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Abstract 

A new numerical procedure for modeling sini:;le phase miscible dis

placement in a porous media is presented. This model is based upon a 

material balance that is similar that which is used to derive the dif-

ferential equations that govern single phase miscible displacement. 

Since the procedure is defined in ter~s of a material balance, the data 

structures arising in a computational implementation are compatible with 

those that are present in finite difference models of miscible displace-

ment. This procedure obeys a maximum principle due to the upstream 
. 

,ieignting of the convective transport terms. This new procedure does not 

exhibit the grid orientation effect present in the five point finite 

difference models of this process. 





1. Introduction 

Due to the growth in the computational power of the digital 

computer in recent years. numerical models of physical phenomena which 

cannot be described ar.alytically have proved increasingly useful in 

engineering process design. In the field of petroleum reservoir 

engineering. numerical simulations of complex enhanced recovery 

mechanisms such as steamflooding [lJ. in situ combustion [2J. chemical 

flooding [3J, and miscible displacement by carbon dioxide [4J have been 

undertaken. These simulation efforts have the potential of determining 

the economic viability of a particular recovery mechanism without the 

need for an expensive and time consuming pilot study. 

A phenomenon which limits the usefulness of current reservoir 

simulators in field level simulations is the grid orientation effect. A 

numerical discretization procedure that is used in a physical simulator 

is said to exhibit the grid orientation effect if the approximate 

solution is sensitive to the spatial orientation of the grid. In the 

reservoir engineering literature. a spatial discretization that forms 

channels that are parallel to the streamlines connecting the injection 

and production wells is known as a parallel grid [SJ. Similarly. a 

partition of the domain which forms channels that are diagonal to the 

streamlines connecting the injecd.on and production wells is called a 

diagonal grid. Not only do the approximate solutions generated by the 

parallel and diagonal grids differ at discretization sizes practical for 

field simulation work, but the asymptotic solutions that are generated 

by the two grids differ considerably. Grid effects were first reported 

for a model problera by Hirasaki. O'Dell and Todd [SJ, anci were. later 



observed in the simulation of steamflooding by Chu, Coats, George, and 

Harcum [l]. Since the qualitative aspects of grid orientation effect 

are similar for both the model problems and problems of practical 

significance, the test problem generally used to determine the 

sensitivity of a numerical discretization procedure to the orientation 

of the grid is a variant of the single phase miscible displacement 

problem. 

Hany numerical discretization procedures have been proposed to deal 

with the grid effects. These procedures include finite difference 

techniques, finite element techniques, and procedures based upon the 

method of characteristics. 

greater detail below. 

Each class of procedures is discussed in 

Five point finite difference procedures are widely used in 

production reservoir simulators today. Procedures which utilize either 

an expanded or a modified differencing operator are can be implemented 

in existing reservoir models with very little additional effort. 

Hirasaki, O'Dell and Todd [5] propose a two point upstream weighting 

technique. As is shown by McCracken and Yanosik [6], the two point 

upwinding procedure exhibits significant grid effects at moderate 

mobility ratios. McCracken and Yanosik [6] propose a nine point finite 

difference technique that eliminates grid effects at moderate oobility 

ratios, but exhibits unrealistic phenomena at a mobility ratio of fifty. 

Coats and Ramesh [7] report that the HcCracken and Yanosik procedure 

exhibits a signifisant grid effect when simulating a steamflood in an 

inverted seven spot pattern. Robertson ancl Woo [8] propose a scheme 

that utilizes a curvilinear grid. Although this procedure eliminates a 
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substantial portion of the grid effects present in a steamflood model, 

the method has two drawbacks. First, an a priori estimate of the fluid 

streamlines is required to define the coordinate system. Fluid 

streamlines in a realistic process can vary rapidly as a function of 

time. Secondly, a considerable amount of user interaction is required 

for the transmiscibility modifications associated with this method. 

Finite element methods have the potential of eliminating the grid 

effects in the simulation of the miscible displacement problem. Finite 

element procedures which do not exhibit grid effects generally add 

diffusion in some r.ianner. Dupont, Price, and Settari [9] report that 

grid orientation is present in a finite element procedure et:1ploying a c0 

1 approximating space and is not present when a C approximating space is 

employed. Approximating spaces having continuous first derivatives add 

diffusion to the calculated solution. Douglas [ 10] reports that the 

0 
grid orientation present in finite element methods which employ a C 

space can be eliminated· if a term which penalizes jumps in the 

derivative of the approximate solution is added to the discretization 

procedure. A penalty term on the jumps of the approximate solution adds 

diffusion. Young [11] add~ diffusion through a rotationally invariant 

physical dispersion term. He reports no grid orientation in finite 

element procedures employing approximating spaces with continuous first 

derivatives. The grid effects disappear as the norm of the mesh 

approaches zero when using a procedure based upon a c0 approximating 

space. There is, however, a significant grid effect in the procedure 

which uses a CO approximating space at discretization sizes practical 

for field simulation work. 
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The need to add diffusion to finite element procedures is further 

deoonstrated by the linear immiscible displacement problem. A finite 

element procedure can converge to a false solution if diffusion is not 

present. Price, Settari, and Spivak [12] demonstrate that finite 

element procedures employing approximating spaces with continuous first 

derivatives converge to the correct solution of the Buckley-Leveret 

problem and that similar procedures employing c0 
approximating spaces do 

not converge unless diffusion is added to the differential equation by a 

capillary pressure term. Darlow, Douglas, Kendall, and Wheeler [13] 

show that the addition of a mesh ciependent diffusion term forces a 

finite element method based upon a c0 approximating space to converge to 

the correct solution of the linear immiscible displacement problem. 

Furthermore, they relate single point upstream weighting to t.his mesh 

dependent diffusion term. Douglas [10] notes significant overshoot in 

the computed solution for the miscible displacement problem unless 

diffusion is added to the approximate solution. 

These studies indicate that a certain amount of numerical or 

physical diffusion must be present in a numerical model of fluid 

displacement to eliminate both grid effects and formation of false 

fronts. Although five point finite difference procedures add mesh 

dependent dispersion to the numerical model (13], the added dispersion 

is not rotationally invariant in more than one space variable. The 

physical dispersion proposed by Young [11] is rotationally invariant, 

which permits the asymptotic convergence of a finite element method that 

l C
o . . emp oys a approximating space. 
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Finite difference procedures employing an extended differencing 

operator can be implemented in existing five point finite difference 

reservoir oodels with little additional effort. The major drawback with 

applying finite element procedures to reservoir engineering models is 

that it is not possible to easily implement the numerical discretization 

procedure in existing models of complex physical phenomena. For 

example, often associated with finite element procedures are penalty 

terms [10], logarithmic approximations to the sources and sinks [14], a 

need for the pointwise evaluation of the Darcy velocity [9] [10] [11] 

[14], and capacity matri:Kes that do not allow the implementation of an 

IMPES [15] solution technique. Young [11] directly or indirectly 

addresses several of these points, especially noting a technique which 

employs reduced numerical quadrature allows the efficient implementation 

of an IMPES solution technique. Indeed, the procedure he describes that 

employs a c0 linear approximating space reduces to a five point finite 

difference formulation. Regularization of the computed solution is 

achieved through a rotationally invariant physical dispersion term 

instead of by upwinding. As is noted earlier, the grid effects present 

in the c0 
procedure are significant at practical discretization sizes. 

Procedures based upon a modification of the method of 

characteristics eliminate grid orientation in the miscible displacement 

model problem. Furthermore, these procedures do not add numerical 

diffusion to the computed solutions. Examples of such work include 

Glimm, Isaacson, Marchesin, and McBryan (16], Russell [17], and Ewing, 

Russell, and Wheeler [18]. The major difficulty in applying these 

techniques in a general setting is twofold. Computational experience 
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with these methods is limited for compressible problems. and the data 

structures arising in an implementation are inconsistent with those 

found in existing reservoir engineering models. 

A new numerical model of single phase miscible displacement in a 

porous media is developed below. Instead of defining this procedure 

using the differential equations governing the physical process. this 

procedure is developed directly from material balance considerations. 

Hence this procedure is readily implemented in any existing code which 

views the numerical model as a material balance on the computational 

molecules associated with the spatial discretization. All finite 

difference procedures are compatible with this material balance 

framework. Upstream weighting is used to add dispersion to the 

numerical procedure. Although no attempt is made to prove either 

consistency with the differential equations governing single phase 

miscible displacement or convergence to the true solution of these 

equations• the theoretical results of Bell. Shubin. · and Wheeler 

concerning this procedure are mentioned briefly. Lastly. computational 

results are presented which demonstrate the lack of g~id effects in this 

procedure. 

2. Definition of the Hodel 

two component, single The two dimensional• 

displacement problem is a simple and unrealistic 

phase 

model 

miscible 

problem. 

Nonetheless, the qualitative aspects of this model adequately represent 

some features encountered in the displacement of oil in a petroleum 

reservoir. A fluid that is known as the resident fluid is assumed to be 

originally present in the reservoir. A second fluid known as the 
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invadinr; fluid is injected at wells that are known as injection wells in 

an attempt tc t;-;:-oduce the resident fluid at other wells that are known 

as production wells. The process is assumed to be independent of the 

vertical coordinate, and is modeled in a two dimensional domain. The 

height of the reservoir is assumed to be unity for convenience. 

Over the domain n entities that are known as computational 

molecules are defined. The computational molecules are denoted by r. • 
p 

Denote the number of computational molecules by m. A precise definition 

of the computational molecules is not necessary at this point. However, 

the computational molecules formed by a five point finite difference 

approximating 

discretization. 

technique are rectangles formed by the spatial 

A modification of the standard analysis of fluid mechanics [20] 

that is ultimately em.ployed to derive the differential equations 

governing a physical process is used below. For every computational 

molecule n, the law of conservation of mass is expressed as a material 
p 

balance given by 

{ Accumulation of mass inn } = { Mass flux into n } + 
p p 

{ Sourc.e terms acting on O } 
p 

(1) 

Consider first the total flow of fluid into a computational molecule n • p 

irrespective as to whether the fluid is resident fluid or invading 

fluid. Let V denote the pore volume of the computational molecule n. 
p p 

Under the assumption of single phase flow, the average density of the 

fluid in the computational molecule n 
p 

is represented by a single 

quantity pp. The accumulation of mass in np between time t
0 

and tn+l is 
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given by 

Accumulation= V [p (t +l)-p (t) J 
p p n p n 

( 2) 

Assume that the number of sources and sink present in the domain n 

is denoted by s. Let Qk denote the strength of the k' th source term 
p 

with respect to the computational molecule O • 
p 

For a sink. this 

quantity is negative. The source term has units of expressed in terms 

of mass injected per unit time. Letting Qk( t + "JI ) denote the average 
p n 72 

value of the injection rate between time t and t 1 • the contribution n n+ 

of the source terms is given by 

s 

Sources= £\t 2 
k=l 

Fluid flowing into the computational molecule 0 
p 

that is 

(3) 

not 

covered by the source terms must flow out of another computational 

molecule n by convective flow. Denote the mass transfer rate between 
q 

the coi:aputational molecule '2 and O as Ilq. Since the amount fluid 
p q p 

flowing into O that flows out of O must be the negative of the amount 
q p 

of fluid flowing into O that flows out of n, the mass transfer rates 
p q 

satisfy the property that r1'l 
p 

Assume that the system satisfies zero flux boundary conditions, 

i.e., that no fluid flow occurs across the boundary an of the domain n. 

The total mass flux into a computational molecule n is thus the sum of 
p 

all mass transfer rates of the form !1'l, where q can range from 1 tom. 
p 

Let :rA( t + ll) denote the average of the mass transfer rate I1'l between 
P n ·~ P 

time tn and time tn+l. The total mass flux into a computational molecule 
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0 between time t and time tn+l due to convection is given by -~ n 

m 

Hass Flux= At 2 
q=l 

I1'1(t +"') p n 12 

(4) 

Given (2), (3), and (4), the material balance for the computational 

molecule .! is rearranged to yield 
p 

m 

Vp[pp(tn+l)-pp(tn) J = Li.t 2 
q=l 

s 

r9Ct +"') + ot \L·. 
p n 12, 

k=l 

k 
Q(t+,.,) 

p n 12, 

( 5) 

Let c denote the concentration of the invading fluid. A material 

balance that can be derived in a fashion similar to the derivation of 

(5) governing the concentration of the invading component 

computational molecule O is given by 
p 

The 

V [ p (t +l) C (t +l) - p (t ) c (t ) ] : 
p pn pn pn pn 

m 

q=l 

quantity C p represents the average 

s 

k=l 

k ,_ 
Q (t +,.,)c (t +JI) p n12, p D72, 

concentration of the 

c in a 
p 

(6) 

invading 

fluid in the computational molecule 0 • The quantity cq appearing in p p 

(6) represents an average concentration of 

respect to the computational molecules nq 

the invading 

and n • 
p 

fluid with 

The average 

concentration is written with a tilde for the source terms to indicate 

that the invading fluid concentration is by definition unity at the 

injection wells and that it depends upon the local fluid composition at 

the production wells. Precisely, let 
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l if Qk > 0 p • 

C ( t + ~ ) if 
p n 7z 

Qk < 0 
p 

(7) 

The pressure distribution P and the distribution of the 

concentration of the invading fluid care assumed to be a set of primary 

unknowns from which the values of all quantities appearing in the 

material balances (5) and (6) are determined. Average values P and c 
p p 

of the primary variables are defined for every computational molecule 

n. The density of the fluid is assumed to be a function of the pressure 
p 

and the concentration of the invading fluid. In this investigation, the 

density is related to the primary variables by 

p(P,c) = p.[l+a.P]c+ p [l+a P][l-c] 
1 1 r r 

( 8) 

The quantities p. and p represent the densities of uncontaminated 
1 r 

invading fluid and resident fluid, respectively. 

c represent the compressibilities of each fluid. r 

The quantities a. and 
1 . 

The average density 

Pp of the fluid in a computational molecule np is related by (8) to the 

average pressure P and the average concentration of .the invading fluid 
p 

C • Let 
p 

= p(P , c ) Pp p p 

• (9) 

Assume that the domain n is a rectangular region of the form 

(O,xL)x(O.yL). A partition nx={x0,x1, ••• ,xn} of the x coordinate axis 
X 

is formed from the rule 
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0 = x0 < x1 < x2 < ••• < x n = x
1 

X 

• ( 10) 

In a similar manner, a partition ff of they coordinate axis is formed 
y 

from the rule 

O=yo<yl <y2< ••• <yn =yL 
y 

• ( 11) 

The partitions defined by (10) and (11) are extended by reflection to 

included additional points on the x or y coordinate axis. For example, 

the point x_ 1 is obtained by reflection of the point x
1 

through the 

point xo· 

Functions of a single space variable are associated with the 

partitions n and ff. Functions denoted as X. that are associated with 
X y l 

the partition nx are defined by 

X. (x) = 
l 

X - X. l 
1-

x. - x. l 
l 1-

xi+l - X 

xi+l - xi 

0 

·x. l < X < X. 
1- l 

X, < X < X, l 
l 1+ 

x < x. 1 or x > x. 
1 1- 1+ 

• • (12) 

In a similar fashion, functions Y. that are associated with the 
J 

partition n are defined by y 
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Y.(y) = 
J 

y - y j-1 
YJ·-1 < Y < YJ· 

y j - y j-1 

y j+l - y 

y j+l - y j y j < y < y j+l 

0 y < y j-1 or y > y j+ l 

• ( 13) 

Define a node n .. to be an element of the Cartesian product 1t xrc • 
lJ X y 

Associated with each node n .. is a function W .. that is generated by the 
lJ lJ 

functions X. and Y .• Let 
l J 

W .. (x,y) = X. (x) Y .(y) 
l J l J 

• (14) 

Associated with each node n .. 
lJ 

is a computational molecule 0 .... 
lJ 

Although the computational molecule n .. escapes a precise geometrical 
lJ . 

interpretation, it is in some sense related to the area under the curve 

f orn1ed by the function W. • [21]. Let ¢ denote the porosity of the 
lJ 

formation. Consistent with the interpretation of the computational 

molecule P... as the area under curve of W .. , the pore volume V.. 1s 
lJ lJ lJ 

defined as 

r'i+l Jy j+l 
V .. = Jx ¢W ... (x,y) dy dx 
lJ xi-1 yj-1 l.J 

• (15) 

For the purpose of discussion, a grid block is defined to be a 

spatial region of the form (x.,x. 1)x(y.,y.+1). 
l. 1.+ J J 

The computational 

molecule n .. can be thought of as existing over the four grid blocks 
lJ 

(x.,x. 
1

)x(y.,y.+
1
), 

l. 1.+ J J 
(x.,x. 

1
)x(y.,y. 

1
), 

l 1.- J J+ 
(x.,x. 

1
)x(y.,y. 

1
), 

1 1.+ J r and 

(x. ,x. 
1

)x(y. ,y 
1
), since the associated function W .. is nonvanishing, 

l 1- J - lJ 

i.e. supported, only over these grid blocks. For the purposes of 
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discussion, a quantity ax. 
l. 

is associated with every element x. of the 
l. 

partition l'i by 
X 

b.x. = ¾[x. 
1

-x. 1 ] 
l. i+ 1.-

• (16) 

A quantity ay. is defined for every element of r. in a similar fashion. 
J y 

Let u denote the mass flux distribution in the domain O having 

directional components denoted by u and u. The average value between 
X y 

time tn and tn+l of the u1ass transfer rate 1~(tn+o/
2

) between any two 

cou1putational molecules n .. and n his defined is terms of the average 
l.J g 

value of the components of the mass flux distribution u ( t + 11 ) and 
X n 12 

~h < ) = r\+1 Sy j+l 
i J. tn+o/2 Jx. 

1 
y . 

1 i- r 

aw .. (x,y) 
{ I i-g I ux(x,y,tn+o/

2
) i 1x Yh(y) + 

aw .. (x, y) 
j-h lu (x,y,t +~) l 1 X (x)} dydx y n 72 y g 

• ( 17) 

A mass transfer rate r?~ between two computational molecules n.. and 
lJ l.J 

0gb calculated from (17) is nonzero only 

eight nodes surrounding the node n ..• The 
l.J 

if the node n .. is one of the 
l.J 

mass transfer rates calculated 

from (17) are, as desired, antisymmetric, i.e., Mass 

transfer rates from (17) can be calculated from any approximation to the 

mass flux distribution, including the exact distribution. A geometric 

interpretation of (17) is given by Potempa [21]. 

The material balance on total mass represented by (5) is rewritten 

as 

- 13 -



1 1 

V .. [p .. (t 
1
)-p .. (t )] \ 2 ..,h 

= ;it r':'. (t +t) + 
i J i J n+ i J n L i J n :z. 

g=-1 h=-1 
s 

2 k 
i'.it Q .. (t +t) 

l. J n :z. 
k=l 

• (18) 

In a similar manner, the material balance (6) on the invading component 

is n:,wri tten as 

V .. [ p .. (t 
1

) c .. (t 
1

) - p .. (t ) c .. (t ) ] = 
1 J 1 J n+ 1 J n+ 1 J n 1 J n 

1 1 

g=-1 h=-1 
s 

0 h gh 
P:'.(t ll)c .. (t :.,)+ 

1 J n+ ,:z. 1 J n+ 72, 

At 2 k .... 
Q .. (t +.., )c .. (t +"') 

l.J n7:z, l.J 07:z. 
k=l 

• (19) 

Upstream weighting based upon the sign of the appropriate mass 

transfer rate is applied to the average concentration 
. 

gh ) 
C •• (t +"' 

l.J n 7:z. 

appearing in (19). Following the IHPES technique, this term is 

approximated explicitly in time. Let 

c~h. ( t +..,) = 
1. J n 7:z. 

C (t ) .. 
n l. J 

c(t ) h n g 

if ~h. ( t 
21 

) < 0 
l. J n+ '2 

if ~h. ( t 'JI ) > 0 
l. J n+ 7:z. 

• (20) 

Also following the IHPES analysis, the concentration at the source terms 

is evaluated explicitly in time. Let 

l if Qk > 0 , 
p 

C (t) if Qk < 0 
p n p 

• (21) 
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LJefine the total mass mobility t as 

~(P.c) = 
kp(P.c) 

µ(c) 

• (22) 

The coefficient k appearing in (22) is known as the permeability of the 

rock. Although the permeability is in general both a spatially 

dependent function and a directional quantity, assume that it is an 

isotropic constant for the sake of brevity. Following Darlow. Ewing, 

and Wheeler [14]. the viscosity µ is assumed to be a function of the 

concentration of the invading component of the form 

• ( 23) 

The mobility ratio M of the flood is defined to be the ratio of the 

viscosity µr of the resident fluid to the viscosity µi of the invading 

fluid. Let 

• ( 24) 

The mass flux distribution is related to the primary unknowns by Darcy's 

Law and by the definition of the mass mobility. Let 

• ( 25) 

.~,c distribution of the mass flux at each point in the domain 0 

req~ired by ( 17) is determined from a pointwise approximation to the 

prirnary unknowns and (25). A pointwise approximation P to the pressure 

distribution is obtained from a linear combination of the functions W .. iJ 
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and the average values of the pressure P .. in the computation molecules 
l.J 

Q... Let 
l.J 

n n 
X y 

P(x,y,t) = 2 2 P. . ( t )\1. .(x,y) n l. J n l. J 
i=O j=O 

• (26) 

In a similar fashion, an approximation c to the concentration of the 

invading fluid is given by 

n n 
X y 

c(x,y,t ) = 2 2 C. . ( t )W .. (x.y) n l. J n l. J 
i=O j=O 

• ( 27) 

The approximation to the mass flux distribution used in the 

implementation of this procedure is further simplified to permit an 

efficient calculation of the mass transfer rates. The total mass 

mobility ~ is evaluated explicitly in time and as a piecewise constant 

over each grid block. Let 

(x,y) € (x. ,x.+1) x (y . •Y . 1) 
l l J J+ 

• ( 28) 

Using (25) and (28), the mass flux distribution 1.s approximated as 

• (29) 

The vector u calculated by (29) is used computationally as an 

approximation to the mass flux distribution in (17). 
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Although the evaluation of (17) appears formidable, only the 

functions X.. Y., and W. . remain under the integral sign if it is 
l J lJ 

eApandec through the definitions given above. These integrations are 

perforL1ed separately on each grid block. Recall that the total mass 

mobility i~ approxim~ted as a constant over each grid block and is thus 

removed from under t:,e integral sign. The remaining functions appearing 

in (17) are constant with respect to time and are polynomials in space. 

The integrals are evaluated exactly for every grid block only once by 

using an appropriate master grid block and a mapping. The mass transfer 

rates between adjacent computational molecules are thus written as easy 

to compute linear combination of either four or six nodal values of the 

pressure. The zero flux boundary conditions are imposed by reflection. 

In finite difference procedures. the approximate mass transfer 

rates are directly proportional to the pressure difference. In contrast, 

the procedure described above determines approximate mass transfer rates 

by the integration of a mass flux vector which is the weighted gradient 

of a piecewise differentiable representation of the pressure 

distribution. By using an appropriate numerical quadrature scheme, 

these integrals are evaluated as a linear combination of nodal values of 

the prct>t>Ure. 

Other approximations to the mass transfer rates can be obtained by 

using different quadrature rules. If the mass flux vector is assumed 

constant over each individual grid block and every grid block is a 

square, the formula of Yanosik and l·kCracken [6] can be obtained from 

(17). Evaluation of (17) using the Lobatto points, as in Young (11]. 

results in a five point finite. difference formulation. If the 
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components of the mass flux u and u are known exactly. these values 
X y 

can be used in (17). Numerical experiments of Potempa [21] indicate 

that use of a higher order approximation to the mass flux in (17) 

further reduces the amount of grid orientation. 

Injection rates are assumed to be specified at the injection wells. 

A well model is used for calculating the injection rates at the 

production wells. The form of the well model is that used by Peaceman 

[22]. Assume that uniform. square grid blocks are used. i.e •• that 

Ax.=~y.=il for all pairs of indices i and j. Let the k'th well be located 
l. J 

at (xk.yk). the bottom hole pressure of the k'th well be denoted by 

k 
Pbh" and the wellbore radii of the k'th well be represented by rk. The 

injection rate Qk at the k'th production well 1.s calculated from 

pbh -P(xk.yk.tn+l) 

ln( .1168~) - ln(- ) 

The constant .1168 is calculated directly from the simulator in ·the 

manner described by Peaceman [22] and Coats and Ramesh [7]. All 

coefficients appearing in (30). except the local reservoir pressure, are 

evaluated explicitly in time. This definition is modified in the manner 

described by Peaceman [22] if the grid is not uniform. 

Given the approximation to the injection rates. the injection rate 

into a computational molecule 

given by 

k 
Q .. (t +j/) 

1. J n 7:,, 

n ... due to a 
l.J 

source of strength Qk is 

• (31) 

The wells are not restricted to lie at the nodes of the discretization. 
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This is an improvener.t over finite difference formulations, where the 

uncertainty in the location of a well is the size of the grid block in 

which it is located. Included in the computational results is a 

simulation of an inverted seven spot pattern in which some of the wells 

do not lie at the nodes of the discretization. 

3. Theoretical Results 

In this section, the fluid is assumed to be incompressible, i.e., 

that p=p.=p and a.=a =O in (8). Given Darcy's Law for the mass flux 
i r i r 

(25), the following system of partial differential equations govern the 

incompressible miscible displacement process. An equation known in the 

literature as the pressure equation is given by 

s 

V • u = 2 
k=l 

• (32) 

Let D denote a molecular diffusivity. The distribution of the invading 

fluid is governed by the concentration equation given by 

s 
oC \ 

¢ p at + V • c u - V • D V _c = L 

k=l 

• (33) 

Let N denote the outward pointing normal on the boundary an of the 

region n. The follewing boundary conditions are imposed. Let 

u • N = 0 on an 

• (34) 

Bell, Shubin, and Wheeler [18] present a detailed proof for the 
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procedure detailed above of convergence to the true solution of (32)

(34) under the assumptions of both smoothly distributed sources and 

sinks and a positive molecular diffusivity D. The rate convergence is 

shown to be of order of the norm of the mesh b.. They also prove that 

the procedure outlir.ed above is corsistent with (32)-(34) if D is equal 

to zero. The numerical dispersion tensor that is added by the procedure 

is demonstrated to be nearly rotationally invariant. 

Al though it is a nontrivial matter to demonstrate the consistency 

of this procedure with the concentration equation, it is relatively 

straight forward to show consistency with the pressure equation. In the 

incompressible case, the injection rates at the production wells are 

specified by the condition of incompressibility. Dropping the indexing 

denoting time, substitution of (17) and (31) into (18) yields 

s 

Jx i + 1 Jy j + 1 \ 
- u(x,y)•\7W .. (x,y)dydx= L 

xi-1 Y J·-1 1. J 
k=l 

• (35) 

This equation is a weak formulation of the pressure equation (32) 

subject to the zero flux boundary conditions (34). 

4. The Discretized System of Ronlinear Equations 

A symbolic form of the total material balance which is enforced for 

each computational molecule n is ""ij 

• (36) 

The vector P indicates that a material balance depends upon the value of 

the pressure at the new time level in not only the computational 
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molecule n .. · but also in the ten surrounding molecules. In a similar 
l.J 

t:1anner, the material balance governing the approximate distribution of 

the concentration of the invading component is 

~- .(c .. (t 
1
),P(t 

1
)) =O 

1 J 1. J n+ n+ 

• (37) 

The material balances represented by (36) and (37) are solved 

simultaneously for the composition and the pressure with respect to 

every computational molecule. 

The resulting system of nonlinear equations is solved in the 

following fashion. The initial guess for the average pressure values 

0 P .. (t 
1

) at the new time level 
l.J n+ 

computed at the old time level. 

are the average pressure values P .. (t) 
l.J n 

A sequence {P?.(t 1),P~.(t +l), ••• } is 
lJ n+ lJ n 

computed until convergence as follows. Given the k'th pressure iterate 

at time t 1, the material balance on the invading component represented n+ 

by ( 37) is readily solved for the k' th iterate of the concentration 

k 
k'th 

k 
c .. (t 1). The residual ! .. of the total material balance is 

l.J n+ lJ 

computed from (36). The norm of!~. is computed in units of density. If 
lJ 

the norm of the residual is less than a specified tolerance, P .. (t +l) 
lJ n 

and c .. (t +l) are set equal to P~.(t +l) and c~.(t +l), respectively. 
l.J n l.J n l.J n 

Otherwise, a new pressure iterate is obtained using Newton's method. 

The Newton step is calculated by requiring that the differential of 

the total material balance with respect to the finite pressure 

distribution for all computational molecules D •• be equal to the 
l.J 

negative of the residual in the total material balance. The elements 

J~~ of the associated Jacobian matrix are determined from 
l.J 
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a!. . &=-. . -1 a:;:. . 
_u_u _u 

+ . ~ -p uc . . vC. . o gh 
l.J l.J 

The Newton step satisfies 

n 
X 

\ 

2 

n 
y 

2 
g=O h=O 

k I .. 
l. J 

• ( 38) 

• (39) 

Application of (39) to every computational molecule generates a banded 

system of linear equations, which is then solved exactly using a banded 

matrix routine. 

5. Coaputational Result~ 

The numerical simulations using this new procedure as a model of 

single phase miscible displacement are presented. Both the recovery 

curves and contour plots showing the computed distribution of the 

concentration of the invading fluid are presented. ·The contours 

correspond to the locations where the concentration of the invading 

fluid is .1, .3, .5, .7, and .9, respectively. The injection wells are 

~ 
_labeled by the symbol ¢, the production wells are labeled as o, and the 

wells that have been shut in are labeled as ~. For the purpose of 

comparison, simulations employing a parallel grid are pictorially 

represented on a diagonal grid. 

The measure of time used in presenting these results is in terms of 

the number of pore volumes of fluid injected. For compressible 

probleras, a pore volume of fluid is defined to be the amount of the 

fluid that occupies the amount of pore space available in the simulated 
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pattern at standard conditions. The number of pore volumes of the fluid 

injected into a reservoir is abbreviated as PVI. 

The physical parameters utilized in this study are listed in Table 

l. A large fluid compressibility is used to study the sensitivity of the 

model to the compression effects. Injection rates are given in terms of 

the total injection rate in the repeated pattern as opposed to the 

alternative specification of total injection rate into the simulated 

pattern. No limiting rate is specified at the production wells. 

The basic model problem considered is displacement at an 

unfavorable mobility ratio of 100. Figure l exhibits the compositional 

profiles generated by this procedure at .5 pore volumes injected for a 

12xl2 diagonal grid and a 17xl7 parallel grid. The recovery curves for 

both grids until 1.5 pore volumes of fluid are injected are presented in 

Figure 2. This procedure exhibits very little grid orientation at 

unfavorable· mobility ratios in both the recovery curves and the 

compositional profiles. 

Recall that the mass transfer rates between two computational 

molecules generated by (17) are evaluated inexactly in this 

implementation of this procedure. The mass mobility is a spatially 

dependent function which depends upon the local fluid composition. This 

procedure evaluates the mass mobility at only a single point within each 

grid block. This integration scheme does not provide enough accuracy to 

completely control the amount of grid orientation present in the model. 

The amount of this error can be reduced by using very accurate numerical 

quadratures. If a two point Gauss quadrature rule is employed within 

each grid block to evaluate the integrals governing mass transfer rates, 
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the amount of grid orientation present in this procedure is decreased by 

about 66% [21]. 

This procedure is utilized to model an inverted seven spot pattern. 

The pattern and a discretization which preserves zero flux boundary 

conditions are illustrated in Figure 3. The compositional profiles 

generated by this procedure for this model problem at .5 and .625 pore 

volumes injected for an unfavorable mobility ratio displacement of 100 

are illustrated in Figure 4. The radial flow at early time is evident 

in Figure 4. An inverted seven spot pattern helps prevent the formation 

of a viscous finger, which allows a higher percentage of the resident 

fluid to be recovered. The wells located at (0,1732) and at (2000,1732) 

do not lie at nodes of the discretization. This substantiates the claim 

that this procedure accurately models the exact location of injection 

and production wells, unlike finite difference models. 

The computational results presented thus far demonstrate the 

insensitivity of this procedure to the orientation of the grid. This is 
. 

an important consideration when modeling processes where the physical 

streamlines do not follow the artificial streamlines induced by the 

discretization. A physical displacement process where complex stream 

functions arise is the process of crossflooding a reservoir. 

Crossflooding is a proven technique for increasing the pattern 

efficiency of water flooding [23]. There are two methods of 

crossflooding a reservoir. The old well configuration is expanded to 

change the streamlines of the fluid flow. This process is an expanded 

pattern crossflood. Infill drilling is done to produce the blind spot 

of the old pattern. This process is a reduced pattern crossflood. The 
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original pa~tern, the expanded pattern, the reduced pattern, and a 

fourth pattern are illustrated in Figure 5. The new pattern for 

crossflooding is a result of considering the simulated compositional 

profiles for the reduced pattern crossflood using this numerical model. 

The original five spot pattern is produced until .5 pore volumes of 

fluid are injected. Crossflooding is initiated at this time, and 

crossflooding continues until 1. 5 pore volumes of fluid are injected. 

The compositional profiles of the various crossflooding processes are 

exhibited for l pore volume of fluid injected for an unfavorable 

mobility ratio of 100 in Figure 6. The recovery curves for 

crossflooding until 1.5 pore volumes of fluid are injected are 

illustrated in Figure 7. 

The blind spot to the original pattern is clearly illustrated in 

Figure 6. The invading fluid follows the path of least resistance in the 

expanded pattern crossflood. This path does not displace the 

agglomeration of resident fluid in the blind spot. Instead, the invading 

fluid circumvents the blind spot and quickly reaches the production 

wells. The invading fluid from the original injection wells does not 

displace any of the resident fluid in the reduced pattern . crossflood. 

Instead, the invading flui4 injected into the old injection wells flows 

directly toward the production wells. By shutting in the old injection 

wells in the reduced pattern crossflood, the displacement efficiency of 

the invading fluid is significantly increased. The blind spot in the 

new pattern crossflood is extremely small compared to the other 

crossflooding alternatives. The efficient use of the invading fluid in a 

crossflood is important when the invading fluid is either produced from 
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hydrocarbons, such as polymers or surfactants, or is generated by the 

combustion of hydrocarbons, such as steam. 

6. Conclusions 

A numerical procedure for modeling two dimensional, two component, 

single phase miscible displacement in a porous media is presented above. 

Since this procedure is formulated directly from material balance 

considerations, it is compatible with many of the finite difference 

models of miscible displacement. The computational results demonstrate 

that this procedure adequately models single phase compressible miscible 

displacement proble..is. The method shows little grid orientation. The 

technique produces qualitatively correct results for problems in which 

the fluid flow does not follow the artificial channels formed by the 

discretization. Some useful results applicable to the enhanced recovery 

technique of crossflooding are presented. 
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8. Nomenclature 

c Concentration of the invading component. 

k Absolute permeability in .006336 * md. 
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n A node. 

t Time, days. 

u l~ss flux, lb/ sq ft/ day. 

X X coordinate, ft. 

y Y coordinate, ft. 

D Diffusivity, lb/ ft/ day. 

H Hobility ratio. 

N Outward normal to a region n. 

p Pressure, psi. 

Q Hass injection rate at a source, lb/ day. 

V Volume, cu ft. 

w Ba&is function over the domain~ 

X Basis function over the partition T[ . 
X 

y Basis function over the partition r. • y 

a Compressibility, .-1 psi 

µ Viscosity, cp. 

Partition of a coordinate axis. 

p Density, lb/ cu ft. 

¢ Porosity 

Mass mobility, .006336 md lb/ cp / cu ft. 

Distance operator on the partions rr and rr. 
X y 
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I1 Hass transfer rate, lb / day. 

I Material balance on the total mass. 

=- Haterial balance on the invading component. 

0 A domain. 

o Boundary operator. 
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Table 1 

Reservoir and Fluid Properties 

Patterns 

Permeability 

Fluid Viscosity 
Resident Fluid 
Invading Fluid 

Density 
Resident Fluid 
Invading Fluid 

Compressibility 
Resident Fluid 
Invading Fluid 

Porosity 

Injection Rate 

Well Bore Radius 

Bottom Hole Pressure 

Initial Pressure 

Ti.me Steps 

4.000.000 
10.392,000 

10 

l 
.01 

60 
60 

.00001 

.00002 

.1 

200 

.5 

100 

100 

2.5 
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sq ft 
sq ft 

md 

cp 
cp 

lbs. I 
lbs. I 

1 I psi 
1 I psi 

five spot 
seven spot 

cu ft 
cu ft 

cu ft/ day 

ft 

pSl 

psi 

days 



Figure l 

Compositional Profiles at .5 PVI for M = 100 
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Figure 2 

Recovery Curves for the Model at M = 100 
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Figure 3 

Inverted Seven Spot Pattern 
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Figure 4 

Compositional Profiles for the Inverted Seven Spot Pattern 
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Figure 5 

Crossflooding Patterns 
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Figure 6 

Crossflooding Profiles at 1 PVI 

a. No Crossflood b. Expanded Pattern 

c. Reduced Pattern d. New Pattern 
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Figure 7 

Recovery Curves for Crossflooding at Unfavorable Mobility 
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