
VI 

THE INTRODUCTION OF PERIODIC SOLUTIONS 

continuation of the fourth part of the Memoir THE Sur Ler courbes difinies par u n e  e‘quation d i fhen t i e l l e  
acquaints us with two capital new ideas, the importance of 
which, in the development of Poincari’s thought, has be- 
come greater and greater in later years. The  first one is 
the use of periodic solutions. The first scientist who pointed 
out the importance of this kind of solution was the astron- 
omer Hill, in his work on the theory of the Moon. But 
Poincari makes them a capital tool for further investiga- 
tions. We shall see that  by their help, local methods, such 
as those obtained by Newton, Cauchy, and those found 
in the first parts of the Memoir we are dealing with, can 
be used over an extended domain, namely, the neighborhood 
of the closed trajectory. 

Suppose we know one solution of 

dx d z  
dt ’ dt 

which is a closed curve L. There will be solutions infinitely 
near this one, and their study will depend, as is now well 
known, on methods analogous, t o  a certain extent, t o  those 
used in the neighborhood of a single point. Let us, in the 
given system, replace x,y,z by x + E ,  y + ~ ,  z+{, where 
6, 7, { are small: we shall have 
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60 Later Work of Poincarb 
if we neglect terms of higher order; and similarly for dq /d t  
and dy/dt. 

These three equations are Darboux’s’ “auxiliary system” 
or, as Poincari more logically calls them, the variational 
equations. A fundamental fact is that  these variational 
equations, which define the infinitesimal increments 4, 7, { 
as functions o f t ,  are linear ones. Moreover, in the present 
case, the coefficients d X / a x ,  . . . , are known periodic func- 
tions o f t .  Now, another fundamental circumstance is t ha t  
such linear differential equation with periodic coefficients 
admit of what could be called “semi-periodic” solutions, 
t ha t  is, solutions of such a form as 

f = E@,  7 = H e a i ,  [ = Zed, 

where E,  H, Z are again periodic in t ,  and a is a constant. 
Indeed, with the exception of peculiar cases (such as occur 
in the quite similar theory of linear equations with constant 
coefficients, when the characteristic equation admits of 
equal roots), such solutions will be in sufficient number to  
allow the construction of the general integral, so that, in 
the above case, there will be three, with three (generally 
different) exponents, which will be called the “character- 
istic exponents.”2 

Here, however, the given system is really of order 2 (the 
variable t being, so to  speak, superfluous) and we can 
manage to  put this in evidence. Let t be considered as a 
parameter corresponding t o  each point of the closed given 

‘Comptes Rendus, XCVI, 766, March 19, 1883; see Lqons sur la Thioric dts 
Surfaces, Vol. IV, note XI, p. 505. 

2The values of these characteristic exponents are not known in advance, and 
their construction in terms of the  given coefficients is a by no means insignificant 
difficulty of the question. I n  the classic case of Celestial Mechanics, however, the 
given equations being very slightly different from integrable ones, this determina- 
tion can be done by expansions in power series with respect to the perturbating 
masses: see a very good Memoir of F. R. Moulton and Macmillan in the Am. 
lour. ,  X X X I I I  (1910), 63.  
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curve (and, as is evidently possible, be assumed to  vary 
from 0 to  2ir by one description of that  curve). A t  0, 
where t =0, let us construct a small piece of plane normal 
to  the curve-a “target,” or, in Birkhoffs terminology, a 
(local) “surface of section.” At each point, M ,  of the closed 
curve, we construct a similar target. Each point in the 
neighborhood of the closed trajectory lies on a unique tar- 
get. We choose axes in the target with the origin a t  0. A 
point in the neighborhood of the closed trajectory will 
then be represented by the coordinates t ,x,y, where the t 
is t ha t  of the target and x and y are the coordinates of the 
point in the plane of the target. 

We define a trajectory near the closed trajectory by 
assigning a starting point m on the target a t  0 and lying 
near 0. Here x and y will be small and the trajectory 
will follow rather closely the closed trajectory. The new 
trajectory will meet the various targets as the motion 
proceeds, and will return to  the original target a t  0 when 
t =2n. Let us direct our special attention t o  this second 
point of impact ml(x l , y l ) .  We shall speak of ml as the first 
consequent of m. We shall have a point-transformation 

x1 =ab, Y ) ,  Y l  =*(x, Y ) ,  
where CP and \k vanish a t  the origin and, if analytic or a t  
least sufficiently regular, can be written in the form : 

(2) x1=ax+by+ . . . , y1=cx+dy+ * * ’ . 
The  trajectory will meet again the initial target a t  a 

third point m2, the consequent or ml, or second consequent 
of m ;  and so on. The  problem is therefore reduced t o  the 
investigation of the distribution of these successive con- 
sequents, in other words, t o  the iteration of our point 
transformation. We shall speak not only of Poincark’s work 
in this line, but also of the most important improvements 
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which have been given to it, especially in BirkhoE's funda- 
mental paper Surface Transformations and their Dynamical 
Applications,l which is both rich in results and suggestive 
of further researches. As a first approximation, we consider 
only the linear terms. These can be reduced, by a suitable 
change of variables, to the canonical form 

(3) x1 = SIX, y1 = szy, 

where s1 and s2 are the roots of 

a-s j=o ,  1 c d-s 
provided these roots are real and distinct. 

I n  the exceptional case in which the roots are equal 
we can no longer, a t  least not in general, put the linear 
part of our transformation in the form (3). But we can 
then obtain the form 
( 3 4  x1=sx ,  yl  =s(x+y ) .  

(3). 
troduction of polar coordinates, we can obtain 

If the roots are conjugate imaginaries, so are the variables 
But ,  by a proper choice of real variables and the in- 

(3b) PI =sp ,  w1 = w + a ,  

where s is positive. This is a rotation combined (at least 
if ~ $ 1 )  with a homothecy, s being the common value of 
the moduli of s1 and ss. 

Of course, a method to calculate these linear terms in 
(2) would be to integrate the variational equations. Espe- 
cially, in ( 3 ) ,  s1 and s2 will be connected with the above 
defined characteristic exponents a1 and a2 by the relations 

Returning to  equations (3), we see that the effect of the 
s1 = eZra1, s2 = e2rai. 

iteration will depend upon the magnitude of s1 and J ~ .  
1Acta Math.,  XLIII (1920). 
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(I) If the absolute values of both are less than 1, the 

successive consequents will be nearer and nearer the origin. 
Moreover, if /s21 < lsll, y n  decreases more rapidly than xn 
and the successive consequents lie on a curve tangent t o  
the x-axis a t  the origin; that  is, unless x = O  initially, in 
which case all the consequents lie on the y-axis. 

I t  is easy enough to see that  every essential part of this 
remains valid if we take account of higher terms. The  
successive consequents of a point will tend to  the origin, 
and, usually, in a direction tangent t o  the x-axis. 

The last statement will fail if the initial point lies on a 
certain line tangent to O y  (no longer the y-axis exactly), 
which is invariant by the transformation. 

Tha t  such an invariant line actually exists, results, in 
the analytic case, from a proof given by Poincari for the 
case in which sz < 1 <sl.l Let us write the (complete) equa- 
tions of the transformation in the form 

( 0 x1 =six -@1(x, y), y1 =szy + % ( x ,  y), 
al, aZ being holomorphic expansions in powers of x,y, the 
terms of least order in which are quadratic. A curve (as- 
sumed to  be tangent t o  Oy) 

(4) 
becomes, by this transformation, slx -al =g(sqy +ch), so 
that  it will be invariant if we have 

x=g(y)  =azyz+ * * . +amy"+ . . . , 

g(szy +@z) =51g(y) -a1. 
We write this equation so as t o  solve it for the combina- 

tion 

( 5 )  J l d Y )  - d J z Y ) ,  
namely, 

( 5 4  s1g(y) -g(szy)  =g(sny + @ 2 )  -g(rzy) +%. 
'See  page 66 of this lecture. 
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Then, if we introduce the unknown coefficients of the 

Maclaurin expansion (4) of g(y), we see tha t  each of them 
will appear in the right-hand side in higher terms than in 
the left-hand one, so that  we can, in the usual way, consider 
(Sa) as giving the quantity (5) just as if the right-hand 
side were completely known : each coefficient a, will be 
given by an equation of the first degree in which its coeffi- 
cient will be the corresponding value of 

(6) 81 - 82, 
Moreover, these successive calculations will introduce 

only additions and multiplications, without any negative 
terms (the subtractive part in the right-hand side of (Sa) 
having no other effect than to cancel some parts of the 
first term) : therefore, the method of dominating functions 
can be applied. As a1 and a2 are assumed to  be holomorphic, 
and of order two in x,y, we can admit that  

(m  = 2 , 3 ,  . . . , a). m 

( 7 )  

with proper values of h4 and p, and convergence will cer- 
tainly take place for the given problem if it does when we 
substitute for al and a2 these dominating values ( 7 ) ,  simul- 
taneously replacing sl-and s2 if negative-by Isz I (which 
has the effect of diminishing each of the numbers (6) and, 
consequently, of increasing each a,). But this is equivalent 
t o  finding an invariant line for the transformation 

x1=Iz2 x-+(x+y),  
y1= I-% y+a,(x+y).  

Now, the latter gives xl+yl =sz(x+y) ,  so that if we write 
the equation of our line in the form 
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the condition of invariance will be given by the functional 
equation in $ 

$(lJZlU) = J 2  +(u) -@(u> 
= I 1  5 2  +(u) - M ( P ~ u ~ + P ~ u ~ +  . . . + p m u m +  . . . ). 

This has a holomorphic solution such tha t  $(O) =+'(O) =0, 
namely, 

Since, for this choice of +, (8) can be solved for x ,  the 
existence and convergence of the expansion (4) is proved. 

The interpretation of these results in space is simple. 
As the consequents approach 0, the successive arcs of the 
trajectory come nearer and nearer t o  the periodic trajectory 
through 0. The trajectories then approach the periodic 
solution asymptotically, all in the same direction-that is, 
tangentially to one and the same surface-except for some 
exceptional ones, which meet our target a t  points of (4) 
and, therefore, lie on another determinate surface through L .  

If J~ and J~ are both greater than 1 in absolute 
value, the successive consequents recede from 0 and our 
present method tells us nothing about the trajectory as 
t increases, except t ha t  i t  departs from the neighborhood 
of L. But by reversing the sign of t and considering the 
antecedents of m, our treatment again applies. The  trajec- 
tory is asymptotic t o  the periodic solution for decreasing t. 
Evidently, all t ha t  we have just said for case (I) applies 
t o  our present one, by changing t into --t. 

(11) Similar remarks apply to  the case (3b) of conjugate 
roots (except those which concern invariant lines). If 
J < 1, the trajectory is asymptotic t o  the closed trajectory 
for the future; if ~ > l ,  it is asymptotic for the past. I n  
this case, there is a spiral motion about the closed trajectory. 

(1') 
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(111) Suppose now s l > l  and s2<1, the “hyperbolic 

case” in Birkhoffs language. Then, considering the ap- 
proximate equations, the consequents have, in general, 
increasing abscissas and decreasing ordinates, whereas the  
antecedents have increasing ordinates and decreasing ab- 
scissas. The  antecedents and consequents form a figure 
like the following on the target: 

*fure 
7 * . ‘ . . . . . . .  0 

If, however, the abscissa of m is zero, the consequents 
approach 0 along the y-axis. Similarly, the antecedents 
of a point on the x-axis approach 0. 

Again, similar conclusions will hold for the exact equa- 
tions in which we take account of higher terms. This has 
been shown by Poincar6 himself and in several later works, 
especially a valuable thesis of S. Latt&l and the above 
mentioned Memoir of Birkhoff. 

Poincar; himself assumes the transformation to  be analy- 
tic, and it is for this case that  he constructs an invariant 
curve tangent to Oy by the method which we have ex- 
plained above and which, as we have seen, is also valid for 
the case (I). In  case (I), that  method gave one invariant 
curve; in our present one, it gives two, because we can 
treat in the same way the inverse transformation, whereby 

‘Paris, 1906. It has been published in the Annuli di Mutenzatica. 
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51,52 will be changed into l / s z  and l / ~ ~ .  Thus, we shall have 
a second invariant line tangent a t  0 t o  Ox. 

I n  three-dimensional space, this gives two surfaces through 
L,  one of which is the locus of trajectories asymptotic t o  
L for positive t ’s ,  the other being the locus of trajectories 
asymptotic t o  L for negative t ’s .  

The above considerations would incline us to  believe 
that  the second invariant line, tangent t o  Ox, does not 
exist in case (I). However, this would be an error. In  his 
thesis, LattGs has proved, with the help of a proper device, 
t ha t  the only necessary assumption for its existence- 
instead of s1>sZ-is (sz being still less than 1) that  none 
of the numbers (6) vanishes (the contrary case of s1=s2m 
being analogous to  that of equal roots and reducible t o  it).l 

This is what we can obtain in the analytic case by the 
use of entire series. But I must say that, in my opinion, 
there is always an advantage in completing results attained 
in this way by direct proofs, based on methods of successive 
approximations. Not  only do such proofs allow us to  get 
rid of one hypothesis, namely, that  of analyticity; but they 
are always more instructive, showing us, as we shall see 
in the present example, the behavior and mechanism of 
the phenomenon, which are not brought out when we use 
power series. Moreover, the question whether analyticity 
is implied or not in the solution of a problem has in itself 
a great importance : it penetrates profoundly into the nature 
of the problem, as I have been led to  see by my own re- 
searches on partial differential equations. 

Now, I was able t o  prove2 that  the existence of two in- 
variant lines (and only two, in the present case of s1 > 1 >rz) 

1Lattks has also extended the results to three-dimensional transformations. 
2BulI. SOC. Math., France, Comptrs Rendus deJ Siances, 1901, 324. As in many 

other questions concerning iteration, the method used there is not essentially 
different from an “on and hack” method (see page 83 of this lecture). 
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is certain for any (sufficiently regular) transformation (T), 
whether analytic or not. Let us take a n y  line L o  through 
0 not tangent t o  O y ,  and its successive transforms by 
(T) iterated an infinite number of times. We shall see 
that  these tend to  a perfectly definite limiting position, 
which is independent of the choice of the ini t ial  l ine Lo, and 
tangent to Ox. In  fact, we could start, not with a line 
Lo, but with a whole region-say a circle-surrounding 
0: if we construct the successive transforms of such a 
region, we can show that  they will be contracted in one 
direction (roughly, that  of Oy) and protracted in another 
one, so that  they (or more exactly, their parts not too 
remote from 0)  will degenerate into a single line, which 
is the desired one. It appears, hereby, that  this is an 
invariant curve and that  it is the only one not tangent 

If, moreover, we assume that  ~ 1 > 1 ,  we can proceed in 
the same way in the opposite sense, the only difference 
being tha t  we no longer iterate the transformation (T), 
but its inverse: in other words, we shall now consider the 
successive antecedents of the arbitrary line Lo, instead of 
its consequents. L o  being assumed, this time, not t o  be 
tangent to Ox, these antecedents will approach another 
limiting curve, which will be tangent t o  Oy. We thus see 
that  there are two and only two invariant curves. 

When the point rn describes one of these curves, the cor- 
responding trajectory will describe one or the other of two 
sheets of a surface containing our closed curve L. Such 
trajectories will approach L asymptotically either for posi- 
tive or for negative t’s; and such is the case for no other 
trajectories. 

In  the contrary case where unity does not lie between 
s1 and sz, say sa<sl<l ,  the above process affords one 

to o y .  
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invariant curve (instead of two), which is tangent t o  Oy: 
Latt is  has clearly characterized its significance by observ- 
ing tha t  it  is the only invariant curve through 0 which is 
not tangent t o  Ox,  or also, the locus of a point P the con- 
sequents of which approach 0 otherwise than tangentially 
to  Ox. As t o  invariant curves tangent t o  Ox, he remarks 
that  there exists an infinite number of them: for, Po being 
any point in the neighborhood of 0 and PI, P2, . . , its 
successive consequents, we can connect Po t o  P1 by an 
arbitrary arc, the consequents of which will connect P1 t o  
Pz,  Pz t o  P3,  etc., and, finally abutt  a t  0, since the con- 
sequent P’s have 0 as their limiting point. We can easily 
choose the initial arc POP1, moreover, so that  the total 
curve thus constituted possesses a continuous tangent, or 
even a continuous curvature, etc. In  other words, the 
problem of the invariant line (with a tangent a t  0 other 
than Oy) is not clearly set if we do not add proper condi- 
tions of regularity which, in the general case, would be 
very difficult t o  formulate, as soon as analyticity fails t o  
intervene. 

We may say, by the above considerations, that  the main 
questions are solved whenever the coefficients s1 and s2 are 
different from unity in absolute value. 

In  all these cases, moreover, we see a striking analogy 
with what was found concerning singular points of equations 
of the first order and the first degree. In  each of them, suc- 
cessive consequents may be considered as marked along 
one of the curves which we drew previously (see p. lo), the 
first case examined (rz <sl < 1) corresponding to  what 
takes place around a node, the second one (sl > 1 >r,) t o  
a pass. The  relation between the two theories is t ha t  
of the continuous to  the discontinuous: the two series 
of diagrams would become respectively identical t o  each 
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other' if, in the previous one (p. lo), we should consider 
only, for instance, points corresponding to  integral values 
of the variable t .  

Such analogies, which lie in the nature of things, will 
subsist, but with important differences-in fact, new and 
profound difficulties-in the remaining cases where the 
moduli of J~ or 52 are equal t o  1, according as these numbers 
are real and equal t o  + I ,  or are conjugate imaginaries. 

This is what PoincarC finds on attacking the latter case, 
an especially important one for comparison with problems 
of Celestial Mechanics. In  this case, the linear part of the 
transformation is given by (3b), but with s = l ,  that  is 

P I =  P ,  
w 1 =  LJ f a .  

For these approximate equations, the successive conse- 
quents lie on a circle with 0 as center. The trajectory 
would then remain on a certain tubular surface enclosing 
the closed trajectory 

The study of the equations with the terms of higher 
order included will, therefore, correspond to the study of 
centers, as above discussed for the equation of the first 
order. Let us see how our analogies and differences will 
behave. 

We no longer start, this time, with the point transforma- 
tion ( T), but with the differential equations themselves. 
If, in the first place, we reduce them to the variational 
equations, they will have integrals of the semi-periodic 
form written above and, in the case which we now examine, 

'In the system of coordinates just used in the text, the differential equations, 
giving x and y (coordinates on the successive targets) in terms o f t ,  are exactly 
of the same form as the equations considered for the first order around a singular 
point, except t ha t  the right hand sides X , Y  are no longer independent o f t ,  but  
periodic functions of it. T h a t  our present case would give similar results t o  those 
formerly found, but  with greater generality, was therefore to  be foreseen. 
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the characteristic exponents are conjugate pure imaginaries, 
say 

a1 = i A ,  o2 = -A, 

so that  the system will admit of two solutions of the form 

A(t) cos At+B(t) sin At 

(A,B, periodic functions with the period 2s), the combina- 
tion of which gives the general integral, as usual. 

We easily deduce therefrom a linear change of variables 
on x and y, its coefficients being periodic in t with the 
period 2n, such that  it reduces the variational equations t o  

_ -  d x  dY dt -Ay, = -Ax. 

By such a choice of variables (obviously a generalization 
of the classic method of “variation of constants”), the com- 
plete equations (where account is taken of higher terms) 
acquire the form 

d x  -=X=Ay+Xg+ ‘ ‘ ’ +X,+. . ‘ ,  dt 

as written in the theory of centers (see page 9), except that  
it contains t explicitly, with respect t o  which X and Y 
are periodic with the period 2 n  (and that  the first terms 
contain the numerical factor A ) .  

Imitating our previous method, we shall try to  find an 
integral 

that  is, a function satisfying the partial differential equation 

x- + Y -+- =o. 

F=Fz+FB+ . ’ ’ ,  

d F  aF  aF  
a x  a y  d t  
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If we can find a function F, where (in polar coordinates 

p and u) 

(9) F ,  = pq@* = pqZ[a cos(mt +nu) +b sin(mt +nu)] ,  

where a, is a trigonometric series in t and w, m and n as- 
suming the various integral values, the general equation 
F = const. will define a family of tubular surfaces enclosing 
our given line L,  each of which will be a locus of trajectories. 

Now, again, we easily find Fz = p2 and if we assume that  
the first q - 1  terms have been found in the form (9), the 
qth one will have to  satisfy an equation 

a@* a@,- 
at am - -X- - H,, 

where the expression H ,  in the right-hand member is analo- 
gous to  (9), say 

H, =Z[Am,,,,* cos(mt+nw) +B,,,,,,, sin(mt+no)]. 

Just as in our theory of centers, we have two kinds of 
questions before us: 

1" whether each successive equation (10) can be solved 
by an expression of the form (9); 

2"  if so, whether the terms thus found will be those of a 
convergent series. 

For the first question, the same conclusions as in our 
previous problem will hold. An impossibility will arise 
whenever one of the expansions H contains a constant 
term Co different from zero. If so, we shall be able to  con- 
struct a family of tubular contactless surfaces, and in- 
stability will be certain, each trajectory being made to 
approach L asymptotically and spirally either for positive 
or for negative t's. 

Again the question is, therefore, whether every Co 
vanishes. Bu t  this time, the question may be regarded as 
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solved a priori, a t  least for all important cases from the 
point of view of Analytical and Celestial Mechanics. This 
is the consequence of the second capital concept introduced 
by Poincari in this fourth Memoir: the notion of integral 
invariants. 

As has happened in some of the most important scien- 
tific discoveries, the initial principle of it was found in- 
dependently by several men. Boltzmann and Gibbs intro- 
duced it in the kinetic theory of gases, and it is now known 
tha t  its true author is Liouville. It can be proved a t  once 
with the help of the modern Vector Theory. Let us resume 
the former meaning of x,y,z as coordinates in three-dimen- 
sional space. Consider our differential system 

dx d y  dz  
X Y Z  

as defining a vector field and look upon the integral curves 
as lines of flow. If the divergence is zero, the motion is 
t ha t  of an incompressible fluid. If we draw the trajectories 
from the points of a volume v from a time t o  t o  a time to+ T,  
the terminal points will fill a volume vl. The  two volumes 
will be equal in magnitude if the divergence is zero; that  is, if 

ax a~ a z  - + - + - =o. 
ax a y  az  

More generally if 

~ ( M x )  a ( M Y )  a ( M z >  +- =0, +- dz ax aY 

where M =M(x,y,z)  > O  say, then JJj Mdxdydz is an in- 
tegral invariant. Now, if there is an integral invariant, 
there can be no contactless closed surface. Thus an in- 
compressible fluid could not flow into a closed surface a t  
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all points of the surface, as this would imply an augmenta- 
tion or diminution of its volume. The contrary case, which 
is physically impossible, could only occur analytically if 
singular points existed inside the closed surface (what 
hydrodynamicists call “sources” or “sinks”). 

This solves our question concerning the Go's, if such an 
integral invariant exists: then, the neighborhood of L being 
assumed to be devoid of singular points, no closed contact- 
less surface can be constructed about L,  so that we are 
assured a pr ior i  that  every Co is zero.1 

Such is, precisely, the case in all problems which are 
likely to  interest us from the dynamical point of view: for 
i t  can be seen a t  once that  Hamilton’s equations always 
admit of an integral invariant, the volume itself, the above 
quantity A l  being equal to 1. 

Thus, we know in advance that the first kind of diffi- 
culty will never stop us, and this is in itself important in 
relation to  the modern development of Celestial Mechan- 
ics. For the above mode of reasoning is exactly parallel 
t o  a celebrated method due to  Lindstedt. Now, in the 
latter method, it was a question of showing that  “secu- 
lar terms” would never appear; that  is what Lindstedt 
did, but with some restrictive hypotheses. Poincarg’s argu- 
ment proves at  once this property of Lindstedt’s method, 
even without the restrictions introduced by his prede- 
cessor. 

The possibility of constant terms in the H’s being ex- 
cluded, each of the F’s in (9) will be a sum of terms respec- 
tively defined by such equations as 

’The same deduction would have been possible in the theory of centers; but it 
would have been useless because, for an equation of the first order, the knowledge 
of the integral invariant is equivalent to tha t  of the classic “integrating factor” 
and, therefore, t o  the direct integration of the equation. ( In  the general case, 
the factor M in an integral invariant is nothing else than Jacobi’s “multiplier.”) 
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A, e being given constants. 

(9’) + = a  sin(mt+nw+e), 

with 

Now, one solution of such an equation is, in general, 

If X is incommensurable, this will always be possible, 
and our calculations can be pursued indefinitely without 
meeting with any difficulty. 

On the contrary, for a commensurable A, the denominator 
m-An will vanish an infinite number of times, when we 
give m and n all possible integral values. If the correspond- 
ing right-hand side of (10’) is not zero, (10’) admits of no 
trigonometric solution, and a new kind of secular term will 
appear, containing t multiplied by sines or cosines. This is 
the well known difficulty of commensurable mean motions 
in Celestial Mechanics. 

But the capital difference with our previous problem of 
centers will appear in our second question, namely, con- 
vergence. Contrary t o  what we have found concerning 
centers, we shall see that i t  must be, this time, answered 
negatively. This is due to the fact that  A, even if not com- 
mensurable, is always a t  least approximately so, that  is, 
admits of an infinite number of approximate expressions by 
ordinary fractions. This is the difficulty of “small divisors,” 
also a well known one in Celestial Mechanics. 

The question is whether this difficulty is due to  our 
methods of calculation, or, on the contrary, lies intrinsi- 
cally in the nature of things. T o  attack this question we 
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shall, of course, take some relatively simple instances: it 
will be sufficient t o  consider the system, ( p , w  still meaning 
polar coordinates on our targets)' 

= R  = Z A , ,  COS(WZ~+TZU),  d w  1 d p  d 
dt 

the trigonometric series being assumed, for instance, t o  be 
uniformly convergent, which will certainly take place if 
EA,,,, converges absolutely. The choice of the function 
L p / ( l  - p )  is such that  it becomes equal to + 03 a t  0 and 
to  - m for p = l .  Moreover, such a system is immediately 
integrable by quadratures, the first equation giving 

w = -A t+wo,  

by means of which the second one gives 

(11) Lp / ( l  - p )  =fRdt, R=ZA,,, COS[(T .U- -XTZ)~-TZ~~] .  

Now, several cases may be of interest for us: 
1" We mention, t o  begin with, the case where there is 

a constant term Ao,o different from zero. Let us admit that  
is incommensurable. Then, as previously, PoincarC shows 

that  there is necessarily instability by constructing, around 
L, a family of tubular contactless surfaces. According t o  
the sign of Ao,,,, these surfaces 

F = c = const. 

-the above equation being written in such a way tha t  
F - c > 0 outside the surface and F - c < 0 inside-will be 
positive (which means that  the total derivative d F / d t  will 
be >O),  or they will be negative. I n  the first case, every 

'Poincarg's form is slightly different: the  lines which he denotes by p=const. 
are also circles; but, instead of being concentric, they have a common radical 
axis, A, L being assumed t o  be itself a circle generated by the revolution of 0 
around A. 



Periodic Solutions 77 
trajectory will cross these surfaces outwards, and, finally, 
p will tend to  unity; in the second one, every trajectory 
will cross them inwards and p will tend to  zero. 

2" Next, let us admit t ha t  Ao,o is zero, but X = p / q  is 
commensurable. If so, though R contains no constant 
term, R will contain, as a rule, an infinity of them. Let 

K = Z  Am,,, COS I Z W ~  

m/n= X 

be their sum. In  every other term of ( l l) ,  the coefficient 
m-Xn will be an integer, so that  the integration of this 
term again gives an absolutely and uniformly convergent 
trigonometric series. But K will, as a rule, be different 
from zero, and will give a secular term. Therefore, p will 
tend either t o  1 or t o  0; but whether one or the other will 
depend, this time, on the sign of K ,  that  is, on the value 
of the initial constant uo. There is again instability, ex- 
cept for some exceptional trajectories (those which cor- 
respond to  K = O  and which are even closed); but it is clear 
t ha t  no family of contactless surfaces can exist, as their 
presence would be contradictory to  the last fact here no- 
ticed. 

3" Now (Ao,o being still zero), let X be incommensurable. 
On account of the small divisors met with whenever m/n  
is an approximate value of X, the series 

sin[(m -Xn)t -nu,] 
m -Xn Z . A m , n  

may be divergent and, thus, of no use for the study of 

But another circumstance may occur: i t  may happen 
tha t  the above series is convergent, but not uniformly; 
and this brings us back to  the results previously obtained 

JRdt. 
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by Poincari in one of his first Memoirs in the Bulletin 
Artronomique.1 Especially, i t  follows from that  Memoir 
that ,  if the coefficients 

of the series (12) are not bounded, this series, even if 
always convergent, cannot remain finite for indefinitely in- 
creasing t ’s .  Now, i t  is easy to  see tha t  such circumstances 
can actually occur. Let us take w o = O .  Then, if the series 
constituted by the coefficients A,,,, in the right-hand side of 
(1 1) converges absolutely, so will (12) because [ sinxlx [ < 1. 
On the other hand, the order of magnitude of m-Xn will 
depend on the closeness of the approximation of X by the 
rational numbers m/n,  which, as is well known, can be 
always disposed of arbitrarily by properly choosing the 
incomplete quotients of the expansion of X in a continued 
fraction. 

Poincari also treats the question whether p will increase 
indefinitely or whether alternations of very great and finite 
values may occur: a further and more difficult discussion 
shows him that  both cases are actually possible. But the 
important fact is that ,  in spite of the vanishing of all the 
Co’s and the possibility of performing the whole calculation 
of the series (12), even if the series is convergent, we can 
have instability, the new trajectories tending on the one 
hand, to recede more and more from L or, on the other, 
t o  approach i t  asymptotically on account of the presence 
of small divisors. Thus Poincari is justified in finishing his 
Memoir with the following paragraph : 

“D’aprss ce qui pricsde, on comprendra sans peine ii que1 
point les difficultis que l’on rencontre en Micanique Cileste 

‘See my Lectures of 1920, p. 159-162. 
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par suite des petits diviseurs et de la quasi-commensu- 
rabiliti des moyens movements, tiennent 2 la nature mcme 
des choses et ne peuvent 2tre tournies. I1 est extrcmement 
probable qu’on les retrouvera, quelle que soit la mithode 
que l’on emploie.” 




