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1. Introduction 

In thii; paper we are concerned with some theoretical aspecti;: of sequential quadratic programming 
(SQP) methods for solving the following standard problem of nonlinear programming 

(P) 
min /(x) 

x ER" : g(x) = 0. 

Here f:R."--+ R., and g:R."-+ R."', g(x) = (gi(x), .. ,,gm{x))T, are sufficiently smooth functions. (For 
the ease of exposition, we consider only equality constrained problems, even though essentially all resultE- of 
this paper carry over to the case of problems with both inequality and equality constraints). By L(x, u): = 
/(x) + uT g(x) we denote the Lagrangian of (P). We denote by Df(x) = V /(xf the transpose of the 
gradient off, by Dg(x) the Jacobian of g, by D2 /(x) = f"(x) the Hessian off and by W (x, u): = D;L(x, u) 
the Hessian of the Lagrangian L(x, u) with respect to x. 

We are interested in the convergence behaviour of the familiar SQP-method!:' (see Han [6], Powell [81) 
close to a Kuhn-Tucker point x. of (P), where / and g satisfy the following standard assumptions 

(A) 1) /,gEC2 (R."). 

2) rank Dg(x.) = m, and 

3) there is a Kuhn-Tucker multiplier u. E R."' with 

'"'L( )= (V.,.L(x.,u.)) _ (V/(x.)+Dg(x.fu.)-o 
V X., U. ( ) - ( ) - , g x. g x. 

that is, x. satisfies the first order necessary conditions for a solution of (P). 

4) The Hessians f"(.x), if;'(x) are Lipschitz continuous at x.: 

11/"(x) - f"(x. )II, llg:'(x) - g:'(x. )II~ Lllx - x. II 

for x close to x •. 

( x., u.) is called a K.-T. pair of ( P). A K.-T. point x. (resp. a K.-T. pair ( x., u.)) satisfies the second order 
sufficient condition for a solution of (P), if, with the abbreviation W.: = W(x., u,), 

( 1. 1) srw. s > 0 for all s =I= O with Dg(x. )s = 0, 

in which case x, is a strict local solution of (P). It satisfie!:' the second order necessary condition for a 
solution of (P), if 

(1.2) sTW.s ~ 0 for all s with Dg(x. )s = 0. 

As is well-known, SQP-methods generate a sequence { Xk} according to the following iterative scheme. 
Given Xk and a symmetric n x n-matrix Bk, one first finds a K.-T. point sk of the quadratic program 

and defines Xk+I by 

(1.3) 

Here >.k > 0 is a stepsize chosen by some line search technique involving merit functions. which is usually 
such that it ensures >.k = 1 for Xk close to a local solution x. of (P). 
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We note that the K.-T. point sk and the associated Lagrange multiplier tlk of (Pk) can be obtained by 
solving the linear equations 

( 1.4) 

(1.3) and (1.4) determine a mapping Xk ....,. Xk+i =: 4>k(xk), where the mapping function 4>k depends on 
le via the choice of Bk and the step Ak. It is easily seen, that Xk is a fixed point of the mapping, iff Xk 
is a K.-T. point of (P). Within this paper, we plan to study the convergence behaviour of the iteration 
(1.3), (1.4), Xk+I = 4>k(xk), near a fixed point x. by studying 4>k(x) near x •. In particular, we will exploit 
the differentiability properties of the function 4>k (x) if x is close to x. and Bk = B[ satisfies 8ome mild 
boundedness conditions. Moreover we will give explicit formulae for the Jacobian D4>k(x.) of 4>k(x) at x •. 

In this way we will discover the following results: 

If the iteration function 4>k = 4> does not depend on le (i.e. Bk = B and ).k = ). 2: 0) and B = BT is 
positive definite, then any K.-T. point x. of (P) satisfying the second order sufficient condition (1.1), is an 
attractive fixed point of the iteration, and any K.-T. point which does not satisfy the second order necessary 
condition (1.2) is a repulsive fixed point of 4>k = <I>. 

This describes a natural stability property of SQP-methods and explains why it is reasonable to always 
choose Bk to be positive definite: Loosely speaking, in this case the method is attracted by local minimizers 
of (P) , but avoids automatically all wrong K.-T. points of (P), which are not local minimizers. 

For variable 4>k (Bk variable, but fixed >.k = 1) , we obtain, as a byproduct, another very short proof 
(and a slight generalization) of the necessary and sufficient conditon of Boggs, Tolle and Wang II] for the 
Q-superlinear convergence of {xk} 

lim llxk+l - x, 11 / llxk - x,11 = 0 
k-oo 

towards a local minimizer x. of (P) satisfying (1.1) (see also [9l). 

In the same way, also a short proof is obtained for Powell's [8j condition ensuring the 2-step Q-superlinear 
convergence of { Xk} 

lim llxk+ 1 - x, JI / llxk-1 - x, 11 = 0, 
k-oo 

where again x. is a local minimizer of (P) satisfying (1.1). 

2. An Expression for the Jacobian of <l>k. 

In this section we derive an explicit analytic expression for the Jacobian D<l>k(x.) of the iteration 
function <l>k defined by (1.3), (1.4) at a K.-T. point x. of (P). We assume that (A) holds at x •. Consider 
the m x n-matrix Dg(x) for x close to x,. 

We show first 

Lemma I. Under assumption (A) there is an c1 > 0 and a L 1 > 0 such that the following holds: For every 
unitary n x n-matrix Q. = (Y., Z.), with 

(2.1) Dg(x.)Q. = Dg(x•)(Y.,Z.) = (R;,o), 

where Y. and R. have m columns and z. has n columns, there are continuously differentiable matrix 
functions Q(x) = (Y(x), Z(x)), R(x), which are delined for all !ix - x * II :S t:1 and satisfy 

Dg(x)Q(x) = Dg(x}(Y(x), Z(x)) = (R(xf, 0) 

Q(x)TQ(x) = I, R(x) is nonsingular 
(2.2) 
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and 
Q(x.) = (Y(x.),Z(x.)) = Q. = (Y.,Z.), R(x.) = R •. 

Moreover, their lirst derivatives DQ(x) and DR(x) are Lipschitz continuous at x., 

IIDQ(x)- DQ(x.)11, IIDR(x) - DR(x.)11 S L1llx - x.JI 

for all llx - x. I S £1. 

Note that the columns of Z(x) provide an orthogonal basis of the nullspace of Dg(x). 

Proof: Let Q., R. be any matrices satisfying (2.1). Because rank Dg(x.) = m by assumption (A), R. is 
nonsingular. Then again by (A) the matrix function 

H(x):= Q;(Dg(xf R;: 1,Z.) 

is continuously differentiable for all x E Rn and satisfies H(x.) = J. 

Now every nonsingular n x n-matrix H has a unique QR-factorization 

H= A-S, 

where S = (s,k) is an upper triangular matrix with Si; > 0. The factorization can be computed by the 
known Gram-Schmidt orthogonalization procedure applied to the columns of H, which give;; rise to a map 111 

H,..... llt(H): = (A, S). 

The function ii is well-defined on the open set of nonsingular n x n-matrices H. It i5 a C 00-function 
on this set, ~ the Gram-Schmidt procedure computes llt(H) by finitely many additiom, multiplications, 
divisions and square roots, where for nonsingular H, the denominators of the divisions a.re always nonzero 
and the arguments of the square roots are positive. Hence llt(H) and all its Frechet derivatives Drllt(H) 
are Lipschitz continuous on any compact subset of the set of nonsingular matrices H, say for IIH - 111 S ½· 
Now by assumption (A)l), 2) the function H(x) is continuously differentiable for all x and DH(x) is locally 
Lipschitz at x •. Hence by H(x.) = 1 there is an i 1 > 0 so that 

IIH(x) - 111 S ~ for ilx - x. li S i1. 

Therefore, aL«o il(H(x)) = (A(x), S(x)) is continuously differentiable for all lix - x. I S f 1 and satisfies 

1 = A(xf A(x) 

H(x) = A(x)S(x), S(x)- 1exists 

H(x.) = A(x.) = S(x.) = 1 

ll(DA(x)-DA(x.),DS(x)- DS(x.))11 S Lillx - x * II-

Now, by definition of H(x), 

A(xf Q: ( Dg(xjT R; 1 , z.) = S(x) = ( S~i 

with S11 = S 11 (x) a nonsingular upper triangular m x m-matrix. It follows that for llx - x. ! S £ 1 the matrix 
functions 

Q(x) = (Y(x), Z(x)): = Q.A(x), R(x): = Su(x)R. 

are continuously differentiable and have the properties required in the Lemma. 
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Finally, we note that the constants t 1 , L I can be chosen independently of the matrices Q. = (Y., Z.) 
and R. satisfying (2.1). In fact, every unitary matrix Q = (f,Z), and every Fl satisfying (2.1) have the form 

with unitary matrices T1 , T2 of appropriate dimension. The matrix B(x) belonging to Q, Fl then has the 
form 

B(x) = ( ~ ~
2

) T H(x) ( ~ ~
2
), 

so that IIB(x)ll2 = IIH(x)ll2- This implies that £1 and L1 can be chosen independently of Q., R •. This 
completes the proof of the lemma. 

Note that also the matrices Q(x), R(x) are by no means uniquely determined by (2.2). However, it is 
easy to see that any matrices Q:r = (Y:r, Z:r), R:r satisfying (2.2) can be written in terms of the differentiable 
functions Q(x) and R(x) of the lemma in the form 

Y:r = Y(x)T1:r, Z:r = Z(x)T2:r, R:r = R(x)T1:r 

with suitable unitary matrices T,:r of appropriate dimension, where , of course, the matrices Q:r, Rx, T;.r need 
not be differentiable functions of x. But in any case, the matrices 

Z(x)Z(xf = Z:rZ;, Y(x)Y(x)7 = Y,,Y; 

have an invariant meaning: they are the orthogonal projections onto the nullspace of Dg(x) and its orthogonal 
complement, respectively. 

Henceforth, Q(x) = (Y(x), Z(x)) and R(x) denote the particular matrices constructed above from Q., 
which depend differentiably on x for llx - x.11 ~ £ 1 and on the initial choice of Q •. One should carefully 
check in every particular case that all hypotheses and results formulated in terms of the matrices Q(x), R(x) 
have an invariant meaning. As an example we note that the sufficient condition ( 1. 1) is equivalent to the 
positive definiteness of the matrix Z;W. Z., as the columns of Z. span the nullspace of Dg(x, ). Here, of 
course, one gets the same condition if one replaces Z, by any other matrix Z whose columns span the same 
nulls pace. 

In order to investigate the convergence behaviour of SQP-method5 near a K.-T. point x. of (P) we 
now assume that (see Lemma 1) llx - x, I! ~ t 1 and that B = B7 is a symmetric matrix. Then any vector 
s = s(x, B) (see(l.4)) such that 

(2.3) 

can be obtained in the following standard way: Introduce new variables sr ,sz by 

s = Y(x)s1· + Z(x)sz, 

and multiply the first set of equations (2.3) by Z(x)7. Then by (2.2) 

(2.4) 
(

Z(xfB)s= (Z(x)7BY(x) Z(x)
7

BZ(x)). (ssyz) 
Dg(x) - R(x)T 0 

= _ ( Z(x)Tv f(x)) 
g(x) . 

We see that (2.3), (2.4) has a unique solution s = s(x, B) iff 

(2.5) Z(x)7 BZ(x) is nonsingular, 
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a condition, which itt independent of the choice of Z(x). Again, noting that Dg(x)Z(x) = 0, we have 

Z(xf V /(x) = Z(xf V ,.L(x, u) 

for arbitrary u, hence also for u = u •. Therefore, if (2.5) holds, the solution s = s(x, B) of (2.3) is given by 
the function E(., .) 

(2.6) 
_ -Q( ) ( Z(xf BY(x) 

s - x R(xf 
Z(x)TBZ(x))-i (Z(xfV,.L(x,u.)) 

0 g(x) 
=· --(x· B) -·- ' , 

for which we prove the following lemma: 

Lemma 2. Assume that (A) holds and let c > 0 be an arbitrary positive number. Then tbere exist positive 
numbers O < E = E(c) S t: 1 and C = C(c) > 0 so that the following holds: 
Let B = BT be any n x n-matrix such that 

(2.7) 11B11, IJ(Z(yf BZ(y})- 1 11 Sc for some IJy- x.JJ SE. 

Then the function E(x; B) is continuously differentiable in x for aJJ llx - x. JJ S E and its Jacobian D,.E(x; B) 
is Lipschits continuous in x at x. with Lipschitz constant C: 

JJD,.E(x, B) - D,.E(x.; B) Ii S CJJx - x.11 

holds for all llx - x.11 S E and all B = BT satisfying (2. 7). Moreover, D,,:(x.; B) is given by 

(2.8) D :::( ·B)=-Q (Z;BY. Z;BZ.)-
1

(Z;W.) 
.. - x., • R; o Dg(x.) . 

Note that the formulae (2.6),(2.8) and the hypothesis (2. 7) of the lemma do not depend on the choice 
of Q(x): they are invarianr under any change Y(x)-+ Y(x)T1x, Z(x)-+ Z(x)T2 , with unitary 4,.. 
Proof: Assume c > 0 and (2.7). By Lemma 1, we have 

llZ(x) - Z.11 S L1 llx - x. lJ 
JJR(x) - R, 11 S Li l!x - x, 11 

for all lJx - x. j S £1, We define 
E: = min{ t: 1 , 1/(8c2 Li). 

Then by (2.7) the following holds for all llx - x. JI S c 

where 

IJx - YII S 2E 

Z(xf BZ(x) = Z(yf BZ(y)[I + ~] 

~: = (Z(yf Z(y))-
1 

[ (Z(x) - Z(y}) T BZ(x) + Z(yf B(Z(x) - Z(y))] 

ll.61I S 2c 2L1llx-yll S 4c2 L1E S ½· 

Therefore (Z(x)T BZ(x))- 1 exists and is bounded: 

(2.9) 
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Also, att £ S E1 , R(x)- 1 exiflt8 and is bounded 

max IIR(x)± 1 II< +oo. 
11:r- z.11::=, 

In order to abbreviate the following arguments, let us say that a function ¢(x) which ii;; defined for 
llx - x. II S c has property (SJ, if ¢(x) is continuously differentiable and its derivative D¢(x) is Lipschitz 
continuous at x., 

IIDcf>(x) - Dcp(x. )II S Cllx - x, 11 forllx - :r, Ii ~ E 

with a Lipschitz constant C which only depends on the problem (P) and the constant c of thiE< lemma, but 
not on B. 

Then by (A), g(:r) and v' ... L(x, u.) have property (S), and, by Lemma 1, also the other elementary 
building stones Q(x) = (Y(x), Z(x)), R(x) of (2.6). Next, using the familiar differentiation rules, (2.9) and 
the boundedness of IIR(x)± 1 1\ for llx - x, 11 S c one can prove property (S) for more and more complicated 
expressions appearing during the evaluation of (2.6), like 

Z(xf B, Z(xf BZ(x), R(x)- 1 , 

T( ). = (Z(xf BY(x) Z(xf BZ(x)) 
x · R(xf O ' 

(Z(xf BZ(x))- 1 

T(xt 1
, Q(x)T(x)- 1 

and finally for E(x; B) itself. The explicit formula (2.8) for D,.E(x.; B) follows immediately from (2.6) 
because v' ,.L(x., u,) = 0. 

3. Local Convergence Analysis 

We now apply Lemma 2 to analyse the local convergence behaviour of SQP-methods near a K.-T. point 
x. of (P) under assumption (A). In terms of the function E(x; B) , (2.6), the basic iteration (1.3), (1.4) can 
be written as follows 

where 

(3.1) 

Assume first that in all iterations we use the same positive definite Bk = B = BT and the same step 
>.k = >. for all k > 0, 

4>(x): = x + >.E(x; B). 

Also the matrix Z: BZ. is required to be nonsingular so that we may apply Lemma 1. Then the convergence 
behaviour of this method is determined by the spectral radius p(D4>(x.)) of the Jacobian D4>(x.), which, 
by (2.8), is given by 

(3.2) 
D4>(x.) = J - >.Q. ( Z;i?"Y. Z; iz. )-1 ( t;{i::)) 

= Q. [1 - >. ( ~ (Z: n°z. )- 1 ) ( Z:(W.
1
- B)Y. z:;.z,)] Q:. 

Here we have used that 

( Z;W. ) = (Z:"i Y. 
Dg(x.) R. 

Z;W.Z.) QT 
0 •. 
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It followi; from {3.2) immediately that 

p(D4>(x.)) = max[ll- .>.j,p(I- .>.(Z;Bz.)- 1 {Z;W.Z.))]. 

Assume that B h.u: been chosen such that B or at least Z: BZ. is positive definite. Since the matrix 

(Z: Bz.t 1(z:w.z.) 

is similar to 
(Z: BZ. )- 1!2(z:w.z. )(Z; BZ. )- 1 / 2 , 

the eigenvalues of (Z: Bz.)- 1 (Z:W.Z.) are real and have the same signs as the eigenvalues of Z;W.Z •. 
Therefore, if Z;W.Z. is positive definite, that is (1.1) is satisfied, there is a>. with O < >. < 2, such that 

p(D4>(x.)) < 1 

for all .>.k = .>. with O < .>. ~ >., which proves 

Theorem 1. Let x. be a K.-T. point of (P) satisfying the 2nd order sufficient condition (1.1}, and let B be 
any symmetric matrix, such that Z; BZ. is positive definite. Then there is a >. > 0 such that the sequence 
{xk} given by the SQP-method with fixed Bk = B and fixed step .>.k = .>., 0 < .>. ~ >., converges locally {if 
llxo - x.11 is sufficiently small} at least linearly to x •. 

On the other hand, if x. violates (1.2), that is if Z; BZ. has at least one negative eigenvalue, then so has 
(Z: BZ.}- 1 (Z:W.Z.), and therefore 

p(D4>(x.)) > 1 

for any choice of .>. > 0, however small. Hence 

Theorem 2. Let x. be a K.-T. point of (P) violating the 2nd order necessary condition (1.2} for a minimizer 
of (P), and let B be such that Z; BZ. is positive definite. Then for every fixed stepsize ).k = .>. > 0, and 
matrices Bk = B, x. is a repulsive fixed point of the SQP-method. 

We now treat the case of variable Bk, but with fixed stepsizes .>.k = 1, which is typical for the later 
stages of the SQP-method in applications. In this case (3.2) (if Lemma 1 is applicable, e.g. if z. BkZ• is 
nonsingular) simplifies to 

{3.5) 
D~k(x.) = Q. ( ~ (Z: B~Z. )- 1 ) ( Z:(Bk ~ W.)Y. 

I - D~k(x.) = Q. ( ~ (Z; B~z.)- 1 ) ( Z;(W. ~ Bk)Y. 

0 ) QT 
Z: (Bk - W. )Z. • 

0 ) T 
Z;W.Z. Q •. 

Now, it is easy to prove the following theorem of Boggs, Tolle and Wang II]: 

Theorem 3. Assume that x. is a K.-T. point of (P) for which assumption (A) holds, and that the SQP
method {1.3), (1.4} with .>.k = 1 corresponding to the matrices Bk= Bf generates vectors Xk # x., k ~ 0, 
which converge to x., limxk = x •. Moreover let the matrices Bk be such that for all k = O, 1, ... , Z[ BkZk is 
nonsingular, where Zk is any matrix whose columns provide an orthogonal basis of the nullspace of Dg(xk ). 
Then the sequence { Xk} converges Q-superlinearly to x., 

(3.6) 

if and only if 

(3.7) 

lim llxk+l - x, 11/llxk - x. II = O, 
k 
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Rem.arks: 1. Note that the hypothe!!es and the conclusion of the theorem do not depend of the choice of the 
matrices Zk. Because of the assumption lim Xk = x., we may therefore as1mme that for all k ? 0 

and Zk = Z(xk), where the differentiable matrix function Z(x) and t: 1 are as in Lemma 1. 

2. The matrix Pk:= ZkZ[ is the orthogonal projection of the null!!pace of Dg(xk), which doee not 
depend on the choice of Zk; a condition in terms of Pk, which is equivalent to (3.7), is 

(3. 7)' 

Proof: According to the above remarks we may assume 

for all k ? 0. By (2.4}, (2.6), sk is the solution of 

(3.8) 

where the function 

( )·= (Z(x)TV,,L(x,u.)) = (Z(x)Tv'f(x)) 
r x . g(x) - g(x) 

is differentiable for all llx - x. Ii ~ t: 1 according to Lemma 1 and has the root x., r(x.) = 0. Its derivative 
Dr(x) is locally Lipschitz continuous at x., and Dr(x.) is given by 

(3.9) 

Note also that (3.8} is solvable for sk, as Z'[ BkZk is nonsingular by hypothesis. 

Therefore, a well-known result of Dennis and More [2] characterizing the superlinear convergence of 
quasi-Newton methods, shows thas the Q-superlinear convergence of {xk} towards x. is equivalent to 

Because of (3.9) the latter condition holds iff 

which by limxk = x., limZk = z., is equivalent to (3.7). (This simple argument was essentially used by 
Nocedal and Overton [7], however their proof of (3.9} was not given directly, but was based on a complicated 
result of Goodman [5]. Another direct proof of theorem 3 which avoids the use of the not uniquely defined 
differentiable functions Q(x) = (Y(x), Z(x) is given in [9].) 

Our results on the iteration function •k(x) (3.1}, in particular the explicit formulae (3.5} for D+(x.) 
also permit a simple proof of another central result on the convergence of SQP-methods, which was shown 
by Powell [8]. Within this theorem, Zk again denotes any matrix, whose columns form an orthogonal basis of 
the nullspace of Dg(xk), and Pk:= ZkZ[ denotes the corresponding orthogonal projection on this nullspace. 
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Theorem 4. AB11ume that x. is a K.-T. point of (P) for which MSumption (A) and the 2nd order ,ufficient 
condition {1.1) holds, so that x. is a local minimi•er of(P). Suppose further that the SQP-method {1.S},(1.4} 
with Ak = 1 belonging to the matrices Bk = Bf generates vectors Xk, k = 0, 1, ... , that converge to x •. 
Moreover , let the matrices Bk satisfy 

(3.10) 

for all k = 0, 1, .... 
If in addition, the condition 

(3.11) 

holds, then the sequence { Xk} is 2-step Q-superlinearly convergent, 

(3.12) limllxk+I - x.ll/llxk-1 - x,11 = 0. 
k 

Proof: We note again that the hypothesis (3.10) of the theorem does not depend on the particular choice 
of the matrice!:' Zk. Therefore and because of limxk = x. and (A) we may assume without loss of generality 
that for all k ~ 0 

llxk - x • II :'.S (, and Zk: = Z(xk), 

where f = t(c) and the differentiable matrix function Z(x) are as in Lemma 2. In the sequel we use the 
notation ak = 0( ok) if there is a constant C = C(c) only depending on (P) and the bound c of this theorem, 
but not on the Bk such that 

llak II $ Clokl for all k ~ 0. 

Now, by (3.10) and the other hypotheses of the theorem, Lemma 2 applies showing that for all k ~ 0, 4>k(x) 
is continuously differentiable for llx - x, 11 $ f and that 

D4>k(x) = O(llx- x,11) for llx- x,11 :'.SL 

For the errors ek: = Xk - x, we therefore obtain 

(3.13) 

ek+1 = 4>k(xk) - 4>k(x,) = [1 D4>k(x, + tek)ek dt Jo 
= D4>k(x.)ek + O(lle1<:ll 2

) 

= -D4>k(x.)sk + D4>k(x.)ek+I + O(l!ekU:l 

By (3.10) and (3.5), (I - D4>1<:(x,)r 
1 

exists and is bounded fork~ 0: 

(I- D4>k(x.)}-
1 = 0(1). 

Therefore by {3.13) 

(3.14) 
ek+1 = -(I - D4>k(x. )r 

1 
D4>k(x. )sk + O(lle1<:i!2) 

= O(IID4>k(x.)s1<:II) + Olhl! 2
). 

On the other hand, (3.5) gives by (3.10) 

(3.15) 

But 
Sk = 4>k(xk) - Xk = (D4>k(x.) - l}ek + O(llekll 2

) 

= (D4>k(x.) - l)D4>1<:-1 (x.)ek-1 + O(lle1<:-1ll 2
), 
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which shows 

and also by (3.5) 

so that (3.14), (3.15) imply 

llek+1ll/lh-1II = O(lh-111) + O(IIZ;(Bk - W.)Z.Z; skll/llskll). 

As lim Xk = x., lim Zk = Z., condition (3.11) of the theorem, which is equivalent to 

therefore gives the final result 

which was to be proved. 
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