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Abstract 

This paper presents two algorithms for solving sparse nonlinear systems of equations: the 

CM-successive column correction algorithm and the modified CM-successive column correction 

algorithm. A q-superlinear convergence theorem and an r-convergence order estimate are given 

for both algorithms. The numerical results indicate that these two algorithms, especially the 

modified algorithm are probably more efficient than some currently used algorithms. 





1. Introduction. 

Consider a nonlinear system of equations 

(1.1) 

where F: R•-+R• is continuously differentiable on an open convex set D cR•, and the Jacobian 

matrix F ' ( z) is sparse. To solve the system, the following iteration is considered: 

z'+I = z' - B,-1F(z') , k=0,1, ... , (1.2) 

where B, is an approximation to the Jacobian with the same sparsity structure. 

For convenience, we rewrite (1.2) as 

(1.3) 

where :r and z indicate the current iterate and the new iterate respectively, and B is an approxi-

mation to the Jacobian. 

Currently, there are several algorithms to get a sparse approximation to the Jacobian. In 

this paper we will disc\188 three types or algorithms. 

(1) Schubert's algorithm. In 1970 Schubert [17] gave a sparse modification of Broyden's 

update. Broyden [2] also gave this algorithm independently. In order to present Schubert's algo

rithm, we introduce the following notation concerning the sparsity pattern or the Jacobian: 

Definition 1.1. For j=l,2, ... , define the subspace Z;cR• determined by the sparse pattern or the 

jth row of the Jacobian: 

Z;={veR•: elv=O for all i auch that [F'(z)];i=O for all zeR·}, 

where ei is the ith column of the n X n identity matrix. Define the set of matrices Z that preserve 

the sparsity pattern of the Jacobian: 

Z = {AEL(R•): AT e;EZ; for j=l,2, ... ,n }. 

Definition 1.t. For j=l,2, ... ,n, define the projection operator, D;EL(R•), that maps R· onto Z;: 

D; = diag ( d;i,d;21 ••• , d;. ), 

where 



{ 
1, 

dji = 0 
' 

if e; E Z;, 
otherwiae. 

For a scalar aER, define the pseudo-inverse: 

{ 

-1 a, 
a= 0, 

if a,': 0, 

if a= 0. 

Now Schubert's update can be written as 

• - ~ Tr + T, T B =B + L..,([a];ta];) e;e;(r -Ba)[a];, 

where [a]; = D;a, a = z - z and y = F(z)- F(z). 

Let 

Q.,. = {AEL(R•): Au=11, for 11ectora u, 11eR•}. 

{1.4) 

The following theorem, which we will use later, was proved by Reid [15] and Marwil [9] indepen-

dently. 

Theorem 1.1. Let BEZ; 'II, aeR• with a,':O. Define B by (1.4). Then Bis the unique solution to 

min{ I IE - B 11 F : BEQ,,.nZ}, 

where 11- 11 F indicates the Frobenius norm of a matrix. 

(1.5) 

The advantage of Schubert's algorithm is that at each iteration only one function value is 

required and it is q-superlinearly convergent (see Marwil [9]). However, it frequently requires more 

iterations than finite difference algorithms. Moreover, it may not be a good approximation to the 

Jacobian when the problem is badly nonlinear, especially when the current step is far away from 

the solution. Therefore, p,, = -B,,-1F(z") may not be a descent direction of the functional 

/(z)-! IIF(z)ll 2, where 11-11 denotes the 12 vector norm. In this case, it may be not good to 

use a line search with Schubert's algorithm. 

(2). Finite difference algorithms. In general, a finite difference algorithm can be formulated 

as follows: obtain direction vectors d1,d2, ... , d, such that B can be determined uniquely by the 

equations 

i=l,2, ... ,p. 



In this paper, we assume that it is not convenient to evaluate the function values element 

by element, instead we only evaluate the value of F(z) as a single entity. This is reasonable since 

in practice it is very common that the components of F(z) have expensive common sub

expressions. In this case, to reduce the number of function evaluations, Curtis, Powell, and Reid 

[4] proposed a finite difference algorithm, called the CPR algorithm, which is based on a partition 

of the columns of the Jacobian. Coleman and More [3] associate the partition problem with a 

graph coloring problem and gave some partitioning algorithms which can make the number of the 

function evaluations optimal or nearly optimal. 

Following Coleman and More', we give some definitions concerning a partition of the 

columns of the Jacobian. 

·Definition 1.9. A partition of the columns of a matrix B is a division of the columns into groups 

c i,c 2, ... ,c, such that each column belongs to one and only one group. 

Definition 1..,1. A partition of the columns of a matrix B is consistent with the direct determina

tion of B if whenever b;; is a nonzero element of B, then the group containing column ; has no 

other column with a nonzero element in row i. 

As an example we consider the tridiagonal structure 

X X 0 0 0 0 

X X X 0 0 0 
0 X X X 0 0 

{1.6) 
0 0 X X X 0 

0 0 0 X X X 
0 0 0 0 X X 

A consistent partition of the columD8 of the matrix is c1 = {1, 4}, c2 = {2, 5}, and c3 = {3, 6}. 

The CPR algorithm now can be formulated as follows: for a given consistent partition of the 

columD8 of the Jacobian, obtain vectors d.,d2, ... ,d, such that B is determined uniquely by the 

equatioD8 
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B"-i = F(z+di) - F(z) == 1/i i=l,2, ... ,p . (1.7) 

Notice that for the CPR algorithm, the number of function evaluations at each iteration is p + 1. 

Since the partition of the columns of the Jacobian plays an important role in the CPR algorithm, 

we call the CPR algorithm based on Coleman and More"s algorithms the CPR-CM algorithm. 

For the consistent partition given in example {1.6), if we take 

d1 = ( h , 0, 0, h , 0, 0 )T, 

d2 = ( 0'" '0' 0'" '0 f, 
d3 = ( 0, 0, h , 0, 0, h f, 

then B is determined uniquely and the number of function evaluations required at each iteration 

is 4. 

The advantage of the CPR algorithm is that it usually requires fewer iterations than 

Schubert's algorithm. However, it requires more function values at each iteration than Schubert's 

algorithm. 

(3). The successive column correction algorithms. 

Polak [13] gave a successive column correction algorithm for unconstrained minimization. 

Feng and Li [7] developed a successive column correction algorithm for nonlinear system of equa

tions, which is called the column-update quasi-Newton method. Using this algorithm, columns of 

B,, are displaced by differences successively and periodically. At each iteration, only two function 

values are required, but only one column is displaced. 

In this paper, we propose two algorithms: the CM-successive column correction algorithm 

and the modified CM-successive column correction algorithm. The former is based on Coleman 

and More's algorithm and the column-update algorithm. The latter is a combination of the CM

successive column correction algorithm and Schubert's algorithm. Both algorithms require only 

two function values at each iterative step. Our numerical results show that the CM-successive 

column correction algorithms, especially the modified one, are probably more efficient than the 

CPR algorithm and Schubert's algorithm. 



The CM-successive column correction algorithm is given in Section 2. A Kantorovich-type 

analysis for this algorithm is given in Section 3. A q-superlinear convergence result and an r

convergence order estimate of the CM-successive column correction algorithm are given in Section 

4. The modified CM-successive column correction algorithm is given in Section 5. Some numeri

cal results are given in Section 6. 

In this paper, for a sparse matrix B, we use M to denote the set of pairs of indices ( i, j), 

where b;; is a structurally nonzero element of B, i.e. 

M={(i,j): b;;=/:-0}. 

2. The CM-Successive Column Correction Algorithm and its Properties. 

Given a consistent partition of the columns of the Jacobian, which divides the set 

{1, 2, ... , n} into p subsets c1, c2, ••• , c,, let 

where 

and let 

d'' = E h"c;, 
jEe;t 

i1,=k ( mod p ), k=l,2, ... , 

1" = F(z" + d") - F(z"). 

(2.1} 

(2.2) 

The CM-successive column correction algorithm can be formulated as follows: H k ~p, then for 

jEc,,, the jth column of B,, is determined uniquely by the equation 

B,,d" = 1", (2.3) 

and the other columns of B,, are equal to the corresponding columns of B,,_1• H k > p , the columns 

oC B,, are displaced as described above successively and periodically. In other words, for jEc;t, the 

jth column of B1, is determined uniquely by (2.3), and the other columns of B,, are equal to the 

corresponding columns of B,,_1• 

For example (1.6), at the first iteration we displace the first group c 1 = {l, 4}. At the 

second iteration we displace the second group c2 = {2, 4}. At the third iteration we displace the 

third group c3 = {3, 6}, and then we displace the three groups successively and periodically. 
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The CM-successive column correction algorithm with a global strategy is given below. 

Algorithm 2.1. Given a consistent partition of the columns of the Jacobian, which divides the set 

{l, 2, ... , n} into p subsets c1, c2, ••• , c, (Cor convenience, ci, i=l,2, ... ,p, indicates both the sets 

of the columns and the sets of the indices of these columns), and given an x0eR• and a nonsingu

lar matrix B0, which has the same sparsity as the Jacobian, at the initial step: 

(1). Set I = 0. 

(2). Solve B0, 0 = -F(x0). 

(3). Choose x1 by x1 = x0 + , 0, or by a global strategy. 

At each iteration Ii: > 0: 

(1). Choose a scalar h". 

(2). IT I < p, then set I = I + 1, otherwise set I = 1. 

(3). Set 

d" = Eh"c;. 
;ee, 

(4). IT jEc, and (i, j) EM, then set 

otherwise set 

where B1, = [bt]. 

Then 

(6). Solve B11 ," = -F(x 11 ). 

(6). Choose z"+1 by x 11+1 = x" + a", or by a global strategy. 

(7). Check for convergence. 

Let 

1 
J,, = fo F '(z 11 +td11 )dt . 

(2.4) 

(2.6) 



(2.6) 

Let J11 = [Jf,,.]. Since J11 has the same sparsity as the Jacobian, by (2.6), we have that if 

(I, m) E M, then 

11 el11" 
J,,,. = -,;;- ' (2.7) 

where mEc;t. Comparing (2.7) with (2.4), we have 

B1,e; = J1,e;, 

The CM-successive column correction algorithm is also an update algorithm, and the update 

can be written as: 

B1, = B,,_1(/ - E e;el) + E Jlle;e[. 
;ee;t ;ee;t 

From (2.8), it is easy to get the following result: 

Lemma 2.2. Let B11 , k=l,2, ... , be generated by Algorithm 2.1. H k?::_p, then 

Ii 

B11 = E E J;e1e{. 
j=t,-p+l IEe;. 

1 

(2.8) 

(2.9) 

To study the properties of our algorithms, sometimes we assume that F' satisfies the fol

lowing Lipschitz condition: there exist a;>O, i=l,2, ... ,n such that 

ll(F'(z)-F'(11))e; II ~a; llz -1111, z,11ED. (2.10) 

• .!. 
Let a=(Ea1} 2

• Then, it follows from (2.10) that 
i=-1 

IIF'(z)- F'(11)ll,~allz -11 II, z,11ED. (2.11) 

Theorem t.!J. Let F' satisfy Lipschitz condition (2.10). Also let {z; }j ... 0cD and let {B; }f-o be 

generated by Algorithm 2.1 with I h II I ~ Tn 11 z11 - z"-1 11- H 

{z,-+d;}j_1CD, then for k?::_p, 

Ii 

II B1,-F '(z1t) II ,~a E 11 z;-z;-1 I I 
;-11-,+1 

7 

(2.12) 



Proof. By (2.5), (2.1) and Lipschitz condition (2.10), 

ll(F'(z"')- J,,.)e; II 
1 

= 11(.fo(F'(z"'+td"')-F'(z"'))dt)e;II 

1 a· 
~ a;fo lld"' lltdt = -f lld"' 11 (2.13) 

a· 
= -' 11 E 1i"' e; 11 2 jEc ,,,, 

where k-p + 1 ~ m ~ k. It follows from (2.9) and (2.13) that 

11 F ' ( z11
) - B,, 11 i, 

,, 
E II E (F'(z")- B1,)e;ellli-

m=ll-p+l jEc;
111 

,, 
E E ll(F'(z")-J,,.)e;ll 2 

m=ll-p+l jEc· ,,,, 

,, 
< E E (ll(F'(z")-F'(z"'))e; II + ll(F'(z"')-J,,.)e; 11)2 

m-11-p+l jEc · ,,,, 

< (2.14} 

,, ,, 
< E E aJ( E II z' - z'-1 I I )2 

111-11-,+1 ;ee;,,. 1-11-,+1 

,, 
= 0

2
( E 11 z' - z'-1 11 )2 

· 
1-11-,+1 

Then, (2.12) follows from (2.14). 

To start iteration (1.2) for a given z 0eD, an initial matrix B0 is needed. We suggest using 

the CPR-CM algorithm to get B0 since it is easy to implement after we have a consistent parti

tion of the columns of the Jacobian. 
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3. A Kantorovich-Type Analysis. 

By means of Theorem 2.3, we have the following Kantorovich-type analysis for the CM-

successive column correction algorithm. 

Theorem 9.1. Assume that F ' ( :r) satisfies Lipschitz condition (2.10). Let :r0 ED, and let B 0 be a 

nonsingular n X n matrix such that 

and 

11 Bo - F , ( :r0
) 11 F ::5 8, 11 Ba1 11 F ::5 ,8, 11 Ba1 F( :r0

) 11 ::5 ,, I 

h = a,8q < .!:.. 
(1-3,88)2 - 6 I 

.BS<.!:.. 
3 

H S(:r0,2t•)c D, where 

t • = 1-3,88 (1- v' 1-6/a ) 
3a,8 ' 

(3.1) 

(3.2) 

then {:r• }, generated by the CM-successive column correction algorithm with 

I h /t I ::5 }; 11 :r• - :r•-1 11 and without any global strategy, converges to :r •, which is the unique 

root of F(:r) in S(:r0, I)nD, where 

- 1- ,881 ( 2 a,8r, ] ½ ] t=-- 1+ 1---~ 
a /3 ( 1 - ,88)2 

Proof. Consider the scalar iteration 

ti+1 -t,, = /3/(t,.), t0 =0, k=0,1,2, · · · , (3.3) 

where 

(3.4) 

It is easy to show that the sequence { t,,} satisfies the difference equation 

a 
t/t+l- t/t = 3 /3 [2 (t/t - f/t-1) + <.rt/t-1 + 8] (t/t - t/t-1) I k=l, 2, (3.5) 

From this equation, it follows that { t,.} is a monotonically increasing sequence and 



where t • is the smallest root of / ( t ). 

lim t, = t• , 
/t--+ 00 

Now, by induction, we will prove that 

11 zlt+l - z' 11 < t - t k = 1 2 · · · - lt+l It, , , , 

{z'} C S(:i:0,t•), k=l,2, · · · , 

and 

II B,-1 11 ~ 3/3 , k = 1, 2, · · · . 

For k = 0, we have 

Thus, 

llz1+d1-z0 11 ~ llz1-z0 11 + lld1II ~ 2llz1-z0 11 ~ 2t• · 

Suppose (3.6) holds for k = 0, 1, ... , m -1. Then, 

ffl-1 

llz"'-z0 11 ~ E (ti+1-ti) = t,,. ~ t•. 
i=O 

Therefore, z"' ES(z0, t•), and 

From the proof of Theorem 2.3, it can be seen that for all k, 

It 

11 B1t-F'(:r,.) 11,~ II Bo-F'(:r°) I IF + a E 11 :r;-:rj-1 I I · 
;=o 

Therefore, 

IIBo1 (B,,. -Bo) II 
~ 11B01 11,(11B,,.-F'(z"')II,+ IIF'(z"')-F'(:r0)11,+ IIF'(:r0)-Boll,) 

M-1 
~ ,8(2a E llzi+l_zi II +26) 

i-0 
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(3.7) 

(3.8) 

(3.9) 

(3.10) 



Thus, by Dennis and Schnabel's Theorem 3.1.4 [6, p.45], 

Hence, 

11:i:"'+1-z"'II 

< 11 B,;1 1 IF 11 F(z"')-F(:i: 111
-

1)-B,,._1(:i:m -z"'-1
) 11 

This completes the induction step. By (3.6), it is easy to show that there is an :i:• ED such that 

The uniqueness of :i:• in S(:i:0
, T) nD can be obtained Crom Ortega and Rheinholdt's Theorem 

12.6.4 [12, p.425] by setting A(z) == B0• 

4. Local Convergence Properties. 

To study the local convergence of our algorithms, we assume that F :D C R • -+ R • has the 

Collowing property: 

There ia an :i:• ED, such that F(:i:·)=0 and F'(:i:•) ia nonsingular. (4.1) 

Theorem ,4.1. Let F:D CR•-+ R• satisfy (4.1), and let F' satisfy Lipschitz condition (2.10). 

Also let { :i:•} be generated by Algorithm 2.1 with I h• I $*I I :i:• - z•-1 11 and without any 

global strategy: Then, there exist E, 6 > 0 such that if :i:0 ED and B0 satisfy 

then { :i:•} is well defined and converges q-superlinearly to z •. 

1 1 Proof. Notice that when E and 8 are small enough, we have that h $ 6 , {36 < 3 and that 

S(:i:0, 2t•) CD where h, f3 and t• are defined in Theorem 3.1. Therefore, by Theorem 3.1, 
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:z" + d" E D , k=O, 1, · · · . 

By (2.8), 

B,, - F'(:z•) 

= (B,,_1 - F '(:z.))(/ - E e;et) + E (J1, - F '(:z•))e;ef. (4.2) 
jEe;

1 
jEe;

1 

Thus, 

1 
= 11 Io (F, (:z"-td")-F, (:z-))dt I IF 

:5 a( 11 :z"-z - I I + ! II d" 11 ) (4.3) 

Let u(:z"-1 
, :z") = max { II :z" - :z• 11 , 11 :z"-1 - :z• 11 }. Then it follows from (4.2) and (4.3) that 

IIB1,-F'(z•)IIF :5 IIB,,_1-F'(z.)IIF + IIJ,, -F'(z.)IIF 
< 11 B1,_1 - F ' ( z •) 11 F + 3au( :z"-1 

, :z") . 

Thus, by Dennis and More"s [5] Theorem 5.1, we know that { :z"} converges at least q-linearly to 

-% • 

According to Dennis and More"s [5] Theorem 3.1, to get q-superlinear convergence, we need 

only to prove that 

(4.4) 

From (2.12), it follows that 

lim IIB,, -F'(z.)ll=O. 
11-00 (4.5) 

This implies (4.4). 

Theorem ,l.t. Assume that F satisfies the hypotheses in Theorem 4.1. Then the r-convergence 

order of Algorithm 2.1 is not less than r, where r is the unique positive root of 

,,+i _ ,, -1 = 0 . 
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Proof. Notice that (4.5) implies that there exist k0 and fJ > 0 such that 11 B,.-1 I I $ fJ for all 

k ~ k0• Thus, by Theorem 2.3, 

llzlr+l_z·11 = llz"-z--B,.-lF(z")II 

< 11 B,.-1 I IF{ 11 F(z")-F(z ·)-F '(z.)(z" -z·) 11 

+ ( 11 F'(z•)-F'(z") II F + II F'(z")-B1r II F) 11 z" -z· I I} 
3 ,.~ 

< /J{- er II z" -z· 11 + er E II z;+l_z; 11} II z"-z; II 
2 ;=lr-p 

< ~erfJ( E llz;-z•ll)llz"-z·II. 
2 ;=lr-p 

Thus, the desired result follows from Ortega and Rheinholdt's Theorem 9.2.9 [12, p.291]. 

5. The Modified CM-Successive Column Correction Algorithm. 

Estimate (2.12) shows that when p is small, B,. is a good approximation to F '(z"). How-

ever, B,, still retains information from the previous p steps. Therefore, the following question is 

reasonable: Can we have a better approximation to F ' ( z") without more function evaluations? 

Notice that when we get B,, by Algorithm 2.1, we did not use the value of F(z"). The main idea 

of the modified CM-successive column correction algorithm stated below is to use all the informa.

tion we already have to improve our approximation to F ' ( z" ). 

Algorithm 5.1. Given a consistent partition of the columns of the Jacobian, a vector z0 and a non

singular matrix B0 with the same sparsity as the Jacobian, at the initial step: 

(1). Set I = 0 and 80 = B0• 

(2). Solve 80, 0 = -F(z0). 

(3). Chooee z 1 by z1 = z0+a0, or by a global strategy. 

At each iteration k >O: 

(1). Update B,,_1 by Algorithm 2.1 to get B11 • 

(2). Update B,, by Schubert's update to get 811 • 

(3). Solve 811 , 11 = -F(z"). 
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(4). Choose :r"+I by :rH1 = :r"+a", or by a global strategy. 

(5). Check for convergence. 

Our numerical results show that Algorithm 5.1 usually requires fewer iterations than Algo

rithm 2.1. &pecially, when the problem is not well behaved, and a global strategy is used, the 

modified algorithm behaves significantly better than Algorithm 2.1. The cost of the improvement 

is the computation of Schubert's update. However, since the Jacobian is sparse, Schubert's 

update requires only O(n) operations. We feel that it is worth doing this rather than computing 

more function values and solving more linear systems. 

Now we will briefly discuss the convergence properties of Algorithm 5.1. Let 

J" = tF '(:r"-1 + t(:r" - :r"-1))dt. (5.1) 

- I ( :r"}-/ (:r"-1) 
Since J" performs exactly the same as the secant factor ,, ;_

1 
in one dimensional prol:r 

:r -:r 

lems, we call J,, the secant operator. It is easy to show the following result. 

Lemma 5.1. Ir F' satisfies Lipschitz condition (2.10), then 

(5.2) 

Estimate (5.2) shows that J" is a good approximation to F ' ( :r") when 11 :r" - :r"-1 11 is small. 

Theorem 5.2. Let F' satisfy Lipschitz condition (2.10). Ir {B1-} and {.81-} are generated by Algo

rithm 5.1, then 

11 n .. - J. 11 F < 11 B" - I. 11 F. (5.3) 

Ir, in addition, 811 7'= B11 , then the strict inequality holds. 

Proof. Since J,,eQ,,.nz, by Theorem 1.1, we have 

- -2 - 2 -2 IIB1- - J" II F + IIB,, - B,, IIF = IIB,, - J,, II F· (5.4) 

Then, (5.3) follows from (5.4). 

Notice that in general, ff,, 7'= B,,. Therefore, by Theorem 5.2, .811 is usually closer to the 

secant operator J,, than B,,. Thus, .811 should be a better approximation to the Jacobian than B11 

14 

• 



when B,, retains some information from previous steps. But theoretically, we can not get a better 

estimate for 11 B,, - F ' ( z 11 ) 11 F than that for 11 B11 - F ' ( z") 11 F. However, we can get the follow

ing result: 

Theorem 5.!J. Let F : n• -+ n• satisfy Lipschitz condition (2.10). Also let {B,,} and { z"} be 

generated by Algorithm 5.1. Then, 

,, 
IIB11-F'(z,,)IIF:52a E llz;-z;-ill 

j=ll-p+l 

Proof. By (5.3), 

II B,,-F '(z1,) 11 F 

< 11 B,, - J,, 11 F + II J,, - F ' ( z") 11 F 

< 11 B,, - J,, 11 F + 11 J,, - F ' ( z") 11 F 

< 11 B1, - F ' ( z") 11 F + 2 11 J. - F ' ( z") 11 F • 

Then, from (2.12) and (5.2), we obtain (5.5). 

(5.5) 

From estimate (5.5), it is easy to prove that Algorithm 5.1 has at least the same local con

vergence properties as Algorithm 2.1. 

8. Numerical Result.a. 

We computed some examples with tridiagonal Jacobians by the CPR algorithm, Schubert's 

algorithm, Algorithm 2.1, and Algorithm 5.1. In this section, we compare the numerical results 

from these four algorithms. The global strategy we used in computing the examples is the line 

search with backtracking strategy (see Dennis and Schnabel [6, p.1261). For the CPR algorithm, if 

p 11 == -B,,-1F(z 11 ) is not a descent direction, then we try -p". Hit is not a descent direction either, 

then the algorithm fails. For the other algorithms, if p 11 is not a descent direction, then we try 

-p,,. If it is not a descent direction either, then we try the CPR direction. If the CPR direction 

fails, then the algorithm fails. In the CPR algorithm, Algorithm 2.1 and Algorithm 5.1, at step k, 

we use different hf for each component of z" instead of one uniform h". According to Dennis and 

Schnabel [6, p.98J, we chooee 
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hj = V machepa zj. 

The stopping test we used is 

I :rf+1 - zf I 
max ,, ~ E, 

I~i::5:• max{ I :ri +l I, typ:ri} 

and we choose E = 10-6. We used double precision, and the ma.chine precision is 2.22d-16. 

Example 6.1 was given by Guangye Li [8], and it can be seen to be an extension of the 

Rosenbrock [16] function (also see More, Garbow and Hillstrom [111) to nonlinear system of equir 

tions with tridiagonal structure. Example 6.2 was given by Broyden [1] (also see More, Garbow 

and Hillstrom [111). Example 6.3 was given by More and Cosnard [10] (also see More, Garbow and 

Hillstrom [111). The results are shown in the tables below, where IT is the number of iterations, 

NF is the number of function(F(:r)) evaluations, and LN is the number of line searches in which 

the step length ). < 1. ND is the number of nondecrease directions. :rO is the initial guess. 

Example 6.1. 

/ 1(:r) = 8(:r1-:rl>, 

/;(:r) = 16:r;(:r;2- :r;_1)- 2(1- :r;) + 8(x;-:r;2+1 ), j= 2, ... , n-1, 

f .(x) = 16:r.(:r,.2- :r._1)- 2(1 - x.), 

n =9, 

d = (-1, -1, ... , -lf, x2 = (---0.5, ---0.5, ... , --0.5f, :r3 = (2, 2, ... , 2f. 

:rO=:rl :r0=x2 :r0=:r3 
Algorithms 

IT NF LN ND IT NF LN ND IT NF LN 
CPR 22 88 15 0 22 88 15 0 8 32 0 
Schubert 38 41 21 7 53 56 47 5 33 36 13 
Alg. 2.1 fail 56 114 46 14 13 28 0 
Alg. 5.1 24 50 14 0 24 50 15 0 14 30 1 

Table 6.1. 

ND 
0 
5 
0 
0 



Example fJ.J! {Broyden tridiagonal function). 

/;(x) = (3-2x;)x; - x;_1 - 2x;+l + 1, 

Xo = Xa+l = 0, 

n =9, 

x1 = (-1, -1, ... , -lf, x2 = (-0.3, 0.3, ... , -0.3, 0.3f, 

x3 = (-10, -10, ... , -lO)T. 

xO=zl xO=x2 
Algorithms 

IT NF LN ND IT NF LN 
CPR 5 20 0 0 6 24 1 
Schubert 7 10 0 0 11 14 2 
Alg. 2.1 6 14 0 0 8 18 2 
Alit. 5.1 6 14 0 0 7 16 2 

Table fJ.J!. 

Example fJ.9 {D~crete boundary value function). 
h2 

f ;(x) = 2x; - X;-1 - X;+l + 2( X; + t; + 1)3 

1 
/a= n+l, t; = i/a, x0 = x.+1 = 0. 

n = 9, 

xl = ('1;)T , '1; = t;(t; - 1), x2 = (-1, -1, ... , -lf , 

x3 = (10, 10, ... , 10f. 

xO=zl xO=x2 
Algorithms 

IT NF LN ND IT NF LN 
CPR 3 12 0 0 4 16 0 
Schubert 4 7 0 0 5 8 0 
Alg. 2.1 4 10 0 0 6 14 0 
Alit. 5.1 4 10 0 0 5 12 0 

Table fJ.9. 
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x0=x3 

ND IT NF LN ND 
0 8 32 0 0 
0 27 30 3 2 
0 12 26 0 0 
0 11 24 0 0 

z0=z3 

ND IT NF LN ND 
0 8 32 0 0 
0 17 20 2 2 
0 12 26 0 0 
0 10 22 0 0 



7. Concluding Remarks. 

We have presented two algorithms for solving sparse nonlinear systems of equations. The 

CM-successive column correction algorithm (Algorithm 2.1) is based on Coleman and More''s par

titioning algorithm and the column-update algorithm. This algorithm uses only two function 

values at each iterative step, and it is q-superlinearly convergent. Using this algorithm, one 

group of the columns of B,, is displaced at each step. Actually, it is not necessary to update just 

one group at each iterative step. Instead, we can displace several groups at each iteration, and 

this gives the algorithm a faster convergence rate. However, if one more group is displaced, then 

one more function value is required. Therefore, the efficiency of the algorithm depends on the 

number of the groups displaced at each iterative step. 

The modified CM-succes.sive column correction algorithm (Algorithm 5.1) is a combination 

of the CM-successive column correction algorithm and Schubert's algorithm. It is also q

superlinearly convergent. Our numerical results indicate that the modified successive column 

correction algorithm usually behaves much better than the CM-successive column correction algo

rithm. However, we have not been able to prove better theoretical convergence results for the 

modified CM-successive column correction algorithm than those for the unmodified one. Addi

tional numerical results indicate that the modified CM-successive column correction algorithm is 

also usually more efficient than the CPR-CM algorithm and Schubert's algorithm. When the prob

lem is not well behaved, or the initial guess is Car away from the solution, the modified CM

successive column correction algorithm is much more efficient than Schubert's algorithm. 

The idea of the CM-successive column correction algorithms can also be used with Powell 

and Toint's [14] work, which will lead to methods for unconstrained optimization problems. This 

will be our future work. 
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