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Abstract 

+-- . 
Algorithms based on trust regions have been shown to be robust methods 

for unconstrained optimization problems. All existing metnods, either. based 

on th~ dogleg strategy or Hebden-More iterations, require solution of system 

of linear equations. In large scale optimization this may be prohibitively 

expensive. It is shown in this paper that an approximate solution of the 

trust region problem may be found by the preconditioned conjugate gradient 

method. This may be regarded as a generalized dogleg technique wh_ere we 

asymptotically take the inexact quasi-Newton step. We also show that we 

have the same convergence properties as existing methods based on the dogleg 

strategy using an approxiraate Hessian. 

Key words: Unconstrained optimization, locally constrained steps, negatlve 
curvature 

Running head: CG methods and Trust R~gions 



1. Introduction 

· The unconstrained minimization of a smooth function in many variables 

is a:r;i important problem in mathematical programming. These problems are 

usually referred to as large scale unconstrained optimization problems and they occur 

frequently, for example, in structural design and in finite element 

methods for nonlinear partial differential equations. 

Since the function is smooth, the local minima occur at stationary points, 

i.e. zeros of the gradient. Etfective algorithms are usually based on Newton's 

method or some variation like the quasi-Newton methods for finding a zero of the 

gradient. To enlarge the region of convergence, the methods need to be 

modified. There are two main approaches to achieve global convergence. The 

most familiar modification is the line search approach where a direction p 

is computed followed by a search for an approximate local minimizer alo_ng the line 

defined by the direction p. An alternate, appealing approach is based on the 

observation that quasi-Newton methods model the function by a quadratic·approxi

mation around the current iterate. The quadratic is accurate only in a neigh

borhood of" the current iterate and the new' iterate is now chosen to be an 

approx~ate minimizer of the quadratic constrained to. be in the region where we 

trust the approximation. 

Let 

. T 
cp(p)=g(x) p-+ 1 T 

-p Bp 
2 (1.1) 

where B is a real symmetric n><n matrix and g is the gradi~nt of a smooth 

function· 
. n 
f::=t .... ~, g (x) f 0. 

1be trust region problem -is to find p(o) so that 

cp(p(o)) == min{cp(p):llrllc :S. o} (1.2) 



where 

2 T 
IIP11c = P c P, (1.3) 

and C is a symmetric and positive definite matrix. We note that a 

solution of (1.2) always exists, but the solution is not necessarily unique. 

Assume that (1.2) has a unique solution for O < o -s_A, and let p(o) 

be the solution curve. 

There are two different approaches to solve (1.2). In the first case we 
,....., 

find p(6) so that 

rv 
The step p{6) may be found by an iterative CTethod. It can be shown that the 

optimal solution p*· satisfies 

(B + aC)p* = -g (l.l+) 

for some a> 0 where B + oC is symmetric and positive semidefinite [ 6]. 

Hebden [ 7 ] and More [ 9 J have given iterative methods for (1. 2) based on using 

different values of a in (1.4). However, in large scale optimization 

. solving the linear system (1.4) for different values of a may be expensive. 

The problem of solving (1.4) for different values of a is a well-known 

problem and occurs frequently in the solution of stiff ordinary differential 

equatio·ns, and is often referred to as the pencil problem [ 5 J. 

The other approach approximates the curve p (6) by a piece·wise linear 

approximation p (-r). Thi~ is usually referred to· as a dogleg [11 J or double 

dogleg [ 3) technique depending on the number of points defining the appro:d~ 

mate curve. The approximate curve p(T) is so lhat ~(p(T)) is montonically 

decreasing and is monotonically increasing for 0 ~ ,- ~ T. 



An approximate solution to the trust region problem (1.2) is found by solving 

,,., "" 
min (co(p(T)):!lp(T)fl $_ 6, 0 $_ T $_ T). (1.5) 

If cp (p(-r)) is strictly de.creasing and llp(-r )lie is strictly increasing then 

,v 

for llp(T)llc > 6 the unique solution of (1.5) is found by solving 

=6 

Let B be positive definite, then the dogleg curves 

point 

and the quasi-Ne:.;ton poiat 

Powell's .[llJ do_gleg curve is 

r 
\ 

J 
,p 

p(,) = 

C 

C 
p 

T 
= - g__g_ g 

T g Bg 

N -1 
p = -B g 

C N C p + (,-l)(p -p) 1 < T < 2 

The double dogleg curve introduces the extra point 
N 

yp 

(1.6) 

use the Cauchy 

where O<y'S_l 

and gives an ea~lier bias to the quasi-Xewton step than the dogle3 strategy. 

The double dogleg curve is 

C : .,-p 

p(,) 
. . C 1 N C 

<' p + ::...:_ (yp - p ) 
y . 

l<-r<l+y 

. N 
; (--:- -l)p l+Y< 7 <2 



The approximate solution of (1.2) is now either 
,v 

p(T) ~o that 
·'l--

"" l1p (T )IT ·= 6 or p(2) if llP.(2)11 $_6. The dogleg curves can be defined when 
. 

B is nonsingular and indefinite [11], but it is not clear how to define 

the dogleg curves when the matrix Bis singular. The dogleg curves require 

the quasi-Newton step and are thus not suited for large scale optimization. 
f'V 

4 

Another major weakness of the original dogleg strategy is that the curve p(,-) is 

independent of the norm used.to define the trust region. However, the 

solution of (1.6) depends on the norm. 

In this paper we show that the preconditioned conjugate gradient (PCG) 

method (see for instance [1,2]) applied to (1.1) can be used to generate a 

piecewise l:;ne~r curve that approximates p(6). The methog is well defined 

when Bis indefinite and the approximate curve will depend on the norm chosen. 

The PCG method is well suited for large scale optimization. 

In Section 2, we describe the algorithm and show that IIP(T)II is strictly 

increasing and Cfl (p (T)) is monotonically decre.asing. Thus (1.5) has a unique 

solution. 

In Section J, we summarize the convergence properties when the algo

rithm is imbedded in the class. of trust region algorithms of.· Powell [12] ,· and 

we show that -the solution of (1.5) satisfies the condition for convergence in 

[12]. In the last section> we show that we may achieve a superlinear rate of 

convergence. 
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2. The Basic Algorithm 

~ 

We include tpree different termination rules in the"'preconditioned 

conjugate gradient method. n . .,.,e terminate when·we have a sufficiently good 

• 
approximation to the quasi-Xewton step, which is the Inexact Quasi:Newton step (4, 

13 ]. Secondly, we termnate when the norm of the approximation is too 

large, in which case we take a linear combination of the previous iterate and 

the current one. Finally, when we encounter a direction of negative curvature 

then we move to the boundary. ,Tnis may be regarded as a generalized dogleg 

scheme. We then extend this strategy and show how to find a new approximate 

solution when the trust regio:i bound is reduced and how to find a double dogleg curve • 

Consider the trust region problem (1.2): 

· f ( ) 'I " < } ::un~o p ::,P'c _ 6. 

where c;, is defined in (1.1) end we use the weighted norm (1. 3) 

where C is syr::metr~c and positive definite and (.,.) is the standard inner

product in Rn. 

The algorithn is 

Step 1: 

Step 2: 

Set Po = o, and ro = -g. 

Solve 
...., . 

Cr = 
0 ro· 

....., 
Set do = ro, 
and set i = o. 

Compute V. = (d. , Bd.). 
l. ]. l. 

If v. > 0 then Continue with Step 3. 
'1 

Otherwise co~pute 7 > 0 so that !ip.+-.dr; =ti., 
1 i''C 

set p = o. + --1 d . and Terminate . 
. l. l. 

.. 

(2.1) 



Step 3: Compute et •. = (r. ,":;;. ) /y. 
l. l. l. l. 

p • +l = p . + ct • d . •. 
l. l. l. l. 

If llPi+l!IC < t:i. then Continue with Step 4. 
. . 

Otherwise compute T > 0 so that IIP- + Td.llc = t:i., 
l. l. 

set p = p. + Td. and Terminate. 
l. l. 

Step 4: Compute ri+l = ri - aiBdi • 

If llri+lllc/11 g!lc ~ s then set p = Pi+l and Terminate. 

Otherwise Continue with Step 5. 

"' Step 5: Solve Cri+l = ri+l • 
rv "'-' 

Compute ~ . = (r. +l' r ... ) / (r. , r.), 
l. l. l.Tl l. l. 

and di+l = r\+l + Si di • 

Set i:=i+l and Continue with Step 2. 

(2.2) 

(2.3) 

Consider the case when the algorith.'11 has terminated, and p is the 

final direction. Then 

!Pi+l if (2.3) is used 
I 

~ p. + .,a. if y .. > 0 and. (2. 2) is used (2.4) p = . l. J. J. 

i . , 
+ Td. if y. < 0 and (2.1) is used. LPi l. l. 

In Theorem 2.1 it is shown that (p.,Cd.) >O hence,- in (2.1) and (2.2) is 
l. l. 

found by choosing the positive root of the quadratic equation in T: 

2 2 
T (d,Cd.) + 2T(p,Cd.) = 11 - (p,Cp.) . 

l.l. 1.1 l.l. 
(2.5) 

We now state our main theorem. Before ·we prove the result,. we 

need some properties of the PCG method. 

6 



I 

Theorem 2 .1 Let p., j = 0, ... , i be the iterates generated. by the algorith.."Il. 
J 

-Then cp(p.) is strictly d~creasing j = 0, ... ,i, and 
J 

'I-· 

Further, IIPj!!c is strictly increasing j = O, ••• ,i and 

' 

(2.6) 

(2. 7) B 

In the proof of the theorem, we need the following lemma from Hestenes and 

Stiefel [ 8] and Steihaug [13]. 

Lemma 2.2 AssUI.1e yi -::JO, i = 0,1, ••• ,k 

then 

and 

(r. , d.) = (r. ,r.) 
l. J J J 

(d.,Cd.) = 
l. J 

(r.,~.)(d. ,Cd.) 
1- 1 1 l. 

(r .• ~.) 
l. l. 

O<i<.<k - _] 

1 
(r. ,r.) 

( ) = ~ (p.) . 
1 1 0 < i < k cp Pi+l -i. 2 Y. 

l. 

(2.8) 

{2.9) 

Proof of Theorem 2.1: We first show that IIPjllC j = 0,1, ... ,i is strictly 

and 

From Step 3 we have 

. j-1 

p = "'C"' Ct d 
j L. k k 

k=O 

Ct.> 0 
J 

j == O,)., ••• ,i (2.11) 

j =0,1, ... ,i-l (2.12) 



Hence 

using (2.8). Consider 

(p. ,Cd.) > 0 
J J 

j =0;1, ••• ,i (2.13) 

(2.14) 

using (2.13) and (2.12). We have thus shown that IIPjllC j = 0,1, ••• ,i is 

strictly increasing. If p = Pi+l' then (2.7) follows from (2.14). If 

p = p. + ,-d. , then 
l. l. 

(p,Cp) = (p.,Cp.) + 2,.(p.,Cd.) + ,. 2
(a.,Cd.) > (p~,Cp.) 

l. l. l. l. l. l. l. l. 

using (2.13.) and for T in (2.5) ,- > O. Hence we have (2. 7). 

We will now show that co(p.) - j = 0,1, ••• ,i is strictly decreasing and 
. J 

(2.6) holds. 

Lemma 2.2, 

From Step 2 we have y. > 0 j = 0,1, ••• ,i-l, 
J 

co(p.) 
' J 

is strictly decreasing· j = 0,1, ••• ,i. 

then, from 

Consider the last iterate p. If then the result follows 

directly. From (2.5), we have that 

using that C is positive definite, hence d. 
l. 

is a descent direction for 

-(V~(p.),d.) = (Bp. + g,d.) > 0 . 
l. l. l. l. 

If y. > 0, then we have 
l. 

a(p.) > co(p. + -rd.) >_ rn(pi.+l) for O < T < O! •• 
l. - . l. l. 'r' - 1.. 

8 



Since -, <et.; we have the desired result. For y. < 0, then the quadratic 
- J. J. -

term is,,...nonpositive, and we have 

and the result follows directly. Q.E.D. 

,This theorem tells us that if B is positive definite and we 

terminate using (2.3), then we know that the unconstrained minimizer is out

side the region. If we t~rminate using (2.1), then the matrix B is 

indefinite and the mini:nizer is at the boundary. 

Since etj in Step 3 

that C;?(P. + ,-(p . .L1 - p.)) 

is the minimizer of cp(p. + ad.), it follows 
J. J. 

J JI J 
is strictly monotonic decreasing"' for O < ,- $_ 1. 

From (2.1) and (2.2) we know that cp(p + -,(p - pi)) is _strictly decreasing. 

Hence for the piecewise linear curve 
rv 
p(,) that connects 

and p we have that cp (p(-r)) is strictly monotonic decreasing and IIPh )lie 

is strictly monotonic increasing. 

Consider the case when the trust bound is reduced to t::,' and the matrix 

Bis unchanged. Let j < i be the index so that 

then it would be desirable to combine and and find 'f so that 

IIP- + ,(p. - p.)llc = 1::,' -
J J. J 

• 



From (2.11), (2.12), and (2.13) we immediately have that 

.(p
1
• - ~

3
.) is a descent direction for cp(p. ), and IIP- + T(p. - p.)IIC is 

' ]· J l. . J 

increasing in 'i , 0$_,-$.l •. 

Let j < i. It can be shown that· p. 
J 

and may be used as a pair of 

directions for a double dogleg scheme, 1· e we ca fi d ·t· • • n n posi ive so 

that 

and cp~(T)) is decreasing and llP(T)llc is increasing for increasing ,.0 
To see this_, we first note that pi - p j 

for ~(p __ ), hence there exists positive 

is a strict descent direction 

J 
where 

Tlo $. 1'\ ·$. 1, 

is a descent direction for ~(pj). The constant 1'\o is found by solving. 

a quadratic equation in 'llo in a similar way as in Dennis and Hei [ 3]. 

Further, !IPj +-; (pi 

there exists positive 

- pj):lc 

111 $. 1, 

is strictly· increasing in T, 

so that for 11Pi - pj, where 

111 $. 11 $. 1 ' 

hence 



the 1
"'· + (.,., )II n - c<Pj -; ,l1Pi - Pj c is strictly increasing in T• The constand ~l 

is found by solving a quadratic equation in ~ 1 . 

Now choose anY- ~ so that 

and we have that p('T") is biased toward as the original double 

dogleg curve is biased toward the quasi-Newton step. 



3. Convergence Results 

.,.,. 
In this section, we ·will summarize the convergence results for the 

unconstrained minimization problem when we use the modified PCG algorithm 

imbedded in the class of minimization algorithms _of Powell [12]. 

Consider the unconstrained minimization problem 

where f:~n-.?, satisfies: 

A.1.: f is bounded below; 

A.2.: f is differentiable and the gradient is uniformly continuous. 

"" 

11 

The fra:nework of the algorithms is given below. For simplicity we will 

assume that C = T k - where ctr .. 
upper bourrd on the step le~3~hs. 

Step. 1: Given 

is the weight in (1. 3). 

I:" ~o. 
Calculate f(x0) and g(x0), and set k = 0 

Let ~ be a fixed 

Step 2: Use the modified PCG algorithm to find approximate solution 

with relative error in (2.3). 

(3.1) 

Step 4: Update xk+l: 

' xk + pk if Pk > 0'2 ! 
I 

xk+l (3. 2) 

xk otherwise 
L 



Update 6k+l: 

Update Bk+l: 

k 

IIBk+lll ~ Y1 + Y2 I II Pill 
i=O 

Update ~k+l , k: = k + 1, and_ continue with Step -2. 

The constants 

Further, 

y 
1 

and Yz will depend on the update formula of 
tr.• 

If the matrix Bk+l is a secant update. -_·. 

{3.3) 

(3.4) · 

(3.5) 

(3.6) 

. ,. 

then we have to decide whether or not to update when the step is rejected. If 

the step is rejected and the trust region parameter decreased, then the new 

direction in general is different from the old one, which is not the case in 

line searches. Hence we can expect to get a better approximation by updating 

the matrix even if the step is rejected. However, from Section 2 we have that 

the new step can easily be computed if Bk+l = Bk and pk ~ a 2 • We note 

that this is the case when Bk only depends on xk. as in Newton's method. 

The first theorem is an important modification of the original convergence 

result of Powell [12 J. We only include the part of the proof that differs from 

Powell's original proof. Tne algorithm includes the generalization of Thomas [14]. 



u 

Theoren 6.1: If sk $So< 1, then 

·'\,-
· ·'I'-

lim inf llg(xk)II = 0. 
k - 0:, 

(3.7) 

. 
Proof: The result is proved by obtaining a contradiction. Assume that 

{"Ilg(~)!!) is bounded away from zero. · First it is sl~own that 

(3.8) 

hence {!!BJI) is uniformly bounded. The next major.--:_ ~P is to show th<:tt: 

lim Pk = 1 
k-• c:l • 

(3.9) 

Hence from (3.3) and (3.6) we can conclude that for -.. ~ sufficierrtly large> 

We will now show that for k sufficiently large, under the above assumption 

1 we do not use Inexact Quasi-Ne,;.,ton step , i:e, 

From (3.8) we have that IIPkll-+ 0, and since we have ~ssum.ed that 

{l!g(Y'"k)il} is bounded away from zero, it follows that foe fraction 

II Bkpk + g (xk)!I 

I! g (xk)l! 

is arbitrarily close to 1, hence for sufficiently lar~c k we have that 

1 '!"his is the only if'.Odification of the original proof [ '.:~,PP 11-12] • 

(3. JO) 



and we have the desired result (3.10). 

For k 
0 

sufficiently lar$e we are using termination (2.1) or (2.2) 

and we have 

Hence II Pk+lll > II Pkil > 0 for k ~ k
0 

• This contradicts (3. 8) > and shows 

that {II g ("1c)il} is not bounded away from zero. 

Q.E.D. 

Powell has pointed out [12 p.6J that if one of the iterates falls into a 

bounded region in which f is convex, and the subsequent points remain there,, 

then the sequence ("1c} converges to the local mini.Dizer. 

To explore this re.mark further, we will discuss under what assumptions 

there will be local convergence to a strong minimizer. 

Theorem 3.1. Let f be twic~ continuously differentiable in an open convex 

set n. Assume that x* is a local minimizer in O and the Hessian matrix of 

f at x* is positive definite. Then there exists positive constants e and A so 

that if 

and then{~} converges to x*. 

Proof: Put B*(o) = (x: !lx-x*'.l < 6}, and let o > 0 so that f is strictly 

convex in B*(5) and B*(5) is contained in O. Put 

Choose o > f(x*) and e > 0 so that 

B.::(e) C: L :::: B*( ) 
- Q - µ (3.11) 



where 

L - (x E B*(o) :f(x) ::;_ q,} 
cp 

This can be done in view of the strict convexity of f in B*(&). 

We will now show that for 

then 

15 

! I~ - x*l I S. µ , (3. 12) 

and (3.13) 

Hence we know that (xk} has limit points. Further, from (3.7) we know that 

there exists a subsequence converging to x*. But f(xk) is decreasing, 

hence the sequence {~} is converging to x*. 

The proof is by induction. Clearly (3.12) and (3.13) ~re satisfied 

for k = O. Assu.:ne (3.12) and (3.13) hold fork and consider 

and ~ + pk E B~:(5). We will now consider the two different cases; the new 

function value is less than or larger than the current function ·value. · If 

II~ + Pk - x*l I S. 3'~ 3 = µ 

and we have the desired result (3.12). From (3.4) and (3.6) we have th2t 

the maximum change in 6k+l is 



lb 

and we have the desired (3.13). 

If f(~ +pk)> f(~) then the step is xk+l = xk and the stepbound 

is decreased, 

and we have shown (3.12) and (3.13) . 
Q.E.D. 

This theorem shows that we get local convergence independent of B
0

• To 

find a suitable t,
0

, we can choose 

for any y > O. Hence for x0 
sufficiently close to x* we have 
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4. Superlinear Rate of Convergence 

·'\--

In ·steihaug [13] and Eisenstat and Steihaug [4] it is shown that if 

f is sufficiently smooth and (xk) converges to a stationary point where the 

Hessian is nonsingular and 

lim 
k .... C0 

II Bkpk + g(xk) - g(~ + pk)II 

IIPJI 

and the residual rk = Bkpk +_g(~) satisfies 

= 0 (4.1) 

-
t:.' 

where xk+l = ~ + pk and ; k ..... 0, then the sequence (xk} converges 

super linearly. In this sec~ion., we will show that if we have convergence 

to a local minimizer where the Hessian is.positive definite, then the trust 

region algorithm also yields_a superlinear rate of convergence. 

In this section we.assume that 

A. 1: ~ .... x* as k - co; 

A.2: f is twice continuously differentiable in an open neighborhood 

CL of 

A.3: 'I;'he Hessian matrix H(x">':) of. f is positive definite; 

A.4: The sequences (pk) and (Bk} satisfy·(4.l). 

The first lemma shows that the approximation cpk (pk) predicts 

f(~ + pk) provided that the gradient of cpk predicts the gradient of f 

Let be the fraction of the actual function decrease and 

the predicted decrease given by (3.1). 



Lemma 4.1: 

Proof: The _proof is a part of Powell's Theorem 3, [12, pp 16-18 ]. 

Q.E.D. 

This result is important since it specifies that for k0 sufficiently 

large we use the trust region revision (3.3) and 

Therefore, if at any index k ~ k0 

then we know that the method has used the termination rule 

. 
This is the basic observation used in this section's main theorem. 

Theorem 4.2: If sk - 0 then (xk) converges superlinearly, i.e. 

lim 
k-c;i 

ll~+l - x~·ll 
11 Y'k - x-111 

= 0 • 

Proof: From the observations after Lemma 4.1 we know that since { ~} 

converges, we are using the termination rule 

in the minor iterations an infinite number of times. Further, for k 

sufficiently large, we have from (3.2) that the step pk is acceptable. 



We will show that the norm of the new step Pk+l is strictly less than the 

norm c{. the current step pk, hence the step 

Pk+l also satisfies the relative residual termination rule;since othen~ise 

lipk+lll = lik+l > i!PJ!. This shows that when we start taking Inexact Quasi

Newton steps, then we will continue with these steps. 

From Lemma 4.1, (3.2) and (3.3) it follows that there exist k0 so 

that for k ~ k 0 then 'l<+ 1 = xk + pk and ilk+ 1 ~ II pk!I • Further, fro:n 

Powell [12, pg, 15] it follows that there exists µ > O so that 

k>k 
- 0 

(4.2) 

We first note that there exist positive constants Aif and ;\ 
1 

and 

a neighborhood D~Q so that for all x ED 

(4. 3) 

and for Let 

and choose k1 ~ k0 
so that 

(4.4) 

This can be done since sk-+ 0 and yk •-> 0 as k ..... 00 • 

Consider 



and for k>k 
- 0 

using (4.3) Hence, . for index k 2: k
1 

such that 

we have using (4.5) that 

and 

Hence 

., ( )l: t• .. :, ;,g ~+l ,, 

ilP~I 

pg(xk+l>II 

IIPki! 

'I 'I !,Pk+l 

IIPJi 

using (4.7) and (4.4). 

~0o + Yk 
< 1 - s 

k 

llg<~+1>11 

II PJI 

< 1. > 

(4.5) 

(4.6) 

(4. 7) 

(4.8) 

This shows that if k 2: k
1 

s.o that (4. 6) holds, then all consecutive 

iterat~s will satisfy (4.6). But we know that such k exist since 

!IPkli - 0, hence there exist k 2 2: k 1 so that for k 2: k 2 then (4.8) holds. 



Now, since 

..... 

and using (4.2) 

21 

r: 
':>k are converging to zero we have from (4.7) that 

um llg·<~+1>11 lll~+i - ~I = o, 
k-co 

lim 
k-+C0 

ffg<~+i>II 
llg(xk>II = 0 

which shows a superlinear rate of convergence. 

Q.E.D. 
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