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ABSTRACT 

This report contains short proofs of two known matroid decomposition results, both of 

which are based on a decomposition algorithm of Truemper. The main result is a recent 

theorem of Truemper and Tseng for the class of matroids with the max-flow min-cut property, 

a class characterized by Seymour. The theorem says essentially that every matroid in this class 

is either isomorphic to F 7 or is decomposable into a 3-sum in a well-defined way. The second 

result describes the structure of regular matroids, and is an important ingredient in Seymour's 

decomposition theorem for this class. 
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I .Introduction 

This report contains short proofs of two known matroid decomposition results. Both 

proofs are based on a decomposition algorithm or Truemper (1986a). Our main result is a short 

and self-contained exposition or a recent theorem of Truernper and Tseng (1986) for the class of 

rnatroids with the max-flow min-cut property, as characterized by Seymour (1977b). The 

theorem says essentially that every matroid in this class is either isomorphic to F7 or is decom-

posable into a 3-sum in a well-defined way. 

The second result describes the structure or regular matroids, and is included here largely 

to illustrate the Truernper proof technique (1986a). The theorem says that every 3-connected 

regular matroid that is neither graphic nor cographic is either isomorphic to R 10 or is decompos

able into a 3-sum. This result is an important ingredient in Seymour's characterization of regu-

lar matroids (1980). A proof of this theorem is also given by Truemper (1986a). 

2. Max-flow Min-Cut Matroids 

Let M be a matroid on E. Fix I e E and let w be a nonnegative integral vector defined on 

E. Let A be a {0,1}-matrix defined as follows: A has one column for every element in E-{/} 

and one row for every circuit of M containing I. The entry in row 'C' and column 'e' is 1 if ele

ment e is in circuit C, and O otherwise. That is, the rows are incidence vectors of the 

"I - patha" or M. Let c• be the family of cocircuits of M containing I. We say that M is 

1-MFMC, that is, has the (integral) max-fl.ow min-cut (MFMC) property with respect to I, if 

for every choice of nonnegative integral w, 

max { y(E) I y 1 A$ w, y nonnegative, integral } = pun. w( c· - {/}) 
CE C 

where w( c· - { /}) = :E w( e ), and y(E) is defined similarly. 
e E c• - {I} 

Seymour proved that a connected matroid is l-MFA1C if and only if it is binary and has 

no F; minor containing the fixed element /. Let us denote this class M'. 
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The proof of Seymour's theorem is difficult. On the other hand, if we strengthen the 

requirement on the given matroid M and insist that it be l-MFMG for every choice of the ele

ment I, in this cue saying simply that M is MFMG, then a similar result still holds: M ( con

nected) is MFMG if and only if it is binary and contains no F; minor. Moreover, this second 

theorem is much easier to prove, being an immediate consequence of splitter theory (Seymour 

1980), and the fact that regular matroids are MFMG. In particular, splitter theory implies that 

every such connected matroid is a "2-sum" of F7 copies and regular matroids. Truemper and 

Tseng proved an analogous result for the class M' (1986). Their theorem says essentially that 

every 3-connected matroid in M' is either regular, isomorphic to F7, or decomposable into a 3-

sum in a well-defined way. Here we give a short proof of the Truemper-Tseng result. We remark 

that neither this proof nor that of Truemper-Tseng includes a proof of Seymour's theorem. Both 

simply characterize the class M'. Truemper (1986b) gives a polynomial-time algorithm to solve 

the maximum-flow problem for the class M', and this algorithm doea give an alternative proof 

of Seymour's theorem. 

Let M be a matroid on E. For a fixed base X of M, we call the fundamental circuit 

matrix B= [/ I BJ of M with respect to X a partial repreaentation or PR of M. We assume fami

liarity with the theory of partial representations (Truemper 1984). For convenience we summar

ize a few of the most vital definitions. 

Each square submatrix B' of B specified by X'~ X and Y'~ Y, is declared to be nonaingu

lar if (X -X') LJ Y' is a base of M and aingular otherwise. With this definition linear algebraic 

concepts such as "span" and "parallel" may be given the appropriate (consistent) interpreta

tions. Thus, a pivot in row -z, column y, transforms B to the PR corresponding to the base 

X -{ x} U { J }. For a not necessarily square submatrix B', we define rk(B1 to be the order of 

a largest nonsingular submatrix of B. It is straightforward to check that 

rk(B1 = r((X -X') LJ Y')- IX -X' I (1.1) 



' 
where B' ia indexed by X' and Y' and r(.) denotes the uaual matroid rul(. In accordance with 

the usual convention, • \ ' denotes deletion and • / · contraction. 

Consider a matroid M with a PR or the form given in Figure 1. 

A, 02 

8-

D, A2 

Figure I 

Let N be the minor M /X8\ Y8 ; then the submatrix BN or Figure 2 is a PR for N. Sup-

X; UY;= T; ( i == I, 2), 110 that BN "shows" an exact I-separation { Ti, T2) or N in the seD8e of 

Tutte {1966). 

E, = 
N 

y, y 2 

A 02 1 

D, A 
2 

Figure 2 

X 

X 
2 

We will &SSume that X;. 1"; ;ae dJ ( i =I, 2) since the discussion is readily adapted to the 

situation where this is not so. 'We may then a.sk whether we can extend this k-separation to one 
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for M, that ia, whether we can .. ign the element.a or X1 U Y1 to T1 Hd T1 10 that the resulting 

part.it.ion ( S 1, S2) conat.itutes a 1-aeparat.ion or M. If 1ucb an uaignment ia poeeible, we aay that 

the 1-aeparat.ion (T1, T2) or N ,,.d.cc, a 1-aeparat.ion or M. Tbua, the !-separation (T1, T1) or 

N induces one for M iff we can part.it.ion X8 into X11 and X12 and Ya into Y11 and Y 12 u 1bown 

in Figure 3, where rk.(D 11+rk.(D21-l-l. 

A, 

B- . 

o· 
1 

D, 

Figw-e 3 

o· 
2 

02 

A2 

x'2'r 
- .d. 

Lemma 1. Ir M does not have a !-separation induced by that given for Nin BN, then B bas a 

submatrix or type (,) or type ( c) where e; is not spanned by D;, i -= 1, 2. 

y 
I 
I 
I A, D ' l 

I 
,., 
,L A, e.2 

0,., 
" 

x\ e, f , 

! 
D, A ..., 

I 

I ,L 

D, f2 A ,., 
" 

l 

( r) ( C) 

Figure 4 

Proof. Assume the contrary. Then in Figure 5, B; must be spanned by Di, i = 1. 2. Thus 

(T1,X3 U Y3 U T2 ) gives an induced k-separation of M, a contradiction. D 
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A B 02 , 2 

B • e , 
D A 

' 2 

Fqiure S 

Lemma f. Suppoee that M bas no induced k-separation and is minimal with respect to con

traction o( row elements and deletion or column elements or B. Then B has no submatrix or 

the Corm (re) (Figure 6), where e; is not spanned by D;, i - 1 , 2. 

y 

A f2 D , 2 

X e, 

o, A 
2 

(re) 

Figure 6 

Proof. We use the following easy fact: Let Af be a matroid with minor N, and a.ssume 11; has a 

k-separation ( T 1 • T1,i}. Now let (S 1 , S2) be any partition of E such that T; ~ S;,i = 1, 2. Then 

(2.1) 

If we contract r by deleting row :z from B, the &SSumed minimality or M gives us an induced 

!--separation of Af/:r. say (S/,S21- Note that since ez is not spanned by D 2, I' ES/ and that 

t-1 2:: r 1(S1J + r 1(52J- r1(E - {r}) (2.2) 

where r 1(·) is the rank function of M/:r. Rewriting (2.2) in terms of r(·), we get 
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k-I ~ r(S11-I + r(S21-1 - r(E)+l (2.3) 

Similarly, deleting column J from B we get a k-separation for M\J, say (S1",S2'1, Note that 

since e 1 is not spanned by D 1, :r E S1" and that 

k-1 ~ r(S/1 + r(S2'1- r(E- {r}) 

getting 

rJS1'nS1'1 + rJS2'US2'1- rJE- {:r,r}) ~ k-1 

Rewriting (2.5) in terms of r(·), we get 

r(S1'nS1'1 + r{S2'US2'1- r{E) - 1 ~ k-1 

Adding (2.3) to (2.4) and applying submodularity, we have 

(2.4) 

(2.5) 

(2.6) 

2(k-1) ~ r(S1'US1'1 + r(S1'nS1'1 + r(S2'US2'1 + r(S2'nS2'1- 2r(E)-1 {2.7) 

Adding (2.6) to (2.7) and cancelling terms yields 

(2.8) 

we have an induced k-separation of M, a contradiction. D 

In the remainder of this section, we assume that the ground sets of N and M include a 

fixed element I. We define an I-isomorphism to be an isomorphism that maps / to itself. Denote 

such an isomorphism by "::::::1". 

We now impose a certain condition of minimality on M that will in turn allow us to place 

stronger restrictions on the structure of the submatrices ( r) and ( c ). Suppose that M has PR B 

of Figure I and has no k-separation induced by (T1, T2) of N. We say that Mis minima/ under 

i1Jomorphi1Jm if every M' that is both a proper minor of M and has some N 1 :::::: 1 N as minor 

satisfies: Af' has a k-separation induced by the k-separation of N 1 that corresponds to the given 

one ( T 1, T 2) of N. Notice that any matroid with no induced k-separation has some minor M 

that is minimal under isomorphism. 
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Lemma S. Suppose M has no induced k-separation, and is minimal under isomorphism. Then 

(a) H B bu a submatrix of type (r) (Figure 4) such that f 1 is spanned by D 2, then 

(i) if the subvector in D 2 of some z 1 eX1 -{/} is spanned by the remaining rows of D2, 

z is not parallel to :r1 (in the submatrix). 

(ii) if 90me y 1 E Y1 -{/} is not spanned by D2, :r is not a unit vector with a 1 in the 

column y 1. 

(b) H B hu a submatrix of type ( c) (Figure 4) such that f2 is spanned by D 1, then 

(i) if t.be subvector in D 1 of some y1 E Y1 -{ /} is spanned by the remaining columns of 

D 1• r is not parallel to y1. 

(ii) if aome :r1 EX1-{/} is not spanned by D 1, y is not a unit vector with a 1 in the row 

Proof. By duality, we need consider only (b ). Moreover, we will prove only (i) since (ii) is the 

same condition expressed for rows rather than columns. Indeed, it may be checked that (i), 

respectively (ii). is equivalent to saying that r 1, respectively :r1, is not a coloop in N\ T2. 

Let y1 E Y1 -{ /} be a column with the property that its subvector f2 in D1 is spanned by 

the remaining columns of D 1• Consider a submatrix of type (r) formed by column y not in N 

together with BN, and suppose 'II is parallel to y1 in this submatrix. We will derive a contrad

iction. Since y 1 and y are parallel, replacing y 1 by 'II gives rise to a minor N 1 :::1 N with a k

separation corresponding to that of N. Now the assumed condition on M implies that M\r, has 

a k-separation induced by that of N 1• 



• 
Y, y 

e: A, e2 02 2: 

B -
X 

f2: o, f2 A2 

Fi,;W'e 8 

The darker lines through the middle in Figure 8 delineate this induced k-separation or M\,,. 
This k-separation doee not extend to one for M, since M has no induced k-separation. Hence, 

adding back , 1 must increase the rank of the bottom left-hand corner submatrix to k + 1. But 

f2, the subvector or , 1 in D 1, is spanned by D 1, so there must be a row :z eX8' (see Figure 8) 

such that the subvector of :z above D 1 is not spanned by D 1• Hence BN together with :z and r 

yield a submatrix or type (re) (Figure 6), contradicting Lemma 2. Cl 

Let M denote the class of binary, non-regular matroids with a special element / that is 

not in any F; minor. 

Theorem 1. Let M be a 3-connected matroid in M. Then one of the following applies to M: 

(i) M is isomorphic to F 7 

(ii) M hu a minor /-isomorphic to N 1 (the binary matroid with PR shown in Figure Q) 

and any such minor hu a 3-separation that induces a 3-separation of M. 
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8 • e 

N1 b 
C 

10 

)( y z 
1 1 1 
1 0 1 
1 1 0 
0 1 1 

Fiaure 9 

0 
1 
1 
0 

Proof. Let M e M be 3-connected. Suppose first that M has no F; minor. Then M =::: F1, since 

by splitter theory, if a binary matroid without an F; minor bas an F 7 minor, then it ia either 

isomorphic to F 7 or ia 2-sepa.rable (Seymour 1980). 

Hence, unleM M:::: F 7, M has an F; minor and furthermore I is not in this F; minor. By a 

result or Seymour (1977a), if N is a. connected minor of a connected matroid M, and 

leE(M)-E(N). then M has a connected minor M' such that N-= M'/1 or N - M'\I. Hence 

M II!Ust have a (2-) connected minor M' such that F;:::: M'\I or F;:::: M'// . Indeed, M' must 

be 3-connected; otherwise I is either in parallel or in series with some other element z in M', and 

thus replacing r by I yields a F; minor containing I, a contradiction. 

It is straightforward to check that the only eligible candidate for M' is N 1 (with PR BN,), 

being the only 3-connected single element extension o( F; in M. Thus we have that either 

M:::: F 7 or M ha.s a minor /-isomorphic to N 1• The indicated partition or BN
1 

clearly represents 

a 3-separation of N 1. Suppose M has a minor I-isomorphic to N 1 but has no 3-separation 

induced by that shown in B,--
1
• Then it has a minor that satisfies the conditions of Lemmas 1 

and 3 with B_.,.-== BN,· Thus, by Lemmas 1 and 3, M has as minor a I-element extension of N 1, 

namely a matroid with PR of the form ( r) or ( c) satisfying Lemma 3. This PR is a matrix of 

the form B,._.
1 

together with one additional row or column e. All possibilities for (r) with /=IO; 

are ruled out by Lemma 3, and with / nonzero allow / to be placed in an F; minor. There are 

four cases for ( c) having 9 = [1], with [h] being one of the unit vectors or a vector of all ls. 

These cases a.re all I-isomorphic, and each of the /-isomorphisms maps e to itself. Let us choose 
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N2 (one or tbeae cues) with PR B,..
1 

or Figure 10. We have thus proved i.bat each M wii.b a 

minor /-i.eomorphic k> N 1 either ha.e a 3-eeparation induced by the given 3-eepa.ration 

( { d ,:r ,J ,, } , { • ,6 ,c: ,I}) abown in B,..
1 
or bu a minor 1-i.eomorphic to N2 

d 
B • e 

N2 b 
C 

)( y z 
1 1 1 0 
1 0 1 1 
1 1 0 1 
0 1 1 0 

Figure 10 

e 
1 
1 
0 
0 

Coneider a 3-connected matroid ME M with a minor I-isomorphic to N 2, and consider the 

3-separation shown in Figure 11 for N2 (with a different PR BN
1
J 

e d x l e 
b 1 1 1 0 0 

1 0 1 1 1 
1 1 0 1 0 
0 1 1 0 1 

Figure 11 

Using the same reasoning as before and applying Lemmas 1 and 3 with BN=BNr,;' we conclude 

that either it is possible to extend this 3-separation to one for M, or M has a minor that is a !

element extension of N 2 with PR of the form ( r) or { c:) using the 3-separation shown in BN '. 
2 

However, now we find that all candidates have an F; minor containing /. Thus we conclude 

that all matroicis with a minor /-isomorphic to N 2 have 3-separations induced by the one of N 2 

shown in Figure 11. Moreover, note that the 3-separation sho"--n in BN
2

' is induced by a 3-

separation of /,·~\e =1''1 with 5 1={b,a,d,:r}. (This is a different one from that of B,..
1
; however 
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an I-isomorphism maps {b,a,d,z} and {z,r,c,l} onto {d,z,r,z} and {a,b,c,l} respectively.) Thus 

in this case as well, M has a 3-separation induced by N 1• 

Finally, we examine the case where in place of BN
2 

we produce one of the other three /

isomorphic matroids as an extension ( type (c) ) of BN,· As noted above each of the /

isomorphisms maps c to e, so each of them becomes an /-automorphism of N 1 when restricted to 

N 1. Thus, repeating the above discussion produces, in each such case, an appropriate 3-

separation for N 1 that induces one for M, depending on the corresponding /-automorphism of 

N 1. This proves the theorem. D 

In a concrete setting, we might be interested, given an actual N 1 minor with a fixed label

ling, say the one in BN,• in enumerating all the distinct 3-separations through which N 1 could 

induce the breaking of Af. Indeed, a careful examination of the various I-automorphisms intro

duced in the theorem leads to the following complete list of three 3-separations which can 

induce the breaking of M: 

1. {d,x,y,z}{a,b,c,I} 

2. {b,a,d,x}{y,z,c,l} 

3. {b,a,z,y}{x,d,c,l} 

It may be shown that any such induced 3-separation of M can be converted to a (proper or 

semi-proper) 3-sum with connected A 1 and / E Y2 using the "shifting algorithm" of Truemper 

(1985). 

8. Regular Matroida 

In this section, we give a short proof of a part of Seymour's regular matroid decomposition 

theorem (1980). The full proof may be described as follows. Let M be a 3-connected regular 

matroid that is not graphic or cographic. (If Mis not 3-connected, it may be decomposed into l

and 2-sums.) It may be shown - this argument is largely graph-theoretic - that M has an R 12 or 
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R 10 minor. But eplitter theory impliea \hat any 3-connected regular matroid with an R 10 minor 

must be iaomorphic t,o R 10. The proof then reduces t,o showing, and we give a abort proof below, 

that an R 12 minor induces a 3-aeparation in the matroid containing it. Our proof ia baaed on 

Truemper (1986a). 

Theorem t. Let M be a S-connected regular matroid with a R 12 minor. Then the 3-separation 

shown for R 12 (Figure 12) induces a 3-separation for M. 

1 0 1 1 0 0 
1 0 0 1 1 0 1 1 1 0 0 
1 1 0 0 1 
0 1 1 0 1 

B 
12 

1 0 1 0 1 1 
0 1 0 1 1 1 

0 0 1 1 1 1 0 1 0 1 0 
1 1 1 1 1 0 1 0 1 0 1 

PR of R 
12 

Figure 12 

Proof. We are given that M has a R 12 minor. Consider the 3-separation of R 12 depicted in 

Figure 12, and a.ssume it does not induce a 3-separation of M. Then M has a minor satisfying 

the conditions 8 of Lemma 1 and Lemma 3 with BN = B12. Thus M has as minor a I-element 

extension of R 12, with PR of the form (r) or (c) satisfying Lemma 3. This PR must be the 

matrix B 12 with one additional row or column e. It may be checked that all pos.5ibilities permit

ted for (c) are non-regular, and there is exactly one instance for (r) (up to isomorphism) say R 13 , 

with PR B 13 of Figure 13. Thus if M has a R 12 minor, it either has a 3-separation induced by it 

or has a R 13 minor. 

11 Wnere, in the a.bsenee of a apeeial element/, /-i&0morphism me&ns i&0moq;hism. &nd Lemma. 3 is interprtted 
by simply deleting I from its statement. 
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2 

-

u 

1 0 1 1 
0 1 1 1 

0 0 1 1 
1 0 1 0 
0 1 0 1 
1 0 1 0 
0 1 0 1 

FigW'e 13 

0 0 
0 0 

0 0 
1 1 
1 1 
1 0 
0 1 

Suppose M has an R 13 minor. We ch008e the 3-separation of R 18 shown , which inciden

tally is induced by the one shown in Figure 12 for R 12, and apply Lemma.s 1 and 3. This time, 

every extension of the form (r) and (c} turns out to be either non-regular or or the form (re) in 

Figure 6 , (that is, it is B 12 with an additional row and column) and is therefore disallowed by 

Lemma 2. So M always has an induced 3-separation if it has an R 13 minor. But since the 3-

separation or R 13 contains that or R 12, M has a 3-separation induced by R 12 in this case as well. 

This proves the theorem. D 



16 

REFERENCES 

Seymour, P.D. [1977a]: A Note on the Production of Matroid Minors. Journal of Combinatorial 

Theory t£, £89-£95. 

Seymour, P.D. [1977b]: The Matroids with the Max-Flow Min-Cut Property. Journal of Com

binatorial Theory {B) ts, 189-££2. 

Seymour, P .D. [1980]: Decomposition of Regular Matroids. Journal of Combinatorial Theory (BJ 

£8, 905-959. 

Truemper, K. [1984]: Partial Matroid Representations. European Journal of Combinatorics 5, 

977-994 

Truemper, K. [1985]: A Decomposition Theory for Matroids, I: General Results. Journal of 

Combinatorial Theory (B) 99, ,49-76 

Truemper, K. [1986a]: A Decomposition Theory for Matroids, ID: Decomposition Conditions. 

Jonna/ of Combinatorial Theory (B), to appear. 

Truemper, K. [1986b]: Max-flow Min-cut Matroids: Polynomial Testing and Polynomial Algo

rithms for Maximum Flow and Shortest Routes. Mathematics of Operations Reuarch, 

to appear. 

Tseng, F.T. and Truemper, K. [1986]: A Decomposition of the Matroids with the Max-Flow Min

Cut Property. Discrete Applied Mathematics, to appear. 

Tutte, W.T. [1966]: Connectivity in Matroids. Canadian Journal of Mathematics 18, 1901-192.r 


