let D. be a positive constant such that for 

all x in X 0 
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11.:rll S ½Ll and/et ll' = c 3Ll. (:,.'.?.'.?) 

The algorithm generates sequences { sk, k Ell\'} and { xk, k Ell\'} such that 

sk=xk+l-xk, (5.2.3} 

for all kEJ:\'. Since {xk,kEJN} is contained in X0• we have 

llskll S2sup{llxll/.:rEXo} 

or 

llsk II S ll (5.2.4} 

for all k in IN. The algorithm also generates a sequence of positive scalars 

{ 6k, k E JN} satisfying 

0 < 6k+I S max(6j,c 3 llsj II) (5.2.5) 

for some j S k. The inequalities (5.2.4), (5.2.5) and Definition (5.2.2} imply that 

0 < {Jk S ll' (5.2.6) 

for all kin IN. 

THEOREM 5.2.1. Let F :JR n --+ JR n be continuously dijf erentiable, and let f 

be defined by f (.:r) = I I F(x) I I, where II 11 denotes an arbitrary norm on ffi.n. 

Al5o lei x 0 be any point in ffi.n. Assume that the level srl 

{.:rEJR"/f(.:r)Sf(.:r0)} is bounded. Then any accumulation point of the 
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sequence {.:rk k El'\'} generated by the Algorithm 5.1 is a stationary point of the 

function f. 

The proof of the theorem will require the use of the following lemma. 

LD.\fl\1A 5.2.2. Let the function F: X O--+ JR be continuously diff erenliable. 

Suppose that for some fixed integer k, the algorithm loops indefinite/!/ between 

Step 2 and Step 1. Then xk is necessarily a stationary point off. 

Proof of the lemma. Let { sk,, j E 17V} be the sequence generated by the 

algorithm by solving 

mm,mtze mk(s) = IIF(xk)+F'(xk)s II 

subject to 11 s 11 S 6t, 

(5.2.7a) 

(5.2.7b) 

where 6kl,+l)s csllsk, II S C56k, for all j in IN. Observe that 6t,=6k and 

0 < c 5 < 1 so the sequence { 11 s11 11, j E LV} is decreasing to zero. The test in 

step 2 fails for all j in 17V. Thus we have 

f(x* +sk,) > f(xt)+co(.:rk.sk,), 

and by (5.1.l}, i.e. "Y(xk,sk,) ~ f '(xk,sk,) 

f (xk + sk,) > f (.:rk) + c 1f '(.:rt, sk,) . 

(.';.'.!.R) 

(5.2,g) 

On the other hand, the hypothesis of continuous diff Prentiability of F gives the 

equality 
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F(xk + sk,) = F(rt)+ F '(xt)s1
1 
+ o( list, II). (5.2.10) 

so we1have 

J(xk +s1,) :'.S mk(s1)+o(lls1, II). (5.2.11) 

Inequ+lities (5.2.9) and (5.2.11) imply that we can write 

mdsk,)+o(lls1
1 
II)> mt(O)+cif '(x1,s1,). (5.2.12) 

6t 
The fequence { d; = M• j ElN} is bounded; therefore there exists a 

subseLence { d;, j EN' ~ LI\'} convergent to some d, with II d, II = 1. 

! 
Inequ,lity (5.2.12) implies 

m1 ( 61,)-mt(O) + o(ll 6t, 11) > cif '(xt,d;). 
lls1,II lls1,II 

(5.2.13) 

Let us set list, 11 =t,; then {t1,jEN'} is decreasing to zero. We can rewrite 

(5.2.13) as 

or 

mk(tjd;)-mk(O) + o(t,) > cif '(x1,d;) 
t t• j } 

mk (t;d, )- mdO) mt(t;d; )- m1(t; d,) 
---=------+-....:........:.-----''--t, t; 

o( t,) , +- > cif (xt,dj). ,, 
We know. since t1 is decreasing to zero. that 

(5.2.14) 

(5.2.15) 

m.{l_,d.)-m1(0) = m
1 

'(O;d,) 
lim I 

j--+cx J 

I m1(11d;)- mt(l;d,) I 

I
• 0(1,) = O. 
1m 

;-+ex 1, 

I; -

Ill Ft +Ft 'd, 11- IIF. + ,,r. 'd, 11 I 
I J 

< IIF1'lllld,-d.ll; 

where Ft= F(x1) and Fk' = F '(xk ); consequrntly 

mt(t d·)- m,(t ·d ) 
Jim ' ' ' ' • = 0 . 

j-·HO /j 
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(5.2.16) 

(5.2.Ji) 

(5.2.18) 

Inequality (5.2.15), the limits (5.2.16), (5.2.Ji) and (5.2.18). and thr fact that 

m
1 

'(0: d,) = f '(xt, d,) (see Theorem 3.1.1) imply that 

f '(x.,d,)?: c 1/ '(xt,d,) (5.2.1 P) 

or 

(1-c 1)! '(xk.d,)?: 0. (5.2.20) 

Becausl' 1 - r 1 > 0 we ha.-e that 

f '(xk.d.)?: 0. (5.2.21) 

But. we also have / '(x1 . di)< 0 for all j in /\", which imp lie~. ~inc, f · (xk: ) 

is continuous. that 
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J '(xi,d,) So. (5.2.22) 

From inequalities (5.2.21) and (5.2.22), we obtain 

f'(xk,d.)=0. (5.2.23) 

Now, wl' prove that / '(xk, s) 2: 0 ror all s in IR". Let s be any vector or norm 

one (this is sufficient since/ '(xt, ·) is positively homogeneous). Also let µj be a 

positive scalar such that 

11 µ J 8 11 = 11 sk
1 

11 , j E IN , (5.2.24) 

and let 

!IJ = µis . (5.2.25) 

Because 11 !/ j 11 = 11 sk1 11 and sk1 E argmin { mk ( s) / 11 s 11 S bk1} we have 

mk(sk) S mk(Y;). (5.2.26) 

By Theorem 2.2.20, we have 

f '(xk,sk,) S mk(sk)-mt(O) 

which, with (5.2.26), implies 

f '(xk,sk) S mk(Yj)-m;(O). 

Moreover, because 11 s;
1 

11 = 11 !/j I!. we have 

sk ( f '(xk;--1-) < mk !lj)-mk(O) 
llskill - IIYjll 

(5.2.27) 

Let us rewrite inequality (5.2.27) in the following form: 

f '(xk;d) < mk(l,u,)-mt(O) 
J - _...;......!...;__:....:.:...:... t, 

where 

Bk 
d-=-1- Yj 

J I I 6 k/ 11 ' uj = "i"iYJTI' 1, = 11 Y; 11 . 

But ui = _Y_; - - 11;s s 
II Y; II - 1111,s 11 = ~ = s; 50 (5.2.28) becomes 

f '(xk,d;) S mk(tjs)-mk(O) ,. 
J 
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(5.2.28) 

(5.2.20) 

(5.2.30) 

The sequence {ti= 11 Yj 11, k EN') is decreasing to zero since 11 Yj 11 = 11 sk1 11 

and { 11 st, 11, j EN'} is decreasing to zero. Inequality (5.2.30) implies that 

I• f '( d-) < 1• mk(tjs)-mk(O) 1m xk, 
1 

_ 1m _......;.. __ _ 
i-;:.+oo i;.+oo tj 

and because the function d-+ J '(xk; d) is continuous we have 

f '(xk:d,) Sf '(xt;s). (5.2.31) 

Equality (5.2.23) and inequality (5.2.31) imply that 

f , (It. S) ~ 0, (5.2.32) 

wheres is any unitary vector. Since f '(xt,·) is positively homogeneous, we 

have that xk is a stationary point of the function f in problem 
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(5.0.) ). • 

The idea behind Lemma 5.2.2 is that if for some fixed integer k the 

algorithm loops indefinitely between Step 2 and Step I, then algorithm generates 

a sequence {ht,, j EIN} decreasing to zero. Moreover, if sk,, j E IN, are the 

respectin solutions of problem (5.1.4), then any accumulation point of the 

Bk 
sequence { ~· j EIN} is equal to the steepest descent direction, say d,. 

J 

Since the one-sided directional derivative at xk in the direction d, is 

nonnegative, there are no descent directions or equivalently :rk is a stationary 

point of / in problem (5.0.J ). 

1"ow, we return to our goal of proving Theorem 5.2.1. 

Let us define the compact set E, the solution set P, the point-to-set A and 

the function h used in Zangwill's Theorem 2.1.11. The set E is defined by 

E = {z = (x,6) I xEX0 and hE[O,.:lJ}, 

which is compact. The solution set P consists essentially of points (:r, 6) such 

that :r is a stationary point of / 11 F 11- We will say that (x, 6) E P if and only if 

for all ~E [O, ti]. if I Is 11 Sothen f '(x; s) 2'. 0, i.e. 

P = { z = ( x, o) E E I V o E [o, ~ I , II s II s o ==;, I · ( :r; s) 2'. o} 
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We define the merit function h by 

h(:r,6) = f (:r). 

which is continuous. Finally, we define the point-to-set map A on E. For z in 

P we set A ( z) = z and for z = ( x, 6) in E-P we say that z ' = ( :r ', 6') is in 

A (z) if there exists a positive scalarµ and a vectors in JR" such that: 

(I) 

and 

(2) 

where 

(3) 

( 4) 

and 

(5) 

0<11S6 

:r = x+s 

s E argmin { mz ( s) I I Is II S µ} 

/(x+s) S /(x)+co{x,s), 

if f (x + s) < /(:r)+ c2[mz(s)-mz(O)], 

then llsll So' Smax(6,c 3 llsll), 

else, 1J /(:r+s)>/(:r)+c 2[m,(s)-m,(O)], 

then c 411 s II S cs II s II , 

else, c4 lls II S 6' S max(6,calls 11)-

Now, let us establish that the point-to-set A that model our algorithm is 

closed on E-P. 
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First, we establish the condition (i) of Zangwill's Theorem 2.1.1 I. Let (x, 6) 

be any point in E-P. Then x is not stationary. By Lemma 5.2.2 we know that 

there exists a positive scalar µ such that O < 11 :S 6 and a vector s ~ 0 such that 

s E argmin { m, ( s) I 11 s 11 $ µ} {5.2.33a) 

and 

J(x +s) S J(x)+ c1,(x;s). (5.2.33b) 

where 1 (.r, s) E[/ (x; s ), 0). If we set x' = x + s, the existence of 6' such that 

(x ', 6') EA (x, 6) is obvious and this establishes that condition (i) holds. 

Secondly, we establish condition (ii) of Theorem 2.1.11. Let (x, 6) be in 

E-P. It is obvious that for any (x + s, 6') in A (x, 6). We have -y(x, s) < 0 and 

consequently / (x ') < / (x) where x' = x + s, so condition (ii) holds. Finally, 

we establish the third condition of Theorem 2.1.11, i.e. the point-to-set map A is 

closed on E-P. Let (x,6) be any point in E-P. Also let {(x1 ,6k),kEL\'} be a 

sequence that converges to some (x, 6). and let {(xk ',bk') EA (xk, bk), k E IN} be 

a sequence that converges to some (x ', 6' ). We want to establish that 

(x ', 6') EA (x, 6) . (5.2.34) 

By definition, (:rk ',bk') EA (xk, bk) implies that there exists a positive scalar µ1 

and a vector sk such that 
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( i) 0 < µk $ bk (5.2.35a) 

(ii) sk E argm1n{mt(x) I lls 11 $ µ!} (5.2.35b) 

(iii) x* = x* + s* (5.2.35c) 

(iv) /(xk+s1) S f(:r*)+co(xk;sk). (5.2.35d) 

Since the sequences { x* ', k E JI\'} and { x*, k EL\'} converge to :r ' and r 

respectively, the sequence {s1,k EJJ\'}, where s* is defined by {5.2.35h) and 

(5.2.35c), converges to some s, such that 

s,=x -x, (5.2.36) 

and consequently it is a bounded sequence, say II sk II $ ~ for all k E IN. 

Because of (5.2.35a), and the fact that the sequence { 6*, k EE\'} converges, we 

have that the sequence {µ*, k E IN} is bounded (without loss of generality we 

can assume that µ* :S ~. k E IN), and therefore it has a subsequence, 

{µ*, k EN'}, that converges to some µ •· We establish that 

say 

s,Eargmin{m,(s)l llsll $µ,} 

For that we will use Proposition 2.1.10. Let us set 

</>(s;x,11) = m,(s) 

{sElR" I llsll $µ} =S(x,µ) 

and rewrite (5.2.35b) as follows: 

(5.2.3i) 

(5.2.38a) 

(5.2.38b) 
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sk E argmin { d>(s; Xkf µk) I s E S(.rkt µkl} (5.2.39) 

To apply Proposition 2.1.10, since d> is continuous, it is sufficient to establish 

that S is a continuous point-to-set map. Observe that the map S is the 

composition of the projection pr 2(z, r) = r and the point-to-set map 

B(r)= {s EIR" Jr - II s 11 2: 0}, which by Proposition 2.1.9 is continuous. 

Proposition 2.1.8 allows us to conclude that the point-to-set map S = Bopr 2 is 

continuous. Therefore, the point-to-set map 

'li'•:(x,r)-+ argmin { ¢>(s;z,o) J s ES(x,r)} 

is closed. \Ve have that {(xk, µk ), k EN'} converges to (x, µ,) and 

{ sk E r•(.rk, µk ), k EN'} converges to s. and because 'I/,! is closed we obtain that 

s, belongs to '1/,J(x,µ,) or equivalently 

s.Eargmin{m,(s)J llsll :'.5µ,} (5.2.40) 

which is what we wanted to establish i.e. (5.2.37). Now since x is not 

stationary, s, is not zero and consequentlyµ.> 0. Because of (5.2.35a) we have 

0 < µ. So. (5.2.41) 

The upper semi-continuity of the real function 1 implies that the function g 

defined by 

go 

g (.r,s) = f (.r +s)-f(.r)-r('f(.r,s) (5.2.42) 

is lower semi-continuous, and consequently its epigraph is closed. hy (5.2.35d) 

we ha...-e that 

( xb sk; 0) E epi ( g) . (5.2.43) 

On the other hand, the sequence {(xk,sk;O),kElN} converges to (x,s,:O). and 

because of the closedness of epi (g) and (5.2.43), we conclude that 

(x, s,;0) E epi (g), (5.2.44a) 

or equi...-alently 

f(x +s.) Sf (x)+ c 1,(x,s,). (5.2.44.b) 

Properties (5.2.36), (5.2.37), (5.2.41) and (5.2.44b) establish the first four 

properties (out of five) needed to conclude that (.r ',6') belongs to A (x,6). Let 

us establish the fifth property. Suppose that 

f(x +s,)-f(x)c 2{ m,(s.)-m,(o)} < 0. (5.2.45) 

The sequence {( xk, sk ), k E 11\'} converges to ( x. s, ), so for large k in I:\" we have 

f(xk +sk)-f(xt)-c 2{ m,(st)-mk(o)} < 0, (5.2.46) 

which gives 

!1st II :'.S Ok' S C3max(1\,c3 !1st II)· (5.2.47) 
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When 6 is not equal to c3 I Is, 11 it is obvious that (5.2.47) implies that 

lls,11 S 6' S c3max(6,calls,II). (5.2.48) 

Suppose that 6 is equal to c3 I Is, 11, and let 

"''i = { k E JN / bk < C3 II 6t II} 

If N I is finite then there exists an integer k0 such that for all k ?: k0 we have 

8* ?: c3 I I sk 11, Consequently, we obtain that 

II 6 k II :5 Ok ' S 8* (5.2.4Q) 

for all k ?: k0• and therefore 

lls,11 S 8' S max(6,c 3 lls,II). (5.2.50) 

Suppose that N 1 is infinite, i.e. for all jEIN, there exists k;EIN, such that 

6* <c 3 11sk II- ThenwehaveforjEJN 
J J 

II s*, II S 6t, ' S ca II St, II (5.2.51) 

and 

Hm II s* 11 S _lim 6* ' S c3 _lim II St II 
1-+oo 1 J-++oo 1 J-+oo 1 

or 

II s, 11 S o ' S max ( 6, c 3 I I 6 , 11 ) · (5.2.52) 

Now suppose that 
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f(:r + s,)-f(x)-c 2{ m,(s,)m,(o)} > 0. (S.2.53) 

Because {(:r*'s*).kEL'V} converges to (x,s,) and the function on the left in the 

inequality (5.2.53) is continuous, we have for sufficiently large k in I!\' that 

f (xt + st)-J(x*)-c 2 { mt(sk)-m*(o)} > 0, 

and consequently, by the algorithm, 

c 4 ii St II :5 {;t , :5 Cs I I St II 

for sufficiently large k, which implies that 

c4lls, II S 6' S cslls, II · 

Finally if neither (5.2.45) nor (5.2.53) hold, then necessarily we have 

f (x + s,)-f (x)-c 2 { m,(s,)-m,(o)} = O. 

(.'>.2.54) 

(5.2.55) 

(5.2.55) 

(5.2.56) 

(5.2.57) 

Let us denote by N' the set of integers k such that (5.2.46) holds for k. Ir N' 

is finite. then there is an integer k' such that for all k ?: k ', (S.2.S-1) and 

consequently (5.2.55) holds. Therefore by passing to the limit when k _. +oo we 

obtain 

c4lls, II S 6' :5 cslls, II (.5,2.58) 

and rnnsequently 



c4 lls,II S 6' S max(6,c3lls,II)-

g3 

(-'>.2.59) 

Suppose that JV' is infinite. Then for all j in CV, there exists k,- 2'.: j. k1 EN'. 

By a similar argument used in the ca..~e where (5.2.46) holds for all k in I'\', we 

obtain that 

lls,11 S 6' S max(6,c 3 lls,II), (5.2.59) 

and consequently 

c 4 I I s, 11 :S 6' :S max ( 6, c 3 11 s, 11 ) . (5.2.60) 

This establishes the fifth condition for (:r',o') to belong to A(:r,o). 

Consequently the point-to-set map A is closed on E-P, which ends the proof of 

the conditions of Zangwill's Theorem 2.1.11, and demonstrates Theorem 5.2.I. • 

5.3. Condition or Convergence to a Solution or the Nonlinear System 

In this section, we establish a mild condition which guarantees that any 

accumulation point of the sequence { xk, k E IN} generated by Algorithm 5.1 is 

actually a solution of the nonlinear system F(x) = 0. \Ve call x a nonsingular 

point if F '(x) is nonsingular. 

THEOREM 5.3.1. Let F: JR" - JR" be continuously differentiable. If the 

sequence { xk. k EL'\'} generated by Algorithm 5.1 has at least one non.singular 

accumulation point x,, then any accumulation point of the sequence { xk, k E IN} 
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is neassarily a solution of the nonlinear system F(:r) = 0. 

To prove this theorem we will need the following lemma. 

LEMMA 5.3.2. Let h:JR"-JR be continuous on JR". Also let {zt,kE1'V} 

be a bounded sequence such that the sequence { h (z1 ), k E 1\'} is decreasing. 

Then the function h is constant on the set of accumulation points of { Zt. k ELY}. 

Proof of Lemma S.S.!!. Let z, and z,' be two accumulation points of tht' 

sequence { Zt, k E JN}. Then, there exist two subsequences { Zt, k E J\'} and 

{ Zt, k E JV'} that converge respectively to z, and z, '. \\'e have that for evt'r-y 

j in N. there exists k,- in N' such that 

h(z1) S h(z,) 

k,- 2'.: j. 

Because h is continuous, the inequalities (5.3.1) imply that 

h(z,') S h(z,). 

(5.3.la) 

(5.:Uh) 

(5.3.2) 

Since the roles of z, and z, in establishing (5.3.2) are symmetric. we may 

conclude that 

h(z,) S h(z, '). (5.3.3) 

The two inequalities (5.3.2) and (5.3.3) imply that 
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h(z,) = h(z, '), 

which establishes the lemma. 
• 

Proof of Theorem 5.S.1. By Theorem 5.2.1 we have that x, is a stationary 

point of f = 11 F 11, and by Theorem 4.1.4 we have that x, is a solution of the 

nonlinear system F(x) = 0, i.e. 

F(x,)=0. (5.3.5) 

On the other hand the function f = 11 F 11 is continuous, the sequence 

{xk, k E IV} is bounded and the sequence {! (xk ), k E IN} is decreasing. 

Therefore f is constant on the set of accumulation points of {x*' k E L'V}. 

Hence by (5.3.5) we have 

F(x) = O (5.3.6) 

for any accumulation point x of the sequence { xk, k E IN}. 

6.4. Rate of Convergence 

In this section, we show that if the sequence { Xt, k EL'\'} generated by 

Algorithm 5.1 converges to x, which is nonsingular, then the method, for large 

k, reduces to Newton's method and consequently the convergence of { xk, k E IN} 

to x, is q-quadratic. 

• 
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THEOREM 5.4.1. Let f: IR"_. IR" be i:ontinuously differentiable Suppo11e 

that the sequence { xk, k E IN} generated by Algorithm 5.1 com•erges lo a 

nonsingular point x,. Also suppose that F' is Lip~chil:: near x,. Then, for 

sufficiently large k, xk is the Newton iterate for the nonlinear equation F(x) = 0, 

and consequently { xk} converges to x, q-quadratically. 

Proof. To prove that the algorithm, for large k, is equivalent to Newton's 

method, it is sufficient to establish that the test 

f(xk+il < f(xt)+c 2 [mdst)-mk(o)] (5.-t.1) 

is satisfied for large k. Let us establish (5.4.1 ). Since F is continuously 

differentiable we have 

f(xk +st)= IIF(xt)+F'(xdst +o(llsk 11)11, (5.4.2) 

which implies 

f(xk)-f(xk +st)~ f(x.)-mt(st)-o(llst II). (5.4.3) 

On the other hand, since xk is not a stationary point for all k in I\', Theorem 

5.2.1 implies that 

f(xt)-mk(sk) > 0. (5.1.4) 

The two last inequalities give 



f(:rt)-f(:r,s,) o(lls,JJ) 
---->1-----

f(:rt)-m,(st) - /(:rt)-m1(st)' 

or equivalently 

f(:rt)-f(xt +st) o(lls, II) !1st II 
---->1-----,-------/(:rt)-mt(st) - JJst II /(:r,)-mt(sd 

Let us show that the ratio 

/(x,)-m,(s;) 

I Is, 11 
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(5.4.5) 

(5.4.6) 

is bounded away from zero. Since { x;, k E .ll\'} converges to x., F '(x,) is 

nonsingular and F is continuously differentiable, there exists k, in IN such that 

F '(xt) is nonsingular for all k ~ k,. We have two cases for k 2': k., either the 

Newton step sf is inside the trust region or not. First suppose that 

11 St N 11 :S b;. Then we have s; = s; N and 

f(:rt)-m;(s;) = IIF'(:rt)s;NII. (5.4. 7) 

Since the matrix F ' ( *) is nonsingular, there exists a positive constant >., such 

that 

IIF'(x,)dll. ~ 2>-,IJdlli (5.4.8) 

for all d in IR• ( ), , depends on the norms being used in both sides or 

inequalities (5.4.8)). The subscripts a and b have been added to remind the 

reader that we are using different norms. Because { F '(:rt). k EL\'} connrges to 

F '(x,), there exists an integer (we take it equal to k, for simplicity) such that 
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for all J.: ~ k, we have 

IIF'(:rddll ~ >-,lldll (5.U) 

for all d in IR". Consequently (5.4.7) implies that 

/(:r;)-m;(s;) ~ >-, IJs. II 

or equivalently 

/(x;)-m,(s1) > >., . 
lls, II - (5.4.10) 

Now suppose that 11 s; N 11 > 6;. Let us set 

6; 

µk = 11 s,N II E (0, 1) (5.4.1 la) 

and 

- N St = µ,s; . (5.4.11 b) 

We have. since !Js; II =b;, 

/(x;)-m,(sj,) :S /(x,)-m,(s;) {5.4 .12) 

and from Definition (5.4.11 b) 

/(x,)-m;(st} = µtf(x;). (5.4.13) 

Inequality (5.4.12) and equality (5.4.13) imply 

µtf(x;) :S f(x,)-m,(s,). (",.1.1 I) 

which, together with 11 s, 11 :S 11 s, 11, give 



l'tf(x.) /(x.)-mk(sk) 
--<----
11 bk 11 - I I 6k 11 

By Q5.4.1Jl,), (5.4.15) we ban 

I (x*) 

!Is/' II 
< f(xk)-mdst) 

I Is* 11 

or Qecausr F(x1 )+ F '(xk )sk f•,' =0 

II F '(x1)sk ,.,. II f (x.)-mk(sk) 
-----<----

lis/'' II - ll 6k II 

Usihg inequality (5.4.0) we gel 

>-, < f(x.)-mk(sk) 

- 11 6 • II 

lne~ualities (5.4.10) and (5.4.18) can be used to show that 

/(xd-mt(s1) 
>-. ::5 !Is• II 

for all k 2: k,. 

00 

(5.4.15) 

(5.4.16) 

(5.4.17) 

(5.4.18) 

(5.4.19) 

Property {5.4.19) and inequality (5.4.6) imply that fork 2 k, we ban 

f(x.)-f(xk +s.) 1 o(llst II) 
----->1-----
J(x.)-m.(t) - >-, lls, II 

V.":r· have that there exists an integer k, such that 

______ ..., 

1 o(llsk II > c
2 1-~ lls, 11 

100 

for all k 2: k,. Consequently, fork 2: k, we have 

f(x1)-J(x1,+s1) > c2 [!(x1)-mds1)] (5.4.20) 

which is effectively {5.4.1 ). Observe that, because or (5.1.2), (5.4.1) or (5.4.20) 

above implies that for k 2: k, the solution or the problem 

mm1mru IIF(x1)+F'(x1)sll. 

subjert lo I I 6 11 & :5 61 

is always an acceptable step in terms of Algorithm 5.1. Inequality (5.4.1) also 

implies that the trust region radius 61 , for k 2: k., is updated according to the 

rule 

llsk II ::5 6k+1 ::5 max(6.,c3lls1 II). (5.4.21) 

Suppose that there exists an integer that we choose equal to k, for simplicity 

such that 

Bt 'F 6tN' (5.4.22) 

for all k 2: k, where sk N denotes the Newton step. This implies that 

I Is* 11 = 6* (5.4.23) 

for all k 2: k,. Consequently the criterion (5.4.21) is equivalent to 

bk ::5 6k+1 ::5 max (6*, c3lit) (5.4.24) 

which implies. because of (5.4.23), that 
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list II :S 1isk+1 II for k 2: k,. (5.4.25) 

Inequality (5.4.25) contradicts the fact that { s1 = l'1;+ 1 - X1;, k EL'\'} converges to 

zero. Therefore for all j in L'\' there exists an integer k, 2: j such that 

St = SN 
I l;J (5.4.26) 

and consequently x1;,+ 1 is the Newton's iterate from x1;i' 

Let k' be the smallest integer, greater than k., such that (5.4.26) holds for 

k'=k,,i.e. 

61;· = sf (5.4.27) 

and such that X1;' is in a sufficiently small neighborhood of x., say N(:r,). where 

Newton"s method generates steps such that 

llsf+1 II :S Mlls1;N 11 2, k 2: k' (5.4.28) 

for some positive constant M independent of k. We want to show that, starting 

from :r1 ', our algorithm and Newton's method generate the same sequences 

{ xk, k 2: k '}. Because of (5.4.26), we can assume that N(x,) is such that 

M II 61; N II :S 1 (5.4.29) 

for all k 2: k '. Consequently, inequalities (5.4.29) and (5.4.28) imply that 

1isf+1 II :S list'- II, (5.4.30) 

which. together with (5.4.27), gives 

102 

11 sf -.i II :S II s. · 11 (5.4.31) 

But, by {5.4.24) we have that !Is •. II :S <\+ 1 which, togt>ther with (5.4.31), 

implies that 

II sf +1 II :S 61;+1: {5.4.32) 

and consequently 

61·+1 = 6f+1 (5.4.33) 

By induction, we establish that 

s1 = s1N 

for all k 2: k '. Consequently the sequence {x1 , k 2: k '} generated by 

Algorithm 5.1 is the sequence of the Newton's iterates from x1 ', and hence, 

Algorithm 5.1 is asymptotically q-quadratically convergent. 
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